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Abstract

We investigate the construction of early stopping rules in the nonparametric regression
problem where iterative learning algorithms are used and the optimal iteration number is
unknown. More precisely, we study the discrepancy principle, as well as modifications based
on smoothed residuals, for kernelized spectral filter learning algorithms including Tikhonov
regularization and gradient descent. Our main theoretical bounds are oracle inequalities
established for the empirical estimation error (fixed design), and for the prediction error
(random design). From these finite-sample bounds it follows that the classical discrepancy
principle is statistically adaptive for slow rates occurring in the hard learning scenario, while
the smoothed discrepancy principles are adaptive over ranges of faster rates (resp. higher
smoothness parameters). Our approach relies on deviation inequalities for the stopping
rules in the fixed design setting, combined with change-of-norm arguments to deal with the
random design setting.

Keywords: early stopping, discrepancy principle, non-parametric regression, spectral
regularization, reproducing kernel Hilbert space, oracle inequality, effective dimension

1. Introduction

1.1 State-of-the-art

The present work addresses the problem of estimating a regression function in a nonpara-
metric framework by means of iterative learning algorithms, which is an ubiquitous problem
in the statistical and machine learning literature. Since it is out of the scope of the present
introduction to review all of them, let us only mention a few contributions in machine learn-
ing such as the boosting strategies aiming at estimating a regression function from a set
of weak learners by iteratively re-weighting them (Duffy and Helmbold, 2002; Biithlmann
and Yu, 2003), or the more recent use of deep neural networks (Anthony and Bartlett,
1999; Goodfellow et al., 2016), where the iterative stochastic gradient descent algorithm is
extensively applied (Jastrzebski et al., 2018; Li and Liang, 2018). Nonparametric regression
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is the topic of several monographs such as Gyorfi et al. (2002), Tsybakov (2009), or the
more recent book by Giné and Nickl (2016) that provides a detailed account of classical
techniques for the theoretical analysis of nonparametric models.

Our theoretical analysis applies to learning algorithms embedded in a reproducing kernel
Hilbert space (RKHS) associated with a reproducing kernel (Aronszajn, 1950). Their use in
machine learning traces back to Aizerman et al. (1964); Meisel (1969), and there is now an
extensive literature on this topic. Among others, Cucker and Smale (2002) and Steinwart
and Christmann (2008) describe the mathematical foundation of learning with reproducing
kernels. Caponnetto and De Vito (2007) derive optimal convergence rates for the prediction
error of the kernelized Tykhonov algorithm, while Jacot et al. (2018) connect the properties
of a deep neural network during the training to a particular reproducing kernel called the
neural tangent kernel (see Scholkopf and Smola (2001) and Shawe-Taylor and Cristianini
(2004) for more applications of reproducing kernels).

The class of spectral filter algorithms (Bauer et al., 2007; Blanchard et al., 2018b; Lin
et al., 2020) that is under consideration in the present work can be seen as a subset of
the broader family of iterative algorithms. Iterative algorithms become ubiquitous in sit-
uations where some regularization is needed (Raskutti et al., 2014), or if no closed-form
expressions are available for the estimator of interest. This typically arises for most of
M-estimators (van der Vaart and Wellner, 1996) for which optimization algorithms such as
gradient descent, coordinate descent, or Newton’s method are used among others (Boyd and
Vandenberghe, 2004). In practice using such iterative algorithms requires the knowledge of
the best iteration number at which one should interrupt the process. This optimal iteration
number actually reaches a crucial trade-off between the statistical precision output after
some iterations and the computational resources induced by them. For instance, interrupt-
ing the process too early provides a poor statistical precision, whereas waiting for more
iterations induces a higher computational price (and typically even worse performances)
(Raskutti et al., 2014, Fig. 1).

The main focus here is given to the so-called early stopping rules, which are data-driven
estimators of this usually unknown best iteration number. Designing such rules is all the
more important as they are designed to output an efficient estimator while saving the
computational resources. For instance, unlike Lepskii’s method and similar model selection
procedures (De Vito et al., 2010; Blanchard et al., 2019), early stopping rules avoid all
pairwise comparisons between models, which turns out to be highly time consuming. The
design and study of early stopping rules have received a lot of attention which can be traced
back to the empirical work of Prechelt (1998) in the context of neural networks. A first line
of research leads to deterministic stopping rules that only depend on the data through the
sample size n and some smoothness parameters (see Zhang and Yu (2005) for the boosting,
followed by Yao et al. (2007) and Lin et al. (2020) with spectral filter algorithms). A second
strategy has been initiated by Raskutti et al. (2014) and then by Wei et al. (2019), which
mainly relies on upper bounding with high probability the estimation error by means of
the Rademacher complexity. The resulting stopping rules enjoy good convergence rates
from an asymptotic perspective, but only depend on the data through the points of the
design which limits their practical application. More recently, a new promising idea has
been investigated by Blanchard et al. (2018b,a) in the context of the Gaussian sequence
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model where a stopping rule is suggested and analyzed which relies on the one hand on the
discrepancy principle, and on the other hand on the estimation (rather than an upper bound)
of the approximation error. While the resulting stopping rules still have some drawbacks
compared to classical model selection procedures (such as Lepskii’s method (Blanchard
et al., 2019)) in terms of statistical optimality, they achieve good oracle properties in a
computationally efficient way.

1.2 Contributions

From a practical perspective, our main contribution is the description of data-driven early
stopping rules based on the discrepancy principle (Phillips, 1962). Unlike previous ap-
proaches, the dependence of our stopping rules with respect to the data is not limited to
the sample size (Yao et al., 2007) nor to the design points (Raskutti et al., 2014; Wei et al.,
2019). By contrast, the present work rather extends the results of Blanchard et al. (2018b,a)
for inverse problems in the Gaussian sequence setting to the context of reproducing kernels
and kernelized spectral filter estimators.

From a theoretical perspective our contributions are two-fold. On the one hand, we
derive the first non-asymptotic theoretical analysis of these stopping rules applied to spectral
filter algorithms combined with reproducing kernels. Firstly, this analysis relies on several
new concentration inequalities in the fixed-design setting which lead to (non-asymptotic)
oracle inequalities for two stopping rules based on the discrepancy principle. Secondly, we
use a new change-of-norm argument which allow us to transfer these oracle inequalities to
the random design setting. On the other hand, these finite-sample bounds from the random
design case lead to establish that: (i) the classical discrepancy principle is statistically
adaptive for slow rates occurring in the hard learning scenario (called outer case), and (i)
the smoothing-based discrepancy principles are adaptive over ranges of higher smoothness
parameters (called inner case).

1.3 Outline

The remainder of the paper is organized as follows. Next Section 2 introduces the main
notions used along the papers. It starts by describing the statistical model, the spectral
filter learning algorithms, and reviewing previous works on optimal rates in the context of
the present paper. The early stopping rule based on the discrepancy principle (DP) is then
introduced and motivated in Section 2.4.

Our first main theoretical results are discussed in Section 3 which focuses on the DP
stopping rule in the fixed-design setting. In particular, the main ingredients of the derivation
are detailed in Section 3.1. The improved early stopping rule based on the smoothing of the
residuals is then introduced and analyzed in Section 4 for the fixed-design case, while the
random design framework is addressed in Section 5. A short illustration of the behaviour
of the different stopping rules is provided in Section 6 by means of empirical simulations
from synthetic data.

Finally, we provide proofs based on a unified analysis for both early stopping rules
in Section 7 in the fixed-design, while proofs for the random design case are detailed in
Section 8. The appendix collects some background material.
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2. Spectral filters and discrepancy principle

2.1 Regression model and reproducing kernel

Let (X,Y) be a pair of random variables satisfying the regression equation
Y = f(X)+e, (2.1)

where X is a random variable taking values in X C R?, f : X — R is an unknown regression
function, and € is a real-valued random variable such that E(e|X) = 0 and E(¢?|X) = o2,
with 02 > 0 assumed to be known as in Raskutti et al. (2014) for instance. Additionally,

we suppose that € is sub-Gaussian conditional on X, cf. Vershynin (2018).

Assumption 1 There is a constant A > 1 such that
Vg>1, ¢ Y2(E(e|X))Y < Ao (SubGN)

Let k(-,-) be a continuous and positive kernel on X C R? and let H be the reproducing
kernel Hilbert space of k. We denote by (-,-)y and || - || the inner product in H and its
corresponding norm. We also define the H-valued random variable kx = k(X,-) for which
we make the following assumption.

Assumption 2 There is a constant M > 0 such that
lkxlly <M a.s. (BdK)

For instance, (BdK) holds true if sup,cy k(z,2) < M? (from the reproducing property).
This arises with any continuous kernel and a bounded domain X', or with a bounded kernel
and X unbounded (Gaussian kernel).

In particular, we can define the covariance operator

E:E[kx(@kx],

where a ® b € L(H) denotes the tensor product between elements a,b € H such that (a ®
b)u = a(b,u)y, for every u € H. In the following, p represents the probability distribution
of X, and

L,:I3(p) > I*(p), Lyg(z) = / k(. 9)g() dp(y)

denotes the integral operator associated with £ and p. Let (-,-), and || - ||, denote the inner
product in L?(p) and its corresponding norm. Under Assumption (BdK) we know that
both, L, and X are positive self-adjoint trace-class operators. Moreover, both operators
L, and ¥ are intimately related, which can be seen by introducing the inclusion operator
S, : H — L?(p), mapping h € H to its equivalence class in L?(p) (S, is well-defined, because
under Assumption (BdK) every h € H is bounded a.s.). Then it is well-known that

S, =1L, € L(L*(p)),  SiS, =% € L(H),

where S7 is the adjoint operator of S,. For these and more information on the learning
with kernels setting (see e.g. Cucker and Smale (2002) and De Vito et al. (2005)). By the
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spectral theorem, there exists a sequence A\; > Ay > --- > 0 of positive eigenvalues (which
is either finite or converges to zero), together with an orthonormal system wj,usg,... of
eigenvectors of the range of L, such that ¥ = 3.~ Aju; ® u;.

We will assume that f satisfies a polynomial source condition (see Chap. 4 in Lu and
Pereverzev (2013)) that is,

Assumption 3 For some r > 0 and R > 0, we have
f=1Lg, withgeL*p)and |g]l, <R (SC(r,R))

Note that such source conditions are often written as [[L," f|l, < R; see e.g. Smale and
Zhou (2007).

Remark 1 (Inner and Outer cases) On the one hand, if r > 1/2, then
f=Lhg= 8,520 7128 g = S, fy, (2.2)

where fy = ET_1/2(E_1/2S;g) € H. This means that f (resp. its equivalence class) can
be represented (through the inclusion operator S,) as a function in H. This case is then
called the inner case. Let us mention that one also recovers an alternative formulation of
the source condition when r > 1/2 that is,

fu =%%h, where h € H and ||h]l,, <R,

with s = r—1/2 > 0 and h = Z_l/QS;g € H, where ||, = ||E_1/25;fg||7.[ = |gll, <
R. These results can be found in Cucker and Smale (2002), where it is shown how to
characterize H through the eigenvalues of L.

On the other hand, if r < 1/2, then f can not be represented as a function in H in
general, which justifies referring to this situation as the outer case.

In what follows, the outer and inner cases are respectively considered in Section 5.2 and
Section 5.5.

We suppose that we observe n independent copies (X1,Y1),...,(Xn,Ys) of (X,Y). Let
K, € R™*™ be the kernel matrix defined by (K, );; = k(X;, X;)/n and X,, be the empirical
covariance operator defined by

1 n
En:;€§:kxi®er
i=1

Both operators K, and ¥, are strongly related, as can be seen by introducing the sampling
operator S, defined by S,, : H — R", h — (h(X;))I; and its adjoint operator S}, where R"
is endowed with the empirical inner product (-,-),, and its corresponding empirical norm
|| - || such that (a,b), = (1/n) > """, a;b; and ||al|,, = v/(a, a), for every a,b € R™. Then we
have

SpSt =K,,  S:S,=%,.
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By the spectral theorem, there exists a sequence 5\1 > 5\2 > e > ;\n of non-negative
eigenvalues, together with an orthonormal system i, %s,..., %, in H and an orthonormal
basis 01, ..., 0, of (R™, (-,-)p) such that

Se=>_ A0 04 (2.3)

In particular, we have X, = >0, A\jij @ 4 and K, = > i1 ;\jﬁj@f. We write Y =
(Y1,...,Y,)T and € = (e1,...,€,)T. Moreover, for a function g : X — R, we write g =
(g(X1),...,9(X,))T € R™ for its evaluation at the design points. In particular, if g € H,
then the function g and its bold version g are linked through the relation g = S, g. However
note that if g ¢ H, then the latter equality is meaningless, which justifies the use of g.

2.2 Spectral filter learning algorithms

Let us consider the problem of estimating f by means of spectral filter learning algorithms
(see e.g. Bauer et al. (2007); Lu and Pereverzev (2013); Blanchard and Miicke (2018) and
Lin et al. (2020)). For a function g : [0, M?] x [0,00) — R, let us write g;(\) = g(\, t).

Definition 2 (Regularizer) A function g : [0, M?] x [0,00) — R is called a reqular-
izer if (A, t) — Age(N) is non-decreasing in t and X\, continuous in t, with go(A) = 0 and
limy 400 Agt(A) = 1 for A > 0, and if there is a constant B > 0 such that

(i) For all (\,t) € [0, M?] x [0,00), we have 0 < Agy(N) < 1; (BdF)
(ii) For all (\,t) € [0, M?] x [0,00), we have g;(\) < Bt. (LFU)

Our definition of a regularizer is slightly stronger than the one used in Definition 1 of
Bauer et al. (2007) or in Definition 2.13 of Blanchard and Miicke (2018). This owes to
our continuity assumption with respect to ¢, which excludes the spectral cut-off algorithm
(corresponding to the choice gi(A) = 1 (x>1)/A) from the present study. The continuity
is not essential in our derivation but it greatly simplifies the analysis because it leads
to continuous bias and variance terms as well. Note that Blanchard et al. (2018a) also
originally derived results relying on continuity, and then extended them to the spectral
cut-off algorithm in a second step (Blanchard et al. (2018b)).

Definition 3 (Spectral filter estimators) For a given regularizer g : [0, M?] x [0,00) —
R, a spectral filter estimator is an estimator given by

FO = g,(2,)85Y, t>0.

By (BdK), we have that max (A, 5\1) < M? almost surely. This implies that the estimators
f® are indeed well-defined. The following examples provide several choices of spectral filter
algorithms and regularizers.

Example 1 The choice gi(\) = (A +t 1)~ corresponds to Tikhonov regularization and
Definition 2 holds with B = 1.
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Example 2 Gradient descent with constant step size n € (0,1/M?) (also called Landweber
iteration) corresponds to the sequence of iterations

FO =0, fO = fE-1 4 pgry — g, fDy =12,

It has the closed-form expression fO = g,(3,)S5Y with gi(A) = A1(1 = (1 —nA)t). Inter-
polating, we may consider g;(\) = A1 — (1 —n\)!) fort > 1, and g;(\) = nt fort < 1.
In this case, Definition 2 holds with B = n.

Example 3 The choice g;(\) = A7 (1 — e=") corresponds to Showalter’s method. In this
case, Definition 2 holds with B = 1.

At some places, an additional assumption will turn to be useful in the analysis of spectral
filter algorithms. It lower bounds the regularizer.

Assumption 4 There is a constant b > 0 such that
for all (\,t) € [0, M?] x [0,00), we have Agi(\) > b(1 A At). (LFL)

For instance, this latter assumption holds true with Tikhonov regularization, Gradient
descent and Showalter’s method with b = 1/2.

Finally, when dealing with rates of convergence we will also need the following assump-
tion on the qualification error.

Assumption 5 There are constants q, Q) > 0 such that
for all (\,t) € [0, M?] x [0,00), we have |r:(\)| < Q(M\t)™Y, (QuErr)
with r¢(A) =1 — gr(A)A.

Remark 4 Combining (QuErr) with (BdF), we have r¢(A) < 1A Q(tA)~? and thus also
rt(A) < TA QNP for each p < q, provided that @ > 1.

It is well-known that Tikhonov regularization and gradient descent satisfy (QuErr) with
respectively ¢ = 1 and ¢ arbitrary; see e.g. Blanchard and Miicke (2018) for more discussion.

Let us also introduce the g-effective dimension, which generalizes the classical notion
of effective dimension (Zhang, 2003) to the case where g is not limited to the Tikhonov
regularization.

Definition 5 (g-Effective dimension) For everyt > 0 and any regularizer g, the (popu-
lation) g-effective dimension is defined by N9(t) = tr(Xg¢(X)), while the empirical effective
dimension is defined by N (t) = tr(Zng:(Xn)).

With Tikhonov regularization, that is g;(A) = (A + 1/¢)~1, both the population and em-
pirical g-effective dimension simply reduce to the usual population and empirical effective
dimensions respectively given by N(t) = tr(2(X +1/t)~1) and N, (t) = tr(Zp (X, +1/t)71).
Note that most cited references consider the parameterization n = t !, i.e. they write gn(A)
and N (n) instead of ¢g¢(\) and N (t) as in the present paper. Interestingly, it turns out that
the effective and g-effective dimensions are closely related up to multiplicative constants as
established by the next result.

Lemma 6 Let g be a reqularizer satisfying (LFL). Then for each t > 0,
ONGL(t) S NI(t) < 2(BV 1)Ny(t).
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Proof of Lemma 6 By (BdF) and (LFU) we have

Ajt
At + 1

/\/g(t)g(Bv1)§:1/\th§2(Bv1)§:

Jj=1 Jj=1

=2(BV )Ny(1),

which gives the upper bound. The lower bound follows from (LFL) and the fact that
M/ +1) < 1A M. O

2.3 Convergence rates in related works

The use of kernel-based spectral regularization in random regression problems (also known
as “learning from examples”) has been extensively studied in the literature; see e.g. Smale
and Zhou (2005, 2007); Caponnetto and De Vito (2007) for Tikhonov regularization, Yao
et al. (2007); Blanchard and Kramer (2016) for gradient descent methods and Bauer et al.
(2007); Blanchard and Miicke (2018); Lin et al. (2020); Kriukova et al. (2016) for general
spectral regularization schemes. Existing bounds are mostly established for the L?(p)-error
and the H-error under (SC(r,R)) and a polynomial upper bound on the eigenvalues of L,.
They are usually used to construct deterministic early stopping rules (depending on the
smoothness r and the eigenvalue decay); see e.g. Yao et al. (2007) for gradient descent,
Blanchard and Krédmer (2016) for conjugate gradient descent and Pillaud-Vivien et al.
(2018) for stochastic gradient descent.

Surprisingly, while the inner case r > 1/2 is now well understood (Blanchard and Miicke,
2018; Lin et al., 2020), there remain some unsolved issues related to the outer case. The
main difficulties arise in case of the so-called hard learning problems for which the optimal
rates are achieved for very small regularization parameters (resp. a very large number of
iterations, considerably exceeding the number of observations). In this direction, some
improvements have been established e.g. in Fischer and Steinwart (2020); Pillaud-Vivien
et al. (2018), based on more precise concentration inequalities for the eigenvalues of the
kernel matrix (see Theorem 18).

Progress has also been made in the study of data-driven regularization parameter selec-
tion rules. Hold-out (that is, splitting the data into a training set and a validation set) and
more general cross-validation procedures have been studied in Caponnetto and Yao (2010);
Steinwart and Christmann (2008). Lepskii’s balancing principle has been extended to the
learning framework in De Vito et al. (2010); Lu and Pereverzev (2013); Blanchard et al.
(2019). While the estimators from De Vito et al. (2010); Lu and Pereverzev (2013) are
only adaptive with respect to the smoothness r, the estimator from Blanchard et al. (2019)
achieves faster rates by also being adaptive with respect to the eigenvalue decay of the ker-
nel integral operator. In slightly different directions, Page and Griinewalder (2018) studies
the Goldenshluger-Lepskii method in a reproducing kernel framework, and Brunel et al.
(2016) studies model selection for principal component regression in a functional regression
model. While all these methods share good oracle properties (and thus minimax adaption
over suitable smoothness classes), they all put no attention on computational issues. In
fact, they require that all estimators up to some threshold have to be computed before a
parameter with close-to-optimal performance is chosen.
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In contrast, the question of data-driven early stopping rules remains widely open.
Raskutti et al. (2014) suggest an early stopping rule for gradient descent that is adaptive
to the decay rate of the eigenvalues but not to the smoothness r (assumed to be r = 1/2).
They study the solution of a fixed-point equation corresponding to a bias-variance trade-off
of the empirical norm and show that this rule leads to optimal rates for the prediction error.
These results have been extended in Wei et al. (2019) to the L2-boosting based on different
loss functions. Our goal is to develop data-driven stopping rules based on the discrepancy
principle which are statistically adaptive with respect to both the smoothness parameter r
and the eigenvalue decay.

2.4 Early stopping and discrepancy principle: Motivation

As explained in the introduction, our goal is to make use of the discrepancy principle
(DP) to find a value t having small excess risk. One of its main merits is the fact that it
allows to start a search for the optimal “regularization parameter” from the easiest problem
(Mathé and Pereverzyev, 2006). The discrepancy principle has been extensively studied in
the context of inverse problems with deterministic noise, where it is also called Morozov’s
discrepancy principle, see e.g. Phillips (1962); Morozov (1966); Engl et al. (1996). Using
£ = Sngt(Xn)SEY = K,g¢(K,)Y from Definition 3 with regularizer g from Definition 2, it
is based on a comparison of the empirical risk ||[Y —f®||2 (also called squared discrepancy or
squared residual) with the noise level Ec||€]|2 = 02, where Ec(-) = E(:| X1, ..., X,,) denotes
the expectation with respect to (X1,Y7),. .., (X,,Y,) conditional on the design X1, ..., Xy,).
It then advocates taking a value t for which both quantities are of comparable size.

The discrepancy principle can also be motivated by considering the expected empirical
risk E||[Y — f®|2 = E||r,(K,)Y|2. The first step consists in noticing that we have the
following bias-variance decomposition of the excess risk

B~ 202 = [ (KF + - tr(g? ()2,
Using (BdF) this identity implies
E|lf — £917 < lr(Ka)El7 + Unz/\fﬁ(t) (2.4)
with g-effective dimension N (t).

The second step exploits Lemma 22 below, which reveals a close relation to (2.4) by
showing that

o? o?
Ire(Bn)Elln = 2 NE(#) < Bellr(Kn) YI5 = 0 < ro(Kn)flly = —N(0). (2.5)
In particular, by defining ¢y > 0 such that
to =inf {¢t > 0| Ec||r(Kn) Y2 = 0?}, (2.6)
it follows from (2.4) and (2.5) that
2
_ fto) )2 « i 2 9 arg
Be|f — £09)17 < 8min {|lr (K% + TN (1)}, (2.7)
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where we also used that |7;(K,)f||2 and N (t) are respectively non-increasing and non-
decreasing with respect to ¢ > 0 (see Figure 1a). Let us mention that Ineq. (2.7) is called
an oracle-type inequality in what follows. Similarly, we also have the next lower bound

. 1 o2
_flto)2 > 2 S Zmi 2 7 N9
Bel[f — 82 > Ireg (K7 > 5 min { I (B)E7 + N ()}

The third step relies on the important consequence that these upper and lower bounds
indicate that ¢y defined by Eq. (2.6) is the best choice (up to the proxy variance term
and constants) one can make for stopping early the estimation process. In particular, this
justifies the introduction of the following early stopping rule based on the discrepancy
principle (DP), which should be seen as the empirical counterpart of Eq. (2.6).

Definition 7 (DP stopping rule) For any estimator f® = 9t(30)SEY given by Defini-
tion 3, the DP-based stopping rule Tpp is defined by

op =1pp(Y, 0%, T) =inf{t > 0: ||[Y — SofP|?2 < o?} AT, (2.8)
with the “emergency stop” T € [0, 0.

In the context of inverse problems, see also Blanchard and Mathé (2012) with the conjugate
gradient and Blanchard et al. (2018b) with the spectral cut-off.

The above definition depends on two parameters, the emergency stop 7 and the true
noise level ¢2. In particular, in what follows, we assume that the noise variance o? is
known in order to avoid further technicalities. Yet from a practical perspective, it is still
possible to plug an estimator 62 of o2 in the above definition. For this purpose, many
different estimators have been introduced in the literature Spokoiny (2002); Cai et al. (2009);
Liitidinen et al. (2010); Devroye et al. (2018). For a theoretical perspective, the analysis of
the resulting fully data-driven stopping rule could be extended from the present material
using the arguments outlined in Remark 26 below.

From Definition 2, the fact that limy_ o Agi(A) = 1 implies that the empirical risk
1Y = S, f®2 = ||ry(K,)Y||2 converges to zero as t — +oco. This entails that the choice
T = oo is admissible as well since we will interrupt the iterations after a finite number of
them.

2.5 Further notation

The abbreviation E¢(-) = E(-|X1,...,X,) denotes the expectation with respect to
(X1,Y1),...,(X,,Y,) conditional on the design Xi,...,X,. This means a slight abuse
of notation because in the present context, the distribution of ¢; is allowed to depend on
X;. We also write Pe(+) = P(+|X1,..., Xp).

Given a bounded operator A on H or a matrix A € R™™", we write ||Allop for the
operator norm. Given a Hilbert-Schmidt operator A on H or a matrix A € R™*", we write
||Al|fzs for the Hilbert-Schmidt or Frobenius norm. Given a trace class operator A on ‘H or
a matrix A € R"*"™, we denote the trace of A by tr(A).

Throughout the paper, we use the letters ¢, C for constants that may change from line to
line. They are allowed to depend on A, B,b, @, R, M and r. Apart from these dependencies,
the constants are absolute and can be made explicit by considering the proofs. In Sections 5

10
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and 8 they are also allowed to depend on L, a (introduced therein) and o2. Finally for any
a,b € R, we write a Vb = max(a,b) and a A b = min(a, b). For a > 0 we denote by |a] the
largest natural number that is smaller than or equal to a.

3. DP and oracle inequality: Fixed-design

The goal of this section is to assess the statistical performance of the final estimator f (rpp)
where Tpp is the early stopping rule defined by Eq. (2.8) and derived from the discrep-
ancy principle (DP). We start by introducing new deviation inequalities for 7pp and for
bias and variance terms (Propositions 8 and 9), leading then to oracle-type inequalities
(Proposition 10 and Theorem 12).

3.1 Preliminary results
3.1.1 DEVIATION INEQUALITIES FOR DP AND MAIN ARGUMENTS

Our main deviation inequalities for the early stopping rules are developed in Section 7. For
the sake of simplifications, let us specialize them to the classical discrepancy principle 7pp
with T = oco. For this, we abbreviate the squared bias and the prozy variance as

2
g
B = I (Kf and v = ZAE(), (31)

where NJ(t) denotes the empirical g-effective dimension from Definition 5. Moreover, we
introduce the important balancing stopping rule

t5 =inf{t > 0: b7 = v }.

For simplicity, we assume throughout Section 3.1 that such a t exists, meaning that b% = vtz
the general case is treated in Section 7. We start with a right-deviation inequality for 7pp
that can be alternatively expressed in terms of the proxy variance v;.

Proposition 8 If Assumption (SubGN) holds, then there is a constant ¢ > 0 depending
only on A such that for every t > t;,

2
Pe(TDP>t)SQGXP(-CTL(%/\%)), Y = v — Vg
o o

In particular, for every y > 0 we have

y Y
P (vrpp > v +y) < 2exp ( —cn(ﬁ A ﬁ))

Both deviation inequalities are even equivalent if the proxy variance is strictly increasing.
Proposition 8 is a simplified version of Proposition 24 below. The proof can be based on
exploring Figure la in combination with concentration inequalities for the empirical risk.
Here is an outline of the argument. Let us also mention that ¢ +— b? is continuous and
non-increasing, while ¢ — v; is continuous and non-decreasing. The definition of 7pp yields
P.mpp > t) = P(||re(Kn)Y||2 > 0?). Subtracting Ec||r:(K,)Y||? on both sides and
invoking the upper bound in (2.5), we arrive at

P (tpp > 1) < Pe([lre(Kn) Y[ = Bellr(Kn) Y7 > ve — 07).

11
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Figure 1: Comparison of 7pp and the balancing stopping time t!. (a): The horizontal
line defines x = 2. The red plain decreasing curve crosses the horizontal line at
Tpp. The increasing curve crosses the blue dotted-dashed curve of the bias at t;.
(b): Illustration of Proposition 9. The red dashed horizontal line highlights the
2b2(t:) threshold to which b%(7pp) is compared.

By definition we have vy = vyx +y. Moreover, from Figure 1a and the assumption on y, we
get b2 < b?: = vg». Hence, we conclude that

P (1pp > t) < Pe([[re(Kn) Y7 — Eellre(Kn) Y7 > v),

and Proposition 8 follows from the Hanson-Wright inequality (see Lemma 27 below) and
the fact that th < vy < 02 since t > tr.

Next, we present a left-deviation inequality for 7pp expressed in terms of the squared
bias.

Proposition 9 Suppose that Assumptions (SubGN) and (BAK) hold true. Then, for
every y > 0, we have
2 2 y Y
P.(b7,, > 2b. +y) < 2exp ( - cn(; A g)),
where ¢ > 0 is a constant depending only on A.

Proposition 9 is a simplified version of Proposition 25 below, and follows similarly as Propo-
sition 8 by exploiting the lower bound in (2.5) this time. As illustrated in Figure 1b, let
t <t be defined by b? = 26% + y (if such a ¢t does not exist, then the claim is trivial).
Then the definition of Tpp yields P(b2,, > b7) < Pe(||ry(K,)Y||2 < ¢). Subtracting
E.|7:(K,)Y|? on both sides and invoking the lower bound in (2.5), we arrive at

P (b7, > 2b7. +y) < Pc(|lri(Kn) Y7 — Ecllre(Kn) Y[J7, < 2v; — b7).

TDP
By definition we have b7 = 21)?7*1 + y. Moreover, from Figure 1b and the assumption on y,

we get v < v = b2.. Hence, we conclude that

P.(12,, > 2% +y) < Pe(llr(Ka) Y2 — Edlr(K,) Y2 < —y),

TDP

12
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and Proposition 9 follows from the Hanson-Wright inequality (see Lemma 27 below) and
the fact that b7 < 20 +y < 202 + .

3.1.2 NON-ASYMPTOTIC PERFORMANCE QUANTIFICATION

We are now in position to formulate our first upper bound for the estimation error in the
empirical norm. It quantifies the statistical performance of the stopping rule based on the
classical discrepancy principle (DP), namely 7pp, in terms of an oracle-type inequality with
high probability.

Proposition 10 Suppose that Assumptions (SubGN) and (BdK) hold. Then the early
stopping rule Tpp based on the standard discrepancy principle (2.8) satisfies for each T €
[0, 00] and for every u > 0,

2 2 2
_ flor))2 i Y oV o
Po(If = £ > 0 min {IreGEE + TN ) + 700+ D)) < e,

where C' is a constant depending only on A.

A proof of Proposition 10 is given in Section 7.3. The above result is established for spectral
filter estimators with regularizer g, under mild assumptions on the noise (only required to be
sub-Gaussian). Deriving this result under such mild assumptions has been made possible
by introducing the proxy variance vy = 02Nl (t)/n (from Eq. (3.1)) instead of the more
classical variance term in the r.h.s. of the inequality. Nevertheless, it is still possible to
upper bound the proxy-variance by the classical one at the price of an additional assumption
as will be done in the next section (Theorem 12).

3.2 Main oracle inequality

As explained earlier, the purpose of the present section is to establish an oracle inequality
for Tpp. Compared with Proposition 10, this is possible at the price of an additional
assumption that we first motivate.

The desired derivation is made possible by connecting the proxy variance (that is, the
g-effective dimension) to the classical variance. The key ingredient is that the g-effective
dimension is typically dominated by the eigenvalues satisfying tj\j > 1 as highlighted by
the proof of Lemma 11. For such eigenvalues, (LFL) yields b < S\jgt(j\j) < 1, which leads
to conclude that the proxy and true variances only differ by a constant. This argument can
be made rigorous by means of the next (sufficient) condition.

{&ssumption 6 There is a constant £ > 0 such that for k = 0 and each k > 1 satisfying
AT > 1, we have

Mot DA < E(kV 1), (EVBound)
>k
Considering this ratio between the tail series of eigenvalues and the kth largest one has
already been made in the literature (see Definition 3 in Bartlett et al., 2019, for instance
where this ratio is named the “effective rank”). It is noticeable that (EVBound) encom-
passes two classical assumptions on the decay rate of the eigenvalues, respectively called
polynomial (PolDecTS) and exponential (ExpDecTS) decay.

13
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Example 4 (Polynomial eigenvalues decay) If there exist numeric constants £, L > 0,
and o > 1 such that

U< N <L, 1<j<n, (PolDecTS)
then (EVBound) holds true with E =1+ 2L{7 1 (a+ 1)1

Example 5 (Exponential eigenvalues decay) If there exist numeric constants ¢, L >
0, and o € (0, 1] such that

le " < 5\]- < Le 7, 1<j<n, (ExpDecTS)

then (EVBound) holds true with

2L [
E:l—l—/ (1+v)/o e du.
o 0

The previous two examples are provided for illustrative purposes only. A more general result
will be proved under milder constraints on the empirical eigenvalues by means of (EffRank)
combined with Lemma 35 which avoids requiring that (PolDecTS) or (ExpDecTS) hold
true for all indices 1 < j < n (see Section 5.3 for more details).

The above assumptions are expressed in terms of the empirical eigenvalues of the Gram
matrix. However such assumptions are usually easier to check for the population eigenvalues
of the kernel operator. In our analysis, Lemmas 33 and 44 then translate bounds for the
population eigenvalues of K into properties of the empirical eigenvalues of K. For instance,
kernels with a polynomial decay are discussed in Raskutti et al. (2014) (Sobolev kernel), and
Steinwart et al. (2009) (m-times differentiable kernels on Euclidean balls of R%). See also
Steinwart and Christmann (2008) for a more extensive review of connections between the
population eigenvalue decay and the entropy number of the corresponding RKHS. Typical
kernels with an exponential decay are smooth radial kernels. For instance, Belkin (2018)
derives tight exponential bounds (independent of any reference measure) on the population
eigenvalue decay of smooth radial kernels.

We are now in position to explain how N (t) (resp. the proxy variance) connects to
tr(g2(K,)K?2) (resp. the variance) by means of (EVBound).

Lemma 11 Suppose that Assumptions (LFL) and (EVBound) hold. Then there is a
constant C > 0 depending only on B,b and E such that

VO<t<T, NIt <Ctr(gi(Kn)K2) +1).

For the sake of comparison, let us mention that Lemma 11 shows that the constant Cj ;2
from Proposition 2.5 in (Blanchard et al., 2018a) does exist under mild assumptions on the
decay rate of the eigenvalues.

Proof of Lemma 11 If t\; < 1, then (LFU) and (EVBound) imply

NE(t)<BtY> X\ <BAN') ) <BE,
i1 i>1

14
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giving the claim with C' = BE. On the other hand, if tA1 > 1, then let k > 1 be defined by
t)\k+1 <1< tA. Applying (LFU), we have

Z)\Jgt Z)\;gt )+ Z)\]gt

i<k J>k
SZAjgt )+ BtY A (3.2)
i<k >k

Now by the definition of k, (EVBound) and (LFL), we have

Y N SN DN SERSEVYY . Na(A)).

j>k i>k i<k

Inserting this into (3.2), we get

Z;\]gt(j‘]) <C j‘Jgt(j‘j) <b 102)69?(5‘])
Jj=1 i<k j=1
with C = (1 + b1 BE). O

Combining (EVBound) and Lemma 11 illustrates the way Proposition 10 can be trans-
ferred into a classical oracle inequality that is, involving bias and variance terms in the r.h.s.,
which is achieved by the next result.

Theorem 12 Suppose that Assumptions (SubGN), (BAK) and (EVBound) hold and
that the regularizer g satisfies (LFL). Then the early stopping rule Tpp based on the stan-
dard discrepancy principle (2.8) satisfies for every u > 1 the bound

2 2
_ flrpp))|2 o*\Vu  o*u < R
P (It = #7272 > 0 min Bf — )2+ 4T ) <5

where C' is a constant depending only on A, b, B and E.

The proof of Theorem 12 is deferred to Section 7.3. Theorem 12 yields a non-asymptotic
result, which contrasts for instance with the one of Blanchard and Kréamer (2016) where
conjugate gradient descent and minimum discrepancy principle are analyzed. The above
inequality is established with high probability, and it provides the precise sub-Gaussian
and sub-exponential behaviours. This is a technical improvement compared to existing
approaches where similar oracle inequalities in expectation are derived (Blanchard et al.,
2018b.a).

The oracle performance in the r.h.s. of Theorem 12 is given through the expected excess
risk (rather than the excess risk). This could be made at the price of an additional log T
term, accounting for the uniform control of the discrepancy between the excess risk and its
expectation over the first T iterations.

Let us also notice that Theorem 12 does not depend on any smoothness assumption on
f. Making additional smoothness assumptions would immediately lead to a specific bound
on ming<;<7 E||f — f®]|2 expressed in terms of convergence rate. This will be done in the

15
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random design framework in Section 5.2, where it is shown that the classical discrepancy
principle leads to optimal convergence rates whenever the latter rate is slower than the
n~1/2rate. Such a situation can happen in the outer case r < 1/2.

In contrast, the 1/4/n-rate is not negligible whenever the minimal bias-variance trade-off
is smaller than (or of same order as) 1/y/n. This holds true e.g. in the inner case r > 1/2.
Compared to (Blanchard et al., 2018b) and (Blanchard et al., 2018a), the term o2/y/n
corresponds to their term v/D§? (with the analogy noise level 62 = 02 /n and discretization
dimension D = n). Moreover, in (Blanchard et al., 2018b) it has been shown for the specific
case of spectral cut-off that such terms can not be avoided for early stopping rules based on
the residual filtration. Hence, we conclude that the classical minimum discrepancy principle
turns out to be useless when estimating smooth functions. This motivates considering
smoothing-based strategies in Section 4.

3.3 Discussion

As earlier emphasized, the 02/,/n term in Theorem 12 cannot be improved. The reason
for this term is the high variability in the stopping rule 7pp and the empirical risk (see
Figure 4a). To illustrate this further, let us consider the deviation inequality for 7pp from
Proposition 8 applied with ¢ satisfying NV (t) = (1 + 6)NJ(t}) with § > 1, leading to

P.(rpp > 1) < 2exp ( - c<5/\/g(t;) A WW)) (3.3)

n

If, for instance, (PolDecTS) and (SC(r,R)) hold, then N (t%) is typically of order
n/(er+1) meaning that the above (non-improvable) concentration bound becomes vac-
uous for n'/(2e7+1) <« p1/2 This is the case if r is larger than 1/(2a). In such settings, the
classical discrepancy principle will typically lead to stopping times that are too large with
high probability. Interestingly, we prove in the random-design context of Section 5.2 that
the discrepancy principle can nevertheless achieve state-of-the-art rates under the condition
r<1/(2a).

The limitation of 7pp in the present context can be also interpreted as the consequence
of trying to estimate a part of the signal that is smaller than the level of noise ¢. This can
be easily observed by computing the singular value decomposition (SVD) of the normalized
Gram matrix K,, and by computing the residuals in this new basis. Then a natural idea
to overcome this problem is the smoothing of the residuals, then reducing the contribution
of these “small coordinates” to the (smoothed) residuals. This strategy has been already
explored in the literature (see for instance Blanchard and Krémer (2016) for the CGD).
Studying how 7pp can be improved when combined with the smoothing of the residuals is
the purpose of Section 4.

4. SDP and oracle inequality: Fixed-design

We now turn to a modification of the discrepancy principle based on the smoothing of the
residuals that is, on the smoothed empirical risk.
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4.1 Smoothing-based discrepancy principle

As discussed in Section 3.3, the main drawback of the discrepancy principle-based rule 7pp
results from the large variance of the empirical risk, leading to the o2/y/n error term in
Theorem 12.

The purpose of the present section is to show how this error term can be avoided by
considering a modified stopping rule called Tspp based on the smoothing of residuals that
is, the smoothed empirical risk. This can be encoded by considering the so-called smoothed
empirical risk || L, (Y — S, f®)||2 for some (smoothing) matrix L,, € R"*". In what follows,
we will restrict ourselves to the case where L,, = g;/ 2(K n)K,ll/ % with regularizer g (satisfying
Definition 2) and consider

R NF(T
Tspp = inf {t >0 |5 2 (Kn) KY2(Y — S, f)|12 < "n()} AT (4.1)

with T > 0. the choice gr(\) = (A + T~!)~! as Tikhonov regularization results in the
early stopping rule earlier studied in Blanchard and Mathé (2012) in the statistical inverse
problem setting. Different choices for L,, include L, = Kﬁ/ 2, s < 1, have been studied in
(Stankewitz, 2020) for the spectral cut-off filter algorithm.

Note that, while 7gpp is defined using the square-root of the kernel matrix, this depen-
dence can be removed by invoking the identity ||AY2%z|2 = (Az,z), with A = §r(K,)K,
andx =Y — 5, f (®). Hence, computing the SDP stopping rule does not necessarily require
computing the singular value decomposition of K, beforehand. Still, the factor gr(K,)
makes Tgpp computationally more costly than 7pp.

Then the goal in what follows is to assess the statistical performance of the final estimator
f (tsppP) where Tspp is obtained by the so-called smoothed discrepancy principle (SDP).

4.2 Main results

The present section follows the same structure as above Section 3 with firstly describing
key deviation inequalities for 7gpp and the related smoothed bias and variance terms, and
secondly formulating our main improved oracle inequality for 7spp.

4.2.1 DEVIATION INEQUALITIES FOR THE SMOOTHED STOPPING RULE

Let us now explain how deviation inequalities in the case of the classical DP (Section 3.1.1)
can be extended to smoothed case. For simplicity of the present exposition, we restrict
ourselves to Tspp applied with the Tikhonov smoothing §;(A) = (A +¢~1)~!. However, the
next results are not limited to this choice.

Following the analysis of the classical discrepancy principle in Section 3.1.1, it is easy to
see that the expected smoothed empirical risk satisfies a basic inequality similar to (2.5). In
fact introducing the smoothed g-effective dimension Ni (t) = tr((K,+T 1)1 Kug:(K,) Ky),
we have

~ 0'2 ~
lre(EC)E 7 — 2N (2)
~ 0'2 ~ 0'2 —~
< Ec|lr(Ka) Y7 — Na(T) < [lre(K)E 17 — o NA(t), 120,
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where a = (K, + T*I)*l/QK,;l/Qa, for every a € R". This allows us to carry out the same
basic comparison between 7gpp and the smoothed balancing stopping rule

2 _
f=mt {1201 r(KEIZ < TN} )

(with ¢* = oo if such a ¢ does not exist). Our first result in this line is the next devi-
ation inequality for 7gpp, which should be seen as the smoothing-based counterpart of
Proposition 8.

Proposition 13 If (SlibGN) holds, then there is a constant ¢ > 0 depending only on A
such that for every t > t¥,

Po(rspp > 1) < 2exp (—c(yA ) )s = Ni() = N(E).

In particular, for every y > 0, we have

2

P (N(rspp) > NE(E) +1) < 2exp (= ¢(y A Nf@)))'

This is a simplified version of the deviation bound established in Proposition 23.

Let us make a few comments mainly emphasizing the differences with Proposition 8
established for 7pp. Firstly, the former n at the denominator of the exponent is now
replaced by the empirical effective dimension NV, (T'), which allows for taking into account the
decay rate of the eigenvalues of K,,. In particular, the condition for having this probability
meaningful (that is, close to 0) is no longer /n < y but instead /N, (T) < y, which is
typically much weaker if one can exploit some knowledge on the decay rate of the eigenvalues.
Secondly, the g-effective dimension in Proposition 8 is now replaced by its smoothed version
NE(t). Since NZ(t) < N (t), this leads to a slightly weaker deviations in terms of y.

Let us emphasize that this deviation inequality of the N (t) serves for controlling the
variance of f(). This results from the key observation that the term tr(g2(K,)K2) (appear-
ing in the variance of f()) can be bounded by a constant times N (¢) (while in Section 2.4,
we only used that it is bounded by the g-effective dimension).

Similarly, the squared bias ||r;(K,)f||?> can be also related to its smoothed version
|r(K,)f||2, where the latter term is dealt with in the following simplified version of the
deviation bound in Proposition 25.

Proposition 14 Suppose that Assumptions (SubGN) and (BdK) hold. Then, for every
y > 0 such that 2||rz (Ku)E||2 + o?n~ty > ||re(Kn)E|)2, we have

2

P ([17rspp (Kn)FI2 > 2]z, ()12 + f@/) < 2exp (= e(yn me))'

If t* = oo, we additionally assume that o®n=1y > ||r;;(Kn)f'H%
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4.2.2 IMPROVED ORACLE INEQUALITY

We are now in position to state an improved oracle inequality for the inner case that holds
for the smoothed discrepancy principle (SDP), namely 7spp.

Theorem 15 Suppose that (SubGN), (BdK), (EVBound) and (SC(r,R)) hold with
s =r—1/2 >0 and the the reqularizer g satisfies (LFL). Moreover, suppose that ||(3 +
T=H)"V2(8, =) (Z+T7Y)"2||op < 1/2 holds. Then early stopping rule Tspp based on the
smoothed discrepancy principle from (4.1) with reqularizer g such that (LFL) holds satisfies
the bound

~ . 2 - T 9
P (|If — #7522 > O min Ef - £0)2 + o~y uNn(T) | oCu
0<t<T n n

+ T L T, - SR ) <57t w1,

where the term TS, — X202 can be dropped if s <1/2.

A proof of Theorem 15 is given in Section 7.3. Comparing this result to the oracle in-
equality in Theorem 12, we see that we replaced the term o2/y/n by 021/ N, (T)/n. Under
(PolDecTS$), for instance, we have N, (T) < CTY®, meaning that /N, (T)/n < 1/y/n as
long as T' < n“.

The event ||(Z+T"1)"2(2, =) (Z+T71)712||op < 1/2 is needed to apply the source
condition (SC(r,R)) (formulated in terms of the population covariance operator) in the
empirical world. It can be further weakened (there is e.g. no event in the case s = 0; see
the proof of Lemma 29), but in its present form it is exactly the event needed to transfer
the results from the fixed to the random design framework. This is the purpose of the
next section. In particular, we will turn the above oracle inequality into a rate optimality
statement, showing that the smoothed discrepancy principle is adaptive over a certain range
of smoothness parameters and polynomial decay rates.

5. The random design framework

In this section we transfer our oracle inequalities from the fixed to the random design
framework by means of a change-of-norm (or change of measure) argument exposed in
Section 5.1. The purpose of Section 5.2 is the analysis of the stopping rule based on the
discrepancy principle (DP) in the outer case, while Section 5.3 rather addresses its smoothed
version (SDP) in the inner case.

To keep the exposition as simple as possible in what follows, we focus on results given
in terms of expectations from now on. Similar results expressed “with high probability”
can be derived from the technical material developed in Sections 7 and 8, but at the price
of more involved expressions.

5.1 Change of norm argument

The first step in our analysis is a change of norm argument formulated by the next re-
sult, which controls the difference between the L?(p)-norm (||-|| ,) and its empirical version,
namely the n-th norm (||-|,)).
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Lemma 16 Let § € (0,1) and T > 0. Then we have
Vhe M, [1SuhlE — 5,121 < 801 hIZ + T k)
if and only if
IS+ T2, - (S + T V2o < 6

Lemma 16 establishes the equivalence between the uniform control of the difference between
the squared p- and n-th norms and deriving an upper bound on the operator norm of
the normalized difference between the empirical and population covariance operators. In
particular if one of the assertion holds, then

1 5 ||l
vheH, [Sphlly < 75 ISnhln+ 15

gives rise to a natural strategy for upper bounding the p-norm of any function in H. It
consists first in upper bounding its n-th norm (which was the purpose of Sections 3.2
and 4.2.2), and then in controlling its H-norm.

Proof of Lemma 16 Using the identities ||S,h|2 — HSth% = ((Xp — X)h,h)y and
1S,h]12 + T~ H|R]F, = (2 + T—1)1/2h)|2,, the first assertion is equivalent to

YheH, [{(Sn—D)h hyul <8|(S+T71)Y2h)3,.
Since (X +T~1)Y/2 is self-adjoint and strictly positive definite, this is the case if and only if
VheH, [(S+T ) V(S —D)E+T ) 2h k)l < 5|hll3

This gives the claim. g

5.2 DP performance: Outer case
5.2.1 MAIN RESULT

We now turn to the classical discrepancy principle for which we formulate a result in the
outer case.

Theorem 17 Suppose that (SubGN) and (BdK) hold. Suppose that the source condition
(SC(r,R)) holds with r < 1/2 and that f is bounded. Moreover, suppose that the reqularizer
g satisfies (QuErr) with ¢ > r. Then there are constants ¢,C > 0 such that the standard
discrepancy principle Tpp with emergency stop T' = cn/logn, n > 2, satisfies

¢ : —or , N(?) _
_ (tpP) |2 or , VL) 1/2
Ellf =5 Hp = C<0<trgén" {t + n } tn )

logn

The proof of Theorem 17 can be found in Section 8.4. Unlike the results from Sections 3.2
and 4.2.2 in the fixed design case, there is an additional constraint on the emergency stop
T that has to be smaller than c¢n/logn. This constraint is related to the control of the
probability of the event {||(X +7~1)~/23(Z, — L) (Z + T~ 112, < 1/2}.
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Without any further assumption on the decay rate of the eigenvalues, the effective
dimension N(t) can be upper bounded by M?¢; see e.g. Appendix B. Theorem 17 thus
gives

~ r 1 2r -
E[lf - Spf(TDP)Hi < C'max (n_ﬁﬁ, ( ogn) ,n71/2> < Cn~ 557

n

As a consequence, the classical discrepancy principle leads to optimal rates of convergence
throughout the whole range r € (0,1/2) of the outer case (cf. Fischer and Steinwart (2020)).

5.2.2 DISCUSSION AND EXTENSIONS FOR POLYNOMIAL DECAY

For some L > 0 and a > 1, suppose that
izl A <Lie (Pol(a))

By Lemma 43(i) we have N (t) < Ct'/ for all t > L~!. Specialized to (Pol(c)), Theorem
17 thus gives

E||f = S,fPP)|2 < Cmax (n_ﬁiq/a, (logn>27“’n71/2>'

n

In other words, we obtain up to some additional logn factors the following rates of conver-
gence:

2r
n” /e if 2r +1/a > 1,7 < 1/(20),
n=2r, if 2r +1/a <1,r < 1/4,
n=1/2, ifr>1/4,r>1/2a).

We see that the classical discrepancy principle achieves the optimal rates of convergence in
the hard learning scenario if 1/2 —1/(2a) < r < 1/(2c).

In what follows we compare these rates to results from the literature that have been
collected in Table 1, and we show how Theorem 17 can be improved under an additional
condition on the kernel. Ignoring logn factors, Table 1 illustrates that the rate

2r
n /e 1/2-1/(2a) <r

is optimal (see the lower bound derived in Fischer and Steinwart (2020) for KRR with
v = 0). The classical discrepancy principle achieves the optimal rates of convergence in the
present hard learning scenario if 1/2 — 1/(2a)) < r < 1/(2«). By contrast,

n~, r<1/2-1/(2a). (5.1)

is the state-of-the-art result in the outer case when only assuming that (BdK) holds; see
e.g. Corollary 4.4 in Lin et al. (2020) and the lower bound from Fischer and Steinwart
(2020) with v = 0 which does not match the upper bound.

There are possible improvements under stronger boundedness assumptions such as the
embedding assumption from Fischer and Steinwart (2020) parametrized by 0 < p < 1 in
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Paper/Criterion 0<r<§— i 5 — i <r | Algorithms | Assumptions
Lin et al. (2020)
A 2 rT—2a
HL;‘I (fy - Spf(t”)> H < Cn~@r—20) | <Cn” 31/ Spectral fil- | Qual(q) (¢ > r), Pol(«)
p ters
0<a<1/2AT) SC(¢) = SC(r), p=1
Pillaud-Vivien et al.
(2018)
N 2 r r—2a
|7 - s, <on”¥ | <con el | SeD EMB(u) (0 < < 1)
r Pol(«), SC(r)
Fischer and Steinwart
(2020)
P 2 _2r—y _2r=y
Hf — ftn) <Cn =* Cn 21/« | KRR Qual(l) (¢ =1 > 1)
(0 <~ <2 EMB(p) (0 < p < 1)
- Pol(«), SC(r)
(n/2>71) (B/2<T)

Table 1: Convergence rates (upper and lower bounds up to logarithmic terms) derived with
spectral filters under qualification Qual(q), polynomial decay assumption Pol(«),
general source conditions SC(¢) (Lin et al. (2020)) or polynomial one SC(r), and
embedding assumption EM B(u), where 0 < p < 1 (Pillaud-Vivien et al. (2018)).
For each row, t, denotes the optimized value of the parameter ¢ such that the
corresponding rate is achieved. Also, ¢,C > 0 denote generic constants indepen-
dent of n that are different from cell to cell. Here f3 is the best approximation
to f within the closure of H in L?(p). See also Section 2.3 for a more thorough

overview.

Pillaud-Vivien et al. (2018). In fact, if there is a p < 1 such that |[Z#/2-1/2ky |4 < CuM
almost surely, then one can achieve (up to logn factors) the improved rate

__2r
n 2r+1/a’
_2r
n “,

see e.g. Pillaud-Vivien et al. (2018) and Fischer and Steinwart (2020). Such improvements
are also possible in our case, which is the purpose of the next result proved in Section 8.4.

2r+1/a > u,

(5.2)
2r+1/a < u,

Theorem 18 Suppose that (SubGN), (BdK), (SC(r,R)) and (Pol(«)) holds with r <
1/2 and that f is bounded. Suppose that there is a j € [0,1) and a constant C,, > 0 such
that |21 2k x| < CyM. Finally, suppose that the reqularizer g satisfies (QuErr) with
q > r. Then there are constants c¢,C > 0 such that the standard discrepancy principle Tpp
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with emergency stop T = c(n/logn)'/*, n > 2, satisfies

E|f - Spf(TDP)HIQJ < C( min {t_% + tl/a} + n_1/2>.

0<t§c(logn)1/“ n

Let us first notice that introducing the stronger assumption involving the parameter 0 <
1 < 1 allows to enlarge the emergency stop 1T’ and thus the range of values of ¢t over which
the minimum in the r.h.s. is computed since 1/p > 1. By the arguments from above Table 1
also proves that the classical discrepancy principle achieves the optimal rates of convergence
in the hard learning scenario if /2 —1/(2a) < r < 1/(2a). In the setting of Sobolev spaces
any p > 1/« is admissible (see Example 2 in Pillaud-Vivien et al. (2018)), leading to the
adaptation interval r € (9,1/(2a)], § > 0 arbitrary.

5.3 SDP performance: Inner case

In the present section, we establish two inequalities in the inner case for 7¢pp. The main
difference between these results lies in the use of different emergency stopping times 7.
In the first one (Theorem 19), a deterministic emergency stop of size at most n/logn is
used, while the second result (Theorem 20) allows for using a more sophisticated data-
driven emergency stop defined as the solution of a fixed-point equation, which gives rise
to an optimal (leading to statistical adaptivity) early stopping rule that can be applied in
practice.

5.3.1 MAIN RESULT

The transfer from the fixed design to the random design cases requires first an additional
assumption on the effective rank, which is the population version of the former (EVBound)
assumption earlier introduced in the fixed design case.

Assumption 7 There exists a constant E' > 0 such that, for each k > 0, we have

Nt DN S E'(kV 1), (EffRank)
>k

This assumption is a population version of (EVBound) and Lemma 35 specifies an event
on which it indeed implies (EVBound). Similarly as in Section 3.2, (EVBound) is needed
to bound the proxy variance term in terms of the smoothed proxy variance term (cf.
Lemma 36). Under this additional assumption the smoothed discrepancy principle from
Section 4 achieved the following bound.

Theorem 19 Suppose that Assumptions (SubGN), (SC(r,R)), (BdK), (LFL) and
(EffRank) hold with s = r —1/2 > 0. Moreover, suppose that the regularizer g satisfies
(QuErr) with ¢ > r. Then there are constants ¢, C' > 0 such that the smoothed discrepancy
principle Tspp from (4.1) with §:(\) = A+t~ "t and T < en/(logn), n > 2, achieves the
bound

E|f — Spf(TSDP)Hi < C’( min {t—Zr n N(t) } n N(T))

0<t<T n
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The proof of Theorem 19 can be found in Section 8.3.1. Note that the condition ¢ > r on
the qualification error of g can be dropped by introducing slower rates depending also on gq.

Without any further assumption on the decay rate of the eigenvalues (except of
(EffRank)), Theorem 19 gives

ﬁ)’

A(TDP) 2 < —% —2r
E|lf — 8,/ < Cmax (n” 2%, 772, X

Let us now assume that a lower bound 79 > 1/2 is known on the smoothness parameter
r, which means that (SC(r,R)) holds with » > r9. Then using this side information, the
choice T' = clnl/ (2ro+1) with ¢1 > 0 sufficiently small leads to

_ g flrspp)||2 —2 T
E|f - S,f |, < Cmax (n~2r#1,n F0¥2 ).

This entails that the smoothed discrepancy principle 7gpp reaches optimal rates of conver-
gence throughout the range

e [r0,2r0 + 1}
2

For instance with 9 = 1/2 (that is the inner case without additional smoothness informa-
tion), Tspp is optimal over the range r € [1/2,3/2].

Instead of choosing T = n!/(2ro+1) " one might also define T’ as the solution to the
fixed-point equation cy7 2" = N(T)/n with ¢y = 1, which corresponds to a bias-variance
trade-off in the case r = ry. This would lead to the same adaptation interval [rq, 2rg+ 1/2].
Such and related fixed-point equations play a central role in empirical risk minimization
problems; see e.g. Bartlett et al. (2005) and Koltchinskii (2006), and it is easy to see, using
the proof of Lemma 6 and Proposition 3.3 in Koltchinskii (2011), that the effective dimension
N (t) can be bounded from below and above in terms of local Rademacher averages.

With an additional assumption such as a polynomial eigenvalue decay, the previous
analysis can be further applied. If (Pol(«)) and (SC(r,R)) hold with r > rp, then the
choice T?"°N(T) = n leads to

A(T ) 2 _ _2ra _4arg+1l
EHf _ Spf SDP Hp S C’max (n 2ra+17n 4a7’0+2>7

meaning that the smoothed discrepancy principle leads to optimal rates of convergence
throughout the range

1
re [ro, 2rg + %} (5.3)
Let us emphasize that this range of values is narrower than the previous one derived without
any assumption on the eigenvalue decay (o > 1). This owes to the fact that, by specifying an
eigenvalue decay assumption (that is, by choosing a given kernel), we restrict the smoothness
of the functions in the induced Hilbert space that can be well approximated.
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5.3.2 IMPROVEMENT TOWARDS DATA-DRIVEN EMERGENCY STOPS

In previous Section 5.3.1, we have chosen a (deterministic) 7" as the solution of the equation
t2"ON(t) = con by taking advantage of the prior knowledge of a lower bound 79 on the
smoothness parameter. Without such an a priori knowledge on 7, the equation TN (T) =
con provides a natural choice for T'. Yet, such a choice is not achievable in practice since
N (t) is not known.

In this section we show that similar bounds hold true if 7' = T(X3,..., X,,) is allowed
to depend on the covariates Xi,..., X, (but not on the responses). This is possible since
all results established in the fixed design case continue to hold. The following result focuses
on the choice TN, (T) = con.

Theorem 20 Suppose that Assumptions (SubGN), (SC(r,R)), (BdK), (LFL) and
(EffRank) hold with s = r — 1/2 > 0. Moreover, suppose that the reqularizer g satisfy
(QuErr) with ¢ > r. Let T > 0 be the solution of TN, (T) = n (set T = oo if such a
solution does not exist). Then the smoothed discrepancy principle Tspp from (4.1) with
(A = A+t and T = min(T, en/logn), n > 2 and ¢ > 0 sufficiently small, achieves
the bound

Bl = 5,700l < € (g {7+ 00} o\ [ it 210 o8

n n t>0 n n

The proof of Theorem 20 can be found in Section 8.3.2. Compared to the statement in
Theorem 19, the term /N (T')/n has disappeared. Actually it has been replaced by the
square-root on the r.h.s. of the above inequality due to the control of \/N(T') with the
present (random) choice of T' = min(7", ¢n/logn). As can be easily checked from the proof,
the control of this term is also responsible for the additional (logn)/n, which does not really
influence our conclusion regarding convergence rates.

Let us also remark that the above definition 7" with cg = 1 does not take into account
constants such as the variance o2 or ||f ||, for instance that should arise from the upper
bounds on the variance or bias terms. Obviously introducing these constants in the fixed-
point equation would not modify our conclusion regarding the convergence rates and the
statistical adaptivity property, which is the main achievement of the present analysis. In
practice, one could replace these constants in the upper bound on the bias term by upper
bounds with high probability derived from the empirical risk evaluated at 0.

Illustration on two classical eigenvalue decay assumptions Since the interpretation
in terms of convergence rates is not easy from the statement in Theorem 20, let us now
consider two illustrative examples allowing for drawing further insightful conclusions.

Example 6 (Polynomial decay) Under the assumptions of Theorem 20 and (Pol(«)),
we get

_ ¢(Tspp)||2 _ _2ar  _2a+l
E|lf — Spfi7PP||; < C'max (n” 2em57, 7 2052 ). (5.4)

This means that, by including the data-driven choice of T, the smoothed discrepancy prin-
ciple Tspp still reaches statistical adaptivity (that is, automatically enjoys optimal rates of
convergence) throughout the range r € [1/2,1 4 1/(2a)].
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Note that this choice for T corresponds to the stopping rule defined by FEq. (6) in
Raskutti et al. (2014). The striking remark is that Raskutti et al. (2014) establishes the
rate n~(@tD) while we obtain an estimator automatically achieving the optimal rate
n~2en)/Qer+t) throughout v € [1/2,1 4 1/(2a)] and the rate n~(@+1/2/(tD) otherpise.
This proves that Tspp is uniformly better than the stopping rule of Raskutti et al. (2014)
in the inner case (r > 1/2) and under a polynomial decay assumption.

Example 7 (Exponential decay) For some L > 0 and o > 1, suppose that \; < e~ 19"
for every j > 1. Applying Theorem 20 and Lemma 43(ii), we get
1/a

- logn
E| f — Spf(TSDP)||,2) < C“gn)

5.4 Extensions to RKHS-norm and related works

While it is well known that there is a regularization parameter which is simultaneously
optimal for the prediction risk (L?(p)—norm) and the RKHS-norm risk (at least under a
polynomial source condition; see Lu and Pereverzev (2013); Blanchard and Miicke (2018)),
extensions to Tpp or Tspp are not straightforward. Indeed any early stopping rule focusing
on one risk might still be sub-optimal for the other. For instance, simultaneous adaptation
has been proved from two main strategies where (i) both norms are taken into account,
or (1) stronger model assumptions are imposed to make a change-of-norm argument more
accessible. The first case has been addressed with the balancing principle in De Vito et al.
(2010); Lu and Pereverzev (2013) by considering both the empirical and the RKHS-norm,
while Blanchard et al. (2019) study a modified balancing principle based on a varying norm.
The second case is illustrated by the recent strong norm bounds derived for early stopping
rules by Blanchard et al. (2018b,a); Stankewitz (2020) in a Gaussian sequence model. Oracle
inequalities are established e.g. under a polynomial decay assumption and for specific signal
classes.

From a more general perspective on bounds for spectral filter algorithms, optimal rates
have been recently derived by Blanchard and Miicke (2018) and Lin et al. (2020) which
simultaneously hold for different norms between the RKHS-norm and the L?(p)-norm. De-
signing a fully data-driven stopping rule that would enjoy simultaneous optimality properties
for such different norms remains a challenge to be addressed in future work.

6. Simulation experiments

The goal of the present section is to illustrate the main behaviors of the stopping rules
under consideration, as predicted from a theoretical perspective, respectively in Sections 5.2
and 5.3.

6.1 Simulation design: Generating synthetic data

The present simulation experiments are carried out with the Landweber algorithm (that
is, Gradient descent with constant step-size n > 0 along the iterations) as described in
Section 2.2. The sample size n varies within {200,400, 600,800,1000} and the number
of replicates in all the experiments is N = 200. In all the simulation experiments, when
applying the smoothed discrepancy principle rule 7spp (see Eq. (4.1)).
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The data are drawn from the model described by (2.1) with the variance o2 of the
Gaussian noise to be equal to 1, and where the deterministic vector (z1,...,x,) is defined
by z; =i/n for 1 <i < n. Two distinct settings have been considered with specific tuning
of the related parameters.

e Outer case (see also Section 5.2): The regression function f to be estimated is given
for all z € [0, 1] by

f(x) = 2]1[0.15,0.3[(37) - ]1[0.3,0.5[(33) + ]1[0.5,0.85[(33) - ]1[0.85,1[(95)'

The results are only reported for the Sobolev kernel (kg(z,y) = min(z,y), for =,y €
[0,1]). The maximum number of iterations, called Tiax is respectively equal to 500
if n <400, 1000 if n = 600, 2000 if n = 800, and 3000 if n = 1000. The step-size
of the Landweber algorithm is 7 = 2.4, and the emergency stopping time 7" is chosen
such that "= 2n/logn for 7spp (see Theorem 17), and T = Tynax for Tpp.

e Inner case (see also Section 5.3):

Flz) =2 T sin(2re(1 4 7))

For the inner case, two reproducing kernels are used: the Sobolev kernel (see above)
and the Gaussian kernel (kg(z,y) = exp ((z — y)?/w?), with bandwidth w = 0.02).
The maximum number of iterations is Tpax = 500. The step-size of the Landweber
algorithm is respectively set at n = 2.4 for the Sobolev kernel, and n = 0.5 for the
Gaussian kernel. The emergency stopping time T is chosen such that T = 4y/n for
Tspp (see the discussion following Theorem 19 with g = 1/2) and T' = Tyax for Tpp.

For any given stopping rule t, its performance is measured by means of the squared
empirical norm ||f — f®)||2 averaged over the N = 200 replications, which is called the
(averaged) “loss” for short in what follows.

6.2 The outer case

Figure 2a displays an example of signal generated from the outer case framework. The
piecewise-constant regression function (red curve) makes the estimation problem a difficult
task as long as one is limited to using functions from the reproducing kernel Hilbert space
(RKHS) generated by the Sobolev kernel kg. This justifies calling this situation the outer
case. For increasing sample sizes, Figure 2b displays the empirical performances (measured
in terms of the averaged loss) of several stopping rules, namely 7pp, and 7spp. They are
compared to the performance of the so-called oracle stopping rule denoted by t,, and defined
as a global minimum location of the risk that is,

tor = argmin E||f — f®)|2. (6.1)
0<t<Tmax

Although all the performances improve as the sample size grows, the performance of
Tpp still remains uniformly closer to that of ¢,., than the one of T¢pp. Keeping in mind
that 7gpp is known to improve upon 7pp in the case of smooth regression functions (inner
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Figure 2: (a): Realization of the Outer case model. Instance of signal generated from the
Outer case model. (b): Averaged loss performances versus the increasing sample
size. Averaged losses of t,., Tpp, and Tgpp in the Outer case. The number of
replications is N = 200.

case that is, » > 1/2), it confirms that the present situation is by contrast a true instance
of an outer case (r < 1/2), meaning that f is outside the RKHS.

More precisely, since f lies outside the RKHS, the expected number of iterations required
for achieving a reliable estimator of f is large. This is what we observe with the oracle
stopping rule t,. which remains close to the maximum number of iterations Tiax as n
grows. One main feature in designing 7gpp is the smoothing of the residuals as a means
for avoiding too large values of the stopping rule (compared to 7pp). Therefore the present
situation is one typical instance where the trend of 7pp to take large values (unlike 7gpp)
makes this stopping rule a better candidate.

6.3 The inner case

Figure 3a displays an example of signal generated in the inner case. By contrast with the
previous example (outer case), the smoothness of the regression function f allows for using
both the Gaussian and the Sobolev kernels, respectively denoted by kg and kg. Their
respective performance are summarized in Figures 3b and 3c, where the different curves
display the averaged loss for several stopping rules, namely ¢, 7pp, Tspp, and the oracle
stopping rule t,, (see Eq. (6.1)).

All the curves from Figures 3b and 3c decrease as n grows. The best performance is
uniformly achieved by ¢}, which is the stopping rule reaching the trade-off between the bias
and the (proxy-)variance term (see also Figure 1a). From an asymptotic perspective, this
is the best choice one can make in the present early stopping context. In particular, the
data-drive stopping rules such as 7Tpp and 7spp are estimating ¢;. It is then consistent that
their respective performances are worse than that of ¢} .
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Figure 3: Averaged losses of t,-, ti, Tpp, and 7gpp in the Inner case. The number of
replications is N = 200. (a): Realization of the Inner case model. (b): Sobolev
kernel. (c): Gaussian kernel.

(a) (b)

Figure 4: Empirical distribution of 7pp and 7spp over N = 200 replications for the Sobolev
kernel with » = 800 in the Inner case. (a): Empirical distribution of 7pp.
(b): Empirical distribution of 7spp.

For both the kernels kg and kg, the worst performance is achieved by 7pp. This
sub-optimal behaviour in terms of averaged loss results from the higher variability of 7pp
compared to Tspp, as it can be observed from the histograms of Figures 4a and 4b obtained
with n = 800 and Ty ax = 500. In particular, this emphasizes that the residual smoothing
encoded within the 7spp stopping rule induces a considerable variance reduction, which
avoids stopping too late (and then wasting time).

7. Proofs for fixed-design results

In this section, we analyze the discrepancy principle conditional on the design.
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7.1 A unified framework
A linearly transformed model is now introduced for simultaneously dealing with the
smoothed and non-smoothed cases.

Y=L, Y=L,f+Le="f+E, L, € R™™,

with L,, satisfying ||Ly|lop < 1. The new noise variable € is mean-zero and has covariance
matrix 02 L, L. For a regularizer g in the sense of Definition 2, our main goal is to analyze
the stopping rule 7 defined by

o?tr(L, L)

r=inf {t >0 [¥ = Knge(Ko) Y2 = Il (K) Y2 < T

}/\T (7.1)

with T € (0,00]. For L, = I, the stopping rule in (7.1) coincides with 7pp from (2.8),

while for L,, = g;/Q(K )K1/2 with regularizer g it coincides with 7gpp from (4.1).

Moreover, the stopping rule (7 1) can be interpreted as applying the classical discrepancy
principle to the smoothed data Y and the class of estimators K,g;(K,)Y = S,g:(3,)S:Y
where spectral regularization is applied to the smoothed data.

Definition 21 For every t > 0 and every reqularizer g, we define
N(t) = tr(Ln Ly Kngi(Kn)).

Lemma 22 (Basic inequality) Assumption (BdF) yields, for every t >0,
e (K )£l — 2-— N ()
T £112 o? V]
< Ecllr(Kn)Y |7 - *tr(L Ly) < llre(Bn)E [l — —NF(1).

Since g is a regularizer, the term

Ilre () EN1Z = r2 (A5, )2

=1
is continuous and non-increasing in ¢ > 0, while the term

U ~ 0-2 T 0'2 n T~ 123 ~
TR0 = T (Lo L () ) = T 3 1803 a(h)
=1

is continuous, non-decreasing in ¢t > 0 and equal to zero for t = 0. Hence, we can define the
following balancing stopping rule

2 _
B = inf {2 0 [ (K)E|2 = %Ng(t)}. (7.2)

If such a ¢ exists, then we have [|rs (K)E|2 = o2n N (). Otherwise, we set & = oo

in which case we still have ||rz (K,)f[|2 = limy o0 ||7e(Kn)E|2 > limg oo 020 'NE () =

2~ LN ().
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Proof of Lemma 22 We have

e (Ba) Y |15 = e (Kn)E + re(Kn)ell;

n

and thus, using € = Lye and r(K,,) = I — K,g:(Kp),
2
~ ~ o
Ec|ri(Ka) Y7 = lre(Kn)E|7 + o tr(Ln L (I = Knge(Kn))?)

2
= o
= |lre(F)E7 + ;tr(LnLg)

02 02
-2 tr(Ln, LY gy (K, K + — tr(L, LY g2 (K,)K?).

n

The lower bound follows from the fact that the last term is non-negative, while the upper
bound follows from (BdF). O

7.2 Deviation inequality for the variance and bias parts

The results of this section are improvements over previous results from (Blanchard et al.,
2018b) and (Blanchard et al., 2018a), differentiating more precisely between the sub-
Gaussian and sub-exponential behaviours. Surprisingly, these improvements result from
different arguments based on a more basic comparison between the discrepancy principle
and its reference balancing stopping rule 5‘;

7.2.1 DEVIATION INEQUALITY FOR THE VARIANCE PART

Our first main result is a deviation inequality for 7 from (7.1).

Proposition 23 Suppose that Assumptions (SubGN) and (BdAF) hold. Then, for every

t > t°, we have

2

Pr>0) 20w (—e(vnrppm))  v=N0O - NG,

where ¢ > 0 is a constant depending only on A.

Proof of Proposition 23 Since the claim is trivial for £ = oo it remains to consider the
case that ¢} is finite. Inserting the definition of the discrepancy principle in (7.1), we have

P.(r > ) < P (In(Ka) Y12 > & r(LLT)) (73

By Lemma 22, we have
o T 12 < O £112
0 LnLy) = Eellre(Kn) Y5 2 N (E) = [lre(Kn )£l
Since t >t implies that
712 F112 a° 5 T
lre(En )l < llrg, (Bn)Ell = N7 (E),
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we arrive at
2 2 2 2
o ~ o° ~ 0%~ o
Wtr(LnLg) — E|re(Kn) Y2 > ;fo(t) - ;Ng(tn) =V

Inserting this into (7.3), we get

2
~ ~ o
Po(r > 1) < Pe(ln(K) Y2 — Bellr(K) Y2 > Ty).

Applying Lemma 27, using also that ¢ > &% and (BAF) imply ||r(K,)f||2 < o2n *NZ(t) <
o’n~ttr(L,LL), the claim follows. O
Our next main result is a deviation inequality for the variance part.

Proposition 24 Suppose that (SubGN) holds true. Then, for every y > 0, we have

2 2

(1520 el > TR + %)) < e (—e(y 1 sz

with constant ¢ > 0 depending only on A.

Proof of Proposition 24 By Definition 2, the term HK}lmgtIQ(Kn)éH% is non-decreasing
in ¢t > 0. Now, if

NY(E) +y > NU(T), (7.4)

then

1/2 1/2 2 0 g o’
pa Z N9 (F* i
P€<||Kn gT (Kn)EHTL > n Nn (tn) + 2 n y)

02

~ 02 =~
< P( |16 g7 (Ku)els > Z-NH(T) + Z-y),

and the claim follows from Lemma 28. On the other hand, if (7.4) does not hold, then we
can define t;, <t <T by

NI(t) = NE(E) + v (7.5)

In this case we have
o2 ~ o2
P (1K) g1 (K)ell? > T No (@) +27y)
o2~ o2
< P.({r <ty n{IKy 29202 > TNIE) + 27y} ) + Po(r > 1)
2 2
< P (16202 (K)ell > TN (1) + Ty ) + Pelr > ),

and the claim follows from applying Lemma 28 to the second last term and Proposition 23
to the last term, using that ¢ > ¢ and y = N3 (t) — N (t}). O
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7.2.2 DEVIATION INEQUALITY FOR THE BIAS PART
Proposition 25 Suppose that Assumptions (SubGN) and (BdK) hold true. Then, for
every y > 0 such that 2||rg (Kn)E|2 + o?n~ty > ||rr(Ky)E||2, we have

P (I B2 > 2l ()R + %) < 2exp (- (t(g’m Ay)) o (76)

with constant ¢ > 0 depending only on A. If%v:ib = 0o we additionally assume that o’n~ly >
”W;;(Kn)fH%

Proof of Proposition 25 From 2||r (K,)f|2 + o?n 'y > ||rr(K,)f||2 it follows that,
under the event considered in (7.6), the stopping rule 7 has to be smaller than 7. This
means that in the definition of 7 in (7.1), we can ignore the minimum with 7" in what
follows.

If ||ro (K,)f||2 < 2|7 (K,)f||2 + 02n~'y, then the claim is clear because the probability

on the left-hand side of (7.6) is equal to zero. Otherwise, we define 0 < t < t* by
2 ~
2|z (Kn)E 17 + *y = |lre(EKa)El7,

leading to

~ 2 0'2
P (|l (Ka)EIE > 2lirg, ()l + )
~ 2
<Pu(r <) <P (Ir(K) Y2 < T tr(LuLD)). (7.7)
n
By Lemma 22, we have

0'2 T nd 2 0’2 "’g ~ 2
—(LnLy) = Eellre(Kn) Y[ < 2= N(t) — |[re(Kn)E [l

Since t < t7, (7.2) implies
2

27 Ny (t) < 2% Ng< 5) < 2l (K2,

n

Thus we get

0'2 ~ ~ 0'2
ztr(LnLT) Ec|lre(Kn)Y |15 < 2llrg (Kn)EI7 — llre(Kn)Ell7 = -

Inserting this into (7.7), we get
2

2
2 9 T2 T2 .~ 9~
P(|rr (K2 > Zy) < Pe(lIr(Ka) Y12 = Bellre(Ka) Y12 < =2y),

In the case that ¢ is finite, using that

~ 2 0'2
Ire(KEIE = 2l (BE +
~ 2 o2 o2
0T o)+ Ty <2 te(LaLl) + Ty,
n

the claim follows from Lemma 27. On the other hand, if t* = oo, then we use ||?“t(Kn)fH% -
2|z (Kn)E|)2 + 0?n~ly < 302n~1y instead. 0
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7.3 Proofs of oracle inequalities (fixed-design)

The present section gathers proofs of main oracle inequalities established in the fixed-design
setting. They mainly follow from the results from Section 7.2. In each of these proofs,
notations are used according to the context where the theorem has been stated.

Proof of Proposition 10 The proof follows from Sections 7.1 and 7.2 applied with
L,, = I, in which case Tpp coincides with 7 from (7.1) and ¢}, coincides with ¢} from (7.2).
By (BdF) and using that (a + b)? < 2a? + 2b%, we have
If— flror) I < 2||rrpp (Kn)f|l7 + 2([Kngrpp (Kn)ellr
< 2|y (KL + 21K 291 (K el - (7.8)

9rpp

Proposition 24 with L, = I, yields that, for every u > 0,

o? N o?u  ou —u
P (1KY 2012 (el > TN(E) + o \/ﬁf + T)) < 3¢t (7.9)

On the other hand, from Proposition 25 with L,, = I, it follows that

2 2
9 9 o*\/u  o*u Cu
P K x K + + — < . .
€<||TTDP( n)an > 2||Tt,LAT( n)f”n C( \/ﬁ n )) < 2e (7 10)

By the definition of ¢}, we have

2 2
. 2 9 gy < : 2, 9 arg
ez (K2 + SN (8) < 2 min {Im(K)EI2 + NZ @)} (7.11)

Using (7.8) and (7.11) combined with (7.9) and (7.10), and the union bound, the claim now
follows. O

Proof of Theorem 12 The claim follows from inserting Lemma 11 into Theorem 12. [

Proof of Theorem 15 The result follows from Sections 7.1 and 7.2 applied with L, =
g;/Q(Kn)K}/Q, in which case Tgpp from (4.1) coincides with 7 from (7.1).
A key remark is that, since the regularizer g satisfies (LFL), we have Agr(\) < (B V

1)b~'Agr(A). Thus Tspp < T implies

If — £rsoe)|2

< 21 (K )12 + 20 Ky (Ko)el2

_ ~1/2
< 21 (K)E[12 + 2(B V )b | K/ 2022 (K K257 (el 2

gTSDP
= 2rrgpp (Ka)EIl7 +2(B v Db K202 (K )ell7, (7.12)
where € has been replaced by € in the last inequality. Invoking the first claim of Lemma 29
we get,
If — £Tsor) (7.13)
B B 1 ||En_2||2/\28
< O (Irrspp B2 + 1K1 (Kl 4 gy + 5 ),
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where the last term CT~!||%, — X|[2)?* can be dropped if s < 1/2. On the one hand,

Proposition 25 with L, = §:1F/2(Kn)K}L/2 and Lemma yields that

2
~ o ~ —u
P (7o (Ka)EI > 2l yp (Ka) B2+ C% (\Ju(T) +u) ) < 2e7% w>0. (7.14)

On the other hand, from Proposition 24 with L, = ~;/2(Kn)K71L/2, we get

gTSDP

0%~ - o? G
P€<HK1/2 V2 (KEl2 > TN +07( uN(T) +u)) <3¢, w>0. (7.15)
n n
The definition of ¢ and (BdF) lead to
~ 2 0'2 ~
I (B I + TR2(E) < 2 min min {|[r (K07 + 7N (0}

Now, using (BdF), we have NJ(t) < N (t) and ||r+(K,)f||2 < ||r¢(K,)f||%. Thus combining
everything together yields

0_2
I B B2+ SR < 2 i, {82 + ARG} (710

Using (7.13) and (7.16) combined with (7.14) and (7.15), and the union bound, we get for
every u > 0

R 2
P (|t~ £727)2 > O min { (K )E2 + Z-Na(t)}

0<t<T
AVINIT) o2 1S - B -
+ - t—+ gy t = )) <5e " (7.17)
The desired inequality now follows from inserting Lemmas 6 and 11. g

Remark 26 Let us briefly outline one possible strategy for extending our oracle inequalities
to an early stopping rule

~2 T
. tr(LnL
r=1(Y,52 Ly, T) = inf {t >0 ||ry(K) Y2 < w} AT (7.18)

which is based on an estimator 62 of 0.

First, focusing on the event that the inequalities k1 < 62 < ko hold for some fized
K1, ke > 0, it is easy to see (using (7. 8) and the monotonicity of the bias and variance terms)
that the squared empirical norm ||f —£T)||2 is bounded by 2||rry (Kn)f||2 + 2| Kngr, (Kn)el2,
where the stopping rules 7o < 7 < 1 are defined by

ki tr(L, LT) } AT
n

7o = 1Y, iy Ly T) = inf {2 0 ry(K) Y2 <

The main observation now is that the deviation inequalities from Section 7.2 can be extended
to the stopping rules T;, provided that the k; are sufficiently close to 2.
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In fact, following the same line of arguments, one can show that if |k; — 02| < Co? for
some constant C' > 0, then Proposition 24 continues to hold for t; with

2 2

2 ) )
- - ma — ki, 0
% NI (ty,) + % 2y replaced by %Nﬁ(t;) + %234 x(o i,0)

tr(L,LT),

while Proposition 25 continues to hold for T; with

max(k; — 02,0)

5 2 5 2
2||rz (K)E|% + %y replaced by 2||7°{¢L(Kn)fH% + %y + tr(L,LL).

Hence, the stopping rules 7; also lead to oracle inequalities, but, compared to the stopping
rule based on o, with an additional error term |0% — k;n~' tr(L,LL). In particular, Propo-
sition 10, Theorem 12 and Theorem 15 continue to hold with the additional remainder terms
|02 — ki| and |0? — ki|n NG (T), respectively. In summary, we get oracle inequalities for
the stopping rule T based on an estimator 62, provided that we have sufficiently sharp high
probability upper and lower bounds for 62.

7.4 Key technical results

In order to prove Propositions 24 and 25, we need the following two concentration inequal-
ities, namely Lemmas 27 and 28.

Lemma 27 Suppose that Assumption (SubGN) holds. Then, for every t > 0 and every
y > 0, we have

P([re(Kn) Y7 — Eellre(Ka) Y7 > v)
2

Sexp(—c(zln%lT/\n‘g)) +exp<—my2~>
(L Ll) "o o2 (K)EI2
and the same upper bound holds for P.(||ri(K,)Y|2 — Ec|lr(K) Y2 < —y).
Proof of Lemma 27 We have

Ire ()Y NI = e (Kn)E [l + (re(Bn)E, re (K )€y + ||re(Kn)ell
and thus

Ire(Kn) Y% = Eellre(Kn) XI5
= <Lg7at2(Kn)fl7 €)n + HTt(Kn)Lne”Z - EEHTt(Kn)Ln‘EHi-

By (SubGN) and a general Hoeffding inequality for sub-Gaussian random variables (cf.
(Vershynin, 2018, Theorem 2.6.3)), we have for all y > 0,

Pe(<L£T§(Kn)f, €)n > y) < exp < B Cn2y2 ] >
o?|| LErE (Kn)E 3

o ( cny? )
X - - = 9
=T 2 (KE 2
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where we used the fact that ||LI|op = [[Lnllop < 1 and (BdF) in the second inequality.
Moreover, an application of the Hanson-Wright inequality (cf. (Vershynin, 2018, Theorem
6.2.1)) gives for all y > 0,

P([[re(EKn) Lnell;, — Bellre(Kn) Luell > v)

gexp<—c< 1 n2y2 A\ Y ))

oM LErE (Kn)Lnllfs o2 LErE (Kn) Lnllop

By Assumption (BdF) and the fact that ||Ly|lop = ||LL|lop < 1, we have
HLZTtQ(Kn)LnHOP <1 and HLZTtQ(Kn)LnHIQ{S < HLHHEIS = tr(LnLg)~

We thus obtain that

P([[re(Kn) Lnell;, — Bellre(Kn) Luelly > v)
n2 2

o (e[ a )
- ottr(L, LYY o2/

This completes the proof of the right-deviation inequality. The left-deviation inequality
follows analogously. O

Lemma 28 Suppose that Assumption (SubGN) holds. Then, for every t > 0 and every
y > 0, we have

2,2

P (K20 (71 > TR0 + ) < exp (- (e n ™)

<exp<_c(WAny)).
- ottr(L,LT) o2

Proof of Lemma 28 First, note that o2n  N¥(t) = EEHKé/zgtl/Q(Kn)éH%. Moreover, by
the Hanson-Wright inequality (cf. (Vershynin, 2018, Theorem 6.2.1)), we have for all y > 0,

1/2 1/2
P (| Ky 201" () Lnell2 > B[ K321 (Kn) Lue2 + )

n?y? ny
Sexp(—c(4 T AT ))
o HLnKngt(Kn)LnHHs g ”LnKngt(Kn)LnHOD

The claims now follow from inserting |LIK,g:(Kyn)Lnllop < 1 as well as
L5 K gt (Kn) Lnllfs < tr(Ln Ll Knge(Kp)) < tr(LpLiy). O

Lemma 29 Let L, = g;/z(Kn)Krl/Q with regularizer g satisfying (LFL). If (SC(r,R))

holds with s = r —1/2 > 0 and if |[(Z+ T Y2(S, = Z)(Z + T7H7V2||op < 1/2, then
there is a constant C' > 0 depending only on s, R and M such that for every 0 <t < T,

1 1Xn — EIIZQQS>

1 ~
2 2
Ire(E)EIE < Zlre(EK)EIE + O g + ——
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where the last term in the upper bound CT 1|, — X[|2)%* can be dropped if s < 1/2.
Moreover, if (SC(r,R)) and (QuErr) hold with s =r —1/2 >0 and ¢ > r and if ||(X +
T=H"V2(8, =) (E+ T 72| op < 1/2, then we have for every 0 <t < T,

) 1 HZ o EHQ/\Z;
Ire (eI < € (s —<),
where the second term in the upper bound can be dropped if s < 1/2.

Proof of Lemma 29 Using the identity f = S, f and the singular value decomposition
n (2.3), we have

[[re (K, f”n Z/\ 7 (A fvu]>

ji>1
1 " a N 1
SE Z )\ng()\j))\jTtQ()‘j)<faaj>2+f Z <f7ﬁj>2
5T>1 \T<1
1
= HIn(EEE + 7 3 (f ),

A, T<1

where we applied (LFL) and (BdF) in the inequality. To see the first claim, we have show
that

> (fray)? < OT% + S0 — S50, (7.19)
\T<1

where the second term [|X, —%[|2}?* can be dropped if s < 1/2. By assumption ||X—X,||op <

(A1 +T71)/2. By assumption, we have f=23%%g with ||g|ly < Rand s =r—1/2 > 0. Hence,

Z <f712]>2§2 Z g?“j +2 Z gvuj>2

\T<1 \T<1 \T<1
<2 ) AP(g.a) +20(Z° - )9l
\T<1

<277 gll3, + CIIT = ZallSp* 9l

where we applied (A.1) and (A.2) in the last inequality and where C' > 0 is a constant
depending only on s and M. If s < 1/2, then we have

ST fa? = Y S+ T (S + T ) 080y 1)
\T<1 \T<1
S (2T71)25H(En _’_Tfl)fszs 2

5p

R2 < (2T71)23”(2n+T7 ) 1/221/2H28R2

where we applied (A.3) in the last inequality and where C' > 0 is a constant depending only
on s, M and R. Hence, the second part of the claim follows from

—1\—1/2v1/2¢12 —1\—1/2 —1\1/2112
(Sn + T H VS22 < (S + T Y V2(S+ T HY22,
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=E+TH2E A+ T THE+TH Y op
=(E+T ) VAE - D)(E+T )2+ 1) Ylop < 2 (7.20)
The proof of the last claim is very similar. Using (QuErr) with ¢ > r, (A.1) and (A.2), we
get
=82 (Sn) F11Fe < 2050 2re(Zn) 25915 + 2150 2re(Z) (55, — =)gll3,
< C(tflfQS + t71||2 - EnH2/\2s)u

op

and the second part of the last claim follows. On the other hand, if s < 1/2, then we have

I3/ 2re () F 13 < IS 2re(E0) (S + T (S0 + T71) 7 22glI3,

< CLISY2re(Ea) (En + )5 1(Sa + ) TAE + )RS < Cot T,

where we applied (QuErr) and (7.20). O

8. Proofs for random design results
8.1 Concentration inequalities

In this section, we provide concentration and deviation inequalities needed to transfer our
results from the fixed to the random design setting. We start with a deviation inequality
dealing with the change of norm event from Lemma 16. The next lemma follows from an
extension of Tropp (2015) obtained in Minsker (2017) and further simplified by Dicker et al.
(2017) (see Lemma 45).

Lemma 30 Suppose that (BAK) holds. Fort > 0, let & be the event defined by
E={IE+t) S =) (S + )P lop < 1/2}.

Then there are constants c1,ca,C1 > 0 depending only on M such that, for every 0 < t <
c2n,

P(€F) < Crtexp(—cin/t).

Proof of Lemma 30 The proof consists in checking the assumptions of Lemma 45 from
the Appendix. This justifies introducing constants R, V, and D from Lemma 45. In
particular

=+t ) V2hy, @ (4t V2hy, - (S+tH7ID

Then ||&1]lop < 2/|(X + til)*l/%xlﬂi < 2M?t = R. Moreover, we have

2
IElop < [|[B((S+ 7)™ 2hx @ (2 +17) 7 2kx)

op
< [+ ) s B (S 4+ ) R @ (8 4 672k

op
< M2 [[E(S 4+ ) 2 hx @ (S 4 1) kg

op
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<tM?=1V.

:tM2H(E+t_1)_1E
op

Similarly with D = N (¢), we have
tr(EE2) < tM2tr((S+ ¢ H)7'S) = tM?N () =V - D.

Then, for every ¢ > 0 such that V/2n=1/2 4 (3n)"1R < 1/2,

1< 1 n
¥ nzl G zg | SN [_8(M2 ¥ (2/6)M2)t]
i= op
) n
= e [(32/3) M%] ’

where the last inequality results from (BdK), which yields the claim with C; = 4M?,
c1 = (32/3)M?, and c3 = (3/4)%(\/7/3 — 1)?/M?2. O

Next, we establish a concentration inequality for the empirical effective dimension. In-
terestingly, the event £r again plays a key role. Besides, we will apply exponential-type
inequalities in Hilbert spaces.

Lemma 31 Suppose that (BAK) holds. Then there is a constant C > 0 depending only on
M and A\ = ||X]|,, such that, for every 1 <t <T,

p(gT N {Nn(t) > CN(t)}) <e Mt
In particular, for every 1 <t < T, we have
Ele, N (t) < CN(t) +ne ™.

Remark 32 Lemma 31 deals only with the case t > 1. The reason for this is that for
0 <t <1, the trivial bound N, (t) < M2t < M? will be sufficient for our purposes.

Proof of Lemma 31 Setting
A= (B4 V(S - DS )2, (8.1)
we have
S+t )= E+tH)TPI+ A)TH(E )R
Hence,

No(t) = t2(Sp(Sn +t7H 7
=t [ Sa(S 4 )T+ AT S 4T

=t | (S TB(E )T A7
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Since &r holds and ¢ < T, we have [|4¢|,, < [|Arll,, < 1/2 by using
Ay = (2 + t—l)—l/Q(E + T—1)1/2AT<E + T—1)1/2(E + t—l)—1/27

which implies that ||(I + A¢) ™1 ||op < 2.
Then, the von Neumann trace inequality applied to non-negative symmetric operators
on the event &7 leads to

Na(t) < [[(1 +A) 7Y, tr [(z Fe 2y (2 t_l)_l/Q]
< 2tr [(Z +tHT 2y (m 4 T2
<2[N(t) +tr(A)] . (8.2)
Using the definition of the empirical covariance operator, we have
1 n
tr(Ae) = YIS+ Tk I3 — EIE + 671 kx|
i=1

In addition since [|(Z + ¢t71)"V2kx, |13, < M?%*, and E|(X + t~1)"Y2ky, |3, < M2N(t),
Bernstein’s inequality yields

2uM?N () M2 ut
]P(tr(At) > ZubPINTE) + 7u7) <e "
n 3 n
Inserting
2uMZN (t t
200N < pe(ry + w22, (8.3)
n n
we get for every u > 0,
AM? ut
P(tr(At) > N(t) + 5 %) <e ™
Finally setting u = n/t and using N'(¢t) > A1 /(A1 + 1) for ¢ > 1, it results
4M? 1
P(tr(a) > (14 5 (14 ) V) e
3 Al
Combining this with (8.2), the first claim follows with C' = 4(1 + 2(1 4+ A\ 1)M?/3). The
second claim follows from the first one, using also that N, (t) < n. O

Finally, we establish the following deviation bound for remainder traces.
Lemma 33 Suppose that (BAK) holds. Then, for each u > 0 and any 0 < k < n, we have
~ u —u
P(ZAj >230 N, —|—2M25) <em,
J>k J>k
In particular, defining
N 1 log(K+1)
= <k<K: < ; 2 <7 7)
At K) = {vo <k < K PIRYESPIRET AR }
>k 7>k
with 0 < K <n and t > 0, we have
P(A(t, K)) > 1—e ™1
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Proof of Lemma 33 Let II; be the orthogonal projection from H onto the span of the
(population) eigenvectors (u; : j > k). Then, by the variational characterization of partial

traces, we have 3, Aj = tr(Il;X) and >, ;\j < tr(I;%). We conclude that

. . 1 <&
SN =D < 6((E - D)) = = 37 ek, [} — ElMikx
>k >k i=1

Since |[Ixkx, |13, < llkx, |3, < M?, and E|Mykx,[3 < MPE[Mkx, |3, = M? X0\,
Bernstein’s inequality yields

P(j{:xj)>§E:Aj4_x/2UAf%§:j>kAj)4‘A42u) <eu,

X - n n
>k i>k

Inserting

2uM(Y ., \) M2
i>k 7 < s il

j>k

the first claim follows. The second claim follows from the first one with u = n/t+log(K +1)
in combination with the union bound. O

8.2 Bounds for the variance and bias parts

We also use the notation of Section 7 with L, = Q;/ 2(Kn)K}/ > In particular, we ab-

breviate f = §;/2(Kn)K}l/2f and € = gilpﬂ(Kn)K%/Ze. Moreover, we write N () =
tr(gT(Kg)Kngt(Kn)K,,L) for the smoothed g-effective dimension and ¢} = inf{t > 0 :
e (K)f]|2 < o?n= N (t)} for the balancing stopping rule defined from the smoothed
bias and proxy variance terms.
8.2.1 A BOUND FOR THE VARIANCE PART
Proposition 34 Under the assumptions of Theorem 19, we have on the event Ep N
A(T, |[M?TY)),

P([1Sogrspr (En)Snellz > y(u)) <37, u >0,

with

) = T (RR(E) + /o) + u+ 1),

The proof of Proposition 34 will be based on a series of lemmas successively detailed in
what follows.

The following lemma provides a slightly weaker version of Assumption (EVBound)
that is implied by the population variant (EffRank).
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Lemma 35 Suppose that (EffRank) and (BAK) hold. Let T > 0 be such that
Tlog(|M?T| + 1) <n. Then, on the event Er N A(T, | M?T|), we have

VO<t<T, t > N<E({j:th>1}Vv1)
Jith;<1

with E = 6E' + 4M?2.

Proof of Lemma 35 Firstly by (BdK) we have kX, < > i<k 5\j < tr(3) < M2 and thus
5\k < M2k~ for every k > 1.

For 0 < t < T define now k& > 0 such that tj\k >1> t;\k+1 (with the convention that
k =0 if tA; < 1). Then it follows from the above that k < |M?T]. Let us now consider
the event A(T, | M?T|) N Er. We have

" 2M2T log(| M?T| + 1)
tZAjgthAj+2M2+ -
i>k i>k
< 2E Npy1 (kV 1) 4+ 4M2, (8.4)

where we applied (EffRank) and T log(| M?T | + 1) < n in the second inequality. Using
the lower bound in Lemma 44, we have A\gy1 < 2A\g41 + 1/7. Inserting this into (8.4), we
get

£y A <4AE'(k V1) +2F (kv 1)+ 4M* < (6E' + 4M?)(k V 1),
>k

and the claim follows with E = 6E’ + 4M?2. O

Lemma 36 Suppose that (EffRank), (BAK) and (LFL) hold. Let T > 0 be such that
Tlog(|M?T| + 1) <n. Then, on the event Er N A(T, | M?T|), we have

VI<t<T,  NIt)<CINI(t) +Cy
with C1 = 2(1 +b"'EB), Cy = BE and E = 6E' + 4M?.
Proof of Lemma 36 If tA\; < 1, then (LFU) and Lemma 35 imply

Ng(t) < BtY ;< BE,

Jj1

yielding the claim in this case. On the other hand, if th > 1, then let £ > 1 be defined by
A1 <1 <tAg. By (3.2), we have

NE#) <> Xgi(Aj) + Bt A, (8.5)

i<k >k

Now by the definition of k, Lemma 35 and (LFL), we have

tZS\j S FEk S Eb_l ijgt(j\j)-
>k J<k
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Inserting this into (8.5), we get

25‘192&(5‘]) < CZ 5‘]'915(5‘]) <b'C gt(S‘J)S‘JgT(S‘J)S‘]
j=1 i<k j=1
with C' = (1+b"'BE) and b =1/2. O

Lemma 37 Suppose that (EffRank) and (BAK) hold. Let T > 0 be such that
Tlog(|M?T| + 1) <n. Then, on the event Er N A(T, | M?T|), we have

2

P (1200, (Kn)el? > 7 Aw) < 3o (~e(vn o)) w0

with
Aly) = CNE(t;) + (C + 1)y + BE,
where C =2(1+b"'BE), E = 6E'+4M? and ¢ > 0 is a constant depending only on A.

Proof of Lemma 37 If (7.4) holds, that is if N¢(£%) +y > NJ(T), then Lemma 36
implies that on &r N A(n/T, K),

A(y) > ONY(T) +y + BE > N4(T) + .

Hence,

n S n n
2

<P (IIKY26Y? (K, )el? U—QJVQT 7
— €|| ngT(”)GHn>n n( )+ny

and the claim follows from Lemma 28 and Lemma 6. On the other hand, if (7.4) does not
hold, then we can define ¢ < ¢ < T by Nji (t) = Ny (t5) +y. On ErNA(n/T, K), Lemma 36
implies

Aly) = CNI(t) +y + BE > N9(t) + v.

Hence,

2
1/2 1/2 2 9
P (K22, (Koel > T-A(y))

9rspp
2
g
= Pe(”Krl/QgtI/Q(Kn)ﬁHi > ;A(y)) + Pe(tspp > t)
2 2
< P (I K20 (Kuells > T-Ni(0) + Ty + Pelmspp > 1),

and the claim follows from applying Lemma 28 and Lemma 6 to the second last term and

Proposition 23 and Lemma 6 to the last term, using that ¢ > & and y = N (t) — NZ(&%).
U
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Proof of Proposition 34 First, by Lemma 16, we have on the event Er,
150975 pp (Zn)Spells < 201Sngrspp (Sn)Snelln + T grspp (Sn) Shel3
Applying (LFU) and the fact that 7¢pp < T, and then (BdF), we get
1509750 (En)Snelly < 21|Sngrspr (En)Shelln + T grgpp (Bn) Shelly
< 2|\ Sngrspr (Zn)Shelln + Bllgris . (Sn)Shell%

TSDP
= 2| Kngrgpp (Kn)elly, + BIIK 912 L (Kn)elln
< 2+ B)| K912, (K )el[ - (8.6)

Hence, on the event &,

Pe(|Sp9rspp (En)Shelly > y(u) < Pe((2+ B K, 29752 L (Kn)ell? > y(u),

gTSDP

and the claim follows from Lemma 37 applied with y = C'(\/N,,(T)u+u) and the fact that
the assumption 7' < cn/(logn) with ¢ small enough implies that T log(|M?T| 4+ 1) < n. O
8.2.2 A BOUND FOR THE BIAS PART

Proposition 38 Under the assumptions of Theorem 19, we have on the event Er N
A(T, [M?T]),

PE(HSPTTSDP(Zn)fH?) > z(u)) <27, ,u>0,
with

; uNo (M) +u 1 |IZ =[50
2(u) = O (lIrg v (K)F2 + == T )

If s <1/2, then the last term in the definition of z(u) can be dropped.

Proof of Proposition 38 First, note that under s = r —1/2 > 0 the regression function
f can be represented as a function in ‘H. By Lemma 16, we have on the event &,

1Spr 7550 (Za) £l < 201Snrrgpp (Bn) FI + T rrgpp (Zn) 113
Using this and (BdF'), we get

ISorrsppe (Sn) FIZ <Y (24 + T 12 L (A)(f, 1)

Jj=1
<36 > NrZ L ADar (M)A (FL )2 + 3770 > (f ).
NT>1 \T<1
Using (7.19), we get on &,
1Sp7rsp (Sa) 115 < 307 7 rgpp (Kn)E (7 + 2(w) /2,

provided that the constant C' in the definition of z(u) is six times as big as the constant in
(7.19). Hence, on the event &,

Pe(1Sprrspp (Zn) S > 2(w) < Pe(607 " |rrgp,p () > 2(u)),
and the claim follows from (7.14), provided that C' in the definition of z(u) is chosen large
enough. O

45



CELISSE AND WAHL

8.3 Proofs of oracle inequalities (inner case)
8.3.1 PROOF OF THEOREM 19

Since s =r —1/2 > 0, f can be represented as a function in H. In particular, we can write
Y = S, f + €, leading to

F =107 = f = g (En)Znf — grgpp (En)Sre
= TTSDP( )f gTSDP( )S*

Hence,

1S5 (F = FTEPPN2 < 208 (En) P + 201Spgrsps (Sn) Shell-

The last but one term is addressed by Lemma 38 and the last one by Proposition 34.
Combining these estimates with (7.16), introducing the event Qr = & N A(T, | M?T|), we
get on the event Qp,

Pc([[S,(f — fOs2P))|12 > 2(u)) < 5e7,  u >0,

with
. N (1)
2(w) = C( min {Ir(K)E2 + =2 ]
VUNL(T) +u+1 1 1z —-x, !\2/\25
+ n + T1+2s + T )’

where the last term in the definition of z(u) can be dropped if s < 1/2. Invoking the last
claim in Lemma 29 and Lemma 6, we get on the event Qr,

P(||S,(f — f<TSDP>)H§ > Z(u)) < 5e%, u>0.

with

az(u)zc( min { L Nal) | IE = 2 |2A28}+ VUN"T(LTHU),

_|_
o<t<T L¢1+2s n t

where the last term in the curly brackets in the definition of Z(u) can be dropped if s < 1/2.
Integrating this inequality on the event Q7, we get
Elo[|S,(f = F75PP)||5 = Bl Ee|lS,(f — f7PP)|2
1 1 EIIE = S,)20% ) Elg,/Nu(T) +1
n

1<e<T L1428 n t

where the last term in the curly brackets can be dropped if s < 1/2. Here, we have replaced
the minimum over 0 < t < T by 1 < ¢t < T since the range ¢t € (0,1] does not yield any
improvement. Focusing now on Elq, |[|X — X, ||(2)A2S this latter term can be tackled by first

E[S - Sallep® < (BIIS = Sallgp)'™ < (B[S — Sallfg) '™
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Then, since the random variables kx, ® kx, — X are centered and independent, we have

M4

1 1
E|S — Sallfs < EEWCX ® kx|lfis = EEHkX”f}-L < T (8.7)

Using the Cauchy-Schwarz inequality, the second claim in Lemma 31 and the previous
bound, we get

Elo||Sy(f = fT527)]2
—n/t —n/T
1 1 N (t) + ne }+\/N(T)+ne ))

$+1+2s + tnlNs n

< C( min {
1<t<T n

where the second term ¢ 1n~(7%) is only present for s > 1 /2.

We now show that this term can also be dropped for s > 1/2. If s > 1, this is clear
using t~1n"1% < n~!. Assume now that s € (1/2,1). If t < \/n, then ¢t 1n=5 < ¢71725,
while if ¢ > /n then tIp=s < n~1/2-s < n1 Moreover, the terms ne~ "t and ne~/T
can also be dropped using the condition 1 <t < T < ¢;n/(logn) with ¢; small enough. We
thus get

{ 1 N(t)}+ N(T))

Eta, |1S,(f = f7P )2 < O min {15 + = ~

1<t<T

The last part of the proof consists in analyzing the prediction error on the complement
of the event Q7. Since ||f(t)||3{ is non-decreasing in ¢ > 1, we have ||f(TSDP)H%{ < H]E(T)Hg_[
Moreover, applying (BdF) and (LFU), we get ||f(T)||%{ < BT||Y||?. Hence, HSpf(TSDP)H?) <
M BT|Y||? and

1S, (f = FTsPEN3 < 2018, f 117 + 20 BT Y|

< 2||S,fl; +AMPM BT 13, + A\ BT lel|; < C(1+T|lel7), (8.8)
where we applied [Suf|2 = (1/n) X0, (f, kx,)3, < M?|fI3, in the second inequality.
Using T' < c¢yn/(logn) with ¢; small enough, we get P(Q5) < P(A(n/T,3M>T)¢) +P(£%) <

20, Te— 2"/ T < 2Cyn~ with C3 > 4. Using the Cauchy-Schwarz inequality and (SubGN)
it follows that

Elge [|S,(f — fs2P)||2 < On™ (8.9)

and the claim follows.

8.3.2 PROOF OF THEOREM 20

We prove the result in the case s < 1/2, the other case follows similarly. From previous
Section 8.3.1, let us consider the event Qp, = &, NA(n/T1,3M?Ty), where Ty = c1n/logn
and c¢; is sufficiently small such that P(€7,) < n~ (such a choice is possible by Lemma 30
and Lemma 33).

We first show that with 7' = min(7}, 7)), we have on the event Q7

N (t) } N logn)

n n

~ 2 ~ ~
I e (B2 + S8 < € (mim {72 +

AT iy (8.10)

47



CELISSE AND WAHL

By the definition of ¢ (Eq. (4.2)), Eq. (7.16) and Lemma 29, we have on the event Qr,

g (K2 + Ng(t*) < C min {t_Q’”—i—N"(t)}. (8.11)

0<t<T n
On the one hand, if 7> T3, then T = T} and TiNn(T1) < n and thus (since 2r > 1)

{t‘Q’“ + N"(t)} < L Ml

2
— <
n -1 n T

min
0<t<T

2 logn
c1n

On the other hand, if 7 < Ty, then T = T and t,, defined by t2" A\, (t,) = n satisfies either
1<t,<Tor0<t,<1. In the former case the right-hand side of (8.11) is bounded by
20 mingso{t~?"+n"'N,(t)}, where the constraint that ¢ < T has been removed, while in the
latter case the bound (8.10) is trivial since 2 ming~o{t=2"+n"AN,(t)} >t 2" +n" N, (t,) >
1 in this case. This completes the proof of (8.10).

Similarly, by the definition of T', we have

) 2D < oL {1 220 oty

We can now proceed as in Proposition 34 and Proposition 38 to obtain on the event Qp,

Ec[|S,(f — P13
<C’(m1n{t r 4 N()} \/1min{t_1+Nn(t)}+logn).

t>0 n t>0 n n

Here we used that T does only depend on the design and is thus fixed conditional on the
design. Hence, taking expectation and using Lemma 31 and Remark 32, we conclude

Elq,, ||S,(f — f57))2
< C(mln{t_gr —I—N;Et)} + \/1min{t1 —G—N;Et)} + loﬂ)

t>0 n t>0 n

The claim follows from the final arguments in the proof of Theorem 19, showing that

EIS,(f — Frsrm)2 < B Moy, 1,7 — Frsom)|2] + Cn .

8.4 Proofs of oracle inequalities (outer case)
8.4.1 PROOF OF THEOREM 17

For simplicity, we prove Theorem 17 only in the case of Tikhonov regularization. Through-
out the proof, we set T' = c¢n/(logn) with ¢ sufficiently small such that

P(ES) <n~¢, O >4 (8.12)

Such a choice is possible by Lemma 30.
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Lemma 39 Suppose that (SC(r,R)) holds with 0 < r < 1/2. Fort > 1, let FO = (= +
17185 f € H. Then we have

(i) If = Spf DN} <t R?,
(ii) | fONF, <t R2.

Part (i) follows from Theorem 4 in Smale and Zhou (2005) applied with A = ¢~1. Part (ii)
can be proved analogously; see e.g. Proposition 3 in Caponnetto (2006).

Lemma 40 Under the assumptions of Theorem 17, we have on Er,

* . N (t 1
BolSy0mmr (SSel < O _min, {Ineiel + M} 4 ),
—logn

Proof of Lemma 40 By (8.6) with 7spp replaced by 7pp, we have on the event Ep,

1559755 (En)Srelly < (2+ B)IKY 1) (Kn)elly.

97pp

Applying (7.9), we get on the event Er and for every u > 0,

N (5 U U
(P )

T

No(tr)  Vu  u _
1/2 .1/2 2 n u u
<P (2 + B 0rff (el > C(Z2 20+ 2+ 0 ) < 3e

with C sufficiently large. Integrating this inequality and inserting (7.11), the claim follows.
O

P€(||spgw(zn)s;eu§ >C

Lemma 41 Under the assumptions of Theorem 17, we have

AT . Nn t 1 logn 2r
S 10 = (e, o+ 20} L (),
—"logn

Proof of Lemma 41 We have

E|lf — S,fTP)|2 < Elg,||f — S, fPP)|2 + 2ELeg || f — S, f 0P|
< Elg,||f — S, /|2 + Cn7t,

where the second inequality follows by the same line of arguments as at the end of the
proof of Theorem 19 (cf. (8.8) and (8.9)), using that f is bounded this time which implies

1/2 1/2
lgrb (Kn) K *Elln < [1£ ]l

Let us now introduce, for t; > 0 to be chosen later,

f=8,frr) = f— 5, 1) 4 S, f1) S g (50)Sif — Spgrpp(Sn)Sie,
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where f(11) = (2 + tl_l)*lS;f. It results that

1 .
SELe1f = 5,f0P)| 2

<N = Spf N2 + Bl 1Sogrnp (Sn) Siell} + Elle, [1Spf ) = Spgryp (Sn) Sif2
=01+ I+ I3.

Form Lemma 39(i), we get I; < R2t1_2r, and Lemma 40 provides
I = E]ISTE€||SP97’DP(EH)S:L€H§

< C(E]lgT . min, {Hrt(Kn)fng n Nz(t) } n \/15)

The remainder of this proof consists in considering the term I3.
By the change of norm argument of Lemma 16 applied to functions belonging to A, on
the event Ep, we have

1504 — 897 (Sn)SHE 7
< NE = gy (K af |7+ T = 9o (S0) S3E3- (8.13)

Empirical norm in (8.13): Integrating yields

Elg, [£0) — gy (o) Knf|[5, < 2B[|f — £0V|2 4 2B 1, [|r, . (K )E
= 2[|f = Spf V|2 + 2B gy ||rrp, p (K-
The first term in the r.h.s. is addressed by Lemma 39(i), leading to the upper bound

2R2t1_2r. For the second one, integrating (7.10) with 7' = cn/logn and inserting (7.11), we
get

min, {r(cf2 + 22004 1),

Elg |r, . (K f2<C(E]1
5T||T DP( n) Hn— 5T0<t§c$ n \/ﬁ

Hilbert norm in (8.13): We have

Hf(tl) _gTDP(En)S;fH%{ = Hf(tl) _gTDP( )E f(tl +g7’DP( )S*(f( _f)H%-L
< 2l|repp (Sn) FV 1 + 20 grpp (E0) S5 (£ = £)]13,
< 2R*]7% 4+ 2BT|f") — £|2, (8.14)
where we applied (BdF) and Lemma 39(ii) to the first term and (BdF), (LFU) and the

inequality 7pp < T to the second term.
Collecting these bounds and using 7' = ¢n/(logn) and Lemma 39(i), we get

Na(t) 1 logn
I; < C(E1 in { (Kl + =22 == 2 22,
s (e min, (I} + 50+ i B0
The claim now follows from these bounds for I} — I3 by setting t; = cn/(logn). O
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Lemma 42 Fort > 0 let g:(\) = (A+t 1)71, and let T = en/(logn). Suppose that (BAK)
holds. Then we have

t
VO<t<T,  Elg,|lr(K)f|? < c(ﬂ’“ + NTE))
Moreover, we have
Vo<t <T, Elg, Np(t) < Co(N(t) + 1).

Proof of Lemma 42 The second claim directly follows from Lemma 31 in combination
with Remark 32.
For the first claim, set f) = X+ t_l)_lS;f. By Lemma 39, we have
Ele, |If — Sn(Sn + ) SHEll7
< 20\f = Spf O} + 2BLey |0 f O — Sa(Sn + ) S
< 2RV 4+ 21 g, ||SnfP — Sp (B 4+ 1) TLSEE 2.

It remains to analyze the last term. Using Lemma 16 (change of norm), we have on &,

[1Sn f® — Sy (S + 71 TS|

81 /0 (53, 4+ 1)1 5283,

<208, f Y — Sy (Sn +t ISR+ C

n

By (8.14) (where 7pp is replaced by t), the H-norm is bounded by C(t!=2" + t||f — £(||2)
and thus on &p,

180 f ) = Sp(Sy + )7L SE|2
<2[Spf® — Sp(By + ) TISE2 + C (72 + |1 — £D)2),

where we also used that t < T = cn/(logn). Since E||f — f®)|2 = | f — Spf(t)Hz < RY7r,
as can be seen from Lemma 39(i), it remains to bound the term

2015, f1) — Sp(S + 1) LS
<2(E+tTHV2((E+ )8 — (S + ) TSI 3,

where we used ||S,h% = |SY20)3, < (S +t71)Y2h|2,, h € H, in the inequality. Inserting
(SH+tHYTISf— (Sa+t7H)TISE
= (Sa+t )G = Sif) = (Sp+t ) NS =SS+t TS S
and
(Sp ) = (St ) V21 4+ A) (S )2
with A; from (8.1), we get

IS+t D 2(E+t) IS f = (S + )71 |15
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<2(I+ A) NS+t TS - S5,
+2(I+A)HE+H)TVAE, - D) O3,

In the proof of Lemma 31, we have shown that on the event &7 we have ||(1+ A;) ! |op < 2.
Hence, on &p,

I+t 2B+ TS0 f — (S + ) 7S5,
<AIE+ )TV = SEE)F + Al + 7TV (S, = D) £,
We conclude that

Ele, ||re(K)E]|2 < 8E[[(S + ¢ 7V2(S5f — Sif)|13,
+8E|(S 4+t V2(s, —2)fW)2, + ot

By construction S;f —S7 f is a sum of independent, zero-mean random variables. To see the
second claim, use that for every h € H, we have Ef(X)(kx, h)y = (f, Sph), = (S, f, h)n,
and thus Ef (X)kx = S, f. Now, using the fact that f is bounded, we have

E[(S+¢7H)7V2(Sf = Sibli3, < %EH(E +t) T2k (X1,
N(t)

1 -
< I FIRENE + ) kx|, = 1 F 12—
n n
Similarly, we have

E(£+¢7)7V2(E - ) /O

1 1N
< B[S+ ) kxR

[\

< ZE[(+ ) PRx 5((F(X)* + (fDX) = F(X))P).

3

Using that that f is bounded, the fact that ||(X + ¢~1)~/2ky||2, < M?t and Lemma 39(i),
we get

E[[(£+ )72, - ) fO15
2[|flloo

n

—2r+1
< 2|nyOONT§t) + r2at — < C(N:) +t*2’”),

<

Ell(S + 1) kx5 + M3t f = S, £V

where the last inequality follows from ¢ < ¢;n/(logn). This completes the proof. O

Proof of Theorem 17 (End) The claim follows from inserting Lemma 42 into Lemma 41.
O
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8.4.2 SKETCH OF PROOF OF THEOREM 18

The proof of Theorem 18 follows from the arguments of the proof of Theorem 17. The
improvement is based on the fact that if additionally ||2#/2=1/2kx |3 < C,,M holds for some
w € 10,1), then one can improve the concentration and deviation bounds in Lemma 30 and
Lemma 31 accordingly. First, Lemma 30 can be improved to P(£%) < C1T* exp(—cin/TH),
since now [|(Z + t71)7Y/2kx||2, can be bounded by CZM?t*. Similarly Lemma 31 can be
improved to Elg, N, (t) < CN(t) + 2ne~™/*. In particular, setting T = ¢(n/(logn))'/*
with ¢ sufficiently small, we get P(£%) < n~* and Elg, N, (t) < Co(N(t) + 1). We can now
follow the same line of arguments from above to obtain Theorem 18. Only at the end of
proof of Lemma 42, we have to apply [[(X + til)*l/zkxﬂgi < CﬁMQt“ once more.
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Appendix A. Some useful operator bounds

Let A, B be two positive, compact operators A and B on H. Then we have

JA" = Bllop < [A— B3y, 0<s<1, (A1)
and
14° = B®llop < Cs([[Allop + [ A = Bllop)* ' |A = Bllop, s > 1. (A.2)
Moreover, we have
|A*B*lop < | ABJ3y, 0<s<1L. (A.3)

For a proof of the first and the third claim see Theorem X.1.1 and Theorem IX.2.1 in Bhatia
(1997), for a proof of the second claim see e.g. Blanchard and Miicke (2018).

Appendix B. Effective dimension and eigenvalue bounds

The effective dimension N (t) of a positive self-adjoint trace-class operator X is a continuous
and non-decreasing function in ¢ > 0. Moreover, under (BdK), we have tr(X) = E[|kx |3, <
M?, leading to N (t) < M?t for all t > 0. Under additional assumption on the decay of the
eigenvalues, this bound can be further improved.

Lemma 43 (i) Suppose that for some a > 1 and L > 0, we have \j; < Lj=% for all j > 1.
Then there is a constant C > 0 depending only on o and L such that N(t) < CtY< for all
t>L1

(ii) Suppose that for some o € (0,1] and L > 0, we have \j < e~ 9" for all j > 1. Then
there is a constant C > 0 depending only on o and L such that N'(t) < C(logt)"* for all
t> el

Proof of Lemma 43 Part (i) is proved in Proposition 3 in Caponnetto and De Vito
(2007), see also Lemma 5.1 in Blanchard and Miicke (2018). In order to get part (ii), we
use that A\/(A + 1/t) is increasing in A, such that

Le Li®
N < Le " £ 1/t
jz1

Defining k > 1 by e L+D% < 1/t < e~ L+ (using that te=% > 1), we have

Le~1i® Le~1i®
N < Z Le Li* +1/t + Z Le Li* +1/t

i<k >k
<k+ty e B <k4Ct(k+1) e MDY <k Ck+ 1)1, (B.1)
i>k

where we applied Equation (5.1) in Milbradt and Wahl (2020) in the third inequality. Now
1/t < e~ implies k < (L~'logt)'/* and inserting this into (B.1) gives the claim. 0

Lemma 44 If |(Z+TY)"V2(2, = 2)(Z + T~ Y2|| < 1/2 holds, then
Vi>1, A;j/2—-1/(2T) < X\j < 3X\;/2+1/(27T).
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Proof of Lemma 44 We have
IE+T) (S = E)E+ T2 < 1/2
if and only if
D SRY 4+ T < (h, (S — Sy < (1/2)({h, Shys +T)
for every h € H such that |||l = 1. Rearranging the terms this is equivalent to
(1/2)(h, Xh)g = 1/(2T) < (h, Zph)a < (3/2)(h, Bh)3 + 1/(2T)

for every h € H such that ||h|l% = 1. The claim now follows from the minimax characteri-
zation of eigenvalues. U]

Appendix C. Concentration inequalities

The following lemma is taken from (Dicker et al., 2017). It is an extension of (Tropp, 2015)
from self-adjoint matrices to self-adjoint Hilbert-Schmidt operators.

Lemma 45 (From Lemma 5 in Dicker et al. (2017)) Let &i,...,&, be a sequence of
independently and identically distributed self-adjoint Hilbert-Schmidt operators on a sepa-
rable Hilbert space. Suppose that E{; = 0 and ||&1]lop < R almost surely for some constant
R > 0. Moreover, suppose that there are constants V,D > 0 satisfying ||E3|lop < V and
tr(EE2) < VD. Then, for all u> V'/2n~1/2 4 (3n)7!R,

1B

2

o Zu) §4Dexp<—m>.
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