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Abstract

High resolution geospatial data are challenging because standard geostatistical models
based on Gaussian processes are known to not scale to large data sizes. While progress
has been made towards methods that can be computed more efficiently, considerably less
attention has been devoted to methods for large scale data that allow the description of
complex relationships between several outcomes recorded at high resolutions by different
sensors. Our Bayesian multivariate regression models based on spatial multivariate trees
(SPAMTREES) achieve scalability via conditional independence assumptions on latent ran-
dom effects following a treed directed acyclic graph. Information-theoretic arguments and
considerations on computational efficiency guide the construction of the tree and the related
efficient sampling algorithms in imbalanced multivariate settings. In addition to simulated
data examples, we illustrate SPAMTREES using a large climate data set which combines
satellite data with land-based station data. Software and source code are available on
CRAN at https://CRAN.R-project.org/package=spamtree.

Keywords: Directed acyclic graph, Gaussian process, Geostatistics, Multivariate regres-
sion, Markov chain Monte Carlo, Multiscale/multiresolution.

1. Introduction

It is increasingly common in the natural and social sciences to amass large quantities of geo-
referenced data. Researchers seek to use these data to understand phenomena and make
predictions via interpretable models that quantify uncertainty taking into account the spa-
tial and temporal dimensions. Gaussian processes (GP) are flexible tools that can be used
to characterize spatial and temporal variability and quantify uncertainty, and considerable
attention has been devoted to developing GP-based methods that overcome their notoriously
poor scalability to large data. The literature on scaling GPs to large scale is now exten-
sive. We mention low-rank methods (Quifionero-Candela and Rasmussen, 2005; Snelson and
Ghahramani, 2007; Banerjee et al., 2008; Cressie and Johannesson, 2008); their extensions
(Low et al., 2015; Ambikasaran et al., 2016; Huang and Sun, 2018; Geoga et al., 2020);
methods that exploit special structure or simplify the representation of multidimensional
inputs—for instance, a Toeplitz structure of the covariance matrix scales GPs to big time
series data, and tensor products of scalable univariate kernels can be used for multidimen-
sional inputs (Gilboa et al., 2015; Moran and Wheeler, 2020; Loper et al., 2020; Wu et al.,
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Figure 1: Observed data of Section 4.2. Missing outcomes are in magenta. GHCN data are
much more sparsely observed compared to satellite imaging from MODIS.

2021). These methods may be unavailable or perform poorly in geostatistical settings, which
focus on small-dimensional inputs, i.e. the spatial coordinates plus time. In these scenarios,
low-rank methods oversmooth the spatial surface (Banerjee et al., 2010), Toeplitz-like struc-
tures are typically absent, and so-called separable covariance functions obtained via tensor
products poorly characterize spatial and temporal dependence. To overcome these hurdles,
one can use covariance tapering and domain partitioning (Furrer et al., 2006; Kaufman et al.,
2008; Sang and Huang, 2012; Stein, 2014; Katzfuss, 2017) or composite likelihood methods
and sparse precison matrix approximations (Vecchia, 1988; Rue and Held, 2005; Eidsvik
et al., 2014); refer to Sun et al. (2011), Banerjee (2017), Heaton et al. (2019) for reviews of
scalable geostatistical methods.

Additional difficulties arise in multivariate (or multi-output) regression settings. Mul-
tivariate geostatistical data are commonly misaligned, i.e. observed at non-overlapping
spatial locations (Gelfand et al., 2010). Figure 1 shows several variables measured at non-
overlapping locations, with one measurement grid considerably sparser than the others. In
these settings, replacing a multi-output regression with separate single-output models is a
valid option for predicting outcomes at new locations. While single-output models may some-
times perform equally well or even outperform multi-output models, they fail to characterize
and estimate cross-dependences across outputs; testing the existence of such dependences
may be scientifically more impactful than making predictions. This issue can be solved by
modeling the outputs via latent spatial random effects thought of as a realization of an
underlying multivariate GP and embedded in a larger hierarchical model.

Unfortunately, GP approximations that do not correspond to a valid stochastic process
may inaccurately characterize uncertainty, as the models used for estimation and interpola-
tion may not coincide. Rather than seeking approximations to the full GP, one can develop
valid standalone spatial processes by introducing conditional independence across spatial
locations as prescribed by a sparse directed acyclic graph (DAG). These models are advan-
tageous because they lead to scalability by construction; in other words, posterior computing
algorithms for these methods can be interpreted not only as approximate algorithms for the
full GP, but also as exact algorithms for the standalone process.
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This family of methods includes nearest-neighbor Gaussian processes, which limit de-
pendence to a small number of neighboring locations (NNGP; Datta et al. 2016a,b), and
block-NNGPs (Quiroz et al., 2019). There is a close relation between DAG structure and
computational performance of NNGPs: some orderings may be associated to improved ap-
proximations (Guinness, 2018), and graph coloring algorithms (Molloy and Reed, 2002;
Lewis, 2016) can be used for parallel Gibbs sampling. Inferring ordering or coloring can be
problematic when data are in the millions, but these issues can be circumvented by forcing
DAGs with known properties onto the data; in meshed GPs (MGPs; Peruzzi et al., 2020),
patterned DAGs associated to domain tiling are associated to more efficient sampling of
the latent effects. Alternative so-called multiscale or multiresolution methods correspond to
DAGs with hierarchical node structures (trees), which are typically coupled with recursive
domain partitioning; in this case, too, efficiencies follow from the properties of the chosen
DAG. There is a rich literature on Gaussian processes and recursive partitioning, see e.g
Ferreira and Lee (2007); Gramacy and Lee (2008); Fox and Dunson (2012); in geospatial
contexts, in addition to the GMRF-based method of Nychka et al. (2015), multi-resolution
approximations (MRA; Katzfuss, 2017) replace an orthogonal basis decomposition with ap-
proximations based on tapering or domain partitioning and also have a DAG interpretation
(Katzfuss and Guinness, 2021).

Considerably less attention has been devoted to process-based methods that ensure scal-
ability in multivariate contexts, with the goal of modeling the spatial and/or temporal
variability of several variables jointly via flexible cross-covariance functions (Genton and
Kleiber, 2015). When scalability of GP methods is achieved via reductions in the condition-
ing sets, including more distant locations is thought to aid in the estimation of unknown
covariance parameters (Stein et al., 2004). However, the size of such sets may need to be
reduced excessively when outcomes are not of very small dimension. One could restrict
spatial coverage of the conditioning sets, but this works best when data are not misaligned,
in which case all conditioning sets will include outcomes from all margins; this cannot be
achieved for misaligned data, leading to pathological behavior. Alternatively, one can model
the multivariate outcomes themselves as a DAG; however this may only work on a case-by-
case basis. Similarly, recursive domain partitioning strategies work best for data that are
measured uniformly in space as this guarantees similarly sized conditioning sets; on the con-
trary, recursive partitioning struggles in predicting the outcomes at large unobserved areas
as they tend to be associated to the small conditioning sets making up the coarser scales or
resolutions.

In this article, we solve these issues by introducing a Bayesian regression model that
encodes spatial dependence as a latent spatial multivariate tree (SPAMTREE); conditional
independence relations at the reference locations are governed by the branches in a treed
DAG, whereas a map is used to assign all non-reference locations to leaf nodes of the same
DAG. This assignment map controls the nature and the size of the conditioning sets at all
locations; when severe restrictions on the reference set of locations become necessary due
to data size, this map is used to improve estimation and predictions and overcome com-
mon issues in standard nearest-neighbor and recursive partition methods while maintaining
the desirable recursive properties of treed DAGs. Unlike methods based on defining condi-
tioning sets based solely on spatial proximity, SPAMTREES scale to large data sets without
excessive reduction of the conditioning sets. Furthermore, SPAMTREES are less restrictive
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Figure 2: Three SPAMTREES on M = 4 levels with depths § = 1 (left), = 3 (center), and
d = 4 (right). Nodes are represented by circles, with branches colored in brown and leaves
in green.

than methods based on recursive partitioning and can be built to guarantee similarly-sized
conditioning sets at all locations.

The present work adds to the growing literature on spatial processes defined on DAGs
by developing a method that targets efficient computations of Bayesian multivariate spatial
regression models. SPAMTREES share similarities with MRAs (Katzfuss, 2017); however,
while MRAs are defined as a basis function expansion, they can be represented by a treed
graph of a SPAMTREE with full “depth” as defined later (the DAG on the right of Figure 2),
in univariate settings, and “response” models. All these restrictions are relaxed in this article.
In considering spatial proximity to add “leaves” to our treed graph, our methodology also
borrows from nearest-neighbor methods (Datta et al., 2016a). However, while we use spatial
neighbors to populate the conditioning sets for non-reference locations, the same cannot be
said about reference locations for which the treed graph is used instead. Our construction
of the SPAMTREE process also borrows from MGPs on tessellated domains (Peruzzi et al.,
2020); however, the treed DAG we consider here induces markedly different properties on
the resulting spatial process owing to its recursive nature. Finally, a contribution of this
article is in developing self-contained sampling algorithms which, based on the graphical
model representation of the model, will not require any external libraries.

The article builds SPAMTREES as a standalone process based on a DAG representation
in Section 2. A Gaussian base process is considered in Section 3 and the resulting properties
outlined, along with sampling algorithms. Simulated data and real-world applications are in
Section 4; we conclude with a discussion in Section 5. The Appendix provides more in-depth
treatment of several topics and additional algorithms.

2. Spatial Multivariate Trees

Consider a spatial or spatiotemporal domain D. With the temporal dimension, we have
D C R4 x [0, 00), otherwise D C R?. A g-variate spatial process is defined as an uncountable
set of random variables {w(£) : £ € D}, where w(¥) is a ¢ x 1 random vector with elements
w;i(€) fort =1,2,...,q, paired with a probability law P defining the joint distribution of any
finite sample from that set. Let {£1,£2,...,£€,,} = L C D be of size ng. The nggx1 random
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vector we = (w(£1) ", w(£)7, ..., w(£,,)")" has joint density p(w,). After choosing an
arbitrary order of the locations, p(wz) = [['4 p(w (&) |w(€1),. .., w(€i—1)), where the
conditioning set for each w(¥#;) can be interpreted as the set of nodes that have a directed
edge towards w(¥;) in a DAG. Some scalable spatial processes result from reductions in size
of the conditioning sets, following one of several proposed strategies (Vecchia, 1988; Stein
et al., 2004; Gramacy and Apley, 2015; Datta et al., 2016a; Katzfuss and Guinness, 2021;
Peruzzi et al., 2020). Accordingly,

Hp £;) [w(Palti])), (1)

where Pa[¢;] is the set of spatial locations that correspond to directed edges pointing to ¢;
in the DAG. If Pa[¢;] is of size J or less for all : = 1,...,ng, then w(Pa[¢;])) is of size Jq.
Methods that rely on reducing the size of parent sets are thus negatively impacted by the
dimension ¢ of the multivariate outcome; if g is not very small, reducing the number of parent
locations J may be insufficient for scalable computations. As an example, an NNGP model
has Pa[¢;] = N(£;), where N(-) maps a location in the spatial domain to its neighbor set. It
is customary in practice to consider Jg = m < 20 for accurate and scalable estimation and
predictions in univariate settings, but this may be restrictive in some multivariate settings
as one must reduce J to maintain similar computing times, possibly harming estimation and
prediction accuracy.

We represent the ith component of the ¢ x 1 vector w(€) as w(¥,&;), where & =
(&i1,...,61)T € E for some k and Z serves as the k-dimensional latent spatial domain
of variables. The g-variate process w(¥£) is thus recast as {w(£,&) : (£,£) € D x E}, with &
representing the latent location in the domain of variables. We can then write (1) as

Npx*

plwe:) = [[tw(el) | u(Palti) (2)

where £* = {£;}]'47, £ € D x E = D*, and w(-) is a univariate process on the expanded
domain D*. This representation is useful as it provides a clearer accounting of the assumed
conditional independence structure of the process in a multivariate context.

2.1 Constructing Spatial Multivariate DAGs

We now introduce the necessary terminology and notation, which are the basis for later
detailing of estimation and prediction algorithms involving SPAMTREES. The specifics for
building treed DAGs with user-specified depth are in Section 2.1.1, whereas Section 2.1.2
gives details on cherry picking and its use when outcomes are imbalanced and misaligned.
The three key components to build a SPAMTREE are (i) a treed DAG G with branches
and leaves on M levels and with depth 6 < M; (7i) a reference set of locations S; (744) a cherry
picking map. The graph is G = {V, E} where the nodes are V = {v1,..., vy, } = AU B,
AN B = (). We separate the nodes into reference A and non-reference B nodes, as this
will aid in showing that SPAMTREES lead to standalone spatial processes in Section 2.2.
The reference or branch nodes are A = {ai,...,am,} = AgU A; U---U Ap_1, where
A; ={aj1,...,aim,} forall i =0,...,M — 1 and with A; N A; = 0 if i # j. The non-
reference or leaf nodes are B = {by,..., by}, AN B = (. We also denote V, = A, for
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r=20,....,.M —1and V) = B. The edges are E = {PaJv] C V : v € V} and similarly
Chlv] = {v/ € V : v € Pa[v']}. The reference set S is partitioned in M levels starting from
zero, and each level is itself partitioned into reference subsets: S = Ui‘i BIST = Ui‘i Bluznz"'l Sris
where S,; N Sy = 0 if r # v/ or i # ¢’ and its complement set of non-reference or other
locations U = D* \' S. The cherry picking map is n : D* — V and assigns a node (and
therefore all the edges directed to it in G) to any location in the domain, following a user-
specified criterion.

2.1.1 BRANCHES AND LEAVES

For a given M and a depth § < M, we impose a treed structure on G by assuming that if
v € A; and ¢ > M — § = M; then there exists a sequence of nodes {vrMé, .o, Uy, } such
that v, € A; for j = M;,...,i— 1 and Pafv] = {vmjé,vrl,...,v,ﬂjfl}. If:<M-—6= M;s
then Pa[v] = {v;—1} with v;—1 € A;_1. Ay is the tree root and is such that Pafvg] = ()
for all vg € Ag. The depth § determines the number of levels of G (from the top) across
which the parent sets are nested. Choosing § = 1 implies that all nodes have a single parent;
choosing § = M implies fully nested parent sets (i.e. if v; € Pa[v;] then Palv;] C Pafv;]
for all v;,v; € V). The m; elements of A; are the branches at level i of G and they have
i — My parents if the current level i is above the depth level My and 1 parent otherwise.
We refer to terminal branches as nodes v € A such that Chlv] C B. For all choices of ¢,
ve A;,v € Aj and v € Pafv'] implies ¢ < j; this guarantees acyclicity.

As for the leaves, for all v € B we assume Pafv] = {v;,, ..., vy} for some integer
sequence {7z, ..., } and v,, € A; with i > M;. We allow the existence of multiple leaves
with the same parent set, i.e. there can be k and b;,,...,b;, such that for all i,..., 1,

Pa[b;,] = Pa[b;,]. Acyclicity of G is maintained as leaves are assumed to have no children.
Figure 2 represents the graph associated to SPAMTREES with different depths.

2.1.2 CHERRY PICKING VIA 7(-)

The link between G, S and U is established via the map n : D* — V which associates a
node in G to any location £* in the expanded domain D*:

o 77A<£*> =a,; €A, if £5c8,,
"(E)_{nB(e*):beB if £ el (3)

This is a many-to-one map; note however that all locations in S;; are mapped to a;j: by
calling n(X) = {n(€*) : £* € X} then for any i = 0,...,M — 1 and any j = 1,...,m; we
have 7(Sij) = n4(Si;) = ai;. SPAMTREES introduce flexibility by cherry picking the leaves,
i.e. using np : U — B, the restriction of n to #. Since each leaf node b; determines a
unique path in G ending in b;, we use np to assign a convenient parent set to w(u), u € U,
following some criterion.

For example, suppose that u = (£,§;) meaning that w(u) = w(¥£, &) is the realization
of the s-th variable at the spatial location £, and we wish to ensure that Pajw(u)] includes
realizations of the same variable. Denote T' = {v € A : Ch[v] C B} as the set of terminal
branches of G. Then we find (£,&;)opt = arg min(ﬁ’,&’zfs)engl(T) d(€',£) where d(-,-) is the
Euclidean distance. Since (€,&s)opt € Sij for some 7,5 we have na((€,&s)opt) = aij. We
then set np(u) = by where Pa[by] = {a;;}. In a sense a;; is the terminal node nearest



SPATIAL MULTIVARIATE TREES

to u; having defined np in such a way forces the parent set of any location to include at
least one realization of the process from the same variable. There is no penalty in using
D* = D x = as we can write p(w(u) | Pajw(u)]) = p(w((£,&1),..., (L&) | Pajw(u)]) =

I p(w(l, &) |w(k, &), ... ,w(£,E—1), Palw(£)])), which also implies that the size of the
parent set may depend on the variable index. Assumptions of conditional independence
across variables can be encoded similarly. Also note that any speciﬁc choice of np induces
a partition on U; let Uy = {u € U : np(u) = b;}, then clearly U = U U; with U;NU; = 0)
if 4 # j. This partition does not necessarily correspond to the partltlomng scheme used on
S. np may by designed to ignore part of the tree and result in my < mp. However, we
can just drop the unused leaves from G and set Ch[a] = ) for terminal nodes whose leaf is
inactive, resulting in my = mp. We will thus henceforth assume that my = mp without
loss of generality.

2.2 SPAMTREES as a Standalone Spatial Process

We define a valid joint density for any finite set of locations in D* satisfying the Kolmogorov
consistency conditions in order to define a valid process. We approach this problem analo-
gously to Datta et al. (2016a) and Peruzzi et al. (2020). Enumerate each of the mg reference

subsets as S; = {si,...,s;, } where {i1,...,ip,} C{l,...,ns}, and each of the my non-
reference subsets as U; = {w;,,...,u;, } where {i1,... in,} C {1,...,mg}. Then introduce
V={Vi,...,Vin, } where my = mg+my and V; = S; for i = 1,...,mg, Ving+i = U; for
i =1,...,my. Then take w; = (w(¥;,),... ,w(ﬁini))—r as the n; x 1 random vector with

elements of w(€) for each £ € V. Denote wy;; = w(n~ ! (Pafv;])). Then

M-1
Plws) =p(wy, ..., wmg) = [[ ] plwilwpy) Plwy |ws) = [ plw:lwy)

r=0 i'{vieAT} i:{v;€B}
plws)p(wy | ws) H I plwilwy) T plwilwy)
r=0 ¢:{v;€A,} i:{v;eB}

(4)
which is a proper multivariate joint density since G is acyclic (Lauritzen, 1996). All locations
inside U; always share the same parent set, but a parent set is not necessarily unique to a
single U;. This includes as a special case a scenario in which one can assume

my |Uj]
Plwy | ws) = [ [T plwlus) [wn (Pafb,))): (5)

j=1li=1

in this case each location corresponds to a leaf node. To conclude the construction, for any
finite subset of spatial locations £ C D we can let Y = £\ S and obtain

plwe) = /5(wu | ws)p(ws) [ d(w(s),

s;€S\L

leading to a well-defined process satisfying the Kolmogorov conditions (see Appendix A).



PERUZZI & DUNSON

2.2.1 POSITIONING OF SPATIAL LOCATIONS IN CONDITIONING SETS

In spatial models based on sparse DAGs, larger conditioning sets yield processes that are
closer to the base process p in terms of Kullback-Leibler divergence (Banerjee, 2020; Pe-
ruzzi et al., 2020), denoted as K L(p||-). The same results cannot be applied directly to
SPAMTREES given the treed structure of the DAG. For a given S, we consider the distinct
but related issues of placing individual locations into reference subsets (1) at different levels
of the treed hierarchy; (2) within the same level of the hierarchy.

Proposition 1 Suppose S = Sy US; where SyNS1 = 0 and S; = S11 U S12, S11 N S12 = 0.
Take s* ¢ S. Consider the graph G = {V = {vg,v1,v2}, E = {vg — vi,v0 = va}}; denote
as po the density of a SPAMTREE using n(Sp U {s*}) = vg, n(S11) = v1 and n(Si2) = ve,
whereas let py be the density of a SPAMTREE with n(Sp) = vo, n(S11 U {s*}) = v1 and
1n(S12) = v2. Then KL(p|p1) — KL(p|[po) > 0.

The proof proceeds by an “information never hurts” argument (Cover and Thomas, 1991).
Denote §* = SU{s"}, w* = ws+, w* = w(s*) and w} = (w;—,w*)—r. Then
po(w”*) = p(wg)p(w1 [ wg)p(w2 | wh) = p(wo)p(w” | wo)p(wi | wo, w*)p(ws [ wp)
pr(w”) = p(wo)p(wi | wo)p(wa | wo) = p(wo)p(w™ | wo)p(w1 | wo, w™)p(ws | wo),

therefore po(w*)/p1(w*) = p(ws | w§)/p(w2 | wo); then by Jensen’s inequality

KL(pllp1)—KL(pllpo) = / {log < p(qfu*) ) — log ( plw’) > }p(’w*)d’w*

po(w*)

(D o e

p(w2 | wp) . .
= /1 —_— dwidwsd
/ 0og (p(w2’w0) p(whwz,wo) W1adW20W

= / {/bg (W) p(wy, ws | wé)dwldw2}P(wE§)d’w3 > 0.

Intuitively, this shows that there is a penalty associated to positioning reference locations
at higher levels of the treed hierarchy. Increasing the size of the reference set at the root
augments the conditioning sets at all its children; since this is not true when the increase is
at a branch level, the KL divergence of py from p is smaller than the divergence of p; from
the same density. In other words there is a cost of branching in G which must be justified by
arguments related to computational efficiency. The above proposition also suggests populat-
ing near-root branches with locations of sparsely-observed outcomes. Not doing so in highly
imbalanced settings may result in possibly too restrictive spatial conditional independence
assumptions.

(6)

Proposition 2 Consider the same setup as Proposition 1 and let pa be the density of a
SPAMTREE such that n(S12 U{s*}) = va. Let H, be the conditional entropy of base process
p. Then H,(w* |wo, w2) < Hy(w* |wo, wr) implies KL(p||p2) < KL(p||p1).
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The density of the new model is

p2(w™) = p(wo)p(w1 | wo)p(w3 | wo) = p(wo)p(w1 | wo)p(ws | wo)p(w™ | wo, w2).

(w*) _ pw*|wo,w1)
(w*) 7 p(w* [wo,w2)

Then, noting that p(wj | wo) = p(w1 | we)p(w* | we, w1), we get g; and

K L(p|lp2) — KL(p|lp1) = /10gp(U1* | wo, w1)p(w”*)dw™ — /IOgP(W* | wo, wa)p(w™)dw™

= Hp(w" | wo, wa) — Hp(w" | wo, w1).

While we do not target the estimation of these quantities, this result is helpful in designing
SPAMTREES as it suggests placing a new reference location s* in the reference subset least
uncertain about the realization of the process at s*. We interpret this as justifying recursive
domain partitioning on § in spatial contexts in which local spatial clusters of locations are
likely less uncertain about process realization in the same spatial region. In the remainder
of this article, we will consider a given reference set S which typically will be based on a
subset of observed locations; the combinatorial problem of selecting an optimal S (in some
sense) is beyond the scope of this article. If S is not partitioned, it can be considered as a
set of knots or “sensors” and one can refer to a large literature on experimental design and
optimal sensor placement (see e.g. Krause et al., 2008, and references therein). It might be
possible to extend previous work on adaptive knot placement (Guhaniyogi et al., 2011), but
this will come at a steep cost in terms of computational performance.

3. Bayesian Spatial Regressions Using SPAMTREES

Suppose we observe an [-variate outcome at spatial locations £ € D C R? which we wish to
model using a spatially-varying regression model:

yi() =a;(0)"8; + Y 2jn(Ow(l, &) +¢;(€), j=1,...,1, (7)
k

where y;(£) is the j-th point-referenced outcome at €, x;(€) is a p; x 1 vector of spatially
referenced predictors linked to constant coefficients 3;, €;(£) YN (0, 7']2) is the measurement
error for outcome j, and z;;(€) is the k-th (of ¢) covariates for the j-th outcome modeled with
spatially-varying coefficient w(£, &), £ € D, &, € E. This coefficient w(£, €;) corresponds
to the k-th margin of a g-variate Gaussian process {w(£) : £ € D} denoted as w(€) ~
GP(0,Cg(-,-)) with cross-covariance Cg indexed by unknown parameters @ which we omit
in notation for simplicity. A valid cross-covariance function is defined as Cg : D x D —
Mg, where Mgy, is a subset of the space of all ¢ x ¢ real matrices #9*9. It must satisfy
C(£,£)=Ct,e)" for any two locations £,£ € D, and > 1, > i1 2] C(£;,£)z; > 0 for
any integer n and finite collection of points {£;, £a,...,£,} and for all z; € 7\ {0}.

We replace the full GP with a Gaussian SPAMTREE for scalable computation considering
the g-variate multivariate Gaussian process w(-) as the base process. Since the (i,7)-th
entry of C(£,€) is C(£,£'); ; = Cov(w;(€), w;(£')), i.e. the covariance between the i-th and
j-th elements of w(£) at £ and £, we can obtain a covariance function on the augmented
domain C* : D* x D* — R as C*((£,¢£),(£,¢')) = C(£,£); 7 where € and ¢ are the
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locations in E of variables ¢ and j, respectively. Apanasovich and Genton (2010) use a
similar representation to build valid cross-covariances based on existing univariate covariance
functions; their approach amounts to considering £ or ||£—¢'|| as a parameter to be estimated.
Our approach can be based on any valid cross-covariance as we may just set = = {1,...,q}.
Refer to e.g. Genton and Kleiber (2015) for an extensive review of cross-covariance functions
for multivariate processes. Moving forward, we will not distinguish between C* and C.
The linear multivariate spatially-varying regression model (7) allows the I outcomes to be
observed at different locations; we later consider the case [ = ¢ and Z(£) = I, resulting in
a multivariate space-varying intercept model.

3.1 Gaussian SPAMTREES

Enumerate the set of nodes as V. = {v1,...,vn,}, my = mg + my and denote w; =
w(n™(vy)), C;j as the n; x n; covariance matrix between w; and wj, C;p; the n; x J;
covariance matrix between w; and Wiy, C; the n; x n; covariance matrix between w; and
itself, and C; the J; x J; covariance matrix between wy; and itself. A base Gaussian process
induces p(ws) = Hj:{vjeA} N(wj | Hjwy;, Rj), where

H;=C,;;Cp and R;=C;—C;;C 0, (8)

implying that the joint density p(wgs) is multivariate normal with covariance 6’5 and pre-
.. .=l ~

cision matrix Cg . At U we have p(wy | ws) = Hj:{vjeB} N(wj | Hjw, Rj), where H

and R; are as in (8). All quantities can be computed using the base cross-covariance func-

tion. Given that the p densities are Gaussian, so will be the finite dimensional distributions.

The treed graph G leads to properties which we analyze in more detail in Appendix
B and summarize here. For two nodes wv;,v; € V denote the common descendants as
cd(vs,v5) = ({vi} U Chlvg]) N ({v;} U Chlv;]). If v; € Pafv;] denote H;,; and H\;_,; as
the matrix obtained by subsetting H; to columns corresponding to v;, or to Pafv;] \ {v;},
respectively. Similarly define wy;_,;; = w; and wp;_,;. As a special case, if the tree depth is
6 =1 and {v;} = Pa[v;] then cd(v;,v;) = {v;}, Hiyj = Hj, and w5 = wy;). Define H
as the matrix whose (i, j) block is H;j = Oy, xn, if v; ¢ Palv;], and otherwise H;; = H ;.

3.1.1 PRECISION MATRIX

~ -1
The (i, ) block of the precision matrix at both reference and non-reference locations C

~ 1
is denoted by C " (i,7), with 4,j = 1,...,my corresponding to nodes v;,v; € V for some
i, J; it is nonzero if cd(v;, v;) = 0, otherwise:

~—1, . . -
C (i,j)= Z (Lri — Hi—)k)TRkl(ij —Hjk)

v €cd(vy,v5)

= > T He) R Ty~ Hiy),

v €cd(vy,v;)

10
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where I;; is the (7, j) block of an identity matrix with ns + ny rows and is nonzero if and
~—1
only if ¢ = j. We thus obtain that the number of nonzero elements of C' = is
my

mz(C ) =Y (2nidi +ni1{vi € V}), (10)

i=1

where n; = |71 (v;)|, J; = |n~!(Pa[v;])|, and by symmetry (éil(i,j))—r = éil(j,i).

If § > 1, the size of C; is larger for nodes v; at levels of the treed hierarchy farther from
Ajy,. However suppose v;,v; are such that Pa[v;] = {v;} UPa[v;]. Then computing Cg]l
proceeds more cheaply by recursively applying the following:

Tp-1 T p—1
o1 — C’[Z] +H,R,"H, —H,R; (11)
7] -R'H; R;!
3.1.2 INDUCED COVARIANCE
Define a path from vy to v; as Py; = {vi,...,v;.} where v;, = v, v;, = vj, and

v;, € Pa[vih+1]. The longest path Pj_,; is such that if v, € A, and v; € AT]. then
\ﬁk_ﬂ\ = rj — ry + 1. The shortest path 75k_>j is the path from v to v; with minimum
number of steps. We denote the longest path from the root to v; as ﬁoﬁ\], this corresponds to
the full set of ancestors of v;, and Palv;] C 730_” For two nodes v; and v; we have (Pa[v;]N
Palv;]) C (770_>Z N PO—U) We define the concestor between v; and v; as con(v;,v;) =
arg maxXy,cv{k : Px—i N Pr_y; # 0} i.e. the last common ancestor of the two nodes.

Take the path ﬁM,;—U‘ in G from a node at Ay, leading to v;. After defining the cross-
covariance function K; (€, £') = Ce’el—Ce7[i}C[_ﬂlc[i]7el and denoting K;(€, s) = K;(£,77!(vs))

we can write
Tp_1

Z K, (j,s)K;(s,5)es + e, (12)

S= 2]\[6

where for s > iy, the e; are independent zero-mean GPs with covariance K (£,£') and we
set K, (£, ¢)=C(¢,0) and €ir, = Wiy, ~ N(0,Cyy, ). Take two locations £, £ such that
v; =n(£),v; =n(¢) and let v, = con(v;, v;); if Pajv;] NPafv;] # 0 then the above leads to

Covg(w(€), w(l)) = Z K(£,5)K  (s,5)Ks(s,£) +1{£ =YK ;(£,¢), (13)

s€Palv;]NPafv;]

where K, (£, £) = C(£,2). If Pajv;)NPafv;] = (0 take the shortest paths P,_; = {i1,..., i, }
and P,—; = {Jj1,- -, Jr, }; setting F;, = Cih,ih_lcz’_hl,l we get

Covg(w(£), w(l)) = F;,_ "-FilcszTl . F;r (14)

(3 T]
In particular if § = M then Pafv;] N Pafv;] # 0 for all 7, and only (13) is used, whereas
if 6 = 1 then the only scenario in which (13) holds is {v,} = Palv;] N Palv;] in which case

the two are equivalent. In univariate settings, the special case in which 6 = M, and hence
Ms = 0, leads to an interpretation of (12) as a basis function decomposition; considering all

11
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leaf paths P; for v; € B, this leads to an MRA (Katzfuss, 2017; Katzfuss and Gong, 2019).
On the other hand, keeping other parameters constant, 6 < M and in particular § = 1 may
be associated to savings in computing cost, leading to a trade-off between graph complexity
and size of reference subsets; see Appendix B.5.

3.1.3 BLOCK-SPARSE CHOLESKY DECOMPOSITIONS

In recent work Jurek and Katzfuss (2020) consider sparse Cholesky decompositions of co-
variance and precision matrices for treed graphs corresponding to the case § = M above in
the context of space-time filtering; their methods involve sparse Cholesky routines on reverse
orderings of 6’71 at the level of individual locations. In doing so, the relationship between
Cholesky decompositions and G, C - and the block structure in § remains somewhat hidden,
and sparse Cholesky libraries are typically associated to bottlenecks in MCMC algorithms.
However we note that a consequence of (9) is that it leads to a direct algorithm, for any 4, for
the block-decomposition of any symmetric positive-definite matrix A conforming to G, i.e.
with the same block-sparse structure as C™'. This allows us to write A = (I-L)'D(I-L)
where I is the identity matrix, L is block lower triangular with the same block-sparsity pat-
tern as ‘H above, and D is block diagonal symmetric positive-definite. In Appendix B.2.3
we outline Algorithm 4 which (i) makes direct use of the structure of G, (ii) computes the
decomposition at blocks of reference and non-reference locations, and (%ii) requires no ex-
ternal sparse matrix library, in particular no sparse Cholesky solvers. Along with Algorithm
5 for the block-computation of (I — L)™', it can be used to compute A~ = (C~ g »)~!
where X is a block-diagonal matrix; it is thus useful in computing the Gaussian integrated
likelihood.

3.2 Estimation and Prediction

We introduce notation to aid in obtaining the full conditional distributions. Write (7) as
y(£) = X(£)B+ Z(L)w(L) +&(8), (15)

where y(€) = ({y;(O},_1)", e(€) = ({e;(0)}j_)" ~ N(0,D;), D, = diag(77, ..., 77),
X(£) = b.diag{x;®)",j = 1,...,1}, B = ( pl,...,ﬁT) . The | x ¢ matrix Z(£) =
(25(0),) = 1,...,1 i
location £. Collectlng all locations along the j-th margin, we build 7; = {E(] ) ,E%J)}
and 7 = U;T;. We then call yU) = (yj(ﬁ(])),...,yj(fgvj)) and € similarly, X =
4 : , . . N

(i (67)), ...z (6)) T, wl) = (w(ed €)7,... w(ey) &))" and ZV) = b.diag{z;(£)T}.2,.
The full observed data are y, X, Z. Denoting the number of observations as n = Eé’:l N.
Z is thus a n X gn block-diagonal matrix, and similarly w is a gn x 1 vector. We introduce
the diagonal matrix D,, such that diag(D,,) = (T 21%1, e lelxl)—r.

By construction we may have 7(S;) = v; and n(S;) = v; such that (£,€) € S; and
(£,¢) € Sj where £/ = £, £ # ¢ and similarly for non-reference subsets. Suppose A C D x =

is a generic reference or non-reference subset. We denote A C D x Z as the set of all
combinations of spatial locations of A and variables i.e. A = A|D X A’: where A‘D CDis

) with z; (E)T = (zjx(€),k = 1,...,q) acts a design matrix for spatial

the set of unique spatial locations in A and A|: are the unique latent variable coordinates.

12
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By subtraction we find A_ = A\ A as the set of locations whose spatial location is in A
but whose variable is not. Let y(A) = y(A) = ({y(£),£ € A‘D})T, X(A) = X(A) =
b.diag{X (£)",£ € A|,}; values corresponding to unobserved locations will be dealt with by

defining 1~)n(./4) as the diagonal matrix obtained from D,, by replacing unobserved outcomes
with zeros. Denote Z(A) = b.diag{Z(¢),£ € A|,} and w(A) similarly. If A includes L
unique spatial locations then y(A) is a L [ x 1 vector and X (A) is a L | x pl matrix. In
particular, Z(A) is a L [ x Lql matrix; the subset of its columns with locations in A is denoted
as Z(A) whereas at other locations we get Z(.A_). We can then separate the contribution of
w(A) to y(A) from the contribution of w(A_) by writing y(A) = X (A)B+Z(A-)w(A_)+
Z(A)w(A) + e(A), using which we let y(A) = y(A) — X(A)B — Z(A_)w(A_).

With customary prior distributions 8 ~ N(0,V ) and Tj2 ~ Inv.Gamma(a,,b;) along
with a Gaussian SPAMTREE prior on w, we obtain the posterior distribution as

l
p(w, B,{r7}51,0|y) « p(y|w, B, {77 }=)p(w| 0)p(@)p(B) [ [ p(7}). (16)
j=1

We compute the full conditional distributions of unknowns in the model, save for 0; iterating
sampling from each of these distributions corresponds to a Gibbs sampler which ultimately
leads to samples from the posterior distribution above.

3.2.1 FurLL CONDITIONAL DISTRIBUTIONS

The full conditional distribution for 3 is Gaussian with covariance X5 = (V;l—i-X TD;ix)!
and mean i3 = 35X "D, (y—Zw). Forj=1,...,1, p(Tj2 | B,y,w) = Inv.Gamma(a® ., b .)

T7j ’ T?J

where a¥ ; = ar + Nj/2 and b% ; = b, + 1 EVT EV) with BV = yU) — X0 g, — 20w,

Take a node v; € V. If v; € A then n~!(v;) = S; and for v; € Chlv;] denote w; =

w; — H\;_,;w\;;. The full conditional distribution of w; is N (p;, 3;), where
= = Z(8) Dul($)7'Z(8) + R + F
Ei_ly,i = Z(Sz) Dn(SZ>_1§(SZ> + Rl_lHZ’wM + mic)
FP= Y HLR'Hi, m = Y HLR'w,
j:{v;€Chlv;]} j{v;€Chlv;]}

Ifv; € Binstead X; = (Z(U;) ' D, (U;)) " Z(U)+R;) "t and p; = :(Z(U;) ' D, (U;) " 1y(Uy)+
R 'H jwp;)). Sampling of w at nodes at the same level r proceeds in parallel given the
assumed conditional independence structure in G. It is thus essential to minimize the com-
putational burden at levels with a small number of nodes to avoid bottlenecks. In particular

computing FEC) and mgc) can become expensive at the root when the number of children is

very large. In Algorithm 3 we show that one can efficiently sample at a near-root node v;

(©) (c)

% %

(17)

by updating F;” and m;’ via message-passing from the children of v;.

3.2.2 UPDATE OF 6

The full conditional distribution of 6—which may include §; for j = 1,...,q or equiva-
lently 6;; = [|€; — ;| if the chosen cross-covariance function is defined on a latent do-
main of variables—is not available in closed form and sampling a posteriori can proceed
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Initialize: £ = 0;
for r € {0,...,M} do
for j:{v; € V,} do // [parallel for]
Compute Rj_1 =(C; — Cj’[j]Cg]lC[j]}j)_l and |Rj_1\;
€ = é -+ %log |R;1| — %(wj — Hj’ll)[j])TR;l(’LUj — ij[j]);
if Chlv;] # 0 then
Identify v; € Ch[v;] such that v; € V,.1;
L Compute and store C’[_i]1 (possibly via (11));

Result: exp(g) x p(w|8) =[[; N(w; | Hiwp), R;).

Algorithm 1: Computing p(w | 8).

Input:C; for all j from Algorithm 1;
We = U Vr; Wo = U VT;
T is even r is odd
for i € {e,0} do
for j: {v; e W,} do // [parallel for]
L Sample w; ~ N(p;,%;) using (17);

Let Pafv;] = {v,}, then m{” = H/R; 'w; and Fz(f) =H /R 'Hj;

Result: sample from p(w; |w_;,y,3,0,7) for all v; € V.

Algorithm 2: Sampling from the full conditional distribution of w; when § = 1.

Input: C; for all j from Algorithm 1
Initialize: for all 7, mgc) =0,,x1 and F,EC) = Oy, xn;;
for r € {M,...,0} do
for j: {v; €V,} do // [parallel for]
Sample w; ~ N(p;,%;) using (17);
for p: {v, € Palv,]} do
m;gc) _ méc) + HT ‘R_j_le;

© _ (@) o gt ph
F=FO 4+ H R'H,

I{esult: sample from p(w; |w_;,y,3,0,7) for all v; € V.

Algorithm 3: Sampling from the full conditional distribution of w; when 6 = M.

14
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via Metropolis-Hastings steps which involve accept /reject steps with acceptance probability
p(w[6")p(6")q(6]6') }

p(w[0)p(0)q(6"|6)

deviation of the proposal distribution via the robust adaptive Metropolis algorithm (RAM;

Vihola, 2012). In these settings, unlike similar models based on DAG representations such

as NNGPs and MGPs, direct computation via p(w |6) = [[; N(w; | H;wy;, R;) is inefficient

as it requires computing C[_i]1 whose size grows along the hierarchy in G. We thus outline

a = min{l, In our implementation, we adaptively tune the standard

Algorithm 1 for computing p(w | ) via (11). As an alternative we can perform the update
using ratios of p(y|3,0,7) = [p(y|w,B,7)p(w|0)dw = N(y| X3, ZCZ'" + D,,) using
Algorithms 4 and 5 outlined in Appendix B.2.3 which require no sparse matrix library.

3.2.3 GRAPH COLORING FOR PARALLEL SAMPLING

An advantage of the treed structure of G is that it leads to fixed graph coloring associated
to parallel Gibbs sampling; no graph coloring algorithms are necessary (see e.g. Molloy and
Reed, 2002; Lewis, 2016). Specifically, if § = M (full depth) then there is a one to one
correspondence between the M + 1 levels of G and graph colors, as evidenced by the parallel
blocks in Algorithms 1 and 3. In the case § = 1, G is associated to only two colors alternating
the odd levels with the even ones. This is possible because the Markov blanket of each node
at level r, with r even, only includes nodes at odd levels, and vice-versa.

3.2.4 PREDICTION OF THE OUTCOME AT NEW LOCATIONS

The Gibbs sampling algorithm will iterate across the above steps and, upon convergence,
will produce samples from p(83, {7]2 ?:1, w | y). We obtain posterior predictive inference at
arbitrary £ € D by evaluating p(y(€) |y). If £ € SUU, then we draw one sample of y(£) ~
N(X()"B+Z()Tw(£), D,(£)) for each draw of the parameters from p(/3, {7']-2}221, w | y).
Otherwise, considering that n(€) = v; € B for some j, with parent nodes Pafv;], we
sample w(£) from the full conditional N (g}, 3}), where 3} = (Z(€)D,, (€)' Z (&) T+R,; ')~}
and py = B;(Z(£)D (y(€) — X (€)' B) + R, Hywy;)), then draw y(£) ~ N(X ()" +
Z()"w(e), D,).

3.2.5 COMPUTING AND STORAGE COST

The update of sz and (3 can be performed at a minimal cost as typically p = Zé’:l Dj
is small; almost all the computation budget must be dedicated to computing p(w | @) and
sampling p(w |y, 3, 7%). Assume that reference locations are all observed S C T and that
all reference subsets have the same size i.e. |\S;| = Nj for all i. We show in Appendix B.5 that
the cost of computing SPAMTREES is O(nN2). As a result, SPAMTREES compare favorably
to other models specifically in not scaling with the cube of the number of samples. § does
not impact the computational order, however, compared to 6 = M, choosing § = 1 lowers
the cost by a factor of M or more. For a fixed reference set partition and corresponding
nodes, choosing larger 0 will result in stronger dependence between leaf nodes and nodes
closer to the root—this typically corresponds to leaf nodes being assigned conditioning sets
that span larger distances in space. The computational speedup corresponding to choosing
0 = 1 can effectively be traded for a coarser partitioning of S, resulting in large conditioning
sets that are more local to the leaves.
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Figure 3: Left half: Full data set — a bivariate outcome is generated on 4,900 spatial locations.
Right half: Observed data set — the training sample is built via independent subsampling of
each outcome.

4. Applications

We consider Gaussian SPAMTREES for the multivariate regression model (15). Consider the
spatial locations £,# € D and the locations of variables i and j in the latent domain of
variables &;,§; € E, then denote h = ||€ — ||, A = §;; = ||§; — &;||, and

_exp {—gl|h|l/exp {38log(1 + o)} }
exp {Blog(1l + aA)} ’

For j =1,...,q we also introduce C;(h) = exp {—¢;||h||}. A non-separable cross-covariance
function for a multivariate process can be defined as

C(h,A)

aflC(h, 5”) + O'?ZCZ(h) ifi=y

. (18)
oi101C(h, d;5) if i # j,

Cov(w(£, &), w(t',&;)) = Cy(h) = {

which is derived from eq. (7) of Apanasovich and Genton (2010); locations of variables in
the latent domain are unknown, therefore 8 = {01, 042, ¢i }iz1,. ¢ U {0ij }1=) qYla, 8,0}
for a total of 3¢ + ¢(q¢ — 1)/2 4+ 3 unknown parameters.

4.1 Synthetic Data

In this section we focus on bivariate outcomes (¢ = 2). We simulate data from model (15),
setting B = 0, Z = I, and take the measurement locations on a regular grid of size 70 x 70
for a total of 4,900 spatial locations. We simulate the bivariate spatial field by sampling from
the full GP using (18) as cross-covariance function; the nuggets for the two outcomes are
set to 7£ = 0.01 and 72 = 0.1. For j = 1,2 we fix ojo =1, = 1,8 =1 and independently
sample o1 ~ U(=3,3),¢; ~ U(0.1,3),¢ ~ U(0.1,30), 512 ~ Exp(l), generating a total of
500 bivariate data sets. This setup leads to empirical spatial correlations between the two
outcomes smaller than 0.25, between 0.25 and 0.75, and larger than 0.75 in absolute value
in 107, 330, and 63 of the 500 data sets, respectively. We introduce misalignment and make
the outcomes imbalanced by replacing the first outcome with missing values at =~ 50% of
the spatial locations chosen uniformly at random, and then repeating this procedure for the
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second outcome keeping only & 10% of the total locations. We also introduce almost-empty
regions of the spatial domain, independently for each outcome, by replacing observations
with missing values at ~ 99% of spatial locations inside small circular areas whose center
is chosen uniformly at random in [0,1]2. As a result of these setup choices, each simulated
data set reproduces some features of the real-world unbalanced misaligned data we consider
in Section 4.2 at a smaller scale and in a controlled experiment. Figure 3 shows one of the
resulting 500 data sets.

We consider SPAMTREES with 6 = 1 and implement multiple variants of SPAMTREES
with 6 = M in order to assess their sensitivity to design parameters. Table 1 reports
implementation setups and the corresponding results in all cases; if the design variable “All
outcomes at £” is set to “No” then a SPAMTREE is built on the D x Z domain. If it is set
to “Yes” the DAG will be built using D only — in other words, the ¢ margins of the latent
process are never separated by the DAG if they are measured at the same spatial location.
“Cherry pick same outcome” indicates whether the map 7(-) should search for neighbors by
first filtering for matching outcomes — refer to our discussion at Section 2.1.2. We mention
here if the DAG is built using D only, then the nearest neighbor found via cherry picking
will always include a realization of the same margin of w(-). Finally, if SPAMTREE is
implemented with “Root bias” then the reference set and the DAG are built with locations
of the more sparsely observed outcome closer to root nodes of the tree as suggested by
Proposition 1.

SPAMTREES are compared with multivariate cubic meshed GPs (Q-MGPs; Peruzzi et al.,
2020), a method based on stochastic partial differential equations (Lindgren et al., 2011)
estimated via integrated nested Laplace approximations (Rue et al., 2009) implemented via
R-INLA using a 15 x 15 grid and labeled SPDE-INLA, a low-rank multivariate GP method
(labeled LOWRANK) on 25 knots obtained via SPAMTREES by setting M = 1 with no domain
partitioning, and an independent partitioning GP method (labeled IND-PART) implemented
by setting M = 1 and partitioning the domain into 25 regions. Refer e.g. to Heaton et al.
(2019) for an overview of low-rank and independent partitioning methods. All multivariate
SPAMTREE variants, Q-MGPs, LOWRANK and IND-PART use (18) as the cross-covariance
function in order to evaluate their relative performance in estimating € in terms of root
mean square error (RMSE) as reported in Table 1. We also include results from a non-
spatial regression using Bayesian additive regression trees (BART; Chipman et al., 2010)
which uses the domain coordinates as covariates in addition to a binary fixed effect cor-
responding to the outcome index. All methods were setup to target a compute time of
approximately 15 seconds for each data set. We focused on comparing the different methods
under computational constraints because (a) without constraints it would not be feasible
to implement the methods for many large simulated spatial datasets; and (b) the different
methods are mostly focused on providing a faster approximation to full GPs; if constraints
were removed one would just be comparing the same full GP method.

Table 1 reports average performance across all data sets. All Bayesian methods based
on latent GPs exhibit very good coverage; in these simulated scenarios, SPAMTREES exhibit
comparatively lower out-of-sample prediction errors. All SPAMTREES perform similarly,
with the best out-of-sample predictive performance achieved by the SPAMTREES cherry
picking based solely on spatial distance (i.e. disregarding whether or not the nearest-neighbor
belongs to the same margin). Additional implementation details can be found in Appendix
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Prediction RMSE relative to independent univariate NNGPs
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Figure 4: Predictive RMSE of the best-performing SPAMTREE of Table 1 relative to in-
dependent univariate NNGP models of the two outcomes, for different empirical correla-
tions between the two outcomes in the full data. Lower values indicate smaller errors of
SPAMTREES in predictions.

C.2.1. Finally, we show in Figure 4 that the relative gains of SPAMTREES compared to
independent univariate NNGP model of the outcomes are increasing with the magnitude of
the correlations between the two outcomes, which are only available due to the simulated
nature of the data sets.

gtu ;“t“’mes S;I‘Iel:zu‘;‘;ljne Root bias | RMSE(y) MAE(y) COVG(y) RMSE(6)

No No No 1.078 0.795 0.955 1.168

No No Yes 1.065  0.786 0.955 4.138

No Yes No 1.083 0.799 0.954 4.168

SPAMTREES 6 = M| () Yes Yes 1.085  0.799 0.954 4138

Yes Yes No 1.081 0.797 0.954 4.080

Yes Yes Yes 1.087 0.801 0.954 4188

SPAMTREES 0 = 1| Yes Yos No 1.198 0.830 0.956 1221

Q-MGP Yes 1.125 0.819 0.951 1.389

IND-PART Yes - - 1.624 1.229 0.948 8.064

LOWRANK Yes - - 1.552 1.173 0.952 5.647
SPDE-INLA Yes 1.152 0.862 0.913
SPAMTREES Univariate | — - - 1.147 0.846 0.953
NNGP Univariate - - - 1.129 0.832 0.952
BART - - - 1.375 1.036 0.488

Table 1: Prediction and estimation performance on multivariate synthetic data. The four
columns on the right refer to root mean square error (RMSE) and mean absolute error
(MAE) in out-of-sample predictions, average coverage of empirical 95% prediction intervals,
and RMSE in the estimation of 8.

4.2 Climate Data: MODIS-TERRA and GHCN

Climate data are collected from multiple sources in large quantities; when originating from
satellites and remote sensing, they are typically collected at high spatial and relatively
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low temporal resolution. Atmospheric and land-surface products are obtained via post-
processing of satellite imaging, and their quality is negatively impacted by cloud cover and
other atmospheric disturbances. On the other hand, data from a relatively small number of
land-based stations is of low spatial but high temporal resolution. An advantage of land-
based stations is that they measure phenomena related to atmospheric conditions which
cannot be easily measured from satellites (e.g. precipitation data, depth of snow cover).
We consider the joint analysis of five spatial outcomes collected from two sources. First,
we consider Moderate Resolution Imaging Spectroradiometer (MODIS) data from the Terra
satellite which is part of the NASA’s Earth Observing System. Specifically, data product
MOD11C3 v. 6 provides monthly Land Surface Temperature (LST) values in a 0.05 degree lat-
itude/longitude grid (the Climate Modeling Grid or CMG). The monthly data sets cover the
whole globe from 2000-02-01 and consist of daytime and nighttime LSTs, quality control as-
sessments, in addition to emissivities and clear-sky observations. The second source of data
is the Global Historical Climatology Network (GHCN) database which includes climate sum-
maries from land surface stations across the globe subjected to common quality assurance
reviews. Data are published by the National Centers of Environmental Information (NCEI)
of the National Oceanic and Atmospheric Administration (NOAA) at several different tem-
poral resolutions; daily products report five core elements (precipitation, snowfall, snow
depth, maximum and minimum temperature) in addition to several other measurements.

We build our data set for analysis by focusing on the continental United States in Oc-
tober, 2018. The MODIS data correspond to 359,822 spatial locations. Of these, 250,874
are collected at the maximum reported quality; we consider all remaining 108,948 spa-
tial locations as missing, and extract (1) daytime LST (LST_Day_CMG), (2) nighttime LST
(LST_Night_CMG), (3) number of days with clear skies (Clear_sky_days), (4) number of
nights with clear skies (Clear_sky_nights). From the GHCN database we use daily data
to obtain monthly averages for precipitation (PRCP), which is available at 24,066 spatial loca-
tions corresponding to U.S. weather stations; we log-transform PRCP. The two data sources
do not share measurement locations as there is no overlap between measurement locations in
MODIS and GHCN, with the latter data being collected more sparsely—this is a scenario of
complete spatial misalignment. From the resulting data set of size n =1,027,562 we remove
all observations in a large 3 x 3 degree area in the central U.S. (from -100W to -97W and
from 35N to 38N, i.e. the red area of Figure 5) to build a test set on which we calculate
coverage and RMSE of the predictions.

We implement SPAMTREES using the cross-covariance function (18). Considering that
PRCP is more sparsely measured and following Proposition 1, we build SPAMTREES favoring
placement of GHCN locations at root nodes. We compare SPAMTREES with a Q-MGP
model built on the same cross-covariance function, and two univariate models that make
predictions independently for each outcome. Comparisons with other multivariate methods
are difficult due to the lack of scalable software for this data size which also deals with
misalignment and imbalances across outcomes. Compute times per MCMC iteration ranged
from 2.4s/iteration of the multivariate Q-MGP model, to 1.5s/iteration of the univariate
NNGP model. The length of the MCMC chains (30,000 for SPAMTREES and 20,000 for
Q-MGP) was such that the total compute time was about the same for both models at
less than 16 hours. Univariate models cannot estimate cross-covariances of multivariate
outcomes and are thus associated to faster compute times; we set the length of their MCMC
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Figure 5: Prediction area

MODIS/GHON variables Multivariate Univariate
SPAMTREE Q-MGP | SPAMTREE NNGP
Clear_sky_days RMSE 1.611 1.928 1.466 1.825
- - COVG 0.980 0.866 0.984 0.986
Clear_sky_nights RMSE 1.621 1.766 2.002 2.216
COVG 0.989 0.943 0.992 0.992
RMSE 1.255 1.699 1.645 1.666
LST_Day_CMG COVG 1.000 1.000 1.000 1.000
. RMSE 1.076 1.402 0.795 1.352
LST Night CMG 6 0.999  0.999 1.000  1.000
PRCP RMSE 0.517 0.632 0.490 0.497
COVG 0.972 1.000 0.969 0.958

Table 2: Prediction results over the 3 x 3 degree area shown in Figure 5

chains to 15,000 for a total compute time of less than 7 hours for both models. We provide
additional details about the models we implemented at Appendix C.

Table 2 reports predictive performance of all models, and Figure 6 maps the predictions at
all locations from SPAMTREES and the corresponding posterior uncertainties. Multivariate
models appear advantageous in predicting some, but not all outcomes in this real world
illustration; nevertheless, SPAMTREES outperformed a Q-MGP model using the same cross-
covariance function. Univariate models perform well and remain valid for predictions, but
cannot estimate multivariate relationships. We report posterior summaries of 8 in Appendix
C.2.2. Opposite signs of o;1 and o for pairs of variables i, € {1,..., ¢} imply a negative
relationship; however, the degree of spatial decay of these correlations is different for each
pair as prescribed by the latent distances in the domain of variables d;;. Figure 7 depicts
the resulting cross-covariance function for three pairs of variables.

5. Discussion

In this article, we introduced SPAMTREES for Bayesian spatial multivariate regression mod-
eling and provided algorithms for scalable estimation and prediction. SPAMTREES add
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MODIS-TERRA GHCN

Clear_sky_days Clear_sky_nights

¢ ‘t 1 ‘,t L \x t \x

Figure 6: Predicted values of the outcomes at all locations (top row) and associated 95%
uncertainty (bottom row), with darker spots corresponding to wider credible intervals.

PRCP v LST_Day_CMG ‘ | PRCP v LST_Night CMG ‘ | LST_Day_CMG v Clear_sky_nights

Cross Covariance
o
a1
o

- . -3 7

Spatial distance in degrees

Figure 7: Given the latent dimensions d;;, the color-coded lines represent C'(h, d;;) whereas
Cij(h) = 01;01;C(h,d;j) is shown as a dashed grey line.
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significantly to the class of methods for regression in spatially-dependent data settings.
We have demonstrated that SPAMTREES maintain accurate characterization of spatial de-
pendence and scalability even in challenging settings involving multivariate data that are
spatially misaligned. Such complexities create problems for competing approaches, including
recent DAG-based approaches ranging from NNGPs to MGPs.

One potential concern is the need for users to choose a tree, and in particular specify the
number of locations associated to each node and the multivariate composition of locations in
each node. Although one can potentially estimate the tree structure based on the data, this
would eliminate much of the computational speedup. We have provided theoretical guidance
based on KL divergence from the full GP and computational cost associated to different tree
structures. This and our computational experiments lead to practical guidelines that can
be used routinely in tree building. Choosing a tree provides a useful degree of user-input to
refine and improve upon an approach.

We have focused on sampling algorithms for the latent effects because they provide a
general blueprint which may be used for posterior computations in non-Gaussian outcome
models; efficient algorithms for non-Gaussian big geostatistical data sets are currently lacking
and are the focus of ongoing research. SPAMTREES can be built on larger dimensional inputs
for general applications in regression and/or classifications; such a case requires special
considerations regarding domain partitioning and the construction of the tree. In particular,
when time is available as a third dimension it may be challenging to build a sparse DAG with
reasonable assumptions on temporal dependence. For these reasons, future research may be
devoted to building sparse DAG methods combining the advantages of treed structures with
e.g. Markov-type assumptions of conditional independence, and applying SPAMTREES to
data with larger dimensional inputs.
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Appendix A. Kolmogorov consistency conditions for SPAMTREES

We adapt results from Datta et al. (2016a) and Peruzzi et al. (2020). Let w(s),s € D*
be the univariate representation in the augmented domain of the multivariate base process
{w(€),£ € D C R?}. Fix the reference set S C D* and let £L = {#1,...,£,} C D* and
U=L\S. Then

/ﬂwﬁ)Hdw // (wy | ws)p(ws) [ dw(ss) [] dw(e:)

Ll s;€S\L L;eL
= /ﬁ(wg) / plwy | ws) H dw(£ H dw(£
L;eu £;eS

hence p(w,) is a proper joint density. To verify the Kolmogorov consistency conditions,
take the permutation Lr = {£;(1),...,€rn)} and call Uy = L\ S. Clearly Uy = L\ S =
L\ S =U and similarly S\ L, = S\ L so that

plwe,) = /p(wuﬁ | ws)pl H dw(s;)
sZES\Lw
— [ Btw |ws)ptws) ] duts:) = fawe)
s;€S\L

implying
ﬁ(w(gl)’ SRR w(’en)) = ﬁ(w('eﬂ'(l))7 R w(zw(n)))

Next, take a new location location €y € D*. Call £; = LU {€p}. We want to show that
[ plwe,)dw(£y) = p(we). If €y € S then £\ S = L\ S =U and hence

/ﬁ(’wﬁl)dw(%) =/ (P(’wﬁl\s | ws)pws) [ duw(s ) dw(£o)

S; 68\[:1

= /ﬁ('wu | ws)p(ws) H dw(s;) = p(wc).

s;€S\L

If €y ¢ S we have

/5(w£1)dw(£0) _/ /p(wcl\s | ws)pl H dw(s; ) dw(£o)

) ( ')) dw(£o)
s;€S\L

/27(10{40} | wes, ws)plwes | ws)p(ws) [] dw(si)) dw(£o)

SiES\L:

I
—
3
5
%
c
s
g
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B
»
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= /ﬁ(wﬁ\s | ws)p(ws) H dw(Sz‘)/ﬁ(w{eo} | ws)dw(€o)

s;€S\L

~ [Btwes |wstws) ] duls)

SZ‘ES\C

= p(wg).

Appendix B. Properties of Gaussian SPAMTREES

Consider the treed graph G of a SPAMTREE. In this section, we make no distinction between

reference and non-reference nodes, and instead label V; = A; fori =0,...,M—1and Vj; =
B so that V.={A,B} = {Vy,...,Vy_1,V} and the V), are the leaf nodes. Each w;
is n; x 1 and corresponds to v; € V. for some r =0, ..., M so that Pa[v;] = {v;,,...,v;,}

for some sequence {j1, ..., -}, and n7 1 (Pa[v;]) = {S;,,..., 5}, }. Denote the h-th parent of
v; as Palv;](h).

B.1 Building the precision matrix

We can represent each conditional density N(w; | H W R;) as a linear regression on w;:

'w():w()NN(O,R()), w; = Z hijwj—i—wi, 1=1,2,..., M, (19)
{j:v;€ePalv;]}

where each h;; is an n; x n; coefficient matrix representing the regression of w; given wy,
w; N (0,R;) for i = 0,1,..., M, and each R; is an n; X n; residual covariance matrix.
We set hj; = O and h;j = O, where O is the matrix of zeros, whenever j ¢ {ji,...,j:}.
Using this representation, we have H; = [h;j,,hij,, ..., h; . ], which is an n; x J; block
matrix formed by stacking h; j, side by side for k = 1,...,r. Since E[w; |wy;)] = Hjwy;) =
C@[i]C[:.]lw[i], we obtain H; = CZ-7[,~]C[_Z.]1. We also obtain R; = var{w;|w};} = Ci; —
Ci’[,-]C[;]lC[i]’i, hence all H;’s, h;;’s, and R;’s can be computed from the base covariance
function.

In order to continue building the precision matrix, define the block matrix H = {h;;}.

We can write

his = {0 if v; ¢ Pafv;] (20)

(Cly[l]cﬁ]l)(v h) = Hi(" h) if vj = vy, € Pa[vi]7
where (-, h) refers to the h-th block column. More compactly using the indicator function
1{-} we have h;; = 1{3h : v; = Pa[vi](h)}(Ciﬁmeﬂl)(.vh). If we stack all the h;; hor-
izontally for k = 0,..., Mg — 1, we obtain the n; x n matrix H(7,-), which is i-th block
row of #. Intuitively, #(i,-) is a sparse matrix with the coefficients linking the full w
to w;, with zero blocks at locations whose corresponding node is v; ¢ Pafv;]. The ith
block-row of H is of size n; x n but only has r non-empty sub-blocks, with sizes n; x n; for
j € {j1,.--,Jr}, respectively. Instead, H; is a dense matrix obtained by dropping all the
zero-blocks from H(i, ), and stores the coefficients linking wy; to w;. The two are linked
as Hywp = H(i, )w.

24



SPATIAL MULTIVARIATE TREES

Since w = Hw + w, C = var(w) = (I — H) 'R —H)" ", where R = b.diag{R;}
and I — H is block lower-triangular with unit diagonal, hence non-singular. We find the
precision matrix as ¢ = I-H)"R'(I-H).

B.2 Properties of 6’_1

When not ambiguous, we use the notation X;; to denote the (7, j) block of X. An exception

to this is the (4, 7) block of ¢ which we denote as éil(i,j). In SPAMTREES, éil(z‘,j) is
nonzero if ¢ = j or if the corresponding nodes v; and v; are connected in the moral graph
g™, which is an undirected graph based on G in which an edge connects all nodes that
share a child. This means that either (1) v; € Pafv;] or vice-versa, or (2) there exists a*
such that {v;,v;} C Pafa*]. In SPAMTREES, G™ = G. In fact, suppose there is a node
a* € v, such that a* € Chlv;] N Chlvg], where v; € v, and v} € v,,. By definition of
G there exists a sequence {i1,...,%~} such that Pa[a*] = {v;,...,v;.} D {v;, v}, and
furthermore Palv;,] = {v;,,...,v;, ,} for h <r*. This implies that if j = k then v; = vy,
whereas if j > k then v; € Pafv;], meaning that no additional edge is necessary to build

gm.
~_1
B.2.1 EXPLICIT DERIVATION OF C' (,j)

Denote R™! = Rféng, U=(I- ’H)TRfé, and define the “common descendants”
as cd(v;,v;) = ({v;} U Chlvi]) N ({v;} U Chlv;]). Then consider a; € A,v; € V such
that a; € Palv;] and denote as H;_,; the matrix obtained by subsetting H; to columns
corresponding to a; and note that H;_,; = # . The (4, j) block of U is then

Opicn, if v; ¢ Chlv;]
if vj € Ch[vz]

Ui — _
T | @i~ His)) R,
= (L;i —Hu) 'R,

N|=

(ST

~ 1
Then C  (4,5) =Y UikU;-rk, and, as in (9), each block of the precision matrix is:

~1, _
C (ij)= >  (In—Hisp) R Iy — Hjyp)

vp€cd(v4,v5)

= > (I —He) By (T — Hiy)

vecd(vi,vj)

(21)

~—1
where cd(v;,v;) = () implies C  (i,j) = O and I;; a zero matrix unless ¢ = j as it is the
(i,7) block of an identity matrix of dimension n x n.
B.2.2 COMPUTATION OF LARGE MATRIX INVERSES

~—1
One important aspect in building C'  is that it requires the computation of the inverse
C'[_i]1 of dimension J; x J; for all nodes with parents, i.e. at » > 0. Unlike models which
achieve scalable computations by limiting the size of the parent set (e.g. NNGPs and their
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blocked variant, or tessellated MGPs), this inverse is increasingly costlier when 6 > 1 for
nodes at a higher-level of the tree as those nodes have more parents and hence larger sets
of parent locations (the same conclusion holds for non-reference nodes). However, the treed
structure in G allows one to avoid computing the inverse in O(Ji?’). In fact, suppose we have
a symmetric, positive-definite block-matrix A and we wish to compute its inverse. We write
A— [ C B} Al [Cl +C-'BS~IBTC! —ClBSl]
~|BT D - -S~1BTct St ’

where S = C — BD !B is the Schur complement of D in A. If C~! was available, the
only necessary inversion is that of S. In SPAMTREES with > 1, suppose v;,v; are two
nodes such that Pafv;] = {v;} U Pa[v;] — this arises for nodes v; € V., > M;. Regardless
of whether v; is a reference node or not, ! (Pafv;]) = {S;, Sy} and
Co [C[i] C[z‘],i:| c-l C[i]l+C[i]lc[i],iS_ICi,[i]C[i]l _C[i]lc[ﬂ,is_l
= \ciy €] Ul ~571C; Cyy! S~ ’

where the Schur complement of C; is § = C; — Ci’[i]C[z.]lC’[W = R;. Noting that H; =

Cip C[;]l we write

cl=

n (22)

C, +H/R'H; —H/R;"
-R;'H; R |

~—1
B.2.3 COMPUTING (C =~ + X)~! AND ITS DETERMINANT WITHOUT SPARSE CHOLESKY

Bayesian estimation of regression models requiring the computation of (Z Cz"+ D)~ and

its determinant use the Sherman-Morrison-Woodbury matrix identity to find (ZC’ZT +
D' =D ' - D'Z(C ' +2)'ZTD!, where & = ZTD"'Z. A sparse Cholesky
factorization of 6'_1 + ¥ can be used as typically ¥ is diagonal or block-diagonal, thus
maintaining the sparsity structure of (~7_1. Sparse Cholesky libraries (e.g. Cholmod, Chen
et al., 2008), which are embedded in software or high-level languages such as MATLAB™ or
the Matrix package for R, scale to large sparse matrices but are either too flexible or too
restrictive in our use cases: (1) we know G and its properties in advance; (2) SPAMTREES take
advantage of block structures and grouped data. In fact, sparse matrix libraries typically are
agnostic of G and heuristically attempt to infer a sparse G given its moralized counterpart.
While this operation is typically performed once, a priori knowledge of G implies that
reliance on such libraries is in principle unnecessary.

We thus take advantage of the known structure in G to derive direct algorithms for

computing (6_1 + 3)~! and its determinant. In the discussion below we consider § = M,
noting here that choosing ¢ = 1 simplifies the treatment as cd(v;,v;) = {v;} if v; = v}, and
it is empty otherwise. We now show how (21) leads to Algorithm 4 for the decomposition of
any precision matrix A which conforms to G —i.e. it has the same block-sparse structure as
a precision matrix built as in Section B.1. Suppose from A we seek a block lower-triangular
matrix L and a block diagonal D such that

Aij= Y (I — L) " Di(Ii; — Lij).

v €cd(vi,v;)
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Start with v;,v; taken from the leaf nodes, i.e. v;,v; € V. Then cd(v;,vj) = () and we
set L;jj = L(j,i)" = O = Ayj. If i = j then cd(v;,v;) = {v;} and

Z (I — Ly;) ' Di(Ik; — Li;) = (Ii; — Ly) " Di(I; — L(i, 1))

v €cd(vi,v;)
= D; — D;L;; — L};D; + Lj; D; Ly;;

we then set L; = O and get the i-th block of D; simply setting D; = A;;. Proceeding

downwards along Q, if v; € VM,1 N Pa[vi] we have Az‘j = Dz(Izg - Lz‘j) = —DiLZ‘j and

thus set L;; = —D;'A;;. We then note that cd(vj,v;) = {v;,v;} and obtain Aj; =

D; + LiTjDiLij where L;; and D; have been fixed at the previous step; this results in
T

Dj = Ajj — LijDiLij-

Then, the s-th (of M) step takes v; € Vs N Pafv;] and v; € Vr_s41, implying
cd(v;,v;) = {v;} U Ch[v;]. Noting that F* = kaECh[vi}(Iki — Lki)TDk(ij — Ly;) has
been fixed at previous steps since each vy, is at level M — s+ 2, we split the sum in (21) and
get

Aij — F* = D;i(1;; — L;ij) = —D; Ly,
where D; has been fixed at step s — 1, obtaining L;; = —D»_I(Aij — F*); Dj can be found

(2
using the same logic. Proceeding until M — s = 0 from the leaves of G to the root, we

ultimately fill each non-empty block in L and D resulting in A = (I — L)' D(I — L).
Algorithm 4 unifies these steps to obtain the block decomposition of any sparse precision
matrix A conforming to G resulting in A = (I — L)"D(I — L), where L is block lower
triangular and D is block diagonal. This is akin to a block-LDL decomposition of A indexed
on nodes of G. Algorithm 5 complements this decomposition by providing a G-specific block
version of forward substitution for computing (I — L)~! with L as above.

In practice, a block matrix with K2 blocks can be represented as a K? array with rows
and columns indexed by nodes in G and matrix elements which may be zero-dimensional
whenever corresponding to blocks of zeros. The specification of all algorithms in block
notation allows us to never deal with large (sparse) matrices in practice but only with small
block matrices indexed by nodes in G, bypassing the need for external sparse matrix libraries.

Specifically we use the above algorithms to compute A~! = ((~7 _l—i-E)_l and its determinant:
Al=T-L)'D'(I-L) " and [A7}| = Hf\isl 1/|D;]. We have not distinguished non-
reference and reference nodes in this discussion. In cases in which the non-reference set is
large, we note that the conditional independence of all non-reference locations, given their

~ 1
parents, results in C  (4,4) being diagonal for all £ € U (i.e. n(€) = v; € B). This portion
of the precision matrix can just be stored as a column vector.

~—1
B.2.4 SparsiTy OF C
We calculate the sparsity in the precision matrix; considering an enumeration of nodes by
level in G, denote n;; = |[n~(vs5)], mj = |V|, and J;; = |n~(Pa[v;;])|, and noting that by
~ 1 ~—1 ~—1
symmetry (C(i,7))" = C (j,i), the number of nonzero elements of C'  is

mz(C ) =SS (2ngJiy + 0314 < M} +ny1{j = M}),
j=0 i=1
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Input: A n X n precision matrix conforming to G
Initialize L = Opxn, D = Opxn;

for r € {M,...,0} do // top down from last level
for j: {v; € V,} do // [parallel for]
Djj = Ajj;

for p : {v, € Pafv;]} do
Ljp = _Dj_lejP;
for g : {v, € Pafv;]} do
Apg = Apg — Aijng5
Agp = Apg:

pPg’

Result: Block-lower-triangular L with L;; # O if v; € Pa[v;], and block-diagonal
D such that (I — L)TD(I — L) = A.

Algorithm 4: Precision matrix decomposition given treed graph G with M levels.

Input: I' = I — L where L is as in Algorithm 4.
Initialize Ajj = Oy, n, for all i, j such that v; € Pa[v;];
for r €{0,...,M} do // bottom up from root of §
for j: {v; € V,} do // [parallel for]
for p: {v, € Py_[;} do B B
Set chain(v,,v;) = {vp} U{Po_;1 N Possip )
for g : {v, € chain(vp,v;)} do
ip = Ajp = TjgAgp

Result: A =T

Algorithm 5: Calculating the inverse of I — L with L output from Algorithm 4.
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where n;;1{j = M} refers to the diagonal elements of the precision matrix at non-reference
locations.
B.3 Properties of SPAMTREES with § = M

We outline recursive properties of C induced by G when 6 = M. In the case 1 < § <
M, these properties hold for nodes at or above level M;s, using Az as root. We focus

on paths in G. These can be represented as sequences of nodes {v;,,...,v;.} such that
{vi;,.. ;v } C Pafu, ] for 1 < j < k < r. Take two successive elements of such a
sequence, i.e. v;,v; such that v; — v; in G. Consider E[w; |wy;)] = H jw; = CM]-]C’E]lwm

and R; = var{w; |w(;} = Cj; — Cj,[ﬂcg]lc[j],j' By (22) we can write

Hywy = [Cr Col |0 gy, R

7 wz

cit+ B -]

c! 1o) w
— L p L 1 o [4] i
= [Cj,[ﬂ Ciji C] [z]C[z] C[Z},l] [ o (Ci;- Ci,[i]c[:']lc[i]d)—l] [,wz C; HCH w[z}]
7,11] M Js 7,[4] [z] [i] ¢ i i,[d] %~ 1) il o Ci,[z’]c[;]l’w[i] .

Now define the covariance function K;(€,£') = C e —Cp)C [;.]IC (i],¢'; recalling that the ref-

erence set is § = UM ! U2 Jii 1S we use a shorthand notation for these subsets: K;(Sp, Sk) =

K (h,k). Also denote e; = w; — Ci,[i]C[_Z.]lw[i] for all 7. The above expression becomes
- . 1. - wry;
Hjwy) = |CinCly KiK' (0.1)] [ e[»q

= Hywy + Ki(j,1)K; ' (i,i)e;;

we can use this recursively on {v;,,v;,,...,v; } where v;, € Ag and v;, = v; and get

where the expectations on the r.h.s. are taken with respect to the distributions of e; which
are Gaussian with mean zero and var{e,} = Kp(h,h) — this is a compact expression of
the conditionals governing the process as prescribed by G. We can also write the above as
E(w; |wy) = Y, Ks(j, 5)K; (s, s)(ws — E[ws |wyg]); using Ele, |wp, wyy] = 0, for
h < k we find

covien, er} = E[cov{en, ey |wn, wpy}] + cov{Eley, | wp, wi], Elex | wp, wiy]}

= cov{Elep, | wp, wy], Eley, | wp, wi)]} = 0.
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The above results also imply C;;C C’[J]] = Z K, (j,s)K;'(s,5)Ks(s,j) and suggest

]
s=ig
an additive representation via orthogonal basis functions:

5l

Tp—1

w; = Z K (j,5)K; (s,5)es + e; (23)

s=ig

Finally, considering the same sequence of nodes, recursively introduce the covariance
functions Fo(r,s) = C, sand for j > 1, Fj(r,s) = Fj_1(r,s)—F - (r, j—l)ij_l1 (5-1, j-1)F 1 (j-1, s).
We get

Fj(r,s) = Fj(r,s) — Fi(r,j)F;(5,5)F;(j, s)

wsing (22) = Fj_1(r,5) — Fja(r, [j-L) F; 1 ([5-1:4), [-1:0) F 72 ([G-1:9), )
= C(r,s) — C(r,[0:5)C " ([0:4], [0:5])C([0:4], 5)
=C(r,s) = Cr[j111Cp1y Clitals

which can be iterated forward and results in an additional recursive way to compute co-
variances in SPAMTREES. Notice that while K; is formulated using the inverse of J; x J;
matrix C|;, the F;’s require inversion of smaller n; X n; matrices F';_1(j-1, j-1).

B.4 Properties of C

B4.160=1

Choosing depth § = 1 results in each node having exactly 1 parent. In this case the path
Prj = {viy,...,v;,} from vy to v;, where v;; = v, v, = v; and {v;, } = Pafv;, ],
is unique, and there is thus no distinction between shortest and longest paths: Pp_,; =
Pkﬁj = Pkﬁj Then denote Hkﬁj =H; -H; ,---H;. Let v, be the concestor be-
tween v; and vj; i.e. v, = con(v;,v;) = argmaxy,ev{k : Pri N Pr; # 0} and the
associated paths P, ; = {vi,...,vi, } and Poyj = {vj,,..., v, } where vy, = vj, = v,
v;,, = v; and vj,, = Vj. Then we can write w; = w;,, = H;, w;, _, +v;, where v; ~
N(0, R;,.) and proceed expanding w;, , to get w;,. = H;, (H;, ,w;, _,+v; ,)+v;, =
H; H; ,wi, ,+(H; v; ,+v;, );continuing downwardly along the tree we eventually
find w; = H;, - Hw; + v; = H,_w, + v; where v; is independent of w,. After
proceeding analogously with wj, take £;,£; such that n(¢;) = v; and n(£;) = v;. Then

Covp(w(l:), w(t;)) = H.i(£:)C.H..;(£;)", (24)
where HZ_H(E,) =C(¥;, SZ-)Ci_lI'-'I.ZH[i] and similarly for I'-'I.Z_>j (£5).

B42 1 << M

Take two nodes v;,v; € V. If Pafv;] N Pafv;] # () then we apply the same logic as in B.4.3
using v, = con(v;, v;) as root. If Pa[v;] N Pafv;] = () and both nodes are at levels below
Mjs then we use B.4.1. The remaining scenario is thus one in which v; € A,, r > Ms and
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Pa[v;] N Pafv;] = (. We take v; € A, s < Ms for simplicity in exposition and without loss
of generality. By (23)

w; = Z Ks(i,s)Ks_l(s,s)es + e;,
(25)

S=ipMg4+1

where v, € Ay, is the parent node of v; at level Ms. The final result of (14) is then
achieved by noting that the relevant subgraph linking v, and v; has depth ¢, = 1 and
thus Cov(w,,w;) can be found via B.4.1, then Cov(w;,w;) = C;;Cy ' Cov(w,, w;) =
F;Cov(w,,w;). Notice that F'; directly uses the directed edge v, — v; in G; for this reason
the path between w; and w, = con(w,,w;) is the actually the shortest path and we have
V, >V — ;.

B43 0=M

Take v;,v; € V and the full paths from the root Pooyi = {i0y...,ir,} and ﬁoﬂj =
{jo,---,jr;}, respectively. Then using (23) we have

wi= Y Ki,s)K;'(s,5)es + e;

S€750ai

= > KJ(i,s)K;'(s;s)es+ Y Ki(i,5)K; (s, 5)es + e
s€PoiNPo_sj 5€Poi\Po_s;j

= ) K(i,s)K;'(s,s)es + €&
SEﬁOHimﬁO—)j

w; = Z Ks(jvs)K;1(578)63+ej

SGﬁo_ﬂ

= > K.(G9OK'(ss)es+ > K, s)K (s, 5)es + €
$€Po—iNPo—sj $€Po—;\Po—i

= > KJj9)K; ' (s,s)es + &,
Seﬁoﬁ»zﬂﬁoﬁg

where Cov(é;, e;) = 0. Then since e, are independent and e; ~ N (0, K (s, s)) we find

Covz(w;, w;) = Cov Z K (i,5)K;'(s,5)es + e,

Selﬁo—ﬂmlﬁo—m’

> K(G9)K; (s.9)es +e (27)

s€Po—iNPo— j

— Z K (i,8) K (s,8)K(s,j) + Licj {K;(i,9)}.

$€Po—iNPo— j
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We conclude by noting that 6 = M implies Posi N 730—>g = Pa[v;] N Pajv;]; considering two
locations £;, €; € D* such that 1(¢;) = v; and n(£;) = v; we obtain

Covplw(ls)w() = D Kl K (5.5 K(s.4)) + Leme {Killi. 4))).
s:{vs€Palv;]NPafv;]}
(28)

B.5 Computational cost

We make some assumptions here to simplify the calculation of overall cost: first, we assume
that reference locations are all observed & C 7T, and consequently 4/ = 7 \ S. Second,
we assume that all reference subsets have the same size i.e. |S;| = Ny for all i. Third, we
assume all nodes have the same number of children at the next level in G, i.e. if v; € A, with
r < M —1, then |Ch[v;] N A,4+1| = C, whereas if r = M — 1 then |Ch[v;]| = N,. Fourth, we
assume that all non-reference subsets are singletons i.e. if v; € B then |U;| = 1. The latter
two assumptions imply (5). We also fix CNs; = N,. As a result, the number of nodes at
level 7 = 0,..., M —1is C", therefore |A| + |B| = XM P or + N,CM-1 = % + N,CM.

Then the sample size is n = |T| = |S| + [U| = CM+ —L hence M ~ logc(n/N ). Starting
with 6 = M, the parent set sizes J; for a node v; 6 AT grow with r as J; = rNg and if
v; € B then J; = M N,. The cost of computing p(w | ) is driven by the calculation of H ,
which is O(r2N3) for reference nodes at level r, for a total of O(N3 "M 1 C7r2). Since

for common choices of C' and M we have ZM 1C” IN3 < ZM Lo N3 = Céf N2 ~

CMN3 ~ N N3 = nN2 then the cost for reference sets is O(nNSQ). Analogously for non
reference nodes we get O(CM M?N3) which leads to a cost of O(nN2). The cost of sampling
w is mainly driven by the computation of the Cholesky factor of a Ny x Ng matrix at each
of CCM:II reference nodes, which amounts to O(nN2). For the NsC™ non-reference nodes
the main cost is in computing H;w; which is M N for overall cost O(CM M N2) which is
smaller than O(nN2). Obtaining F( °) at the root of G is associated to a cost O(NZ2%5 o= C)
which is O(nNg) but constitutes a bottleneck if such operation is performed sunultaneously

to sampling; however this bottleneck is eliminated in Algorithm 3.

If 6 = 1 then the parent set sizes J; for all nodes v; € V are constant J; = Ny; since

the nodes at levels 0 to M — 1 have C children, the asymptotic cost of computing p(w | )

is O(N3 ZM Loy = O(N3< or= —1) = O(nN?). However there are savings of approximately

a factor of M associated to 6 = 1 in fixed samples since Zi\/i;l crr? > Zf,‘/;l C'r >

Mgflfl — (%Tlr)lg > Mgfjfl > M ZM Ler. Fixing C' and M one can thus choose larger
N, and smaller d, or vice-versa.

The storage requirements are driven by the covariance at parent locations C'; for nodes
v; with Pafv;] # 0 i.e. all reference nodes at level r = 1,..., M —1 and non-reference nodes.
Taking 6 = M, suppose v; is the last parent of v;, meaning v;UPa[v;] = Palv;]. Then C; =
C({S: S} {SZ, S[% . If v; € A, then these matrices are of size (r+1)Ng X (r+1)Ng; each
of these is thus O(r?N?2) in terms of storage. Considering all such matrices brings the overall
storage requirement to O(Zyzol C"r?N?2) which is O(nN;) using analogous arguments as
above. For § = 1 we apply similar calculations as above. The same number of H; and R;
must be stored but these are smaller in size and therefore do not affect the overall storage
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requirements. The design matrix Z is stored in blocks and never as a large (sparse) matrix
implying a storage requirement of O(nq).

Appendix C. Implementation details

Building a SPAMTREE DAG proceeds by first constructing a base-tree G; at depth § = 1
and then adding edges to achieve the desired depth level. The base tree G; is built from the
root by branching each node v into |Ch[v]| = ¢? children where d is the dimension of the
spatial domain and c is a small integer. The spatial domain D is partitioned recursively;
after setting D, each recursive step proceeds by partitioning each coordinate axis of D; C D
into ¢ intervals. As a consequence D; = U;D;; and D;j N D,y = 0 if j # 5. This recursive
partitioning scheme is used to partition the reference set S which we consider as a subset of
the observed locations. Suppose we wish to associate node v to approximately ng locations
where ng = k% for some k. Start from the root i.e. v € Ag. Then take Sy = S and partition
it via parallel partitioning of each coordinate axis into k intervals. Collect 1 location from
each subregion to build Syp. Then set 1(Sp) = vg and S; = S\ Sp. Then, take {D;;}; such
that U;D1; = Do = D. We find S1; via axis-parallel partitioning of S; N Dy, into k4 regions
and selecting one location from each partition, as above, and setting S = S\ {SoUS1}. All
other reference subsets are found by sequentially removing locations from the reference set,
and proceeding analogously as above. This stepwise procedure is stopped when either the
tree reaches a predetermined height M, or when there is an insufficient number of remaining
locations to build reference subsets of size ng. The remaining locations are assigned to
the leaf nodes via np as defined in Section 2.1 in order to include at least one neighboring
realization of the process from the same variable.

One specific issue arises when multivariate data are imbalanced, i.e. one of the margins
is observed at a much sparser grid, e.g. in Section 4.2 PRCP is collected at a ratio of 1:10
locations compared to other variables. In these cases, if locations were chosen uniformly
at random to build the reference subsets then the root nodes would be associated via 7
to reference subsets which likely do not contain such sparsely observed variables. This
scenario goes against the intuition of 1 suggesting that a naive approach would result in
poor performance at the sparsely-observed margins. To avoid such a scenario, we bias the
sampling of locations to favor those at which the sparsely-observed variables are recorded.
As a result, in Section 4.2 near-root nodes are associated to reference subsets in which all
variables are balanced; the imbalances of the data are reflected by imbalanced leaf nodes
instead.

The source code for SPAMTREES is available at https://CRAN.R-project.org/package=
spamtree and can be installed as an R package. The spamtree package is written in C++
using the Armadillo library for linear algebra (Sanderson and Curtin, 2016) interfaced to
R via RcppArmadillo (Eddelbuettel and Sanderson, 2014). All matrix operations are per-
formed efficiently by linkage to the LAPACK and BLAS libraries (Blackford et al., 2002;
Anderson et al., 1999) as implemented in OpenBLAS 0.3.10 (Zhang, 2020) or the Intel Math
Kernel Library. Multithreaded operations proceed via OpenMP (Dagum and Menon, 1998).
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C.1 On the dependencies on sparse Cholesky libraries

SPAMTREES do not require the use of external Cholesky libraries because Cholesky-like
algorithms can be written explicitly by referring to the treed DAG and its edges. This is
unusual for DAG-based models commonly used in geostatistical settings. For example, an
NNGP model uses neighbors to build a DAG. The DAG can be used to fill the L and D
matrices leading to LDLT = C~!, where C~! is the sparse precision matrix of the latent
process. When one then adds measurement error in a regression setting and marginalizes
out the latent process, the goal is to find the Cholesky decomposition of C~1 + 72I,,. The
original NNGP DAG used for L and D is not useful for this purpose — hence the need for
NNGP to use sparse Cholesky libraries in collapsed samplers (Finley et al., 2019). On the
other hand, with SPAMTREES we can still look at the original DAG to “update” L and D
by using Algorithm 4. We included it in the Appendix as our software package implements
the Gibbs sampler in the main article, which does not involve Cholesky decompositions of
large sparse precision matrices.

Furthermore, one of the initial steps in Cholesky algorithms for sparse symmetric positive-
definite matrices involves finding “good” reordering rows and columns. These reorderings
simplify the (undirected) graphical model that corresponds to the sparsity structure in the
matrix. Once a simple-enough graphical model is found heuristically, it is used for the
decomposition. On the other hand, the sparse Cholesky algorithm for SpamTrees can be
written explicitly using the underlying DAG, without any intermediate step, because it is
fixed and with a convenient treed structure. It might be possible to write software that out-
performs excellent libraries such as CHOLMOD (Chen et al., 2008) at decomposing the matrices
needed in collapsed sampling algorithms for SpamTrees.

Regarding a more general perspective about dependencies on well established software
libraries, we should clarify that the software for SpamTree does take advantage of highly
efficient libraries such as BLAS/LAPACK provided in Intel MKL 2019.5, OpenMP (Dagum
and Menon, 1998) for parallelizing the algorithms as described in the main article. These
libraries are optional and our code does not strictly depend on them. For example, noting
that it is considerably more difficult to compile OpenMP code on Macs, one can just disable
OpenMP and let the Accelerate BLAS (rather than OpenBLAS or Intel MKL) deal with all
matrix algebra for Apple computers, at the cost of some performance in big data settings.
Our code also has R package dependencies for data pre-processing, but these are peripheral
to the proposed methods and algorithms. Any improvement in the upstream libraries we
used for coding spamtree will positively impact the performance of our software.

C.2 Applications
C.2.1 SIMULATED DATASETS

SPAMTREES with full depth are implemented by targeting reference subsets of size ng = 25
and tress with ¢ = 4 additional children for each branch. The tree is built starting from a
2 x 2 partition of the domain, hence there are 4 root nodes with no parents in the DAG.
The cherry-pickying function 7 is set as in Section 2.1; with these settings the tree height is
M = 3. For SPAMTREES with depth § = 1 we build the tree with reference subsets of size
ng = 80 and ¢ = 4. Multivariate Q-MGPs are implemented via axis-parallel partitioning
using 57 intervals along each axis. The multivariate SPDE-INLA method was implemented
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Figure 8: Posterior means and 95% credible intervals for components of 6 for SPAMTREES.

following the examples in Krainski et al. (2019), Chapter 3, setting the grid size to 15 x 15 to
limit the compute time to 15 seconds when using 10 CPU threads. BART was implemented
on each dataset via the wbart function in the R package BART; the set of covariates for
BART was built using the spatial coordinates in addition to a binary variable representing
the output variable index (i.e. taking value 1 whenever y; is of the first outcome variable, 0
otherwise).

C.2.2 MODIS-TERRA anD GHCN

The implemented SPAMTREES are built with 36 root nodes and ¢ = 6 additional children
for each level of the tree, 25 reference locations for each tree node, and for up to M = 5
levels of the tree and 6 = 5 (i.e. full depth). The non-reference observed locations are linked
to leaves via cherry-pickying as in Section 2.1. Multivariate models were run on an AMD
Epyc 7452-based virtual machine with 256GB of memory in the Microsoft Azure cloud; the
SPAMTREE R package was set to run on 20 CPU threads, on R version 4.0.3 linked to the
Intel Math Kernel Library (MKL) version 2019.5-075. The univariate models were run on an
AMD Ryzen 5950X-based dedicated server with 128GB of memory, on 16 threads, R version
4.1.1 linked to Intel MKL 2019.5-075. The univariate NNGP model was implemented using
R package spNNGP (Finley et al., 2020) using 20 neighbors for all outcomes and a “latent”
algorithm. The univariate SPAMTREE was implemented on each outcome with full depth,
¢ = 16 additional chidren for each level of the tree, and 25 reference locations for each node.

The MGP model was implemented via the development package at github.com/mkln/
meshgp targeting a block size with 4 spatial locations, resulting in an effective average block
dimension of 20. Caching was unavailable due to the irregularly spaced PRCP values. Fewer
MCMC iterations were run compared to SPAMTREES to limit total runtime to less than
16h.
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