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Abstract

Motivated by mathematical learning from training data, we introduce the notion of refinable ker-
nels. Various characterizations of refinable kernels are presented. The concept of refinable kernels
leads to the introduction of wavelet-like reproducing kernels. We also investigate a refinable kernel
that forms a Riesz basis. In particular, we characterize refinable translation invariant kernels, and
refinable kernels defined by refinable functions. This study leads to multiresolution analysis of
reproducing kernel Hilbert spaces.
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1. Introduction

The main purpose of this paper is to introduce the notion of refinable kernels, wavelet-like reproduc-
ing kernels and multiresolution analysis of a reproducing kernel Hilbert space. Before proceeding
to the motivation, it is worthwhile to know that there has been a large body of literature on similar
notions such as refinable functions (Cavaretta et al., 1991; Daubechies, 1992), multiresolution anal-
ysis of L2(R) (Mallat, 1989; Meyer, 1992) and kernels constructed by wavelet functions (Amato et
al., 2006; Rakotomamonjy and Canu, 2005; Rakotomamonjy et al., 2005). The connection of these
well-known notions with those to be presented will become clear as we proceed this study.

We first motivate the concept of refinable kernels by learning via a kernel. Let X be a prescribed
set which is called in the theory of learning an input space and is associated with an output space
Y C C. Atypical learning task aims at inferring from a finite set of training data z := {(xj,yj) : j €
Nm}, where Np, :={1,2,...,m}, a function f from X to Y so that f(x) gives a satisfactory output
of an input x € X. A popular choice of f is a minimizer of a certain error functional. Specifically,
we let 7 be a given class of functions on X, Q : C x C — R be a loss function (Schdlkopf and
Smola, 2002) measuring how well g fits the training data z, A’ : # — R, be a controller of the
set of functions in # from which we choose f, and i be a positive regularization parameter. The
function f may be chosen as

argmin % Q(9(x;),yj) +HAL(Q)- 1)
geﬂ{jeNm
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XU AND ZHANG

The selection of the function class # is critical for the behavior of f and thus it deserves special
attention. In practice, 4 may be chosen through a kernel K on X, a function from X x X to C such
that for all finite sets t := {t; : j € Ny} C X the matrix

K[t) := [K(tj,t) : j,k € Ny @)

is hermitian and positive semi-definite (see, for example, Cucker and Smale, 2002; Schoélkopf and
Smola, 2002; Shawe-Taylor and Cristianini, 2004; Vapnik, 1998). The importance of kernels in
learning is that the function evaluation K(x,y) is able to measure the similarity of x,y € X. A kernel
K on X corresponds to a Hilbert space

Hi =span{K(.,y) 1y € X} €))

of functions on X with an inner product determined by

(K('ﬂy)vK('7X))}£< :K(va)v vaex- (4)

The space H is a reproducing kernel Hilbert space (RKHS), that is, point evaluations are continu-
ous linear functionals on #x (Aronszajn, 1950). Moreover, Hy is the only Hilbert space of functions
on X such that for all x € X, we have that K(-,x) € #Hx and

F(X) = (F,K(-,X)) g, T € Hk. (5)

Due to Equation (5), K is often interpreted as the reproducing kernel of #x. A RKHS has exactly
one reproducing kernel (Aronszajn, 1950). To construct a learning function f : X — Y from the train-
ing data z, we start with a kernel K on X. Choose in (1) H := Hyx and A := || - ||§£<, the square of the
norm on Hy . In this case, the minimization problem in (1) reduces to a regularization in the RKHS,
which has received much attention in the literature (see, for example, Bousquet and Elisseeff, 2002;
Cucker and Smale, 2002; Micchelli and Pontil, 2005a,b; Mukherjee et al., 2006; Scholkopf and
Smola, 2002; Smale and Zhou, 2003; Steinwart and Scovel, 2005; Vapnik, 1998; Wahba, 1999;
Walder et al., 2006; Ying and Zhou, 2007; Zhang, 2004, and the references cited therein). In this
setting, the representer theorem in learning (see, for example, Kimeldorf and Wahba, 1971; Mic-
chelli and Pontil, 2004; Scholkopf et al., 2001; Schélkopf and Smola, 2002; Shawe-Taylor and
Cristianini, 2004; Walder et al., 2006) asserts that there exists ¢ := [c; : j € N7 C C™, depending
on the training data z and the kernel K, such that the minimizer (1) is

f= Z CjK(-,Xj). (6)

j€Nm

The choice of kernels K is certainly one of the most important issues in the above learning
scheme via regularization. It is often based on the training data z currently available to us. However,
the old training data may be updated to z' := {(x],yj) : j € Ny} by adding to z more new samples
from X x Y. The kernels that we use should offer us a convenient way to update the kernel. In other
words, we are looking for kernels with the ability of learning dynamically expanding training data.
Specifically, we demand kernels K having the feature that there is a cheap way of updating K to a
new kernel K’ such that #« < .. Here and throughout the paper, we make the convention that
whenever we write W) < W5 for Hilbert spaces W4, W5, the inclusion is in the sense that W, C W)
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REFINABLE KERNELS

and for all u,v € M, (U,v)qy = (U,V)q,. The inclusion H¢ < Hg has a natural interpretation.
When we have a larger training data set z’, we may expect that the minimization

min X, V) + gl 7
ge}&/je%wQ(g( i)Y+ Hlalls, (7

yields a better predictor f’ than f. This becomes possible only if the new space Hy: includes Hk
as a subspace. Moreover, we require the updating from K to K’ to have the feature that computing
minimizer f’ from (7) should be able to make use of the previously computed minimizer f from (1).
Moreover, when the representation (6) for f is available, we want to process it efficiently.

This motivates us to introduce the concept of refinable kernels. We shall study characterizations
of a refinable kernel, fundamental properties of refinable kernels and wavelet-like reproducing ker-
nels, and multiscale structures of a RKHS induced by refinable kernels. It is important to note that
the concept of wavelet-like reproducing kernels differs from that of “wavelet kernels” in Amato et
al. (2006), Rakotomamonjy and Canu (2005), and Rakotomamonjy et al. (2005). The earlier means
the kernels defined by the difference of kernels at two consecutive scales while the latter means
the kernels defined by a linear combination of dilations and translations of wavelet functions. This
paper is organized in seven sections. We present in Section 2 two characterizations of refinable
kernels. Section 3 is devoted to wavelet-like reproducing kernels and a multiscale decomposition
of the RKHS of a refinable kernel. In Section 4, we investigate refinable kernels of a Riesz type
and we also introduce the notion of a multiresolution analysis for a RKHS. As concrete examples of
refinable kernels, we formulate in Sections 5 and 6, respectively, conditions for translation invariant
kernels and kernels defined by a refinable function to be refinable. In Section 7, we have a brief
discussion of potential applications of refinable kernels and make a conclusion.

2. Characterizations of y-Refinable Kernels

We define in this section y-refinable kernels and present their characterizations. Lety: X — X be
a given bijective mapping and let | denote the identity mapping from X to itself. We introduce a
sequence of mappings from X to itself by recursions

Y-1:=Y ' Yonii=Yy 'oy_n, and yoi=1, Yni=Yoyn1, NEN.

A kernel K on X is called y-refinable if there exists a positive constant A depending only on K and y
such that

Hx < Hy,,
where
Ki(X,y) == AK(Y(X), ¥(y)), Xy €X.

The constant A is a normalization factor which ensures the inner product on #y identical to that on
Hx,. Examples of the mappings y include the dilation mapping x — 2x in RY and in general, the
dilation mapping x — Ax where A is an expanding matrix. We simply call the y-refinable kernels in
this case refinable kernels.
Let K be a kernel on the input space X, and A a positive constant. For any bijective mapping y
and any n € Z, we let
Kn(X,y) 1= A"K(Yn(X),¥n(Y)), X,y €X. (8)

We next identify the RKHS defined by K.
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Theorem 1 If K is a kernel on X, then for each n € Z, the RKHS of kernel K, is

Hy,={foyn: feH} 9)

with inner product
(fag)ﬂkn ::)\_n(foyfmgoy*n)}ﬂm f)QG}A(n' (10)

Proof It can be shown that K, is a kernel on X. We set H, := {f oyn : f € Hk} and introduce an
inner product on H,, by

(fvg)Hn ::)\_n(f Oyfl’hgoy*n),‘]ﬂ(a fag E Hn-

It is clear that Hj, is a Hilbert space with this inner product. Note that for any x € X, Kn(-,X) € Hj,
and for any f € H,, foy_n € #Hc. Hence, for f € H,, we obtain by (5) and the definition of the
inner product (-, -) 5 that for x € X

F(x) = (foy-n)(Yn(x)) = (foy-n,K(-¥n(X))) s = A"(f,K(Yn(-), Yn(X) ) -

Combining this equation with the definition of the kernel K, leads to f(x) = (f,Kn(-,X))m,, X € X.
This implies that K, is the reproducing kernel for H,,. By the unique correspondence between a
RKHS and its reproducing kernel, we conclude that #x,, = H,. |

A direct consequence of Theorem 1 is that if K is a y-refinable kernel then for each n € Z, the
kernel Ky, is y-refinable. This result justifies the usage of the same mapping vy to update K, to Kn11
in (8) for eachn € Z.

Proposition 2 If the kernel K is y-refinable, then for each n € Z, K,, is y-refinable. Conversely, if
for some n € Z, Ky, is y-refinable, then K is y-refinable.

Proof Suppose that K is y-refinable. Then, we have that #x < #,. Let f € #_. By Theorem 1,
we deduce that f oy_, € Hx < H,, which implies that f € #__,. In addition, Theorem 1, Equation
(10) and the y-refinability of K ensure that for f,g € #,,,

n+l’

(f.9)s, = A "(foy_n,govon)s =A"(foy_ngoy n)sy,
= A" M(foyn 1,00V n 1) = (f,0)5

n4-1 ’

This confirms that Kp, is y-refinable.
Conversely, we suppose that K, is y-refinable for some n € Z. Since

K(Xay) = A_nKn(yfn(X)vyan/))v X,y € X,

the arguments in the proof of the first statement of this proposition show that K is y-refinable. W

The next result follows immediately from the last proposition.

Corollary 3 If K is y-refinable, then for all f,g € #« and n € N, f,g € %, and (f,g)%(n =
(f.9) -
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We now present our first characterization of y-refinable kernels.
Theorem 4 A kernel K is y-refinable if and only if
K(y-1(:),x) € Hk, forallx € X (11)

and
(K(yfl(')vy% K(yfl(')>x))5ﬁ< = )\K(Xay)a for all X,ye Xa (12)
where A is the same constant in the definition of a y-refinable kernel.

Proof By Proposition 2, K is y-refinable if and only if
Hi , 2 H. (13)
Suppose that K is y-refinable. The definition of kernel K_; leads to
K(y-1(-),X) = AK_1(-, (X)) € F_,, for x€ X,

for some constant A. This combined with relation (13) ensures the validity of (11). By (13), (10)
and (4), we obtain for all x,y € X that

(K(yfl(')vy)7K(yfl(')ﬂ())ﬂ-ﬂ( = (K(yfl(')ay)aK(yfl(')ax))ﬂ-&fl
= AMK(Y),K(X) 5 = AK(X,Y),

which is Equation (12).
Conversely, we suppose that (11) holds and (12) is satisfied with some constant A, and we prove
that inclusion relation (13) is valid. Let f € Hg. By (3), there exists a sequence

fn e span{K(-,y):ye X}, neN

that converges to f in #x. Equation (11) implies that fooy_ ;1 € %, n € N, and Equation (12)
implies for all m,n € N that

[ fmoy-1—fnoy-1]lsg = A2/ fm— fall -

Therefore, f,oy_; is a Cauchy sequence in Hg, whose limit is denoted by f_;. Recall that point
evaluations are continuous linear functionals on #. An application of this fact yields that

f1() = lim (faoy-1)(x), X €X. (14)
In the same manner, since f,, converges to f in #g, we have for each x € X that
(foy-1)(x) = lim (faoy-1)(x). (15)

We observe from (14) and (15) that f oy_; = f_;. It is hence proved that f oy_; € # for each
f € Hg. This combined with (9) shows that the elements of H , are contained in Hk. Finally, we
verify by (12) for each f,g € # that

(foy-1,00y-1)9g = (f-1,0-1) 5 = r!ij[]o(fn0\’—1,9n0\/71)}4< :Ar!i_[g(fn,gn)m =Af,9) -
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By the above equation and (10), the inner product on Hx_, coincides with the one on #k. We con-
clude that (13) holds true and complete the proof. |

Another characterization of y-refinable kernels K is in terms of a feature map for K. A function
® from X to a Hilbert space W is called a feature map for the kernel K if

K(va) = (¢(X),¢(y))w, X,y € X. (16)

We call the Hilbert space ¥/ the feature space of K. It is known (Aronszajn, 1950) that K is a kernel
on X if and only if there exists a map ® : X — W/ satisfying (16). In the next result, we identify the
RKHS #H in terms of a feature map @ for K. To state the result, we denote by ®(X) the image of
X under ®, span®(X) the closure of span®(X) in W/, and Pqg, the orthogonal projection from W/
onto spand(X).

Lemma5 Let K be a kernel having a representation (16) in terms of a feature map ® from X to
W. Then He = {(P(-),u)qy : u € W} with inner product

((CD(-),U)W,(CD(‘),V)‘W)%( = (Pq;V, PCDU)‘Wa u,ve w. (17)

A proof of this result in the special case that K is a Hilbert-Schmidt kernel was provided in Opfer
(2006) (see Lemma 3.4, Theorem 3.5 therein). The proof works for the general case described in
Lemma 5. The result can also be found in Micchelli and Pontil (2005a). In the application of
Lemma 5, it is always convenient to assume that there holds

Spand(X) = W (18)

since otherwise %/ can be replaced by span®(X). If (18) holds then for each f € Hy there exists
a unique us € W such that f = (d(-),us)qy. Moreover, one can see by Lemma 5 that the linear
transformation I from % to W defined by

Mf.=us (19)

is an isomorphism, that is, it is one-to-one, onto and satisfies || f|| 5 = || || 5, for f € H.
We call a feature map @ from X to W y-refinable provided that there is a bounded linear operator
T on W such that
A 200y =T, (20)

where A~1/2 plays the role of a normalization parameter. Throughout this paper, we mean that T is
a function from a Hilbert space W/ to itself whenever we say that T is an operator on 7/. Recall
that a linear operator A on W is isometric if for all u € W, ||Aul| 4, = ||u|| 4. One can see that A is
isometric if and only if A*A is equal to the identity operator on W/, where A* denotes the adjoint
operator of A.

We characterize a refinable kernel in terms of its feature map.

Theorem 6 Suppose that K is a kernel on X with a feature map @ : X — 9/ satisfying (18). Then
K is y-refinable if and only if ® is y-refinable and the adjoint operator T* of T in (20) is isometric.
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Proof Suppose that @ is y-refinable, that is, it satisfies (20) for some bounded operator T on W/,
and suppose that T* is isometric. We first observe by (16) and (20) for each x € X that

K(Y-1(),%) = (®oY_1(-), ®(X)) g = N2(TD(), D(x)) gy = AY2(O(), T (X)) gy (21)

Lemma 5 with the equation above yields that for each x € X, K(y_1(:),Xx) € #Hx. Moreover, (18)
implies that Py is the identity operator on #/. This fact, together with Equations (21) and (17)
ensures for all x,y € X that

(K(Y-20),¥), K(Y-1(-),%)) 3 = AM(P(), T DY) gy, (P(), T P(X)) gp) g = AT P(X), T*P(y)) 9.

By hypothesis, TT* is the identity. Hence, the right hand side of the above equation becomes
A(P(x),P(y))q, Which is equal to AK(x,Y), since ® is a feature map for K. That is, (12) holds. We
conclude by Theorem 4 that K is y-refinable.

Conversely, suppose that K is y-refinable, that is, #k , < Hk. We shall choose a bounded linear
operator T on W such that @ satisfies (20) and T* is isometric. By Theorem 1 and Lemma 5,
functions in #Hk_, have the form (®oy_1(-),u)qy, U € W. The inclusion Hx_, < H¢ implies that
for each u € W there exists vy, € W such that

A Y20y (), u)gp = (D), Vu) gp- (22)

Equation (18) ensures that for each u € W there is a unique v, € W satisfying (22). Let A denote
the map u — v, and observe that A is a linear operator on W/. We shall prove that it is isometric.
Since by (16) for all x,y € X

K_1(X,Y) = A TK(y-1(%),y-1()) = A" H(@(Y-1(X)), D(Y-1(¥))) g0+

the map ®_; := A~Y2doy_; : X — W is a feature map for K_3. Since y is a bijective map from X
to itself, Py_, is also equal to the identity operator on %/ . Therefore, by Lemma 5, we have for all
uec W that

A rE@ova.wa, = lullw (23)
—1
Likewise, condition (18) and Lemma 5 imply that

(P V) awllag = IVullap- (24)

In addition, by the relation Hx_, < Hk and (22), there holds
A2 @ova W, = @) )l (25)
—1

Combining Equations (23), (24) and (25) shows that A is isometric. By (22) we conclude for all
u e W that

A2 (@oy 1 () u)gp = (D), A) gy = (A"D(-),U) .
We choose T := A* and observe from the above equation that (20) holds. Thus, @ is y-refinable and
T* is isometric. |
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3. Wavelet-like Reproducing Kernels

This section is devoted to developing a multiscale decomposition of the RKHS # of a y-refinable
kernel K. Specifically, we construct the nontrivial orthogonal complement of #,, in #,,,. In this
regard, an issue important to us is when H . is a proper subspace of #,,,,. Our first result concerns
this proper inclusion question. Let & (A) and A(A) denote the range and null space of an operator
A on W, respectively. We also denote for every 9 C % by 9+ the set of all elements in 9/ that
are orthogonal to 7.

Theorem 7 Suppose that K defined by (16) is y-refinable and the feature map @ satisfies (18). Then
H _, is a proper subspace of H if and only if the operator T in (20) is not injective. Moreover, if
H_, is a proper subspace of Hy, then for all n € Z, Hy,, is a proper subspace of Hy

n+l*

Proof Since K is y-refinable, by Theorem 6, the feature map @ is y-refinable and T * is isometric.
Hence, by (20), functions in #_, are of the form

A2 (@oy (),U)gp = (TB(),U)gp = (P(-), T*U)gy, UE W. (26)
On the other hand, Lemma 5 ensures that functions in Hk have the form
(P(),U)gp, UE W, (27)

The isometry of T* guarantees that R (T*) is a closed subspace of %/. This fact, together with
Equations (26), (27) and the isomorphism I" introduced in (19), implies that Hx_, is a proper sub-
space of #H if and only if R (T*) is a proper subspace of W. The relation R (T*)* = AL(T) (see,
Conway, 1990, page 35) proves that H_, is a proper subspace of # if and only if A((T) # {0}.
Hence, the first claim of this theorem is valid. The proof of the second statement is straightforward.

[
Theorem 7 allows us to construct the nontrivial orthogonal complement of #,, in #,,,. For
this purpose, we define
G :=K;—K, and Gp(x,y) :=A"G(Yn(X),Yn(y)), X,y €X, n€Z.
Theorem 8 Suppose that K is a y-refinable kernel on X. Then the following statements hold:
(1) For each n € Z, Gy, is a kernel on X.
(2) There holds #g, < H,,,, and Hg, is the orthogonal complement of H, in H,.,.
(3) For each n € Z that
Ho, = {foyn: feHs} (28)
and the inner product on Hg, satisfies
(f,9)3, =N "(foy-n,goY-n)sg, f.9€ Ha, (29)

Proof Since K is y-refinable, we have by Proposition 2 that Ky, is y-refinable, namely, Hx,, < #Hx
Let 7}, be the orthogonal complement of H, in #,,.,. It is clear that %/}, is a RKHS with the inner
product of #,,,. By a property of reproducing kernels (see, Aronszajn, 1950, page 345), the sum
of K, and the kernel of W/, is equal to K, 1. Therefore, G is the kernel of M4, and it is observed

n+1*
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by (8) that the kernel of W/}, is G,. This proves (1) and (2). The result (3) follows directly from
Theorem 1. |

A direct consequence of Theorem 8 (2) is that for all n € Z and for all f,g € #g,,

(fvg)%n = (fvg)j'ﬁ(

n+1 ’

Theorem 8 leads to the decomposition

}ﬂ(nJrl = }ﬁkn D %m

where the notation A @ B denotes the orthogonal direct sum of A and B. We call G, the wavelet-like
reproducing kernels and in particular, G the initial wavelet-like kernel. It is clear that the initial
wavelet-like kernel G is nontrivial if and only if #H _, is a proper subspace of #x. Repeatedly using
the above decomposition with n = —1, we have the decomposition for the RKHS

Hq =Hg ,®®Hs ,, & H_,, m>1. (30)

One should notice the difference between wavelet-like reproducing kernels that we introduce here
and the “wavelet kernels” studied in Amato et al. (2006), Rakotomamonjy and Canu (2005), and
Rakotomamonjy et al. (2005). The latter are a class of Hilbert-Schmidt kernels defined as a super-
position of dilations and translations of a wavelet function.

We now consider the decomposition (30) when m — oo, To this end, we define the space

H o = () H,

nez

and we describe the space in the next theorem.

Theorem 9 Suppose that K defined by (16) is y-refinable and the feature map @ satisfies (18). Then
the closed subspace # ., of Hk has the form

#o={@01umiue N RATM} (31)

neN

Moreover, #_ ., = {0} if and only if

r!irrgo||T”u||W:O, forallue W. (32)

Proof Since #H,, n <0, are closed subspaces of #x, H ., is a closed subspace of #. By (20), we
use induction to conclude for each n € N that

A2 (@0yn(),U)gp = (TNO(),U)gp = (P(), (T7)"U)gy, ue W. (33)

By Theorem 1 and Equation (27), functions in # _ are of the form A="2(d oy _(-),u)qy. This
combined with (33) proves formula (31).
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It remains to prove the second statement. Since for each n € N, (T*)" is isometric, R ((T*)") is
a closed subspace of /. Therefore,

Weo = [V R(T")
neN
is a closed subspace of W . It suffices to show that W_., = {0} if and only if (32) holds. Suppose
that (32) is satisfied. Let v e W . and by the definition of W_, there exists for each n € N a
Vn € W such that (T*)", = v. Since T* is isometric, ||Vn| 4 = ||V||4y, Which ensures that for each
ue WandneN,

[ (U, V) gl = [, (T7)Va)ap| = (T Vn)gp| < [T llgp [Vallaw = [T Ul 301V 30-

Let n — o in the above inequality and by condition (32) we conclude that each u € W/ is orthogonal
to W_. Consequently, W_., contains only the zero element.
Conversely, we suppose that "_., = {0}. By the relation that

N &M= (U N(T“))L, (34)

neN neN

the union of AL(T"), n € N, is dense in W. Letu € M. For each € > 0 there exists an m € N and
ve A(T™) such that ||u—v||4, < €. For each operator A on W, its norm ||A|| is defined as

IA]]:= sup{[|Awl[lqy - w & W, [[W]| 4 = 1}.

An operator on # has the same norm as its adjoint (Conway, 1990). Since T * is isometric, we have
IT|| = ||T*|| = 1. By the definition of the norm of an operator on %/, there holds

[TW]lgp < W[5y, We W,
We get from the above equation for all n > m that T"v = 0 and
T ullgp = T =T[5y < [lu—=Vll4y <&

This verifies (32) and completes the proof. |

The decomposition (30) can now be extended to the decomposition

Hx = (How) D Ho - (35)
neN
This decomposition gives a multiresolution analysis (Mallat, 1989; Meyer, 1992) of the RKHS #,
in terms of a sequence of orthogonal subspaces, each of which is a RKHS corresponding to the
wavelet-like kernels.

In passing, we make an additional remark on condition (32). It has a close relation with the
translation invariant subspaces in Hardy spaces (Beurling, 1949), which in turn has an important
application to the Bedrosian identity (Yu and Zhang, 2006). Under the assumption that the linear
span of the eigenelements of T is dense in ¥/, the condition is equivalent to that all the eigenvalues
of T have the absolute value less than one (see Beurling, 1949, and the references therein).

To close this section, we prove a corollary of Theorem 7, which concerns the finite dimensional
feature space and presents an example of trivial refinable kernels, in the sense that its wavelet-like
kernel is the zero kernel.
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Corollary 10 If K defined by (16) is y-refinable, the feature map @ satisfies (18), and the feature
space W is finite dimensional, then #Hx_, = Hk.

Proof Since K is y-refinable, by Theorem 6, T* is isometric, or equivalently, TT* is equal to the
identity operator on 7//. It follows that for every w € W/, there holds w =T (T *w). Therefore, T isa
surjective operator on W/. Since W is finite dimensional, T must be injective as well. By Theorem
7, there holds Hx_, = Hx. [ ]

As an application of Corollary 10, we investigate the finite dot-product kernel (FitzGerald et al.,
1995). Set Z.. := NU{0}, and A, = {a 1= (aj: j € Ng) € Z¢ : 3 ey, @) =N}, n € Z,. It can be
seen that the kernel

Koxy) =y cax®y% xye RY,

achn

is refinable on RY, where cq, 0 € A, are positive constants. A feature map @ for this kernel is
D(x) = [/Cax® : a € Ay] € £2(Ap), xR

and the feature space £2(Ay) is of finite dimension. By Corollary 10, K is a trivial refinable kernel
on RY in the sense that Hy_, = Hx. Examples of nontrivial refinable kernels on RY will be given in
Sections 5 and 6.

4. y-Refinable Kernels of a Riesz Type

The study in this section is motivated by the representation (6), which indicates a need of a countable
subset X of X such that the linear span of Ky := {K(-,X) : x € X} is dense in #x. In practical
computations, it is also desirable to have a convenient and stable way of finding an approximation
f € spanK of a function f € Hg. This leads to consideration of requiring K to be a frame or a
Riesz basis for #.

We recall the basic concept of frames and Riesz bases (cf., Daubechies, 1992; Duffin and Scha-
effer, 1952; Mallat, 1998; Young, 1980). Let J be an index set. A family of elements {¢;: j€J} in
a Hilbert space W/ forms a frame if there exist 0 < a < 3 < o such that for all f € W

all f5, < Z|<f,¢j>w|2 < BIIf3,. (36)
Jje

The constants a, 3 are called the frame bounds for {¢; : j € J}. We call a frame {¢; : j € J} atight
frame when its two frame bounds are equal, that is, o = . If, in addition to (36), {¢;: jeJ}isa
linearly independent set, we call it a Riesz basis for 7. A Riesz basis {¢; : j € J} is equivalent to
an orthonormal basis {y; : j € J} for %/, namely, there exists a bounded linear operator L on %/
having a bounded inverse such that L(j) = ¢, j € J.

An arbitrary element in 7/ can be expressed as a linear combination of a frame {¢ : j € J} for
. We denote by ¢2(J) the Hilbert space of the square summable sequences on J with the inner
product (c,d)sz(g) = Y jes cjd;j. Define the frame operator F from %/ to ¢2(J) by setting for all
fewW, (Ff)j:=(f,dj)q, forall j €J. Then F*F is a bounded positive self-adjoint operator on
W with a bounded inverse and

{§;:=(FF)'9;:jel}
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is a frame for 7). We shall refer to it as the dual frame of {¢ : j € J} since we have for all f € W

f:ZJ(f,¢j)w¢j:Z(f,<ﬁj)w¢j- 37)

J€ je

When {¢; : j € J} is a Riesz basis, one can see from (37) that (¢, Px)qy = &jk, j,k € J. We hence
say in this case that {¢; : j€J} and {; : j € I} constitute a pair of biorthogonal bases for /.

Let Z:={z;:j€J} C X be acountable set. For a kernel K on X, we are interested in the
conditions for which the set Kz := {K(-,zj) : j € J} is a Riesz basis for . Let us begin with a
simple necessary and sufficient condition which follows directly from the reproducing property (5)
and the definition of a Riesz basis.

Proposition 11 The family K is a Riesz basis for #x with frame bounds 0 < a < 3 < = if and
only if for every finite subset X C Z, K[X] is nonsingular, and for all f € H

all i3, < Zl|f(zj)|2 < B3
IE

We remark that Proposition 11 is closely related to the concept of universal kernels. If X is a
topological space, we call a kernel K on X a universal kernel if for all compact X C X, the linear
span of {K(-,y) :y € X} is dense in C(.X), the Banach space of continuous functions on X. Various
characterizations of universal kernels are studied in Micchelli et al. (2006). By a result of Zhou
(2003), universal kernels have the property that for all finite subsets x of X, K[x] is nonsingular.

We next present a characterization for K to be a Riesz basis for # in terms of a uniqueness
set Z. We call X C X a uniqueness set for # if there is not a nontrivial f € # that vanishes on X
(Micchelli et al., 2003, 2006). We shall also need the matrix

A= [K(zj,z) 1 j, ke ). (38)

Note that each bounded operator 4 : ¢2(J) — ¢2(J) can be represented via a unique matrix [k :
j.ked]as

(ﬂC)j = Zﬂj’kck, CG@Z(J), jed.
ked

For simplicity, we shall not distinguish a linear operator on ¢2(J) from its corresponding represen-
tation matrix. The matrix associated with the adjoint operator 2* of 4 is

(A k= Aj, J,kel.
We also denote by 47 and 4 the transpose and conjugate of a matrix 4, respectively, namely,

(AN jk=Aj, (Ajx=Ax J.ked

Proposition 12 The family Kz forms a Riesz basis for # if and only if Z is a uniqueness set for
Hy and there exist 0 < a < 3 < o such that

GHCHEZ(J) < (AC,C)pe(y) < BHCH?Z(J)' (39)
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Proof The proof follows directly from the fact (see, for example, Young, 1980, page 32) that for
{j : j € J} to be a Riesz basis for a Hilbert space W with frame bounds 0 < o <3 < oo, it is
necessary and sufficient that its linear span is dense in %/ and for all ¢ € £2(J)

2
2

afleflizgg) < ZJCj(I)j

G w

< B”CH?Z(J)-

The third characterization is in terms of a feature map for the kernel K.

Theorem 13 Let K be given by (16). Then K is a Riesz basis for #H if and only if ®(Z) is a Riesz
basis for span®(X).

Proof We only discuss the case when (18) holds true, for the other can be handled in a similar way.
Since the operator I" defined by (19) is an isomorphism from #x onto ‘W, K5 is a Riesz basis if and
only if I'(Kz) is a Riesz basis for I'(#Hx) = W. By (16) and the definition of I', ['(Kz) = ®(Z2).
This completes the proof. |

The following corollary is a direct consequence of Theorem 13.

Corollary 14 Let K be given by (16). If (18) holds then K 5 is a Riesz basis for # if and only if the
features ®(2) of Z is a Riesz basis for the feature space W .

For the simplicity of notations, we set
O :=A"2K(Yn(-),2}), (n,]) € ZxJ.

Note that @o ; = K(-,zj), j € J. In the following presentation, we shall adopt the convention that we
use m,n to denote integers and j,k,| to denote indices in J. The next result regards the sequence
¢n,j being a Riesz basis for #,. Since the proof is standard (cf., Daubechies, 1992), we omit the
details.

Proposition 15 Suppose that K is a Riesz basis for #Hi with frame bounds 0 < a < B < «. Then
foreachne Z, {gn; : j € J} is a Riesz basis for H, with the same frame bounds a, 3.

For the rest of this section we assume that K is a Riesz basis for #. This assumption implies
that the linear operator S on # defined by

Sf:= Zf(zj)K(',Zj)a f e 9 (40)

Je

is bounded positive self-adjoint and so is its inverse operator S~ on H (see, for example, Daubechies,
1992, pages 58-59). Note that S is a special case of the operator F*F introduced at the beginning
of this section. A particular example of the operator S was studied in Smale and Zhou (2007) to
approximate integral operators.
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Proposition 16 Suppose that K is a Riesz basis for #k and let S be the operator on # defined
by (40). Then the function

K(xy) = (STK(-¥)(X), x.yeX (41)
is a kernel on X and the corresponding RKHS is
He ={f:feH} (42)

with inner product (f,g) ;. 1= (Sf,9) .
Proof Since for all x,y € X

(ST = (STHK(CY)), K (%)) 5

and S~ is positive self-adjoint, the function K defined by (41) is a kernel on X. Clearly, W := {f :
f € HHc} with inner product (f,g)qy := (Sf,g)4, is a RKHS. We also observe by (5) and the fact
that S = S* for each f € #k and x € X that

F(x) = (F,K(%)) g5 = (SF,57H(K (%)) g = (F,57HK(2)) g = (F,K (%)) gy,
which implies that K is the kernel of 7. Consequently, we have (42). |
We call K defined by (41) the dual kernel of K. By the general theory of frames introduced at
the beginning of this section, the dual Riesz basis of K is
Kz :={K(-,zj): jeI}. (43)

To obtain an explicit expression of this dual basis, we need to understand the operator S—1. We shall
use notation A for the inverse A~* of matrix A defined by (38).

Theorem 17 1f K is a Riesz basis for %, then for each n € Z, the dual Riesz basis {@n : j € J}
of {¢nj : j € I} for #, has the form

M= Zi\kv,-qan,k, jed (44)
ke

and

SleZ(ZAj,kf(zk)> (Z/N\|’jK(-,Z|)>, fe H. (45)
g

ked led

Proof Since K is a Riesz basis for #, by Proposition 12, (39) holds for some positive constants
a, 3. We hence have for all ¢ € ¢2(J) that (see, for example, Daubechies, 1992, page 58)

B_1HCH§2(J) < (AC,C)KZ(J) < 0(_1”‘3”52(3)- (46)

Moreover, by Proposition 15, {@nj: j€J}isaRiesz basis for Hg,. This combined with (46) shows
that @ ; defined by (44) belong to #H,. By (10) and (5), we have for all j,k € J that

(@nj> k) o, = (@0, K(,26)) g = G0, (2) = Z;\I,jK(Zkazl) = Z/\k,li\l,j =djk,
le le
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which shows that {@nj : j € J} is the dual Riesz basis of {@nj : j € J} in H,.

We next establish the representation (45) of S~. It follows that for each f € # the function
(denoted by g) in the right hand side of (45) is in Hy. Recalling the definition of matrix A, the
function g satisfies for j € J that

9(zj) :IZ/N\LIf(ZI)-
eJ

As a consequence, we have by the definition (40) of S for all k € J that

led led

(S9)(z) = ZJ (Z Aj f(ZI)> K(z,2j) = f(z) Zj\j,l/\k,j = (@) = f(z).
jeJ \led JE
Since, by Proposition 12, Z is a uniqueness set for #y, we have Sg = f. |

We remark that the functions defined by Equation (44) satisfy
@ =A"2@ oV, j€I, nEZ
Another implication of Theorem 17 is that ZR)] j € J, are the interpolating functions on Z, that is,
@.j(zk) = Bjk, j,keJ.
For each n € Z we introduce the sampling operator I, 5 by
(Inaf)j :=A""2f(y_n(z), j€J, feH,

Itis pointed out that a special case of Ig 5 has been introduced in Smale and Zhou (2007). A function
f € H, can be completely recovered from its sample I, 5 f, that is,

f:Z@WW%ZZWM@* (47)

J€ Je

In particular, we have the representation for our original kernel K

K(x,y) = ; K(%,2))Aj kK (zk,Y), X,y € X. (48)
j,ked

The Riesz basis provides a characterization of y-refinable kernels in terms of the sampling op-
erator, which we present next.

Theorem 18 Suppose that K is a Riesz basis for #. Then K is y-refinable if and only if

{11000 1 j €3} C2(J), (49)
(Al10@0,j, 1100 K) 2y = K(26.2)), j.k€, (50)
and )
Q-1 =Y (Al10@  K(-2), jeEJ. (51)
ked
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Proof Suppose that conditions (49), (50) and (51) hold true. For j,k € J, we set Cj k := (/~\L1,J(p07,-)k.
By (49) and (46), [Cjx : k € J] € £2(3). Since K is a Riesz basis for #, it follows from (51) that
@_1,j € Hk, j € J. Equations (50), (47) and (10) imply for all j,k € J that

(Q-1,j,Q-1.k) 55 = K(2Zk:2j) = (-1, P-1k) 5 - (52)

For each f € # ,, we have by Proposition 15 a sequence f, € span{@_1j:j € J}, n € N that
converges to f in #Hx_,. By (52), there holds for each n € N that f, € #Hx and

(fo f) s = (Fns Fr) g - (53)

This means that f,, is a Cauchy sequence in #. There hence exists g € # that is the limit of fj in
Hy . We get by (5) for each x € X that

0%) = (9K (-3)) 5. = Jim (. K (- 3)) 5, = Jim () = lim (F0, K1) | = F(x).

n—oo

Therefore, f € #H, and by (53)
(f, D)o, = lim (fo, fo)pg, = 1im (fo, fo)s = (9, 0) g, = (F, P

We conclude that Hx , < H, that is, K is y-refinable.

Conversely, suppose that Hx_, < H. Then since Kz is a Riesz basis for #k with the dual basis
K defined by (43), we letn=0and f = ¢_1,j in (47) to get that (49), (51) hold true. The inclusion
Hy_, < Hy also implies (52). Through a calculation, we notice that (50) is a consequence of (52).
The proof is complete. |

In the rest of this section, we construct a frame for the RKHS #g of the wavelet-like kernel
G:=K;—K.

Lemma 19 Suppose that K is y-refinable and K is a Riesz basis for # with frame bounds 0 <
o < B <. Then
lIJO,j = A_l/ZG('vyfl(Zj)% J el

form a frame for #g with the same frame bounds a, 3.

Proof By the definition G = K; — K, we have that
Woj = @i — A Y2K(y-1(z)), JEI.

Let f € #g. Since f is orthogonal to Hx in H,, we have for each j € J that
(F, W0, = (F,Woj) s, = (F,01j) 5,

where the first equality holds because of Theorem 8 (2). Applying Proposition 15 and || f|| ;;, =
|| f Hml yields that {Wo ; : j € J} is a frame for #g with frame bounds a, 3. [ |

The frame for the RKHS # is now translated to a frame for the RKHSs 4, .
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Proposition 20 Suppose that K is y-refinable and K, is a Riesz basis for #x with frame bounds
O0<a<PB<ow ThenforeachneZ, Ynj:= )\”/Zwoﬂj oYn, j €J form a frame for #g, with the same
frame bounds a, 3. Furthermore, there holds

Wnj= > Djkbh+ik, (54)
ked
where N
Djy = 5j,k—)\_1Z/\k,IK(Vfl(ZI)anl(Zj))- (55)
=

Proof Arguments similar to those in the proof of Proposition 15 with Lemma 19, equations (28)
and (29) prove the first claim of this proposition. For each n € Z, by Theorem 17, {@n 1k : k€ J}
is the dual Riesz basis of {1k : k € J} for #,,,. Since Hg, =< H,,,, we obtain for each j € J

Pnj = Z(wn,j,zﬂﬂ+l,k)}a<n“ ONES
ked

By (44) we confirm that (Un,j, h+1k) e is equal to D; k defined by (55), proving the result. W

We next present the reconstruction of a function f € #Hg, from its samples (f, W ;) Her J EJ-
To describe the reconstruction, we remark that for each (n, j) € Z x J there holds

Oj= > CjkPh+ik (56)
i k;l

and y o
hnj= Z]Cj,k%+1,k, (57)
e

where

Cixi=N"23 A K(y-a(z),2).
led

For j,k € J, we let

Dy k= Bjx— > GliGk

Theorem 21 Suppose that K is y-refinable and K is a Riesz basis for #. For each n € Z, the
functions

Onj = Ghivj — Zmznnk, jeld (58)
ke
constitute a frame for g, and have the representation
Dnj=3 D} kP 1k (59)
ked

Moreover, there holds for all f € #g, that

f= Zj(faq:]n-,j)%nwn,j = Z(fvwﬂ,j)%nqjmj' (60)

Je IS
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Proof Since K is y-refinable, by Proposition 2, #x,, < #,.,. This together with Theorem 17 follows
that the functions ({y, j defined by (58) are in H,.,. Moreover, it can be verified by (56) that they
are orthogonal to #,. Therefore, {{nj : j € J} C Hg,. Arguments similar to those in the proof of
Proposition 20 yield that (i j, j € J form a frame for #g, with the same frame bounds as those of
{(~p07 j 1 j€J} for Hg. Equation (59) is obtained by substituting (57) into (58).

We next prove the first equality of (60). To this end, for any fixed f € #g, we define

g:= Zl(fa(pn,j)%nwnvj

Je

and observe that g € #g,. It can be verified that

g = Z(ffwl,j)mnﬂtlln,j

JEe

= (b, (Ot A1)

Je

— f_)\"(n1)/2 ZJ(f’zﬂ”lvj)}&mK”("y’”’l(zj))'

IE

The above equation ensures that g — f € Hg, N Hk,,, which implies that g = f. Likewise, we may
prove the second equality of (60). |

Suppose that K is a kernel on X and Ky, n € Z, are defined by (8). The RKHS # is said to have
a multiresolution analysis if

<, <, < e, () He = {O),

neN

and Kz with a countable set Z:= {zj: j € J} C X is a Riesz basis for . The following theorem
characterizes a RKHS that has a multiresolution analysis.

Theorem 22 Let K be a kernel on an input space X with a feature map @ from X to a Hilbert space
W that satisfies (18). The RKHS #x has a multiresolution analysis if and only if @ is refinable, that
is, it satisfies (20) for some bounded linear operator T on %/ whose adjoint T * is isometric, T has
the property (32) and there exists a countable subset Z of X such that ®(Z) is a Riesz basis for /.

Proof The result of this theorem follows directly from Theorems 6, 9 and 13. [ |

Suppose that #Hx has a multiresolution analysis. By (35), Lemma 19 and Proposition 20, we
have that
I =P,
neN
and A"V/2G(yn(-),y-1(zj)), j € J form a frame for #g,, n < —1. The multiresolution analysis on
H is hence generated by the wavelet-like kernel G.
To close this section, we present the decomposition and reconstruction algorithms. These al-
gorithms are analogues to the Mallat algorithms (cf., Mallat, 1989) in wavelet analysis. They are

2100



REFINABLE KERNELS

important for fast computation. With Equations (56), (57), (54) and (59), we now establish a recur-
sive scheme for the decomposition (30). For

fe | Hn

m>0

we denote by P, f the orthogonal projection of f onto #,,, for n < 0. We have that

Pn+lf = Pnf + Z(f,lljn7j)%nq)n7j = Pnf + Z(f,q)n7j)%nlpn’j, n S —1
IS JE

We define four vectors
On = [(f,@nj)ag 1€, Gni=[(f,Ghj)sg, €],

Bo 1= [(f.Wnj)sg, 1 €3] and Bni=[(f,Bnj)se, : J € J].
By (47), the projection P, f is completely described by ap or Gy Likewise, by (60), the difference
Pni1f — Pnf between two levels of consecutive projections is completely determined by B, or Bp.
We introduce the matrix notations:
C:=[Cik:jkell], Ci= [Z‘j,k D keld], Di=[Djk: j,kel], D= [j)j’ki j,keldl.

Suppose that ag is given and for each n < —1 we then use ¢ and D to decompose 0, N <0
recursively to obtain ap, Bn

On = Ean+1, Bn= 5an+1- (61)

Conversely, a1 can be reconstructed from o, and B, by using € and D
_ AT AT
Oni1=C On+D' Bn, n< -1 (62)
Alternatively, the decomposition and reconstruction process can start from &
dn:zan—kla Bn:56n+17 Gni1=C' Gn+ DT an n<-1 (63)

Since {q;: j<€J} and {(~p0,,- : j € J} are Riesz bases for Hx and Riesz bases are equivalent to
orthonormal bases,

{[(f, @015 2 1€ 3] 1 f e} ={[(F,@j)p €3] f € H}=£2(),
we have by (61), (62) and (63) that
CTC+D"D=C"C+D" D=1, (64)

where | is the identity matrix. We say that C, C, D, D form a perfect reconstruction system if they
satisfy (64).

2101



XU AND ZHANG

5. Refinable Translation Invariant Kernels

In this section, we consider refinable kernels with specializing our input space to RY, d € N, the
mapping v to the dilation mapping x — 2x in RY and kernels to translation invariant kernels K on
RY, that is, for all x,y,a € R

K(x—a,y—a)=K(xy).
In other words, the main purpose of this section is to characterize refinable translation invariant

kernels on RY,
We need the notation of Fourier transform defined for f € LY(RY) as

pon 1

_ —i(xt) d
f(t):= 2ne /Rdf(x)e dx, teR",

where (x,t) denotes the inner product of x,t in RY. The Fourier transform fof feLP(RY), 1< p<
o, is defined in the weak sense (Grafakos, 2004). If both f, f belong to L*(RY) then there holds

f(x) = (t)e!*Vdt, x e RY,

f
Rd
Clearly, K is translation invariant if and only if there exists a function k : RY — C such that
K(Xay):k(x_y)7 X,yERd. (65)

Note that in this section k will always denote a function. It was established by Bochner (1959) that
if k is continuous on RY then (65) defines a kernel if and only if there exists a finite positive Borel
measure p on RY such that

K(x) = /Rd ei0dp(t), x e R, (66)

We shall consider only measures p that are absolutely continuous with respect to the Lebesgue
measure. This means that [(A) = 0 whenever the Lebesgue measure |A| of a Borel subset A C RY
is zero. By the Radon-Nikodym theorem (Rudin, 1987), p in (66) is absolutely continuous with
respect to the Lebesgue measure if and only if k is a nonnegative Lebesgue integrable function on
R

Specifically, we shall characterize nonnegative k € L1(RY) for which the kernel K given by

K(xy) =k(x—y) = / L Ok(dt, x.y e RY (67)
R

is refinable, that is, there holds

Hx_, = H. (68)

Note that in this section Kj, j € Z are defined through a positive constant A as
Ki(x,y) = MK (2!x,2ly), x,y e RY. (69)

We shall use j to denote integers while m,n, | to denote elements in Z9. We shall also discuss
conditions for K;s := {K(-,n) : n € Z9} to be a Riesz basis for #.
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We next identify a feature map for the kernel K. Let L2(RY,kdt) be the space of Borel mea-
surable functions f : RY — C such that [z« | f(t)|?k(t)dt < . It is a Hilbert space with the inner
product

(f,9) 2 (a fear) == . f(t)g(t)k(t)dt.

We observe from (67) that
K(,Y) = (@(X), DY) 2ga ) %Y € RY,

where the feature map ® : RY — L2(RY, kdt) is defined by ®(x)(t) := e/*, t € RY. It is clear that
span®(RRY) is dense in L?(RY, kdt). By Lemma 5, the functions in #H are of the form

fo = (P(), )2 gaga, f€LA(RYkdt) (70)
and the inner product on Hy is given by

(fo,90) s = (0 F)2gogary f,0 € LX(Rkdt). (71)

We now present a special result on characterization of refinable translation invariant kernels.
For this purpose, we set A
Q:={teR:k(t) >0} (72)

and denote by Xq the characteristic function of Q. We remark that Q is a Lebesgue measurable
subset of RY.

Theorem 23 Let K be the translation invariant kernel given in (67) through a nonnegative k €
L1(RY) and let Q be defined by (72). Then K is a refinable kernel on RY if and only if

QC2Q (73)

and
k- % xak (5). (74)

Proof This proof is based on Theorem 4. Through a change of variables, we have for each y € R4
that
X ) _ od i(X1) a—i2(y) d
K(Z,y)_z /Rde e k(2t)dt, x € R".
It follows by (70) that K(5,y) € Hk for each y € RY if and only if there exists a nonnegative g €
L2(RY, kdt) such that i X
k(2.) = gk. (75)

Suppose that (75) is valid. Then it can be verified by the uniqueness of Fourier transforms, and (71)
that

(K (é,y) K <§’X))}4< = AK(x,y), forallx,yeR?

if and only if A A
2992k = Ak(2). (76)
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Suppose that (73) and (74) are true. We then obtain by hypothesis (74) that equations (75) and (76)
hold true for g = zd X2, which, by (73), is contained in L?(RY, kdt) Conversely, if (75) and (76) are
valid then (73) foIIows from (75), and (74) is a consequence of (73), (75) and (76). |

In the next corollary, we prove special properties of a refinable translation invariant kernel.

Corollary 24 Let K be a refinable translation invariant kernel defined by (67). If k is nontrivial,
then A >1andif Q = % # 0, then k(t) is not continuous att = 0.

Proof Since K is refinable, by Theorem 23, Equations (73) and (74) hold. We then observe by (74)

that
/ R(t)dt = A / kt)dt. (77)
Q Q
2
The inclusion (73) and Equation (77) imply that there must hold A > 1 since k is nontrivial.
We next prove that k(t) is not continuous at t = 0. Assume to the contrary that k is continuous

att=0and Q = % # 0. In this case, we first see from (77) that A = 1 and then by (74) for each
t € Q that

s k@
k(t) = lim =g~ =

because by hypothesis R(t) is continuous att = 0. This contradicts the assumptionthat Q 0. W

As a consequence of this corollary, we have the following interesting observation. For an inclu-
sion relation of the RKHSs of Gaussian kernels, see Walder et al. (2007).

Corollary 25 The Gaussian kernels
GO‘(X’y) = exp (_0||X_y||2) , X,¥ye Rdv 0> 07
where ||x|| := (x,x)%/2, are not refinable.

Proof Since the Gaussian kernels can be represented as

1 T\ d/2 Yt g _ 2
G"(X’”_(zn)d/Rd (5) e t,
12

and e~ 40, supported on the whole RY, is clearly continuous at t = 0, by Corollary 24, they are not
refinable. m

We now present a nontrivial refinable translation invariant kernel.

Corollary 26 For a,b,0 > 0, let k := || - ||°X_g - Then the kernel K defined by (67) with k is
refinable with Q = [—a,b]?\ {0} and A = 29+9,
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Proof It can be verified directly that k satisfies condition (73) and (74) with Q = [—a,b]9\ {0} and
A =299, Hence, by Theorem 23, K is refinable. [ |

We next characterize when Hg_, is a proper subspace of Hx if K is a refinable translation
invariant kernel. For this purpose, we identify the feature map for such a K with

A2 <§) ~To,

where ) A
Tf:=AL2¢ (§> Xa, feL2(RY,kdt). (78)

Theorem 27 Suppose that a kernel K defined by (67) is refinable on RY and Q is defined by (72).
Then H _, is a proper subspace of H if and only if

2Q-Q|>0. (79)
If (79) holds true then A > 1 and

(M 74, = {0}. (80)

JEZ

Proof Set f ¢ Lz(Rd,Rdt). We observe by (78) that Tf = 0 if and only if f(x) =0, a.e. x € %
Therefore, A_(T) is nontrivial if and only if (79) is true. The first statement of this theorem hence
follows from Theorem 7.

To prove the second statement, we suppose that (79) holds. We prove (80) by verifying condition
(32) in Theorem 9. To this end, we note by (78) for each j € N that

ij:)\’%f<j)xg

and .
s AN .
k(2).) = <2d> kxz%. (81)
The above two equations imply that
Ty = [, 1FO PR (82)
2]

We integrate both sides of (81) over RY to get that

1 /- N
)\j/Qk(t)dt_/z% R(t)dt.
This with (79) implies that A > 1. Hence,

lim [ k(t)dt=0,

j—oo %

which with (82) ensures that _
jILn; T2 ety = O
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proving the result. |

Let us turn to establishing conditions for K,q to be a Riesz basis for #k. We begin with a
technical lemma.

Lemma 28 The family K4 is a Riesz basis for # if and only if £;4 := {e'™Y) : nc 74} is a Riesz
basis for L?(RY, kdt).

Proof This lemma follows from Theorem 13 and the density of span®(RY) in L2(RY,kdt). [

Our next approach is based on the characterization of Riesz bases mentioned at the beginning of
the proof for Proposition 12. We shall use the property of Q that for all Lebesgue measurable sets
A C Q with |A| > 0 there exists a 0 > 0 such that |{t € A: k(t) > a}| > 0.

Lemma 29 The linear span of £y is dense in L2(RY, kdt) if and only if
QN (Q+2nm)| =0, nez\{0}. (83)

Proof Suppose that there exists a nonzero n € Z9 such that |Q N (Q+2nT)| > 0. For 61 >0, a € R,
0 < 0 < mtwe set A
Ap:={t:t e QN (Q+2nm),k(t) > o1} N[a,a+ 3.

We can choose some g; > 0, a € R such that A; has nonzero Lebesgue measure. Since the set
A1 — 2nTtis contained in Q with |A; — 2n1g = |A1] > 0, we can find a o2 > 0 such that |Az| > 0,
where Ay := {t :t € Ay —2nTLK(t) > 0,}. Set A := Ay +2nT, 0 := min{oy,0,}. The set A so
constructed has the properties that |A| > 0, AN (A—2nTt) = 0 and k(t) > o, fort € AU (A — 2n).
Using this set, we define a function f e L?(RY, kdt) as

-1, teA,
f(t) = 1, teA-2nm,
0, otherwise.

For an arbitrary g € £ := span E,4, We have that

(t) — f(t)Pk(t)dt > /Alg(t)—f(t)lzﬁ(t)du lg(t) — f(t)Pk(t)dt

Rd ’g A—2nTT

> 0 [ (1g)+ 1P +[g(t) - 1)t > oA,
This shows that Z would not be dense in L2(RY, kdt) if (83) were invalid.

On the other hand, suppose that (83) is true. For n € Z9, we define Q := (Q — 2n1) N [0, 217
and observe that these sets satisfy the condition

Uf@n:nez? C (0,29, |QnnQm/=0, n#£m.
Let

(t) = k(t42nm), teQn, nezd,
pL-= 0, otherwise
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and for f € L?(RY, kdt) we introduce a new function g € L2([0,2m9, pdt) by setting

) = f(t+2nm), teQ, nezd,
9tt-= 0, otherwise.

Since £ is dense in L2(]0, 219, pdt), for each & > O there exists f € Z such that

19— 20,2130 patry < E-

Note that . .
1 = fllorafar) = 19— Flliz(o 2rge pat)-
Combining the two relations above proves the lemma. |

We next present a necessary and sufficient condition for K4 to be a Riesz basis for 7 if K is a
translation invariant kernel defined by (67) through a nonnegative k € L*(RY).

Theorem 30 Let K be a translation invariant kernel defined by (67) through a nonnegative k
L1(RY) and Q be defined by (72). Then K4 is a Riesz basis for # if and only if

z Xo(-+2nm) =1, ae. (84)

nezd

and there exist 0 < a < 3 < o such that
a<kt)<pB, aeteQ. (85)

Proof By Lemma 28, Ky is a Riesz basis for H if and only if the linear span of ;4 is dense in
L2(RY,kdt), which is equivalent to (83) by Lemma 29,

S cne'™ e AR kdt), ce Pz (86)

nezd

and for some constants 0 < o < 3 < oo

z Cnei(n7t)

nezd

2
a(2miel g0 < < B el cEREZY. (@)

L2(RY kdt)

One can use arguments similar to those on pages 139-140 of Daubechies (1992) to show that rela-
tion (86) and inequality (87) hold true if and only if there exist 0 < a < 3 < oo such that

~

a< Z kK(-+2nm) <B, ae. (88)

nezd
The proof is completed by noting that (83) and (88) hold true if and only if (84) and (85) are satis-
fied. [ |

Inequality (88) was established for a different purpose in Smale and Zhou (2004), where it was
proved that A := [K(m,n) : m,n € Z9] satisfies (39) for J := Z9 if and only if (88) holds true.

In the next theorem, we construct k that satisfy conditions (73), (74), (84) and (85) to obtain a
refinable kernel K on RY with K4 being a Riesz basis for #.
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Theorem 31 Let K be defined by (67) where nonnegative ke L1 (RY) is continuous at 0. Then K is
refinable and K is a Riesz basis for # if and only if A = 29 and

A~

k=nxaq, ae. (89)

where n is a positive constant, and Q satisfies (73) and (84). Moreover, if (84) and (89) hold true

then functions
1 d
form an orthonormal basis for #.

Proof Suppose that A = 29, k is given by (89) with a positive constant n, and Q satisfies (73) and
(84). By Theorem 23, K defined by (67) is refinable, and by Theorem 30, K4 is a Riesz basis for
H .

Conversely, we suppose that k € L*(RY) is continuous at 0, K is refinable and K. is a Riesz
basis for #. These hypotheses imply that there hold (73), (74), (84) and (85). Choose n = k(0).
Repeatedly using Equation (74) with iterations, we have for all t € Q that

. Aty
This formula with condition (85) ensures that A = 24, Equation (89) follows from the formula above,
(85) and the continuity of k at 0. This completes the proof of the necessary and sufficient condition.
It remains to show that the functions defined by (90) form an orthonormal basis for #x. Since
(84) and (89) are true, we obtain by direct computation for all m,n € Z9 that
1 1

i(mfn,t)dt
5 e

-
™
2
o
A
2
=
2
£
I
)
=
S5

5708 o el M=y o (t)dt

MO S yo( +21m)dt
2 Joans®™ " 3 Yol 2m

_ i(m—nt) 4+
= 7(21‘[)d /[072,-[]d € dt = 6m,n.

This proves that functions defined by (90) constitute an orthonormal basis for #y and completes the
proof. |

I
=4
=
—

By noting that (84) can be interpreted as that Q +2nTt, n € Z9, form a tiling of RY, we construct
examples of refinable kernels K such that K,q« are Riesz bases for #. The readers are referred to
Grunbaum and Shephard (1989) for the subject of tiling. We describe our examples in the following
two corollaries.

Corollary 32 Forac [0,211, let Q :=[—a, 2r1—a]9. Then the kernel K defined by (67) with k having
the form (89) is a refinable kernel such that K, is a Riesz basis for #.

We remark that when a = 11, K is the well-known sinc function. The result in the last corollary
can be extended.
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Corollary 33 Suppose that a and [ are constants satisfying either 7 < a <3 < %” or %” <a<
B < Let

Q= ([-2m+a,—2m+PJU[-T,—B]U[—a,a] U B, T U[2mt— B, 2m—a])? . (91)

Then the kernel K defined by (67) with k having the form (89) with n = 1 is a refinable kernel such
that K,q is a Riesz basis for . Moreover,

2sinax; 4sin ™ Bx; JTHB 4sinf%x;  a+B

k(x) = |_N! + |_Nl co P+ |_N! cos Xj, x€RY,
jeNa X jeNg X] 2 j€Ng X] 2

where x; denotes the j-th component of x.

When both a and (3 in (91) are chosen as T, k is also reduced to the sinc function.

6. Refinable Kernels Defined by Refinable Functions

We present in this section a construction of refinable kernels via refinable functions. For a complete
reference of refinable functions, the readers are referred to Cavaretta et al. (1991) and Daubechies
(1992). As in the last section, we assume that the mapping y has the form x — 2x throughout this
section.
Let ¢ be a compactly supported continuous function on RY that is refinable, namely, there exists
h:= [hy : n € Z9] such that
0 (3)= 3 Mol (92)
nez
We always assume that ¢ is nontrivial, and the cardinality of {n: h, # 0, n € Z9} is finite by the
compact support of ¢. Suppose further that we have an infinite matrix A satisfying for some positive
constants a, 3 that
alleli? z) < (AC.0)(za) < BliclZ g © € A(Z°). (93)

The above inequality implies that A is a bounded positive self-adjoint operator on ¢?(Z9) and its
inverse A~ is also bounded positive self-adjoint (see, for example, Daubechies, 1992, page 58).
Motivated by (48), associated with the matrix A we define our kernel K by

K<X7y) = (AW(X)yLP(Y»ZZ(Zd)v X,y € Rda (94)

where W is a mapping from RY to ¢2(Z9) given by W(x) := [d(x —n) :n € Z9], x € RY. Assuming
that A := [Amn : m,n € Z9], we have that

Ky =5 5 Annd(x—md(y—m), x,yeR" (95)
meZd nezZd
Kernels in the form
S Wx—n)yy—n) (96)
nezd

constructed by a refinable function { were considered in Opfer (2006), and kernels defined as a
superposition of frame elements in RKHS were discussed in Gao et al. (2001), Opfer (2006), and
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Rakotomamonjy and Canu (2005). When A is the identity infinite matrix 1, we see that K defined
by (95) has the form (96) with ¢ = ¢. We are interested in the necessary and sufficient condition
for K to degenerate to the form (96) for some function Y on RY such that the series converges for
all x,y € RY. We need the following technical lemma, whose proof is standard and thus is omitted.

Lemma 34 The linear span of W(RY) is dense in ¢?(ZY), that is, $(RY)* = {0}.

The next proposition shows that kernels in the form (95) are more general than those in the
degenerate form (96) and in general cannot be written in the degenerate form.

Proposition 35 Let A be an infinite matrix satisfying (93) and K be defined by (95) through a
compactly supported continuous function ¢. Then K can be represented as (96) if and only if

Am,n = Amfn70a m,ne Zd~ (97)

Proof Suppose that the kernel K defined by (95) has the form (96). It follows that for all x,y € R¢
and for 1 € Z9, K(x — I,y — ) = K(x,y). Using (95), we rewrite the above equation as

S An a0 = 5 T Annd(x— ).

meZd nezd meZd nezd

By Lemma 34, we have for all m,n, | € Z9 that Am-i n-1 = Ampn. Inthis equation, letting | = n yields
97).
Conversely, we suppose that (97) is satisfied. For n € Z9, we set a,, := Ano and observe that for

all c € ¢2(7%)
1 n
(AC,C)2(z0) = ame /02n ( > ane t)

nezd

2
dt.

z Cnei(n7t)

nezd

This with (93) implies that

a< ¥y ane'™ <B, ae. tel0,2m
nezd

where the constants a and (3 are the lower and upper bound in (93). Therefore, there exists b €
7?(79) such that

1/2
S bne'™ S an ™) ae telo,2m
nezd nezd

We then define the matrix B by setting Bypn := bm-no, m,n € 79. Clearly, we have B = B* and
A = B2, which ensures that

K(X7y) = (BLIJ(X),BLP(y))gZ(Zd), X,y e Rd'

One can see that K can be rewritten as (96) with @ := 3 . cza Bom$ (- —m). [ |

The main purpose of this section is to formulate conditions on h and A so that the kernel K in the
form (95) is refinable. Our discussions will be based on the following result concerning the RKHS

Hy.
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Proposition 36 The RKHS of the kernel K defined by (94) is
Hy = {Cy 1= (W("),C)2(z0) : C € F2(Z%)}

with inner product
(Cw,dw) s = (A1d,C)z(z0), C.d € (Z9).

Proof Since the operator A satisfies (93), there exists a bounded positive self-adjoint operator A/2
on ¢2(Z9) such that AY/2A1/2 = A (see, Conway, 1990, ,page 240). It is observed that K has the
following feature map representation K(x,y) = (®(x), P(y)) z(z4), X,y € RY, where

® =A%y, (98)

The proposition now follows immediately from Lemmas 5 and 34. [ |
Let A be a fixed positive number and Kj, j € Z be defined as in (69). We shall give a charac-
terization for K to be refinable, that is, (68) holds. To this end, we introduce the infinite matrix H

associated with h as
Hm7n : hn_2m, m, n E Zd (99)

It can be seen by the generalized Minkowski inequality that the matrix H induces a bounded operator
on ¢2(Z9). In fact, we have for each ¢ € ¢2(Z9) that

IHellazs < (3 ol Illaze

nezd

We next characterize refinable kernels in terms of matrices A and H.

Theorem 37 Suppose that ¢ is a nontrivial compactly supported refinable function satisfying (92).
Then the kernel K defined by (94) is refinable if and only if

HA IH*A = Al (100)

Proof The function ® : RY — ¢2(Z9) defined by (98) is a feature map for K. We observe by (92)
that it satisfies a refinement equation

12 () — n-12a12@ () — y-1/2a1/21w — N—1/2a1/2 4 p—1/2
A q:(z)x ALIJ(2>)\ AY2ZHW = A\-L2AL2H AL 20,

where A~1/2 denotes the inverse of Al/2. Setting

T :=\"Y2A2HAY2 (101)
by Theorem 6, K is refinable if and only if T* is isometric, or equivalently, TT* = I. The proof is
complete by noting that equation TT* = | has the form (100). |

We need the following lemma to study the proper inclusion of H , in H.
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Lemma 38 Let [a, : n € Z9] be a nontrivial vector in ¢2(Z%) with a finite number of nonzero compo-
nents. Then the linear span of {&m := [am_n:n € Z9] : m € Z9} is dense in £2(Z%), and &y, m € Z9
are linearly independent.

Proposition 39 Let ¢ be a nontrivial compactly supported continuous refinable function on RY,
A, h satisfy (93) and (100), and K be defined by (94). Then #_, is a proper subspace of H.

Proof By Theorem 7, % _, is a proper subspace of # if and only if the null space A (T) of
operator T defined by (101) contains nonzero elements in £2(Z%), which is equivalent to that

N (H) # {0}. (102)

Set by := [n_m:n € Z9), m e Z9. Assume that A\((H) = {0}. This implies that span {b,m: m € Z9}
is dense in £2(Z9). Choose | € 9\ 2Z9. Since [h, : n € Z9] has a finite number of nonzero com-
ponents, b, can be represented as a finite linear combination of bom, M € Z9. However, Lemma 38
ensures that b, m € Z9 are linearly independent. This contradiction implies the validity of (102).
[ |

When A and H commute, Equation (100) reduces to

HH* = Al (103)

Through a scaling of the matrix H, one may consider HH* = I. This equation arose also in the
construction of orthonormal wavelets and it has been well understood in the one-dimensional case
(cf., Daubechies, 1992). For a special class of solutions h of (103) in the multidimensional case, see
Chen et al. (2003) and Chen et al. (2007). These h can be used to construct A and H satisfying (93)
and (100).

Proposition 40 Let h be a solution of (103). Then for each real number a € R\ {+A~1/2} the
matrix A defined by
A= ((1+aH)(1+aH*)) ! (104)

satisfies (93) with a := (1+|a]v/A) "2 and B := (1 — |a]v/A) 2, and (100).

Proof Forae R\ {#A"1/2} we set B := (1 +aH)(l +aH*). By direct computation, we obtain for
each ¢ € (?(Z9) that

(Bc,)2(ze) = (14 @2A)[el|Z z0) +a((H +H")e,) (g0 (105)
Equation (103) leads to the estimates
IHC 20 < VAlICl 2ize), and [[HCllzize) < VAlC] 2ez0).-
Equation (105) with these two estimates implies that
(L= [aIVNle] 2 za) < (BE,C) iz < (1+ [alVA)?lelfF 40

The inverse operator A of B hence satisfies (93) with o := (1 + |a|]v/A) 2 and B:= (1 — |a]vVA) 2.
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It remains to show that A satisfies Equation (100). It can be verified by (103) that the following
equation holds
H(l+aH)(1+aH*)H* =A(I+aH)(I +aH").

By the definition (104) of A, this is equivalent to the equation HA~H* = AA~1, which confirms
that A satisfies (100). |

The last proposition provides a class of refinable kernels given by (95) that never degenerate to
the form (96).

Proposition 41 Let h satisfy (103), where matrix H is defined by (99), and matrix A be of the form
(104) for some a € R\ {£A~1/2}. If there exists at least one n € Z9 such that the real part Re (hy)
of hy is not zero then A satisfies (97) if and only ifa = 0.

Proof If a=0then A = I satisfies (97). Leta € R\ {0, i)\*l/z}. One can see that A satisfies (97)
if and only if A=! does. Since A~ = (1+a\)l +a(H +H*), it satisfies (97) only if H 4+ H* does.
Choose n € Z9 such that Re (hy) # 0. There exists an m € Z9 such that Re (hy,) # Re (hy) since
h € £2(Z%). As a consequence, we have

(H + H*>_m7_m = 2 Re (hm) # 2 Re (hn) == (H + H*)_n7_n.
This shows that H +H* does not satisfy (97). The proof is complete. |

By Propositions 35 and 41, if h is a real vector in ¢2(Z%) satisfying (103) then for all a €
R\ {0, £A~1/2}, the refinable kernel K defined by (95) through A given in (104) can not be rewritten
as (96).

We now turn to an investigation of the intersection of }[Kj, for j € Z, where K; are kernels
defined by (69).

Theorem 42 Suppose that ¢ is a nontrivial compactly supported continuous refinable function on
RRY, h satisfies (103), A satisfies (93) and (100), and K is defined by (94). Then (80) holds true if
and only if

hn £ 0, for at least one n € 4\ 279 (106)
If (106) does not hold then
() H, = {(W(),0)p(zay i cE A(H)'}. (107)
JEZ

Proof Let 7 be the function from ¢2(2%) to L2([0,2r%) defined for ¢ € ¢2(Z%) by (Fc)(t) :=
S neza Cne' ™), t € 0,29, Set B:=A"Y/2H, mo := F(A"/?h), and let {v; : j € N,a} C Z9 denote
the set of extreme points of cube [0, 1]9. By condition (32) in Theorem 9, (80) holds true if and only
if

jILrIJO\|TjC\|gz(Zd) =0, forallce ?(zZ9), (108)

where T is the operator defined by (101). Noting that T = Al/2BIA=1/2 Equation (108) is equiva-
lent to the condition

j|im (2m) 92| F (Blc) | 20 2me) = J_|im IBIc||2ze) =0, forallce*(Z). (109)
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For each ¢ € ¢2(Z9), we define my := Fc. It can be verified by direct calculation that

j—1
F(Blo)(t) = (Zld z mo(tTNj)ml(t+TNj)> (21(1 z mo(tnvj)> , te0,2md.

jEde jede
Equation (103) can be rewritten in terms of mg as

S [mo(-+Tw;)? =29, (110)
jEde

The Cauchy-Schwartz inequality with (110) ensures for all t € [0,219 that

<29 (111)

% mo(t —|—Tle)
je od

where the equality holds at a point to € [0, 219 if and only if
mo(to+T1vj) =a, j&€ Ny forsome aec C with |a] =1. (112)

If hy = 0 for each n € Z9\ 279 then mo(- + Tvj) = mo for all j € Npa. This together with (110)
implies that (112) holds for all to € [0, 2119, Thus, the equality in (111) holds for all t € [0,2179. We
now choose ¢ such that m; = mo(—-) and clearly for such a ¢ (109) does not hold. Consequently,
(80) does not hold and this is equivalent to saying that (80) implies (106).

Conversely, suppose that (106) holds. By the fact that the zeros of a nontrivial real-analytic
function on RY form a set of Lebesgue measure zero, the set of points t € [0, 277 for which the
equality in (111) holds has zero Lebesgue measure. Therefore, for a fixed ¢ € ¢2(Z%), F (Bic) goes
to zero almost everywhere on [0, 2119, Since

-~ 1 1/2
FE0OI< (5 3 M) . te 2

jEde

Equation (109) holds true by the Lebesgue dominated convergence theorem. Thus, we conclude
that (80) holds.

Now, suppose that (106) does not hold. Note that ¢ € £2(Z%) is in the union of A((T}), j € N if
and only if A=¥/2c € A((H). We use Theorem 7 and (34) to get that

() 7, = {(AY29(),)z(zm) : € € (AV2AL(H)) ).

JE€Z

The above equation can be rewritten as (107). [ |

We next present a characterization for K;q to be a Riesz basis for H .

Theorem 43 Let K be defined by (94) through a matrix A satisfying (93) and a compactly supported
continuous function ¢ on RY. Then K4 is a Riesz basis for # if and only if the polynomial

a) =y d(n)e'™), teRrd (113)

nezd

has no zeros.
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Proof By Theorem 13 and condition (93), K;q is a Riesz basis for # if and only if §m:=[¢p(m—n):
n € Z9], for m € Z9 form a Riesz basis for £2(Z%). Lemma 38 states that §,, m € Z9 are linearly
independent if there exists t € Z9 such that ¢(t) # 0. Therefore, {§m : m € Z9} is Riesz basis for
¢2(z%) if and only if there exist 0 < o < B < oo such that for every ¢ € £2(Z%) there holds

GHCH?Z(Zd) < z |(¢m7c)€2(zd)\2 < BHCH%(Zd)- (114)

mezd
Since

! o) oo

&m, C)2 dzz—/ d(n)e'™ che' ™| dt,
mg%d’< m )K(Z ﬂ (ZTDd [szd ng;d ng;d n

Equation (114) holds for all ¢ € ¢2(Z9) if and only if a < [q(t)|?> < B, t € [0,21]9. The theorem
hence follows from the continuity of g on RY. [ |

We conclude this section by a result regarding a multiresolution analysis for # .

Theorem 44 Let ¢ be a nontrivial compactly supported continuous refinable function on RY, h
satisfy (103), A satisfy (93), and K be defined by (94). Then #Hy has a multiresolution analysis with
Kq being a Riesz basis for # if and only if there holds (100), (106), and the polynomial (113) has
no zeros.

Proof This result is a direct consequence of Theorems 37, 42 and 43. |

7. A Discussion of Applications and Conclusions

For the completeness of the paper, in this section we discuss how refinable kernels can be used to
efficiently update kernels for learning from increasing training data. Here we only use a simple
learning example to illustrate the main points. The general case requires further substantial research
and it will be reported on a different occasion.

In this special example, we assume that the input space X is R and that the initial training
data set is given by z := {(j,yj) : ] € Bm} € X x Y, where we have set for each n € N, B, :=
{-n,...,—1,0,1,...,n}. Let K be a kernel on X and consider the loss function Q(p,q) := |p—q|?,
for p,q € C. This loss function is important in practice (for example, in regularization networks
Evgeniou et al., 2000; Scholkopf and Smola, 2002; Vapnik, 1998). The predictor f from the training
data z is hence the minimizer of

. . 2 2
min a()) = Yil” +H9ll5g
o 2 m| (1) =yil™ +Hllall5

where [ is a positive regularization parameter. The representer theorem (Kimeldorf and Wahba,
1971; Scholkopf et al., 2001; Scholkopf and Smola, 2002) ensures in this case that

f= Y cK(.J). (115)

JE€Bm
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Here, the vector ¢ :=[cj : j € BT satisfies the linear system

(Mlomi1 +K[Bm])c =Yy, (116)

where I, denotes the n x n identity matrixandy :=[y; : j € BmT.

Suppose that the initial training data set is updated to a new data set 2’ := {(j/2,y]) : j € Bam}
where y5; =y;j for j € Bm. We divide x := B,m/2 into two disjoint subsets x; := Bm/2 and X; =
Bom/2\ Bm/2, and y" ;= {y] : j € Bam} into y; and y5, accordingly. For convenience, we set X :=
{x’27j . j € Npm}. If K is refinable on X = R then we update the kernel K to a new kernel K; :=
AK(2-,2-). A new predictor f’ is then obtained as the minimizer of

min > 19(j/2) —yjI* + 1 llgl% .

1 jEBZm

where |’ is an updated regularization parameter. By the representer theorem, we have that

=S KGR+ Y o KEx)). (117)

JEBm j€Nom

The above vectors ¢; := [¢} ; : j € Bm|" and ¢ :=[¢) ; : j € Nom| " satisfy the linear system

|J/|2m+1+K1[X/1} Kl[xllvxlz] Cll _ yll (118)
KiXp, X1 Whm+KiDo] [ [ ¢5 | [ vy ]’

where Ky [x],X5] := [K1(p,q) : p € X}, € X5].
It can be easily seen that the computational advantages offered by the refinability of the kernel
include:

e Efficient updating the kernel. Kernels K, in all scales can be efficiently updated from a
refinable kernel K.

e Improvement of the predictor. Since Hx < H,, the class of candidate functions for the
predictor is enlarged and the initial predictor f is in #,. Consequently, we can expect an
improvement in approximation quality from the initial predictor to the new predictor f'.

e Efficiency in setting up the coefficient matrix. By refinability, we observe that the block
matrix Ky [x;] in (118) satisfies the relation

K1[X}] = Ki[Bm/2] = AK[Bp].

Therefore, the coefficient matrix of system (118) is an augmentation of that of system (116).
As a result, we do not need to recompute the entries in the block K [x}].

e Fast solving the linear system for the updated data set. Because of the special structure
in its coefficient matrix that results from the refinability of the kernel, the linear system can
be solved efficiently by a fast algorithm analogous to the multi-level (wavelet) method (cf.,
Chen et al., 2005, 2006a,b).

e Fast algorithms for processing the predictor. Since the predictor (115) or (117) is ex-
pressed as a linear combination of the kernel, when the kernel is refinable we can use the
(Mallat-type) decomposition and reconstruction algorithms developed in Section 4 to process
the predictor.
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Finally, we close this paper with the conclusion: Motivated by efficient mathematical learning,
we introduce the notion of refinable kernels and characterize various types of refinable kernels.
Examples of refinable kernels are presented. A special learning example illustrates that refinable
kernels should provide computational advantages for solving various learning problems. Important
examples of refinable kernels and their applications deserve further investigation.
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