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Abstract

Many statistical learning problems have recently been shown to be amenable to Semi-
Definite Programming (SDP), with community detection and clustering in Gaussian mix-
ture models as the most striking instances Javanmard et al. (2016). Given the growing
range of applications of SDP-based techniques to machine learning problems, and the rapid
progress in the design of efficient algorithms for solving SDPs, an intriguing question is to
understand how the recent advances from empirical process theory and Statistical Learning
Theory can be leveraged for providing a precise statistical analysis of SDP estimators.

In the present paper, we borrow cutting edge techniques and concepts from the Learning
Theory literature, such as fixed point equations and excess risk curvature arguments, which
yield general estimation and prediction results for a wide class of SDP estimators. From
this perspective, we revisit some classical results in community detection from Guédon and
Vershynin (2016) and Fei and Chen (2019b), and we obtain statistical guarantees for SDP
estimators used in signed clustering, angular group synchronization (for both multiplica-
tive and additive models) and MAX-CUT. Our theoretical findings are complemented by
numerical experiments for each of the three problems considered, showcasing the competi-
tiveness of the SDP estimators.

Keywords: Semi-Definite Programming, Statistical Learning, Group Synchronization,
Signed Clustering.

1. Introduction

Many statistical learning problems have recently been shown to be amenable to Semi-
Definite Programming (SDP), with community detection and clustering in Gaussian mizture
models as the most striking instances where SDP performs significantly better than other
current approaches Javanmard et al. (2016). SDP is a class of convex optimization problems
generalising linear programming to linear problems over semi-definite matrices Todd (2001),
Wolkowicz et al. (2012), Boyd and Vandenberghe (2004), and which was proved to be an
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important tool in the computational approach to difficult challenges in automatic control,
combinatorial optimization, polynomial optimization, data mining, high-dimensional statis-
tics and the numerical solution to partial differential equations. The goal of the present
paper is to introduce a new fixed point approach to the statistical analysis of SDP-based
estimators, and illustrate our method on four current problems of interest, namely commu-
nity detection, signed clustering, angular group synchronization, and MAX-CUT. Our aim is
to show that all these estimators can be viewed as special instances of Empirical Risk Min-
imization (ERM), and can then benefit from the very large litterature on that subject. The
rest of this section provides historical background and presents the mathematical definition
of SDP-based estimators.

1.1 Historical background

SDP is a class of optimization problems which includes linear programming as a partic-
ular case, and can be written as the set of problems over symmetric (resp. Hermitian)
positive semi-definite matrix variables, with linear cost function and affine constraints, i.e.
optimization problems of the form

%§§(<A,Z>:<Bj,2>:bj forjzl,...,m), (1)

where A, By, ..., By, are given matrices. SDPs are convex programming problems which can
be solved in polynomial time when the constraint set is compact and it plays a paramount
role in a large number of convex and non-convex problems, for which they often appear as
a convex relaxation Anjos and Lasserre (2011). We will occasionally use the notation S,, 4
(resp. Sy,—) for the cone of positive (resp. negative) semi-definite matrices.

1.1.1 EARLY HISTORY

Early use of Semi-Definite programming in statistics can be traced back to Scobey and
Kabe (1978) and Fletcher (1981). In the same year, Shapiro used SDP in factor analysis
Shapiro (1982). The study of the mathematical properties of SDP then gained momentum
with the introduction of Linear Matrix Inequalities (LMI) and their numerous applications
in control theory, system identification and signal processing. The book Boyd et al. (1994)
is the standard reference of these type of results, mostly obtained in the 90’s.

1.1.2 THE GOEMANS-WILLIAMSON SDP RELAXATION OF MAX-CUT AND ITS LEGACY

A notable turning point is the publication of Goemans and Williamson (1995), where SDP
was shown to provide a 0.87 approximation to the NP-Hard problem known as MAX-CUT.
The MAX-CuUT problem is a clustering problem on graphs which consists in finding two
complementary subsets S and S¢ of nodes such that the sum of the weights of the edges be-
tween S and S€ is maximal. In Goemans and Williamson (1995), the authors approach this
difficult combinatorial problem by using what is now known as the Goemans-Williamson
SDP relazation, and use the Choleski factorization of the optimal solution to this SDP in
order to produce a randomized scheme achieving the 0.87 bound in expectation. Moreover,
this problem can be seen as a first instance where the Laplacian of a graph is employed in
order to provide an optimal bi-clustering in a graph, and certainly represents the first chap-
ter of a long and fruitful relationship between clustering, embedding and graphs Laplacians.
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Other SDP schemes for approximating hard combinatorial problems are, to name a few, for
the graph coloring problem Karger et al. (1998), and the satisfiability problem Goemans
and Williamson (1995, 1994). These results were later surveyed in Lemaréchal et al. (1995);
Goemans (1997) and Wolkowicz (1999). The randomized scheme introduced by Goemans
and Williamson was then further improved in order to study more general Quadratically
Constrained Quadratic Programmes (QCQP) in various references, most notably Nesterov
(1997); Zhang (2000) and further extended in He et al. (2008). Many applications to signal
processing are discussed in Olsson et al. (2007), Ma (2010); one specific reduced complexity
implementation in the form of an eigenvalue minimization problem and its application to
binary least-squares recovery and denoising is presented in Chrétien and Corset (2009).

1.1.3 RELAXATION OF MACHINE LEARNING AND HIGH-DIMENSIONAL STATISTICAL
ESTIMATION PROBLEMS

Applications of SDP to problems related to machine learning is more recent and probably
started with the SDP relaxation of K-means in Peng and Xia (2005); Peng and Wei (2007)
and later in Ames (2014). This approach was then further improved using a refined statis-
tical analysis by Royer (2017) and Giraud and Verzelen. Similar methods have also been
applied to community detection Hajek et al. (2016); Abbe et al. (2015) and for the weak
recovery viewpoint, Guédon and Vershynin (2016). This last approach was also re-used via
the kernel trick for the point cloud clustering Chrétien et al. (to appear). Another incarna-
tion of SDP in machine learning is the extensive use of nuclear norm-penalized least-square
costs as a surrogate for rank-penalization in low-rank recovery problems such as matrix
completion in recommender systems, matrix compressed sensing, natural language process-
ing and quantum state tomography; these topics are surveyed in Davenport and Romberg
(2016).

The problem of manifold learning was also addressed using SDP and is often mentioned
as one of the most accurate approaches to the problem, let aside its computational com-
plexity; see Weinberger et al. (2005); Weinberger and Saul (2006b,a); Hegde et al. (2012).
Connections with the design of fast converging Markov-Chains were also exhibited in Sun
et al. (2006). Positive semi-definite embeddings for dimensionality reduction and manifold
learning, along with out-of-sample extensions, were recently explored in Fanuel et al. (2017).

In a different direction, A. Singer and collaborators have recently promoted the use of
SDP relaxation for estimation under group invariance, an active area with many applications
Singer (2011); Bandeira et al. (2014). SDP-based relaxations have also been considered in
Cucuringu (2015) in the context of synchronization over Zs in signed multiplex networks
with constraints, and Cucuringu (2016) in the setting of ranking from inconsistent and
incomplete pairwise comparisons where an SDP-based relaxation of angular synchronization
over SO(2) outperformed a suite of state-of-the-art algorithms from the ranking literature.
Phase recovery using SDP was studied in e.g. Waldspurger et al. (2015) and Demanet and
Hand (2014). An extension to multi-partite clustering based on SDP was then proposed
in Karger et al. (1998). Other important applications of SDP are, information theory
Lovasz (1979), estimation in power networks Lavaei and Low (2011), quantum tomography
Mazziotti (2011), Gross et al. (2010) and polynomial optimization via Sums-of-squares
relaxations Lasserre (2015); Blekherman et al. (2012). Sums of squares relaxations were
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recently applied to statistical problems in De Castro et al. (2019); Hopkins (2018); de Castro
et al. (2017). Extension to the field of complex numbers, with (-, -) denoting the Hermitian
inner product, has been less extensively studied but has many interesting applications and
comes with efficient algorithms Goemans and Williamson (1995); Gilbert and Josz (2017).

1.2 Mathematical formulation of the problem

The general problem we study can be stated as follows. Let A be a random matrix in
R™"™ and C < R™*"™ be a constraint. The object that we want to recover, for instance, the
community membership vector in community detection, is related to an oracle defined as

Z* € argmax (EA, Z), (2)
ZeC
where (A, B) = Tr(AB") = ¥, A;; B;j when A, B € C"*™ where % is the conjugate of z € C.
We would like to estimate Z*, from which we can ultimately retrieve the object that really
matters to us (for instance, by considering a singular vector associated to the largest singular
value of Z*). To that end, we consider the following natural estimator of Z* given by

7 € argmax (A, Z), (3)
ZeC

which is simply obtained by replacing the unobserved quantity EA by the observation A.

As pointed out, in many situations, Z* is not the object we want to estimate, but
there is a straightforward relation between Z* and this object. For instance, consider the
community detection problem, where the goal is to recover the class community vector
x* € {—1,1}" of n nodes. Here, when C is well chosen, there is a close relation between
Z* and x*, given by Z* = x*(2*)". We therefore need a final step to estimate z* from Z,
for instance, by letting & denote a top eigenvector of Z, and then using the Davis-Kahan
“sin(0)” Theorem Davis and Kahan (1970); Yu et al. (2015) to control the estimation of
#* by & from the one of Z* by Z.

When the constraint C is of the form C = {Z e R™*" : Z > 0, <Z7 Bj> =b,j=1,...,m},
where By, ..., By, € R™*™ and Z > 0 is notation for “ Z is positive semidefinite”, then (3)
is a semidefinite program (SDP) Boyd and Vandenberghe (2004).

Goal of the paper. The aim of the present work is to present a general approach to the
study of the statistical properties of SDP-based estimators defined in (3). In particular,
using our framework, one is able to obtain new (non-asymptotic) rates of convergence or
exact reconstruction properties for a wide class of estimators obtained as a solution of a
semidefinite program like (3). Specifically, our goal is to show that the solution to (3)
can be analyzed in a statistical way, when EA is only partially and noisily observed in A.
Even though the constraint C may not necessarily be the intersection of the set of PSD (or
Hermitian) matrices with linear spaces — such as in the definition of SDP — in the following,
a solution Z of (3) will be called a SDP estimator because, in all our examples, Z will be
solution of a SDP. But for the sake of generality, we will only assume a minimal requirement
on the shape of C. We also illustrate our results on a number of specific machine learning
problems, such as various forms of clustering problems and angular group synchronization.
Three out of the four examples worked out here are concerned with real-valued matrices.
Only the angular synchronization problem is approached using complex matrices.
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Our goal here is to show that various problems can be analyzed in the same way. Our
point of view is to look at Z* as an oracle, and Z as an ERM, and therefore to analyze the
problem from this perspective; in particular, we can benefit from the extensive literature
on the statistical properties of ERMs. Our approach reveals a general methodology and its
two crucial points, which are the local curvature of the excess risk and the computation of
a complexity fixed point.

2. Main general results for the statistical analysis of SDP estimators

From a statistical point of view, the task remains to estimate in the most efficient way the
oracle Z*, and to that end Z is our candidate estimator. The point of view we will use to
evaluate how far Z is from Z* is coming from the Learning Theory literature. We therefore
see Z as an empirical risk minimization (ERM) procedure built on a single observation
A, where the loss function is the linear one Z € C — (z(A) = —<A, Z>, and the oracle
Z* is indeed the one minimizing the risk function Z € C — Elz(A) over C. Having this
setup in mind, we can use all the machinery developed in Learning Theory (see for instance
Vapnik (1998); Koltchinskii (2006); Massart (2007); van de Geer (2000)) to obtain rates of
convergence for the ERM (here Z) toward the oracle (here Z*).

There is one key quantity driving the rate of convergence of the ERM: a fixed point
complexity parameter. This type of parameter carries all the statistical complexity of the
problem, and even though it is usually easy to set up, its computation can be tedious since
it requires to control, with large probability, the supremum of empirical processes indexed
by “localized classes”. We now define this complexity fixed point related to the problem we
are considering here.

Definition 1 Let 0 < A < 1. The fized point complexity parameter at deviation 1 — A is

r*(A)=inf [r>0:P sup (A—EBA,Z-Z*)<(1/2r|=1-A]. (4)
2eC:(EAZ* 2 )<r

Fixed point complexity parameters have been extensively used in Learning Theory since the
introduction of the localization argument Massart (2007); Koltchinskii (2011); van de Geer
(2000); Birgé and Massart (1993). When they can be computed, they are preferred to the
(global) analysis developed by Chervonenkis and Vapnik Vapnik (1998) to study ERM, since
the latter analysis always yields slower rates given that the Vapnik-Chervonenkis bound is
a high-probability bound on the non-localized empirical process sup ZeC<A —EA Z - Z *>,
which is an upper bound for 7*(A) since {Z € C : (EA, Z* — Z) < r} < C. The gap between
the two global and local analysis can be important since fast rates cannot be obtained using
the VC approach, whereas the localization argument resulting in fixed points such as the
one in Definition 1 may yield fast rates of convergence or even exact recovery results.

An example of a Vapnik-Chervonenkis’s type of analysis of SDP estimators can be found
in Guédon and Vershynin (2016) for the community detection problem. An improvement
of the latter approach has been obtained in Fei and Chen (2019b) thanks to a localization
argument — even though it is not stated in these words (we elaborate more on the two
approaches from Guédon and Vershynin (2016) and Fei and Chen (2019b) in Section 3).
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Somehow, a fixed point such as (4) is a sharp way to measure the statistical performances
of ERM estimators, and in particular for the SDP estimators that we are considering here.
They can even be proved to be optimal (in a minimax sense) when the noise A — EA is
Gaussian Lecué and Mendelson (2013), and under mild conditions on the complexity of C.

Before stating our general result, we first recall a definition of a minimal structural
assumption on the constraint C.

Definition 2 We say that the set C is star-shaped in Z* when for all Z € C, the segment
[Z,Z*] is in C.

This is a pretty mild assumption satisfied, for instance, when C is convex, which is the setup
we will always encounter in practical applications, given that SDP estimators are usually
introduced after a “convex relaxation” argument. Our main general statistical bound on
SDP estimators is as follows.

Theorem 1 We assume that the constraint C is star-shaped in Z *. Then, for all0 < A <
1, with probability at least 1 — A, it holds true that <EA, z% — Z> <r*(A).

Theorem 1 applies to any type of setup where an oracle Z* is estimated by an estimator
Z such as in (3). Its result shows that Z is almost a maximizer of the true objective function
Z — (EA, Z) over C up to r*(A). In particular, when 7*(A) = 0, 7 is exactly a maximizer
such as Z* and, in that case, we can work with Z as if we were working with Z* without
any loss. Then, in this ”exact reconstruction case”, the information contained about A on
E[A] is enough for inferring Z* exactly.

Theorem 1 may be applied in many different settings; in the following, we study four
such instances. We will apply Theorem 1 (or one of its corollary stated below) to several
popular problems in the networks and graph signal processing literatures, namely, commu-
nity detection Fortunato (2010) (we will mostly revisit the results in Guédon and Vershynin
(2016) and Fei and Chen (2019b) from our perspective), signed clustering Cucuringu et al.
(a), group synchronization Singer (2011) and MAX-CUT.

The proof of Theorem 1 is straightforward (mostly because the loss function is linear).
Its importance stems from the fact that it puts forward two important concepts originally
introduced in Learning Theory, namely that the complexity of the problem comes from the
one of the local subset C n {Z : (EA, Z* — Z) < r*(A)}, and that the “radius” r*(A) of the
localization is the solution of a fixed point equation. For a setup given by a random matrix
A and a constraint C, we should try to understand how these two ideas apply to obtain
estimation properties of SDP estimators such as Z. That is, to understand the shape of the
local subsets Cn{Z : <IEA, 7*—7 > < r},r > 0 and the maximal oscillations of the empirical
process Z — <A —EA,Z - Z *> indexed by these local subsets. We will consider this task
in three distinct problem instances. For a detailed proof of Theorem 1 (and Theorem 2
below), we refer the reader to Appendix A.

The main conclusion of Theorem 1 is that all the information for the problem of esti-
mating Z* via Z is contained in the fixed point r*(A). We therefore have to compute or
upper bound such a fixed point. This might be difficult in great generality but there are
some tools that can help to find upper bounds on 7*(A).
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A first approach is to understand the shape of the local sets C n {Z : <]EA, z* — Z> <
r},r > 0, and to that end, it is helpful to characterize the curvature of the excess risk
7z — <IEA, AR > around its maximizer Z*. This type of local characterization of the
excess risk is also a tool used in Learning Theory that goes back to classical conditions such
as the Margin assumption Tsybakov (2004); Mammen and Tsybakov (1999) or the Bernstein
condition Bartlett and Mendelson (2006). The latter condition was initially introduced as
an upper bound of the variance term by its expectation: for all Z € C, E(£4(Z)—£4(Z*))? <
coB(a(Z) —La(Z*)) for some absolute constant ¢y, but it has now been better understood
as a way to discriminate the oracle from the other points in the model C. These assumptions
were global assumption in the sense that they concern all Z in C. It has been recently shown
Chinot et al. (2018) that only the local curvature of the excess risk needs to be understood.
We now introduce this tool in our setup.

We characterize the local curvature of the excess risk by some function G : R™*"™ — R.
Most of the time, the G function is a norm like the #;-norm or a power of a norm, such
as the /o norm to the square. The radius defining the local subset onto which we need to
understand the curvature of the excess risk is also solution of a fixed point equation

r&(A) = inf <T>O:IP’[ sup (A-EA,Z - Z*) < (1/2)7“] > 1—A> . (5)
ZeC:G(Z*—Z)<r

The difference between the two fixed points r*(A) and r}(A) is that the local subsets

are not defined using the same proximity function to the oracle Z*; the first one uses the

excess risk as a proximity function, while the second one uses the G function as a proximity

function. The G function should play the role of a simple description of the curvature of

the excess risk function locally around Z*; this is formalized in the next assumption.

Assumption 1 For all Z € C, if (EA, Z* — Z) < r§(A) then (EA, Z* — Z) = G(Z* - Z).

Typical examples of curvature functions G will have the form G(Z* — Z) = 0| Z* — Z|" for
some k = 1, § > 0 and some norm |-|. In that case, the parameter x was initially called
the margin parameter Tsybakov (2003); Mammen and Tsybakov (1999). Even though
the relation given in Assumption 1 has been typically referred to as a margin condition
or Bernstein condition in the Learning Theory literature, we will rather call it a local
curvature assumption, following Guédon and Vershynin (2016) and Chinot et al. (2018),
since this type of relation describes the behavior of the risk function locally around its
oracle. The main advantage for finding a local curvature function G is that % (A) should
be easier to compute than 7*(A) and r*(A) < rf(A) because of the definition of 75 (A) and
{ZeC:(BA,Z*-7) <ri(A)y c{ZeC:G(Z*—Z) < rE(A)} (thanks to Assumption 1).
We can therefore state the following corollary.

Corollary 1 We assume that the constraint C is star-shaped in Z* and that the “local
curvature” Assumption 1 holds for some 0 < A < 1. With probability at least 1 — A, it
holds true that

ré(A) = (EA, 2% — Z) = G(Z* - 2).

When it is possible to describe the local curvature of the excess risk around its oracle by
some G function and when some estimate of r%(A) can be obtained, Corollary 1 applies
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and estimation results of Z* by Z (w.r.t. both the ”excess risk” metric <EA, Z*— 7 > and
the G metric) follow. If not, either because understanding the local curvature of the excess
risk or the computation of rf(A) is difficult, it is still possible to apply Theorem 1 with the
global VC approach, which boils down to simply upper bound the fixed point 7*(A) used
in Theorem 1 by a global parameter that is a complexity measure of the entire set C

r*(A) < inf (7’ >0:P [szlgc)m —~FEA,Z-7*) < (1/2)7°] >1- A) : (6)

Interestingly, if the latter last resort approach is used then, following the approach form
Guédon and Vershynin (2016), Grothendieck’s inequality Grothendieck (1953); Pisier (2012)
appears to be a powerful tool to upper bound the right-hand side of (6) in the case of the
community detection problem, such as in Guédon and Vershynin (2016), as well as in the
MAX-CUT problem. Of course, when it is possible to avoid this ultimate global, one
should do so because the local approach will always provide better results.

Finally, proving a “local curvature” property such as in Assumption 1 may be difficult
because it requires to understand the shape of the local subsets C n {Z : <IEA, VAR > <
r},r > 0. It is however possible to simplify this assumption if getting estimation results
of Z* only w.r.t. the G function (and not necessarily an upper bound on the excess risk
<EA, AR >) is enough. In that case, Assumption 1 may be replaced by the following one.

Assumption 2 For all Z € C, if G(Z* — Z) < r{(A) then (EA, Z* — Z) > G(Z* - Z).

Assumption 2 assumes a curvature of the excess risk function in a G neighborhood of Z*
unlike Assumption 1 which grants this curvature in an “excess risk neighborhood”. The
shape of a neighborhood defined by the G function may be easier to understand (for instance
when G is a norm, a neighborhood defined by G is the ball of a norm centered at Z* with
radius 7§ (A)). In general, the latter assumption and Assumption 1 do not compare. In
the next result, we show that if Assumption 2 holds then Z can estimate Z* w.r.t. the G
function.

Theorem 2 We assume that the constraint C is star-shaped in Z* and that the “local
curvature” Assumption 2 holds for some 0 < A < 1. We assume that the G function is
continuous, G(0) = 0 and GINZ* — Z)) < NG(Z* — Z) for all X € [0,1] and Z € C. With
probability at least 1 — A, it holds true that G(Z* — Z) < r&(A).

As a consequence, Theorem 1, Corollary 1 and Theorem 2 are the three tools at our
disposal to study the performance of SDP estimators depending on the deepness of un-
derstanding we have on the problem. The best approach is given by Theorem 1 when
it is possible to compute efficiently the complexity fixed point r*(A). If the latter ap-
proach is too complicated (likely because understanding the geometry of the local subset
Cn{Z:(EA,Z* - Z) < r},r > 0 may be difficult) then one may resort to find a curvature
function G of the excess risk locally around Z*. In that case, both Corollary 1 and The-
orem 2 may apply depending on the hardness to find a local curvature function G on an
“excess risk neighborhood” (see Assumption 1) or a “G-neighborhood” (see Assumption 2).
Finally, if no local approach can be handled (likely because describing the curvature of the
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excess risk in any neighborhood of Z* or controlling the maximal oscillations of the empir-
ical process Z — <EA —AZ*—Z > locally are too difficult) then one may resort ultimately
to a global approach which follows from Theorem 1 as explained in (6). In the following,
we will use these tools for various problems.

Results like Theorem 1, Corollary 1 and Theorem 2 appeared in many papers on ERM
in Learning Theory such as in Koltchinskii (2011); Bartlett and Mendelson (2006); Massart
(2007); Lecué and Mendelson (2013). In all these results, typical loss functions such as
the quadratic or logistic loss functions, were not linear ones, such as the one we are using
here. From that point of view, our problem is easier and this can be seen by the simplicity
to prove our three general results from this section. What is much more complicated
here than in other more classical problems in Learning Theory is the computation of the
fixed point because (i) the stochastic processes Z — <A —-EA, Z - Z *> may be far from
being a Gaussian process if the noise matrix A — EA is complicated and (ii) the local sets
{ZeC:(EA,Z* - Z) <r}or{ZeC:G(Z*—Z) < r} for r > 0 may be very hard to
describe in a simple way. Instrumental results are available in the literature to circumvent

this kind of problems; see Fei and Chen (2019b).

3. Revisiting two results from the community detection literature Fei
and Chen (2019b); Guédon and Vershynin (2016)

The rapid growth of social networks on the Internet has lead many statisticians and com-
puter scientists to focus their research on data coming from graphs. One important topic
that has attracted particular interest during the last decades is that of community detection
Fortunato (2010); Porter et al. (2009), where the goal is to recover mesoscopic structures
in a network, the so-called called communities. A community consists of a group of nodes
that are relatively densely connected to each other, but sparsely connected to other dense
groups present within the network. The motivation for this line of work stems not only from
the fact that finding communities in a network is an interesting and challenging problem
of its own, as it leads to understanding structural properties of networks, but community
detection is also used as a data pre-processing step for other statistical inference tasks on
large graphs, as it facilitates parallelization and allows one to distribute time consuming
processes on several smaller subgraphs (i.e., the extracted communities).

One challenging aspect of the community detection problem arises in the setting of
sparse graphs. Many of the existing algorithms, which enjoy theoretical guarantees, do so
in the relatively dense regime for the edge sampling probability, where the expected average
degree is of the order O(logn). The problem becomes challenging in very sparse graphs
with bounded average degree. To this end, Guédon and Vershynin proposed a semidefinite
relaxation for a discrete optimization problem Guédon and Vershynin (2016), an instance
of which encompasses the community detection problem, and showed that it can recover
a solution with any given relative accuracy even in the setting of very sparse graphs with
average degree of order O(1).

A subset of the existing literature for community detection and clustering relies on
spectral methods, which consider the adjacency matrix associated to a graph, and employ
its eigenvalues, and especially eigenvectors, in the analysis process or to propose efficient
algorithms to solve the task at hand. Along these lines, Le et al. (2016) proposed a general
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framework for optimizing a general function of the graph adjacency matrix over discrete
label assignments by projecting onto a low-dimensional subspace spanned by vectors that
approximate the top eigenvectors of the expected adjacency matrix. The authors consider
the problem of community detection with & = 2 communities, which they frame as an
instance of their proposed framework, combined with a regularization step that shifts each
entry in the adjacency matrix by a small constant 7, which renders their methodology
applicable in the sparse regime as well.

In the remainder of this section, we focus on the community detection problem on
random graphs under the general stochastic block model. We will mostly revisit the work
in Guédon and Vershynin (2016) and Fei and Chen (2019b) from the perspective given
by Theorem 1. Indeed, thanks to this theorem, it is possible to simplify the proof of Fei
and Chen (2019b), by avoiding both the peeling argument and the use of the bound from
Guédon and Vershynin (2016).

We first recall the definition of the generalized stochastic block model (SBM). We con-
sider a set of vertices V' = {1,---,n}, and assume it is partitioned into K communities
Ci,--- ,Ck of arbitrary sizes |C1| =11, -+ ,|Ck| = lk.

Definition 3 For any pair of nodes i,j € V, we denote by i ~ j when i and j belong to the
same community (i.e., there exists k € {1,...,K}) such that i,j € Cx), and we denote by
i # 73 if i and j do not belong to the same community.

For each pair (i,5) of nodes from V, we draw an edge between i and j with a fixed
probability p;; independently from the other edges. We assume that there exist numbers p
and ¢ satisfying 0 < g < p < 1, such that

pij > p,if i ~ jand i # j,
pij =111 =7, (7)
pij < ¢, otherwise.

We denote by A = (A; j)1<i,j,<n the observed symmetric adjacency matrix, such that, for all
1 <1< j<n, A is distributed according to a Bernoulli of parameter p;;. The community
structure of such a graph is captured by the membership matrix Z € R™*", defined by
Zij =1if¢ ~ j, and Zij = (0 otherwise. The main goal in community detection is to
reconstruct Z from the observation A.

Spectral methods for community detection are very popular in the literature Guédon and
Vershynin (2016); Fei and Chen (2019b); Vershynin (2018); Blondel et al. (2008); Clauset
et al. (2004). There are many ways to introduce such methods, one of which being via
convex relaxations of certain graph cut problems aiming to minimize a modularity function
such as the RatioCut Newman (2006). Such relaxations often lead to SDP estimators, such
as the ones introduced in Section 1.

Considering a random graph distributed according to the generalized stochastic block
model, and its associated adjacency matrix A (i.e. A = AT and A;; ~ Bern(p;;) for
1 <i<j<nand p;; as defined in (7)), we will estimate its membership matrix Z via the
following SDP estimator

Ze argmaX<A, Z>,
ZeC
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where C = {Z e RV, Z = 0,Z > 0,diag(Z) < I, 23", Zi < M} and A = X5, Zij =
Zszl |Ci|? denotes the number of nonzero elements in the membership matrix Z. The
motivation for this approach stems from the fact that the membership matrix Z is actually
the oracle, i.e., Z* = Z (see Lemma 7.1 in Guédon and Vershynin (2016) or Lemma 1
below), where
Z* € argmax(EA, Z).
ZeC

Following the strategy from Theorem 1 and from our point of view, the upper bound on
r*(A) from Guédon and Vershynin (2016) is the one that is based on the global approach
— that is, without localization. Indeed, Guédon and Vershynin (2016) uses the observation
that, for all > 0, it holds true that

a b
sup (A—EA,Z - 7%) ¢ sup(A —EA, Z — Z*) Y okg|A—EAl.. (8)
zeC:(EA,Z% 2 )<r ZeC

where ||| is the cut-norm! and K¢ is the Grothendieck constant (Grothendieck’s inequal-
ity is used in (b), see Pisier (2012); Vershynin (2018)). Therefore, the localization around
the oracle Z* by the excess risk “band” B} := {Z : (EA, Z* — Z) < r} is simply removed in
inequality (a). As a consequence, the resulting statistical bound is based on the complexity
of the entire class C whereas, in a localized approach, only the complexity of C n B} mat-
ters. Next step in the proof of Guédon and Vershynin (2016) is a high-probability upper
bound on |A — EA|_,, which follows from Bernstein’s inequality and a union bound since
one has |A—EA|,, = max, e(_113(A — EA,zy"), then for all t > 0, |[A —EA|, <
tn(n — 1)/2 with probability at least 1 — exp (2nlog2 — (n(n — 1)t*)/(16p + 8t/3)) where

D def 2/[n(n —1)] ZKJ- Pij(1 — pij). The resulting upper bound on the fixed point obtained
in Guédon and Vershynin (2016) is

r*(A) < (8/3)Kg(2nlog(2) + log(1/A)). (9)

Finally, under the assumption of Theorem 1 in Guédon and Vershynin (2016) (i.e., for
some some € € (0,1), n > 5.10%/e2, max(p(1 — p),q(1 — q)) = 20/n, p = a/n > b/n = q and
(a—b)% = 2.10%2(a+1)), for A = 357" we obtain (using the general result in Theorem 1)
with probability at least 1 — A, the bound (EA, Z* — Z> < 7*(A) < en? = €] Z*|3, which is
the result from Theorem 1 in Guédon and Vershynin (2016). Finally, Guédon and Vershynin
(2016) uses a (global) curvature property of the excess risk in its Lemma 7.2

Lemma 1 (Lemma 7.2 in Guédon and Vershynin (2016)) For all Z € C, (EA, Z* —
zZ)=(p—a)/2]12* - Z|;.

Therefore, a (global- that is for all Z € C) curvature assumption holds for a G function
which is here the ¢7*" norm, a margin parameter £ = 1 and § = (p—q)/2 for the community

1. The cut-norm |||, of a real matrix A = (ai;)icr,jec Wwith a set of rows indexed by R and a set of
columns indexed by C, is the maximum, over all I = R and J < C, of the quantity |>,.; ;. ; ai|- It is
also the operator norm of A from ¢4 to ¢; and the “injective norm” in the orginal Grothendieck “résumé”
Grothendieck (1956); Pisier (2012)

11



CHRETIEN, CUCURINGU, LECUE, NEIRAC

detection problem. However, this curvature property is not used to compute a “better” fixed
point parameter, but only to obtain a ¢]*" estimation bound since

2 A 16 K¢ (2nlog(2) + log(1/A))
(p—q>@E&Z 4 < 3(p—a) '

The latter bound together with the sin-Theta theorem allow the authors of Guédon and
Vershynin (2016) to obtain estimation bound for the community membership vector z*.

The approach from Fei and Chen (2019b) improves upon the one in Guédon and Ver-
shynin (2016) because it uses a localization argument: the curvature property of the excess
risk function from Lemma 1 is used to improve the upper bound in (9) obtained following a
global approach. Indeed, Fei and Chen (2019b) obtain a high-probability upper bound on
the quantity

M—Z*

IN

1

sup (A—EA,Z - Z%),
ZeC:| 2% —Z|), <r
depending on r. This leads to an exact reconstruction result in the “dense” case and expo-
nentially decaying rates of convergence in the “sparse” case. This is a typical example where
the localization argument shows its advantage upon the global approach. The price to pay
is usually a more technical proof for the local approach compared with the global one. How-
ever, the argument from Fei and Chen (2019b) also uses an unnecessary peeling argument

together with an unnecessary a priori upper bound on HZ - 7* ) (which is actually the one
from Guédon and Vershynin (2016)). It appears that this peeling argument and this a priori

upper bound on HZ - Z*

. can be avoided thanks to our approach from Theorem 1. This

improves the probability estimate and simplifies the proofs (since the result from Guédon
and Vershynin (2016) is not required anymore, and neither is the peeling argument). For
the sign clustering problem we consider below as an application of our main results, we will
mostly adapt the probabilistic tools from Fei and Chen (2019b) (in the “dense” case) to the
methodology associated with Theorem 1 (without these two unnecessary arguments).

4. Contributions of the paper

This section encompasses the main contributions of our paper for the three problems we
study, namely signed clustering, angular synchronization, and MAX-CUT.

4.1 Application to signed clustering

Much of the clustering literature, including both spectral and non-spectral methods, has
focused on unsigned graphs, where each edge carries a non-negative scalar weight that en-
codes a measure of affinity (similarity, trust) between pairs of nodes. However, in numerous
instances, the above-mentioned affinity takes negative values, and encodes a measure of
dissimilarity or distrust. Such applications arise in social networks where users relation-
ships denote trust-distrust or friendship-enmity, shopping bipartite networks which capture
like-dislike relationships between users and products Banerjee et al. (2012), online news
and review websites, such as Epinions and Slashdot, that allow users to approve or de-
nounce others Leskovec et al. (2010a), and clustering financial or economic time series data
Aghabozorgi et al. (2015). Such applications have spurred interest in the analysis of signed

12
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networks, which has recently become an increasingly important research topic Leskovec et al.
(2010b), with relevant lines of work in the context of clustering signed networks including, in
chronological order, Kunegis et al. (2010); Chiang et al. (2012); Cucuringu et al. (a, 2021).
The latter work proposed regularized versions of signed clustering methods to handle sparse
graphs — a regime where standard spectral methods are known to underperform.

The second application of our proposed methodology is an extension of the community
detection and clustering problem to the setting of signed graphs, where, for simplicity, we
assume that an edge connecting two nodes can take either —1 or +1 values.

4.1.1 A SIGNED STOCHASTIC BLOCK MODEL (SSBM)

We focus on the problem of clustering a K-weakly balanced graphs?. We consider a signed
stochastic block model (SSBM) similar to the one introduced in Cucuringu et al. (a), where
we are given a graph G with n nodes {1,...,n} which are divided into K communities,
{C1, -+ ,Ck}, such that, in the noiseless setting, edges within each community are positive
and edges between communities are negative.
The only information available to the user is given by a n x n sparse adjacency matrix
A constructed as follows: A is symmetric, with A; = 1 for all 4 = 1,...,n, and for all
1<i<j<n, Aij = Sij<23ij — 1) where
By~ { b} it and s~ Bem(),

for some 0 < ¢ < 1/2 < p <1 and ¢ € (0,1). Moreover, all the variables B;;, s;; for
1 <4 < j < n are independent.

We remark that this SSBM model is similar to the one considered in Cucuringu et al.
(a), which was governed by two parameters, the sampling probability ¢ as above, and the
noise level 7, which may flip entries of the adjacency matrix.

Our aim is to recover the community membership matrix or cluster matrix Z = (Zl-j)i, j<n
with Zij = 1wheni ~ j and Zij = ( when i % j using only the observed censored adjacency
matrix A.

Our approach is similar in nature to the one used by spectral methods in community
detection. We first observe that for a := §(p + ¢ — 1) and J = (1),x,, We have Z = Z*
where

Z* € argmax(EA — o), Z), (10)
ZeC
and C = {ZeR"™": 72 >0,Z;;€(0,1],Z; = 1,i = 1,...,n}. The proof of (10) is recalled
in Section B.

Since we do not know EA and «, we should estimate both of them. We will estimate
EA with A but, for simplicity, we will assume that « is known. The resulting estimator of
the cluster matrix Z is

Ze argmax(A — aJ, Z), (11)
zeC

2. A signed graph is K-weakly balanced if and only if all the edges are positive, or the nodes can be
partitioned into K € N disjoint sets such that positive edges exist only within clusters, and negative
edges are only present across clusters Davis (1967).
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which is indeed a SDP estimator and therefore Theorem 1 (or Corollary 1 and Theorem 2)
may be used to obtain statistical bounds for the estimation of Z* from (10) by Z.

We will use the following notations: s := §(p —¢)?, 8 := §(p — q), p := d max{l — 6(2p —
1)2,1-06(2g— 1)}, v := max{2p—1,1—2q}, [m] := {1,--- ,m} for all m € N, I}, := |Cy| for
all k e [K], \? := Zle l%, Ct:= /:61(Ck x Cr) and C™ := Y (Cr x Cxr). We also use the

= #* /

notation cg, c1, ..., to denote absolute constants whose values may change from one line to
another.

4.1.2 MAIN RESULT FOR THE ESTIMATION OF THE CLUSTER MATRIX IN SIGNED
CLUSTERING

Our main result concerns the reconstitution of the K communities from the observation of
the matrix A. In order to avoid solutions with some communities of degenerated size (too
small or too large), we consider the following assumption.

Assumption 3 Up to constants, the elements of the partition Cy - --uCk of {1,...,n} are
of same size: there are absolute constant co,c1 > 0 such that for any k € [K], n/(c1K) <
|Ck| =1 < C()n/K.

We are now ready to state the main result on the estimation of the cluster matrix Z* from
(10) by the SDP estimator Z from (11).

Theorem 3 There is an absolute positive constant ¢y such that the following holds. Grant
Assumption 8. Assume that

nvd = logn, (12)
sn = coK v (13)
K log(2eK 2
ong ~ BlogQeKn) o (9, 9p> _ (14)
n p 32

Then, with probability at least 1 — exp(—dvn) — 3/(2eKn), exact recovery holds true, i.e.,
Z = Z*. We recall the constants defined above : s = 6(p — q)%, 0 := d(p — q), p =
Smax{l —§(2p — 1)%,1 —§(2¢ — 1)?}, v := max{2p — 1,1 — 2¢}.

Therefore, we have exact reconstruction in the dense case (that is under assumption (12)),
which stems from condition (14). The latter condition is in the same spirit as the one in
Theorem 1 of Fei and Chen (2019b), it measures the SNR (signal-to-noise ratio) of the
model which captures the hardness of the SSBM. As mentioned in Fei and Chen (2019b),
it is related to the Kesten-Stigum threshold Mossel et al. (2015). The last condition (14)
basically requires that the number of clusters K is at most n/logn. If this condition is
dropped out, then we do not have anymore exact reconstruction but only a certified expo-
nential rate of convergence: there exists a universal constant Cy such that, with probability
at least 1 — exp(—dvn) — 3/(2eKn), we have that

2en? sn
< — . 15
Y eXp( 02K> (15)
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A proof of (15) can be found in Section 5.

This shows that in the dense case, exact reconstruction is possible when K < n/logn
and, otherwise, when K 2 n/logn we only have a control of the estimation error with an
exponential convergence rate.

We then obtain results of the same nature as in Fei and Chen (2019b), or in the more
recent paper Xu et al. (2020). In those two articles, the authors show the existence of a
phase transition, with exact recovery in the regime K < n/log(n), and exponential rate
with exponent ~ —sn/K otherwise, where s is some measurement of the signal/noise ratio
of the problem. Note that the estimation bound is given with respect to the {1™" norm.
This is not a surprise since it is the behaviour of the excess risk over C around Z*.

In some recent works Fei and Chen (2019a, 2020), the authors were able to obtain
sharp constants in the rate (15) for the Synchronization model, the Censored Block Model
as well as the Stochastic Block Model. Their proof relies on the construction of a dual
certificate and goes through the study of the dual problem. We see the proof technique
behind Theorem 3 of different nature as a straight ’primal’ approach and it is not clear
how to relate the two approaches. The two similar approaches were both developed in the
compressed sensing and matrix completion problems (to name a few) where the 'primal’
approach was based on the Null Space property or the RIP or some neighborliness property
Foucart and Rauhut (2013); Chafal et al. (2012) and, at the same time and for the same
problems, a ’dual’ approach relying on the construction of a dual or approximate dual
certificate was performed Candeés and Tao (2010); Gross (2011). But, to the best of our
knowledge, no clear connection has been made between the two approaches. It would be
however interesting to have a clear picture on the two types of approaches, and see if they
are actually the same or coming from a more general approach.

4.2 Application to angular group synchronization

In this section, we introduce the group synchronization problem as well as a stochastic
model for this problem. We consider a SDP relaxation of the original problem (which is
exact) and construct the associated SDP estimator such as in (3).

The angular synchronization problem consists of estimating n unknown angles 61, - - - , 6,
(up to a global shift angle) given a noisy subset of their pairwise offsets (6; — 6;)[27], where
[27] is the modulo 27 operation. The pairwise measurements can be realized as the edge
set of a graph G, typically modeled as an Erdés-Renyi random graph Singer (2011).

The aim of this section is to show that the angular synchronization problem can be
analyzed using our methodology. In order to keep the presentation as simple as possible,
we assume that all pairwise offsets are observed up to some Gaussian noise: we are given
dij = (0; — 0 + 0gi;)[2n] for all 1 < i < j < n where (g;; : 1 <i<j<n)aren(n—1)/2
i.i.d. standard Gaussian variables and o > 0 is the noise variance. We may rewrite the
problem as follows: we observe a n x n complex matrix A defined by

9% if i<y
A=S8o [ (ac*) ] where S = (Sij)an,Sij = 1 if 4 =j N (16)
e 99 if > j
n 0

v denotes the imaginary number such that > = —1, 2% = (ac;“)izl e C", o} = eY,i =

1,...,n, T denotes the conjugate vector of z and S o [z*(2*) "] is the element-wise product
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(Sij®i%;)nxn- In particular, S is a Hermitian matrix (i.e. ST = S) and ES;; = exp(—0?/2)
for i # j and ES;; = 1if i = j. We want to estimate (61, ...,6,) (up to a global shift) from
the matrix of data A.

Unlike the statistical model introduced in Bandeira et al. (2016), the noise here is mul-
tiplicative in A. From a physical point of view, it makes more sense to consider an additive
noise on the offsets i.e. we observe (6; — 0; + 0g;;)[27]. The noise becomes multipicative
by passing to the exponential. However, to compare our methodology with the one from
Bandeira et al. (2016), we also consider the model therein (that is, an additive noise on
the matrix Z* = 2*(2%)" instead of the additive noise in A). We recover similar results in
this latter model than the one in Bandeira et al. (2016). For the moment, we consider the
multiplicative noise and the data matrix A as introduced above in (16); we will turn to the
addtive noise model from Bandeira et al. (2016) at the very end of this section in a remark.

The first step is to find an (vectorial) optimization problem which solutions are given
by (6;)7; (up to global angle shift) or some bijective function of it. Estimating (6;)7; up
to global angle shift is equivalent to estimating the vector x* = (e‘ei)?:l. The latter is, up
to a global rotation of its coordinates, the unique solution of the following maximization
problem

argmax {7 EAx} = {(e®H00)" . 0y [0,27)}. (17)

zeCn:|z;|=1

A proof of (17) is given in Section 6. Let us now rewrite (17) as a SDP problem. For all
z € C", we have 'EAz = tr(EAX) = (EA, X) where X = 22" and {Z € C"" : Z =
23l |z =1} = {Z e H,, : Z > 0,diag(Z) = 1,,rank(Z) = 1} where H,, is the set of all n.xn
Hermitian matrices and 1,, € C" is the vector with all coordinates equal to 1. It is therefore
straightforward to construct a SDP relaxation of (17) by dropping the rank constraint. It
appears that this relaxation is exact since, for C = {Z € H,, : Z > 0,diag(Z) = 1,},

argmax(EA, Z) = {Z*}, (18)
ZeC

where Z* = x*(z%)T. A proof of (18) can be found in Section 6. Finally, as we only observe
A, we consider the following SDP estimator of Z*

Ze argmax(A, Z). (19)
ZeC
In the next section, we use the strategy from Corollary 1 to obtain statistical guarantees
for the estimation of Z* by Z.
Intuitively, the above maximization problem (18) attempts to preserve the given angle
offsets as best as possible, by aiming to maximize the following objective function

n

argmax e Wi Ayjetti, (20)
01,...,0n€[0,27) ij=1
where the objective function value is incremented by +1 whenever an assignment of angles
¢; and 6; perfectly satisfies the given edge constraint 6;; = (6; — 0;)[27] (i.e., for a clean
edge for which ¢ = 0), while the contribution of an incorrect assignment (i.e., of a very
noisy edge) will be almost uniformly distributed on the unit circle in the complex plane.
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Due to non-convexity of optimization in (20), it is difficult to solve computationally Zhang
and Huang (2006); one way to overcome this problem is to consider the SDP relaxation
from (18) such as in (19) but it is also possible to consider a spectral relaxation such as the
one proposed by Singer (2011) which replaces the individual constraints that all z;’s should
have unit magnitude by the much weaker single constraint Y., |2;|> = n, leading to

n

argmax Z Z_Z'AZ']'Z]'. (21)

21,,2n€C; Y0 |2i]2=n ;52

The solution to the resulting maximization problem is simply given by a top eigenvector
of the Hermitian matrix A, followed by a normalization step. We remark that the main
advantage of the SDP relaxation (18) is that it explicitly imposes the unit magnitude
constraint for ‘%, which we cannot otherwise enforce in the spectral relaxation solved via
the eigenvector method in (21) (at the end of the day, our estimator & from Corollary 2 below
is a top eigenvector which may not satisfied the unit magnitude constraint). The above SDP
program (18) is very similar to the well-known Goemans-Williamson SDP relaxation for
the seminal MAX-CUT problem of finding the maximal cut of a graph (the MAX-CUT
problem is one of the four applications considered in this work, see Section 4.3 below), with
the main difference being that here we optimize over the cone of complex-valued Hermitian
positive semidefinite matrices, not just real symmetric matrices.

4.2.1 MAIN RESULTS FOR PHASE RECOVERY IN THE SYNCHRONIZATION PROBLEM (IN
THE MULTIPLICATIVE NOISE MODEL)

Our main result concerns the estimation of the matrix of offsets Z* = x*(z*)" from the
observation of the matrix A. This result is then used to estimate (up to a global phase
shift) the angular vector x* = (e=*%)"_|. Our first result follows from Corollary 1.

Theorem 4 Let 0 < e < 1. If 0 < 4/log(en?) then, with probability at least
1 — exp(—eo*n(n —1)/2), it holds true that

(772 /2) HZ* ZH (EA, Z* — Z) < (128/6)/eo*n(n — 1). (22)

Once we have an estimator Z for the oracle Z *, we can extract an estimator & for the
vector of phases x* by considering a top eigenvector (i.e. an eigenvector associated with
the largest eigenvalue) of Z. It is then possible to quantify the estimation properties of x*
by & using a sin-Theta theorem and Theorem 4.

Corollary 2 Let i be a top eigenvector of Z with Buclidean norm &, = /n. Let0 < e < 1
and assume that o < 4/log(ent). We have the existence of a universal constant c¢g > 0
(which is the constant in the Davis-Kahan theorem for Hermitian matrices) such that, with
probability at least 1 — exp(—eain(n — 1)/2), it holds true that

min |2 — z2*|, < 8con/2/3e/1e” a2 /n. (23)

zeC:|z|=1
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It follows from Corollary 2 that we can estimate z* (up to a global rotation z € C :
|z| = 1) with a £3-estimation error of the order of 021/n with exponential deviations. Given
that |2*||, = 4/n, this means that a constant proportion of the entries are well estimated
when ¢ is taken like a constant. For a value of e ~ 1/n?, the rate of estimation is like
o2, we therefore get a much better estimation of z* but only with constant probability.
It is important to recall that Z and & can be both efficiently computed by solving a SDP
problem and then by considering a top eigenvector of its solution (for instance, using the
power method).

We finish the section on the angular group synchronization with the additive model as
considered in Bandeira et al. (2016). Our aim is still to put forward our methodology and
to show that it has a wide spectrum of applications and that, in particular, it covers also
the model introduced in Bandeira et al. (2016).

4.2.2 THE ANGULAR GROUP SYNCHRONIZATION MODEL WITH ADDITIVE NOISE FROM
BANDEIRA ET AL. (2016)

As mentioned above, we chose to study a multiplicative noise model in A since it makes more
sense from a physical point of view to have an additive noise on the offsets ¢;; = 0; — 6;[27]
(this additive noise becoming multiplicative by passing to the exponential in A). However, in
Bandeira et al. (2016), the authors considered a model with additive noise on Z* = z*(z%)".
In this “additive” model, we observe C = Z* + oW, where W is a complex Wigner matrix
and o > 0 is the noise level. The MLE Z is solution to the problem

fe argmax z!Cuz, (24)
2eCn,|z;|=1Vi

which can be hard to compute in practice. Using the same approach as above, a SDP
relaxation can be obtained by removing a rank one constraint, yielding the SDP estimator

Ze argmax(C, X ), (25)
ZeC

where C := {Z € H, : diag(Z) = 1, and Z > 0}. Statistical properties of Z have been
obtained in Bandeira et al. (2016). We recall this result now.

Theorem 5 (Theorem 2.1 in Bandeira et al. (2016)) Let Z be a solution of (24). Then

with probability at least 1 — O(n_%), Minec:|z|=1 |27 — 2%, < 120. Moreover, if o <

(1/18)n'/4, then (25) has a unique solution which is the rank one matriz %' .

Our methodology (here Corollary 1 is applied) may also be used to handle the “additive”
noise model from Bandeira et al. (2016). We consider the same SDP estimator Z as defined
in (25) and we obtain the following result.

Theorem 6 Let T be a top eigenvector of Z. With probability at least 1 — 5exp(—n/2),

min |2z — z*|, < 40coo
zeC:|z|=1

where cg is the constant appearing in the Davis-Kahan theorem for Hermitian matrices.
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Compared with Theorem 2.1 from Bandeira et al. (2016), the estimation rate that we
get for estimator Z is the same (up to an absolute constant) as the one obtained for the
MLE Z in Theorem 5, it is of the order of 0. Note however that our result for  holds
without any restriction of the noise level o, whereas in Theorem 5 one needs o < (1/18)n!/4
to get this result for . Note also that our result holds with exponentially large probability,
whereas the one in Theorem 5 holds only with polynomial deviation. From a statistical
perspective, our result improves the one from Bandeira et al. (2016). However, the main
interest of Theorem 5 is not on the statistical performance of Z but on the sharpness of
the SDP relaxation since it shows that the SDP relaxation (25) is actually exact when
o< (1/ 18)n'/4. This is a result that we do not have and that our methodology cannot
obtain, since it is designed to prove only an estimation bound. But from a statistical point
of view, it does not improve the estimation rate to know that the SDP relaxation is exact:
our result shows that the SDP relaxation is doing as good as MLE, without proving that
they are the same (up to global phase).

A proof of Theorem 6 is given in Annex C. We actually provide three estimation bounds
for  in this proof. We are doing so because our aim is to show how a general methodology
works in various examples. This methodology relies on the computation of a fixed point
(r&(A) from (5) here). Hence, understanding how to bound this fixed point is part of the
objective of this paper. We therefore use the angular group synchronization problem with
additive noise as a playground to show three different ways to upper bound such a fixed
point. Using the three computations, we actually obtain the following three upper bounds

8cpoa/n with probability at least 1 — exp(—n?/2)
(1:1r1|ir‘1 ) |2z — ¥y < { coq /36Kgan1/4 with probability at least 1 — exp(—n/2)
zel:|z|=
40coo with probability at least 1 — 5exp(—n/2),

where cg is the constant appearing in the Davis-Kahan theorem for Hermitian matrices and
Kg is Grothendieck constant in the complex case. Each of the three bounds above follows
from different upper bounds on the complexity fixed point 7{; for instance, the second one
follows from the “global” approach, and the third one follows from a decomposition similar
to the one from Fei and Chen (2019b) and is the one we used in Theorem 6.

4.3 Application to the MAX-CUT problem

Let A% € {0,1}"*" be the adjacency (symmetric) matrix of an undirected graph G' = (V, E?),
where V := {1,...,n} is the set of the vertices and the set of edges is E* := EUET U{(4,1) :
AY =1} where E := {(i,j) € V? : i <jand A); = 1} and ET = {(j,i) : (i,j) € E}. We
assume that G has no self loop so that A?i =0forallie V. A cut of G is any subset S of
vertices in V. For a cut S < V, we define its weight by cut(G, S) := (1/2) Z(i7j)65X§ Agj,
that is the number of edges in E between S and its complement S = V\S. The Max-CuT
problem is to find the cut with maximal weight

S* € argmax cut(G, S). (26)
Scv

The MAX-CUT problem is a NP-complete problem, but Goemans and Williamson
(1995) constructed a 0.878 approximating solution via a SDP relaxation. Indeed, one can
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write the MAX-CUT problem in the following way. For a cut S < V, we define the
membership vector x € {—1,1}" associated with S by setting x; := 1 ifie S and x; = —1
if i ¢ S forallieV. We have cut(G,S) = (1/4) X', A%(l — z;x5) = cut(G, z) and so
solving (26) is equivalent to solving

z* € argmax cut(G, ). (27)
ze{—1,1}n

Since (x;z;);,; = xza ", the latter problem is also equivalent to solving

1< o
max <4 Z Ai(1—Zyj) irank(Z) = 1,Z = 0, Z;; = 1) (28)

t,j=1

which admits a SDP relaxation by removing the rank-1 constraint. This yields the following
SDP relaxation problem of MAX-CUT from Goemans and Williamson (1995)
Z* € argmin(A°, Z), (29)
ZeC
where C:={Z e R"": Z >0,Z;; =1,Vi=1,...,n}.

Unlike the other examples from the previous sections, the SDP relaxation in (29) is
not exact, except for bipartite graphs; see Khot and Naor (2009); Gértner and Matousek
(2012) for more details. Nevertheless, thanks to the approximation result from Goemans
and Williamson (1995), we can use our methodology to estimate Z* and then deduce an
approximate optimal cut. The MAX-CUT problem is therefore a good setup for us to test
our methodology in a context where the SDP relaxation is not exact, but still widely used in
practice. Thus the type of question we want to answer here is: what can we say in a setup
where only partial or noisy information is available on E[A], and when the SDP relaxation
associated with E[A] is also not exact? This differs from the previous setup where exactness
of the SDP relaxation holds, and this interesting peculiarity is one of the reasons why we
have chosen to present this problem here. Our motivation stems from the observation that,
in many situations, the adjacency matrix A° is only partially observed, but nevertheless,
it might be interesting to find an approximating solution to the MAX-CUT problem. Let
us then introduce a stochastic model for the partial information available on E[A], the
adjacency matrix here.

We observe A = S o A0 = (sijA%)lgmgn a “masked” version of A°, where S € R"*" is
symmetric with upper triangular matrix filled with i.i.d. Bernoulli entries: for all i,j € V
such that i < j, S;j = Sj; = si; where (s;5)i<; is a family of i.i.d. Bernoulli random variables
with parameter p € (1/2,1). Let B := —(1/p)A so that E[B] = —A°. We can write Z*
as an oracle since Z* € argmaXZEc<JEB, A > and so we estimate Z* via the SDP estimator
Z e argmaxZ€c<B A > Our first aim is to quantify the cost we pay by using Z instead of
Z* in our final choice of cut. It appears that the fixed point used in Theorem 1 may be
used to quantify this loss

r*(A)=inf [r>0:P sup (B-EB,Z—-Z*)<(1/2)r| =1-A]. (30)
7eC:(EB,Z*~Z)<r

Our second result is an explicit high-probability upper bound on the latter fixed point.
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4.3.1 MAIN RESULTS FOR THE MAX-CUT PROBLEM

In this section, we gather the two results on the estimation of Z* from Z and on the
approximate optimality of the final cut constructed from Z. Let us now explicitly provide
the construction of this cut. We consider the same strategy as in Goemans and Williamson
(1995). Assume that Z has been constructed. Let G be a centered Gaussian vector with
covariance matrix Z. Let & be the sign vector of G. Using the statistical properties of Z,
it is possible to prove near optimality of Z.

We denote the optimal values of the MAX-CUT problem associated with the graph G
and its SDP relaxation by

SDP(G) := (1/4){(A°,J — Z*) = max - ZA — Zi;) and MAXCUT(G) := cut(G, S*),

where S* is a solution of (26) and J = (1),xy. Our first result is to show how the 0.878-
approximation result from Goemans and Williamson (1995) is downgraded by the incom-
plete information we have on the graph (since we only partially observed the adjacency
matrix A? via the masked matrix A).

Theorem 7 For all 0 < A < 1. With probability at least 1 — A (with respect to the masked
S), it holds true that

0.878r*(A)

SDP(G) > E|cut(G,#)|Z | > 0.878SDP(G) — ——

To make the notation more precise, & is the sign vector of G which is a centered Gaussian

variable with covariance Z. In that context, E [cut(G, :13)|Z] is the conditional expectation

according to G for a fixed Z. Moreover, the probability “at least 1 — A” that we obtain is
w.r.t. the random masks, that is to the randomness in A.

Let us now frame Theorem 7 into the following perspective. If we had known the entire
adjacency matrix (which is the case when p = 1), then we could have used Z* instead of
Z. In that case, for z* the sign vector of G* ~ N(0,Z%), we know from Goemans and
Williamson (1995) that

SDP(G) > E [cut(G, z*)] = 0.878SDP(G). (31)

Therefore, from a trade-off perspective, Theorem 7 characterizes the price we pay for not
observing the entire adjacency matrix A", but only a masked version A of it. It is an
interesting output of Theorem 7 to observe that the fixed point 7*(A) measures, in a
quantitative way, this loss. If we were able to identify scenarios of p and E for which
r*(A) = 0, that would prove that there is no loss for partially observing A° in the MAX-
CUT problem. The approach we use to control r*(A) is the global one, which does not
allow for exact reconstruction (that is, to show that r*(A) = 0).
Let us now turn to an estimation result of Z* by Z via an upper bound on r*(A).

Theorem 8 With probability at least 1 — 47"

5 2log4)(1 — -1 log 4
<EB,Z*—Z><T*(4”)<2n\/( og4)(1 —p)(n )+8n;g |
p
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In particular, it follows from the approximation result from Theorem 7 and the high-
probability upper bound on r*(A) from Theorem 8 that, with probability at least 1 —4~"

E [eut(6, #)|2] > 0.878SDP(C) - @ <2n\/

(log4)(1—p)(n—1) 8nlog4> )
p 3

This result is non-trivial only when the right-hand side term is strictly larger than 0.5 - SDP(G),

which is the performance of a random cut. As a consequence, (32) shows that one can still

do better than randomness even in an incomplete information setup for the MAX-CUT

problem when p, n and SDP(G) are such that

0.378SDP(G) > O'ij (gn\/(mog‘l)(l;p)(n —1) 8 1§g4> |

For instance, when p is like a constant, it requires SDP(G) to be larger than con®? (for
some absolute constant c¢y) and when p = 1 — 1/n, it requires SDP(G) to be at least con
(for some absolute constant c).

Remark 1 To get exact recovery, that is r*(A) = 0, in the MAX-CUT problem (which
shows that there is no loss for the MAX-CUT problem by observing only a masked version
of the adjacency matrixz), we have to develop a local approoach, as for the Signed Clustering
and the Group Synchronization problems. To that end, we would need to solve the following
two problems: 1) Find a curvature for the objective function Z — <EB,Z* — Z> and 2)
Study the oscillations of the empirical process Z — <IEB —B,Z* — Z>. We leave those two
difficult problems for future research.

5. Proof of Theorem 3 (signed clustering)

The aim of this paper is to put forward a methodology developed in Learning Theory for
the study of SDP estimators. In each example, we follow this methodology. For a problem,
such as the signed clustering, where it is possible to characterize the curvature of the excess
risk, we start to identify this curvature because the curvature function G, coming out of
it, defines the local subsets of C driving the complexity of the problem. Then, we turn
to the stochastic part of the proof, which is entirely summarized into the complexity fixed
point r%(A) from (5). Finally, we put the two pieces together and apply the main general
result from Corollary 1 to obtain estimation results for the SDP estimator (11) in the signed
clustering problem, which is summarized in Theorem 3.

5.1 Curvature equation

In this section, we show that the objective function Z € C — <Z, EA — aJ > satisfies a
curvature assumption around its maximizer Z* with respect to the ¢]*"-norm given by
G(Z* - Z) =0||Z* — Z|, with parameter § = d(p — ¢) (and margin exponent x = 1).

Proposition 1 For § = §(p—q), we have for all Z € C, (EA—oJ, Z* - Z) = 0| Z* — Z|;.
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Proof Let Z be in C. We have

(Z* - Z,EA—alJ) =

> (2% = 2)i(BA; — o)
ij=1

M (Z5-Zip@p—1)—a)+ Y (Zf—Zi)(6(2¢—1) — )
(i,j)eCt (4,5)€C~

=d(p—q) Z (Z* = Z)ij — Z (Z* — Z)ij

(i,)eCt (i,5)eC—

Moreover, for all (i,7) € C*,Z% = 1 and 0 < Z;; < 1,50 (Z* = Z)ij = [(Z* — Z);5]. We also
have for all (i,j) € C™, (Z2* — Z);j = —Zij = —|(Z* — Z);j| because in that case Z; = 1 and
0 < Z;; < 1. Hence,

(Z*—ZEBA—al)y=0(p—q) | Y. UZ*=2Z)yl+ >, [(Z*=2)yl| =012* - 2|,
(ij)eC (ig)eC~

5.2 Computation of the complexity fixed point 7 (A)

Define W := A — EA the noise matrix of the problem. Since W is symmetric, its entries
are not independent. In order to work only with independent random variables, we define
the following matrix ¥ e R™*™:

(Wyifi<)
Vij = { 0 otherwise, (33)

where 0 entries are considered as independent Bernoulli variables with parameter 0 and
therefore, U has independent entries, and satisfies the relation W = U + ¥,

In order to obtain upper bounds on the fixed point complexity parameter r}(A) associ-
ated with the signed clustering problem, we need to prove a high-probability upper bound
on the quantity

sup (W, Z - Z*%), (34)
ZeC:|Z—Z*|,<r

and then find a radius r as small as possible such that the quantity in (34) is less than
(6/2)r. We denote C, :==C n (Z* +rB}*") ={ZeC:|Z—Z*|, <r} where B]"*" is the
unit £7"-ball of R™*".

We follow the strategy from Fei and Chen (2019b) by decomposing the inner product
<VV, Z —Z *> into two parts according to the SVD of Z*. This observation is a key point
in the work of Fei and Chen (2019b) compared to the analysis from Guédon and Vershynin
(2016). This allows to perform the localization argument efficiently. Up to a change of
index of the nodes, Z* is a block matrix with K diagonal blocks of 1’s. It therefore admits
K singular vectors Uy, := I(i € Cy)/ \/@ with multiplicity [ associated with the singular
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value [, for all k € [K]. We can therefore write

K
Z* = Z Uk @ Uegp, = UDUTa
k=1

where U € R"*X has K column vectors given by Uy, k = 1,..., K and D = diag(ly,...,Ilg).
We define the following projection operator

P:MecR™ - UU'M + MUUT —UUTMUUT,

and its orthogonal projection P+ by

P MeRY" > M—PM) = I,—UU)MT,~UUT) = > (M,Usr@Ua)Ust @Ust
k=K+1

where Uy, € R, k = K+ 1,...,n are such that (U, : k = 1,...,n) is an orthonormal basis
of R™.
We use the same decomposition as in Fei and Chen (2019b): for all Z € C,

(W, Z —Z*) = (W, P(Z — Z*) + PX(Z — Z*)) = (P(Z — Z*),W) + (PH(Z — Z*),W).

S1(2) Sa2(2)

The next step is to control with large probability the two terms S1(Z) and S2(Z) uniformly
for all Z € C n (Z* +rB}™"). To that end, we use the two following propositions where we
recall that p = dmax(1 —§(2p—1)2,1—6(2¢ —1)?) and v = max(2p — 1,1 — 2q). The proof
of Proposition 2 and 3 can be found in Section B, it is based on Fei and Chen (2019b).

Proposition 2 There are absolute positive constants cg, c1, co and cg such that the following
holds. If [eyrK /n] = 2eKnexp(—(9/32)np/K) then we have

[cl'rK-|
K 2 K Cl'I’K n
P sup S1(Z) < eor plog( ¢ n) 21—3<[ L ]) .
n

cirK
ZeCn(Z*+rBP7™) [ 2eKn

Proposition 3 There exists an absolute constant cg > 0 such that the following holds.
When nvd = logn, with probability at least 1 — exp(—dvn),

/6
sup So(Z) < oK ey
ZeCA(Z*+rBP*™) n

It follows from Proposition 2 and Proposition 3 that when nvd > logn, for all r such that
[cirK /n] = 2eKnexp(—(9/32)np/K) we have, for

cirK
ol

1/<2ef<n>)[ |

carK

A = A(r) := exp(—dvn) — 3 ([
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with probability at least 1 — A,

1) K 2e K
sup )<W,Z — Z*> < COKTV% + cor %log ({(i:f%)

ZeCn(Z*+rB7 ™

ov Kp 2eKn 0
COKTMZ + car 710g <[C11~K]> < 3" (35)

Moreover, we have

n

for = 6(p — q) when K+\/v < Vnd(p — q) and [c1rK /n] = 2eKn exp(—6%n/(Kp)). In par-
ticular, when (p—¢)?né > K?v and 1 > 2eKnmax (exp(—6?n/(Kp)), exp(—(9/32)np/K)),
we conclude that for all 0 < r < n/(c1K) (35) is true. Therefore, one can take r%(A(0)) =
0 meaning that we have exact reconstruction of Z*: if (p — ¢)?nd > K?v and n =
K max(p/6?log(2¢eK?%p/6?), (1/p)log(2e K2 /p)) then with probability at least 1—exp(—dvn)—
3/(2eKn), Z = Z*.

If (p—¢)*néd > K?v and 1 < 2eKnmax (exp(—6°n/(Kp)),exp(—(9/32)np/K)) then we
do not have exact reconstruction anymore, but we see that (35) is true for any r such that
2eKn exp(—6?n/(16¢3Kp)) < [42K] < 2eKn exp(—c3Kdv/(c3p)), which is possible since
(p — q)?nd = K?v, and then we can conclude that r*(A) < %exp(—mn/(wc%l(p)).

Therefore, it follows from Corollary 1 that

- 2en? 0%n
< exp | — .
1 ¢ P 16¢2Kp

6. Proofs of Theorem 4 and Corollary 2 (angular synchronization)

‘Z*—Z

Proof of (17): We recall that the offsets are d;; = 0; — 6;[27] and we will use that if g
is V(0,1) then Ee*?9 = e=7*/2. For all Ys--sYn € [0,27), we have v; — y; = ;5 for all
i # j € [n] if and only if e/ 2EA;je — Vi = 0 for all i # j € [n]. We therefore have

argmin {3 |e” PEAgz; — i § = {(@FO), - 0y € [0,2m)}. (36)
CIJE(C”Z|J?7;|=1 7,?5]
Moreover, for all x = (z;)[*; € C" such that |z;| = 1 for i = 1,...,n, we have
5 n
Z ‘60 /QEAZ'j.Tj — .%'Z"Q = Z ’.1‘:.2_?;.7}] — JL‘Z"Q = Z |.%':<.T;< — .I'Z'.Q_fj’2
i#] i#] ij=1
n
= 2n% — 2R ( Z a:fx;‘:v]xz> =2n% — 2|(z*, 2)|?
Q=1

where R(z) denotes the real part of z € C. On the other side, we have

n
ET(eaz/QEA)x = Z Tix; Tiay + Z Zie” Py = 77,(6‘72/2 — 1) + [(a*, 2)|
i#j i=1
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Hence, minimizing z — X7, . e’ /Q]EAij:rj — x;|? over all x = (;); € C" such that |z;| = 1
is equivalent to maximize x — Z'EAz over all = (z;); € C" such that |z;| = 1. This
concludes the proof with (36). [ ]

Proof of (18): Let C' = {Z € C™*" : |Z;;| < 1,Vi,j € [n]}. We first prove that C < C'.
Let Z € C. Since Z > 0, there exists X € C"*" such that Z = XX . For alli e {1,...,n},
denote by X;, the i-th row vector of X. We have HXZ.Hg = <Xi.,Xi.> = Z; = 1 since
diag(Z) = 1,. Moreover, for all i, j € [n], we have | Z;;| = [(Xje, Xjo)| < || Xia|l5 | Xjally < 1
This proves that Z € C’ and so C < C'.

Let Z' € argmax (R((EA, Z)): Z € C'}. Since C’ is convex and the objective function
Z — R((EA, Z)) is linear (for real coefficients), Z’ is one of the extreme points of C’.
Extreme points of C’ are matrices Z € C"*™ such that |Z;;| = 1 for all 4,5 € [n]. We can
then write each entry of Z’ as Z/ = ePii for some 0 < Bij < 2m and now we obtain

%(<EA Z ( Z EA;; Z! > _ §R<i 602/26L5¢jebﬁi]‘> + §R<i dii g LB“>

ij=1 i#j i=1

—Zea/gcos ii — Bij) +Zcos i — Bi) < U/Q(n —n)+n.
7]

The maximal value €7 /2(n? — n) + n is attained only for Bij = 0;; for all ¢, j € [n], that is

for 7' = (e"%); j=1, .n = Z*. But we have Z* € C and C = C’, so Z* is the only maximizer
of Z — R((EA, Z)) on C. But for all Z € C we have (EA, Z) = 7% Zz* € R, then Z* is the
only maximizer of Z — <IEA, Z > over C. [ |

6.1 Curvature of the objective function

Proposition 4 For § = ¢°/2/2, we have for all Z € C, (EA,Z* - Z) > 0| z* — Zl5.

Proof Let Z = (z;ePis)? 7j=1) € C where z;; € R and 0 < §8;; < 2m for all 4, j € [n]. Since

Z% = Z; = 1for all i € [n], we have, on one side, <IEA, zZ* —Z> = e’”Q/ZFT(Z*—Z)a:* e R,
and so

(EA, Z* — Z) = R((EA, Z* — Z)) = ( > IEAZ]Z—Z)>

4,j=1

n
_ §R< Z 6—02/26L6i]- (e—Léij o Zije—bﬂij)>

ij=1

e‘”2/2§R< dii- Zij€L(6ij_’8ij)> = 2N (1= zijcos(diy — Biy)- (37)

i,j=1 3,j=1
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On the other side, we showed in the proof of (18) that C = {Z € C"*" : |Z;;| < 1,Vi,j € [n]}.
So we have |z;;| < 1 for all ¢,j € [n] and

n

n
|2~ 2= 3 N2~ 2yl = D) 1 et = 3 L e Bt

3,j=1 ,j=1 4,j=1
Z (1 — 25 cos(Bi; — zg))2 + Zz'2j Sm2(5ij — 0i5) Z 1 —2z5 cos(Bi; — bij) + 2;
J=1 i,7=1
Z 1 — Zijj COS Bz] l]))' (38)
We conclude with (37) and (38). [ ]

In fact, it follows from the proof of Proposition 4 that we have the following equality: for
all Z eC,
2
(®A, 27~ 2) =0 (12" - 23+ |12°F - |27, ) .

where | Z|? = (|Zi5]?)1<ij<n (in particular, | Z*|? = (1),xn). We therefore know exactly how
to characterize the curvature of the excess risk for the angular synchronization problem in
terms of the ¢ (to the square) and the ¢; norms. Nevertheless, we will not use the extra
term ||Z*[> — |Z|2H1 in the following.

6.2 Computation of the complexity fixed point 7 (A)

It follows from the (global) curvature property of the excess risk for the angular synchro-
nization problem obtained in Proposition 4 that for the curvature G function defined by
G(Z*—Z)=0|Z* — Z|3,YZ € C, we just have to compute the 7%(A) fixed point and then
apply Corollary 1 in order to obtain statistical properties of Z (w.r.t. to both the excess
risk and the G function). In this section, we compute the complexity fixed point r(A) for
0<A<l.

Following Proposition 4, the natural “local” subsets of C around Z* which drive the
statistical complexity of the synchronization problem are defined for all » > 0 by C, = {Z €
C:|Z-Z*|,<r}=Cn (Z* + rB”X").

Let Z € C,.. Denote by b (resp. bl ) the real (resp. imaginary) part of bw =Z5Zij — 2},
for all i,j € [n]. Since |Z — Z*H2 r we also have Y, . (b; ) (bl) r? and so

(A—EA,Z—-2Z*) =((S—ES)oZ*,Z — Z*) = 2R (Z(Sij —Esij)bij)

i<j

=2 E(COS(Ugij) —E cos(agij))bg — sin(agij)bl-[j

1<J

Z(Cos(agij) —Ecos(cgij))? + (sin(ogsj))?

i<j

<2, |1 — e 4207/ (Z Ecos(agij) — cos(agi; )>

i<j
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where we used that E cos(cg) = R(Ee¥) = e="/2 for g ~ N(0,1). Now it remains to get a
high-probability upper bound on the sum of the centered cosinus of 0g;;. We use Bernstein’s
inequality (see Equation 41 below) to get such a bound. For all ¢ > 0, with probability at
least 1 — exp(—t),

1 2t 2 2t
—— » Ecos(og;j) —cos(og;i) < V2Vi+ —— < (1—e° \/%-1-7,
\/NZ (g]) (g]) 3\/N ( ) 3\/N

for N = n(n —1)/2 and V = Ecos®(0g) — (Ecos(og))? = (1/2)(1 — e7°)? (because
E cos?(og) = (1/2)E(1 + cos(209)) = (1/2)(1 + e72°) when g ~ N(0,1)).

We now have all the ingredients to compute the fixed point rf(A) for 0 < A < 1: for
0 =e/2/2 and t = log(1/A),

ré&(A) < 4 (1 —e 7 427 <(1 — e 7)WVIN + 2;)) = %%(1—@*02)(e02/2+2\/uv).

1<j

In particular, using 1 — e < 02 and for ¢t = eo?N (where N = n(n — 1)/2) for some
0<e<l1,if e”’/2 < 20%\/eN then r&(A) < (128/3)0* N /e.

6.3 End of the proof of Theorem 4 and Corollary 2: application of Corollary 1

Take A = exp(—eo?N) (for N = n(n — 1)/2), we have r}(A) < (128/3)\/ec®N when
/2 < 2,/ec N (which holds for instance when o < +/log(eN?2)) and so it follows from
Corollary 1 (together with the curvature property in Section 6.1 and the computation of the
fixed point 7% (A) from Section 6.2), that with probability at least 1 —exp(—eain(n—1)/2),
0(7* — Z)2 < (EA, Z* — Z) < (128/3)y/ec* N, which is the statement of Theorem 4.

Proof of Corollary 2: The oracle Z* is the rank one matrix 2*7% | which has n for
largest eigenvalue and associated eigenspace {\z* : A € C}. In particular, Z* has a spectral
gap g = n. Let & € C" be a top eigenvector of Z with norm ||, = y/n. It follows from the
Davis-Kahan Theorem (see, for example, Theorem 4.5.5 in Vershynin (2018) or Theorem 4
in Vu (2010)) that there exists an universal constant ¢y > 0 such that

x*

N

where ¢ = n is the spectral gap of Z*. We conclude the proof of Corollary 2 using the

Co
<2
2 g

7 -7

2

min
2eC:|z|=1

upper bound on HZ — Z*| from Theorem 4. [
2

7. Proofs of Theorems 7 and 8 (MAX-CUT)

In this section, we prove the two main results from Section 4.3 using our general methodology
for Theorem 8 and the technique from Goemans and Williamson (1995) for Theorem 7.

7.1 Proof of Theorem 7

The proof of Theorem 7 follows the one from Goemans and Williamson (1995) up to a
minor modification due to the fact that we use the SDP estimator Z instead of the oracle
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Z*. Tt is based on two tools. The first one is Grothendieck’s identity: let g ~ N (0,1,) and
U,V E S;“l, we have

. . 2
E[s1gn(<g,u>)s1gn(<g,u>)] = ;arcsm(<u,v>), (39)
and the identity: for all t € [—1,1]
2 . 2
1 — —arcsin(t) = —arccos(t) = 0.878(1 — t). (40)
s s

We now have enough tools to prove Theorem 7. The right-hand side inequality is trivial
since MAXCUT(G) < SDP(Q). For the left-hand side, we denote by X,..., X, (resp.
X¥, ..., X%) the n columns vectors in S§~! of Z (resp. Z*). We also consider the event *
onto which

(EB,Z* — Z) < r*(A),

which hold with probability at least 1 — A according to Theorem 1. On the event Q% we
have

[cut(G 7) |Z] [ Z AL

5,=1

1 3 4% (1 Bl g))sien( (%5,0))1)

Jl

© i Z AY, <1 — garcsln(<Xl,X )) > = % ZlA% arccos((X;, X;))
1,]=
(@ 0
> —— 2 A% (1 — (X3, X;))
=1
0878 A X2 0878 Z AD((XE, XY — (X0 %))
t,j=1 1,j=1
O878<A0 J—Z*) + 0878<A0 Z* — Z) = 0.878SDP(G) — @@B z* - 7)
> 0.878 SDP(G) — @r*(m

4
where we used (39) in (i) and (40) in (7).

7.2 Proof of Theorem 8

For the MAX-CUT problem, we do not use any localization argument; we therefore use
the (likely sub-optimal) global approach. The methodology is very close to the one used in
Guédon and Vershynin (2016) for the community detection problem. In particular, we use
both Bernstein and Grothendieck inequalities to compute high-probability upper bound for
r*(A). We recall theses two tools now. First Bernstein’s inequality: if Y7,...,Yy are N
independent centered random variables such that |Y;| < M a.s. foralli = 1,..., N then for
all ¢ > 0, with probability at least 1 — exp(—t),

(41)
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where 02 = (1/N) Z —, var(Y;). The second tool is Grothendieck inequality Grothendieck
(1956) (see also Pisier (2012) or Theorem 3.4 in Guédon and Vershynin (2016)): if C e R™*"
then

VA K, 038 42
S;é}g(& ) S Ka [Clly = malxl}n Z Cijsit; (42)

where C = {Z > 0: Z; = 1,i = 1,...,n} and K¢ is an absolute constant, called the
Grothendieck constant.

In order to apply Theorem 1, we just have to compute the fixed point r*(A). As
announced, we use the global approach and Grothendieck inequality (42) to get

sup <B EB,Z — Z*> sup(B EB, Z — Z*> < 2K¢|B —EB|
zeC:(EB,Z* 2 )<r ZeC

(43)

cut

because Z* € C. It follows from Bernstein’s inequality (41) and a union bound that for all
t > 0, with probability at least 1 — 4™ exp(—t),

1—pnn—1)t 4t
|B—EB|.,, = sup Z (Bij — EB;j)(sitj + sjt;) < 2\/( Jult ) + =

S,tE{il}n 1<i<j<n p 3

Therefore, for t = 2nlog4, with probability at least 1 — 47",

r*(A) < |B — EB|,,, < n\/(210g4)(1—p>(n—1) , Snlogd

P 3

for A = 47 ™. Then the result follows from Theorem 1.

8. Numerical experiments

This section contains the outcome of numerical experiments on the three application prob-
lems considered: signed clustering, MAX-CUT, and angular synchronization.

8.1 Signed Clustering

To assess the effectiveness of the SDP relaxation, we consider the following experimental
setup. We generate synthetic networks following the signed stochastic block model (SSBM)
previously described in Section 4.1.1, with K = 5 communities. To quantify the effectiveness
of the SDP relaxation, we compare the accuracy of a suite of algorithms from the signed
clustering literature, before the SDP relaxation (i.e., when we perform these algorithms
directly on A) and after the SDP relaxation (i.e., when we perform the very same algorithms
on Z ). To measure the recovery quality of the clustering results, for a given indicator set

Z1,...,TK, we rely on the error rate consider in Chiang et al. (2012), defined as
X 2T A Tr+
,7_2 com® T—;x com® ’ (44)
c=1

where x. denotes a cluster indicator vector, Ao, (= EA) is the complete K-weakly balanced
ground truth network — with 1’s on the diagonal blocks corresponding to inter-cluster edges,
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and —1 otherwise — with Acom = AL, — Ao, and LY denotes the combinatorial graph

Laplacian corresponding to A_ .. Note that 2l A, x. counts the number of violations

within the clusters (since negative edges should not be placed within clusters) and X L}, x.
counts the number of violations across clusters (since positive edges should not belong to
the cut). Overall, (44) essentially counts the fraction of intra-cluster and inter-cluster edge
violations, with respect to the full ground truth matrix. Note that this definition can also
be easily adjusted to work on real data sets, where the ground truth matrix Aoy, is not

available, which one can replace with the empirical observation A.

In terms of the signed clustering algorithms compared, we consider the following algo-
rithms from the literature. One straightforward approach is to simply rely on the spectrum
of the observed adjacency matrix A. Kunegis et al. (2010) proposed spectral tools for
clustering, link prediction, and visualization of signed graphs, by solving a 2-way “signed”
ratio-cut problem based on the combinatorial Signed Laplacian Hou (2005) L = D — A,
where D is a diagonal matrix with D;; = " | |4;;|. The same authors proposed signed
extensions for the case of the random-walk Laplacian Ly, = I — DA, and the symmetric
graph Laplacian Leym = I — D=12AD1/2 the latter of which is particularly suitable for
skewed degree distributions. Finally, the last algorithm we considered is BNC of Chiang
et al. (2012), who introduced a formulation based on the Balanced Normalized Cut objective

K _Tip+
. i (DT — A)x.
i o (500 "

=
a i Dz,

which, in light of the decomposition D" —A = Dt — (AT —A") =Dt —At+A- =Lt +A",
is effectively minimizing the number of violations in the clustering procedure.

In our experiments, we first compute the error rate 7y ore of all algorithms on the orig-
inal SSBM graph (shown in Column 1 of Figure 1), and then we repeat the procedure but
with the input to all signed clustering algorithms being given by the output of the SDP
relaxation, and denote the resulting recovery error by v fter. The third column of the same
Figure 1 shows the difference in errors vs = Ypefore — Yafter between the first and second
columns, while the fourth column contains a histogram of the error differences 5. This
altogether illustrates the fact that the SDP relaxation does improve the performance of all
signed clustering algorithms, except L, and could effectively be used as a denoising pre-
processing step. One potential reason why the SDP pre-processing step does not improve
on the accuracy of L could stem from the fact that L has a good performance to begin
with on examples where the clusters have equal sizes and the degree distribution is homoge-
neous. It would be interesting to further compare the results in settings with skewed degree
distributions, such as the classical Barabasi-Albert model Albert and Barabési (2002).

8.2 MAX-CUT

For the MAX-CUT problem, we consider two sets of numerical experiments. First, we
consider a version of the stochastic block model which essentially perturbs a complete
bipartite graph

0n1 XNy 1n1 Xng

B = , (46)

]-n2 X1y Onzxnz
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Figure 1: Summary of results for the Signed Clustering problem. The first column denotes
the recovery error before the SDP relaxation step, meaning that we consider a number
of signed clustering algorithms from the literature which we apply directly the initial
adjacency matrix A. The second column contains the results when applying the same
suite of algorithms after the SDP relaxation. The third column shows the difference in
errors between the first and second columns, while the fourth column contains a histogram
of the delta errors. This altogether illustrates the fact the SDP relaxation does improve
the performance of all signed clustering algorithms except L. Results are averaged over 20

runs.
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where 1,,, xn, (respectively, 0., xn,) denotes an n; x ny matrix of all ones, respectively, all
zeros. In our experiments, we set n; = nz = 4, and fix n = 500. We perturb B by deleting
edges across the two partitions, and inserting edges within each partition. More specifically,
we generated the full adjacency matrix A° from B by adding edges independently with
probability 7 within each partition (i.e., along the diagonal blocks in (46)). Finally, we
denote by A the masked version we observe, A = A% 0 S, where S denotes the adjacency
matrix of an Erdds-Rényi(n, §) graph. The graph shown in Figure 2 is an instance of the
above generative model. Note that, for small values of 7, we expect the maximum cut to

Figure 2: Illustration of MAX-CUT in the setting of a perturbation of a complete bipartite
graph.

occur across the initial partition Pg in the clean bipartite graph B, which we aim to recover
as we sparsify the observed graph A. The heatmap in the left of Figure 3 shows the Adjusted
Rand Index (ARI) between the initial partition Pg and the partition of the MAX-CUT
SDP relaxation in (29), as we vary the noise parameter n and the sparsity §. As expected,
for a fix level of noise 7, we are able to recover the hypothetically optimal MAX-CUT, for
suitable levels of the sparsity parameter. The heatmap in the right of Figure 3 shows the
computational running time, as we vary the two parameters, showing that the MANOPT
solver takes the longest to solve dense noisy problems, as one would expect.

In the second set of experiments shown in Figure 4, we consider a graph A° chosen at
random from the collection® of graphs known in the literature as the GSET, where we vary
the sparsity level §, and show the MAX-CUT value attained on the original full graph A°,
but using the MAX-CUT partition computed by the SDP relaxation (29) on the sparsified
graph A.

8.3 Angular Synchronization

For the angular synchronization problem, we consider the following experimental setup, by
assessing the quality of the recovered angular solution from the SDP relaxation, as we vary
the two parameters of interest. In the x-axis in the plots from Figures 5 and 6 we vary the

3. http://web.stanford.edu/~yyye/yyye/Gset/
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(a) Adjusted Rand Index. (b) Running times (MANOPT).

Figure 3: Numerical results for MAX-CUT on a perturbed complete bipartite graph, as
we vary the noise level n and the sampling sparsity J. Results are averaged over 20 runs.

3500 -

C
3000

N

[

o

o
T

Max-Cut Value
N
o
o
o

1500 -

-o-Max-Cut on Full Graph

1000 - 1
- Max-Cut on Sparsified Graph

0.2 0.4 0.6 0.8 1
 (sparsity)

Figure 4: Max-Cut results for the G53 benchmark graph (from the GSET collection) with
n = 1000 nodes and average degree ~ 12. Results are averaged over 20 runs.

noise level o, under two different noise models, Gaussian and outliers. On the y-axis, we
vary the sparsity of the sampling graph.

We measure the quality of the recovered angles via the Mean Squared Error (MSE),
defined as follows. Since a solution can only be recovered up to a global shift, one needs
an MSE error that mods out such a degree of freedom. The following MSE is also more
broadly applicable for the case when the underlying group is the orthogonal group O(d), as
opposed to just SO(2) as in the present work, where one can replace the unknown angles
01,...,0, with their respective representation as 2 x 2 rotation matrices hy, ..., h, € O(2).
To that end, we look for an optimal orthogonal transformation O € O(2) that minimizes
the sum of squared distances between the estimated orthogonal transformations and the
ground truth measurements

O = argmin Z |h; — Oh;|%, (47)
0e0(2) ;=1

34



LEARNING WITH SDP ESTIMATORS

where Ry, ..., h, € O(2) denote the 2 x 2 rotation matrix representation of the estimated
angles 61, ... ,Gn. In other words, O is the optimal solution to the alignment problem

between two sets of orthogonal transformations, in the least-squares sense. Following the
analysis of Singer and Shkolnisky (2011), and making use of properties of the trace, one
arrives at

n

Z-_Zn:l |hi — Oh;|% = Z Trace [(h - Oﬂ,) <hi - OiLi>T]

Il
1 M= T |

Trace [2[ — 20h;, hT] = 4n — 2 Trace

2 ] . (48)
If we let ) denote the 2 x 2 matrix
IERSP
=Nl 49
IS (19)
it follows from (48) that the MSE is given by minimizing
1 ¢ -
= 2 Ihi = Ohul[f = 4 = 2Tr(0Q). (50)

In Arun et al. (1987) it is proven that Tr(0OQ) < Tr(VUTQ), for all O € O(3), where
Q =UXVT is the singular value decomposition of (). Therefore, the MSE is minimized by
the orthogonal matrix O = VU and is given by

o 1
MSE & — Zuh —Ohill}: = 4 =2 Trace(VUTUSVT) =4 = 2(01 +02),  (51)
z 1

where 01, 09 are the singular values of ). Therefore, whenever () is an orthogonal matrix
for which o7 = o9 = 1, the MSE vanishes. Indeed, the numerical experiments (on a log
scale) in Figures 5 and 6 confirm that for noiseless data, the MSE is very close to zero.
Furthermore, as one would expected, under favorable noise regimes and sparsity levels, we
have almost perfect recovery, both by the SDP and the spectral relaxations, under both
noise models.

9. Conclusions and future work

There are a number of other graph-based problems amenable to SDP relaxations, for which
a similar theoretical analysis of their SDP-based estimators could be suitable. For example,
the recent work of Cucuringu and Tyagi (2020) considered a problem motivated by geo-
sciences and engineering applications of recovering a smooth unknown function f : G — R
(where G = [a,b] is known) from noisy observations of its mod 1 values, which is also
amenable to a solution based on an SDP relaxation solved via a Burer-Monteiro approach;
the tightness of such an SDP relaxation was recently analyzed by Fanuel and Tyagi (2021).
Another potential application concerns the problem of clustering directed graphs and un-
covering unbalanced flows arising from the edge orientations, as in the very recent work
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Figure 5: Recovery rates (MSE (51) - the lower the better) for angular synchronization
with n = 500, under the Gaussian noise model, as we vary the noise level o and the sparsity
p of the measurement graph. Results are averaged over 20 runs.
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Figure 6: Recovery rates (MSE (51) - the lower the better) for angular synchronization
with n = 500, under the Outlier noise model, as we vary the noise level v and the sparsity
p of the measurement graph. Results are averaged over 20 runs.

of Cucuringu et al. (b) that proposed a spectral algorithm based on Hermitian matrices;
this problem is also amenable to an SDP relaxation. Many other situations could also be
considered under the angle of learning with a ’linear loss function’ as presented in this
work; just to name a few, we may think about the phase retrieval problem or the quadratic
assignment problem from Yurtsever et al. (2021), a graph coloring problem as in Rendl
(2010), a planted clique problem as in Hajek et al. (2016), the kernel clustering problem as
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in Giraud and Verzelen, a manifold learning problem as Tepper et al. (2018), the angular
bi-synchronization problem Cucuringu and Tyagi (2021), etc..

Our theoretical and practical findings show that running algorithms (such as spectral
methods) directly on A may be improved by using first a SDP estimator, such as Z, and run-
ning the very same algorithms on Z (instead of A). Somehow, Z performs a pre-processing
denoising step which improve the recovery of the hidden signal, such as community vectors.
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Appendix A. Proofs of Theorem 1 and Theorem 2

Proof of Theorem 1

Denote r* = r*(A). Assume first that r* > 0 (the case r* = 0 is analyzed later). Let Q* be
the event onto which for all Z € C if (EA, Z* — Z) <r* then (A —EA, Z — Z*) < (1/2)r*.
By Definition of 7*, we have P[Q2*] > 1 — A.

Let Z € C be such that <IEA,Z* — Z> > r* and define Z’ such that 7/ — Z* =
(r*/(BEA,Z* — Z)) (Z — Z*). We have (EA,Z* — Z') = r* and Z' € C because C is
star-shaped in Z*. Therefore, on the event Q*, <A —EA,Z' — Z*> < (1/2)r* and so
(A—EA,Z - 7*) < (1/2)(EA, Z* — Z). It therefore follows that on the event Q*, if Z € C
is such that <EA, z* — Z> > r* then

(A, Z —Z*) < (-1)2)(EA, Z* — Z) < —r*/2

which implies that <A, Z — Z*> < 0 and therefore Z does not maximize Z — <A, Z > over
C. As a consequence, we necessarily have <]EA, Z*— 7 > < r* on the event Q* (which holds
with probability at least 1 — A).

Let us now assume that r* = 0. There exists a decreasing sequence (r,), of positive
real numbers tending to r* = 0 such that for all n > 0, P[Q,] > 1 — A where Q, is the
event €, = {¢(r,,) < 0/2} where for all r > 0,

P(r) _1 sup (A—EA,Z - Z%).
" 2eC:(EAZ* 2 )<r

Since C is star-shapped in Z*, v is a non-increasing function and so (£2,), is a decreasing
sequence (i.e. Qp41 < Q, for all n = 0). It follows that P[n,Q,] = lim, P[Q,] > 1 — A.
Let us now place ourselves on the event n,€2,. For all n, since €2, holds and r,, > 0, we
can use the same argument as in first case to conclude that <IEA, Z*— 7 > < rp. Since the
latter inequality is true for all n (on the event n,$;,) and (r,), tends to zero, we conclude
that (EA, Z* — Z) <0 = r*. n

Proof of Theorem 2

Let 7* = r§(A). First assume that 7* > 0. Let Z € C be such that G(Z* — Z) > r*. Let
f:Ael0,1] > GIAN(Z* — Z)). We have f(0) = G(0) =0, f(1) =G(Z*—Z) > r* and f
is continuous. Therefore, there exists \g € (0,1) such that f(\g) = r*. We let Z’ be such
that Z' — Z* = \o(Z — Z*). Since C is star-shapped in Z* and Ao € [0, 1] we have Z' € C.
Moreover, G(Z* — Z') = r*. As a consequence, on the event Q* such that for all Z € C if
G(Z* = Z) <r* then (A —EA,Z — Z*) < (1/2)r*, we have (A —EA,Z' — Z*) < (1/2)r*.
The latter and Assumption 2 imply that, on Q*,

(1/2)r* > (A, Z' = Z*) + (BA, Z* = Z'y 2 (A, Z' = Z*) + G(2* — Z') = (A, Z' — Z*) + 1*
and so (A, Z' — Z*) < —r*/2. Finally, using the definition of Z’, we obtain

(A, Z —Z*%) = (1/X)(A, Z' — Z*) < —r*/(2)0) < 0.
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In particular, Z cannot be a maximizer of Z — <A, Z > over C and so necessarily, on the
event O, G(Z* — Z) < r*.

Let us now consider the case where r* = 0. Using the same approach as in the proof of
Theorem 1, we only have to check that the function

1
Yir>0— - sup (A—EA,Z - Z*)
T zeCc:G(Z*—Z)<r

is non-increasing. Let 0 < r; < ry. W.lo.g. we may assume that there exists some Zs € C

such that G(Z* — Z3) < ro and ¢(ro) = (A —EA, Zy — Z*)/ro. If G(Z* — Z3) < 1y

then (r2) < (ri/ro)Y(r1) < @(r1). If G(Z* — Z3) > r1 then there exists A\g € (0,1)

such that for Z3 = Z* + \o(Zy — Z*) we have G(Z* — Z1) = r1 and Z; € C. Moreover,
= G(No(Z* — Z2)) < MG (Z* — Z3) < Aorg and so Ao = r1/r. It follows that

L (A-BA, 21— 2%) < () < ()

r —(A—-FA,Zy - 7*) =
vir2) < 2 )= AoT2 AoT2

where we used that ¢ (r) > 0 for all » > 0 because Z* € {Z € C : G(Z* — Z) < r} for all
r > 0. ]

Appendix B. Additional proofs for Signed Clustering

Proof of Equation (10)

We recall that the cluster matrix Z € {0,1}"*" is defined by Z;; = 1 if i ~ j and Z;; = 0
when i # j and o = 0(p + ¢ — 1). For all matrix Z € [0, 1]"*", we have

n

(ZBEA-aJ) = ) Zj[BAj—a)= >, Zy[EAj—a)+ > Zj;(EA;-a)
3,7=1 (3,5)eCt (3,7)eC—

=[62p-1)—a] >, Yy+[2¢-1)-a] > Zy+(1—-0a)) Z
i=1

(i,j)eCt:iz] (i,5)eC

=dp—a) | DY, Y- D, Yy +(1—04)Zn:Zu‘.
i-1

(3,7)eCt (3,5)eC—

The latter quantity is maximal for Z € [0, 1]™*" such that Z;; = 1 for (i, j) € CT and Z;; = 0
for (i,7) € C™, that is when Z = Z. As a consequence {Z} = argmax g 1jnxn (Z, EA—a.J).

Moreover, Z € C < [0,1]™*" so we also have that Z is the only solution to the problem
maXZec<Z, EA — aJ> and so Z = Z*. ]
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Proof of Proposition 2: control of S;(Z) adapted from Fei and Chen (2019b)

The noise matrix W is symmetric and has been decomposed as W = ¥ 4+ UT where ¥ has
been defined in (62). For all Z € C n (Z* + rB}*™), we have

S1(2) =(P(Z - Z*),W) = (P(W),Z — Z*)

=(UU'W,Z - 2*)+(WUU",Z - Z*) - (UU'WUU ', Z — Z*)

=2UU'W,Z - 2*) —(UU'WUU ', Z — Z*)

=20UU, Z - Z*)+2UU V", Z — 2*) —(UUT (Y + " UU ", Z — Z*)

=20UU, Z - Z*) + U0V, Z — 2*) —2UUTWUU ", Z — Z*)

=20UU, Z - Z*) +2UU 'V, Z — Z*) —2UU 'V, (Z — Z*)UU ). (52)
An upper bound on S;(Z) follows from an upper bound on the three terms in the right side
of (52). Let us show how to bound the first term. Similar arguments can be used to control
the other two terms.

Let V := UUTW. Let us find a high-probability upper bound on the term <UUT\I/, Z —
Z*) ={V,Z —Z*) uniformly over Z € Cn (Z* +rB}""). For all k € [K], i € C}, and j € [n],

we have .
2 lt\IIt] 2 \Pt] 2 ‘Ijt] 2 LI]t]

tECk teCk teCk
Therefore, given j € [n] the Vj;’s are all equal for ¢ € C,. We can therefore fix some arbitrary
index i, € C; and have V;; = Vj,; for all i € C,. Moreover, (V;,; : k € [K],j € [n]) is a
family of independent random variables. We now have

Viz-z= Y ¥ N Vyz-2,= Y Ezkvmz z=2)

ke[ K] ieCy, je[n] ke[K] je 1€C,
Y D WVigw
ke[K] je[n]
which is a weighted sum of nK independent centered random variables X}, ; := [V, ; with
weights wy ; = (1/lk) Djee, (Z — Z7%)ij for k € [K],j € [n]. We now idenfity some properties
on the weights wy;.
The weights are such that

Z Z lw ;| < ClK Z Z (Z — Z*)z]| — |z - Z*H1 C1nK < carkK

(K] je[n ke[K] je[n] i€Cr n

which is equivalent to say that the weights vector w = (wy; : k € [K],j € [n]) is in the
¢85 ball (c;7K /n)BE™. Tt is also in the unit ¢£"-ball since for all k € [K] and j € [n],

4 —7%);
gl « DI <1z 22, <1

ieCk
We therefore have w € BE™ n (cir K /n) BE™ and so

sup (V,Z - Z*) < sup 2 X jwi j- (53)
ZeCn(Z*+rBP*™) weBE" n(e1rK/n)B{" ke[ K] je[n]
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It remains to find a high-probability upper bound on the latter term. We can use the
following lemma to that end.

Lemma 1 Let Xy = Y,cc, Wiy for (k,j) € [K] x [n]. For all 0 < R < Kn, if [R] =
2eKnexp(—(9/32)np/K) then with probability at least 1 — ([R]/(QeKn))[R]

sup Z Xk, jwg,j < 4\/800R\/7—;{p log (

QeKn)
weBE"ARBLE™ (1 j)e[ K] x [n]

[R]

Proof of Lemma 1. Let N = Kn and assume that 1 < R < N. We denote by X{ >
X3 =, = X} (resp. wf = --- = w}) the non-decreasing rearrangement of | Xy, ;| (resp.

|wy, ;]) for (k,j) € [K] x [n]. We have
N
sup Z Xpjwj < sup Z XFwy
weBngB{V (k. 7)E[K]x[n] weBngB{V i=1
[R] N [R]
< sup Y Xjfwi+ sup > Xfwf < Y XF o+ RX[, QZX*
weBY =1 wERB{V i=[R]+1 i=1
Moreover, for all 7 > 0, using a union bound, we have
[R]
Y XF>7|=P (I < [K]x[n]:|I|=[Rland > |Xp;|>7
i=1 (koj)el
=P max max Up i Xgi > T
Ic[K]x[n]:U—[R]uk,j—ﬂ,(kmef(k%e[ R
< 2 Z P Z Xk,jukﬂ' > T
Ic[K] x[n]:|I|=]R] ue{£ 1}l (k,g)el
= 2 > P X D Y >
IC[K]x[n]:|I|=[R] ue{+1}[R]  \ (k,j)el teCy,

Let us now control each term of the latter sum thanks to Bernstein inequality. The random
variables (W ; : t,j € [n]) are independent with variances at most p = d max(1 — 6(2p —
1)2,1 — §(2g — 1)?) since Var(¥;;) = 0 when i > j and Var(¥,;) = Var(4;; — E[4;;]) =
Var(A;;) < p for j > i. Moreover, |¥;;| = 0 when j < i and |U;;| = |[W;;| = |A;; —EA;;| <2
for j > i because A;; € {—1,0,1}. It follows from Bernstein’s inequality that for all I <
[K] x [n] satisfying |I| = [R] and u € {+1}I%] that

P Z Z\IJ up; > 7T | <ex _—7—2 < ex 7
bt S PRI + 4773 ) = TP\ o[R]conp/K + 47/3

k,j)E[ teCy,
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when 7 < (3/2)[R]conp/K. Therefore, sup,cpy gy 2 Xk, jwk,; < 27 with probability at

least
= ()2 o (i) =1 =00 (e )

n 2eN
(3/2)[R]conp/K = 7 = +/8co[R] fplog < T >
which is a non vacuous condition since [R] = 2eN exp(—(9/32)np/K). The result follows,
in the case 1 < R < N, by taking 7 = 1/8co[R]\/(np/K)log (2¢N/[R]) and using that
2R > [R] when R > 1
For 0 < R < 1, we have

when

sup Xpjwpj =R~ max  [Xj ;]
weBE"nRBE" (k:,j)e%:(] x[n] ! ! (k.j)elK]x[n] !
and using Bernstein inequality as above we get that with probability at least 1—exp(—K72/(8conp)),
max . j\e[k]x[n] | Xkl < 7 when 3conp/(2K) = 7 = 1/8conplog(nK)/K which is a non vac-
uous condltlon when Qanp 4K log(nK). By taking 7 = 1/8conplog(nK)/K, we obtain,
that for all 0 < R < 1, if 9conp = 4K log(nK) then with probability at least 1 — 1/(nKk),

1 K
sup 2 Xpjwg; < R 86072'0;?(”).
weBEMORBI (k j)e[ K] x[n]
|
We apply Lemma 1 for R = ¢;rK/n to control (53):
K\ [
K 2eK A= "
P sup (V,Z —Z*) < cor plog( fTKn) —<[ = ]>
ZeCn(Z*+rBy"™) n [ 2eKn

when [c;7K /n] = 2eKnexp(—(9/32)np/K).
Using the same methodology, we can prove exactly the same result for the quantity
sup <UUT\IIT,Z—Z*>.
ZeCn(Z*+rBP<™)
Ty T T

We can also use the same method to upper bound SUP zec (2% 41 B1 ™) <UU ' (Z-Z*)UU >,
we simply have to check that the weights vector w' = (wy; : k € [K],j € [n]) where
wi; = (/1) Yiee, [(Z — Z¥)UU ;5 is also in BE™ A (c17K /n) BE™ for any Z € C such that
|Z — Z*|,; < r. This is indeed the case, since we have for all i € [n], ¥’ € [K] and j € Cy,
[(Z - Z5UUT);; = So1(Z — Z%)ip(UU ), = Zpeck/(Z — Z*)ip/ly which is therefore
constant for all elements in j € Cis. Therefore, we have

DD EAES il oo CaERt

U lgr

] ]ECk/ ’LECk peCk/
aK crK
222 ZZ\Z 2l <12 - 27, 2= < A
]ECk/ Zeck peCk/
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and for all £’ € [K] and j € Cy,

T3 N - <122, <1

Therefore, w' € BE™ n (c17K /n) BEX™ and we obtain exactly the same upper bound for the
three terms in (52). This concludes the proof of Proposition 2.

Proof of Proposition 3: control of the S3(Z) term from Fei and Chen (2019b)

In this section, we prove Proposition 3. We follow the proof from Fei and Chen (2019b)
but we only consider the “dense case” which is when név > logn — we recall that v =
max(2p — 1,1 — 2¢). For a similar uniform control of S2(Z) in the “sparse case ”, when
co < ndv < logn for some absolute constant cg, we refer the reader to Fei and Chen (2019b).

For all Z € C, we have S3(Z) = <73L Z—Z*W) = <73i( ),W) because, by con-
struction of the projection operator PL(Z*) = 0. Therefore, S3(Z) < HPL(Z)H* W lop
where |-],, denotes the nuclear norm (i.e. the sum of singular values) and -], denotes the
operator norm (i.e. maximum of the singular value). In the following Lemma 2, we prove
an upper bound for HPL(Z ) H* and then, we will obtain a high-probability upper bound onto
Wlop-

Lemma 2 For all Z e C n (Z* +rB}*"), we have
[P£(2)], = Tr(P(2)) <

Proof Since Z > 0 so it is for (I, —UU ") Z(I, —UU ") and so P+(Z) = (I, —UU " Z(I,, —
UUT) > 0 therefore HPL(Z)H* = Tr(P+(Z)). Next, we bound the trace of P(Z).

Since I, — UU " is a projection operator, it is symmetric and (I, —UU")? =1, —UU ",
moreover, Tr(Z) = n = Tr(Z*) when Z € C so

Te(PH(2)) = Te(PH(Z — 2*)) = Te((I, —UU " )(Z — Z*)(I, — UU "))
= Tr((I, — UUD*(Z — Z2*)) = Te((I, — UUT)(Z — Z*))
= Te(Z) — Te(Z*) + Te(UUT(2* - 2)) = Y (UUT) (2% — Z);

‘7j

ZZ LZ -2 12 = 2

jECk ] jECk

K
<42 Z 2| -2yl < =12 - 27,

] ,]ECk

where we used in (i) that for 7 and j in a same community, we have Z = 1 and Z;; € [0, 1],
thus (Z* — Z);; = |(Z* — Z);;|. Finally, when Z is in the localized set C n (Z* + rB'*"),
we have ||Z — Z*|; < r which concludes the proof. |
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Now, we obtain a high-probability upper bound on HWHOp. In the following, we apply
this result in the “dense case” (i.e. ndv = logn) to get the uniform bound onto S2(Z) over
ZeCn (Z*+rBy").

Lemma 3 (Lemma 4 in Fei and Chen (2019b)) With probability at least 1—exp(—dvn),

[Wop < 16v0vn + 1684/log(n

Proof Let A’ be an independent copy of A and R € R"*" be a random symmetric matrix
independent from both A and A’ whose sub-diagonal entries are independent Rademacher
random variables. Using a symmetrization argument (see Chapter 2 in Koltchinskii (2011)
or Chapter 2.3 in van der Vaart and Wellner (1996)), we obtain for W = A —EA,

(i)

<E[|A-A

(iii)
lop < IEH (A—A)oR|,, < 2E[AoR]|e

IE”V[/Hop = ]EHA*EA/ Hop
where o is the entry-wise matrix multiplication operation, (i) comes from Jensen’s inequality,
(#i) occurs since A — A’ and (A — A’) o R are identically distributed and (74i) is the triangle
inequality. Next, we obtain an upper bound onto E | A4 o RHop'

We define the family of independent random variables (&;; : 1 < i < j < n) where for
all<i<j<n

1 . e EA;
with probability —5%
VIEA;]

Cij =1 — \/|IE1147--| with probability % (54)
ij

0 with probability 1 — EA;;.

We also put b;; := 4/|EA;j| for all 1 < i < j < n. It is straightforward to see that
(&ijbij + 1 < i< j <mn)and (Aj;R;j : 1 < i < j < n) have the same distribution. As
a consequence, |Ao R|qy, and [X||g, have the same distribution where X € R™ " is a
symmetric matrix with X;; = &;b;; for 1 <7 < j <n. An upper bound on E HX||Op follow
from the next result due to Bandeira and Van Handel (2016).

Theorem 9 (Corollary 3.6 in Bandeira and Van Handel (2016)) Let &, 1 < i
J < n be independent symmetric random variables with unit variance and (b;,1 <i < j
n) be a family of real numbers. Let X € R™*™ be the random symmetric matric deﬁned by

<
<

Xij = &jbij forall1 <i<j<n. Let o := maX1<i<n{ Z] 1 bfj}. Then, for any a = 3,

2
E|X|op <e= [20 + lda | Jnax {Hfijbij H2[alog(n)]} log(n)}

SISJEN

where, for any q > 0, |||, denotes the Lg-norm.

Since (&;; : 1 <14 < j < n) are independent symmetric such that Var(;;) = E[ ZQJ] =1we

can apply Lemma 9 to upper bound E | X[ o, = E [A o R|qp. We have [[ibij o4 10g(n)) < 1
for any o > 3 and b2 |EA;;| < dv. It therefore follows from Lemma 9 for o = 3 that

E[[W]op < 263 [2@ + 42+/log(n ] < 8vndv + 168+/log(n). (55)
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The final step to prove Lemma 3 is a concentration argument showing that ||WH0p is
close to its expectation with high-probability. To that end we rely on a general result for
Lipschitz and separately convex functions from Boucheron et al. (2013). We first recall that
a real-valued function f of N variables is said separately convex when for every i =1,..., N
it is a convex function of the i-th variable if the rest of the variables are fixed.

Theorem 10 (Theorem 6.10 in Boucheron et al. (2013)) Let X be a convex compact
set in R with diameter B. Let X1,---, XN be independent random variables taking values
in X. Let f: XN — R be a separately convex and 1-Lipschitz function, w.r.t. the Kév—norm
(i.e. |f(x)— f(y)| < |z —vyly for all z,y e XN). Then Z = f(X1,...,Xn) satisfies, for all
t > 0, with probability at least 1 — exp(—t?/B?), Z < E[Z] + t.

We apply Theorem 10 to Z := [W |y, = f(Aj; —EAj, 1 <i<j<n)= % |A—EA|qp
where f is a 1-Lipschitz w.r.t. £)’-norm for N = n(n —1)/2 and separately convex function
and (A;; —EA;5,1 <i<j<n)is a family of NV independent random variables. Moreover,
for each i > j, (A —EA); e [-1—-0(2p—1),1 —6(2¢ — 1)], which is a convex compact set
with diameter B = 2(1 + 0(p — q)) < 4. Therefore, it follows from Theorem 10 that for all
t > 0, with probability at least 1 — exp(—t2/16), Wlop < E[Wlop + v/2t. In particular,
we finish the proof of Lemma 3 for ¢ = 4v/dvn and using the bound from (55). [ ]

It follows from Lemma 3 that when nvd = logn, |[W|y, < 184vndv with probability
at least 1 — exp(—dvn). Using this later result together with Lemma 2 concludes the proof
of Proposition 3.

Appendix C. Proof of Theorem 6 for Angular Synchronization with
additive noise

Here we consider the following model: we observe C' = Z* + ¢W, where Z* = 2*(z%)T,

¥ = (e®)? and W e C™" is a complex Wigner matrix (ie. W = WT, its above-
diagonal entries are complex numbers whose real and imaginary parts are independent
normally distributed random variables with mean zero and variance 1/2; and its diagonal
entries are zero).

Let us first show that Z* is the oracle in our approach. That is to show that

Z* € argmax(EC, Z) (56)
ZeC
where C :={Z e H,, : Z > 0,diag(Z) = 1,}.
We recall that the offsets are 6;; = 6; —0;[2n] fori,j =1,...,n. Let v1,...,v, € [0,27]
and define x; = e, ¢ =1,...,n. We have for all ¢, =1,...,n,

)

L5 L0;45 L5 *
Vi = = 044[21] = €7 — e =0 = ZLx; —x; <= ECjz;—2;=0

It follows that

argmin { Z |EC;jz; — a:z|2} = {(€L(9i+90))?:1 10 € [0,27r)}. (57)

zeCm:|z;|=1V1 ij=1
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Let us now rewrite the latter optimization problem as a SDP problem.
Let x € C" be such that |z;| =1 for all i =1,...,n. We have
n n
> ECyz; — @il = ) (ECyz; — 2;)(ECijx; — ;)
ij=1 ij=1
n n
= Z ’Ecijl‘j|2 + |£UZ| 2 (ECUZE] + IEC”fol) =2n% — 2R < Z ECUCL‘jfZ>

i,j=1 2,j=1

=1 =1
=2n% — 2R (ETECJU) =2n? -7 'ECx,

where we used in the last inequality that E[C] = Z* = 2¥7* so that ' ECx = [(z,z*)|* €
R. Next, we see that 7' ECx = <IEC’,X> where X = 2%, hence, minimizing z € C* —
=1 |E[Clijz; — z;|? over all x € C" such that |z;| = 1 boils down to maximizing X €
C™" — tr(E[C]X) € R over the set {X = 27" : 2 € C",|z| = 1Vi} = {X e H,, : X >
0,diag(X) = 1,,rank(X) = 1} where H,, is the set of hermitian matrices of size n x n.
Then, it follows from (57) that

argmax (EC, X) = {Z*}
XeH,: X >0,diag(X)=1,,rank(X)=1

the result that we want to prove in (56); it only remains to show that the rank one constraint
may be dropped. We use the same approach as the one we used to show (18).
First, one can easily check that the following inclusion holds true

Ccl:={ZeC"":|Z;| <1,Vi,je[n]}
Second, the objective function Z — %(<EC, Z>) is linear (w.r.t. to real coefficient), hence,
maximizing it over the convex set C’ yields a solution at an extreme point of C’, that is in

the set of matrices Z € C" " such that |Z;;| = 1 for all (i,7). Let X = (e%4); j<, with
0 < Bi; < 27 be an extreme point of C’. We have

R((EC, X)) =%( %, Ecx> :%< ) ﬁ) = 3% costay ) < n°

i,j=1 i,j=1 1,j=1

— 7
because for all 6y € [0,27), (eX0i+00))n_ (e(®i+bo))n = Z* The latter inequality is almost

and the maximum is achieved when f;; = 6;;[2] for all (¢, j), that is when X = Z*. Since
Z* € C c (', then Z* is the unique maximizer of Z — (EC, Z) over C. Therefore (56) holds
and so Z* is also the oracle in this model.

Curvature of the objective function

Let Z € C. We can write Z = (xijebﬁij)i,jzl,m,n, with 0 < 25 < 1 (we recall that C < C’
defined above) and f;; € [0,27). On one side, we have

(EC,Z* - Z) = R((EC, Z* — Z)) = §R< i EC;;(Z* — Z)i])

i,j=1

= §R< D, (e — xije_bﬁij)) = 3?( PN xijeL(éij_’Bij))> = D (1= aijcos(dyy — Bi)-
ig=1

3,j=1 1,j=1
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On the other side, we have

n
|2~ 2= Y N2 - 2l = 3 1 et = 31— g

5,j=1 4,j=1 3,j=1

n n
Z (1 — 245 cos(Bij — 6i5))? + :c sin?(By; — 0ij) = Z (1 — 2245 cos(Bij — 0i) + a2 )
J=1 i,7=1

Z (1 — 45 cos(Bij — 0i5)) = 2<IEC, 7* — Z>

where we used in the last but one inequality that 0 < x;; < 1.
We conclude that the excess risk satisfies the following curvature: for all Z € C,

1
(EC,Z* - Z) > 51X = X|3. (58)
That is Assumption 1 holds with G : M € C"™*" — (1/2) | M.

Three upper bounds on the fixed point r#(A) in the angular group
synchronization model with additive noise

According to our methodology (associated with Corollary 1), we need to calculate the
following fixed point: let A € (0,1), and consider

TE(A):inf{r>O:IP’( sup <C—EC,Z—Z*><T/2>>1—A}
ZeC:G(Z%—Z)<r

:inf{r > O:]P’(sup<0VV,Z—Z*> gr/2> > I—A}
ZeCr

where C, := {Z € C:|Z — Z*|, < V2r}.
For pedagogical purposes, we show how to perform this computation via three different
means, yielding three different results. We obtain the following upper bounds

r&(exp(—n?/2)) < 320202, 1 (exp(—n/2)) < 36 K5on>? and r& (5 exp(—n/2)) < 2(200)%n

Each of the three bounds follows from a different strategy. The first one is based on the
inclusion C, ¢ Z* + @Bg *™ the second one on C, < C and is therefore the approach that
we called “global”, and the last one follows from the strategy used in Fei and Chen (2019b)
that we already used for the signed clustering problem.

FIRST UPPER BOUND ON THE FIXED POINT 7 USING C, € Z* 4+ /2rBy™"

In this section, we use the following inclusion to obtain the result

C. < Z* + V2r BY*™, (59)
where By*™ is the Euclidean ball in R"*". We have
sup (oW, Z—-Z*)<o sup (W,Z)=oV2r|W|,.
ZeC:||Z—Z%|,<V/2r Ze\/2rBy*"
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Next, we use Borell’s concentration inequality for Gaussian processes Ledoux (2001):
for all u > 0, with probability at least 1 — exp(—u?/2), we have that

Wy <E[W]y+ sup A/E(W,Z)"u<n+u.

ZeBy*"

As a consequence, for A = exp(—n?/2) and r = 320212, we have, with probability at least
1—A,
sup <JI/V, 7 — Z*> < 2n0V2r < r/2.
ZeC:|Z—Z%*||,<V2r
Hence, one has r(A) < 320%n2.
We apply Corollary 1 to get that with probability at least 1 — exp(—n?/2)

10 - 2 .
5 HZ — 2| <(EC.2" - Z) <r(exp(—n?/2)) < 320°n”. (60)

Next, we know that the oracle Z* is the rank-one matrix 2*7% | which has n as its
largest eigenvalue and associated eigenspace {Az* : A € C}. In particular, Z* has a spectral
gap g = n. Let Z € C" be a top eigenvector of Z with norm |z|, = y/n. It follows from
Davis-Kahan Theorem (see, for example, Theorem 4.5.5 in Vershynin (2018) or Theorem 4
in Vu (2010)) that there exists an universal constant ¢y > 0 such that

.T*

T
NEERD
where g = n is the spectral gap of Z*. Using (61), we conclude that, with probability at
least 1 — exp(—n?/2), it holds true that

(&)
gi
2 g

‘Z—Z*

)

2

min
zeC:|z|=1

min |z — zz*|, < 8cyo/n.
zeC:|z|=1

SECOND UPPER BOUND ON THE FIXED POINT Té: THE GLOBAL APPROACH

One may wonder what type of result we can get for the angular group synchronization
problem with additive noise using the global approach. It is the aim of this last section to
answer this question.

As for the community detection problem we will use Grothendieck inequality for the
global approach. As in (59), the global approach is also using an inclusion of the localized
set Cy, but unlike (59), we just drop off the localization: we are simply using C, < C. We
have that

sup (oW, Z — Z*) < osup(W, Z — Z*) < 2KGo |[W||
ZeC:|Z—Z*||,<V/2r zZeC

cut’

where we used Grothendieck’s inequality as in (42) but in the complex case (K, g denoting
Grothendieck’s constant in the complex case). Here the cut norm in the complex case is
defined as

W = sup ‘ > Wz’jSitj’-

Si7tj€((::|8i‘:‘tj‘:1 i.j

57



CHRETIEN, CUCURINGU, LECUE, NEIRAC

We therefore end up with the computation of the cut norm of the noise as in Guédon and
Vershynin (2016) for the community detection problem.

Here the noise being Gaussian, the cut norm ||[W]_,, is the supremum of a Gaussian
process for which we can use Borell’s concentration inequality (see Ledoux (2001)) to get
for all u > 0, with probability at least 1 — exp(—u?/2),

2
it SEIWlogtu — sup BN S Wisiti| < W, + un,
Sz,tjE(C:|S¢‘:|t]":1 ij

Next, we use Slepian’s lemma (see Chapter 3 from Ledoux and Talagrand (1991)) to handle
the complexity term E ||[W]_,,. First, we need to upper bound the canonical metric associ-
ated with the Gaussian process for every s;,s;,t5,t; € C: |si| = [tj| = [si] = [t}] = 1 we
have

W]

Z |sit; — sit}]
- Z |si(t; — ) — (s — Si)t;-|2 < 2n (Z It — zt;|2 + Z |s; — s;|2>
(2] J (
= QRE‘ Zgi(si — S;) + Z’I’]j(t]
i J

where (g;)i, (1;); are i.i.d. N(0,1). It follows from Slepian’s lemma that

cut S \/ﬁE sup ‘Zgz 1*5 +Z77]

si,t5€C:|s4]=[tj|=1

IE‘ Z Wijsit; —

E|W]| < 442nn.

Together with Borell’s inequality above for u = y/n, we obtain that with probability at least
1 —exp(—n/2), |[W|,.; < 9n®?2.

As a consequence, for A’ = exp(—n/2), we have r%(A’) < 36 K5on/2. Tt follows from
Corollary 1 that with probability at least 1 — exp(—n/2)
}Z—Z*2<<ECZ* Z) < ré(ex 2 K&on®/? 1
2| < (EC, p(—n/2)) < 36KSon32. (61)

min |z — zz*||, < 604/36Kgan1/4.
zeC:|z|=1

We conclude that the global approach is better than the local approach using the inclu-
sion in (59).

and so

THIRD UPPER BOUND ON THE FIXED POINT rg: END OF THE PROOF OF THEOREM 6

The final approach is based on a decomposition from Fei and Chen (2019b) that we already
used for the signed clustering problem. Here, for the angular group synchronization prob-
lem, the projection operator is simpler since Z* is the rank-one matrix 2*7% " and all the
processes are Gaussian processes.
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In order to work with independent random variables, we consider the following matrix

¥ e Crxn
o Wij ifi<y
Vij = { 0 otherwise, (62)

where 0 entries are considered as independent Gaussian variables with 0 variance and there-
fore, ¥ has independent Gaussian entries, and satisfies the relation W = ¥ + T

Like we did for the signed clustering problem, we decompose the inner product <VV, 7 —
A *> into two parts according to the SVD of Z*. We know that Z* is the rank-one matrix

7% = xFT, then v := x*/y/n is a unit singular vector of Z* and we define the following
projection operator

P:MeC™" - o5 M+ Muo' —vo' Moo,
and its associated orthogonal projection
PL:MeCY™ - M—-PM) = (I, —vo )M, —vi").

For any Z € C, := C n {Z* + /2rBy*"}, we consider the following decomposition as in Fei
and Chen (2019b)

(W, Z - 2% =(P(Z — Z*),W) + (PX(Z — Z*),W).

« J < J

v~ v~

S51(2) S2(2)

Next, we upper bound with large probability each of the two last terms uniformly over all
Z € Cr. We start with the S1(Z) term: for any Z € C,, we have

S1(Z) = (W, P(Z—-2%)) = (PW),Z - Z*)
= ("W, Z - Z*)+ (Wov',Z - Z*) — (vo " Wuvi', Z — Z*)
=2(v0' W, Z — Z*) — (vo " Wwv ', Z — Z*)
=200 0, Z — Z*) + 200" T, Z— Z*) — (00 (T + T o', Z — Z*)
=2(v0' 0, Z — Z*) + 2(vo " U, Z — Z*) — 2(v0 Yo", Z — Z*)
=2(v0' 0, Z - Z*) + 2(vo " U, Z — Z*) = 2(v0 "W, (Z — Z*)vD ).
Then, bounding separately each of those three terms will lead us to a bound for S;(Z). Let

us show how to bound the first term. Similar arguments can be used to control the other
two terms.

We define V := v5' U, so that Vij = 2pvitgVi; = stj v Wyj. We want to find
a high-probability upper bound on <V, AEA *> To that end we simply use the inclusion
Cr © Z* +/2rBy™" to get

sup <V,Z — Z*> < sup <V, Z> = \/ﬂHVH2
ZEC»,» ZE\/?B;XTL
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so that

N

E [sup<v,z - Z*>] VIRV, < Vo [ 33 il PEID 2

ZeCr ij k<j
) 1/2
=/2r (Z]) < AV2rn.
"5
Moreover, we have
E[(V,Z - Z*)"] = E[[{¥,v0" (Z — Z%))|*] ZI NZ = 2%))yl?

—Z 06(Z — Z% )i
Now, we apply Borell’s inequality (see, for instance, Theorem 4.1 in Ledoux (2001)
or page 56-57 in Ledoux and Talagrand (1991)): for w = n, with probability at least

1 — exp(—u?/2),

7 — Z*H
Z Z* 2 H =~ 2 < =,
nzzjlzk:| kil < n n

V,Z—Z* <E V,Z—Z* + E|\(V,Z —Z* 2
sup(V.Z - 27) < B | sup(V. 2= 77) | + sup B[V Z - 20) Pl

W+\fu_zm

Similar calculus yield to the same upper bounds for the two other terms. Therefore, we
obtain, with probability at least 1 — 3 exp(—n?/2), it holds true that

sup S1(Z) < 6v/2rn. (63)

7ZeCy

Now, it remains to control the second S2(Z) term. For any Z € C,, we have
$2(2) = (W.PH(Z = 27)) = (W.PH(2)) < [PH(2)], IW o,
Since Z > 0, we have (I,, —vo')Z(I, —vo') = 0, that is P+(Z) = 0 and so
[PL(2)], = Te(PH(2)) L Te(PH(Z — 2%)) = Tr((In — v0)(Z — Z%)(Ip — v0 7))
W (I, — 00N (Z = 2%)) = TH(Z — Z*) — Te(v3 | (Z — Z%))
Te(vo' (Z* — 2)) = Y 0ii(Z* = Z)i5 < |0l311Z — Z*]

0,

(i)

= |Z - 7%, < V2r.
where (i) is due to the fact that P+ (Z*) = 0 by construction, (i) holds because (I, —vv ")

is Hermitian and (I, — vo')? = (I, —vo") and (i44) holds since Tr(Z) = Tr(Z*) = 1 for
any Z € C,.
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Moreover, it follows from Davidson and Szarek (2001) that, for all u > 0, with probability
at least 1 — 2exp(—u?/2), IWllyp < 24/n +u. We conclude that with probability at least
1 —2exp(—2n), we have

sup S2(Z) < 4v2nr. (64)
zZeC

It follows from (63) and (64) that with probability at least 1 — 5exp(—n/2)

sup (W, Z — Z*) < 10v2rn.
7¢eC,

Then, for A = 5exp(—n/2) and r = 2(200)?n we have, with probability at least 1 — A,

supzec, (oW, Z — Z*) < r/2. Hence, we conclude that rf(A) < 2(200)?n.
Now, we apply Corollary 1 to get that, with probability at least 1 — 5exp(—n/2)
2

, < 2(200)n.

—\z-2z*

;12

Next, we know that the oracle Z* is the rank-one matrix 2*7* | which has n for largest
eigenvalue and associated eigenspace {Az* : X\ € C}. In particular, Z* has a spectral gap
g =n. Let € C" be a top eigenvector of Z with norm |Z]y = +/n.

It follows from Davis-Kahan Theorem (see, for example, Theorem 4.5.5 in Vershynin
(2018) or Theorem 4 in Vu (2010)) that there exists an universal constant ¢y > 0 such that

$*

x
—_— Zi
Voo a/n
where g = n is the spectral gap of Z*. Using the previous inequality, we conclude that,
with probability at least 1 — 5exp(—n/2)

min
zeC:|z|=1

)

2

<C—OHZ—Z*
2 g

min |z — zz*|, < 40coo.
zeC:|z|=1

Appendix D. Solving SDPs in practice

The practical implementation of our approach to the problems of synchronization, signed
clustering and MAX-CUT resorts to solving a convex optimization problem. In the present
section, we describe the various algorithms we used for solving these SDPs.

Pierra’s method

For SDPs with constraints on the entries, we propose a simple modification of the method
initially proposed by Pierra in Pierra (1984). Let f: R™*™ — R be a convex function. Let C
denote a convex set which can be written as the intersection of convex sets C = S1n---nSjy.
Let us define H = R™*™ x ... x R™™ (J times) and let D denote the (diagonal) subspace
of H of vectors of the form (Z,...,Z). In this new formalism, the problem can now be
formulated as a minimization problem over the intersection of two sets only, i.e.

min (}] Z f(ZJ‘)ZZ:(Zj)}]:lE(Sl X e XSJ)ﬂD) .
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Define F/(Z) = % Zszl f(Z;). The algorithm proposed by Pierra in Pierra (1984) consists
of performing the following iterations

1 - (BP) and BPT™! = Projp(ZP11).

p+1 _
Z Proxlslx'uxsfri

Pierra’s method can be shown to converge in the setting of our finite dimensional experi-
ments using (Martinet, 1972, Chapter V).

APPLICATION TO COMMUNITY DETECTION

Let us now present the computational details of Pierra’s method for the community detec-
tion problem. We will estimate its membership matrix Z via the following SDP estimator

Z € argmax ;.o(A, Z),
where C = {Z € RV, Z = 0,7 > 0,diag(Z) < I, 2, Zij; < A}y and X = X5 Zij =
S |Ck|? denotes the number of nonzero elements in the membership matrix Z. The
motivation for this approach stems from the fact that the membership matrix Z is actually
the oracle, i.e., Z* = Z | where Z* € argmax ,.-(E[A], Z). The function f to minimize in
the Pierra algorithm is defined as f(Z) = —(A, Z).

Let us denote by S the set of symmetric positive semi-definite matrices in R™*". The
set C is the intersection of the sets

Sy =Sy; Sy ={ZeR™" | Z > 0}; Sy ={Z e R™" | diag(Z) < I};
n
and Sy = {ZeR”XM >z <)\}.
ij=1
We now compute for all B = (Bj)f=1 e (R™M*and j =1,...,4 (J = 4 here)
Proxlslx_nxs4+%ap (B)j = PrOXISjJr%sf (B;j).
We have for J =4
. € 1 2 €

Proxlsj+%ef (Bj) = argmingeg, — 27 (A, Z) + 3 |Z —Bj|z = Ps, (Bj + 27 A)
On the other hand, the projections operators Ps,,j = 1,2, 3,4 are given by

Ps,(Z1) = Umax {%,0}U", where Z; has eigenvalue decomposition Z; = USU T,

Ps, (Zg) = max {22, 0} , Ps, (23) =73 — diag(Zg) + min {1, diag(Z3)} R

To sum up, Pierra’s method can be formulated as follows.

Zs.

For all iterations k in N, compute the SVD of B} + 554 = U*S¥(U*)T. Then compute
forall j=1,...,4

€

ko © 4 g ko €
2.4A,0}+83+2.4A diag(B5 + 5 4)

1
k+1 _ L[ 77k k k\T k
B, —4<U max{Z ,0}(U) +maX{Bz+

+ min {1,diag(B’§ + T:A)} + — Bi+ €A>

62



LEARNING WITH SDP ESTIMATORS

APPLICATION TO SIGNED CLUSTERING

Let us now turn to the signed clustering problem. We will estimate its membership matrix
Z via the following SDP estimator Z € argmax .. (A, Z), where C = {Z € R"" : Z >
0,7;;€[0,1],Z;; = 1,4 =1,...,n}. As in the community detection case, the function f to
minimize in the Pierra algorithm is defined as f(Z) = —(A, Z).

Let us denote by S, the set of symmetric positive semi-definite matrices in R™*". The
set C is the intersection of the sets S1 = Si, So = {ZeR"™" | Z€[0,1]"*"} and S5 =
{ZGRnxn ’ Zii = 1, 1= 1,...,71}.

As before, for j =1,...,3

€
PrOXIstr%sf (Bj) = st (Bj + Tg A>

and the projection operators Ps,, j = 1,2, 3 are given by
Ps,(Z1) = Umax {¥,0}U", Ps,(Z,) = min {max {Z,,0},1} and Ps,(Z3) = Z3 —diag(Z3) +|

To sum up, Pierra’s method can be formulated as follows.

At each iteration k, compute the SVD of B} + 554 = UFS¥(U*)T. Then compute for
allj=1,...,3

k+1 _
B =

W =

(UkmaX{Ek,O} U + min {maX{Bg + L A,O},l}
+B’§+ﬁ A—diag(B’§+2;3 A) +I>.

The Burer-Monteiro approach and the Manopt Solver

To solve the MAX-CUT and Angular Synchronization problems, we rely on MANOPT,
a freely available MATLAB toolbox for optimization on manifolds Boumal et al. (2014).
MANOPT runs the Riemannian Trust-Region method on corresponding Burer-Monteiro non-
convex problem with rank bounded by p as follows. The Burer-Monteiro approach consists
of replacing the optimization of a linear function <A, Z > over the convex set Z = {Z > 0:
A(Z) = b} with the optimization of the quadratic function (AY,Y’) over the non-convex
set Y ={Y e R™P: A(YYT) = b}.

In the context of the MAX-CUT problem, the Burer-Monteiro approach amounts to
the following steps. Denoting by Z the positive semidefinite matrix Z = zzT, note that
both the cost function and the constraints lend themselves to be expressed linearly in terms
of Z. Dropping the NP-hard rank-1 constraint on Z, we arrive at the well-known convex
relaxation of MAX-CUT from Goemans and Williamson (1995)

Ze argmin<A, Z>,
zZeC

where C:={Z eR"":Z >0,Z;; =1,Vi=1,...,n}.
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If a solution Z of this SDP has rank 1, then Z = 2*2*" for some z*, which then gives
the optimal cut. Recall that in the general case of higher rank Z,

Y € argmin(AY,Y), (65)
XeB

where B := {Y € R"*P : diag(YY7T) = 1}. Note that the constraint diag(Y'Y”) = 1 requires
each row of Y to have unit 5 norm, rendering Y to be a point on the Cartesian product of
n unit spheres S§ “Lin Re , which is a smooth manifold. Also note that the search space of
the SDP is compact, since all Z feasible for the SDP have identical trace equal to n.

If the convex set Z is compact, and m denotes the number of constraints, it holds true
that whenever p satisfies % > m, the two problems share the same global optimum
Barvinok (1995); Burer and Monteiro (2005). Building on pioneering work of Burer and
Monteiro (2005), Boumal et al. (2016) showed that if the set Z is compact and the set )
is a smooth manifold, then w > m implies that, for almost all cost matrices A, global
optimality is achieved by any Y satisfying a second-order necessary optimality conditions.
Following Boumal et al. (2016), for p = [v/2n], for almost all matrices A, even though
(65) is non-convex, any local optimum Y is a global optimum (and so is Z = YY), and
all saddle points have an escape (the Hessian has a negative eigenvalues). Note that for

p > n/2 the same statement holds true for all A, and was previously established by Boumal
(2015).
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