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Abstract

We propose a flexible ensemble classification framework, Random Subspace Ensemble (RaSE),
for sparse classification. In the RaSE algorithm, we aggregate many weak learners, where
each weak learner is a base classifier trained in a subspace optimally selected from a col-
lection of random subspaces. To conduct subspace selection, we propose a new criterion,
ratio information criterion (RIC), based on weighted Kullback-Leibler divergence. The
theoretical analysis includes the risk and Monte-Carlo variance of the RaSE classifier, es-
tablishing the screening consistency and weak consistency of RIC, and providing an upper
bound for the misclassification rate of the RaSE classifier. In addition, we show that in a
high-dimensional framework, the number of random subspaces needs to be very large to
guarantee that a subspace covering signals is selected. Therefore, we propose an iterative
version of the RaSE algorithm and prove that under some specific conditions, a smaller
number of generated random subspaces are needed to find a desirable subspace through
iteration. An array of simulations under various models and real-data applications demon-
strate the effectiveness and robustness of the RaSE classifier and its iterative version in
terms of low misclassification rate and accurate feature ranking. The RaSE algorithm is
implemented in the R package RaSEn on CRAN.

Keywords: Random Subspace Method, Ensemble Classification, Sparsity, Information
Criterion, Consistency, Feature Ranking, High Dimensional Data

1. Introduction

Ensemble classification is a very popular framework for carrying out classification tasks,
which typically combines the results of many weak learners to form the final classification.
It aims at improving both the accuracy and stability of weak classifiers and usually leads
to a better performance than the individual weak classifier (Rokach, 2010). Two prominent
examples of ensemble classification are bagging (Breiman, 1996, 1999) and random forest
(Breiman, 2001), which focused on decision trees and aimed to improve the performance by
bootstrapping training data and/or randomly selecting the splitting dimension in different
trees, respectively. Boosting is another example that converts a weak learner that performs
only slightly better than random guessing into a strong learner achieving arbitrary accu-
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racy (Freund and Schapire, 1995). Recently, several new ensemble ideas appeared. Blaser
and Fryzlewicz (2016) aggregate decision trees with random rotations to get an ensemble
classifier. In particular, it randomly rotates the feature space each time prior to fitting
the decision tree. Random rotations make it possible for the tree-based classifier to arrive
at oblique solutions, increasing the flexibility of the decision trees. As a variant, to make
the ensembles favor simple base learners, Blaser and Fryzlewicz (2019) proposed a regu-
larized random rotation algorithm. Another popular framework of ensemble classifiers is
via random projection. Durrant and Kaban (2015) studied a random projection ensemble
classifier with linear discriminant analysis (LDA) and developed its theoretical properties.
Furthermore, Cannings and Samworth (2017) proposed a very general framework for ran-
dom projection ensembles. Each weak learner first randomly projects the original feature
space into a low-dimensional subspace, then the base classifier is trained in that new space.
The choice of the base classifier is flexible, and it was shown that the random projection
ensemble classifier performs competitively and has desirable theoretical properties. There
are two key aspects of their framework. One is that since naively aggregating all projec-
tions might lead to a poor performance, they first select some “good” projections and only
aggregate these ones. The other key idea is that they tune the decision threshold instead
of applying the naive majority vote. These two ideas will also appear in our framework
(to be proposed). To make the random projection include more important features in the
linear combinations, Mukhopadhyay and Dunson (2019) proposed a targeted random pro-
jection ensemble approach, which includes each variable with probability proportional to
their marginal utilities.

Another example of ensemble classification is the random subspace method, which was
first studied in the context of decision trees (Ho, 1998). As the name suggests, it randomly
selects a feature subset and grows each tree within the chosen subspace. A similar idea is
used in random forest when we restrict the splitting of each tree to a subset of features.
The random subspace method is closely related to other aggregation-based approaches,
including the bootstrap procedure for features (Boot and Nibbering, 2020). Also, as Can-
nings and Samworth (2017) pointed out, the random subspace method can be regarded
as the random projection ensemble classification method when the projection space is re-
stricted to be axis-aligned. Compared to other ensemble approaches, the random subspace
method keeps the data structure via sticking to the original features, which can be help-
ful for interpretation and provide a direct way for feature ranking. It has been coupled
with various base classifiers, including linear discriminant analysis (Skurichina and Duin,
2002), k-nearest neighbor classifier (Bay, 1998), and combined with other techniques such
as boosting (Garcia-Pedrajas and Ortiz-Boyer, 2008). A related approach is random par-
tition (Ahn et al., 2007), where the whole space is partitioned into multiple parts. Bryll
et al. (2003) introduced optimization ideas into the framework of the random subspace
method, and selected optimal subspaces by evaluating how the corresponding fitted models
performed on the training data. Despite these developments, most existing works do not
have theoretical support, and the research on the link between random subspace and feature
ranking is scarce to the best of our knowledge. Furthermore, the existing literature usually
considers the ensemble of all generated random subspaces, which may not be a wise idea
in the sparse classification scheme as many random subspaces will contain no signals. Our
new ensemble framework on random subspaces is designed to tackle the sparse classification



RASE: RANDOM SUBSPACE ENSEMBLE CLASSIFICATION

problems with theoretical guarantees. Instead of naively aggregating all generated random
subspaces, we divide them into groups and only keep the “optimally” performing subspace
inside each group to construct the ensemble classifier.

Feature ranking and selection are of critical importance in many real-world applications.
For example, in disease diagnosis, beyond getting an accurate prediction for patients, we
are also interested in understanding how each feature contributes to our prediction, which
can facilitate the advancement of medical science. It has been widely acknowledged that in
many high-dimensional classification problems, we only have a handful of useful features,
with the rest being irrelevant ones. This is sometimes referred to as the sparse classification
problem, which we briefly review next. Bickel et al. (2004) showed that linear discriminant
analysis (LDA) is equivalent to random guessing in the worst scenario when the sample size
is smaller than the dimensionality. Exploiting the underlying sparsity plays a significant role
in improving the performance of the classic methods, including the LDA and the quadratic
discriminant analysis (QDA) (Mai et al., 2012; Jiang et al., 2018; Hao et al., 2018; Fan et al.,
2012; Shao et al., 2011; Fan et al., 2015; Li and Shao, 2015). While those methods work
well under their corresponding models, it is not clear how to conduct feature ranking with
other types of base classifiers. In this work, we propose a flexible ensemble classification
framework, named Random Subspace Ensemble (RaSE), which can be combined with any
base classifiers and provide feature ranking as a by-product.

RaSE is a flexible ensemble classification framework, the main mechanism of which is
briefly described as below. Suppose the observation pair (z,y) takes values from X x {0,1},
where X is an open subset of RP, p is a positive integer and y is the class label. Assume the
training set consists of n observation pairs {(x;,v;),i = 1,...,n}. Weuse C5~ 7 (x) € {0,1}
to represent the prediction result of the classifier trained with only features in subset S when
the base classifier is 7. For the j-th (j € {1,..., B1}) weak learner, By random subspaces
{Sjk}kBil are generated and the optimal one S}, is selected according to some criterion to be
specified. Then this weak learner will be trained by using only the slice of training samples
in this subspace Sj.. Finally the B; weak classifiers Co=T . ,CSB”*T are aggregated
to form the decision function

1 o
RSBy =1 [ N G (@) > a,

where « is a threshold to be determined. This framework contributes to the research of
ensemble method and feature ranking in the following aspects. First, it admits a flexible
framework, in which any classification algorithm can serve as the base classifier. Some
examples include the standard LDA, QDA, k-nearest neighbor classifier (kNN), support
vector machines (SVM), and decision trees. Second, the ensemble process naturally implies
a ranking of the importance of variables via the frequencies they appear in the B; sub-
spaces {Sj*}f:ll. For several specific sparse classification problems, equipped with a new
information criterion named ratio information criterion (RIC), RaSE is shown to cover the
minimal discriminative set (to be defined later) for each weak learner with high probability
when By and sample size n are sufficiently large.

Although the RaSE framework shares some similarities with the random projection
(RP) framework of Cannings and Samworth (2017), there are several essential differences
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between them. First, the key workhorse behind RaSE is to search for a desirable subspace
that covers the signals, which makes it amenable for feature ranking and selection. The
RP framework, on the other hand, is not naturally designed for feature ranking. Second, a
key condition (Assumption 2 in Cannings and Samworth (2017)) to guarantee the success
of RP implies that using the criterion for choosing the optimal random projection, each
random projection does not deviate much from the optimal one with a non-zero probability
that is independent of n and p, which may not be satisfied under the high-dimensional
setting. RaSE, however, assumes a set of conditions that explicitly take into account the
high-dimensionality, which leads to the screening consistency and weak consistency. Third,
we propose a new information criterion RIC with its theoretical properties analyzed under
the high-dimensional setting. Fourth, motivated by the stringent requirement of a large Bo
for the vanilla RaSE (see Sections 3.2 and 3.5), we propose the iterative RaSE, which relaxes
the requirement on By by taking advantage of the feature ranking in preceding steps.

The rest of this paper is organized as follows. In Section 2, we first introduce the RaSE
algorithm, and discuss some important concepts, including minimal discriminative set and
RIC. At the end of Section 2, an iterative version of the RaSE algorithm is presented. In
Section 3, theoretical properties of RaSE and RIC are investigated, including the impact
of B on the risk and Monte-Carlo variance of RaSE classifier, the screening consistency
and weak consistency of RIC, the upper bound of expected misclassification rate, and the
theoretical analysis for iterative RaSE algorithm. In Section 4, we discuss several important
computational issues in the RaSE algorithm, tuning parameter selection, and how to apply
the RaSE framework for feature ranking. Section 5 focuses on numerical studies in terms of
extensive simulations and several real data applications, through which we compare RaSE
with various competing methods. The results frequently feature RaSE classifiers among
the top-ranked methods and also shows its effectiveness in feature ranking. Finally, we
summarize our contributions and point out a few potential directions for future work in
Section 6. We present some additional results for empirical studies in Appendix A, and all
proofs are relegated to Appendix B.

2. Methodology

Recall that we have n pairs of observations {(x;,v;),i =1,...,n} s (x,y) € X x {0,1},
where X is an open subset of RP, p is a positive integer and y € {0, 1} is the class label. We
use Span = {1,...,p} to represent the whole feature set. We assume the marginal densities
of  for class 0 (y = 0) and 1 (y = 1) exist and are denoted as f© and f(), respectively.
The corresponding probability measures they induce are denoted as P©® and PM. Thus,
the joint distribution of (x,y) can be described in the following mixture model

x|y =yo ~ (1 —v0)f ¥ +yofY, 50 = 0,1, (1)

where y is a Bernoulli variable with success probability m = 1—mg € (0,1). For any subspace
S, we use |S| to denote its cardinality. Denote P* as the probability measure induced by
the marginal distribution of x, which is in fact oP© + 7P, When restricting to the
feature subspace S, the corresponding marginal densities of class 0 and 1 are denoted as
féo) and f(l), respectively.
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2.1 Random Subspace Ensemble Classification (RaSE)

Motivated by Cannings and Samworth (2017), to train each weak learner (e.g., the j-th one),
By independent random subspaces are generated as Sj1,...,S;B,. Then, according to some
specific criterion (to be introduced in Section 2.3), the optimal subspace Sj. is selected
and the j-th weak learner is trained only in Sj.. Subsequently, B; such weak classifiers
{CSJ*_T}Bll are obtained. Finally, we aggregate outputs of {CSJ*_T}lel to form the final
decision functlon by taking a simple average. The whole procedure can be summarized in

the following algorithm.

Algorithm 1: Random subspace ensemble classification (RaSE)

Input: training data {(x;,y;)};,, new data x, subspace distribution D, criterion
C, integers By and Bs, type of base classifier T
Output: predicted label Cf“SE (), the selected proportion of each feature n
Independently generate random subspaces S ~D,1 < j < By, 1<k < By
for j + 1 to B; do
Select the optimal subspace Sj. from {Sjk}kBil according to C and T
end

Construct the ensemble decision function v, (z) = 5, ZBl o ( )

Set the threshold & according to (2)
Output the predicted label CF*SF(x) = 1 (v, (z) > &), the selected proportion of

each feature g = (n1,...,n,)T where g = By ZBl 1(leSj),l=1,....,p

I = I, S VU VN

In Algorithm 1, the subspace distribution D is chosen as a hierarchical uniform distribu-
tion over the subspaces by default. Specifically, with D as the upper bound of the subspace
sizel, we first generate the subspace size d from the uniform distribution over {1,..., D}.
Then, the subspace Si; follows the uniform distribution over {S C Spu : |S| = d}. In
practice, the subspace distribution can be adjusted if we have prior information about the
data structure.

In Step 6 of Algorithm 1, we set the decision threshold to minimize the empirical clas-

sification error on the training set,

& = arg m[g)nu [Fo(1 = G () + 1 G ()], (2)
ag|0,

where

ne = 1(y;=r),r=0,1,

=1
ﬁ-’l’ = %77’ = 0’ 1’
1 n
G(@) = — > (i =)L (valw:) < 0),r = 0,1,
T =1

1. How to set D in practice will be discussed in Section 4.1.
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2.2 Minimal Discriminative Set

For sparse classification problems, it is of significance to accurately separate signals from
noises. Motivated by Kohavi et al. (1997) and Zhang and Wang (2011), we define the
discriminative set and study some of its properties as follows.

Definition 1 A feature subset S is called a discriminative set if y is conditionally inde-
pendent with xge given xg, where S¢ = Spy \ S. We call S a minimal discriminative
set if it has minimal cardinality among all discriminative sets.

Assumption 1 The densities O and fV have the same support a.s. with respect to P®.

Remark 2 Note that the existence of densities and the common support requirement are
not necessary for the definition of the minimal discriminative set and the RaSE framework.
We focus on the continuous distribution purely for notation convenience. We will discuss
this assumption again after introducing our information criterion in Definition 6.

Proposition 3 Under Assumption 1, we can characterize the discriminative set using the
marginal density ratio due to the following two facts.

(i) If S is a discriminative set, then

@) ()

FO@) P (as)

almost surely with respect to P%®.

(ii) If for a feature subset S, there exists a function h : RISl — [0, +00] such that

() _
O (z) h@s)
almost surely with respect to P*, then S is a discriminative set and
(1)
h(wS) - ?0) (wS)
Is (zs)

almost surely with respect to P*®.

In general, there may exist more than one minimal discriminative sets. For instance, if
two features are exactly the same, then more than one minimal discriminative sets may exist
since we cannot distinguish between them. To rule out this type of degenerate scenario, we
impose the uniqueness assumption for the minimum discriminative set.

Assumption 2 There is only one minimal discriminative set, which is denoted as S*. In
addition, all discriminative sets cover S*.
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In the classification problem, we are often interested in the risk of a classifier C. With
the 0-1 loss, the risk or the misclassification rate is defined as

R(C) = E[1(C(x) # y)] = P(C(x) #y).

The Bayes classifier
1, Ply=1lz) >3,

0, otherwise.

C’Bayes (x) = { (3)

is known to achieve the minimal risk among all classifiers (Devroye et al., 2013). If only fea-
tures in S are used, it will provide us a “local” Bayes classifier C3 ayes (zg) which achieves the
minimal risk among all classifiers using only features in S. In general, there is no guarantee
that R(Cgayes) = R(CBayes)- Fortunately, the equation holds when S is a discriminative
set.

Proposition 4 For any discriminative set S, it holds that
R(Cgayes) = R(Cg;yes) = R(CBayeS)-

This direct result illustrates that covering S* is sufficient to obtain performance as good as
the Bayes classifier.

To clarify the notions above, we next take the two-class Gaussian settings as examples
and investigate what S* is in each case.

Example 1 (LDA) Suppose f© ~ N(u©® %), fO ~ N(u® %), where ¥ is positive
definite. The log-density ratio is

£ B
log (W) =C—(p - pOTx g,

where C' is a constant independent of x. By Proposition 3, the minimal discriminative set
St ={j: (B (Y - uO)]; # 0}
This definition is equivalent to that in Mai et al. (2012) for the LDA case.

Example 2 (QDA) Suppose O ~ N(u(o),Z(o)), A~ N(,u(l),E(l)), where O and
Y1) are positive definite matrices with (0 #£ Y1) then the log-density ratio is

(@)

where C'is a constant independent of @. Let Sf = {j : [(B©)~1p® — (zW)=1,M]; £ 0},
Sy =1{j: (ZO)=t —(2O)=1,; £ 0,3i}. The elements in S; are often called variables
with main effects while elements in Sy are called variables with quadratic effects (Hao et al.,
2018; Fan et al., 2015; Jiang et al., 2018). By Proposition 3, the minimal discriminative
set S* =S5 USy.

g (f(o>(m)> _ C+%wT (21 _ (2(0))71] . [(E(o))qﬂ(m ~ =010 5 @)

Proposition 5 If fO ~ N(p©, 2O O ~ N(p®, M) where 2O and XV are posi-
tive definite matrices, then the following conclusions hold:



TIAN AND FENG

(i) The minimal discriminative set S* is unique;
(ii) For any discriminative set S, we have S O S*;

(i1i) Any set S D S* is a discriminative set. This conclusion also holds without the Gaus-
stan assumption.

2.3 Ratio Information Criterion (RIC)

As discussed in Section 2.2, it is desirable to identify the minimal discriminative set S* for
the classifier to achieve a low misclassification rate. Hence in Algorithm 1, it is important to
apply a proper criterion to select the “optimal” subspace. In the variable selection literature,
a criterion enjoying the property of correctly selecting the minimal discriminative set with
high probability is often referred to as a “consistent” one. For model (1), Zhang and Wang
(2011) proved that BIC, in conjunction with a backward elimination procedure, is selec-
tion consistent in the Gaussian mixture case. However, the BIC they investigated involved
the joint log-likelihood function for (x,y), which involves estimating high-dimensional co-
variance matrices that could be problematic when p is close to or larger than n without
additional structural assumptions.

Here we propose a new criterion, which enjoys the weak consistency under the general
setting of (1), based on Kullback-Leibler divergence (Kullback and Leibler, 1951). Two
asymmetric Kullback-Leibler divergences for densities f and g are defined as

KL(S1lg) = Eany [1og (20 )| KL(ol17) = By o (42))]

where Eg. s represents taking expectation with respect to & ~ f. In binary classification
model (1), marginal probabilities can be crucial because imbalanced marginal distributions
can significantly compromise the performance of most standard learning algorithms (He
and Garcia, 2009). Therefore, we consider a weighted version of two KL divergences for the
marginal distributions féo) and fg) with subspace S, i.e. moKL(f (O)Hfs )+ 1KL(f(1)\|féO)).
Denote by féo), fg), 7o, 1 the estimated version via MLEs of parameters, then it holds that

(0) — ! S
( HfS = Z]lyz—o log[é

(i, s>]
(mz,S)
(wz,S)

_ f
KL =0 D1 =1) 1og[ s ]
> ; fs ( ZS)

Now, we are ready to introduce the following new criterion named ratio information crite-
rion (RIC), with a proper penalty term.

Definition 6 For model (1), the ratio information criterion (RIC) for feature subspace S
1s defined as

RIC,(S) = —2[#oKL(f | F$) + mKLOSY 1] + en - deg(S), (5)

where ¢, is a function of sample size n and deg(S) is the degree of freedom corresponding
to the model with subspace S.
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Remark 7 Assumption 1 is necessary to make sure RIC is well-defined. To see this, note
that the existence of both Kullback-Leibler divergences requires (1) fO(x) = 0= f0)(x) =
0 a.s. with respect to P (2) fO(z) = 0= fO(x) =0 a.s. with respect to PO). This is
equivalent to Assumption 1 when my, w1 > 0.

Note that although AIC is also motivated by the Kullback-Leibler divergence, it aims to
minimize the KL divergence between the estimated density and the true density (Burnham
and Anderson, 1998). In our case, however, the goal is to maximize the KL divergence
between the conditional densities under two classes to achieve a greater separation.

Next, let’s work out a few familiar examples where explicit expressions exist for RIC.

Proposition 8 (RIC for the LDA model) Suppose f(O) ~ N(u0 %), f ~ N(pM), %),
where X is positive definite. The MLFEs of the parameters are

X 1 ¢
Ag) = - 3 s =r)wis,r =01,

=1

. 1 n 1

Sss = D0 1 =) (wis — A ) wis — )"
=1 r=0

Then we have
RIC,(S) = —(iy) — ) S5k(as) — a)) + (IS +1).

Proposition 9 (RIC for the QDA model) Suppose f(© ~ N(u©® 20 O ~ N(p® x0),
where O, () gre positive definite but not necessarily equal. The MLEs of the estimators
are as follows. {ﬂg), r=0,1} are the same as in Proposition 8, and

n

Os=—S "1y =1 (s — pd)(@is — pd) . r=0,1.

Then we have

RIC,(S) = —(ay) — )T [#

Note that the primary term of RIC for the LDA case, is the Mahalanobis distance
(McLachlan, 1999), which is closely related to the Bayes error of LDA classifier (Efron,
1975). And for the QDA case, the KL divergence components contain three terms. The first
term is similar to the Mahalanobis distance, representing the contributions of linear signals
to the classification model. And the second and third terms represent the contributions of
quadratic signals.

Note that the KL divergence can also be estimated by non-parametric methods includ-
ing the k-nearest neighbor distance (Wang et al., 2009; Ganguly et al., 2018), which may
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sometimes lead to more robust estimates than the parametric ones in our numerical exper-
iments. Specifically, consider two samples {a: " i f(o and {a:(l Z'Kd' fél), and
(0)

write pg, o(x 5 g) for the Euclidean distance between x; g and its ko-th nearest neighbor in

the sample {wg(g}?ﬁl\{mgog}, and write pk171(m§?;) for the Euclidean distance between ac§0;

and its kj-th nearest neighbor in the sample {a:z(lg}?:ll Wang et al. (2009) and Ganguly
et al. (2018) defined the following asymptotic unbiased estimator given kg and ki:

() n
KL(F 1) _|S‘Zl p'“‘”zos); +Iog<0_1>+‘li(k‘0) U(ki),  (6)

pkhl(ccz S

where ¥ denotes the diGamma function (Abramowitz and Stegun, 1948). Similarly we can

obtain estimate KL( H (0)) Besides, Berrett and Samworth (2019) proposed a weighted
estimator based on (6 ) and investigated its efficiency. We will compare the performance of
RaSE when using the estimate in (6) to that using parametric methods in simulation.

Another line of research for classification is to study the conditional distribution of
ylx. For this setup, there has been a rich literature on various information type criteria
that involves the conditional log-likelihood function. Akaike information criterion (AIC)
(Akaike, 1973) was shown to be inconsistent. It was demonstrated that Bayesian information
criterion (BIC) is consistent under certain regularity conditions (Rao and Wu, 1989). Chen
and Chen (2008, 2012) modified the definition of conventional BIC to form the extended
BIC (eBIC) for the high-dimensional setting where p grows at a polynomial rate of n. Fan
and Tang (2013) proved the consistency of a generalized information criterion (GIC) for
generalized linear models in ultra-high dimensional space.

2.4 Iterative RaSE

The success of the RIC proposed in Section 2.3 relies on the assumption that the minimal
discriminative set S* appears in some of the By subspaces for each weak learner. For
sparse classification problems, the size of S* can be very small compared to p. When
p is large, the probability of generating a subset that covers S* is quite low according
to the hierarchical uniform distribution for subspaces. It turns out by using the selected
frequency of each feature in B; subspaces {Sj*}f:ll from Algorithm 1, we can improve the
RaSE algorithm by running the RaSE algorithm again with a new hierarchical distribution
for subspaces. In particular, we first calculate the percentage vector n = (1, .. .,np)T
representing the proportion of each feature appearing among B subspaces {Sj*}f:ll, where

m = By ZBl 1(l € Sjx),l = 1,...,p. The new hierarchical distribution is specified as
follows. In the first step, we generate the subspace size d from the uniform distribution over
{1,..., D} as before. Before moving on to the second step, note that each subspace S can
be equivalently represented as J = (Ji,...,J,)T, where J; = 1(l € S),l = 1,...,p. Then,
we generate J from a restrictive multinomial distribution with parameter (p,d,n), where
7= (..., 7p) ", i =mnl(n > Co/logp) + %]l(m < Cp/logp), and the restriction is that
J;€{0,1},1=1,...,p. Here Cj is a constant.

Intuitively, this strategy can be repeated to increase the probability that signals in
S* are covered in the subspaces we generate. It could also lead to an improved feature

10
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ranking according to the updated proportion of each feature 1. This will be verified via
multiple simulation experiments in Section 5. This iterative RaSE algorithm is summarized
in Algorithm 2.

A related idea was introduced by Mukhopadhyay and Dunson (2019) to generate random
projections with probabilities proportional to the marginal utilities. One major difference
in RaSE is that the feature importance is determined via their joint contributions in the
selected subspaces.

Algorithm 2: Iterative RaSE (RaSEr)

Input: training data {(x;,y;)} ;, new data @, initial subspace distribution DO,
criterion C, integers By and Bs, the type of base classifier 7, the number of
iterations T'

Output: predicted label CE45F (), the proportion of each feature n(™)

1 fort+ 0 to 71 do

2 Independently generate random subspaces SJ(Q ~DW 1< j<B,1<k<Bs

3 for j + 1 to B; do

4 Select the optimal subspace S](i) from {Sﬁ? fil according to C and T

5 end

6 Update n® where nl(t) = B! Zf:ll 1(l e Sj(-i)),l =1,...,p

7 Update D® « restrictive multinomial distribution with parameter (p,d, ﬁ(t)),
where ﬁl(t) = nl(t)]l(nl(t) > Cp/logp) + %]l(nl(t) < Cp/logp) and d is sampled
from the uniform distribution over {1,..., D}

8 end

9 Set the threshold & according to (2)

(1)
.. . S =T
10 Construct the ensemble decision function v, (x) = 7B11 > ;3:11 Cy’ ()

11 Output the predicted label CESE (x) = 1 (v, (x) > &) and n(*)

3. Theoretical Studies

In this section, we investigate various theoretical properties of RaSE, including the impact
of By on the risk of RaSE classifier and expectation of misclassification rate. Furthermore,
we will demonstrate that RIC achieves weak consistency. Throughout this section, we allow
the dimension p grows with sample size n.

To streamline the presentation, we first introduce some additional notations. In this
paper, we have three different sources of randomness: (1) the randomness of the training
data, (2) the randomness of the subspaces, and (3) the randomness of the test data. We
will use the following notations to differentiate them.

e Analogous to Cannings and Samworth (2017), we write P and E to represent the
probability and expectation with respect to the collection of B; Bs random subspaces
{Sjr:1<j<By,1<k< B}

e P and E are used when the randomness comes from the training data {(z;, v;)}"1;

11
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e We use P and E when considering all three sources of randomness.

Recall that in Algorithm 1, the decision function is
1 & S
Vn () = B Z Cr?* ().
j=1
For a given threshold a € (0,1), the RaSE classifier is

CRaSE<CC) _ L Vn(x) > a,
" 0, vp(x)<a.

By the weak law of large numbers, as By — oo, v, will converge in probability to its
expectation
pn(x) =P (C;fl* (x) =1).

It should be noted that here as both the training data and the criterion C in Algorithm 1
are fixed, Si. is a deterministic function of {Slk}kBil. Nevertheless, p,(x) is still random
due to randomness of the new x. Then, it is helpful to define the conditional cumulative
distribution function of u, for class 0,1 respectively as G%O)(a’ ) = Plun(z) < oy =
0) = PO (pn(z) < o) and G (@) = Plun(z) < o'ly = 1) = PO (p,(z) < o). Since
the distribution D of subspaces is discrete, pu,(x) takes finite unique values almost surely,
implying G%O),Gg) to be step functions. We denote the corresponding probability mass
functions of G%O) and G%l) as g7(10) and gle), respectively. Since for any @, v,(x) — un(x) as
B1 — oo, we consider the following randomized RaSFE classifier in population

1, pin ()
CRaSEx(2) = {0, fin ()

Bernoulli(3), pn(z) =

NV

«,
«,

as the infinite simulation RaSE classifier with B — oo.

In the following sections, we would like to study different properties of CF*SE  In
Section 3.1, we condition on the training data and study the impact of B; via the relationship
between test error of CF*SE and CEaSE* and Monte-Carlo variance Var(R(CESF)) which
can reflect the stability of RaSE classifier as By increases. It will be demonstrated that
conditioned on training data, both the difference between the test errors of CE*F and
CRaSE* " and the Monte-Carlo variance of C*5F  converge to zero as By — oo for almost
every threshold « € (0,1) at an exponential rate. In Section 3.3, we will prove an upper
bound for the expected misclassification rate R(CE*5¥) with respect to all the randomness
for fixed threshold «. Next, we introduce several scaling notations. For two sequences a,
and by, we use a, = o(b,) or a, < by, to denote |a,/b,| — 0; a, = O(by,) or a, < b,
to denote |ay/b,| < oo. The corresponding stochastic scaling notations are o, and O,
where a, = op(by),an, = Op(by) imply that |ay /by 2y 0 and for any € > 0, there exists
M > 0 such that P(|a,/bn| > M) <€, ¥Yn. Also, we use Apin(A4) and Amax(A) to denote the
smallest and largest eigenvalues of a square matrix A. For any vector € = (z1,..., acp)T, the

Euclidean norm ||z|| = 1/, #?. And for any matrix A = (a;j)pxp, we define the operator

12
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norm ||Aljs = sup |[|Az||2, the infinity norm [|A]|. = sup Z?:l |a;j|, the maximum norm
[l[l2=1 i
|Al[max = max|a;;|, and the Frobenius norm [|Al|p = />, a?j.
Z7j ’

3.1 Impact of B;

In this section, we study the impact of By by presenting upper bounds of the absolute
difference between the test error of CE*SF and Cl@SF* and Monte-Carlo variance for RaSE
when conditioned on the training data as By grows. Note that the discrete distribution of
random subspaces leads to both bounds vanishing at exponential rates, except for a finite
set of thresholds «, which is very appealing.

Theorem 10 (Risk for the RaSE classifier conditioned on training data) Denote
Gn(d) = 7T'1G7(~01)(O/) — moGY (o) and {c;}}Y.| represents the discontinuity points of G,
Given training samples with size n, we have the following bound for expected misclassifica-
tion rate of RaSE classifier with threshold o when B1 — 0o as

1 AN
Bircise) - pomsey < {0 () e clodhy
exp{—CyB1}, otherwise,

=2 mi — a4]?).
where C,, 1glgnN(’a o;il?)

It shows that as B — oo, the RaSE classifier C#5F and its infinite simulation version
CHRaSEx achieve the same expected misclassification rate conditioned on the training data.
Many similar results about the excess risk of randomized ensembles have been studied in
literature (Cannings and Samworth, 2017; Lopes et al., 2019; Lopes, 2020). Next, we provide
a similar upper bound for the MC variance of the RaSE classifier. Suppose the discontinuity
points of G%O) and Gg) are {a?}f-vzol and {ocjl ;V:ll, respectively.

Theorem 11 (MC variance for the RaSE classifier) It holds that

Var[R(CTIL%aSE)] < {% [WO(QT(IO) (a))Q + 7Tl(gg) (O‘))Q} +0 (J%) , o€ {ago)}i\f:ol U {O{gl)};v:ll

exp{—CyBi1}, otherwise,
— . Oz (1))2
where Ca—21§rrl)%r]1V0(\a o; % Ja —ag 7).
152N

This theorem asserts that except for a finite set of threshold «a, the MC variance of RaSE
classifier shrinks to zero at an exponential rate.

3.2 Theoretical Properties of RIC

An important step of the RaSE classifier is the choice of an “optimal” subspace among Bo
subspaces for each of the By weak classifiers. Before showing the screening consistency and
weak consistency of RIC, we first present a proposition that explains the intuition of why
RIC can succeed.

13
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Proposition 12 When Assumptions 1 and 2 hold, we have the following conclusions:
(i) KL(FNFSY) = KL £80), KLY £87) = KL(FE|1£5Y) hold for any S 2 S*;
(ii) moKL(f$ 115"+ mKL(F$11£8") < moKL(FEP1£6)) + mKL(FE 1760 if S 2 5%
(i) KL(FG175) = sup KLG NS LGS = sup KL,
From Proposition 12, if we define the population RIC without penalty as
RIC(S) = =2 [moKL (A [1£7) + mKL(E1£7)]

it can be easily seen that sup RIC(S) = RIC(S*) < inf RIC(S). To successfully
S:SD85* S:S2S5*

differentiate S* from {S : S 2 S*} using RIC,,, we need to impose a condition on the

minimum gap of RIC on S* and that on S where S 2 S*. Similar assumptions such

as the “beta-min” condition appears in the high-dimensional variable selection literature

(Bithlmann and Van De Geer, 2011). Denote

Dlogp + k1log D
m
n

¥(n,p, D) = \/

ax {DHI(DF@ + D), D" D%m\/D logp + 1 log D } .

n

The complete set of conditions is presented as follows.

Assumption 3 Suppose densities f© and fO are in parametric forms with f(o)(a:) =

fO(x;0), fD(x) = fO(x;0), where 8 contains all parameters for both f© and fO).

Note that not all elements of 0 appear in O or fO. Denote the dimension of @ as p'.

As in Section 2.1, D represents the upper bound of the subspace size. Define Lg(x,0) =
(0) .

log (W). Assume the following conditions hold, where k1, K2, K3, K4, k5 > 0 and
s (&s;0s

C1, Oy, C5, Cy, Cs > 0 are some universal constants which does not depend onn, p or D:

(i) P’ is a function of p and p'(p) < ptt;
(i) max [KL(7O | 70), KL(FD[| )] € () S D

(tit) There exists a family of functions {Vs({xis}i—1)}s where Vs({z; s}l ) € R, such
that for V{x; s} | € X and subset S with |S| < D, there exists a constant { such that
if |05 — Osll2 < ¢, then

ZV Lg(x;,0') < Vs({zistiz1),

max

and the following tail probability bound holds for Vg:
P (Vs({zis}tic1) > C1D"™) < exp{—Chn},

where x; g ~ féo) or fél);

14
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(i) Each component of VogLs(x,0) is /2C3D"3 -subGaussian for any subset S with |S| <
D where &g ~ féo) or xg ~ fél), respectively;

(v) sup HIE

>VesLs($79)H , sup HE <1>V93LS($,9)H < DR
S:|S|<D zs~fs

O
zs~Ts 0 §:|S|<D 00

(vi) Lg(x,0) is a v/2C41 D" -subGaussian variable, where xg ~ féo) or xg ~ fé});

(vit) Denoting the MLE of @ based on subset S with |S| < D as

n 1
Os = argmax Y > L(y = r)log f§ (2,51 05),
S i=1r=0

then when € is smaller than a positive constant, it holds that

) A k1 log|S
EW%—%M>d§ﬁme%mﬂ:W%—%mz%<15”)

(viii) The signal strength satisfies

A= S:grgfs* RIC(S) — RIC(S*) > ¢ (n,p, D),
|S|<D

where Y(n,p, D) = o(1).

Here condition (i) assumes the number of parameters in the model grows slower than a
polynomial rate of the dimension. Condition (ii) assumes an upper bound for the two KL
divergences. Conditions (iii)-(vi) are imposed to guarantee the accuracy of the second-order
approximation for RIC. And condition (vii) is usually satisfied for common distribution
families (Van der Vaart, 2000). The last condition is a requirement for the signal strength.
A condition of this type is necessary to prove the consistency result for any information
criterion.

For condition (viii), it imposes a constraint among n, p, and D. When D < p, it can
be simplified as

pr. 08P _ gy,
n

where k is some positive constant. To cover all the signals in S*, we require D > p*.
Therefore, an implied requirement for n, p, and p* is

)" 5L = o(1),

which is similar to the conditions in the literature of variable selection. Here, we allow p to
grow at an exponential rate of n.

To help readers understand these conditions better, we show that some commonly used
conditions (presented in Assumption 4) for high-dimensional LDA model are sufficient for
Assumption 3.(i)-(vii) to hold with the results presented in Proposition 14. Assumption
3.(viii) can be relaxed under the LDA model.

15
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Assumption 4 (LDA model) Suppose the following conditions are satisfied, where m,
M, M' are constants:

(1) Amin(2) > m > 0,||2]|max < M < o0;
(ii) [|p) — pO o < M’ < o0;

(i1i) Denote §g = E;g(ug) - ugo))gy = ir];f |(05+);| > 0, then

/1
72 > D? % = o(1).

Remark 13 Here, condition (i) constrains the eigenvalues of the common covariance ma-
triz, which is similar to condition (C2) in Hao et al. (2018) and Wang (2009), condition
(2) in Shao et al. (2011), condition (C4) in Li and Liu (2019). Condition (ii) imposes an
upper bound for the mazximal componentwise mean difference of the two classes, which is
similar to condition (3) in Shao et al. (2011). Condition (iii) assumes a lower bound on the
minimum signal strength vy, which is in a similar spirit to condition 2 in Mai et al. (2012).

Proposition 14 Suppose {0 ~ N(p© %), f1) ~ N(uM,X), where X is positive definite.
If Assumption 4 holds, then Assumption 3.(i)-(vii) hold with 8g = ((ufqo))T, (ug))T, vec(Xg5)T)T
and k1 = 2,k = kg = 1, K3 = K5 = 5.

The detailed proof for this proposition can be found in Appendix B. We are now ready to
present the consistency result for RIC as defined in (5).

Theorem 15 (Consistency of RIC) Under Assumptions 1-3, we have
(i) If sup deg(S) - cn/A = o(1), then the following screening consistency holds for

S:|S|<D
RIC?

A
. D ks
P sup RICH(S) < S:gfgs* RICn(S) > 1-0 <p D"t exXp {—CTL (W) })

S:5D85*
|S|<D [S|<D
A 2 AN
. D k1 . . D .
0 <p D exp{ Cn <D"‘1(D”3 +D”4)> }) O <p exp{ Cn <D"‘5> })
— 1.

(ii) If in addition c, > ¥ (n,p, D), then the weak consistency in the following sense holds
for RIC:

P <RICn(S*) = S:gléD RICn(S)> >1-0 (pDD*“ exp {—Cn (%) })

2. Note that here we assume that MLE of 0 is well-defined for all models under consideration.
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ofprenfon () }) o (e ()
— 1.

*

p—p
Corollary 16 Denote ps- = P(S1; 2 §*) = % > (d<p’3*), where the subspaces are
p*<d<D \d
generated from the hierarchical uniform distribution. Assume the conditions stated in As-
sumption 1-2 hold, and in addition there holds

Bapg- > 1.

If we select the optimal subspace by minimizing RIC as the criterion in RaSE where D > p*,
then we have

B>
P(S1. 25*)>P| sup RIC,(S)< inf RIC,(S)| -P S1; OS5* , 7
(51259 2P| s RICLS) < il RICS) |- P |Utsy251]. @)
|S|<D |S|<D J=
where
B>
P J{S; 25| =1—(1-ps)? >1-0(exp{—Baps}).
j=1

Remark 17 Note that this corollary actually holds when we replace RIC,, with a general
criterion Cry, (smaller value leads to better subspace) with more discussions in Section 3.5.
And for RIC, the bounds for the first probability on the right-hand side of (7) in Theorems
15, 18 and 20 can be plugged in to get the explicit bounds.

Also, we want to point out that direct analyses of RIC for discriminant analysis models
are also insightful and interesting. We can show similar consistency results as those in
Theorem 15 from properties of discriminant analysis approach itself based on some common
conditions used in literature about sparse discriminant analysis, instead of applying the
general analysis of KL divergence.

Theorem 18 (LDA consistency) For the LDA model, under Assumption 4, we have

(i) If De,/v% = o(1), then the following screening consistency holds for RIC:

2\ 2

; 2 v

P S:sSuD%* RIC,(S) < S:ggS* RIC,(S)| >1-0 (p exp {—Cn <l)2> }) — 1.
|S|<D |S|<D

(ii) If in addition c, > D> 10%, then RIC is weakly consistent:

2
P <RICn(S*) _ 5~‘i§1‘f<D RICn(5)> >1-0 <p2 exp {—C’n (%) }) — 1.

17
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Assumption 5 (QDA model) Denote Qgg = (Eg:zg)*l,r = 0,1. Suppose the following
conditions are satisfied, where m, M, M’ are constants:

(i) Amin(Z)) > m > 0, Apax (X)) < M < 00,7 =0, 1;
(i) V) — oo < M’ < o0;

: NI 0) (0 . 1 0
(i1i) Denote ~; = H}f (Q(S)SNE?) — Qg’,i@“g))j) > 0,7 = 1rgf sgp ‘(Q(Séﬁ)ﬁg - Q(S;;),S;;)ij > 0,

- log p
min{y7, 77,74} > DZ\/T = o(1).

Remark 19 The conditions here are similar to Assumption 4 for the LDA model. A set
of analogous conditions were used in Jiang et al. (2018).

then

Theorem 20 (QDA cousistency) For the QDA model, under Assumption 5,

(i) If D*c,,/ min{~7, 72,74} = o(1), then RIC is screening consistent:

2

. mln{’)/lza 727 ’Yq}

P RIC,(S f RIC,(S)|>1-0|p? —Cn | —2 Y =

S (5) < s (5) | = p* exp n( g
|S|<D ISI<D

— 1.

(ii) Further, if ¢, > D?(/ 82 then RIC is weakly consistent:

n ’

2
P <RICn(S*) = s;\isg\f<D RICn(S)> >1-0 <p2 exp {—Cn (%) }) -1

The proof is available in Appendix B. Note that the bound here is tighter than the results
from Proposition 14 and Theorem 15.

Based on the consistency of RIC, in the next section, we will construct an upper bound
for the expectation of the misclassification rate R(CHFSE),

3.3 Misclassification Rate of the RaSE Classifier

In the following theorem, we present an upper bound on the misclassification rate for the
RaSE classifier, which holds for any criterion to choose optimal subspaces.

Theorem 21 (General misclassification rate) For the RaSE classifier with threshold
a and any criterion to choose optimal subspaces, it holds that
E sup [R(C5)— R(Cpayes)] +P(S1« 2 S*)

S:8SD8*
|S|<D

E{E[R(CIF) — R(Chayes)]} <

min(a, 1 — a)

18
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Here, the upper bound consists of two terms. The first term involving E sup [R(C3")—
S5:5285*
[S|<D

R(CBayes)] can be seen as the maximum discrepancy between the risk of models trained
in any subspace covering S* based on finite samples with the Bayes risk, which will be
investigated in detail in the next subsection. This term shrinks to zero under certain
conditions (see details in Section 3.4). The second term corresponds to the event that at
least one signal is missed in the selected subspace. Corollary 16 in Section 3.2 shows that
B needs to be sufficiently large to ensure this term goes to 0. We will show in Section 3.5
that the iterative RaSE could relax the requirement on By under certain scenarios.

Specifically, if we use the criterion of minimizing training error (misclassification rate on
the training set) or leave-one-out cross-validation error, a similar guarantee of performance
can be arrived as follows.

Theorem 22 (Misclassification rate when minimizing training error or leave-
one-out cross-validation error) If the criterion of minimal training error or leave-one-
out cross-validation error is applied for the RaSE classifier with threshold «, it holds that

E{E[R(CI"*F) — R(Chayes)]}

E sup [R(C}) — R(Cpayes)] + |E(en) +E sup ||| + (1 —ps=)"™
5:508" 5:528"
IS|I<D [S|I<D

min(a, 1 — «)

SN C)

where €5 = R(C3) — R, (CY),en, = E[R(CS) — R,(C51)]. Here R,(C) is the training
error or leave-one-out cross-validation error of classifier C.

This theorem is closely related to Theorem 3 in Cannings and Samworth (2017) and
derived along similar lines. The merit of Theorem 22 compared with Theorem 21 is that
we don’t have the term P(Si, 2 S*) in the bound, which can be difficult to quantify
when minimizing training error or leave-one-out cross-validation error. Regarding the upper
bound in (9), the first term is the same as the first term of the bound in Theorem 21. The

second term involving E(e,) +E sup |e| is relative to the distance between the training
S:5D8*
|S|<D

error and test error, which usually shrinks to zero for some specific classifiers under certain
conditions (see details in Section 3.4). The third term involving (1 — pg+)?? reflects the
possibility that S* is not selected in any of the By subspaces we generate, which is similar
to the second term in the bound given by Theorem 21. This term shrinks to zero under the
condition of Corollary 16.

3.4 Detailed Analysis for Several Base Classifiers

In this section, we work out the technical details for the RaSE classifier when the base
classifier is chosen to be LDA, QDA, and ANN.
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3.4.1 LINEAR DISCRIMINANT ANALYSIS (LDA)

LDA was proposed by Fisher (1936) and corresponds to model (1) where f(") ~ N(pu(") %), r =
0,1. For given training data {x;,y;}}_, in subspace S, using the MLEs given in Proposition
8, the classifier can be constructed as

L (0) (D)
CS—LDA () — 1, Le(es|fo, 71, 1§, ), Ss.9) > 0,
" 0, otherwise,

where the decision function
Ls(as|io, 71, 15, 55, Ss.5) = log(#t1 /70) + (x5 — (05 + 55))/2)7 (Ss.5) 7 (65 — aY).

And the degree of freedom of the LDA model with feature subspace S is deg(S) = |S| + 1.
Efron (1975) derived that

R<C§_LDA) — R(CBayes) = m [(I) <—A25 + ﬁs*) -& (—A; + TS)

@(-A;—%S> —<1><—A25—TS>], (10)

where Ag = \/(p,g) — ,u,g)))TEg’}g (u(sl) — “$)>7 As = \/(ﬂg) - llng)>Tﬁ3§,g (ﬂg) - ﬁ‘g))>7

¢ = log(m1 /mg)/ Ag, 75 = log(#1 /70)/As.

+ o

Proposition 23 If Assumption 4 holds, then we have

_ lo el 3
E sup [R(CS™PA) = R(Cpayes)] S D*/ —2L  max{(p*) 277", () 273}
62b !

Regarding the second term in the upper bound in Theorem 22, due to Theorem 23.1 in
Devroye et al. (2013), for any subset S, we have

1
P (|e§\ >€) < 8n? exp {—327162} ,

which yields

. 1
P sup | >e] < Z P(!eﬂ > ¢€) < 8nPpPP exp{—32n62}.
Si820 S5:805*
1S1<D 51D

By Lemma 39 in Appendix B, it follows

\/32[(D —p*)logp+ Dlogn + 3log2 + 1]

E sup |e| <
n

5:8D5*
|S|<D

. (11)
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E( sup [
k=1,...,Ba

Bs
1
P <k sup  |e3] > 6> < Z]P’(]eilk] > €) < 8Bon” exp {_32n62}

=1,...,.Bs Pt

Also since

Ele,| < E

and

again by Lemma 39, we have

32|log By + D1 3log2+1
E]en|§\/ [log By + Dlogn + 3log2 + ] (12)

n

By plugging these bounds in the right-hand side of (8) and (9), we can get the explicit
upper bound of the misclassification rate for the LDA model.

3.4.2 QUADRATIC DISCRIMINANT ANALYSIS (QDA)

QDA considers the model (1) analogous to LDA while z|y = r ~ N(u™,%"),r = 0,1,
where %(©) can be different from X(1). On the basis of training data {(z;,y;) }7_, in subspace
S, it admits the following form of classifier based on the MLEs given in Proposition 9:

1, Qs(aslfo, 71,48, Ay, £5% S5 %) > 0,

0, otherwise,

o

where the decision function

- A 1 B _ _
Qs(wsro, 71, 4§, s, B, By ) = log(1/70) — S@§((E55) ™ — (E5s) s

+ws[<z<”> g~ (5557 )
s ) (5% i

_5( S S,S

And the degree of freedom of QDA model with feature subspace S is deg(S) = |S|(|S] +
1)/2+ S|+ 1.
To analyze the first term in (8) and (9), as in Jiang et al. (2018), for any constant ¢, we

define
Ue = Max {ess sup h(’")(z),r =0, 1} ,

z€[—c,c]

where ess sup represents the essential supremum defined as the supremum except a set with

measure zero and h(")(z) is the density of Qg-(zg«|m1, 0, p,fgo*), ug*), Zg)*) S*,Eg*) g+) given

that y = 7.
Proposition 24 If Assumption 5 and the following conditions hold:
(i) There exist positive constants ¢,U. such that u. < U, < oo;

(i1) There exists a positive number wy € (0,1), p < exp{n®°};
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then we have

1—2w
1 2
E sup [R(CS;QDA) - R(CBayes)] S/ D2 ( ng>
S:5D85* n
|S|<D

for any w € (0,1/2).

Also, by applying Theorem 23.1 in Devroye et al. (2013) and Lemma 39, we have similar
conclusions as (11) and (12) in the following

E sup ]eg\g

)

\/32[(D —p*)logp + D(D +3)/2 -logn + 3log 2 + 1]

S:5D8* n
[SI<D
32[log Bo + D(D + 3)/2 -logn + 3log 2 + 1]
Elen| < .
n

The explicit upper bound of misclassification rate for the QDA model follows when we plug
these inequalities into the right-hand sides of (8) and (9).

3.4.3 k-NEAREST NEIGHBOR (kNN)

ENN method was firstly proposed by Fix (1951). Given «, it tries to mimic the regression
function E[y|x] in the local region around x by using the average of k nearest neighbors.
kNN is a non-parametric method and its success has been witnessed in a wide range of
applications.

Given training data {x;,y;} ;, for the new observation x and subspace S, rank the
training data by the increasing ¢? distance in Euclidean space to xg as {Tm, s}t such
that

s — @msllz < |25 = Tmgslz < - < s — T s]l2,

where || - ||2 represents the £2 norm in the corresponding Euclidean space. Then the kNN
classifier admits the following form:

1, Lyok > 0.5
Cs_kNN(SC) — { vk Ez:l Ym, )

0, otherwise.

By Devroye and Wagner (1979) and Cannings and Samworth (2017), it holds the fol-
lowing tail bound:

3
* ne
P sup e > e < P (|ed] > e §8pD_p exp{—}_
s;s;s*' nl S_SED:S* (feal > €) 108k(30 + 1)
S1=p |SI<D

Then by Lemma 39 and similar to the analysis for deriving (12), it follows

E sup |€5] < [108k(3P +1)]5 -
S:8D8*
151<D

<310g2—|—(D—p*)log]ﬂ—l)é
n )
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310g2—i—logB2—i-1>é

Ele,| < [108k(37 +1)]5 - < -

However, for kNN, due to its lack of parametric form, it is much more involved to derive a
similar upper bound as those presented in Propositions 23 and 24. We decide to leave this
analysis as future work.

3.5 Theoretical Analysis of Iterative RaSE

Recall that to control the misclassification rate when minimizing RIC, we showed in Section
3.3 that to control P(S1. 2 S*), Ba needs to be sufficiently large. In particular, a sufficient
condition regarding Bs was presented in Corollary 16. Since

& — () p—p*+1
p—p*+1 P

condition (ii) in Corollary 16 implies By > ( 5 ) , which could be very large for high-
dimensional settings. Next, we show the iterative RaSE in Algorithm 2 can sometimes relax
the requirement on By substantially.

Different from the hierarchical uniform distribution over the subspaces in RaSE (Al-
gorithm 1), the iterative RaSE in Algorithm 2 uses a non-uniform distribution from the
second iteration. The non-uniform distribution works by assigning higher probabilities to
subspaces that include the more frequently appeared variables among the B; subspaces cho-
sen in the previous step. We will show that the subspaces generated from such non-uniform
distributions require a smaller Bs to cover S*.

In the following analysis, we study the iterative RaSE algorithm that minimizes a general
criterion Cr, which is a real-valued function on any subspace with its sample version denoted
as Cry,.

To guarantee the success of Algorithm 2, we need the following conditions.

Assumption 6 Suppose the following conditions are satisfied:

(i) There exists a positive function of n,p, D called v satisfying v(n,p, D) = o(1), such
that

sup |Cry,(S) — Cr(S)| = Op(v(n,p, D)).
S:|S|<D

(11) (Stepwise detectable condition) There exists a series {M,}o°, — oo and a specific
positive integer p* < p* such that
(a) for any feature subset S’il) C S* where |,§£1)] < p*—p*, there exists S,EQ) C S*\gil)
and \Sf)\ = p* such that

Cr(S") — Cr(S) > M,v(n,p,D)

holds for any n, any S and S’ satisfying SN S* 45" NS*, SNS* = §£1) U 552),
S'NS* =8, U S, where 8, € S, 8, € §9\8W |54 < p*;
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(b) the criterion satisfies

inf Cr(5)— sup Cr(S5) > M,v(n,p,D).
5:|S|<D (5) 5:S|<D (5) ( )
528* SD8*

(i1i) We have
Dloglogp < logp.

In Assumption 6, condition (i) provides a uniform bound for the specific criterion we
use. Condition (ii)(a) is introduced to make Algorithm 2 detect additional signals in each
iteration until all signals are covered. Condition (ii)(b) is imposed to help us find discrim-
inative sets among Bs subspaces, and it holds for RIC by previous analysis in Section 3.2.
Condition (iii) characterizes the requirement on the dimension p and the maximal subspace
size D.

Theorem 25 For Algorithm 2, By in the first step is set as

~ p pr+1
Dp” <B
s 2<<(25*D) ’

and Bo in the following steps is set as

D\? .. * P P+l
1+ — PP (1 p <B
( CO> (logp)” 5 Bz < <p*l)> ’

where Cy is the same as in Algorithm 2. Also we set By such that By > logp*. If As-
sumption 6 holds, then after T iterations where ep*l >T > (%1, as n, By, By — oo there
holds

P(sD) 3 5%) = 0.

Next, we compare the requirements on Bs for iterative RaSE with that for the vanilla
RaSE. For simplicity, we assume D, p*, and p* are constants. When p* < p*, iterative
RaSE requires By > pP (logp)?”, which is much weaker than the requirement By > pP" for
vanilla RaSE implied by Corollary 16.

Using the results in Theorem 21, an upper bound for the error rate could be obtained.
Also note that the rate of p is constrained by Assumption 6.(i), where we assume v(n, p, D) =
o(1). For example, with LDA and QDA model, by Lemmas 32 and 38 in Appendix B, under
Assumptions 4 and 5 respectively, we have

/1
v(n,p, D) = D? 8P
n

Therefore the constraint is D?4/ 10% =o(1).
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4. Computational and Practical Issues
4.1 Tuning Parameter Selection

In Algorithm 1, there are five tuning parameters, including the number of weak learners By,
the number of candidate subspaces By to explore for each weak learner, the distribution D

of subspaces, the criterion C for selecting the optimal subspace for each weak learner, and
the threshold a.

If we set C as minimizing the RIC, the difference between the risk of RaSE and Bayes
risk, as well as the MC variance of RaSE, vanish at an exponential rate when By — oo,
except for a finite set of thresholds «. This implies the RaSE classifier becomes more
accurate and stable as B; increases. Regarding the impact of Bo, by Corollary 16, Theorem
15 and Theorem 25, under the minimal RIC criterion with some conditions, as By, n — oo,
the subspace chosen for each weaker learner recovers the minimal determinative set with
high probability. By Theorem 21, the expectation of the misclassification rate becomes
closer to the Bayes error as the sample size n and By increase, which motivates us to use a
large Bs if we have sufficient computational power. However, when we choose “minimizing
training error” as the criterion C to select the optimal subspace, Theorem 22 shows that
the influence of By becomes more subtle. In our implementation, we set B; = 200 and
By =500 as default. For LDA and QDA classifier, C is set to choose the optimal subspace
by minimizing the RIC, while for kNN, the default setting is minimizing the leave-one-out
cross-validation error.

Without prior information about the features, as we mentioned in Section 2.1, D is
set as the hierarchical uniform distribution over the subspaces. To generate the size d of
subspaces from the uniform distribution over {1,..., D}, another parameter D has to be
determined. In practice, for QDA base classifier we set D = min(p, [\/no], [y/n1]) and for
LDA, kNN and all the other base classifiers, we set D = min(p, [\/n]), where [a] denotes the
largest integer not larger than a. The threshold & is chosen by (2) to minimize the training
error. When using non-parametric estimate of RIC corresponding to (6), following Wang
et al. (2009) and Ganguly et al. (2018), we set kg = [\/ng| and ki = [\/n1] to satisfy the
conditions they presented for proving the consistency.

4.2 Computational Cost

RaSE is an ensemble framework, generating B By subspaces in total following distribution
D. If we use the uniform distribution introduced in the last section to generate one subspace,
the time required equals to the time for sampling at most D features from p ones, which
is O(pD). And the time for training the base model is denoted as Tirain, Which equals to
O(nD?) for LDA and QDA base classifiers. Similarly, the time for predicting test data is
denoted as Tiest, which equals to O(ngestD) for LDA base classifier, O(ngestD?) for QDA
base classifier, and O(n - nest D) for k-NN base classifier. In total, the computation cost for
the training process is O(BjBoTirain + B1B2log Bs) time. Here, O(B3log Bs) is the time
needed to find the optimal subspace among Bs ones based on the sorting of their scores
calculated under some criterion. The computation cost for prediction process is O(B1Ttest)
and RaSE algorithm takes approximately O(ByBoTirain + B1B2log Bs + BiTiest) for both
model fitting and prediction.
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In practice, this type of framework is very convenient to apply the parallel computing
paradigm, making the computing quite fast. And for specific classifiers like LDA and QDA,
we have simplified the RIC expression, which can be directly used to speed up calculation.
Compared to the projection generation process in Cannings and Samworth (2017), RaSE
is more efficient since we only need to select features based on certain distribution without
doing any complicated matrix operations.

4.3 Feature Ranking

There are many powerful tools in statistics and machine learning for variable selection and
feature ranking. For the sparse classification approaches like sparse-LDA and sparse-QDA
(Mai et al., 2012; Jiang et al., 2018; Fan et al., 2012; Shao et al., 2011; Hao et al., 2018;
Fan et al., 2015; Mai et al., 2015; Fan et al., 2016), or independent regularization approach
like nearest shrunken centroids (Tibshirani et al., 2003), this is usually directly implied by
the methodology. For model-free classification methods, however, it’s not straightforward
to rank features. For random forest, Breiman (2001) proposed a feature ranking method
by randomly permuting the value of each feature and calculating the misclassification rate
on the out-of-bag data for the new random forest.

For RaSE, as an ensemble framework, it’s quite natural to rank variables by their fre-
quencies of appearing in By subspaces corresponding to B; weak learners. Following Corol-
lary 16, as n, Bs — oo, under some conditions for signal strength and the increasing rate
of Bs, by applying the criterion of minimizing RIC, the chosen subspace tends to cover the
minimal discriminative set S* with high probability, which intuitively illustrates why this
idea works to rank variables. When we do not have sufficient computational resources to
set a very large B, as Theorem 25 indicates, under some conditions, the iterative RaSE
(Algorithm 2) can cover S* with high probability after a few steps with a smaller By. In
practice, the frequencies of signals in S* tend to increase after iterations, which can improve
the performance of the RaSE classifier and provide a better ranking. We will demonstrate
this via extensive simulation studies in the next section.

5. Simulations and Real-data Experiments

We use six simulation settings and four real data sets to demonstrate the effectiveness of
the RaSE method, coupled with RIC and leave-one-out cross-validation as the minimizing
criterion to choose the optimal subspace. The performance of RaSE classifiers with LDA,
QDA, Gamma and kNN as base classifiers with different iteration numbers are compared
with that of other competitors, including the standard LDA, QDA, and kNN classifiers,
sparse LDA (sLDA) (Mai et al., 2012), regularization algorithm under marginality prin-
ciple (RAMP) (Hao et al., 2018), nearest shrunken centroids (NSC) (Tibshirani et al.,
2003), random forests (RF) (Breiman, 2001), and random projection ensemble classifier
(RPEnsemble) (Cannings and Samworth, 2017). For the LDA model, we also implemented
the non-parametric estimate for RIC to show its effectiveness and robustness.

The standard LDA and QDA methods are implemented by using R package MASS. And
the ENN classifier is implemented by knn, knn.cv in R package class and function knn3
in R package caret. We utilize package dsda to fit sSLDA model. RAMP is implemented
through package RAMP. For the RF, we use R package RandomForest; the number of trees
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are set as 500 (as default) and [,/p] variables are randomly selected when training each tree
(as default). And the NSC model is fitted by calling function pamr.train in package pamr.
RPEnsemble is implemented by R package RPEnsemble. To obtain the MLE of parameters
in the Gamma distribution, the Newton’s method is applied via function nlm in package
stats and the initial point is chosen to be the moment estimator. To get the non-parametric
estimate of KL divergence and RIC, we call function KL.divergence in package FNN.

When fitting the standard kNN classifier, and the kNN base classifier in RPEnsemble
and RaSE method, the number of neighbors k is chosen from {3,5,7,9,11} via leave-one-out
cross-validation, following Cannings and Samworth (2017). For RAMP, the response type is
set as “binomial”, for which the logistic regression with interaction effects is considered. In
sLDA, the penalty parameter A is chosen to minimize cross-validation error. In RPEnsemble
method, LDA, QDA, kNN, are set as base classifiers with default parameters, and the
number of weak learner By = 500 and the number of projection candidates for each weak
learner By = 50 and the dimension of projected space d = 5. The projection generation
method is set to be “Haar”. The criterion of choosing optimal projection is set to minimize
training error for LDA and QDA and minimize leave-one-out cross-validation error for kINN.
For the RaSE method, for LDA, QDA, and independent Gamma classifier (to be illustrated
later in Section 5.1.2), the criterion is set to be minimizing RIC, and for k-NN, the strategy
of minimizing leave-one-out cross-validation error is applied. Other parameter settings in
RaSE are the same as in the last section. For simulations, the number of iterations 7" in
Algorithm 2 is set to be 0, 1, 2, while for real-data experiments, we only consider RaSE
methods with 0 or 1 iteration. We write the iteration number on the subscript, and if it is
zero, the subscript will be omitted. For example, RaSE{-LDA represents the RaSE classifier
with T' = 1 iteration and LDA base classifier. In addition, we use LDAn to denote the LDA
base classifier with the non-parametric estimate of RIC.

For all experiments, 200 replicates are considered, and the average test errors (percent-
age) are calculated based on them. The standard deviation of the test errors over 200
replicates is also calculated for each approach and written on the subscript. The approach
with minimal test error for each setting is highlighted in bold, and methods that achieve
test error within one standard deviation of the best one are highlighted in italics. Also,
for all simulations and the madelon data set, the average selected percentage of features
in By subspaces for the largest sample size setting in the RaSE method in 200 replicates
are presented, which provides a natural way for feature ranking. For the average selected
percentage in the case of the smallest sample size, refer to Appendix A. To highlight the
different behaviors of signals and noises, we present the average selected percentages of all
noise features as a box-plot marked with “N”.

The RaSE classifier competes favorably with existing classification methods. Its mis-
classification rate is the lowest in 27 out of 30 (simulation and real-data) settings and within
one standard deviation of the lowest in the remaining four settings.

5.1 Simulations

For the simulated data, model 1 follows model 1 in Mai et al. (2012), which is a sparse
LDA-adapted setting. In model 2, for each class, a Gamma distribution with independent
components is used. Model 3 follows from the setting of model 3 in Fan et al. (2015), which is

27



TIAN AND FENG

a QDA-adapted model. The marginal distribution for two classes is set to be mg = 71 = 0.5
for the first three simulation models. Model 4 is motivated by the kNN algorithm, and
the data generation process will be introduced below. To test the robustness of RaSE, two
non-sparse settings, model 1’ and 4’ are investigated as well, where model 1’ has decaying
signals in the LDA model while model 4’ inherits from model 4 by increasing the number
of signals to 30 with the signal strength decreased.

For simulations, we consider the “signal” model as a benchmark. These models use the
correct model on the minimal discriminative set S*, mimicking the behavior of the Bayes
classifier when S* is sparse.

5.1.1 MoDELS 1 AND 1’ (LDA)

First we consider a sparse LDA setting (model 1). Let x|y = r ~ N(u(,%),r = 0,1,
where ¥ = (S5)pxp = (0.5 p, 0 = 0,1, pM) = ¥ x 0.556(3,1.5,0,0,2,01(—5))" -
Here p = 400, and the training sample size n € {200,400, 1000}. Test data of size 1000 is
independently generated from the same model.

As analyzed in Example 1, feature subset {1,2,5} is the minimal discriminative set S*.
On the left panel of Table 1, the performance of various methods on model 1 for different
sample sizes are presented. As we could see, RaSE{-LDAn performs the best when the
sample size n = 200 and 400. sLDA achieves similar performances to the best classifiers for
each setting, and RaSE2-QDA ranks the top when n = 1000. Also, since this model is very
sparse, the default value of By cannot guarantee that the minimal discriminative set can be
selected. Therefore the iterative version of RaSE improves the performance of RaSE a lot.
And NSC also achieves a comparably small misclassification rate when n = 200.

In Figure 1, the average selected percentages of 400 features in 200 replicates when
n = 1000 are presented. Note that after two iterations, the three signals can be captured by
almost all B; = 200 subspaces for all three base classifiers, and all noises are rarely selected
across Bj subspaces except when the non-parametric estimate of RIC is applied.

Next, we consider a non-sparse LDA model (model 1°). Let (V) = $-(0.9,0.92,...,0.95,
le(p,g)o))T and keep other parameters the same as above. Now S* contains the first 50
features. Under this non-sparse setting, as the right panel of Table 1 shows, although
most methods obtain similar error rates, RaSE;-LDAn achieves the best performance when
n = 200 and 400. RaSE;-kNN performs the best when n = 1000. From the table, it can be
seen that despite the non-sparse design, the iterations can still improve the performance of
RaSE.

An interesting phenomenon is observed from Figure 2, which exhibits the average se-
lected percentages for model 1’. Note that the selected percentages are decaying as the signal
strength decreases except for the first feature. One possible reason is that the marginal dis-
criminative powers of feature 2 and 3 are the strongest among all features due to the specific
correlation structure in our setting.

5.1.2 MODEL 2 (GAMMA DISTRIBUTION)

In this model we investigate the Gamma distribution with independent features, which is
rarely studied in the literature. x|y = r at j-th coordinate follows Gamma distribution
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Results for model 1 Results for model 1’
n=200 n=400 n=1000 | n=200 n =400 n = 1000
RaSE-LDA 12.991 49 1238190 11.16110 | 2143464 19.56367 17.98974
RaSE-LDAn 13.401.31 13.231.20 12.641‘11 21.644.22 20.253‘01 19.422.59
RaSE-QDA 13.781.26  13.691.19 13.23104 | 22.36396 20.46283 19.832.51
RaSE-ENN 13.21148 12.571923 11.19119 | 19.98374 18.21289 16.97210
RaSE;-LDA 11.48126 10.42107 10.25108 | 20.15365 18.39269 17.20214
RaSEl—LDAn 10.581.15 10.281.01 10.161.04 18.212.92 17-552.26 16.861,74
RaSE;-QDA 11.281.47 10.76125 10.40122 | 21.24475 19.65356 18.232.51
RaSE;-ENN 11.11195 10.58109 10.33105 | 18.90316 17.75251 16.801 93
RaSEs-LDA 12.621.45 11.41116 10.13103 | 21.78344 19.22054 17.531.98
RaSEqo-LDAn | 10.90116 10.42096 10.17106 | 18. 75287 17.95219 17.301.70
RaSE;-QDA 11.74145 10.39101 10.09197 | 21.84503 20.00362 19.04257
RaSEy-ENN 11.17131 10.60099 10.34102 | 18.96310 17.77229 17.19178

Method

RP-LDA 1726153 15.03194 13.37109 | 25.66198 23.85179 21.99q 59
RP-QDA 1796160 15.26134 13.501.12 | 26.41204 24.03188 22.061.51
RP-ENN 1854160 16.157917 14.23101 | 27.03297 25.061.7¢ 23.01755
LDA — 46.399. 60  18.621 53 — 4781987  27.441 95
QDA — —F 47.744 73 —F —t 48.901 g5
ENN 29.08977 26.73197 24.53160 | 35.67259 34.07933 32.361.72
sLDA 10.80126 10.48116 10.23107 | 18.80319 17.62998 17.241.81
RAMP 14.09967 10.56133 10.10104 | 21.91549 19.22395 17.559.04
NSC 11.50113 11.50997 11.67109 | 1849199 19.02178 19.41139
RF 12.66143 11.77104 11.25110 | 21.33301 20.002.19 19.251 51
Sig-LDA 10.079.94 10.099.95 10.07103 | 23.703.14 20.90227  18.951 ¢4

1 Not applicable.

Table 1: Error rates for models 1 and 1’

Gamma(ay), ﬁj(.r)), which has the density function

1 NON . .
(B(r))a(r)r‘( (T))az j leXp{—a:/ﬁ]( )}ﬂ(mzo),j:1’__.,;0’7“:071‘
;)0 Ll

J

17 (07, 80 =

(13)
Denote ") = (agr), .. .,a,(f))T,,B(’“) = ( Y), e ,ﬂg))T. Here, we let a(® = (2,1.5,1.5,2,2,
Lixp-s)T, al) = (255,1.5,1.5,1,1,11,(,-5)7, 89 = (1.5,3,1,1,1,11,,5)7, 81 =
(2,1,3,1,1,11X(p_5))T,p = 400,n € {100,200,400}. Hence, the minimal discriminative
set S* is {1,2,3,4,5}, due to Proposition 3.

MLEs of a@, a®, 30 3(1) can be obtained by numerical approaches like the gradient
descent or Newton’s method. And the marginal probabilities are estimated by the pro-
portion of two classes in training samples. Then the Bayes classifier is estimated by these
MLESs and applied to classify new observations, which is denoted as an independent Gamma
classifier in Table 2. For this example, we also apply RaSE with the independent Gamma
classifier as one of the base classifiers. According to (3) and (13), the decision function of
independent Gamma classifier estimated in subspace S is
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Figure 1: Average selected percentages of features for model 1 in 200 replicates when n =
1000

. (1) ~(1) A1)
S—Gamma _ ! fj (xj;aj g )
Cn @ =1\ =11 5 —@ o >3
0 jGSfj (:Uj,aj 76]’ )

where 7, 7, dgl), 64;0), B§1), BJ(.O) are corresponding MLEs.
This is also a very sparse model. Therefore the iteration process can improve the RaSE
method with a lower misclassification rate. The left panel of Table 2 shows us the perfor-

mance of various methods on this model. It demonstrates that RaSE;-Gamma performs
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Figure 2: Average selected percentages of features for model 1’ in 200 replicates when n =
1000

the best when n = 100. RaSEs-Gamma incurs the lowest misclassification rate and low
standard deviation for the other two settings.

Figure 3 shows us the average selected percentage of features when n = 400, from which
we can see that due to the high sparsity, the default Bs is not sufficient and makes it hard for
the vanilla RaSE classifier to capture all the features in S*. After iterations, the frequencies
of the minimal discriminative set increase significantly, and S* can be easily identified for
all three base classifiers after two iterations.
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Figure 3: Average selected percentages of features for model 2 in 200 replicates when n =
400

5.1.3 MobEL 3 (QDA)

zly = r ~ N, 20),r = 0,1, where QO = (2O)~! is a p x p band matrix with
(Q©);; = 1 and (), = 0.3 for |i — k| = 1. All the other entries are zero. Q) = Q) +Q,
where () is a p X p sparse symmetric matrix with {21910 = —0.3758, 19,30 = 0.0616, {21950 =
0.2037,€30,30 = —0.5482, (3050 = 0.0286, 250,50 = —0.4614 and all the other entries are
zero. Here p = 200,n € {200,400, 1000}.

As analyzed in Example 2, the minimal discriminative set S* = {1, 2,10, 30,50}, where
features 1 and 2 represent linear signals or main effects and features 10, 30, and 50 are
quadratic signals. The right panel of Table 2 shows us the results. From it we can see that
RaSE1-QDA achieves the best performance when n = 200, and RaSEs-QDA has the lowest
test misclassification rate when n = 400, 1000, which is reasonable since data is generated
from a QDA-adapted model. RaSE;-kNN and RaSE.-ANN also do a good job when n is
large.

Figure 4 represents the average selected percentage of features when n = 1000, which
exhibits that the frequencies of the elements in the minimal discriminative set are increasing
after iterations. When the base classifier is QDA or kNN, all the five features stand out. On
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the other hand, RaSE, with the LDA base classifier, only captures the two linear signals,
which is expected since LDA does not consider the quadratic terms.

Method? Results for model 2 Results for model 3
n=100 n=200 n =400 n=200 n=400 mn = 1000
RaSE-LDA 2151342 18.52975 17.43900 | 37.303.17 36.11197 35.671.73
RaSE—Gamma/QDA 23-573.65 21.413.17 20.292,43 32.522.90 30-442.60 29.001.97
RaSE-ENN 22.833.09 21.07397 20.47957 | 31.10323 27.83241  25.2215¢
RaSE;-LDA 19.01083 15.14775 13.55190 | 36.09287 32.82174 32.681 49
RaSEl—Gamma/QDA 15.052.31 13. 021.51 12. 501.18 26.832.47 25-071.89 235. 531.50
RaSE;-ENN 19.84290 16.64186 15.33139 | 28.76260 25.881.08 24.181.47
RaSE;-LDA 20.88303 16.92905 13.661.14 | 38.09248 33.69183 32.711355
RaSEg—Gamma/QDA 16.272.22 12.641_31 11.831.02 26-992.68 24.871.99 23'111.60
RaSEg-ENN 22.39313 1740997 1459144 | 28.73256 25.46182 23.76154
RP-LDA 38.89196 35.001.97 30.89176 | 44.9018¢ 42.8217¢ 40.381.74
RP-QDA 43.62362 37.62235 33.022.14 | 43.02907 39.87188 36.38178
RP-ENN 41.482.96 38.90206 36.69185 | 44.32181 4246158 40.802.12
LDA — — 4750235 | 49.03194 42.88152 38.681.70
QDA 32.069.40 26.22730 21.567 44 — —t 45.131 58
ENN 45489904 44.68214 44.07200 | 45.67178 44.63202 43.43163
sLDA 22.26352 18.64212 15.34155 | 36.41315 33.87201  32.991 52
RAMP 20.64381 16.72995 13.311921 | 36.94587 32.65189 32.421 78
NSC 26.006.49 19.92431 16.872¢69 | 41.14449 38.24385 35.132.99
RF 2497574 18.02977 15.2671.47 | 37.34201 31.61219 27.421 60
Sig—Gamma/QDA 12.651.12 12.121.12 11.760.97 23.621.47 22.721.40 22.161.31

1 Not applicable.

Table 2: Error rates for models 2 and 3

5.1.4 MODELS 4 AND 4’ (kNN)

As in the LDA models, we first study a sparse setting (model 4) with the data generating
process motivated by the kNN classifier. First, 10 initial points z1,..., 219 are generated
iid. from N(0px1,I,), five of which are labeled as 0 and the other five are labeled as
1. Then each time one of {zi,..., 210} is randomly selected (suppose zi,) and we then
generate x; ~ N((z,z;s*,le(p,5))T,O.5QIp). Here the minimal discriminative set is S* =
{1,2,3,4,5}, p = 200, and n € {200,400,1000}. The results are presented in Table 3 and
the average selected percentages of features in By = 200 subspaces are presented in Figure
d.

From the left panel of Table 3, it can be seen that the performance of RaSEqs-kNN is
surprising. It outperforms all the other methods, and the difference between its misclassi-
fication rate and others is very prominent. Note that in this case, the Sig-kNN classifier
is calculated by applying kNN on only the first five features and also uses leave-one-out

3. To save space, for the rows involving “Gamma/QDA”, it represents the independent Gamma classifier
in model 2 and the QDA in model 3.
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Figure 4: Average selected percentages of features for model 3 in 200 replicates when n =
1000

cross-validation to choose k from {3,5,7,9,11}. Note that it is not the optimal classifier
due to the lack of a true model, which explains why RaSE.-kNN can even achieve a better
performance when n = 400, 1000.

Figure 5 shows that RaSE, based on all the three base classifiers, can capture features
in the minimal discriminative set.

Now, we study a non-sparse setting (model 4’), where the number of signals are in-
creased to 30 and each x; ~ N((zlas*,le(p_go))T,QIp). The other parameters and the
data generation mechanism are the same as model 4. From the right panel of Table 3, we
observe that RaSEo-kNN still achieves the best performance, and the iterations improve the
performance of RaSE classifiers under this non-sparse setting. In addition, Figure 6 shows
that RaSE can capture the signals while the noises keep a low selected percentage, which
again verifies the robustness of RaSE.

34



RASE: RANDOM SUBSPACE ENSEMBLE CLASSIFICATION

Method Results for model 4 Results for model 4’
n=200 n=400 n=1000 | n=200 n =400 n = 1000
RaSE-LDA 27.389.53 25.08540 24.92905 | 26.50578 23.84498 20.925 99
RaSE-QDA 24.247 99 22.62¢77 22.04g73 | 29.28434 26.73343 24.77335
RaSE-ENN 13.26503 10.67444 8.85405 | 20.83450 15.70374 10.332.99
RaSE{-LDA | 25.89109.13 23.05849 23.42895 | 21.28476 18.59397 16.873.99
RaSE{-QDA | 13.83583 12.54579 12.70551 | 21.97537 19.32445 15.844.36
RaSE{-£NN 7.51380 6.16348 5.90312 | 16.24350 11.09284  7.082.04
RaSEs-LDA | 27.491013 23.39851 23.39905 | 20.73499 17.34399 15.72393
RaSE»-QDA 13.15590 11.90538 12.15590 | 20.9450¢ 18.61461 14.964.11
RaSEs-ENN 7.06360 5.89339 5.743 0 13.62331 8.649 49 5.361 53
RP-LDA 28.03g.91 25.48780 24.83309 | 22.16449 18.84440 16.84410
RP-QDA 26.22746 23.936.97 22.75700 | 21.37409 17.58384 15.53373
RP-ENN 26.635.09 24.49715 23.32735 | 22.37469 18.69419 16.50395
LDA 4751966 33.27765 27.89397 | 46.06305 25.16412 17.78405
QDA — — 36.704.83 — — 30.452 89
ENN 24.49¢64 21.04660 19.07g50 | 24.73435 20.06395 15.91359
sLDA 2490941 22.80819 23.22g79 | 19.78492 16.41395 14.593¢9
RAMP 22.141150 15.01783 12.82713 | 24.79¢49 18.5945 13.133.13
NSC 27.709.44 25.71g35 25.82879 | 22.09600 18.17451 16.17409
RF 23.64g05 17.396.19 14.84573 | 21.73544 15.70345 11.549g9
Sig—k‘NN 6.893.40 6.033,37 6.013.21 7.602_19 5-401.76 4.061_43

1 Not applicable.

Table 3: Error rates for models 4 and 4’

5.2 Real-data Experiments
5.2.1 MADELON

The madelon data set (http://archive.ics.uci.edu/ml/datasets/madelon) is an arti-
ficial data set containing data points grouped in 32 clusters placed on the vertices of a
five-dimensional hypercube and randomly labeled as 0 or 1 (Guyon et al., 2005). It consists
of 2000 observations, 1000 of which are class 0, and the other 1000 are class 1. There
are 500 features, among which only 20 are informative, and the others have no predictive
power. The training sample size is set as n € {200,500, 1000} for three different settings,
and each time the remained data is used as test data. 200 replicates are applied, and the
average misclassification rate with a standard deviation of all methods is reported in Table
4. Figure 7 represents the average selected percentage of features in different RaSE models
when n = 1000.

From the left panel of Table 4, we can see that the misclassification rate of RaSE{-kNN
outperforms all the other methods in all the three settings. Figure 7 shows us that the
RaSE model leads to sparse solutions since most of the features have frequencies that are
close to zero.
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Figure 5: Average selected percentages of features for model 4 in 200 replicates when n =
1000

5.2.2 MUSK

The musk data set (https://archive.ics.uci.edu/ml/datasets/Musk+(Version+2)) con-
tains 6598 observations with 5581 non-musk (class 0) and 1017 musk (class 1) molecules.
The molecule needs to be classified based on p = 166 shape measurements (Dua and Graff,
2019). The training sample size is set to be 200, 500, 1000, for each setting, and the remain-
ing observations are used as the test data. 200 replicates are considered, and the average
misclassification rates and standard deviations are reported in Table 4.

When the training sample size is 200, RP-£NN achieves the lowest misclassification rate,
and RaSE-LDA, RaSE-kNN, RaSE{-LDA, RaSE;-kNN, sLDA, RP-QDA, and RF also have
a good performance. As the sample size increases, RaSE-kKNN turns to be the best one when
n = 500 and RF yields a comparable performance. When n = 1000, RaSE;-kNN and RF
outperform the other methods.

5.2.3 MICE PROTEIN EXPRESSION

The mice protein expression data set (https://archive.ics.uci.edu/ml/datasets/Mice+
Protein+Expression) contains 1080 instances with 570 healthy mice (class 0) and 510 mice
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Figure 6: Average selected percentages of features for model 4 in 200 replicates when n =
1000

with Down’s syndrome (class 1). There are 77 features representing the expression of 77 dif-
ferent proteins (Higuera et al., 2015). Training samples of size 200, 500, 800 are considered,
and the remaining observations are set as the test data.

The average of test misclassification rates and the standard deviations of 200 replicates
are calculated with results reported in Table 5. When n = 200, sLDA achieves the lowest
error among all approaches, and RaSE-kNN achieves a similar performance. As the sample
size increases to 500 and 800, the average misclassification rate of RaSE-ENN and RaSE;-
kNN decrease significantly, and they become the best classifier when n = 500 and 800,
respectively. When n = 800, RP-kNN and RF also have a similar performance.

5.2.4 HAND-WRITTEN DIGITS RECOGNITION

The hand-written digits recognition data set (https://archive.ics.uci.edu/ml/datasets/
Multiple+Features) consists of features of hand-written numerals (0-9) extracted from a
collection of Dutch utility maps (Dua and Graff, 2019). Here we use the mfeat-fou data set,
which records 76 Fourier coefficients of the character shapes. We extract the observations
corresponding to number 7 (class 0) and 9 (class 1) from the original data. There are 400
observations, 200 of which belong to class 0, and the remaining 200 belong to class 1. The
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Method

Madelon

Musk

n=9500 n =1000

n = 200

n = 500

n = 1000

RaSE-LDA
RaSE-QDA
RaSE-kNN
RaSE;-LDA
RaSE;-QDA
RaSE;-kNN
RP-LDA

39.871 63
40.581 73
26.782.71
39.761 g1
37.219 g5
16.661 33
39.861.14

39.161 29
40.011 57
21.451.091
38.571.11
34.632.15
13.571.00

10.551.29
12.557.02
10.261 g1
10.561 .19
16.719 58
10.521.95

8.860.77
8.880.81
11.022.99

7.490.97

7.870.46
7.770.73
5.760.74
8.600.85

39.411 17
38.791 49
38.401 43
47.601 49
—
28.561 56
39.571 50
38.581 36
40.051 94
34.171 46

12.581 86
10.701.95
10.01; g6
25.603.7¢
—
11.351 55
10.681.54
14.351 93
20.72511
10.881 44

8.051.06
9.06¢.80
—
8.190.86
7.810.68
11.5071 40
24.123 g9
7.600.66

9.500.46
6.970.40
—
6.530.55
6.85¢.40
9.721 10

RP-QDA
RP-kKNN
LDA
QDA
kNN
sLDA
RAMP
NSC

RF

1 Not applicable.

39.291 57
39.071 54
49.821 94
—
31.841 43
40.401 94
41.885.16
40.101 g9
38.591 56

Table 4: Error rates for madelon and musk data sets
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Figure 7: Average selected percentages of features for madelon data set in 200 replicates
when n = 1000
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Mice protein expression Hand-written digits recognition
n=200 n=500 n=800 | n=50 n=100 n =200
RaSE-LDA 741114  5.700.03 4.65104 | 1.56085 1.13050 0.800.54
RaSE—QDA 9-142.58 4.811.17 3.441‘23 2.501‘47 1.890.91 1-470.96
RaSE-kNN 6.80188 1.85088 0.62055 | 1.86096 1.12066 0.750.45
RaSE;-LDA 724110  5.531.02 4.49103 | 1.06p063 0.70035 0.53¢.40
RaSEl—QDA 9.382,21 5.161,16 3-401.16 2-181.66 1.180,71 0. 850_61
RaSE{-kNN 7.439 00 1.700.87 0.60¢ 56 1.72¢.95 1.020.62 0.600.44

Method

RP-LDA 24.84991 22.79250 22.34255 | 1.751.09 1.22¢.67 1.049 .61
RP-QDA 18.31957 16.19908 15.66538 | 2.12167 1.28p.04 0.920.62
RP-ENN 11.779 54 2.570.89 0.920.6s 1.68134 1.03060 0.840.59
LDA 7.071.37 3.880.85 3.131.08 71— 1.82¢.96 1.01g.56
QDA — — — — — 3.252 32
kKNN 20.539.47  7.751.44 2.801.21 1.42132 0.679.4 0.60¢.47
sLDA 5.701.10 3.950.91 3.131.05 2.301.36 1.711 07 1.15¢.95
RAMP 11.769.40  8.521¢9 7.021 .89 3.31175  2.261.19 1.700.87
NSC 30.49331  29.70276 29.88302 | 3.227144  3.531.23 3.591 50
RF 832171 2.620.94 1.040.73 2.341 94 1.639.73 1.370.74

1 Not applicable.

Table 5: Error rates for mice protein expression and hand-written digits recognition data
sets

training samples of size 50, 100, 200 are used, and the remained data is used as the test
data.

Average of test misclassification rates and standard deviations are reported in Table
5, from which it can be seen that when n = 50,200, RaSE;-LDA enjoys the minimal test
misclassification rate while standard KNN method is the best when n = 100. And we
also note that all the RaSE classifiers get improved after 1 iteration for all three settings,
implying that the underlying classification problem may be a sparse one.

6. Discussion

6.1 Summary

In this work, we introduce a flexible ensemble classification framework named RaSE, which
is designed to solve the sparse classification problem. To select the optimal subspace for
each weak learner, we define a new information criterion, ratio information criterion (RIC),
based on Kullback-Leibler divergence, and it is shown to achieve screening consistency and
weak consistency under some general model conditions. This guarantees that each weak
learner is trained using features in the minimal discriminative set with a high probability for
a sufficiently large sample size and the number of random subspaces. We also investigate
the consistency of RIC for LDA and QDA models under some specific conditions. The
theoretical analysis of RaSE classifiers with specific base classifiers is conducted. In addition,
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we present two versions of RaSE algorithms, that is, the vanilla version (RaSE) and the
iterative version (RaSEr). We also apply RaSE for feature ranking based on the average
selected percentage of features in subspaces. Theoretical analysis shows that when the
stepwise detectable condition holds and the signal is sufficiently sparse, the iterative RaSE
can cover the minimal discriminative set with high probability after a few iterations, with
the required number of random subspaces smaller than that for the vanilla RaSE.

Multiple numerical experiments, including simulations and real data, verify that RaSE
is a favorable classification method for sparse classification problems.

The RaSE algorithms are available in R package RaSEn (https://cran.r-project.
org/web/packages/RaSEn/index.html).

6.2 Future Work

There are many interesting directions along which RaSE can be extended and explored.
An interesting question is how to extend RaSE and RIC into multi-class problems. For
example, the pair-wise KL, divergences can be used to define the multi-class RIC. Moreover,
we can also apply RaSE for variable selection. We can conduct thresholding to the average
selected percentage of features in By subspaces to select variables. When the sample size
is small, a bootstrap-type idea can be used, and each time we apply RaSE on a bootstrap
sample and at the end, take the average for the selected percentage to do variable selection or
feature ranking. Finally, we aggregate the classifiers by taking a simple average over all weak
learners. However, the boosting-type idea can also be applied here to assign different weights
for different weak learners according to the training error, which may further improve the
performance of RaSE. In addition, the distribution for random subspaces can also be chosen
to be different for each weak learner and can also be updated using a similar idea to boosting.
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Appendix A. Additional Figures of Simulations

We present figures of the selected percentage for each feature when n equals to the smallest
value among three settings.
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Figure 8: Average selected percentages of features for model 1 in 200 replicates when n =
200
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Figure 10: Average selected percentages of features for model 2 in 200 replicates when
n = 100
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Appendix B. Main Proofs
In the following proofs, for convenience, we use C to represent a positive constant, which

could be different at different occurences.

B.1 Proof of Proposition 3
(i) The conditional probability is

7T1f(1) (:]3)
m fD(x) + mofO(x)

The definition of discriminative set is equivalent to

Py =1lz) =

Py =1lz) = P(y = 1[zs), (14)

P(y = 0|z) = P(y = 0[zs)

almost surely, which is also equivalent to

fO@) [ (=)
f(O)(m) - féo)(ivs)'

(15)

(ii) First, we observe the condition is equivalent to f(V(x) = h(xzg)f(®(x). Taking
integration on both sides with respect to xge, we get fél)(ms) = h(azg)féo) (zg). Due to the
equivalence of (14) and (15), S is a discriminative set.

B.2 Proof of Proposition 5

To facilitate our analysis, we first state the following lemma.

Lemma 26 A discriminative set S is unique, if it will not be a discriminative set anymore
after removing any features from it.

Proof [Proof of Lemma 26] Suppose the conclusion is not correct, then there exist two
different discriminative sets S; and Ss satisfying such a property, that is, deleting any
features from them leads to non-discriminative sets. Then according to Proposition 3 (i),
we have

19 @s) _ 1) (@s,) (16)

fé’?)(w&) fé’g)(wSQ),

almost surely w.r.t P®, where P® = 1oP(® + 7, PM. Since £, 1) are supported on the
whole RP, P® dominates the Lebesgue measure. Combined with the explicit form of density

functions of Gaussian distribution and denoting Qg, 5, = (Egisl)_l - (Eg]l),sl)_lv Qs,.5, =

1) - 0 - 0 \—1,.(0 1) 1,01 0 \—1,,(0
(E5s) ™ = (B8s) 85 = (28)s) 708 - (58 s) ) 05 = (26)5) ) -
(2(512)’52)_1;1,5912), it can be obtained from (4) and (16) that

1 1
T T / T T
c+ 531051951751%51 +dg,Ts, = + 53352(252’523352 +05,Ts,,
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where ¢, ¢’ are constants irrelative to S, So. Considering the combined vector g, s, , there
exists some matrix €2 and vector & such that the equation above can be simplified as

mgluszﬁmglugz + 5Tmslus2 +c— C/ = 07 (17)

for almost every xg,us, in the Euclidean space. Since S is a discriminative set, by Exam-
ple 2, for every feature j € Sy, the corresponding row of €2g, 5, is not zero vector or the
corresponding component of dg, is not zero. The same argument holds for Sy as well. Since
S1\S2 and S2\S; are not empty, at least one of  and & contain non-zero components.
However, it’s obvious that (17) cannot hold for almost every xg,us, in Euclidean space,
which leads to contradiction. Thus S* is unique. |

Now let’s proceed on the proof of Proposition 5.

By Definition 1, the minimal discriminative set S* satisfies the property described in
Lemma 26, therefore by this lemma S* is obviously unique, which implies (i).

For (ii), if there exists a discriminative set S 2 S*, we can remove elements from S until
we arrive at a discriminative set S’ that satisfies the property stated in Lemma 26. It’s
apparent S’ # S*, which contradicts with Lemma 26.

(iii) is trivial from Definition 1.

B.3 Proof of Proposition 8
By Definition 6 and the fact that deg(S) = |S| + 1, it’s easy to obtain that

2 < ) . ) .l I s
RIC,(S) = = 1(y; = 0) [«ug”)Tzsg — (@ S5 )ens + 5 (8 S5 kg

1, (0)reot s 2 1)) 55 — (') 25
(B TS5LAY )] Y 1= [((Hg? NS5k — (B8 S5 s
Lo oyrg o Loooyre
S SGAY - ST+ - (514 )
1

C(O\Te—1 ~0) 1, . 1)\ra—1 ~(1
5 (s S5k — 2(u(s))TEg§ufq)]

~ ~ (1 S— ~ (0 — ~ (0
= 2ty [((u(s))TEs,fq — (0S5 +
. N o . A 1 . &1 - 1 . &1 -
+ 2 [«ug“))Tzsg — (g S5 )as + 5 A E5kaY - S S5 kA
+en-(IS]+1)
=~ (s =BS5S — A + e (1514 1),

which completes the proof.

B.4 Proof of Proposition 9
By Definition 6 and the fact deg(S) = |S|(|S]| + 3)/2 + 1, it’s easy to obtain that

2 1 a() ) A (1) \—
RIC,(S) = = > 1(y: = 0) [sczjs«z?,)s) L (EEH D + (BT EEH
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o
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M>
0D
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=
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o
o
jan
>
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(Qu
=
[
_l_
o
3
ja
n
jan
n
_l’_
[I8)
N—
~
[\V]
_l’_
—_
N—

=1
n0 1R, O (0 =1 (1) \—1y.(0)
=2. = ) —(=
0y 2o [ (557 = (59 ey
. 'iiT $0) 11 ($51) )1y ,(0) (2 O T
=T 0 r | (( s,s) ( s,s) )wz,S(wz,S)
=1
~ (0 «_ ) g 1
= oTr | (25%)7" — (Bgy) 1>n02m§°g<w§%>T]
=1
= woTr [(E55) 7" — (S ™S (@) +28%)]
~ +~(0 &H(0) \— &H(1) =1y ~ (0 &(0) \— - —1\&(0
= 7o(§) (56 = EE) ™A + 70T (BT - EEH™HER,

*Z]l yz—r sz—ﬂ'rﬂg)aT:Oal,

we obtain that
RIC,(S) = —(5) — g [ (S0L) 1 + #of
+Te[(5Y )S) 1 !

which completes the proof.
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B.5 Proof of Theorem 10

Denote g, (') = 77197(11)(0/) - 7rog7(lo) (o). By the definition of {a;}¥,, it holds that

gn(a) =0, when « ¢ {ai}i]\;l.

Recall that |y = 0 ~ P(O), xly=1~ P(l), where P(O), PM are the corresponding cumula-
tive distribution functions. We have

EIR(CIS®)] =m0 [

P(vn(z) > a)dP© 4 / Py () < a)dPD.
X

X

For given & and the corresponding o/ = u,(x), we can construct a random variable T' =
Zf:ll 1 {C’sj(a:) = 1} ~ Bin(Bj,d’). Then

/ P(vy(z) < o)dPM) = / P(T < Bia)dGP (o).
X [0,1]

Similarly,

/ P (v, () > )dP©® =1 — / P(T < B1a)dG" ().
X [0,1]

This leads to

E[R(CESEY] = 1 +/ P(T < B1a)dG, (o),
[0,1]

where G, (o) = 7r1G£11)(0/) — 7T0G£LO)(O¢/). And there also holds that
R(CEaSESy — 70PO) (1, () > @) + mPW (pn () < @)
1
+ 5 lmoP O (i (@) = @) + P (1 () = o)

= mo(1 = G0(@)) +m G (@) + 5lrogl? (@) — mgl(0)]

1
=m + Gn(a) — Egn(a),

where g, (/) = ngr(})(a’) — nggo)(a’). This implies

E[R(CFSE)] — R(CFaSEx) = /[O , [P(T < Bia) — Lin<a]dGn(d)) + %gn(a). (18)

(i) When o ¢ {a;}Y,, gn(a) = 0 holds. For o’ € {a;}Y,, by Hoeffding’s inequality
(Petrov, 2012), we obtain that
[P(T < Bia) — Tiy<a}l
<P(T — Bid' > Bi(a — ) l{y<a} + P(Bid' =T > Bi(a' — a))l{ysay
< exp{—2B;(a/ —a)?}
<exp{-C,Bi},

where C,, = 12nj<nN |a—a;|?. This leads to the final bound |[E[R(CE*SE)| - R(CReSE*)| <

exp {_COéBl}'
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(ii) When o = «a;,,i0 € {1,2,..., N}, for o/ # «;,, we have

|P<T < Bla) - ﬂ{a’ga}‘ < exp{—QBl(o/ — a)Q},

leading to
Z |P(T < Biar) — ]l{a’ga}|gn(ai) = exp {—CoB1} Z gn(ai) < exp{—CoBi},
iio 110

where C, = 2 min |a — o;|? = 2min |a;, — a;]|?. Therefore, again by (18), we have
1<i<N i

+exp{—C,B1}.

BIR(CTSE)|—R(CSE)| < ][P(T < Buasg) ~ 1] gal0,) + 5on(0y)

By Berry-Esseen theorem (Esseen, 1956),

P(TgBla,-O)—P< T = Braig go)—;Jro( ! ) (19)

\/Bl(aio(l - aio))

as By — oo. Eventually there holds that

1
BIRCHSE)] - RS <0 ()
This completes the proof.

B.6 Proof of Theorem 11

Referring to the proof of the bound on MC-variance in Cannings and Samworth (2017), it
can be obtained that

Var </ ]l{yn(m)>a}dP(0)> <2 / P(T’ < Bla)P(T” > Bla)nglO)(a/)dGS))(a//)’
RP 0,1] J[0,a]
where given @, T’ ~ Bin(By,a’),T" ~ Bin(By, ") and T', T" are independent.
(i) For a ¢ {ago)}fvz"l U {ocgl)}f-v:llz constant C\”) = 212;151\[ (low — ago)\Q) > O,Cél) =
<i<No
2 1£ni111v (lee — agl)P) > 0. If & <o <a”: Then by Hoeffding’s inequality, we have
EYASSAS
P(T" < Bia) = P(T' — Bio/ < Bi(a —a')) < exp{—B,C"}. (20)
If o/ < a” < «: Similarly we have

P(T" > Bia) < exp{—B;C"}. (21)

If o/ <a <a”: We have both (20) and (21).

Thus we always have

P(T' < Bia)P(T" > Biar) < exp{—B:C{")}.
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Since here the integration actually is the finite summation, it implies that

Var </ ]l{yn(m)>a}dP(0)> S exp{_BIC&O)}'
X

Since o ¢ {agl }Z 1: We can obtain the similar conclusion that

Var ( /X 11{Vn(w)<a}dp<1>) < exp{—B;CV}.

Thus for any « ¢ {041(0)} U{a( )}1 1, setting Cy = 2 1glgjlv (lao— a( )\2 la—a 1)\ )=
155N

min(C’é ), iV ) > 0, then by the convexity, we have

Var (R(CfaSE)) = Var <7TO /X ]l{yn(m)>a}dP(0) +m /}; ]l{yn(m)ga}dp(l)>

< mgVar (/ ]l{l,n(m)>a}dP(0)> + w1 Var </ ]l{yn(m)ga}dP(1)>
X X

< eXp{_Blca}'

For a = a( ) or oz( ). Without loss of generality, suppose o = o

similar to ( ) there exists positive number C?, such that

() When o/ < o

P(T' < Bia)P(T" > Bia) < exp{—B1C,}.

When o/ = o’ = az(.(?), similar to (19), there holds

1 1
I < 1" _ '
P(T' < Bi)P(T" > Bia) = 7 +0 <\/Bfl>

Thus it holds

1 1
Var /]l,, z O[dP(O)>§ 7(10) ) +O< )
(X (vn(z)>a) 2(9 (a;,)))? B

And similar results hold for Var ( | v 1 {,,n(w)ga}dp(l)). Eventually we would have

Var (R(erl%aSE)) < mgVar </ ]l{yn(m)>a}dP(0)) + m; Var (/ ]l{yn(m)ga}dp(l)>
X X

< % [Wo(g;m(a))? + m<g£3><a>>2} +0 (\/%1) :

which completes the proof.
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B.7 Proof of Proposition 12

(i) Due to Proposition 3, this is trivial to be seen to hold here.

(ii) First let’s consider subspace S = S’ U {j}, where |S'| > 1,5 ¢ S’. The conditional
densities of j|S" are denoted as f;log,, f]ﬂléz, and the components of xg corresponding
to S’ and {j} are xg/,x;, respectively. The definition of KL divergence and Fubini

theorem incur

(0) ) /..
O £y = 19 (@s) 0 ()
KL(fS ||f5 ) = Ews~f§°> [log <f~?1)()) + 10g (f](l))

NG xrg ]lS, m]

(0)
f((/)) ' [ S/(wj)
Ew ) [log ( ?1)( s) + Ew O Emwf(o) log 7](‘1)
s fS/ (mS/ s~ Jgr 77 4187 fj‘S,(a:j)

= KLUGUED + By g [KLSILR)
> KL(f$|1£5).

Here “=" holds if and only if f;?g,(wj\ms/) = f;g/(mj]acg/) a.s. with respect to P(©).

By induction, this indicates that for any S D S’ and S’ # (), there holds
0)( (1 0)(1 (1
KL 1£8Y) = KL 175). (22)
Note that in (22), by Proposition 3, if f;ﬁg, (xjles) = f(‘ls),(mﬂwgf) a.s. with respect

J
to P(O), we have
1 ws) _ 8 (@s)

= ,a.s. ,wrt. PO (23)
1 @s) 19 (@s)
Similarly, we have
KL(f1787) = KLU 175, (24)
where the “ =" holds if and only if
(1) W) (e
fs (@s) _ Js (@) a.s. ,w.r.t. P4, (25)

@) 15 (@s)
If $ 2 S*, consider S = S U (S*\S) D S*, then by (i) and (22), there holds
moKL(F$1787) + mKL(F1787) < mokLO ) + mELUDNE) - (26)
= moKL(/S|1£5)) + mKL(E 175,
Then by Proposition 3, if the “=" holds in (26), due to (23) and (25), we have
0
[P@s) I (@s) [ (ws:)
19 @s) P ws) 1 (@s)

implying that S is a discriminative set but S 2 S*, which yields a contradiction.
Therefore (ii) holds here.

, a.s. ,w.r.t. P* = moP© + 771P(1),
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(iii) holds since the full model S,y 2 S* and the KL divergence is monotone in the sense
of (22) and (24).

B.8 Proof of Proposition 14

(0) T

Denote 14 ) <o (25 ) = (1 ") 554 s = o +
S

To eliminate any confusion and better illustrate the meaning of the gradient and second-

arYt R 9RIM

S S S

8ﬂg)) ) a”g) ) 825,5

order derivative matrix, we will use to represent the gradient and use

02RI! 02RY! 02RY!
aﬂ_(gO)aES,S ’ 8#2;})825',5' ? 0Xg, 5083, 3
According to Brookes (2005) and Petersen and Pedersen (2012), with some calculation
we can obtain that

to represent the second-order derivative matrix.

orM | o
=X TrTao —
0 ss\®s—mg |,
oy ( )
8ROS|1 p 1)
ould 5 (ws = ).
oRY 1,0 1) ( 1, o @ )T )
e - _ T 1 + Z_ |
aES’S 55 (,US Bs ) S 2(“’5‘ Mg ) 3.8
82Rg‘1 B 82Rg|1 B B
S,S?
nZond " ououl)
82Rg‘1 -1 -1 (0)
agssau(o) (ESS ® ES,S) (I\S\ & (:BS — g )) ,
it L e gl (1)
82Rg|1 -1 (,0 (1) (0) (1)
m__ IIS|®23,S(N5 _u5)<$5_2(ﬂg + py )>

1 T __ _ _
+ (acs - §(ug)) + Hg))> (ufgo) - Ng)) Es,ls ® I|s|} (Zsig ® Esé) ;

where ® is the Kronecker product.
Then let’s check conditions in Assumption 3 one by one. Without loss of generality, for

(i), we only check the case that x; g i féo). And for (iv), (v), we only check the case

that xg ~ féo).

(i) It’s easy to see that the number of parameters in LDA model in p-dimensional space
is2+2p+ p(pi;l), therefore k1 = 2.

(ii) According to Assumption 4, we have
KL(FO||fD) = (Hu) N u(m)TE—l (Hu) _ “(0>)
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< ) — 13

< p*(M )Zm—l

The similar conclusion holds for KL(f(||f(©)) as well.

(iii) For any (u(s), p,g), Ys.s):
1§~ @RS (5,

m ,NS aZS,S7mi)
", 9°Ry' (50, 50 ,
Zazssaszss 5 fts D) )
N N 1 ¢ _ s 1 ||?
< 2sts “559) “591))“2' EZ [‘Bi’s_ 5(“(59) _HLS))} HES’EHQ
=1 2
1 3 -0 o (I~ 1o, -
§2HESVSH2'HHS ks HQ nz Tis 2('“5 +“S) '
=1 2

When |29 — 1o, 1|25 — 610, |Ss,5 — (28), it follows

that
1) L|IEs,s — S5l - L118ss — Ssslr ._ ¢

Hig}?_ = Ly = Ly = m2 ’
11— |Xss — 21— l¥ss —Xssllp ~ m*—m(

which leads to 1

m—C’

IZ55lle < IE55ll2 + 11255 — Sgsllz <
In addition, we have

” ~(0) (1)” < H ~(0)

~ (1 0 1 1
p 2+ 1S — 2 + 6 — p$|le < D

Without loss of generality, consider x; g g f , it holds that

1 ¢ L0, - 1 ¢ (0) L0 (0
n;[wi,3_2(ﬂs +Ns) 2§ n;<$zé’_ﬂs> 2"‘2“”5 — Mg H2
1, ¢ 1 1. © 1
5 lis = n§ 2 + Sl — w2
1 & 1
< EZ(SBZS_IJ‘,(S')) + Dz M.
=1 2

By Proposition 1 in Hsu et al. (2012), since £ 3" | (x5 — ug))) ~ N(0,1%g4), it

follows that
1
> \/ “TH(Ds,5) + 2/ Tr(Z5) - -+ 2[Tsisllae | < exp{-ne}.

55

n

5 (o)

i=1

P
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And due to Assumption 4, we have

Tr(zS,S) < DHZSSHmaX < DM
Tr(335) = 1857 < D?||Es,5]/2ax < D*M?,
< DM,

yielding

n

% Z (fBz‘,S - “qu))

=1

P

1
> \/DM + 2DM\/? +2DMe | < exp{—ne}.
n n
2

G - HS)HQ’ HES,S —Ygssll2 < ¢, we have

DUCEET

i=1

Therefore when ||;LS - ps ||2, g

Z” 3232‘1 PR
HORS .

§D%M<

+D§M>
2

max

= Vs({®is}hiz1),

and
P(Vs({zi,s}tizi) > CD) < exp{—Cn}.

Thus we can set kg = 1.
. _ 0 - — 1 0 1 _
(iv) S5k (25— 1) ~ N(0,55%), 55k (w5 - 1)) ~ NS5 (wd) - #), 55k) when
T ~ féo). And also we have
|=ss] < |=s5, <=, s m
> Ilmax 12

0\1 BROH

Then each component of OR (0) an d (1) is Vm~1l-subGaussian. On the other hand,

S
since Es,ls (azs — 5(;1,%) + ug))> ~ N < Esg(ﬂ(;) Ng))vzgio and

skl -] <0

o0

— 0 1 — 1
sl s” e < mtard, e

0|1
it follows that each component of gg S 5 is m~1v/M’D-subGaussian. Therefore k3 = %

(v) Notice that because of (27), we have

_ 1
E g r© [255(935 - }H = sts 5 - Mg))H <m~'M'D>,
S ]

T
_ 0 1 1, (o 1 _
EmSNféo) [257}9 (,qu) - Né)) (iBS - 5(1{(9) + l{(s))> ESESV]

max
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- HEE,E (12— 1) (19— uQ) 555

max

- 0 ONIE
<3 [5ssd” -
1
< 5(m—lM’)QD.

Therefore k4 = 1.

(vi) It’s easy to see that (u(l) ug))

N(s))a (Hg) - ,U(S))TE&S(M(SU - HE@O)))- And there holds

(s’ = 1) S5 (ng! — g <Hus g H |=ss], <m~oryD.

(0)
which yields that log (; fl)EmS ;) is M'v/m~!D-subGaussian. So k5 = %
s &s

(vii) This can be easily derived from Lemma 28 and its proof.
(viii) This is obvious because of Lemma 31.(iii) and Assumption 4.(iii).

B.9 Proof of Theorem 15

First suppose that we have ng observations of class 0 {mgo)}?il and n; observations of class

1 {2} where ng + n1 = n. Define

60,00 = - St 19 @105 | o Zlo 5 (i 3165)
0 £ @\ %ley) O (@ 216%)

for any 6. Denote RIC(S) = —2[#0G." 4(Bs) + 1G' 4(8s)], then RIC,(S) = RIC(S) +
cn deg(9).

Lemma 27 If Assumptions 1-3 holds, then we have

2
P( sup [RIC(S)—RIC(S)| > e < pP D™ ex —Cn< ¢ >
(SMED\ () - RIC(S)| ) p p{ T

D €
FpP D e { O i |

+pDeXp{—C’n (D;)Z}.

Proof [Proof of Lemma 27| By Taylor expansion and mean-value theorem, there exists
A€ (0,1) and O = \0s + (1 — \)Ogs satisfying that

G(O) (é ) _ G(U)

ng,S

~ 1 A ~
(85) + VG 5(05)" (85 — 05) + (05 — 85) VG, (8) (Bs — ).

57

T s 55 [ws — L + ufql))} ~ N((p§ —p ) S5k (e

(1)
s
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Notice that

HVGTLO S(OS)T(éS - 05)“2 < DM

VG 5(0)| 1185 = Os]loc,
and when ||@g — 0|2 < ¢, we also have
(65— 05)7V2GY)) 5(8)(Bs — 65)| S D™ 05 — 05|21 V2G) 5(0) ma
< D405 — 0s]1% - |Vs({old}12))]

Since n, ~ Bin(n,n,),r = 0,1, by Hoeffding’s inequality, we have

P(|n, — nm,| > 0.5n7,) < exp{—Cn},r =0, 1.

Because of Assumption 3.(iv), given ng, each component of nOVGq(IOO{ 5(0s) is ngyv/2C3D"3-

subGaussian, then the tail bound in the below holds:

n0> < D™ exp {—C'no (DEHS >2} .

Then according to all conclusions above, we have

PG (Bs) - KLU N1 > o)
< Euo[P(IGY 5(85) — KL £$)] > ellng — no| < 0.5nm0)] + B(lng — naw| > 0.5n7)

(HVGTLO 4(0) — EwSNféngsLS(:c;B)H > e

(o)

< En P ()ijj){s 0s) — KL(f(O)Hfél))‘ > 6/3]% ~nmo| < O.5n7ro) +

ng,S

4 EnP <HVG£?,S(05) . f@vc( ) (es)Hoo > D"

’TLO — 7”L7T0’ S 0.5717T0>
P (CD’“ (D" + D")||0s — 05|00 > 6/3) 4P (0.50D2”1+“2||és —0s)% > 6/3)

+ Enop <VS({m£,OS)‘}?Ol) > CD"

|ng — nmo| < O.5n71'0>

P(|ng — nmo| > 0.5n70) + P(D2%[|0s — 05|l > C)

2
€ € €
< D" exp {—Cn <D”1( . 54)> } + D" exp {—Cn . } + exp {—C’n (]_)Ns

which yields

2
0) ) ¢(@) K €
(’WOGnO S(OS) - WOKL(fS HfS )‘ > 6) 5 D™ exp {—CTL <D51(D53 + Df€4)> }

€

. €
+ DM exp{—C’n-W} —i—exp{—Cn (D’%
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Similarly, there holds

2
=~ p (1)) £(0) K €
]P)(’TrlGnLS(GS) - 7r1I<L(f5 HfS )‘ > 6) S} D™ exp {—CTL (Dnl(Dng + Dm;)) }

o € € \2
+D 1exp{—0n-D2m+m}+exp{—Cn<Dﬁ5) }

Since lifC(S) = —2[7?0G(0) (05) + ﬁlezll),S(és)L we obtain that

ng,S

P (JRIC(S) — RIC(S)| > €] $ D™ exp {_C” <Dm(Dﬁ: + D“))Q}

+ D™ exp{—Cn . ﬁ} —i—exp{—C’n <D€"”~5)2}'

Due to the union bound over all ( g) = O(pD ) possible subsets, we obtain the conclusion.
|

Let’s now prove Theorem 15.
(i) It’s easy to see that
P 1C, > inf RIC,
sup RIC,(S) > S;}s*nzs*R Cn(9)

S:5D8*
|S|<D [S|<D

<P [ RIC(S*) +¢, sup deg(S)+A/3> Sjgnzfs* RIC(S) — A/3

S:|S|<D
IS|<D

+P ( sup |RIC(S) — RIC(S)| > A/S)

S:|S|<D

5:|8|1<D S:S|<D

A 2 A
D & D "k
<p”D 1exp{—0n <D“1(D“3+D“4)) }-i—p D 1exp{—Cn <D2’*1+"2)}

A \2
D
+p exp{—Cn <D”5> }

— 0.

<P(c, sup deg(S)>A/3)+P ( sup |RIC(S) — RIC(S)| > A/3>
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(ii) Similar to above, we have

P | RIC,(S*) > inf RIC,(S)
S:S2S*
|5|<D

<P | RIC(S") + ¢, deg(S™) + A/3 > S-g}zfs* RIC(S) — A/3
|S1<D

+P ( sup |RIC(S) — RIC(S)| > A/3)
S:|S|I<D

A 2 A
D Nk D Nk
rgp D 1eXp{—Cn <D'{1(D”3—|—D”4)> }+p D 1eXp{—C'n (W)}

A \2
D
+p exp{—C’n <D”5> }

— 0.

Besides, it holds

P(RICn(S*)> inf RICn(S))
S:5D5*
|s|<D

< P (RIC(S*) + ¢, deg(S™) + ¢,,/3 > RIC(S™) + ¢, (deg(S™) + 1) — ¢,,/3)

+P ( sup |RIC(S) — RIC(S)| > cn/3>
S:|S|<D

2
D Cn D Cn
sppe {_Cn <Dm (Drs + D“4)> } TrpTed {_C” (D%w >}

+pP exp {—Cn (;:5>2}

— 0.

Therefore we have

P (RICn(S*) Aot RICn(S)>

<P | RIC,(S*) > inf RIC,(S)
S:525*
[S|<D

S:5D8*

+P(RICn(S*)> inf RICn(S))
S1<D
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2
D Cn D Cn
SrTew {_Cn <Dm (DRs + D"‘4)> } +p7D" exp {~Cn (D2“1+“2 )}

+pD exp {—CTL <I§Z5)2}

— 0,

which is because ¢, < A. This completes the proof.

B.10 Proof of Theorem 18

Lemma 28 For arbitrary € € (0,m™1), we have the following conclusions:

(i) P(|(a" = 4©) — (b — @) > €) S pexp{~Cne®},r =0,1;

.. = 2
(”) P sup HESLSZ - z:5'1,S2||00 > € 5]92 €xp {_Cn' (%) } + pexp {—CTL ’ %}’
S1:|S11<D
So:|S2|<D

Sl
e

(iii) P ( sup HZA]&S —Ygsgll2 > e) < p?exp {—Cn- (%)2} + pexp {—C’n-
S:|S|I<D

Sl
—

(iv) P( sup Hi;é—zg,éune) Svtexp{~Cn- ()} +pexp {~Cn-
S:|S|I<D

Proof [Proof of Lemma 28| For (i), because ||X||max < M, forany j =1,...,pand r =0, 1,

/lg-r) — M;T) is a v M-subGaussian variable. By the tail bound and union bound, we have

p
Pl — 1o > &) < SR = ul] > €) S pexp{—Cne?},r = 0,1,
j=1

~

which leads to (i). Denote ¥ = (04j)pxp, 2 = (64j)pxp. To show (ii), similar to Bickel et al.
(2008), we have

P <max |Gij — 04| > e) < p? exp{—Cne*} + pexp{—Cne}.
Z?]

And it yields

Pl sup [[Ss,5, — s sl > €| =P | sup sup Y 65 —0i] > e
51:|Sl|SD Slt‘S1|§DiESI FESy
So:|S2|<D So:|S2|<D

<P <D . max|&,~j — Uij’ > 6)
%]

,SPQeXp{—Cn- (;)2} —i—pexp{—Cn-%}.
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Since 2575 — Yg,5 is symmetric, we have HXA}&S —Ygsll2 < HZAIS,S — Y5.5|lc (Bickel et al.
(2008)). For (iv), firstly because the operator norm is sub-multiplicative, we have
IEss = Zgslle = 1355(Bs.s — Bs.9) g 5ll2
<|Z55ll2 - 1Zs,5 = Zssllz - 1Tl

< (IB55 = Dz sl + 125502) - 35,5 = Bs,sllz - 155512,

leading to
1 N ~
a1 . 125513 - 1%s,5 — Zs,5l2 LS55 — S5l
1Ess — B sll2 < 2 4 < (28)
1—|Ess —Zsslz-[1E5sllz 1= %ss =
Then we obtain that
&1 ~1 o 1
P ( sup [ X5 — Xggll2 > 6) <P <HES,5 — Bsslla > 2m>
S:|S|<D
2
+P 7”2375 — g2 > €
m
2
« m
< 2P < sup [[Xss — Yssl2 > 26) :
S:|S|I<D
Then by applying (iii), we get (iv) immediately. [ |

Lemma 29 Define 65 = Egg( W _ uS ) for any subset S. For ¥S = S U S*, where
SNS*=0, we have

5o = nol(ul) _ u@) — o (5] —mg _ (0
§==g5\Mg —Hg ) ==z 1 0] =\

Then combined with the matrix decomposition

ETL _ (ESS_ESS*ZS* S*ES* )71 _ESSESS*(ZS* S* — ES* SZSSESS*) 1
8,8 —35! ¢ s 5(Es,5 — S DI I (Zs.5¢ — B+ s8555s,5¢) " ’

it can be noticed that

( (1) ())

(Z5,5—L5,5+ S50 geSse,5)~ (ug)—ug)) = 2558s,5+ (Ssv,5+— s+ 555 58s,5+) " (Bgi —rge )-
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Also since there holds that
(Bse50=Bse 585 505,5) ' = Vgi 5.~ Tge 5. D5 5(—= Vs .5+ 5,5- T g0 g Dge,9) V50 Vg g

13 32

it can be easily verified that the part is actually dg+. Therefore the conclusion holds

with S = Spuu. B B B
For general S O S*, notice that Spy = (Span\S) U S, with the same procedure, we can

obtain that
O5ea = Z_l(ﬂ'(l) - U(O)) = < 0) .
a3

And since

we reach the conclusion. [ |

Lemma 30 For VS which satisfies S 2 S*, let S* = S*\S, then
N -1 ( @ _ O _(, Q) _ (0 H >
HZS*,SES,S (Ns Hs ) ( 5% N5*> , 2

Proof [Proof of Lemma 30] Let S = S U S*, due to Lemma 29, it’s easy to see that there

holds
1 (Ng) - H?) *
oL = (29)
55\ ,0 0 (5& > ’
He, — Hg. S+
where
—1 -1 —1 -1 -1
sl (Xs,s = Xg5 Y5 525 5) 55855 (Ege 5+ — Bge s¥55%55)
L. = 1 —1 1 -1 -1
S,S —ES*S*E@E,S(ES,S—2515*25*’5*25*’3) (Eg*,g* _ZS*,SES,SZS,S‘*)
(30)
and 6%,* consists of several components of dg+«. Denote ¢ = ¥ga. SEgls (ug) - ugo)> -
(p(gl*) — HE@O*))- Since Eglg is symmetric, combining with (29) we have

—1 -1
(Bge 5o = g s¥55855-) €= —05.,
leading to
1(Zge 50 — Tg sT55%5,5-) cll2 = 165112 > 7,

by Assumption 4.(iii). For the left-hand side:

1 _
H(ES*,S’* — X5 gX55%g 5+) Lol
<llelz- (Bge g — Tge 6T55%5.5-) 2
—1
< llell2 - [1=5 52

< lell2 - Apin(Z5.9)

min
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-

S m CHQ)

which leads to [|c|l2 > ym. [ |

T
Lemma 31 For LDA, RIC(S) = — (ug) - ug))) Egls (u(sl) — u?). It satisfies the fol-

lowing conclusions:
(i) If S O S*, then RIC(S) = RIC(S™);
(ii) For 8 = 5*U S, we have

RIC(S) = RIC(S) - |Sg. 535 (n§’ — u8”) = (ng! - ug?)r
(25*,5* - 25*,52§,Ezs,§*> [25*,525,2 (Ng ' )) - (ugf - u(spfﬂ

(iii) It holds

inf RIC(S) — RIC(S*) > m3~2.
S:|1§1|§D (S) (8%) = m°y
SP5*

Proof [Proof of Lemma 31|

(i) First let’s suppose (ii) is correct. For S O S*, consider Spy = S*US and S*NS =0,
then by sparsity condition, we have

1) (0)
* _ (e —
=X 1(,u(1)—u(0))22 LS a0
<0> ng) -l

Also by basic algebra, there holds

—

_1 R -1 1 -1
Yg5) =Y55 Ugs¥g5 (-5 585 s¥g 585 5:) Tg g5g5-
(31)

B —1
(ES,S—ZS,S*ES*S*

Combined with (30) and (31), it can be obtained that
_ 1 0 1 0
DERPR (ufg) - u(s)) - ( G - u(g*)) =0,

yielding that RIC(Spm) = RIC(S). Since the same procedure can be conducted for
arbitrary S O 5%, we complete the proof.

(ii) This can be directly calculated and simplified by applying (30) and (31).

(iii) It’s easy to see that

—1 —1 —1 —1
Amin (X5 g+ — Xge 585 5555) = Amax((Zg g+ — Xgr s8565g5:) )
1
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> m.

Then by (ii) and Lemma 30, it holds that
RIC(S) — RIC(S)
_1 1 0) 1 0\ |2 1
2 HES*,SES,S <NE<;) - NE@ ) - <N(g*) - NE@D H2 : /\min(zé*,é* - ES‘*,SES,SES,S‘*)
> miy?,

which completes the proof.

Lemma 32 If Assumption 4 holds, for € smaller than some constant and n,p larger than
some constants, we have

P ( sup |RIC(S) — RIC(S)| > e) < p?exp {—Cn (ﬁ) } )
S:|S|<D
Proof [Proof of Lemma 32| By Lemma 28, when ¢ < m~!, there holds that

P ( sup |RIC(S) — RIC(S)| > e>

S:|S|<D
- (S:TS}TED () =) 555 (Y = ") = (8~ ) 5% () - ug)))' > 6>

<o (w1051 5w, (i -0 -

Tl (s, -2 >

<P(@BM)D- sup Higls—zggH > €
S:|S|<D ’ ~ll2 - 3

N N M’
+P< Sup H(N(sl) — i) = (g —ug]))H > )
S:|S|<D 00
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o (g, [~ 0w (Garsar) /B )
srtew{-en(g5)'rren{-on 5} erenton cren{-on (5)’}
€ \2
< p?exp {—Cn (ﬁ) } .
|

Then the following steps to prove Theorem 18 are analogous to what we did to prove
Theorem 15.

B.11 Proof of Theorem 20
Denote Qgg = (f]g:)s)_l,r = 0,1. Then we denote

T(S) = Tr |25 — 955 (MG - mo=ih)| +

)| + (m = m0) (log |25 5] — og [ZFK)),
D<s>:<u5;>—u<;’)>f [m % + w0y (1S — ),
)

Similar to Lemma 28, we have the following lemma holds.

Lemma 33 For arbitrary € € (0,m™!), we have conclusions in the follows for r = 0,1:

(i) B(I (3D = 4©) = (O — pO) |« > €) S pexp{-Cne?};

Ol
—

(ii) IP’( sup

S:|S|I<D

‘2 > e) < p? exp{—C’n- (%)2} +pexp {—Cn -

o/l
—

(iti) P( sup ‘2>€> §p2exp{—0n'(%)2}+pexp{—0n-

Also, the lemmas in the follows are useful to prove Theorem 20 as well.

Lemma 34 There hold the following conditions:
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(i) For S =SU {j},kjrg = E(r) E;g(ﬁgg)*lzg;,r = 0,1, where j ¢ S, we have:

)

5 1) (1 0«17 [ T T (1

TTS)—7Y5)=<—[Qgézéj—-ﬂéézéﬂ (km)2324ka)23§)
j 7,5

(1) (1) (0) 5(0) o (0) Tl 1)

{QS,SES,]‘ — Qg ¥y } +1- X0 ks — k(o) “kjs

J,S

And for S = S U S* where SN S* =0, there holds

W _ 0 T

D(3) - D(s) =m [28) jofkwg - ul) - (1) - u)]

5‘*75' ,(S' )
0 0 0 0 0 0 1 0 1 0

+ 7o [E(Sl A s(ns’ - us) - (uf;*) ug)*))}

S
1 1 1 1 0 1 0

(ii) Further, (i) implies the monotonicity of T, D,RIC in the following sense: If S1 2 So,
then T'(S1) < T(S2),D(S1) > D(S2), which leads to RIC(S1) < RIC(S2).

(iii) Define S = {j : [(Z0) 1 p@—(MW)=1puM]; £ 0}, 83 = {5 : [(EW) 1 —(2O)~1]; #
0,3i}, then:

(a) If S 2 S;, then T(S) = T(S});

(b) If S D S*, then D(S) = D(S*) = D(S}).
Proof [Proof of Lemma 34|

(i) (33) is obvious due to Lemma 31. Now let’s prove (32). It’s easy to see that

)| + (m1 = m0) (log |4 ;| — log [ £ )

1 1 0 1 0
= |S| - m T [QES)SEQS] — Ty [Q(S)SEEQ)S} + (1 — mo) (log [ 4| — log [ZL4).
(34)
Because
(r) (1) 57(r) 57(r) (7‘) (r) s=(m)
- QS,S+k3r§QS,S 5,525,555 *k(_lrgQS,sES,j
Qg5 = s g : (35)
7 5,50 s s Aol



TIAN AND FENG

for r = 0,1, we have

(1) 5(0)
Tr (Qg,gzg,g)
1) «(0 1 1 0 1
=1 afls) + L allelslolsl - olisls)
K K
I (1) 1) «(0) o
7]
— o s esTsi T o)
5.9 5.9
(1) \(0) L s 50 g0 s 2 (1) 60 O E(Oj)
_Tr[QSSZSS]_'_WE 5825585 5825 585 j — ()E]SQSSE (’) (36)
3,5 3,8 js

where the last equality follows from the fact that Tr(AB) = Tr(BA) if A and B are
square matrices with the same dimension.

Similarly we have

(1)
0) (1 0) (1 1 L0) A (0) «(1) ~(0) «(0 2 0 b))
H<Q(>E<>>:mggy>szgj>s]+k 00050 o0 5O 2 500 50 4 Fio

$,578.8 (0) 4,8°75,875,5°%5,57S,5 k(o) k(o)
7,8 7S 7S
(37)

Combining (34), (36), (37), the fact that 25? = kj(r; + Eg%QggEgz, \Eg)g\ = ]Eg:)sl .
|k§2], r=0,1and T(S) = |S|—m Tr (QEQO)SEEQ%) —moTr (Qgngé)—i—(m—ﬂo)(log |Eg)s|_
log [T %41), (32) is obtained.

K KO O
For the monotonicity, since —mglog (0) = 7 log (1) < m (4> —1]) and

50 K i e
m1 log ( (0)> <m < s — 1), we have
] S
k’('lg T L0  T1 (1)
Js
1+ (m —mp) log 0 POl kjs— k(o) kg

Y L S TN - N IR
M ©) s T o s
kjs kjs ks kjs
<0,
implying that
T(S) <T(S).

And it’s easy to see that Eg;)g* — EgBSQgngg* is positive-definite, thus
D(S) > D(S).
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And we also have 3
RIC(S) < RIC(S).
By induction we will obtain the monotonicity.
Denote Q") = (2(7"))_1, r = 0, 1. Consider full feature space Sgyy 2 S*. Let’s remove
one feature which does not belong to S; from Sgy. Again, without loss of generality

(in fact, we can always switch this feature with the last one), suppose we are removing
the last feature j. That is, Spyy = S U {j}.

By sparsity:

(1) _ ) — 0
Q Q <0T 0> (38)
Plugging (35) into above and by simplification we can obtain that
0 1
Ks =y (39)
(0) 5~(0) (1 ) 1)
Qgs¥g; =g s¥g ) (40)

By Lemma 34, T'(Sgpa) = T'(S). Besides, this also implies that

By induction, it can be seen that for all subspace S 2 S5, T(S) = T(Sy).

Then again consider Spyy = S U {j} but j ¢ S*, therefore by sparsity, in addition to
(38), we also have

QW 1) _ Q0 ,0)

which together with (38) leads to

1) 0 1 0
05 (ng = u§) — (Wi = u”) =0,
2054(ng! = ) — Wi — i) =o.

By Lemma 34, D(SFuH) = D(S). And it holds that

1 1 0 0
QW () _ QO 0 — (Q(s,)sﬂfq) - Q(s,)su(s)> '
0

Again by induction, it can be seen that for any subspace S 2 S*, D(S) = D(S%).

Lemma 35 It holds that

inf inf  T(S) - T(S*) > M min L, L
JES: §:8°\S={j} =4 Tog g
|S|<D+p*
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Proof [Proof of Lemma 35| Suppose S*\S = {j},5 = SU{j} 2 S* and j € Sy. Due to

Lemma 34, equation (35) and Assumption 5, we have either (k:](.lg)*1 — (lc](.os))*1 > 4 Or

||(k§1g)_198292g; - (k§0§)_19g?22$}||00 > 74 holds. And it’s easy to notice that for r =0, 1,

= LE) <AL ED) <m

min
’2

— 75* 5*5' min
(r) _ w() (1) (1) s2(r) (T)
K =xi - siabst) < sl <,

which implies that
m < (ky;) <M,r=0,1.

)

(i) If (k](ISZ)*l — (kj(oé)w)*l‘ > 74, then we have

k0
; (0 1)\— (0)y—
kj(l) -1 = ‘kj,g“ ’ ‘(k](,g) t— (kj,s)*) ! > Mg,
j7S
leading to
k(O) k(O)
]7 > _
k(l) JAON E mryg —log(1 + myg).
3,5 7,5

When my, <1, we know that

3m0)® 2 £(mg)*

| =

1
— log(1 4+ myq) = §(m7q)2 -
When mry, > 1, it holds that
1
— log(1 + mryy) > rialt

Thus, we have

k) AN
](’1) -1- IOg k;i’l) > 6 min{m’yq, (qu)z}
35 3,8

(1)
And the same result holds for k(o) as well. Therefore by (32), we have

_]S

T(S)—T(S) =T(S) — T(S*)

kj(OéZ k](Og kj(lg k‘](lg
> o (’1) log (’1) + m (6) —1—log (6)
kjs kj s kjs kjs

1 .
> 8 min{m-yg, (m’yq)2}.

Since this holds for arbitrary j € S; and S satisfying S*\S = {j}, we obtain that

1

. . _ 'S 2 omi 2 )

ol g inl , T(9) = TS = Gmingmyg, (mg)} (4D
|S|<D4-p*
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() 1 || (k)1 QGAE) — (TR > 2. when |7 (KD = g
similar to (i), we have
~ 1 m? mt
_ > Zmi .
T(S)-T(S) > 6m1n{2M’yq,4M2fyq} (42)
Otherwise,
1 1 0) 0)
o < || REHRgkEE) - k00|
1 - 0 1 0
< ’(k’](,s)') ) ’HQ s;” + (kj3)™ HQSSEEG; S JH

By (35), (k:(’ )) IQg)SE(Sz is part of Qgg, then

o], < flussassn] <oy

(1) -1
<[], <m™

max
yielding
M
ol E(l).H <
H 5,875,j o m
Then we have
1 0) 1
st -ois8)] 2 o) -ohs8)] > Lo
leading to

= 1 0) «(0) |2 Dy—1w(0 0)\—1 (1
T(S) - T(3) 2 [@is=l) - S| Anin (mo(k{2) 50 + m(k{%)~12L))

1 ? - 0 - 1
> <2m7q> : (WOM lAmin(Ek(g#)g) +mM 1>\min(zfg’)5))
m3n2
> 1, 4
— 4AM (43)
Combining (41), (42) and (43), we complete the proof.
|

Lemma 36 It holds that

inf inf  [D(S*) — D(S)] > m3+2.
jeSl*\Sj;S:S*\S:{j}[ (S%) (8)] > m?y;
|S|<D+p*

Proof For any j € S/\S; and S satisfying S*\S = {j}, let S = SU{j}, it’s easy to see

that there holds
(1) ”g) (0) (0) *
S WHON (0> (5,>, (44)
J
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Denote ¢ = Zys)'QquZq(Ng) - ,ug))) — (u§.1) - ,ug-o)). By (39), (40), we can obtain

SIS — 1) = ) = 1) = SR (G — ) = () - ).
Combining with (44), we have
m el = (k53) el = 18] = .

because 6} is the corresponding component of g+« with respect to feature j. We obtain that
|| > my;, which leads to

D(8*) — D(8) = D(8) — D(S) = k{' e[ > m*+7.

Lemma 37 It holds that

. . . [ m? . 1 m? 3.2
S:gnzfs* RIC(S) — RIC(S*) > min A e W Mg 55 Ve T (-
IS|<D

Proof [Proof of Lemma 37| Because of Lemmas 35 and 36, it suffices to prove

inf RIC(S) — RIC(S*)
S:S25*
|S|<D

> inf inf  RIC(S) — RIC(S™)
JES* 5:5%\5={j}
|S|<D+p*

>minq inf  inf  [T(S) —T(S™)], inf inf [D(S*) — D(9)]
j€Sz 5:57\5={j} JESA\S;  Sij¢S
|S|<D+p* [S|<D+p*
For any subset S which does not cover S* and [S| < D, consider feature j € S*\S and
S=5SUS*\{j} 2 5. It’s easy to notice that |S| < D + p*. By the monotonicity proved in

Lemma 34, we know that RIC(S) < RIC(S). In addition, we know that

RIC(S) > inf  inf  RIC(S),
JES* 5.5\ S={;}
|S|<D+p*

which yields the first inequality. For the second inequality, it directly comes from Lemma
34.(iii). |

Lemma 38 If Assumption 5 holds, for € smaller than some constant and n,p larger than
some constants, we have

— 2
P ( sup |RIC(S) — RIC(S)| > e) < p?exp {—Cn (%) } .
S:|S|<D D
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Proof [Proof of Lemma 38| Recall that RIC(S) (S)—D(S5)] RIC(S) 2T(S)—D(S)].
Denote T7(S) = Tr [(Qgg —Qg%) ( 1255 )] J1p(S) = (m — Wo)(10g|2 ?g|

log|4%]), then T(S) = T1(S) + Ta(S).
And since for any S with |S| < D, we have

<ol o, (s, [, + 153 -2
o]+ ol -5, + o8-

<2Dm™t. [Im —m|-2M + HE&S - ES@HZ *
90 - oL, + [l - al]).

where the last inequality comes from HE(;)S

yields

P ( sup ‘Tl(S) —Tl(S)‘ > e)
S:|S|<D

+DM-(

‘2 < M and HQS% — ngqu2 < 2m~!. And this

S:|S|I<D
+P(20m7t - sup S0 - =) H oM suwp [0G) - of)| >
S:|S|<D S:|S|<D ’ Pl - 4
+P (DM sup |05 - >
S:|S|<D ’

szexp{ Cn (52>2}

On the other hand, we have

(1 S (1
| 55 _ il | N(55%)
R 6 <2 |log (D
| s,s| i=1 ( ss)

LNy iS55
= a, o oy
i=1 Ai(zsys) )‘z(zs,s)

By Weyl’s inequality,
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Therefore there exists € > 0 such that when

f)g?g - EggHQ < ¢, we have

(1)
=5 D la) _ (1) “(1) () 2D |l e(1) _ ()
P < 2 st - s o (st - 282 < 2582 -2,
s,8
Therefore, there holds
P sup ‘TQ(S) - TQ(S)‘ > €
S:|S|1<D
: 0 5% 5%
<P sup 207 —m|- ‘log|zgy)3| +log 12(57)51) +log [ | +log [ o | >
S:|S|<D 5.5l Xs,s]
o 1) 1) ¢
< ] _ . o . . —
<P 2im—ml s 5 [flos (3 (263)) + ros (3 (253))]] > 3
(1) (0)
b b))
+P| sup log | if > < +P| sup log | qu)s <
S:|S|<D =5 % 3 S:|S|<D 125 % 3
. € 2D o) (1) €
gIP’(2Dmax{\logM|,|logm|}-|7r1—7r1|>7)—HP> — - sup ||Z —ESSH > =
3 m gsj<pll =23

2D N .
+P[— - sup HEE@OESV—ZE@O‘)SVH > < +P sup HZ(Sl)S_E(Sl)SH > ¢
m g s|<p!l 7 23 sisj<p !l 7 2

+P[ sup ZA](S?)S — E*(SO)SH > ¢
S:|S|<D ’ 2

SPZQXp{—Cn (52>2}

Thus we have

€

T(S)—T(S)‘ >€> §p2exp{—0n (DQ)Q} (45)

Pl sup
S:|S|I<D

Besides, following the same strategy in the proof of Lemma 32, it can be shown that

. € \2
P| sup |D(S)—D(5)|>¢€ Serxp{—Cn — } (46)
By (45) and (46), we complete the proof. [ |

By all the above lemmas, and following similar idea in the proof of Theorem 15, we can
prove the consistency stated in the theorem.
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B.12 Proof of Theorem 21
Firstly since taking subspace can also be seen as an axis-aligned projection, applying The-

orem 2 in Cannings and Samworth (2017) we have

R(C;?l*) - R(CBayES)] )

min(a, 1 — a)

(47)

B[R(CTP) — R(Cpages)] < T

Then it can be easily noticed that

E{E[R(C") = R(CBayes)]} < E{E[(R(C™) = R(CBayes))1(S1. 2 )]}
+ (1 - R(CBayES))P<Sl* 2 S*)
<E sup [R(C’f) — R(CBayes)] + P(S1« 2 5%).  (48)

5:825*
|S|<D

Combining (47) and (48), we obtain the conclusion.

B.13 Proof of Theorem 22

This conclusion is almost the same as Theorem 2 in Cannings and Samworth (2017). How-
ever, since we are studying the discrete space of subspaces and discriminative sets are ideal
subspaces here, we can drop Assumptions 2 and 3 in their paper and get a similar upper
bound. Firstly we have

E[R(CJ) — R(CBayes)]

RaSFE o <
E[R(On ) R(CBayeS)] = min(a, 1 — @) ) (49)
by Cannings and Samworth (2017). Then write
E[R(C™)] = E[Ru(C™)] + en, (50)

where €, = E[R(C5*)] — E[R,(C51*)]. Then we have

E[R,(C7)]

< sup Ry(C3)+E |R(C5™) 1| Ry(C3™) > sup R,(C3)
S:8D85* S:8D8*
|S|<D [SI<D

< sup Ru(C5)+P | Ry(CI™) > sup R,(C)
S:8D85* S:8D8*
|SI<D |S|<D

B>

sup Rn(C) + |P | Ra(C37) > sup Rn(Cy)

S:8D85* S:8D8*
1S|I<D |S|<D
< R,(C° 1— By
< sup R,(Cp) + (1 —ps+)
S:8D8*
1S|1<D
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= sup R(CJ)+ sup |7+ (1—ps+)P2, (51)
S:8D85* S:5D08*
|S|I<D |S|I<D

where €5 = R(CS) — R,(C5). Combining (49), (50) and (51), we obtain

E{E[R(CE"F) — R(Chayes)]}

E sup [R(CY) — R(Cayes)] +E sup |ei| +E(en) + (1 — pg+)?
S:8D8* S:8D8*
[S|<D |S|<D

min(a, 1 — «)

B.14 Proof of Proposition 23

First we prove the following lemma.

Lemma 39 (Devroye et al. (2013)) For a non-negative random variable z satisfying
P(z > t) < Cyexp{—Cant“},

for any t >0, where C1 > 1, Cy > 0 and o > 1 are three fized constants, then we have

1

logCi 4+ 1\«

Ez< | ——— .
Z_< Can )

Proof [Proof of Lemma 39| It’s easy to see

Ez* = / P(z* > t)dt =€+ Cy / exp{—Caont}dt = € + % -exp{—Cane},
0 € 2

leading to

. C1 logCy + 1
Ez® < inf L exp{— _oemi o
<[+ g ow(-oma] = 0

Then by Jensen’s inequality, it holds

10g01+1>f1¥

Ez < (Eza)é < ( e
an

which completes the proof.

Then let’s prove the proposition. Notice that
A% = 6555.50s| > 10513 - Amin(Zs,5) > mp*?,

for any S O S*. In addition, due to mean value theorem, it follows that

A A 1.
) (—QS -|-7A'5> — & (—25 +Ts> < §]A5 — Ag|+ |7s — T3]
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By a similar argument, due to (10), we can obtain that
_ 1,4 .
R(CS LDA) — R(CBayes) < §‘AS — Ag| + |75 — 75

By Lemma 32, we know that

P sup |A27A | > € <p2exp{ C’n( )2}
S:|S|<D ~ D?
This yields that

P| sup [R(C;?_LDA) — R(CBayes)] > €
S5:5285*
IS|I<D

3
<P| sup |AZ—-AZ> mp’y

$:8D85*
|S|<D
1 A% — A2 3
+P | = sup M>*€, sup ]AQ—A\< 'mp’y
2 5508 Ag+Ag 2 5505
|S|<D |S|<D

1 3
+P | sup |7g— 75| > 26 sup \AQ — AS| < 4mp fy

S5:52085* S:5D05*

151D 151D
~ 3 A 3

<P sup |[AZ - A% > Smp*y? | +P| sup |AZ — AL > Se/mpy?
S:8|<D 4 S:S|<D 2
Ag — A 3
+P | log <7T1> - sup M > fe, sup |A2 ALl < Smp*y?
T/ sisi<p  AsAg 4 Sl'S‘DS* 4
S|<D

+P

T 1 1 3
log <7AT1> —log (WI)‘ - sSuUp —— > —€, sup ]AQ — A% < 1P *~2
o /)| sisj<pAg 4 sis|as*
S|<D

~ 3 3
<P ( sup |A% — A%| > 4mp*y2> +]P’( sup |AL — AZ| > e\/mp*72>

5:|8|1<D S:|S|<D

+P ( sup |AL — AL > C(p*)g,yiie) +P (|7%0 — mo| > C’ex/mp*'y2>

S:|S|<D

+ P (|7%1 —m| > C’ex/mp*fy?>

)3’ )
< p?exp Cn<m> + p?exp C’n(EP 7) )

D2

which completes the proof by applying Lemma 39.
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B.15 Proof of Proposition 24
Denote 65 = Q(Sl)sug) Qg ;S“qu)’ Qg5 = Qgé—Qgg, and dg(xg) = log (%) —fa:SQS STs+

6les—3(p (1)) Qg quk(gl) +3(p (0))Tﬁggugo). Their estimators are correspondingly denoted

as dg = Qg quk(gl) Q(s(?)sﬂfq): QS = Qgg - Qg%, and dg(zg) = log (%) — %wg(}g,gwg +
(0)
S,

ST:CS - f(pg))TQg)Sﬂg) + 3(i © ))TQ Sﬂgo). From the proof of Theorem 20, we know

that dsgxs) = dg«(xg~) for any S O S*. Denote the training data as Dy, then R(CS) =

WOP (d (xs) > 0|Dyy) + m PO )(dg(zcg) < 0| Dy ), R(CBayes) = moP0(dg=(xs+) > 0) +
11 PW (dg+(xg+) < 0). Then we have

sup [PO(dg(zg) > 0Dy ) — PO (dg-(zg+) > 0)]

S:SD8*
1S|<D
< sup PO (ds(ws) > dg(ms) — ds(ms)|Dir) — PO (dse(ws+) > 0)
1S|<D
< PO (dg-(xg-) > —€) + sup PO (|dg(ws) — ds(xs)| > €|Dy)
S:8D8*
|S|<D

— PO (dge (xg-) > 0)

0
< [ 1O+ swp PO (ds(as) - ds(es)] > i)

—€ S:5D08*
|S|I<D
< eu.+ sup P (|dS(mS) d5($5)| > €|Dtr)7 (52)
S:8D8*
|S|I<D

for any € € (0,c). Denote ag = (N§%)2[Q54(ny — 4)) + (4% — QA — i§) +
Qg??g(llg)) - Ng)))]. Notice that
R 7 1 .
ds(s) — ds(zs) = 1og( ) 1o g< ;) b L @s — ) (s 5 - 955)(@s — )

Oy 4 L0 _ oyrom (0 0y

0) -1
+a£(2(s,3q) 3 (x5 —Mg')+ SlHs" — g s,5\Hs” — Hg
~ (0 0 0 ~ (0 0
58— p) GG — ug).

Further, denote zg = (Eg)s)_%(wg — ,ug))) ~ N(0js|;1|s). Then it follows that
[ds(s) — ds(@s)] < Clin —ml + 51055 — sl 12Tl - =]} + |af=s]
+ gl = u - 19840 - 1S -
+ 3188 = 61 195%

) M.
< Clfy — m| + 7”95,5 — Qgsll2- 253 + latzs|
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_ N _ ~(0 0
+ M Dm i3 = p e + D ) — pD)2,

where

~(1 1 1 A (1 ~(1 ~ (0 ~(0 0
lasllz < 145 — ug 2 + 1955 — Q5 k]2 - 1Ay — a2 + 185 — Sl

1 ~(1 1 ~(0 0 1 A (1 ~(1 ~ (0
< D3 (1) = 1P oo + 182 = 1Oloo) + 128 — 84z - 1L — 2D

For any t,t’ > 0, denote event B = {C|m — m| < 6/47$Ups;|s\§DHQS,S — Qg2 <

t M Dm oy = oo < €/8, Dm ) — p oo < €/8, las]ls < #}. When [as]l> <
v, agzg is a t’-subGaussian. This yields that

P Szu% lds(xs) — ds(xs)| > €| Dy € B | < P(t]|zs]|3 > €/4) + P(lakzs| > ¢/4]||as|s < t')
:SD85*
|SI<D

where € satisfies % > D and the first term comes from the tail bound of x3-distribution

C C 1 /C 2
P <|zs||§ > ;) =P <||zSH§ > D + (te —D>> < eXp{—D (te —D> }

Taking the expectation for the training data in (52), we have

E sup [R(CY) — R(CBayes)]

n

5.505*
|S|<D
<eu+E sup P(lds(xs) — ds(zs)| > €|Dyy € B) + P(B°)
5.505"
|S|<D

2 2
< eu. + exp {—é <C;6 — D) } + exp {—C (;) } + exp{—Cne?}

+ pexp {—Cn (;)2} + p2exp {—Cn <D’“;/2>2} + pexp {—C’n (;)2} . (54)

1-2w 1-w 1-=
Let € = %2 (loﬂ> Pt = D(lo%) > ¢ = D3 (bﬂ> ® for an arbitrary w €

n

(0,1/2) and plug them into (53), we obtain that
epd L (% _pY) te —C(f)2 +exp{-Cne?} + p*exp | —Cn [ - 2
17D\ ¢ *P ¥ *prTme g TP exp D
¢ \? € )2
2 — —
+p exp{ Cn <D3/2> }—i—pexp{ Cn (D> }
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< exp {—CD3 <1ng> } +p2 exp {—an(logp)lfw} + pexp {—C’Dn%'(logp)l*w}

+om{-C <1ogp>w}

1—2w
1 2
< D’ <ng> ,
n
because logp < n™° for some wy € (0,1). Therefore, due to (54), we have
12w
lo 2
B sup [R(CY) - R(Cayer)] < 0° (22
S:5D5* n
|S|<D

B.16 Proof of Theorem 25
We first prove the following helpful lemma.

t+1
p>+
d )

Lemma 40 For H ~ Hypergeometric(p, p*, d), if min(d, p*)-&; Ed — 5(1) and By < <ﬁ*
where t is a positive integer no larger than d, then (Pr(H < t)) —1 asp— 0.

Proof [Proof of Lemma 40| The cumulative distribution function of H satisfies

)_1_(t—i1)(*ptd1) Lt+1—-p5t+1—n q
B (2) t+2,p+t+2—p*—d’ |’

where 3 F' is the generalized hypergeometric function (Abadir, 1999). And we have
Lt+1—-p5t+1—n 1
t+2,p+t+2—p*—d’

_Z t+1—f*)(t+1—d)n‘l
(t+2)n(p+t+2—p*—d), n

Pr(H <t

o)

_Z (t+1—p%) (t+1—d)
(t+2)np+t+2—p* —d),

min(d—¢,p* —t)

B (P —t—1)-(p*—t—n)(d—t—1)---(d—t—n)
=1+ Z (t+2)n(p+t+2—p*—d)---(p+t+1—p*—d+n)

n=1

min(d—t,p* —t) pHd n
<1+ < )
> (5

n=1

<1+ min(d,p*) - O <ppd>
<1+o0(1),

where a,, = ala+1)---(a+n —1),ap = 1 for any real number a and positive integer n.
On the other hand, we can also see that

Lt+1—p*t+1—n
;1) > 1.
[t+2,p—|—t+2—p*—d’ =
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Lt+1—-p5t+1—n

F i F=.F
or convenience, denote 3t'9 [ F 2 pttt+2—pf—d

; 1] , then by Taylor expansion,
it holds that

- _ _ 2
Bytog |1 - WG gl g GRS o (ﬁfl)(p—d—l))
® B o
In addition, we have
(tJUrll) (ﬁ*p:il) < A (pr — 1) - (pF — 1) g (—*d)t—i—l B |
() T @D —p +t+1) - (p—pr+1D) T\ p (t+1)!

Therefore

(65N o (LGEY
BZ.T_ (1), By ( () ) =o(1),

d p—d ~
(t“)(”*tl)F] = 0(1), which implies the conclusion. [ ]

leading to Bolog |1 — b
(%)
Next let’s prove the original theorem. Without loss of generality, assume there is a
positive constant C such that at the first step of Algorithm 2, By satisfies
CDp?” et
GO g« (L)
D—p*+1 p*D

and at the following steps it follows

D+1,.p* p* p+1
(D + Co)" " pP (logp) §Bz<<< p > .

C.
CP(D—p*+1) p*D

Notice that condition (i) in Assumption 6 implies that

lim P sup |Cr,(S)— Cr(S)| > Myv(n,p,D) | =0.
=00 S:|S|<D

We will prove the original theorem in three steps. Denote nj(-t) =P(j € Sﬁ)),ﬁ](.t)

AP €S), 80 = 4l > 1/logp}, 51 = 5O n 5% iy = (5],

1=

(i) Step 1: When t = 0, due to the stepwise detectable condition, there exists a subset
S’io) C S§* with cardinality p* that satisfies the conditions. On the other hand,

B -
P (O{Sw 2 Sio)}) —1-[1-Pp (Slk > Si‘”)}BQ
k=1 L

p*<d<D (Z)

1 (5-5)
=1-1-5 > P
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D — p* Bs
>1—[1— pel L
D pP
where D 1 1 D 1 1
—-p'+ -p*+
Byl l1-—  — | <-By — . — <
20g< D pp*>_ 2 D oo )

yielding that

Then we have

P (sﬁ? > S,EO))

By
>P U{S(O) ) S( )} inf  Cr,(S) — sup  Crp(S) > Muv(n,p, D),
k=1 o ‘LTQ@DSF $:5n$* =)

= 0) ~ o *>
kﬂ{|s mS|<p}

1

1 2
(U{Slk DS )}, sup |Cr,(S) —Cr(9)| < ian/(n,p, D), ﬂ {|S§?€) ns* < ﬁ*})
P

"U

S:|S|<D k=1

Bs
1
>p((J{sY 2 59)}) —P < sup [Cra(S) = Cr(8)| > S Mav(n.p, D))

k=1 S:|S|<D
Bs
- (U {Is0 s zp + 1})
k=1
>1- ;e_c, (55)

as n is sufficiently large. The last inequality holds because there exists a variable
H ~ Hypergeometric(p, p*, D), such that

P (fj {\Sf? N S*| Zp*—i-l}) =1- {1 - P (|S§(,? N S*| zp*+1>}32

Bs
1
—1-1-5 > P nszp + 18| = d)
1<d<D

Bg

<1-[1-% ¥ P(Is9ns =5 + 18| = D)
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B
—p (Lj {Is9 ns* 125 +1}

k=1

N (1= 1))

=1-P(H < ")
=0

due to Lemma 40.

Then for any j € Sio), it holds that
3
P (j es?)=p (Sﬁﬂ) > Sio)) >1- e €.

And by Hoeffding’s inequality (Petrov, 2012):

1 1
P <ﬁ](.1) >1-— 267C> >P (77](-1) — 77](-1) > —2eo> >1—exp {—231 . 4620} )

Following by union bounds, we can obtain

1
P ﬂ {ﬁ](-l) >1- 26_0} >1—p*exp {—2Ble_20} .
jest”

(ii) Step 2: When t = 1, let’s first condition on some specific SO defined before as
{j: ﬁ](-o) > Cy/log p} satisfying \SZEO)] = p*. Later we will take the expectation to get
the inequality without conditioning. To simplify and distinguish the notations, we
omit the condition mentioned above and denote the new corresponding conditional

probabilities as P., P, P..

For any specific gio)’ due to the stepwise detectable condition again, there exists a
subset Sil) C S§* with cardinality p* satisfies the conditions. Similar to step 1, we

have
Bs )
P, (U {si 28" S(”}) (56)
k=1
Bs
1 ~
—1-1-5 > P(s) 28 ussi=a)|
pi+p*<d<D
where

P. (50 2 519 U s 5] = a)
> P, (s 2 s Is1 = .55 2 59,51 0 (SO\SL) = )
)

x P, () 289,80 0 (SONSD) = 0|18} = d). (57)
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For convenience, let’s consider a series (ji, .. ., jq) sampled from {1,...,p} without re-
placement with sampling weight (ﬁgl), e ,771(,1)) in this order. We use P.(j1, ..., j4| ]S&)| =

d) to represent the corresponding probability and use P.(j;|j1, ..., Ji—1, \S&)\ =d) to
represent the conditional probability for sampling j; given j1,..., ji—1.

Based on the notations defined above, there holds
P. (s 25,510 (30\3) = s = a)

_ 3 P, (jl,...,jdﬂsﬁ)y :d>

(J1,-es j§)25§0)
(15 da)N(SON\SO)=p

- > Pe(allsiI=a)Pe (il ISH = d)
(1,enja) 25
(1) N(SON\S)=0

< Pelialr, - da, 1S3 = ). (58)
Since for j; € S,EO), it holds

R . 1 . 1
P.Gilji, - jie1, 194 = d) > Pe(GillS\)| = d)

(0
iy
= 0
2jes i)+ X500
Co
>
(D + Cy) log p

And for j; € {1,...,p}\S©@, it holds

. . 1 . 1
P.(ilit, - dio1, |88 = d) > Po(]|SY)| = d)
. (0)
nji
— ~(0

Zje§£0) 7]](' ) + Zj¢g£0> %
G
(D+Co)p

>

Therefore by plugging these inequalities into (58), it yields that when d > ﬁio)

)

P, (51 2 57, 5% 1 (50\32) = 15| = a)
~(0)

D — |S’(0)’ d\ _ ) O Dx C, d—p
(B oo (oS ) (%)
d — P D (D + Cp) logp (D + Co)p

G(0) 3(0) _ 0 _
:<1“2|)'”<1w | i)+d 1>'ﬂdn~-wﬁ9+1>

Cy
(D + Cy)d(log p)7”

©
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(0)
> (1_Dlogp> O ( Ch >d

1 co \”
> .
~ (logp)?” (l?-FC1)> ’ (59)

when n is sufficiently large. In the last second inequality, we used the fact that
15O < %ng. On the other hand, given ]SSC)| =d, S&) 2 SZEO), S&) m(g(o)\g£0)) =0,
the indicators of whether the remaining features are sampled out or not follow the

restricted multinomial distribution with parameters (p— |5' ©) l, d—]i(ko), 1), which means

(0)

that the remaining variables have the same sampling weights. Then for d > p;” — p*,

P, (5102 sU)sP) = .5 2 59,51 A (SO = 0)

—1500)|—
(de;iO) ‘,;k )

- —150)
o)

max(d — ;5&0) -p*51) ’
p— |50

1
Z A% 9
P

which combined with (56), (57) and (59) leads to

B
P, (Lj 50250 sw})

¢

Y

k=1
D B2
1 1 1
>1-11-5 > g zw<p%c)‘p*
p_Hﬁ<d<L)(0gp) + Co p
l ¢
>1— -~
2¢

. D+CO)D+1p73* (logp)p*
> . (
since By > C' P (D—p+1)

Furthermore,

P, (6 {185 n (s =5 + 1}> = 1-[1-P. (Is) N (518 = 5 + 1)}32 !

k=1
where

P (s 0 s\ = p* + 1)
=P (151 N (58 2 b7 + 1181 1 (SONS) = 0) Pe (ST N (SO\SL) = )
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P, (185 N (5\8)] = 5 + 1[5 1 (SONS) £ 0) Pe (51 0 (SONSL) #0)
<P (IS 0 (57\8) = 5+ 118 N (SO\SY) = 0)
1 P, (15 1 (58] 2 57+ 1]s{ 1 (5O =, |517)| = d)
P (Is) N (s\8)] 2 7 +1[s1) 0 (BN = 0181y | = D)
_ P, (\5(1) N ($\S)] > 5"+ 1|sD A (SO\5Q) = 9,5 = D) .

Similar to step 1, because of Lemma 40, it follows that

Ba
P, (U {ys}? N(S\S)| > p* + 1})

k=1
~ B
21—[1_130 (|sﬁ>m<s*\s£°>)|> “ 4150 N (§O\8D) = @,|sﬁ>\zp)] ’

BQ B2
o (U {Isi 05N 25 1} | {0 (NS = 0,181 = D})

k=1 k=1

= 0(1)’
uniformly for any S(®. Then similar to (55), we have for j € S0y s
~ 3
=P (jest) =P (st 28 us) =1 - SeC.
And by Hoeffding’s inequality (Petrov, 2012):
(1) —C|&0) w1 ¢ —expl_op, . L
P<nj >1-— ‘S >>P< —n; > 26 )21 exp{ 2B, 4@ .
By union bounds, it holds that
~(1) o.—C\ | &0 o« 1L e
P ﬂ {nj >1—2e }‘S >1 pexp{ 2Ble }
je3Pust

Since the above conclusions hold for any S(®) and |§£0)| > ]S£0)| = p*, we can conclude
that

(Z]l >1 -2 )>2p*)
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(1 _ . 0 .
> Ego |P m {77;)21_26 C}'S(O) \Si)!:p

jedOys®

1 1
> (1 —p exp {—2B16_2C}> (1 —ptexp {—2318_20}>

1
>1—2p"exp {—231620} :

After the the second iteration step, with probability 1 — 2p* exp {—%Ble*w}, there
will be at least 25* features of S* covered in S() and having M; > 1— 2¢~¢. Similarly,
after the the ¢-th iteration step, there will be at least (¢t + 1)p* features of S* covered
in S® and having 7; > 1 —2e7¢.

(iii) Step 3: By step 2, after at most ¢’ = [g—:] — 1 iterations, S®) will cover S*. Without
loss of generality, let’s assume the smallest ¢ satisfying S®) D $* equal to [g—ﬁ. Then

when the iteration number ¢t = [f_)—:}, we have

_ 1
P Q {ﬁj(t b >1-— 26_0} >1—tp*exp {2316_20} .
] *

Using the same notations defined at the beginning of step 2 (notice that here we only

need to condition on | {ﬁ](-t_l) > 1—2e"}), we have
JjES*

D)
25 Y X Plieddsi=d)
Pe (ju|ISi1 =) -+ Pe (dali, - jar, 1S = d)

Similar to step 2, for j; € 5%, it holds

Al 1—92¢C

~(E— C +
2 jes 77;(' '+ 2igs 5 D+Co

And for j; € {1,...,p}\S*, it holds

(1)

. . . s Co
Po(jilji,- - jim1, |SW] = d) > Pe(Gil| S| = d) > o > .
S jese i) 4+ g S0 (D Colp

Thus, we have
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>

(p p*) d,(1—26—0>p* < Co )‘“’*

- d—p*) "\ D+ Cy (D + Co)p

+1 <1_2eC>p* ( O )D—p* (1 D_1>D—P*
D+ Cy D+ Cy p

D —p*+1)(1—2e Oy P D—1\""

1—-=_-
D(D + Cy)P p

I/\

1
D
D

@E

leading to

Q=)

1

(s

(D —p*+1)(1 =2 Cyp P < D—1>D‘p*
>1-— —B,- (11— =—
= GXP{ 2 D(D—I—C())D D
P D—1\"7"
2 l_eXp _C. w. <1_) .
DC¥ p

Thus we have

P (6 {57 25*})

k=1
=P (s 25 )P ) {7V z1-2e7¢}
JES*
(D + Co)P" F1pP” < D — 1>DP* . {p*—‘ { 1 QC}
>1—e -C- - 1 - — — — | expq —=Bje .
XP{ ch D p P 9 1

Then similar to (55), there holds

Bo
PS> s >p {5 2 s, sfg%_fs* Crp(S) — Sup Crp(S) > My,v(n,p, D)
k=l |SI<D o

Bs
1
> P (U {S1e 2 S, sup |Cra(S) — Cr(S)| < 2Mny(n,p,D)>

k=1 S:|S|<D

Bo
>1- (U { > s}) IP’( sup |Crp(S) — Cr(S)| > %Mny(n,p, D)) .

S:|S|<D
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Combined with all the conclusions above, as n, By, By — 0o, we get

p*+1,p* _ D—p*
P(s) 2 §%) < exp {—C- R (1 _ Dl) }
0

p
* 1
+p° {pw exp {—31620}
p* 2

1
+P | sup [Crp(S) = Cr(S)| > S Mpv(n,p, D)
S:|S|I<D 2

— 0.

And for t > [g—:], the same conclusion can be obtained by following the same proce-
dure, which completes our proof.
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