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Abstract

We present a uniform analysis of biased stochastic gradient methods for minimizing convex,
strongly convex, and non-convex composite objectives, and identify settings where bias is
useful in stochastic gradient estimation. The framework we present allows us to extend
proximal support to biased algorithms, including SAG and SARAH, for the first time in the
convex setting. We also use our framework to develop a new algorithm, Stochastic Average
Recursive GradiEnt (SARGE), that achieves the oracle complexity lower-bound for non-
convex, finite-sum objectives and requires strictly fewer calls to a stochastic gradient oracle
per iteration than SVRG and SARAH. We support our theoretical results with numerical
experiments that demonstrate the benefits of certain biased gradient estimators.
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1. Introduction

In this paper, we focus on the following composite minimization problem:
. def
F(z) = i 1
min {F(x) = f(z) +g(x)} (1)
Throughout, we assume:

e ¢ is proper and closed such that its proximity operator (see (3) in Section 2) is well-
defined,
e f admits a finite-sum structure f(x) e LS fi(z), and for all ¢ € {1,2,--- ,n},
V fi is L-Lipschitz continuous for some L > 0.
We consider three settings: the convex setting, where all of {f;}I"; and g are convex; the
strongly convex setting, where additionally g is strongly convex; and the non-convex setting,
where {f;}I' ; and g are not necessarily convex.
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Problems of this form arise frequently in many areas of science and engineering, such
as machine learning, statistics, operations research, and imaging. For instance, in machine
learning, these problems often arise as empirical risk minimization problems from classifica-
tion and regression tasks. Examples include ridge regression, logistic regression, Lasso, and
¢1-regularized logistic regression (Bishop, 2006). Principal component analysis (PCA) can
also be formulated as a problem with this structure, where the functions f; are non-convex
(Garber and Hazan, 2015; Allen-Zhu and Yuan, 2018). In imaging, ¢; or total variation
regularization is often combined with differentiable data discrepancy terms that appear in
both convex and non-convex instances (Bredies and Lorenz, 2018).

1.1 Stochastic gradient methods

Two classical approaches to solve (1) are the proximal gradient descent method (PGD)
(Lions and Mercier, 1979) and its accelerated variants, including inertial PGD (Liang et al.,
2017) and FISTA (Beck and Teboulle, 2009). For these deterministic approaches, the full
gradient of f must be evaluated at each iteration, which often requires huge computational
resources when n is large. Such a drawback makes these schemes unsuitable for large-scale
machine learning tasks.

By exploiting the finite sum structure of f, stochastic gradient methods enjoy low per-
iteration complexity while achieving comparable convergence rates. These qualities make
stochastic gradient methods the standard approach to solving many problems in machine
learning, and are gaining popularity in other areas such as image processing (Chambolle
et al., 2018). Stochastic gradient descent (SGD) was first proposed in the 1950’s (Robbins
and Monro, 1951) and has experienced a renaissance in the past decade, with numerous
variants of SGD proposed in the literature (see, for instance (Schmidt et al., 2017; Johnson
and Zhang, 2013; Defazio et al., 2014a) and references therein). Most of these algorithms
can be summarized into one general form, which is described below in Algorithm 1.

Algorithm 1 Stochastic gradient descent framework

Input: starting point xy € RP, gradient estimator V.
1: for k=0,1,--- ,T—1do
2: Compute the stochastic gradient estimate 6;? at the current iterate xj.
3: Choose the step size/learning rate 7.
4: Update xg41: B
Th41 < pI‘OXnkg(fL’k - Ukvk) (2)

5. end for

Below we summarize several popular stochastic gradient estimators Vy:

» SGD Classic stochastic gradient descent (Robbins and Monro, 1951) uses the following
gradient estimator at iteration k:

sample ji uniformly at random from {1,...,n},

Vi = Vi ().
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At each step, SGD uses the gradient of the sampled function V f;, (x) as a stochastic
approximation of the full gradient V f(x). It is an unbiased estimate as E[V f;, (zx)] =
Vf(xg). Tt is also memoryless: every update of 1 depends only upon xj and the
random variable ji. The variance of SGD is does not vanish as the algorithm converges.

SAG To deal with the non-vanishing variance of SGD, in (Roux et al., 2012; Schmidt
et al., 2017) the authors introduce the SAG gradient estimator, which uses the gradient
history to decrease its variance. With Vfi(¢}) = 0,4 = 1,....,n, the SAG gradient
estimator is computed using the following procedure:

sample ji uniformly at random from {1, ...,n},

~ 1 . 1 —n 4

Ve = LW f ) - VL6 + LS V),

Viizg) if i =gy,

Vfiler) o.w.

Here, for each i € {1,...,n}, V fi(an) is a stored gradient of V f; from a previous
iteration. With the help of memory, the variance of the SAG gradient estimator di-
minishes as the algorithm converges. Estimators that satisfy this property are known

as wariance-reduced estimators. In contrast to the SGD estimator, V3*“ is a biased
estimate of V f(zy).

SAGA Building on (Roux et al., 2012; Schmidt et al., 2017), Defazio et al. (2014a)
propose the unbiased gradient estimator SAGA, which is computed using the procedure
below.

update the gradient history:V fz(wﬁg 1) = {

Sample ji uniformly at random from {1,...,n},

VAN = Vi (ak) = V(o) + £ D00, VIileh),

Vii(zg) if i =gy,
Vfi(pl) o.w.

Compared to VSAG | the SAGA estimator gives less weight to stored gradients. With
this adjustment, VSAS4 is unbiased while maintaining the variance reduction property.
Similar gradient estimators can be found in Point-SAGA (Defazio, 2016), Finito (De-
fazio et al., 2014b), MISO (Mairal, 2014), SDCA (Shalev-Shwartz and Zhang, 2013),
and those in (Hofmann et al., 2015).

SVRG Another popular variance-reduced estimator is SVRG (Johnson and Zhang,
2013). The SVRG gradient estimator is computed as follows:

update the gradient history : V f; (¢} 41) = {

For s =0,---,8

Vips) = %Z?:l V fi(ps),
Fork=1,---,m

Sample ji uniformly at random from {1,--- ,n},
L [VRY = Vfj(ar) = Vfi(0a) + Y (05),

where @, is a “snapshot” point updated every m steps. The algorithms prox-SVRG
(Xiao and Zhang, 2014), Natasha (Allen-Zhu, 2017), Katyusha (Allen-Zhu, 2018a),
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KatyushaX (Allen-Zhu, 2018b), Natasha2 (Allen-Zhu, 2018¢), MiG (Zhou et al., 2018),
ASVRG (Shang et al., 2018), and VARAG (Lan et al., 2019) use the SVRG gradient

estimator.

» SARAH In (Nguyen et al., 2017) the authors propose a recursive modification to

SVRG.
For s =0,---,58

VAR = LS VEilps),
Fork=1,---,m

Sample ji uniformly at random from {1,--- ,n},
L 62ARAH = vfjk (zr) — vfjk (xkfl) + NZéF}AH7

Like SAG, SARAH is a biased gradient estimator. It is also used in prox-SARAH
(Pham et al., 2019), SPIDER (Fang et al., 2018), SPIDERBoost (Wang et al., 2018)
and SPIDER-M (Wang et al., 2019).

We refer to algorithms employing (un)biased gradient estimators as (un)biased stochastic
algorithms, respectively. The body of work on biased algorithms is stunted compared to
the enormous literature on unbiased algorithms, leading to several gaps in the development
of biased stochastic gradient methods. We list a few below.

e Complex convergence proofs. It is often difficult to analyze biased stochastic
algorithms. The convergence proof of the biased algorithm SAG is especially complex,
requiring computational verification (Roux et al., 2012; Schmidt et al., 2017).

e Sub-optimal convergence rates. In the convex setting with g = 0, SARAH achieves

a complexity bound of O(M) (Nguyen et al., 2017) for finding a point Zj, such that

E[F(z) — F(z*)] < e. In comparison, SAGA and SVRG achieve a complexity bound
of O(1/¢€) which is the same as deterministic proximal gradient descent.

e Lack of proximal support. Bias also makes it difficult to handle non-smooth func-
tions. To the best of our knowledge, there are no theoretical guarantees for biased
algorithms to solve (1) with g # 0 that take advantage of convexity when it is present.

Despite the above shortcomings, there are notable exceptions that suggest biased algorithms
are worth further consideration. Recently, (Pham et al., 2019; Fang et al., 2018; Wang et al.,
2018, 2019) proved that algorithms using the SARAH gradient estimator require O(y/n/€?)
stochastic gradient evaluations to find an e-first-order stationary point. This matches the
complexity lower-bound for non-convex, finite-sum optimization for smooth functions f; and
n < O(e~*) (Fang et al., 2018). For comparison, the best complexity bound obtained for
SAGA and SVRG in this setting is O(n?/3/e?) (Reddi et al., 2016a; Allen-Zhu and Hazan,
2016), and this performance requires large mini-batches of size (’)(n2/ 3).

A detailed summary of existing complexity bounds for the variance-reduced gradient
estimators mentioned above is provided in Tables 1 and 2 for convex and non-convex objec-
tives, respectively. The complexity bound for SAGA (Defazio et al., 2014a), SVRG (Johnson
and Zhang, 2013) and SAG (Schmidt et al., 2017) on convex objectives is O(“t£), which
can be improved to O((n+ ) log(1/¢€)) when strong convexity is present. For smooth objec-

tives (where g = 0), this complexity is (’)(@) for SAGA and SVRG (Reddi et al., 2016a),
while SAG requires ¢ = 0 for any convergence results. Convergence results for SARAH
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Convex | Convex and g =0 | Strongly Convex | Prox-Support?
SAGA | O(nL) O (L O((n + k) log(1/e€)) Yes
SVRG | O(%tL) O (oL O((n + k) log(1/e)) Yes
SAG None O(2tk) O((n + k) log(1/e€)) No
SARAH | None O(%g(l/e))* O((n+ k) log(1/e)) No

Table 1: Existing complexity bounds for stochastic gradient estimators for convex objec-
tives. Complexities with a “x” represent the number of stochastic gradient oracle calls
required to find an e-approximate stationary point (as in Definition 7). The other com-
plexities are for finding a point satisfying E[F(Z;) — F'(z*)] < € in the convex case and
E[||zx — 2*||?] < € in the strongly convex case. The parameter yu is the strong convexity

constant, and x = L/u is the condition number.

on convex objectives also require ¢ = 0, and the proven complexity is worse than similar

results for SAGA, SVRG, and SAG by a logarithmic factor (Nguyen et al., 2017).

There are several accelerated algorithms that achieve better convergence rates than those
in Table 1. SVRG++ achieves a complexity of O(nlog(1/€) + L/e) on convex objectives
using an epoch-doubling procedure (Allen-Zhu and Yuan, 2018). Katyusha, an accelerated
variant of SVRG, has complexities of O(nlog(1/€) + y/nL/€) on convex objectives and
O(n + v/nklog(1/e)) with strong convexity. Combining a variance-reduced algorithm with
the Catalyst acceleration scheme produces algorithms with the same convergence rates up
to logarithmic factors (Lin et al., 2015). These accelerated algorithms are not directly
comparable to the non-accelerated algorithms in this paper, so we leave these rates out
of Table 1. The algorithms considered in this work can be accelerated using momentum
schemes as well, and this is the subject of a related work (Driggs et al., 2020).

On non-convex objectives, SAGA and SVRG achieve complexities of (’)(T:—QL), and this
rate can be improved to O("26/23L) using large mini-batches of size O(n?/3) (Reddi et al.,
2016b). Although we do not consider mini-batching in this work, using large mini-batch
sizes could similarly improve the presented complexities for B-SAGA and B-SVRG. SAG
has not been previously analyzed in the non-convex setting, so this work presents the first
convergence results for SAG in this setting as a special case of our results for B-SAGA.

SARAH achieves the oracle complexity lower-bound of O(‘/EQL) (Pham et al., 2019).

€

Table 3 summarises the convergence rates provided in this work. Our results provide
proximal support to biased algorithms such as SARAH and SAG for the first time, prove
state-of-the-art convergence rates for all algorithms in the non-convex setting, and improve
the best-known convergence rates for SARAH on convex objectives. These strong results
for non-smooth, non-convex problems and biased estimators comes at the cost of recovering
suboptimal convergence rates for SAGA and SVRG on convex problems.

1.2 Contributions

This work provides three main contributions:
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Non-Convex, No Mini-Batching | With Mini-Batching | Prox-Support?
SAGA O(2k) o(rL) Yes
SVRG O(f) o(rL) Yes
SAG None None No
SARAH O(Y5E) O(¥5E) Yes

Table 2: Existing complexity bounds for stochastic gradient estimators for non-convex
optimization. These complexities represent the number of stochastic gradient oracle calls
required to find an e-approximate stationary point (as in Definition 7). Using mini-batches
of size n?/3 optimizes the complexity of SAGA and SVRG in this setting. While we do
not consider mini-batching in this work, this improvement likely extends to B-SAGA and
B-SVRG as well.

1. We introduce a framework for the systematic analysis of a large class of stochastic
gradient methods and investigate a bias-variance tradeoff arising from our analysis.
Our analysis provides proximal support to biased algorithms for the first time in the
convex setting.

2. We apply our framework to derive convergence rates for SARAH and biased versions
of SAGA and SVRG on convex, strongly convex, and non-convex problems.

3. We design a new recursive gradient estimator, Stochastic Average Recursive GradiEnt
(SARGE), that achieves the same convergence rates as SARAH but never computes
a full gradient, giving it a strictly smaller per-iteration complexity than SARAH.
In particular, we show that SARGE achieves the oracle complexity lower bound for
non-convex finite-sum optimization.

To study the effects of bias on the SAGA and SVRG estimators, we introduce Biased SAGA
(B-SAGA) and Biased SVRG (B-SVRG). For 6 > 0, these two gradient estimators read

= def j n i
o B-SAGA: VP52 Z LV f (23) — Vi (0if) + L3 V().

= def
o B-SVRG: VSV = 5(Vfj (w1) — V5 (9s) + Vf(s)-
In both B-SAGA and B-SVRG, the bias parameter ¢ adjusts how much weight is given to
stored gradient information. When 6 = n, V7544 recovers the SAG gradient estimator.

Motivated by the desirable properties of SARAH, we propose a new gradient estimator,
Stochastic Average Recursive GradiEnt (SARGE), which is defined below

</SARGE
k—1 )7

VRO LV () =+ DD v~ (= (Y () -
where the variables 1}, follow the update rule wi’ll =V fj,(xr)— (1= )V f; (xg—1). Similar
to SAGA, SARGE uses stored gradient information to avoid having to compute the full
gradient, a computational burden that SVRG and SARAH require for variance reduction.

A summary of the complexity results obtained from our analysis for SAG/B-SAGA,
B-SVRG, SARAH, and SARGE are provided in Table 3. Note that the result for SAG is
included in B-SAGA.
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Convex Strongly Convex Non-Convex | Prox-Support?
B-SAGA O(nk) O(nklog(1/e)) O(2) Yes
B-SVRG (’)(%) O(nklog(1/e)) (’)(%) Yes
SARAH | O LIy | O(max{y/nk, n}log(1/e)) | O(YaL) Yes
SARGE | O(Y LYy 1 0 (max{/nk, n} log(1/c)) | O(¥L) Yes

Table 3: Complexity bounds obtained from our analytical framework. These complexities
represent the number of stochastic gradient oracle calls required to find a point Zj, satisfying
E[F(z1) — F(2*)] < € for the convex case, E[||x; — 2*||?] < € for the strongly convex case,
and an e-approximate stationary point in the non-convex case. While we do not recover
the best-known rates for (unbiased) SAGA and SVRG in the convex setting, our rates for
B-SAGA, B-SVRG, SARAH, and SARGE are the first known for this problem class, and
our rates for SARAH and SARGE are better than the best-known rates for SAGA and
SVRG in the convex setting.

Paper organization Preliminary results and notations are provided in Section 2. A
discussion on the tradeoff between bias and variance in stochastic optimization is included
in Section 3. Our main convergence results are presented in Section 4. In Section 5, we
substantiate our theoretical results using numerical experiments involving several classic
regression tasks arising from machine learning. All the proofs of the main results are
collected in the appendix.

2. Preliminaries and notations

Throughout the paper, RP is a p-dimensional Euclidean space equipped with scalar inner
product (-, -) and associated norm || - ||. The sub-differential of a proper closed convex

function g is the set-valued operator defined by dg(x) e {veR"g(a') > g(x) + (v, 2’ —
x),Va' € ]R”}, the proximity, or proximal map of g is defined as

def : 9
Prox,,(y) = argmin,egn 19(z) + 3l — yl°, (3)
where 1 > 0 and y € RP. Below we summarize some useful results in convex analysis.

Lemma 1 (Nesterov (2004, Thm 2.1.5)) Suppose f is convex with an L-Lipschitz con-
tinuous gradient. We have for every x,u € RP,

IV f(x) = Vf)|* < 2L(f(x) = f(u) = (Vf(u),z —u)).
When f is a finite sum as in (1), Lemma 1 is equivalent to the following result.

Lemma 2 Let f(x) = %Z?:l fi(x), where each f; is convex with an L-Lipschitz gradient.
Then for every x,u € RP,

stn i1 IV fil@) = VSi(W)lP < f(2) = f(u) = (Vf(u),z — ).
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Lemma 2 is obtained by applying Lemma 1 to each f; and averaging.

Lemma 3 Suppose g is p-strongly convex with > 0, and let z = proxng(ac —nd) for some
z,d € RP andn > 0. Then, for any y € RP,

1
n{d,z —y) < 3z —yl|? — B2z — y|? — 4|z — 2)® — ng(2) + ng(y).

Proof By the strong convexity of g, we have g(z)—g(y) < (£, z—y) —&||z—y|*, V& € dg(z).
From the definition of the proximal operator, we have that %(ZL’ —2z)—d € 0g(z). Therefore,

9(2) = g(y) < (&2 —y) — §llz — I

— Lo —z—ndz—y)— &z —y|?
—(d, z—y) + é(x—z z—y) = §llz =yl
—(d, z—y) = glle = 2” = gz = yl® + Fllr = yl* = §llz -yl
Multiplying by 1 and rearranging yields the assertion. |

The next lemma is an analogue of the descent lemma for gradient descent when the
gradient is replaced with an arbitrary vector d.

Lemma 4 Suppose g is u-strongly convex for y > 0, and let z = proxng(a; —nd). The
following inequality holds for any A > 0.

0 < n(F(z) — F(2)) + gl ld — Vf()|2 + (LG 2y g2,

Proof This follows immediately from Lemma 3.

o
IAN© I

n(d,x — z) + n{d, z — x)

(d,z = 2) = 201z — 2]|* + n(g(z) - g(2))
(Vf(@),x—z) +0(d =V f(z),z —2) = 20|z — 2| +n(g(x) — 9(2))

— F(2)) +n(d - Vf(z),z - 2) + (% — Z41)||z — 2|2

I 3

IN® IN® |
=
=
3

N(F(z) — F(2)) + gl ld — Vf()|2 + (2D 2y g2,

Inequality @ is due to Lemma 3 with y = z, @ is due to the Lipschitz continuity of V f;,
and @ is Young’s. |

The previous two lemmas require that g to be convex. Similar results hold in the non-
convex case as well.

Lemma 5 Let z € proxng(m —nd) for some x,d € RP and n > 0. Then, for any y € RP,

n(d,z —y) < gllz—yll> — llz — zl|* — ng(2) + ng(y).
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Proof By the definition of z,
z € argmin {(d,v — z) + %Hv —z|? + g(v)}.

v

Let v =y, then
1
9(z) = 9(y) < (dry = 2) + 5 (|2 = yl* = ]z = =)

Multiplying by n completes the proof. |

Lemma 6 Let z € prox, (x —nd). Then

F(z) < F(y) + (Vf(2) —diz —y) + (5 — g)llz — 2l + (5 + 3) = — yll*.

Proof By the Lipschitz continuity of V f, we have the inequalities
f@) = fly) < (Vf(x),z —y) + 5llz — 9l
f(z2) = fz) <(Vf(@),2 =) + §]z — |

Furthermore, by Lemma 5, g(z) — g(y) < (d,y — 2) + % (Jlz — y||? — ||z — 2]|?). Adding
these inequalities together completes the proof. |

In the non-convex setting, to measure convergence of the sequence to a first-order sta-
tionary point, we use the notion of a generalized gradient (Nesterov, 2004).

Definition 7 (generalized gradient map) The generalized gradient map is defined as

Go() = Lk — prox,, ,(zx — 1V f(21)).

For any n > 0. A point x satisfying G,(z) = 0 is a first-order stationary point of f + g,
and an e-first-order stationary point is a point satisfying ||G,(x)|| < e.

When g = 0, we have G,, (xx) = V f(xy) — 0 if the sequence {x} converges to some
x* € RP such that Vf(z*) = 0. For nontrivial g, suppose inf;, n, > 0 and xj converges to
some z* such that x* € prox,,(z* — nV f(z*)), then G, (xx) — 0.

3. A bias-variance tradeoff in stochastic gradient methods

In this section, we discuss the effect of bias and variance of a stochastic gradient estimator
on the performance of Algorithm 1. It is elementary that the mean-squared error (MSE)
of a stochastic estimator can be decomposed into the sum of its variance and squared bias.
In our setting, we have

Ei[[IVi — VF(@)l?] = |Ex[Vi] = V£ (@i)]|? + Eell Vi — Ex[Vi] 2.

This decomposition shows that a biased estimator might have a smaller MSE than an
unbiased estimator as long as the bias sufficiently diminishes the variance. This is the
bias-variance tradeoff. As we see below, a bias-variance tradeoff exists in our analysis of
stochastic gradient methods, but with a slightly different form.

In what follows, we first discuss the bias-variance tradeoff in the convex settings and
then the non-convex setting.
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3.1 The convex case

Let * be a global minimizer of problem (1). From the update (2), let wx+1 € dg(xgs1).
We have the following bound on the suboptimality at zx41:

Ex[F(rp11) — F(z¥)]
Ep[f(zri1) — flzr) + () = f(27) + g(2h41) — g(27)]

SBillzess — zell®] + Ex[(V S (1), 21 — 2a)] + (Vf (2k), 2 — 2°) + Bi[g(zpg1) — g(2™)]
= LB [|lzksr — 2il®] + Ex[(V f(2x) — Vi, Tpr1 — 23]

+E[(V £ (k) = Vi, 2 — 2] + Ex[(Vi, 2rs1 — 2] + Bilg(@pr) — g(2*)]

SELIVF(@r) = Vil + (5 + 5)Exlllwrsr — zall?)
+Ex[(Vf(2r) = Vi, 2 — 2] + Ee[(Vi + wip1, a1 — %) — §llan — 2*)?)

)
<

IN®

©) -
< SE[IVf(@r) = Vil?] + (5 + g — o) Exlllzwsr — 2l?]
+ER[(V S (2r) = Vi, op — 2%)] — LB [|apga — 2*|°] + 55 l|ox — 2],
(4)

Inequality @ follows from the convexity of f and Lipschitz continuity of Vf, @ follows
from the (strong) convexity of g, and @ comes from the implicit definition of the proximal
operator (3). For the last line of (4), we observe that the inner product term Ex[(V f(z1) —
Vi, z) — x*)] vanishes when V, is an unbiased estimate of V f(xy). When the estimator is
biased, we must develop a new way to control this term, together with Ei[|V f(21) — V|-

Hence, the following terms arise in our convergence analysis from the bias and the
variance of the gradient estimator:

Bias : Ex[(Vf(xx) — Vi, 7 — 2*)] and [[Ex[Vi] — V()]

; \V. < 11|12 (5)
Variance : Ex[||Vi — Ex[Vi]||“]-

An effective gradient estimator minimizes all three of these terms simultaneously. As we
later show in our MSE and bias-term bounds, SARAH and SARGE minimize these terms
more effectively than biased SAGA and SVRG estimators, leading to better convergence
rates. We provide an explicit comparison between SARAH and SVRG in Appendix G.

Remark 8 (Non-composite case g =0) When g = 0, for gradient descent, the descent
property of f yields

Flapp) = f(@) < (5 = Dllwrer — 2xl® + f(ar) — f(2),
where n < 2/L. For stochastic gradient descent, we obtain the following relationship:
Er[f(@g41) — f(27)]
= Eg[f(zr11) — f(2p) + f2r) — f(27)] ;
< Ex[{Vf(@r) — Vi, 21 — 2)] + (5 — DEx[laers — zll?] + fan) — F(2¥) (6)

n
< SEIIVS(ar) = Vil®1+ (5 + 50 = DEalllznss — 2l + f(ar) — F().

10
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Compared to (4), there is no inner product term in (6), which makes the analysis of the
non-composite case much simpler. This is one reason why biased algorithms have been
successfully studied in non-composite setting, but not in the composite setting.

3.2 The non-convex case

The influence of bias is simpler in the non-convex setting and independent of g, which
explains why biased algorithms have recently found success for these problems. To begin,
let @441 € prox, g o(zr — 5V f(zr)). Applying Lemma 6 with z = 441, y = ¥ = z;, and
d =V f(xy), we have

F(2p41) < F(x) + (5 = Dll2ren — 2l

Again, applying Lemma 6 with z = 2511, y = k41, ¢ = 2k, and d = ﬁk, we obtain

F(appr) < Flapr1) + (Vf(xr) = Vi, Ther — Fpr1)

(5 = Bl -l 4+ (& + )l — a2

Adding these two inequalities together gives
Flagen) < Flaw) + (L= 2 anr —aul? + (5 = &) znps — o2

+ (V[ (@) = Vi, Tpt1 — Tt
@ . -
< Fleg) + (L = go)ll@er1 — 2xl? + (5 — go)lzwr — al” + 20l V f (1) — Vi |1?
+ gl &1 — 2ppa [?
@ . _
< Fag) + (L= )@k — zll? + (5 = ) |z — @ll® + 20[| V f () = Vi[>
(7)
Inequality @ is Young’s, and @ is the standard inequality ||a — ¢/|? < 2|la — b||% + 2||b — ¢||?.
In the non-convex case, the inner-product bias term does not appear, so the bias-variance
tradeoff is the classical one.

3.3 General bounds on bias and variance

To ensure convergence of Algorithm 1 using a particular gradient estimator, we must bound
the inner-product bias term, Ex[(V f(zx) — Vi, 21 —2*)], and the MSE, Ei[||V f(z1) — Vi|/2).
Below we introduce general bounds on these terms that allow us to establish convergence
rates for a variety of gradient estimators. The first of these is a bound on the MSE term.

Definition 9 (Bounded MSE) The stochastic gradient estimator V is said to satisfy the
BMSE(M;, Ma, par, pr,m) property with parameters My, Mo > 0, par, pr € (0,1] andm > 1
if there exist sequences My and Fy such that

m(s+1)—1

k=ms

and the following bounds hold:

E(|[Vi = VI (@)]*] < Muns,

m(s+1)—1 n
Mips < (1 - PM)mMm(s—l) + Fms + % k:(ms ) i:1E[vai(mk+1) - sz(xk)llz],
s _ m(s—£) m(s+1)—1 n
Fns < Y g MU0 S DTS BV fi(aren) — Vi) .

11
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The constant m is the epoch length of the gradient estimator, hence it is usually set to
be O(n). This property is useful in convergence analyses because it bounds the MSE by a
geometrically decaying sequence {M,,x}ren and a component that is proportional to the
one-iteration progress of gradient descent (1/nY 1", [V fi(zk+1) — Vfi(zr)|?).

Remark 10
o Most variance-reduced stochastic gradient estimators satisfy the BMSE property, in-
cluding SAG, SAGA, SVRG, SARAH, and all the estimators considered by Hofmann
et al. (2015). SGD does not satisfy this property, as its variance does not decay along
the iterations.

o Most existing work on the analysis of general stochastic gradient algorithms enforce
bounds of this form on either the MSE or the moments of the stochastic estimator,
with the crucial difference that existing works require the bounds to be Markovian (that
is, dependent on only the previous iteration) (Bottou et al., 2018). In contrast, the
BMSE property allows non-Markovian MSE bounds through the sequence Fi. This
relazation is crucial for the analysis of our new gradient estimator, SARGE.

In order to bound the inner-product bias term, we require the gradient estimator to
admit a certain structure in its bias. In biased estimators such as SAG, the bias depends
on the stored gradient values:

Vi(ar) = EeVPe] = (1 - L)(V () — L300 Vo))

We call estimators whose bias admits the above structure memory-biased gradient estima-
tors. These include SAG, and more generally B-SAGA and B-SVRG.

Definition 11 (Memory-biased gradient estimator) The stochastic gradient estima-
tor V is memory-biased with parameters 8 > 0, B1 > 0, and m > 1 if

V() = Bx[Vi] = (1= (V@) — L D00 Vfileh),

for some {@i}", C {xg}'g:_&, and for any s € Ny,
m(s+1)—11 n ; m(s+1)—1
L L Bl — @b < By Y Ellla — w7 8)

B-SAGA is clearly a memory-biased estimator, and so is B-SVRG where cp}; = ¢t . for
all k in epoch s. The parameter 6 controls the amount of bias in the estimator, and By,
in a sense, measures how “stale” the stored gradient information is. For memory-biased
gradient estimators, the bias-term can be bounded by terms of the form ||z) — @i/

Lemma 12 Suppose V s memory-biased with parameter 8 > 1 and that F is p-strongly
convex with p > 0. For any A > 0, the following inequality holds:

NEL[F (2)41) — F(2*)] < 55 B[ Vi — VF(2n)|?] — S2E [|logrn — 2] + Llzy, — 22
L(\+1 n .
+ (PG DB [llaprs — 2l?]+ 220 - 3) Do ek — k%

12
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The proof of Lemma 12 can be found in Appendix A. The bound of Lemma 12 is analogous to
the bound in (4), but the inner-product bias term is replaced with %(1—%) S lze—eLl?
This term is proportional to the progress of gradient descent (by (8)), so this provides the

necessary control over the inner-product bias term.

Remark 13 Lemma 12 requires that 0 > 1, so the rates we derive for the conver setting
hold only for 8 > 1. Howewver, the convergence rate we prove in Section 4.1.2 for the
non-convex setting, which allow 6 € (0, 1), also hold for convex problems. In summary, our
results qguarantee convergence for all 0 > 0, but they suggest different rates for the parameter
settings 0 <1 and 0 > 1.

For estimators such as SARAH, the bias depends on the error in the previous gradient
estimate, rather than previous stochastic gradients:

V() — Ex[VEM] = Vf(zr-1) — VT
We refer to estimators of this type as recursively biased.

Definition 14 (Recursively biased gradient estimator) For any sequence {wy}, let
Vi be a stochastic gradient estimator generated from the points {xg}lgzo. This estimator
is recursively biased with parameters pg € (0,1] and v > 1 if

0 for k € vNp,

Vi) — Ex[Vi] = =
(1—p)(Vf(zk—1) — Vi_1) o.w.

The parameter v represents how many steps occur between full gradient evaluations. For

SARGE, v = 0o because the full gradient is never computed. Recursively biased estimators

admit a bound on the inner-product bias term that involves the estimator’s MSE.

Lemma 15 Suppose Vs a recursively biased gradient estimator with parameters v > 1
and pp € (0,1]. Then, for any epoch s € NU {0} and € > 0,

v(s+1)—1 ~
k=vs+1 |E<Vf(xk—1) — Vi_1,2 — x*)|
. v(s+1)—1 . ~
= mm{y’ f%B} k=vs+1 E[5IVf(zr) - Vill® + 2%,ka+1 - l’k||2]-

The proof of Lemma 15 is in Appendix B. Lemma 15 shows that, for recursively biased
estimators, the inner-product bias term (V f(zx_1) — Vi_1, 2 — 2*) is bounded from above
by the MSE, implying that introducing bias to decrease the MSE is a reasonable approach
to design improved gradient estimators.

Remark 16 When v = oo, which is true for SARGE, there is only a single epoch, s = 0.

In this case, we adopt the convention oo -0 = 0, so that the sums appearing in Lemma 15
are well-defined.

13
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4. Convergence rates

In this section, we analyze the convergence rates for the stochastic gradient methods. We
first provide very general convergence rates based on the bounds from the last section. Then,
we specify the result to specific gradient estimators including memory-biased B-SAGA /B-
SVRG, and recursively biased SARAH and SARGE.

4.1 General convergence rates

For Algorithm 1, we consider a constant step size nx = 1 > 0. Given T iterations of

Algorithm 1, define the average iterate Zp | JT S ap.

4.1.1 CONVEX AND STRONGLY CONVEX CASES

The following theorem establishes convergence rates for memory-biased estimators in the
convex regime.

Theorem 17 (Memory-biased estimators) Let V be a memory-biased gradient esti-
mator parameterized by @ > 1 and By > 0, which satisfies the BMSE(My, Ma, par, pr,m)

property. Let © = % and p = min{pys, pr}.

e [In the conver setting, let n = then

1
L(14+3v26)’

E[F(fT)—F(x*)] < j{ ( (1+3\/%)on z*||2 +maX{% _ 1,0}(F($0) _ F($*))> )

o When g is additionally p-strongly convexr with p > 0, let n = mln{m,

V26
Bra(1-1/6)° 2u

Eflzr — 2*|”) < (1+ o) ™" (2(F(x0) — F(2*)) + [|lzo — 2*||).

} The iterate x satisfies

The proof of Theorem 17 is provided in Appendix A. The next result establishes con-
vergence rates for recursively biased gradient estimators whose proof is in Appendix B.

Theorem 18 (Recursively biased estimators) Let V be a recursively biased gradient
estimator parameterized by pp € (0,1) and v > 1, which satisfies the BMSE(My, Ma, par, pr

m) property. Let By ©f min {v,1/pp}, © = % and p = min{pas, pr}.
e In the conver setting, letn = (11pr)32 with & = max{\/LOY2(1 — pp)By—

2\/@[/(1—‘,-17%)4-[/
1,0}. Then

E[F(ir) — F(z*)] < % (3 [lz0 — 2| + 8(F (x0) — F(2*))).

o When g is additionally p-strongly convexr with p > 0, let n = mln{

1
p(l—pp)B2’ QH} then

Elfar — 2™ (%] < (1+ pn) ™" (2(F(x0) — F(2*)) + llwo — 2*||?).

3L 4\/2®+1)’

14
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Remark 19

e Both theorems hold true for smaller n; the choices in the theorems are the largest ones
allowed by our analysis.

e For B-SAGA and B-SVRG, © = O(n?), while for SARAH and SARGE, © = O(n).

This gives these recursive gradient estimators improved convergence rates and suggests
that the bias in these estimators is more effective than the bias in SAGA and SVRG.

4.1.2 NON-CONVEX CASE

The analysis of biased gradient estimators is simpler for the non-convex setting than the
convex ones due to the absence of the inner-product bias term in (7). Below we provide
a uniform convergence guarantee for all gradient estimators satisfying the BMSE property,
regardless of their bias. This suggests that in the non-convex setting, a large-bias, small-
MSE gradient estimator is favorable over an estimator with small bias and large MSE.

Theorem 20 Let V be a gradient estimator that satisfies the BMSE(My, Ma, par, pr,m)

property, let © = %, and let a be a chosen uniformly at random from the set

{0,1,---, T — 1}. If F is non-convex, set n = 7% i Algorithm 1, and the point x,
satisfies the following bound on its generalized gradient:

B[] G,y (wa) 2] < 2EEm I

The proof of this result is provided in Appendix C.

Remark 21 The convergence result of Theorem 20 does not depend on the bias except
through the MSE of the gradient estimator, which implies that incorporating arbitrary amounts
of bias for a smaller MSE improves the convergence rate. This fact is what allows the recur-

sively biased estimators SARAH and SARGE to achieve the oracle complexity lower bound
for mon-convex optimization when they are used in Algorithm 1.

4.2 Convergence rates for specific gradient estimators

In this section, we specialize the general convergence rates to analyze the performance of
B-SAGA, B-SVRG, SARAH, and SARGE.

4.2.1 BrasebD SAGA anNnD SVRG

B-SAGA and B-SVRG are examples of memory-biased gradient estimators, as their biases
take the form

V() — B[Vl = (1= 5)(V ) — L D00 Vileh),

for some previous iterates go};. To establish convergence rates for B-SAGA and B-SVRG,
we only need to show these estimators satisfy the BMSE property with suitable constants.

Lemma 22 The B-SAGA gradient estimator is memory-biased with B; = 2n(2n+1), and
it satisfies the BMSE property with parameters py; = 5=, m =1, My =0, pp = 1, and

o’
M, = 2yl 0 € (0,2],
@2n+1)(1-3)? 6>2.
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The proof of Lemma 22 uses a slight modification of existing variance bounds for the
SAGA estimator, appearing in (Defazio et al., 2014a) for example. We include the proof
in Appendix D. The B-SVRG gradient estimator satisfies the BMSE property with similar
constants.

Lemma 23 The B-SVRG gradient estimator is memory-biased with By = 3m(m+1), and
it satisfies the BMSE property with parameters ppy =1, Mo =0, pp =1, and

o 3m(g;+1) 9 c (0’2]’
3m(m+1)(1—35)% 6>2.

With these constants established, Theorem 17 provides rates of convergence.!

Corollary 24 (Convergence rates for B-SAGA) Algorithm 1 achieves the following
convergence guarantees using the B-SAGA gradient estimator:

e In the conver setting, depending on the choice of 8, set the step size to

1 .
def L(l—i—g n(2n+1)) 10 € [1’2]’

= 1 10> 2
L(146(1—%)/n(2n+1)) ’
and Zr satisfies E[F(zr) — F(2*)] = O(42).
e If additionally g is p-strongly convez, setn = min {ny, 4%”} Then xr satisfies E[||xr—
o*[?] = O((1 + pn) 7).
e In the non-convex setting, after T' iterations, the generalized gradient at x. satisfies
Lny ., — 0
0 (TG) N S/t 6€(0,2],

Ln . — 1
O(@) SN = QL(]_—%)\/n(Zn-i‘l)’ 0> 2.

E[|Gy2(za)[I?] =

Corollary 25 (Convergence rates for B-SVRG) Algorithm 1 achieves the following
convergence guarantees using the B-SVRG gradient estimator:

e In the convex setting, depending on the choice of 8, set the step size to

1 .
L(1+%\/6m(m+1)) 10 € [1’ 2]7
n=1p= )

L(1+3(1—5)4/6m(m+1)) 16> 2.

After S epochs, the point Tp,s satisfies E[F(Zy,s) — F(z*)] = O(L/S).

o [If additionally g is p-strongly convex, let n = min{ng,i}. After S epochs, Tms
satisfies Bl|ms — o*|%] = O((1 + i) ~S).

e In the non-conver setting, after S epochs, the generalized gradient at x, satisfies

LY., — V2§
O(Se) ‘77_2L\/m7 0€<072]a

E[[|G,/2(za) %] = a0 )
2L(1—%)/3m(m+1)’ ==

(W)in
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Remark 26

o Our MSE bounds and convergence rates are optimized when 0 = 2. Numerical exper-
iments (including those in Section 5) suggest that setting 6 in the range 1 < 6 < n
gives the best performance for convex problems, and B-SAGA prefers larger values of
0 than B-SVRG.

e The convergence guarantees for 0 € (0,1) still hold for conver objectives, but in this
setting, the rates we obtain for 0 > 1 are superior, suggesting that for convex prob-
lems, 0 should be larger than or equal to one for best performance. Our numerical
experiments in Section 5 support this; setting 8 < 1 can be beneficial for non-convex
problems, but we do not observe this for convex problems.

e In the special case 8 = 1, Corollaries 24 and 25 recover the state-of-the-art rates for
SAGA and SVRG in the non-conver regime. For strongly convex problems, these rates
are worse than existing convergence rates of O((1+min {4, 11)=T) proven for SAGA
and SVRG (Defazio et al., 2014a; Xiao and Zhang, 2014). This difference is due to
the generality of Theorem 17, as some memory-biased estimators, including B-SVRG,
exhibit poor performance on strongly convexr problems when the bias is large.

o Corollaries 24 and 25 require step sizes that decrease with n, while existing results for
SAG, SAGA, and SVRG allow step sizes that are independent of n. This is also due
to the generality of Theorem 17. In practice, we find B-SAGA converges with step
sizes that are independent of n, but B-SVRG requires step sizes to decrease when the
epoch length is larger.

4.2.2 SARAH anD SARGE
The SARAH and SARGE gradient estimators are recursively biased, with

Vi (zr) — B[V = Vi (z-) — Vi
and  Vf () — Bx [V = (1 — 2)(Vf(241) — VINLO).

As we shall see, these biased estimators admit smaller MSE bounds than unbiased and
memory-biased estimators, and this is reflected in their improved convergence rates. The
following two lemmas establish the constants appearing in Theorem 18 for these estimators.

Lemma 27 The SARAH gradient estimator is recursively biased with parameters pg = 0
and v =m, and it satisfies the BMSE property with My =m, pps = 1, pr =1, and My = 0.

Lemma 28 The SARGE gradient estimator is recursively biased with parameters pgp = 1/n
and v = oo, and it satisfies the BMSE property with M; = 12, My = 39/n, py = ﬁ,
pF:ﬁ, and m = 1.

Proofs of these results are included in Appendices E and F, respectively. It is enlightening
to compare these BMSE constants to those of B-SVRG and B-SAGA. M; is a factor of
n smaller for the SARAH and SARGE estimators than for the B-SVRG and B-SAGA
estimators (as long as m = O(n) in SARAH and B-SVRG). This translates to an O(y/n)
improvement in the convergence rates for SARAH and SARGE when L is O(y/n) or larger.
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Corollary 29 (Convergence rates for SARAH) When using the SARAH gradient es-
timator in Algorithm 1,

e If F is convex, set n = After T iterations, Tp satisfies E[F (z7) —

1
L(2v2m~+1)++/Lm3/4"
F(z%)] = O(iLer%/fmm).
o If F is pu-strongly convex, set n = min{ } then E[||zr — 2*]|?] = O((1+
pn)~").
o If F' is non-convex, setn = F then E[||G, 2(24)|?] < O (Ly/m/T).

3L(4V 2m+1

Corollary 30 (Convergence rates for SARGE) When using the SARGE gradient es-
timator in Algorithm 1,

e IfF is convex, setn = 1), then E[F(Z7)—F(z*)] = O(M)

1
(74\F+15\fn3/4Jr
o If F is p-strongly convez, set 1 = min{ -

O((L+pn)~").
: _ 1 2
e If F is non-convex, setn = T then E[||G, 2(za)[|”] < O (Ly/n/T).

L, then E||lzr — 2*]|?] =

1
3L(164/3(n+13)+1)’ 4W

Remark 31 Our theoretical results suggest the step sizes for SARAH and SARGE should
decrease with n, and such step sizes lead to optimal convergence guarantees for non-convex
problems. However this is not true in practice, as we find that using larger step sizes that
are independent of n leads to better performance. We provide examples in Section 5.

These convergence rates for convex objectives represent a significant improvement over
the performance of SAGA, SVRG, and full-gradient methods. Each of these algorithms
require (’)(%) stochastic gradient evaluations to find a point satisfying F'(x7) — F(x*) <,

while SARAH and SARGE require only O(@) These rates do not require the epoch-
doubling procedure of (Allen-Zhu and Yuan, 2018), although epoch-doubling can potentially
be used to improve the performance of SARAH just as it improves the performance of SVRG
on non-strongly convex objectives.

This square-root dependence on n is present in the convergence rates for strongly convex
and non-convex objectives as well, which is a significant improvement over the dependence
on n in the convergence rates of B-SAGA and B-SVRG. This better dependence on n is most
significant in the non-convex regime, where these convergence rates imply that the SARAH
and SARGE estimators require only O(M) stochastic gradient evaluations to find
an e-approximate stationary point, which is the oracle-complexity lower bound (Fang et al.,
2018). Similar results already exist for algorithms using the SARAH estimator (Fang et al.,
2018; Wang et al., 2019, 2018; Pham et al., 2019). Our results for SARGE show that

achieving this complexity is possible without ever computing the full gradient.

5. Numerical Experiments

In this section, we present numerical experiments testing B-SAGA, B-SVRG, SARAH, and
SARGE for minimizing convex, strongly convex, and non-convex objectives. We include
one set of experiments comparing different values of 8 in B-SAGA and B-SVRG with a
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fixed step size and one set comparing SARAH and SARGE to B-SAGA and B-SVRG with
the best values of 6.2

5.1 Convex and strongly convex objectives

Let (h;,l;) € RP x {£1}, i = 1,--- ,n be the training set, where h; € RP is the feature
vector of each data sample, and [; is the binary label. Let 8 > 0 be a tuning parameter.
The ridge regression problem takes the form

min L3 (e~ 1)+ Gl
LASSO is similar, but with the regularizer ||z||; replacing ||a:||§ These problems are of the
form (1), where we set f; = (h:x —1;)? and g equal to the regularizer. In ridge regression,
g is strongly convex, and in LASSO, g is only convex.

We consider four binary classification data sets: australian, mushrooms, phishing,
and ijcnnl from LIBSVM?. We rescale the value of the data to [~1,1], set 3 = 1/n, and
set the step size to n = 5% To compare performance, we use the objective function value
F(x) — F(x*) is considered.

Comparison of B-SAGA We first compare the performance of B-SAGA under differ-
ent choices of # for solving ridge regression and LASSO problems. Four choices of 6§ are
considered: 6 € {1,10,100,n}, the results are provided below in Figure 1, from which we
observe that B-SAGA consistently performs better with moderate amounts of bias (that is,
0 € (1,n)). For the considered datasets, overall § = 10 provides the best performance.

Comparison of B-SVRG We also consider four choices of § for B-SVRG, which are
6 € {0.5,0.8,1,1.5}. The results are shown below in Figure 2. We observe that B-SVRG
is more sensitive to the choice of ; only small amounts of bias (that is, # € [0.8,1.5]) can
occasionally improve performance.

Comparison of different gradient estimators Finally, we provide comparison of
SAGA, B-SAGA with § = 10, SVRG, SARAH and SARGE, the results are provided below
in Figure 3 from which we observe that

e SARAH performs similarly to SVRG, but is occasionally slower in early epochs.

e SARGE consistently outperforms all other methods except for B-SAGA with 6 = 10.
The above observations indicate that, depending on the data, biased schemes can benefit
from their biased gradient estimates. The free parameter 6 reduces the MSE of the B-SAGA

and B-SVRG gradient estimators leading to better performance, and the bias in SARAH
and SARGE has a similar effect.

5.2 Non-convex objectives

To test the effect of bias in the non-convex setting, we consider the non-negative principal
component analysis (NN-PCA) problems, which can be formulated as (Reddi et al., 2016b):

min {F(x) = 5 20 (b @) +ic(@)},

2. See https://github.com/derekdriggs/StochOpt for MATLAB scripts reproducing these experiments.
3. https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Figure 1: First row, performance comparison fitting a LASSO model for different choices
of 6 in B-SAGA. Second row, performance comparison fitting a ridge regression model for
different choices of 6 in B-SAGA. The step size for each case is set to n = 5%
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Figure 2: First row, performance comparison fitting a ridge regression model for different
choices of # in B-SVRG. Second row, performance comparison fitting a LASSO model for
different choices of 6 in B-SVRG. The step size for each case is set to n = 5%

def . 0:xze€C .
where C = {x € RP : ||z|]| < 1, z > 0} is a convex set and to(z) = is the
+oo:x ¢ C

indicator function of C'. Letting g = tc, the operator prox,, is the projection onto C', which
can be computed efficiently.
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Figure 3: First row, performance comparison for solving ridge regression among different
algorithms. Second row, performance comparison for solving LASSO regression among
different algorithms. For both examples, step sizes are tuned automatically to minimize the
number of iterations required to reach a suboptimality of 10715,

As the problem is non-convex, we cannot measure convergence with respect to the global
optimum z*, so we use many iterations of proximal gradient descent with a small step size
(n= wﬁ) to find a reference point x*. Every test is initialized using a random vector with
normally distributed i.i.d. entries, and the same starting point is used for testing each value
of 6. We found that small step sizes generally lead to stationary points with smaller objective
values, so we set 7 = =~ for all our experiments. We report F'(z;) — F(2*) averaged over
every n iterations. These experiments show that the performance of B-SAGA and B-SVRG
varies significantly with 6, with smaller values leading to better performance. SARAH and
SARGE perform similarly to SAGA and SVRG in these experiments, see Figure 4.

For the comparison of all algorithms, B-SAGA and B-SVRG provides the best perfor-
mance with B-SVRG being slightly faster.

6. Conclusion

The complicated convergence proofs of biased stochastic gradient methods have restricted
researchers to studying unbiased estimators almost exclusively. Our simple framework for
proving convergence rates for biased algorithms overcomes this limitation. Our analysis
allows for the study of biased algorithms with proximal support for minimizing convex,
strongly convex, and non-convex objectives for the first time.

We also show that biased gradient estimators can offer improvements over unbiased
estimators in theory and in practice. Most notably, we find that biased recursive gradient
estimators, such as SARAH and SARGE, admit smaller bounds on their MSEs and faster
convergence rates than SAGA and SVRG.
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Figure 4: First row, performance comparison for solving NN-PCA with different choices
of 6 in B-SAGA. Second row, performance comparison for solving NN-PCA with different
choices of # in B-SVRG. The step size for each case is set to n = Min The point z* is found
by solving the problem using proximal gradient descent.
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Figure 5: Performance comparison for solving NN-PCA among different algorithms. All
step sizes are set to 5L% Objective values are averaged over each epoch (n steps).
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Appendix

The organization of the appendix is as follows: we prove Theorems 17 and 18 in Ap-
pendices A and B, respectively, and we prove Theorem 20 in Appendix C. We provide
convergence rates for B-SAGA and B-SVRG as special cases of Theorem 17 in Appendix D,
and we provide convergence rates for SARAH and SARGE as special cases of Theorem 18
in Appendices E and F, respectively.

Appendix A. Proof of Theorem 17

To prove Theorem 17, we begin by showing that the BMSE property (Definition 9) implies
the MSE of the gradient estimator over 71" iterations is proportional to z;‘::_ol E||2py1 — x|

Lemma 32 (MSE bound) Suppose that the stochastic gradient estimator \% satisfies the
BMSE(M;, Ma, par, pr,m) property, let p = min{pys, pr}, and let o be any sequence sat-
isfying os(1 — p)™* < os_1(1 — §)™°. For convenience, define © = %. The MSE of
the gradient estimator is bounded as

m(s+1)— m(s+1)—
Zs T 2operE[|Vf(zx) — Vil?] <2@L22 05D pems . Ellzrer — 2]

Proof First, we derive a bound on the sequence F;,s arising in the BMSE property.
Summing this sequence from s =0 to s = 5,

S S s Moos(1— m(s—2) m(s+1)—1 n

D o005 Fms S D g Dy Maoelmen)T T P LBV fi(zier) — Vi)
@ S s Moo, (1—LE Y (s=£) m(s+1)—1 n

O DD P L 2 ey B[V fi(xrg) = Y filw)|?]
o m(s+1)—1 n

<3, (o1 - gpyf) Maze SO DT ST BN filnn) — Vfilon) )

o m(s+1)—1
=7 2o SO LRIV fi(@ri) — Va2

Inequality @ uses the fact that os(1 — pp)™* < o,_1(1 — £5)™°. With this bound on F,s,
we proceed to bound M,,s similarly.

> oMo

Y (Fae 2 Y Y B ) - Ve )
+ (1= pm)™ Zle s Mpm(s—1)

D32 o (Mpezats ST S B0 004) - T A0))
(=B 3 ot Moy

= oo (Maemehe 5T S BV filans) - vmxk)nﬂ)

(1= ) 3 o (MM SR S BNV @) = Vi @o)l?]) +
S(ZZOO—%W) Yooy o (Memtast SEEOTDT Lﬁwww—foka?])
_Zs )220 ST S BV fuwagn) — Vi) |2
220125 o0 SO By — ).
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Inequality @ uses the fact that My, < (1 — pa)" Moys—1).- Inequality @ uses os(1 —
o)™ < o1 (1 — E3L)™ . (3) uses the same estimate we applied in (9), and @ uses the
Lipschitz continuity of V f;. |

Proof of Lemma 12 By assumption, 1 — % > 0, so we can apply convexity to obtain

3
—

n

V) an — o) + 21— §) 20, (Vileh)
OV f@r), o — %) + 21— 3) D0 (Vileh),ae — o) + 2(1 = 5) 200, (Vileh), ek — za)-
Because V), is memory-biased, hence IV f(zr)+i1-3) ZZ Vfileh) = E1[V]. Therefore,

Flag) = @) + 21— 5O fileh) = fula))
(

IN

3

BV F @)z —2*) + 21— 3) D00, (Vfilgh),on —a)
= By [n(Vi, 2 — 2*)]
= Ex[(Vi, % — Tp41) + (Vi 21 — )]

< B [m(Vks ok — zi11) — Slenin —2el® + $llzn — o*)” = B2 |zpn — 2] — ng(@ria) + ng(a™)].
The inequality is due to Lemma 3 with z = x4 1, x = 2, d = %k, and y = z*. Combining
these two inequalities, we have shown
F(Fe) = f@) + 21— 5) 20, (Fileh) — filah)
< Eg [77<%k,90k — zpp1) — sl — 2kl — ng(wrsa) + ng(a*) (10)
+ 3llzk — 2 = S gy — 2P+ 20— §) Do, (Vil#h) ok — )]

We bound the first three terms on the right further.

(Vi z — 2h1) — 3leesr — 2ll? — ng(zas)

= n((VF(zk), 2k — Tre1) — 9(@ri1)) + (Vi = VI (@r), 2 — Tpp) — 5@ — 2|

S)

< n(f(zx) = Fzri1)) + 0V = VF(2r), 26 — Tpp1) + (% — D)|Jwgrr — )

IN®

n(f(xr) = Flee)) + 52511 Ve = V@) 12+ (EGE - Dyjlay gy — a2

Inequality (D is due to the Lipschitz continuity of V f, and inequality @ is Young’s. Com-
bining this bound with (10) and rearranging terms, we have shown that

0 < —nER[F(z41) — F(@*)] + g5 B[ Vi — V()]
— g g — a2+ Sl — o2 + (EGE — DE[|loper — ol|?]
(¢

F(l = D (flae) = 2500 fileh) + 2300 (Vfileh), ok — i)

We use Lemma 1 to bound the final term, yielding the desired inequality. |

Proof of Theorem 17 (Convex Case) We begin with the inequality of Lemma 12 with
u = 0. Multiplying the inequality of Lemma 4 with z = xx11, * = 2, and d = Vk by a
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non-negative constant ¢ and adding it to the inequality of Lemma 12, we obtain
NER[F (2 11) = F(27) + 0(F(2h41) — F(ar))]
< WAIRL(Vi = VA@i)lP] = 3Bllnn — 2% + Sllzw — 2*) (11)
+ (PR — Bl — P+ G (- §) 2oy Nl — k1

Applying the full expectation operator and summing from £k =0 to k =T — 1, we have

S o ME[F(zxs1) — F(a*)] + nd(B[F (z1)] — F(x0))
“ « T—1 Py ~
< —1E[llar — a*|P) + lwo — a2 + Do E[HE2 Ve — V(@) |2
5) (A n 7
4 (PEUEDOD 120y g2 22 - 3 D ek — k7).

We use Lemma 32 with o5 = 1 to bound the MSE, and we use the fact that the gradient
estimator is memory-biased to bound the term 1/n Y " | |lzx — ¢%||?. This leaves

N> o ElF(zp41) = F(*)]

< —3Elllvr — «*[*] + glleo — 2*|* + nd(F(wo) — E[F(x1)]) (12)
T-1
- (OGO OuEEED) 4 Bk (1 — ) — H2) 57, ~ Ellaess — @’

Setting A = /20 minimizes the coefficient of the term on the final line. With

n <

1
L(1+2@+W)7

the final term in (12) is non-positive, so we can drop it from the inequality along with the
term —1/2E||zr — 2*||2. Using the fact that —F(x7) < —F(2*), this leaves

Lo EIF (1) — F(a")] < g llzo — |2 + 8(F (w0) — F(a)).

We use the convexity of F' to rewrite this inequality as a bound on the suboptimality of the
average iterate

E[F(2r) - F@")] < & Yo BIF(ori1) = P < ghpllao — o2+ 2(F(ao)  F(a))

Setting 0 = max{Bi(1 —1/0)/v/20 — 1,0} approximately minimizes the right side of this
inequality, completing the proof. |

Proof of Theorem 17 (Strongly Convex Case) As in the proof of the convex case, we
begin with the inequality of Lemma 12, multiply the inequality of Lemma 4 with z =z,
x = x, and d = Vi by a non-negative constant d, and add the two inequalities.

MERF (2h51) = F(@*) + 8(F(2is1) — Flay))]
< LR oy — 2]+ Sl — 2 I + B [2ED V) - V()|

L(1468)(A+1 1+6(2+ I n .
+ (RO LGy gy g — |+ B (1 - 5) Do [l — ok
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Applying the full expectation operator, multiplying by (1 + un)¥, and summing over the
epoch k =ms to k = m(s+ 1) — 1 for some s € Ny, we have

0T (4 ) PELF (1) — P(5) + 6(F (k1) — F(ag)]

1 pu)™(+D
< —{ )2 IE||$m(s+1) -z

m(s+1)—1 8) 11 L ) (A é
b (L ) E [ 2D [V, = 9 f () |2 4 (PPN, OO0 gy g2

L n 0
=) 2 ek — ekl

; 1
Using the fact that n < yrt

I + BBl |

(1 pm)® < (L )™ 4D < (L pu)™ i (1 )™ = e(1 4 )™ < 3(1+ )™, (13)

where e is Euler’s number. Therefore,

m(s+1)—1 %
s (U i) E[F(zh41) = F(@*) + 6(F(zh11) — Fax))]
y m(s+1)
< - B2 sy — 212 + L |2 — 2|2 )
ms m(s+1)—1
+ (1 + pm)™ e ]E{(SVJL(1+25)(>\+1) _ 1+5(22+W7))||$k+1 — g2
§) n 7
+ DGy — V@l + (= 3) Do e — okl
Summing the inequality from epoch s =0tos=5—1,
NS opey (L i) E[F (i) — F(a*) + 8(F(@isn) — Flar)]
S—1 m(s+1)—1
<Yty > B[PV, - V()| (PO, Gy |2
s=0 k=ms
3 n 7 ms * *
+ B (1 - 1) ST ok — whl?] — R, — 2|2 + Sz — o

We use Lemma 32 with o, = (1 4+ un)™* to bound the MSE. Recall p = min{pys, pr} and
n < ﬁ. This choice for o, satisfies the conditions of Lemma 32 because (14 un)"*(1—p)" <

(14 pn)™5=D(1 = p/2)™. We use the fact that the gradient estimator is memory-biased
to bound the term 1/n Y " ||zx — ¢4 ||>. This leaves

mS—1
Ny s (L4 pn)PE[F (2g41) — F(2*) + 6(F(2x41) — F(xy))]
« . S—1 ms m(s+1)—1
< —%wams — 2]+ Lzo — 22+ C D, (L+ ) o T Eflwe —xk|<|2],)
15
where C = 377L(1+26)(>\+1) + 3@77%51%) + 3B§’7L(1 - %) - M. We must choose 7, A,

and § so that C' < 0. Setting A = v/20 minimizes C' over \. Using the approximation
d(2 + un) > 9, we see that C is non-positive if

n < ! B (1-1/0):
3L(1+2v20+ =15

Setting 0 = max{Bi(1 —1/0)/v20 — 1,0}, we are guaranteed that

1 1
<
3L(143V20) — 3L(1+2,/2@+Bl(11;61/9))’
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so the step size in the theorem statement ensures C' < 0, and the final term in (15) is
non-positive. Dropping this non-positive term from the inequality, we have

(14 0) S (1 p) P E[F (1) — F(a*)] 4+ 0 Yoo (14 pm) E[F (2x) — F ()]

16
S*% (16)

llzms = 2*II°] + 3llz0 — I*IIQ-

We would like to show that 1+ 6 > (1 + un)d so that the terms on the first line telescope.
We use the fact that n < % to say

1 S Bi(1-1/6)
= VEe 29

Hence Hé

(1+ pn) " B[S (F(2ms) — F(2*)) + 3ll2ms — *|*] < nd(F(xo) — F(a*)) + §lzo — 2*[|?,

which implies the result. u

> 1+ pn and inequality (16) simplifies to

Appendix B. Proof of Theorem 18

The following two lemmas establish an analogue of Lemma 12 for recursively biased esti-
mators.

Lemma 33 Suppose V is recursively biased with parameters pp and v. Suppose g is ji-
strongly convex with p > 0, and let A > 0 be a constant whose value we determine later.
The following inequality holds:

0 < —nEi[F(zk41) — F(@)] + 55 Bell Vi — VF (@0)||?]

— TE[llznr — 2|7+ gl — 2

+ (G DB [llagrs — 2l?] + 01 — pp)(Vf(@r—1) — Vi1, 25 — 2*).

Proof Applying the convexity of f yields

(Vf(@r) — (1= pp)(Vf(@re1) — Vie1), 2k — %) +0(1 — pp)(V f(2r-1) — Vier, 21 — 2°).

Because the estimator is recursively biased,

Ex[Vi] = V(@) — (1= pp)(Vf(zr-1) — V1)

Therefore,
(Y f(zr) — (1= p)(Vf(zh_1) — Vi_1), 2}, — =)
= Ep[n(Vi, z), — 2*)]
= Ex[n(Vi, 2k — Tpp1) +0(Vi, Tpp1 — )]
< Ek[anaﬂ% wpp1) = sllenen — anll? + §llan — 2)® = Jllee — 2 + ng(zria) — ng(2)],
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The inequality is due to Lemma 3. The rest of the proof follows the proof of Lemma 12. B

Proof of Lemma 15
We begin with a technical lemma.

Lemma 34 Let {E;}72, be a sequence of non-negative real numbers. For any p € (0,1]
and ¢ > 1, the following inequality holds:

c(s+1)— k—f—1 o(s+1)—
k cs+2 E cs+1 (1 - ) Eg < min {C 1/p} Zk cs+1 Ek'

Proof This inequality can be seen by expanding the sums.
c(s+1)—1 k—1 k_t—1
k=cs+2 Z:cs+1(1 - p) EE
= [Ecs+1] + [(1 - P)Ecs+1 + Ecs+2] + [(1 - p)zEcs+1 + (1 - P)Ecs+2 + Ecs+3} + e
+ [(1 - p)C_ZEchrl + -+ Ec(s+1)72]
1+(1=p)++(1=p) ) Eesp1+ (1+A—=p)+--+(1=p) ) Ecgya+ - .

-

The coefficient of each term of the sequence Ey is less than ¢ — 2. Therefore, replacing each
coefficient with ¢, we obtain the bound

c(s+1)— k—f—1 c(s+1)—
k cs+2 e cs+1 (1-p) Ey<c Zk cs+1 Ek'

This proves the first bound. For the second bound, notice that each coefficient is less than
S o(1 = p)¥ =1/p, proving the second bound. [ |

First, we use the fact that %k is recursively biased.

E(V f(z5_1) — Vi1, T — z*)

@]E[(Vf(xk_l) — Vi1, &k — Tr1) + (Vf(@r1) = Bx 1 Vi1, 21 — )]
%E[§\|Vf(xk,1) — Vil + £llzk — ze-1 ) + (VF(@ro1) = Bxo1Vior, 2y — 2%)]
@E[§\|Vf(17k—1) — VP + £ llae — zr-1 |2+ 1 = pp)(VF(@ho2) — Vi2, 251 — 2¥)].

We can pass the conditional expectation E;_; into the second inner-product in @ because

Tp_1 is independent of ji_1. Inequality @ is Young’s, and @ uses the definition of a
recursively biased gradient estimator.

This is a recursive inequality, and expanding the recursion gives

E(Vf(zk_1) — Vo1, 2% — 2*) < Ze ver1 (1= pB) R[SV f(20) = Vil® + & llwers — 2l
+ (1 - PB)<Vf($us) - %us, Tys+1 — x*>]
@ —l— € i~
Ze o1 (1= pB) B[SV f(2e) — Vel + 5= lmega — zel|?].
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Equality @ is due to the fact that %l,s = Vf(z,s). Taking the absolute value and summing
this from k=vs+1tok=v(s+1)—1,

v(s+1)—1 ~ .
k=vs+1 |]E<Vf($k_1) - Vk_l,l'k - >|
S (1= pp) B[SV f(2e) — Vel + Llwers — wel|?]
k=vs+2 l=vs+1 PB 2 4 L 2¢ 1441 V4
@ v(s+1)—1 ~
S min {u, LY SO RISV fe) — el + e — 2l

Inequality @ follows from the technical Lemma 34. Summing this inequality from s = 0 to
s = S completes the proof. |

Proof of Theorem 18 (Convex Case) To begin, we sum the inequality of Lemma 33
and the inequality of Lemma 4 scaled by § > 0 with z = zx41, © = %, and d = V.

MER[F(zi1) — F(2*) + 8(F(wx1) — F(i))]
< ~3Billlrirs — 7] + Hllos — o + B[ TEE2 |9 — V(o) (17)

+ (14 ) (G — Dlloiiy = apl + (1 = pp) (Vf(wr1) = Vior,ap = 2%)].

Applying the full expectation operator, setting . = 0, and summing from k =0tok=T-1
where T'= mS for some S € N, we have

T-1 .
1Y ko ElF(2k41) — F(2*)] + ndE[F (z7) — F(o)]
* N T—1 ~
~3Ellar — 2|2+ $lwo - ¥ + 30, o B[ AL Vi — VS (@)l

+(1+ 5)(% — Dllersr — axl* + 01 = pp)(Vf(@5-1) — Vi1, 2% — $*>]

We use Lemma 15 to bound the inner-product bias term.

T-1 %
03 g EIF (2141) = F(a*)] + ndE[F(ar) — F(zo)
* z* T— 1 2 —pBEN ||
~3Elller — a*?) + §leo — a2 + 32, B (U502 + ZCR2)) |V - V()|

L\ B —
(14 8)(PEGED 4 Broee) — Ly — 2],

To bound the MSE, we use Lemma 32 with o, = 1. This leaves

nZT” F(2ps1) — F(a*)] + ndE[F( >—F(xo>1

2 (18)
~3E{ler — o 7] + e — 212 4+ w 3y Bl — o),

where w = "L()‘Jr;)(pr‘;) + BZ"(;;pB) + @nLg\Hé) + BonL?(1 — pp)e® — 1%5 To minimize

the coefficient of the final term, we set A\ = v/20 and € = (2L?0)~'/2. This coefficient is
then equal to

V20OnL(1+96) + M +v2(1 — pg)nLBVO — %‘5,
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which is non-positive when n < This ensures that the final term

1

2v20L(1+ 12852
in (18) is non-positive, so we can drop it from the inequality along with the term —1/2E||zp—
x*||2. This leaves

b ELF (2141) = F(@*)] < g lzg — 272 + OE[F (a0) — F(wr))

By the convexity of F' and the fact that —F(xp) < —F(x*)

E[F(2r) = F(a")] < 7 Y40 EIF(@ri1) = F(a*)] < gipllae — 2|2 + 4. (F(w0) - F(").

We now choose § so that this upper-bound is approximately minimized. Assuming ||zq—x*||?

and F'(zg) — F(x*) are approximately equal to K > 0, the right side becomes

K (2V20L(1 — pp)B>
T( L +5+2\/2@L+L>.

Choosing 0 = max{ \/ VO (1 — pp)B2—1,0} approximately minimizes the right side of this
inequality, completing the proof. |

Proof of Theorem 18 (Strongly Convex Case) We begin with inequality (17), but
without setting p = 0.

DL+ OBk [F(wh 1) — Flo*)] + 22 g — o7
< 6 (F(ay) — Fa*)) + Sz - P, (2529 = Vf ()l

+(1+5)(”L(%7%)||$k+1*zk|| +n(1 = p)(Vf(rp—1) — ek—l,xk*fﬁ-

Applying the full expectation operator, multiplying by (1 4+ un)*, and summing over the
epoch k = ms to k = m(s + 1) — 1 for some s € Ny, we have

m(s+1)71 m(s+1) .
nl+8)y " (1 + ) E[F (2)41) — F(a*)] + S B 2041 — 2712
S+1 ms
no S 1+ pn) E[F () — F(z*)] + SR |2, — 2|2
m(s+1)
kmms <1 + i) | S [V = V@)l + (1 4+ ) (G — D)z —

+1(1 = pp)(Vf(2h-1) = Vi1, 2k — x*>]

Choosing ¢ so that 1+6 > (14 un)d, the terms involving F'(zj41) — F(z*) telescope, giving
the inequality

(]- + Nn)m(s+1)]E[677(F(xm(s+l)) - F(x*)) + %”xm(s—i-l) - LC*||2]

< on(1 4 ) " ELF (wms) = F(a”)] + B, — 2

m(s+1)—1
+2 (1+ ) E [ 2552 [V = V(i) |2 + (14 6) (PG — Ly yy — a2

k=ms

+ 11— pe)(V(@r1) = Vir,ax — )]
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We would like to bound the inner- product bias term using Lemma 15, and we can do this
after some manipulation. Because n < T we have (14 un)F < (1+ L)F=ms(1 4 pn)™s <
3(1 4+ un)™s. Using the same estimate as in equations (13) and (14), we can say

m(s+1)—1 ~ N
k:(n;: : (14 un) E[V f(23—1) — Vi_1, 7 — 2*)]

m(s+1)—1 ~
<301+ )™ PV TR(V f (1) — Vs, — 27)]),

which produces the inequality

(L+ un) ™ CFVEBN(F (2m(o41)) — F@) + 2@ m(ss1) — 21
< (1 + pn)™ E[F (2ms) — F(2*)] + SAZE |y, — 27|
()™ (20T B[R T = S @0l 4+ (L ) (G — oy — i
+30(1 = p) [E(VF (@y-1) = Vieor, a1, — 7)1 ).
Summing this inequality from s =0to s =5 — 1,
(14 @) "SE[6n(F(tms) — F(a*)) + Hllams — 2*|?]
< 6n(F (o) — F(a") + Llzo — 2*|)°
+ 0 )™ (S VT R[4 ) (D — g — ]

k=ms

+ S0 |Gy — V)l +30(1 = pp) BV f(wr1) = Vi1, z — 2% ).

We use Lemma 32 with o5 = (1 + un)™® to bound the MSE and Lemma 15 to bound the
inner-product bias term.

(1+ pn) ™ E[on(F(2ms) — F(2*)) + 3[|lzms — 2*|?] (19)
. % S—1 m(s+1)—1 ms
<on(F(xo) = F(a*) + 3llwo — 2P +w D g D prns (L4 pm) ™ Ellzgiy — i,

where w = 3T7L(’\+1)(1+5) + 33277(215 pe) BGUL/\(1+§) +3BonL?(1 — pp)e® — 12, To mini-

mize the coefﬁ(nent of the final term, we set A = v/20 and € = (2L20)~ /2. This coefficient
is then equal to

3v20nL(1 + 6) + 21EUH) 4 33/2(1 — pp)nLByv/O — 159

With
1
G@L( Corp)Bayy g,

this term is non-positive. Setting § = max{(1 — pg)B2 — 1,0}, we are assured that

1
77—3L(1+4\/2®) 6v20L(1 %HL’

so the final term in (19) is non-positive, and we can drop it from the inequality. The
resulting inequality is

(1 + pn) "E[n(F(27) = F(2*)) + gllar — *|*] < 0n(F(w0) = F(a*)) + 3llzo — «*||*.
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All that remains is to show that our choice for § satisfies (1 + ) > (1 + un)d. Using the
fact that n <

m we can say
1
un = (L —pB)B2 =6
which ensures that (1 +d) > (1 4+ un)d and concludes the proof. [ |

Appendix C. Proof of Theorem 20

Theorem 20 follows immediately from inequality (7) and the MSE bound of Lemma 32.
Proof of Theorem 20

Summing inequality (7) from k& = 0 to & = T — 1 and applying the full expectation
operator, we obtain

0 < ~E[F(er)] + F(zo) + (L — ) 34 Elllérs1 — ol
T— 1 ~
+(5-2) Dk ||xk+1ka|| | +20 3y BV F(ze) — Vil[2.

We bound the MSE using Lemma 32 with o4 = 1.

T—1_,.
0 < —E[F(z7)] + F(z0) + (L — £) 1o Bll#nr — )
T-1
+ (5 +40nL% — L) > Ellwky — .
With n < ¥ 16156@;(9 L the final term is non-positive, so we can drop it from the inequality.
Using the fact that —F(zr) < —F(z*), our inequality simplifies to

T—1 ~ *
(L = 5) D peo ElllZnsr — 2xl”] < F(zo) — F(a).

Writing the left side in terms of the generalized gradient, we have the bound

e < MR

With z, chosen uniformly at random from the set {a:k};‘g:_ol, this is equivalent to

(G|} < 2L = FGT)

This completes the proof. |

Appendix D. Proofs of convergence rates for B-SAGA and B-SVRG

The following lemma establishes an MSE bound on the B-SAGA and B-SVRG gradient
estimators. For the unbiased case 6 = 1, this result was essentially first proved in (Defazio
et al., 2014a), but the authors ultimately use a looser variance bound.
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Lemma 35 The MSEs of the B-SAGA and B-SVRG gradient estimators satisfy
ElllVi = V@) P) < =5 Do [V Filan) = VAR + 1= DIV @) = 3 300, VA
(20)

Proof Let V; = ﬁf'SAGA or 62‘5‘“"@. The proof amounts to computing the expectation of
the estimator and applying the Lipschitz continuity of V f;.

EllVi = VI @o)lP] = Exlll§(VF (@) = V5, () = V() Zz , Vil
= FEIV i @0) = Vi )2+ [V F @) = £ 0L, VDI

— 2LV fi. (k) = V£, (1), V () 122 | VE(e)]

= LS IV - VA + (- DIV - S VA
i=1

which is the desired result. |

The following two lemmas establish the constants in the BMSE property for the B-SAGA
and B-SVRG estimators.

Proof of Lemma 22 We begin with the inequality of Lemma 35 and consider two cases.

Case 1. Suppose 6 € [1,2]. In this case the second term in (20) is non-positive, so we
drop it from the inequality. For the remaining term, we use the following bound.

= S BV fian) = VE(DIP]

@ d Y ‘
< AL S BNV fil) = Va2 + 5 (1 55) YOEIIV i) = Vil

1+ 2n 1 1 1 1, % i
D 120 S g9 £y (an) — Va2 + L0+ )1 = 1) SRV A1) - Vel
i=1 i=1
@ n 1 1 n )
< Z IV filar) = V filwr-)IP) + - (1= 52) Y E[IV filzr-1) = VSileio )17
i—1 i=1
(21)
Inequality @ is the standard inequality |ja — ¢||*> < (1 + §)|la — bH2 + (14 67YHb - ¢?
(where we let 6 = —) Inequality @ follows from the definition of ¢! and computing the
expectation over j;_1, and @ uses the fact that (14 5-)(1 — 1) < (1 — 5-). Altogether,
this gives
E[|VEA* = V f (a)II7]
1 n i
< 3 2im EllIVfilzr) = Vilei)ll]
2 1 1 n i
< T LS BV — Vhilm )+ (- o) Yo, BV i) - VeI

With M, = # St LBV filar) =V fi())? ] it is clear that the SAGA estimator satisfies
the BMSE property with M; = 2’;§1,pM 2n, My =0,pr=1,and m = 1.
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Case 2. Suppose 6 > 2, so that the second term in (20) is non-negative. Jensen’s inequal-
ity gives

ExllIVi = VI (@i)lIP] < (1= 5 Do, IV filwr) = VeI
Following the argument of Case 1, it is easy to see that the B-SAGA gradient estimator
satisfies the BMSE property with My, = L(1 = 1230 [V fi(ak) — V(L% My =

n

2n+1)(1-5)2 py =5, My=0, pp=1,and m = 1.
To prove that the B-SAGA is memory-biased, we need computing its expectation.

Vf(an) ~ Ba (VRN = Vi () = GER[V f, (o) = filel)] - Zz | Vi)
=(1—YH(Vfer) - 1> 1Vﬁ( )
To compute a value for By, we follow (21) to obtain
23 i Elllek = 9il?) < @n 4 Dllze — 2P+ 20— 25) 200, Elllze1 — ¢ ’]
k
<@n4+1) Y, (1= 55)" e — e

Summing this inequality from k=0 to k =T — 1, we obtain

T-1 T-1
Zk 0 Lui= 1E||xk_<?k|| 2n+1)),_ 025 L1 = 2 g — @y |
< (@n+ 1)(Zz=o(1 —3:)") k;o [@rg1 — zi]?
T-1
=20(2n+1) D3, o longr — 2l

which completes the proof. |

Proof of Lemma 23 Suppose k € {ms,ms+1,---m(s+ 1) — 1} for some s € Ny. As in
the proof of Lemma 22, we begin with the inequality of Lemma 35 and consider two cases.

Case 1. Suppose 6 € [1,2], so that we may drop the second term in (20). We can bound
the remaining term as follows.

e S IV filan) = Viles)|?
@ n n
S Lem S |V iar) = V(a4 S ST 1V fiar1) = Vi)

k _ n
<Ly (DN IV fi(e) — V(o).

Inequality @ uses the inequality [lu — w|*> < (1 + 1/m)|lu — v||* + (1 + m)|v — wl||?, and
@ follows from the fact that x,,s = @s. Summing this inequality from k& = ms to k =
m(s+ 1) — 1 gives

@

m(s+1)—1 n m(s+1)—
1 1 m
—3 IV fizr) = Viiles)|? < B2 (1 + L) ||sz wey1) =V filze)|?
nd k=ms =1 nd k=ms f=ms1=1

m(s+1)—1 n

<MDy Y Y V) - Vi) P
k=ms =1
3m(m+1) e
N E k;ms IV fi(zher) — Vfilze) |
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The final inequality uses the fact that (1 + L)™ < limy, oo (1 + 2)™ = e < 3. From this
inequality, it is clear that the B-SVRG gradient estimator satisfies the BMSE property with

M, = 37”%’;‘*”, pym =1, Ma =0, and pp = 1.

Case 2. If § > 2, then applying Jensen’s inequality to (20) produces

EL[IVESRE — V()] < 20— 52 D00, IV filzw) — Viles) %

A similar argument to the one in Case 1 shows that My = 3m(m + 1)(1 — )2, pu = 1,

Ms =0, and pp = 1.
All that is left is to prove the stated value for By. Following the proof in Case 1,

m(s+1)—1 m(s+1)—
k=ms ||xk - Qﬁst < Zk ms ZZ ms 1 + m)(l + ) ||$g+1 - 332”2

m(s+1)—
k=ms

< 3m(m +1) g — 2l

Summing over the epochs s = 0 to s = .S shows By = 3m(m + 1). [ |

Combining Lemmas 22 and 23 with Theorems 17 and 20 proves convergence rates for
B-SAGA and B-SVRG.

Appendix E. Proof of convergence rates for SARAH

Lemma 27 establishes the BMSE constants for the SARAH estimator. The convergence
rates of Corollary 29 then follow immediately from Theorem 18.

Proof of Lemma 27 Let k € {ms+1,ms+2,--- ,m(s + 1) — 1}. The claim follows
immediately from the well-known bound on the MSE of the SARAH gradient estimator

IV v )P < 230 S IV i) — Y fio)|

We refer to Fang et al. (2018) for a proof of this inequality. Summing over an epoch and
applying the estimate

m(s+1)— m(s+1)—1 n
=y Z Z IVfi(xesn) = Vil)l> <= > > [V filwrer) = Vil
k=ms f=ms i=1 k=ms i=1

completes the proof. [ ]

Appendix F. Proof of convergence rates for SARGE

For our analysis, we write the SARGE gradient estimator in terms of the SAGA estimator.
Define the estimator

vg SAGA def Vi (xr—1) — V£, ( 5 )+ - Zz 1 Vi fk)
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where the variables {£!}7 , follow the update rules k+1 = xp_1 and f,iH = ¢! forall i # jg.
The SARGE estimator is equal to

%zARGE _ %zAGA _ (1 _ %)(62—SAGA _ 6251}(;%.

Before we prove Lemma 28, we require a bound on the MSE of the §&-SAGA gradient
estimator that follows immediately from Lemma 35.

Lemma 36 The MSE of the £-SAGA gradient estimator satisfies the following bound:

E[| VS5 — V f(ap)[] <33, (1= )0 ST BV filwe) — Vilze) ).

Proof Following the proof of Lemma 35,

Ex[| V549 =V (ar-0)IP] = ExllIV F (er1) = VI (65 = Vi @) + 2 300, VEEDIP)
QLS IV Aiwnm) — VAEDI? ~ [V f @) — £ X0, VAED?
<L IV filwkoy) — V(DI

Equality @ is the standard variance decomposition. To continue, we follow the proof of
Lemma 35.

E[| V5549 — Vi (zr1)|)?]

Ly ElIVfilze-r) = Vi(€D)]]

Lo S B[V fi(wr-1) — Viilze—2) 2]+ 21+ 55) Do B[V filae—2) — VA EDI]
G2 S BV fi(wr-1) — Vi(zr—2)|’]

+11+5) -5 D BV ime—2) - V&)

<3Z,1 IV fi(@re1) = Vfiwea) ]+ 21 = 25) Y0 BV fi(zr-2) — V(&)
<33 (L= S B[V filee) — Vilae)I?):

E[
<

||@ IA

Equality @ follows from computing expectations, and 3 uses the estimate (1— %)(1 + ﬁ) <
- ) .

Due to the recursive nature of the SARGE gradient estimator, its MSE depends on the
difference between the current estimate and the estimate from the previous iteration. The
next lemma provides a bound on E||VARCE — {7SARGE|2,

Lemma 37 The SARGE gradient estimator satisfies the following bound:
E[| VRARP - VRSP < 2300, |sz<xk) Vfiler-)IP) + gp BV (we-1) — VA2
+ 8 S (L &) BV ilee) — Vilwe)|.

Proof To begin, we use the standard inequality ||a—c||? < (146)|a—b|*+ (1+571)|[b—c||?

for any 6 > 0 twice. For simplicity, we set § = 1/3/2—1 and use the fact that 1+———— el <6

,_.
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for both applications of this inequality.
EH'%EARGE VSARGEH ]
= B[ITECA — (1 - 1T - Fpance) _ Giance 2
< G]E[H%zAGA o 6%SAGA”2] i V3

IFEsAer — Tganee|

V2n?
< B[N — TEAA ] + SER(ITEA — V(o)) + S5V S (wr) — TP,
(22)
We use 8Y3 < 9 > to simplify the coefficient of the second term. We now bound the first

Von? =
two of these three terms separately. Consider the first term.

GE[”%iAGA _ %&SAGAuz]
= OE[|[V £ (xx) = V5. (o) + & 2212y VIileh) = Viiena) = V5, (€)= & 220, VAHEDI®)
< 12E[||V fj, (k) —Vf]k(xk 1)|| ]
+12B[IV £ (1) = V5 (€)= 3 2000 VAol + 5 2o VIEDI]
L 1281913, (01) - V1 m_l)n |
+ 12E[|Vf;, (o) — V(62 - 12E[1E S0 VAileh) = £ S0 VAEDI
<23 B[V i) — Vi@ 2] + 12E[V £, (6) — V£, (€812
<25 E[IVian) — Vi@ |2+ 12E[IV 5, (615) — V£, (012
Equality @ is the standard variance decomposition, which states that for any random

variable X, E[|| X —EX|?] = E[|| X ||*] —|[E[X]||?. The second term can be reduced further by
computing the expectation. The probability that V f;, (@) = V fj,_, (xk 1) is equal to the

probability that ji = jx—1, which is 1/n. The probability that Vf]k( ) V fin o (Tr—2)
is equal to the probability that ji # jr_1 and jr = jk_2, which is 7(1 — f) Continuing in
this way,

B[V f5, (01*) — V£, (€)1
= LBV, (@r1) = Vi, @r—2)P] + (1= DE[|Vf o (wr—2) = Vo (ze—2)|]] +
= LS (= LBV () — Vi we) 2
This implies that
RNV L) = VA @I < 38 L (1= 2 2 BlIVAGe0) = Vitae-n))
<3 2 (1= 30)" T L Vi) = Vi)

We include the second inequality to sunphfy later arguments. This completes our bound
for the first term of (22).
For the second term of (22), we recall Lemma 36.

E[[VE5 = V(o)) <330y (1= £ S BV fiee) — Viilwe )2

Combining all of these bounds, we obtain
E[[|VEARC® — VRATOP|P) < 2 [I\sz( k) = VSilan-1)IP] + 2BV f (k1) — VIR

—_n

+ 3 S (= S IV filwe) — Vilwe-) ),
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which completes the proof. |
Lemma 37 allows us to take advantage of the recursive structure of our gradient estimate.
With this lemma established, we can prove a bound on the MSE.

Lemma 38 The SARGE gradient estimator satisfies the following recursive bound.:

E[| VAR — V f () |°]
<(1-14 %) [||%SARGE Vi -0l + 2 320, IV filan) = Viles-1) I
+ 830 A=) L BV filwe) = V iz
Proof The beginning of our proof is similar to the proof of the variance bound for the
SARAH gradient estimator in (Nguyen et al., 2017, Lem. 2).
Ex[[VRARCE — V()|
= B [[V955° — W (0x 1) + VS (n ) = V) + TP — TRA50% 2
= V3459 — V()P + IV (on 1) — V) |2 + BR[| VRARCE — F3850% 2
+ 2V (1) = VSR, VF (ax) = Vf (20-1))
_ 2<Vf(a:k_1) _ %iéfliGE’ E [%iARGE _ §SARGE]>
—2(V f(x) = Vi (op ), B [TINOF - TR50).
We consider each inner product separately. The first inner product is equal to
2V f(wr-1) = VNP, V [ (2r) = V f(w5-1))
= [V f(@r-1) = VERTOPI? = |V f (k) = V(1) > + IV f (2x) — VAP,
For the next two inner products, we use the fact that
Ek[ﬁzARGE _ %2511:GE] =E, [§2AGA _ (1 _ %)§i-SAGA + (1 o %)§21§1}GE] VSARGE
=Vf(zr) — (1 — $)Vf(zr1) — 5 VELCF
= V(r) = Vf(@p1) + £V (zp-1) = VERTP).
With this equality established, we see that the second inner product is equal to
- 2V i) - TR, B [TRAF — G107
= =2V (er1) = VIEI®E, Vf(ap) = VS (wn1)) = 2V F(@rr) = VIROE, Vf (mp) = VIEESF)
= IV f(@r—1) = VAP + |V f (k) = V f ()|
— IV (an) = VAR = 2V f(2r-) = VEAIOR)?
= (1= )V (onr) = TSI + 95 ) = Vf Gon)IP — IV 5 ) — TR,
The third inner product can be bounded using a similar procedure.
— 2V f(x1) — Vf(x_1), Eg[VEAROE — VEARGE))
= —2(V (i) = Vf(@r1), V(i) = Vi(@ro1)) — 2(Vf(@r) = V(@po1), V. (ap—1) — VEAEEE)
=2|Vf(zx) = V(@) |” + 2V S (@r) = V(@r-1)|]* + 2V f(@r-1) = VERTER|?
—(2= DIV (@) = VI (@e-)I? + 2V (xe-1) = V|2,
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where the inequality is Young’s. Altogether and after applying the full expectation operator,
we have

E[|| VAT — V(@) [P < (1= DE[IVRAS® = Vf (zr-1)]
—(1- l) [V f(xx) — Vf(«’ﬂk—1)|\2] + E[||VEARSE _ VSARGEH ]
< (1= DE(IVIA = Vf (@r-0) 7] + B[ VAT — VTSR],

Finally, we bound the last term on the right using Lemma 37.
E[[VEARO® — ¥ f (ay) |
< (1= L4 2B VRS = Vi (wen) 2] + 2 D00 BV fi(wr) = Viilze)|?]

Y (= ) ST BV fiee) — iz n)I)

This completes the proof. |

Proof of Lemma 28 Tt is easy to see that pg = 1/n by computing the expectation of the
SARGE gradient estimator.

V(o) = Ex[VEROE] = Vi (wy) — Ex[VEAOY — (1= L)(VESA6A — Upagen))
= (1= H(Vf(zr1) - VIAIEE).
The result of Lemma 38 makes it clear that M, = 12. To determine pjs, we must first
choose a suitable sequence My. Let My, = E[||V3AREE — V¥ f(z)||]. If n = 1, then My, =0
for all k, so it holds trivially that My < (1 prm)Mp—1. If n > 2, then 1— 7+ 222 <1- ﬁ,
so Lemma 38 ensures that with pp; = R’ My < (1= ppr)Mp—q.

Finally, we must compute Ms and pr with respect to some sequence Fj. Lemma 38
motivates the choice

Fi = (1 — S BNV filwe) — Vi),

1

and the choices My = and pF = are clear. |

Appendix G. Incorporating Bias to Lower the MSE: An Example

From (5), we argue that biased stochastic gradient estimators can admit better convergence
guarantees than unbiased estimators if the bias reduces the total effect of the estimator’s
MSE and inner-product bias term. In this section, we compare the effects of these terms
for the SARAH and SVRG gradient estimators, revealing why SARAH admits better con-
vergence rates.

Beginning with the SARAH estimator, equation (5) reduces to (17), which we reproduce:

MERF (2111) = F(@*) + 8(F(zi1) — Fla))]
< ~3Billlrass — 2] + Bllon — o + B[ SEE2 |9 — V(o) P

(14 )G — Dlaggr — wpl* + 01 = pp)(VF(@h1) = Vior,op — o)
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Following the proof of Theorem 18, we set A\ = /20, which optimizes the step size. The
effect of the MSE and bias term over an epoch is then

m(s+1)—1 ~ ~ N
et BR[|V f(2x) = Vil® +n(1 = pp)(VF (k1) = Vi1, 5 — 2*)]

m(s+1)— 1 1+6 me 1 — mn(1
<Zk vy E[(ALED o menCopn) )| f(zy) — Vil + 220228) gy g — g

@ m(s+1)—1 5 me n m
<Y ey E[(EED 4 menCopmlym K70 |1V (@) — filwn) P + P22 gy — ]

C%) m(s+1)—1

k=ms+1

mn0=on) ||z — |2

) me —
E[LQm("(H ) + 77(12 PB))

LV26 lzk+1 _kaZ

Inequality @ is an application of Lemma 15, @ is Lemma 27, and @) uses the Lipschitz
continuity of V f;. Setting ¢ = (L2n)*1/2 to minimize this bound, setting § = m — 1, and
choosing m = O(n) gives a coefficient of O(n3/2Ly).

In contrast, B-SVRG admits a larger bound on these terms. For memory-biased esti-
mators, equation (5) reduces to (c.f. (11))

NER[F(2p41) — F(2%) + 0(F(2p41) — F(a))]
< WEVE [V — V(@)% — $Ealllznss — 2117+ Lllag — 2*)?

L(14+6)(A+1 n 7
(DD W 2E, [y — 2|2+ 22— ) D e — k2

The bias term leads to terms of the form ||z — ¢} ||>. Therefore, using A = v/20, our goal
is to minimize

m(s+1)—1 5) ~ n i
ks E[lej%HVf(azk) Vel? + 221 - D> ek — el
@ S m(s+1)—1 n i
< *Sé“ﬁéM P D TERE (1 ) S0 ek — i)

S+1) 1 M L(146 I n )
<Zk E[ALOED) gy 1 — a2+ 22 (1= ) Do o — k1)

s+1) 1 M L(146 LB
DS D M) 2 4 B (1 B — 2l

Inequalities @ and @ use the fact that the SVRG estimator satisfies the BMSE property
with ppr = 1. Inequality @ uses the definition of a memory-biased estimator. With é =
max{Bi(1 —-1/0)/v20 — 1,0}, By =3m(m + 1), © = M;, and

a o L E 0 ¢ (0.2],
T Bmm 142 6>2,

this gives a coefficient of O(Lm?n).
This difference of O(n'/?) between the two bounds is significant. It manifests as an
improvement of y/n in the convergence rate of SARAH over the rate of B-SVRG.
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