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Abstract

This paper focuses on stochastic proximal gradient methods for optimizing a smooth non-
convex loss function with a non-smooth non-convex regularizer and convex constraints.
To the best of our knowledge we present the first non-asymptotic convergence bounds for
this class of problem. We present two simple stochastic proximal gradient algorithms, for
general stochastic and finite-sum optimization problems. In a numerical experiment we
compare our algorithms with the current state-of-the-art deterministic algorithm and find
our algorithms to exhibit superior convergence.

Keywords: stochastic optimization, non-convex optimization, non-smooth optimization,
constrained optimization, sparse optimization
1. Introduction

In this paper we consider optimization problems of the form

min &(w) := f(w) + g(w) + h(w), (1)
weR?
where f(w) has a Lipschitz continuous gradient and h(w) is a proper closed convex func-
tion. The functions f(w) and g(w) can be non-convex, and g(w) and h(w) can be non-
differentiable, but we assume that g(w) and h(w) have efficiently computable proximal
operators. In addition, we assume that

f(w) = Ee[F(w, )] (2)

is the expectation of a stochastic function F(w, §), where £ € RP is a random vector following
a probability distribution P from which i.i.d. samples can be generated. We will also
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consider the finite-sum problem with
1 n
flw) == fi(w), (3)
j=1

where each f;j(w) = F(w,¢;) has a Lipschitz continuous gradient.

First-order stochastic methods for the case where the non-smooth non-convex function
g(w) = 0 is an active research area. Non-asymptotic convergence bounds were first achieved
in (Ghadimi et al., 2016). For finite-sum problems, Reddi et al. (2016) were the first to
develop a proximal stochastic variance reduced gradient algorithm with an improved con-
vergence complexity. The current state-of-the-art in terms of gradient call complexity (see
Section 2) for the finite-sum problem is found in (Pham et al., 2019) using the ProxSARAH
framework.

For the problem of solving (1) where h(w) = 0, the current body of research is lim-
ited given the non-convexity of g(w). The first non-asymptotic convergence results for a
non-smooth non-convex function g(w) is found in (Xu et al., 2019b), where it is assumed
that f(w) = f!(w)— f?(w), where both f!(w) and f2(w) are convex, f!(w) is smooth, and
f?(w) has a Holder continuous gradient. The current best convergence complexity results
are by Xu et al. (2019a), which are also state-of-the-art for the case of minimizing f(w) as
a general expectation (2) with g(w) = 0 and h(w) # 0. We are unaware of any existing
non-asymptotic convergence results for the general problem setting of (1).

Given our generalized formulation, a wide range of applications can be dealt with. In
many of which, a sparse solution is desirable as it avoids overfitting to sampled data, and
simplifies the interpretation of the result and its implementation. Our motivation for g(w)
is to act as a non-smooth non-convex regularizer, such as SCAD (Fan and Li, 2001), MCP
(Zhang et al., 2010), the log-sum penalty (Candes et al., 2008), or the capped l; norm, which
are able to approximate the [y norm better than their convex or smooth counterparts. The
function h(w) allows us to include convex constraints to our problem through the use of an
indicator function of the convex feasible region.

The function f(w) is intended to model the objective of our optimization problem, such
as a loss function in empirical risk minimization, an agent’s utility function in portfolio
optimization, or a statistical method performed on sample data, where non-convex smooth
functions arise naturally. In order to show the importance of problem setting (1), three
applications which fit our model’s assumptions are investigated in Section 7, highlighting
our proposed algorithms’ usefulness in practice.

The subdifferential of sums of smooth and convex functions is well understood, as is the
subdifferential of the sum of a smooth and a non-convex non-differentiable function. We
have to contrast this with our problem setting, which is the sum of three functions where
two are non-differentiable and two are non-convex. The subdifferential of this function does
not have good calculus rules, and so it is not evident what form of convergence can be
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obtained. In order to analyze the convergence of algorithms for (1), we introduce a new
convergence measure called the subdifferential mapping, for which we prove results bound-
ing its distance to zero.

We present and analyze a mini-batch stochastic proximal algorithm (MBSPA) for gen-
eral stochastic objectives of the form (2), and a variance reduced stochastic proximal al-
gorithm (VRSPA) for finite-sum problems of the form (3). Convergence complexities for
our algorithms, as well as the current best complexities for particular cases of our problem
are summarized in Table 1. We are not aware of any other works proving non-asymptotic
convergence bounds for our general problem setting. We implemented both algorithms and
show superior convergence in practice compared to a state-of-the-art deterministic algo-
rithm, the Successive Difference-of-Convex Approximation Method (SDCAM) (Liu et al.,
2019).

Table 1: State-of-the-art convergence complexities for particular cases of (1). The conver-
gence is measured in terms of the gradient mapping in (Pham et al., 2019), the
subdifferential in (Xu et al., 2019a) and the subdifferential mapping in this paper.
We note that the convergence complexities of SPGA for the non-finite-sum case
are also state-of-art for when h(w) # 0 and g(w) = 0.

FINITE GRADIENT PROXIMAL
ALGORITHM  REFERENCE SUM h(w)=0 g(w) =0 CALL OPERATOR
) CoMPLEXITY COMPLEXITY
(PHAM ET AL., 2019) 1/2_—2 1/2 —2
PrROXSARAH THEOREM 6 vV X vV O(n'/?2e2) O(n'/%e2)
(XU ET AL., 20194) _3 _9
SPGA COROLLARY 3 % % O(e™) O(e™)
(XU ET AL., 20194) 1/2_—2 _9
COROLLARY 4 % v % On'/%e" +n) O(™)
MBSPA COROLLARY 10 X X X O(e7?) O(e3)
VRSPA COROLLARY 15 v X O(n?/3¢73) O(e™?)

2. Background
We assume that f(w) has a Lipschitz continuous gradient with parameter L,
IVf(w) = Vf(@)ll2 < Lljw — 2||2,

which we will denote as being an L-smooth function. In the finite-sum case, we assume that
each fj(w) is L-smooth. Given a sample £+ ~ P, generated in iteration k of an algorithm,
we assume we can generate an unbiased stochastic gradient VF(w, £¥) such that

E[VF(w,£)] = Vf(w), (4)



METEL AND TAKEDA

and for some constant o,
E[|VF(w,") =V f(w)||3 < . (5)
Let 0®(w) denote the limiting subdifferential of our objective, defined as

O®(w) == {v : Juw® 2, w, v* € 0B (wk) with v* — v},

where d®(w) := {v : liminf Q(x)_ﬁ(lf)_@’x_w) > 0} and w* 2 w signifies the sequence
T—w, AW z—wl|2

wh — w and ®(w*) — ®(w). The limiting subdifferential is equal to the gradient and sub-
differential when the function is continuously differentiable and proper convex, respectively.
We also assume the proximal operators of g(w) and h(w) are nonempty for all w, and that
they can be computed efficiently,

. 1
prox,,(w) := argmin {2)\||w — |3+ g(w)}
z€R

. 1
prox,,(w) := argmin {Hw - CCH% + h(:r)} , (6)
z€ER4 27

for A,y > 0. In particular, we denote an element of prox)\g(w) as

C)‘(w) € prox,,(w). (7)

We note that prox.,(w) maps to a singleton since h(w) is proper, closed, and convex, see
for example (Beck, 2017, Theorem 6.3).

We will measure algorithm complexity in terms of the number of gradient calls and
proximal operations. A gradient call is either computing VF(w, &¥) given a sample ¢, or
in the finite-sum case, returning V f;j(w) for a given j.

3. Subdifferential Mapping

For the analysis of non-asymptotic convergence bounds, the problem setting of (1) is of a
more general form compared to objective functions previously studied. In order to prove
bounds for our proposed algorithms, we introduce a new convergence measure, which we
call the subdifferential mapping,

P(w,S) = {i (w — proxu(w —78)) : s € s} ,

where S C R? is the subdifferential of a function, which is a closed set wherever the function
is finite (Rockafellar and Wets, 2009, Theorem 8.6). Defining

Gy(w) == Py(w, Vf(w) + dg(w)),
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we are interested in algorithm solutions w, with accompanying 4 > 0, which satisfy
E [dist(0, G5(w))] <, (8)

which we will call an e-accurate solution. We will also use the notation P, (w,G), when
G € R? is the gradient or a particular subgradient of a function in our analysis. G, (w)
generalizes the gradient mapping P, (w,V f(w)) which has been used in the convergence
criterion for proximal stochastic gradient methods for solving (1) with g(w) = 0, such as
in (Ghadimi et al., 2016; Reddi et al., 2016; Li and Li, 2018). To motivate the measure of
convergence (8), consider the case where

dist(0, Gy(w)) = 0.
This implies that there exists an element sq(w) € dg(w) such that
0 =Py(@, Vf() + s4(w)), (9)
and in particular
w = proxy (0 — F(V f(0) + 54(w))). (10)
From the first order optimality condition of proxs,(w — ¥(V f(w) + s4(w))) in (6),
0 € = Py(w,Vf(w) + sg(w)) + V f(w) + s4(w) + Oh(proxs, (w — F(V f(w) + s4(w)))).

Applying (9) and (10),
0 € Vf(w)+ dg(w) + oh(w).

We also note that in the case g(w) = 0, considering @™ := proxs,(w — 3V f(w)), it follows
that (Drusvyatskiy and Paquette, 2019, Equation 4.1)

dist(0, 00 (@")) < (1 + L)|G ()] |2

If (8) holds, then in expectation, w is a distance Je away from a point which is an (1+ L7)e-
stationary point.

4. Auxiliary Functions of ®(w)

The convergence analysis of our algorithms relies on a sequence of majorizing functions of
Oy (w) := f(w) + exg(w) + h(w),
where g(w) has been replaced by its Moreau envelope,
. 1 2
cxafw) = inf, {5l = alff + 9(0) .
The Moreau envelope dates back to the 1960’s, see for example (Rockafellar and Wets,

2009) for a thorough treatment of its mathematical properties and as well as its history. It
has played a critical role in regularized optimization models, as well in the approximation
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of non-smooth non-convex functions. We recall in this section how the Moreau envelope
can be decomposed into a difference of convex functions, which was first used in (Liu et al.,
2019), as well as in (Xu et al., 2019b). For further theoretical developments and applications
of the Moreau envelope for non-smooth non-convex sparse optimization, we refer readers
to the papers (Laude et al., 2018; Liu and Yin, 2019; Shen et al., 2016) and the references
therein.

Taking z = w, we note that

exg(w) < g(w). (11)

Expanding 55||w — 2|3, the Moreau envelope can be written as

L2
exg(w) = ox|lwllz = D% (w), (12)
2)
where DMw) = sup,ega (Fw?z — 55||z]|3 — g(x)). As the supremum of a set of affine
functions, D*(w) is convex, and we see from (7) that ¢*(w) attains the supremum of D*(w).
Given iteration w”, a smooth majorizing function of f(w) + eyg(w) can be written as

EX(w) = f(w) + U}(w), (13)

where
Ut w) = gyllul - (D) + 3 wh T w = uh))

We will only need to evaluate the gradient of E’/\“(w), which is simply

VEj(w) = V() + 5 (w - Awh)) (14)

The following property shows that E(w) + h(w) is a majorization of ®,(w). The mini-
mization a sequence of majorizations is a well established solution technique for difference of
convex functions including DCA (Le Thi and Dinh, 2018) as well as CCCP (Sriperumbudur
and Lanckriet, 2009).

Property 1 The following holds for E’/\“(w)

E¥(w) + h(w) > @ (w) for all w € R? (15)

EX(w*) + h(w") = &, (w) (16)
k , 1

EY(w) is Ly := (L + A) — smooth. (17)

Proof As what differs between E¥(w) + h(w) and ®,(w) is only U¥(w) and exg(w), we
will show that (15) and (16) hold between these two terms.
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(15): As found in (Liu et al., 2019), for any w, z € R¢,

DA(w) = De)= sup (JuTe — 5ollel = 9(o)) = sup (37 = 5olel - o(o))

xER4 z€R4

> 1076 - IR - ) - (35766 - glIC I - 96

1
=1 ) T (w - 2).
Setting z = w*,
exg(w) = —||w|3 — D*(w)
< oyllwlB = (D) + A wh) T (w = wh))
= U (w)

(16): Uk (k) = & lw¥[)3 — DMwk) = exg(wt) from (12).

(17): || VES ) - VEF ()| =

Vs + 5 (0= h) - (7 + 5 (- M) )

1
<L+ )lw =]

2

|
5. Mini-Batch Stochastic Proximal Algorithm
The algorithm MBSPA presented in this section makes use of
VAL o Z VF(w,&) + (w Mwh)), (18)

which is a stochastic version of VE}(w), replacing V f(w) with an unbiased estimate using
M samples 55?, j =1,...,M in iteration k. The optimal values for parameters o and 6 of
MBSPA in terms of convergence complexity are given in Corollary 10.

5.1 Convergence analysis

The convergence analysis of MBSPA follows the technique of Ghadimi et al. (2016) adapted
to our problem. We first define the following gradient mappings in iteration k,

G a(w") := Py (w", VAL (w, €Y))

and

G p(w) == Py (w", VE} (w")).
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Algorithm 1 Mini-Batch Stochastic Proximal Algorithm (MBSPA)

Input: w' € RY, N € Z+g, o,0 € R
M := [N, A= 157
Ly=L+ %, Y= I%
R ~ uniform{1,..., N}
for k=1,2,..., R—1do

M) € prox, ()

Sample ¢ ~ PM

Compute VA’/{M(wk,fk) (18)

whtl = proxwh(wk — ’yVAI;’M(wk,Ek))
end for
Output: @ € prox,,(w

)

We also note that
wht=prox,;, (w* — YV AL, (w", "))

1
=wh — 5 (’y (wk - proxvh(wk - VVAlf\,M(wkyfk>))>

—u — G (). (19)

In order to offer some intuition for Algorithm 1, we analyze its convergence for minimizing
®(w) when f(w) = h(w) = 0 and g(w) = |w|, and f(w) = g(w) = 0 and h(w) = |w| for
w € R in the appendix.

The following lemma bounds E [| ]ng (wh)] ]%} , which will be used to bound E [dist (0, G (w™))]
in Theorem 9.

Lemma 2 For an initial value wy € R?, N € Zwg, and o, € R, MBSPA generates w™
satisfying the following bound.

L+N9)A+ 6

Blof s < P A ot

where A = 4(®y (w') — Oy (w})) and w is a global minimizer of ®y(-).
In order to prove this result, we require the following properties.

Property 3 For any, including random w € R?, it holds that

0.2

E||VAS y(w, &) = VES (w)][3 <
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Proof From (14) and (18), VA%, (w,&")—VE(w) = 45 S0, VF(w, &)~V f(w). Taking

the expectation of its squared norm,

M
E|[VAS y (w, %) = VEX(w)|[3 = El| Z (VF(w, &) = V()3

n

! EZE
=1

For j # 1, VF(w,fjk)i — Vf(w); and VF(w,&F); — Vf(w); are conditionally independent
random variables with zero mean with respect to w. It follows that

Z (VF(w, &) = V f(w))][3w])
B M
> VF(w, &) — Vf(w)i)?w).

E[(VF(w,&)s = Vf(w))(VE(w,&)s — V f(w);)|w]
=E[(VF(w,&})i — V.f(w)i) [wE[(VF (w, & )i = V f(w);)|w]

=0,
and
n M
EZE Z F(w,&8); = V f(w);)? EZEZ VE(w,&)i = V f(w);)?|w]
j=1 = j=1
iEZZNFw&J f(w)i)
i=1 j=1
MZEIIVFUJ &) = Vw3
o? "~
<
- M
using (5). u

The following property can be found in (Ghadimi et al., 2016). The notation we use is
somewhat different, so we have included the proof in the appendix for clarity.

Property 4 (Ghadimi et al., 2016, Lemma 1) Let w,s € R? and v > 0, then

— (5, Py(w, 5)) < = (h(w) — h(prox,;,(w — 7s))) = [Py (w, 5)|13.

2

Property 5 For any w € R?, it holds that
IG5 4(w) = G5 p(w)ll2 < [[VAS py(w, €%) = VES (w)]]2-

9
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Proof
1G5 a(w) = G g(w)]]2
1

=117 (10 = pros (1w = 79 AL a1 €9)) = = (10 = prosw = 7V E{ ) I

1

:§H prox.;, (w — YV E5 (w)) — prox.;,(w — yVAX ys(w,&"))]]2
1

S;Hw — YVES(w) —w+ ’YVA]i,M(wvfk)\b

=[|V A5 s (w,€°)) = VES (w))] ]2,

where the inequality holds due to the nonexpansivity of the proximal operator of proper
closed convex functions (Beck, 2017, Theorem 6.42). [ |

Proof of Lemma 2 Given the smoothness of E¥(w) as shown in Property 1,

Ly

2
Ly

= Ex(uw®) + (VEX(w"), =105, a(w")) + G5 a (w3,

EX(w™) < EX (") + (VEN ("), ! — ) + 2wkt —wh|]3

from (19). Let 6y := VA’;’M(wk,ﬁk) — VE}(w"), then

L
ES(wh) < BY(w®) = (VAR 3 (wF, €5), G5 4(w®)) + (0, G5 a(w")) + ?AH'ng,A(wk)Hg'

Using Property 4 with w = w* and s = VA§7M(wk, &R,

L 2
EX (W) < BY(w*) + h(w®) = h(w*h) = 411G 4(w®)[[5 + {6k, G a(wF)) + A; 1G5, A (w")][3-
Applying (15) and (16),
- - Ia~2
B (w) < B (104) — 71168 4w 10, G5 () + AT G5 (w3
- Ia~2
= a) + (5 =) 19 AWHIB 4100, G} + 1000, G ) = G5 ()

IA
=0

L 2
() (B 3 ) 1198 AV 0 5 )+ 2195 4 0¥) — G5 )

IN
(=i

L 2
0+ (F55 =) 168418 (60,04 () + 2104

where the last inequality uses Property 5. After N iterations,

L)\,YQ N B B N
(7= 555 ) D HGE AW < a(w!) = a0 +93 (61,04 5} + 154]3)

k=1 k=1

N
< da(w!) = Ea(w) + 7Y (0095 () + I15l3) - (20)
k=1

10
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It follows from (4) that for ¥ independent of w, E[VA’}\’M(w,fk)\w] = VE¥(w), and so
E[61|w¥] = 0. Taking the expectation of both sides of (20),

N
L ~
(7;72>§:E||g’;ﬂ(w’f)|§ <®y(w') — By (w +7§ E ({3, G5 £ (w")) + [164]3)
k=1 k=1

=y (w') = Br(w) + 7Y (BE0k, G (") [w']) + Ell513)

(E(EDIw"], G p(w")) + ElI8k113)
~ ~ N
=Py (w') = dr(w*) +v ) Eldl13

<(wh) - B(w") + 73,07

where the final inequality uses Property 3. As we choose R uniformly over {1,..., N},

|62 (I = ZEHg’i o1
< % (atw) = Ew) + 2350
N (- 5)
2L /= ~ 2
= 22 (Baw!) = da(w") + o,

1
Ly~

E|lG g (w3 = EllGF a(w™) + G p(w™) — G 4 (w™)|13
=E (1654 (w13 + 2(G5 4 (w™), G p(w™) — G4 (w™)) + (|G p(w") — G a(w"
< 2E]|GF (w3 + 2E||G g (w") — G A(wP)I[3

where the final equality holds since v =

< 4]\,& ((ih(wl) - ih(w*)) + %02 +2E[| VAR (W, €7) — VEF (w")||3
< ()~ da0)) + 0% + o0
= IO (") — da(u)) + 0
0
= (L—lj-VN )A—}— []\?a'|0-2’
where the first inequality uses Young’s inequality on the middle term. |

In order to prove the convergence of E [dist(O, Q:Y(E)R)], we require the following three
properties. The next property can be found in (Beck, 2017). Our assumptions are slightly
different, so we have included the proof in the appendix for clarity.

11
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Property 6 (Beck, 2017, Theorem 10.9) For v' > ~% > 0 and any w,s € R?,
[Py (w, s)[l2 < [[Py2(w, s)|[2.

Property 7 Assume that g(w) is Lipschitz continuous with parameter | and 5 > vy, then
. 2
ist(0.G5(c*w) <18 sl + 20 (2 4 2).

Proof Given that (*(w) is a minimizer of 3 ||w — z[|3 + g(x) from (7),

S = A(w)) € g (w)).

It follows that
dist (0, G (¢ (w™)))
<Py (¢Mwh), V(G (")) + l(wk — CMw")ll2

A
=[[P5(¢H(w"), V(A wh)) + %(wk = CMw"))) + Ps(wh, VEX (w*)) — Py (w®, VEX (w"))]|2
<[Py (w, VE§ (@) + 1P (X (wh), VA (wh)) + + (wh = M) = P (wh, VEE @)l

A
Given that ||P5(w®, VEF (w))||2 < ||Py(wk, VEE(w))||2 = HgﬁE(wk)Hg from Property 6,
dist(0, G5 (¢* ("))
<[1G5 p(w")ll2 + [[P5(¢H(w®), V(¢ (w")) + %(wk = Awh))) = Ps(w, VEY ("))
(21)

Focusing on the second term,
[1P5 (¢ (wh), V(¢ (w)) + %(wk — (Mwh))) = Py(w®, VEX (wF))|l2

= [} () = proxu(@wh) - 3T + it - )

1 (ot = (9 + S - M)

<G ) =l + 2 prossy (= 7V () + 3wt = (wh))

[t

= proxs;, (¢M(w”) = Y (V (¢ (w")) + X(wk = )2
1

1 1 i}
SgHCA(wk) — w2 + gHw’“ = A(VFW®) + 5w = "))

— (Mw®) = (VP (W) + %(wk — M)l

S;IC*(UJ’“) — ]y + V(") = Vf(w")]]2

simw’“) M + L) — w2 (22)

12
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where the second inequality follows from the nonexpansivity of the proximal operator. In
order to bound ||¢*(w*) — w¥||s, recall from (11) that

9(w) = exg(w)
= llw = @)l + 9(¢A(w)),

Rearranging and using the Lipschitz continuity of g(w),

S llw = )l < g(w) — 9(c*(w))
< tjw = @),
and dividing both sides by 55||w — ¢} (w)]|2,
o = A w)llz < 20 (23)
Using (21)-(23),

dist (0, G5 (M (w")) /1G5 p (w2 + g\!@(wk) = w”|lz + LI[¢Hw*) — w']]

<[1G5 g (w")|l2 + 27 (7 +L>

Property 8 Let w* be a global minimizer of ®(-) and let w} be a global minimizer of NOY
Assume that g(w) is Lipschitz continuous with parameter l, then

By (w) — By (wh) < B(w) — Blw*) + Z?

Py (w) — Px(w}) — ®(w) + S(w*)=erg(w) — f(w}) — exg(wy) — h(w})
w) + f(w) + g(w*) + h(w”)

— f(w}) —eag(wy) — h(w}) + f(w*) + g(w*) + h(w”)
— f(w}) —eag(wy) — h(w}) + f(w

=g(w}) — eag(wy),

IAIA
&
Q,‘i

S
S

4

>=

S
S

where the first inequality follows from (11). For any w,

1
—exg(w) = —gyllw - Cw)|13 = 9(CA(w))
Adding g(w) to both sides,

g(w) ~ exg(w) = g(w) ~ (X)) — 55 llw —~ Cw)IB
< lljw = Ak~ gy llw - A@)IB.

13
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The right-hand side is maximized when ||w — (*(w)||2 = I\, giving the desired result,

2
o) — exglw) <

Theorem 9 Assume that g(w) is Lipschitz continuous with parameter | and 7y = ﬁ for
T < 0. The output W' of MBSPA satisfies

E [dist(0, G5 (w™))] S\/W (A + 2l2> + \/%2 + 2 (2NT + L),

N NO [No] " NY
where A = 4(®(w!) — ®(w*)) and w* is a global minimizer of ®(-).

Proof We first verify that 4 = % >

ok,

>

ﬁ L+1N9 = . From Property 7, taking (*(wf) =
2
dist(0, G5 (@) < IG5 5(w™)||2 + 21X (7 + L) .
Taking its expectation,

B [dist(0,05(0")] <B{I6 ™kl + 200 (2 + 1)

21
<[ 162 5(w)1B] + 25 (N7 + 1)

(L + NY) - 602 2
<A/ R —
<\ A+ a7 F e BN D),

where the second inequality uses Jensen’s inequality and the third inequality follows from
Lemma 2. The result then follows using Property 8 as

Having bounded the expected distance of Q;Y(U’JR) from the origin, we prove an e-accurate
point convergence complexity.

Corollary 10 Assume that g(w) is Lipschitz continuous with parameter l. To obtain an e-
accurate solution (8) using MBSPA, the gradient call complexzity is O(e~°) and the prozimal
operator complexity is O(e~3) choosing 0 = %, o= %, and T = 0.

14
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Proof From Theorem 9,

E [dist(O,Qﬁ(wR))]g\/(L—;\fm (A + JQ\Z) + \/[?\;‘; + % (24 L)

:O(NO.SG—O.S) + O(N—O.Sa) + O(N_e).

)

Wl

Setting 6 = % and a =
E [dist(0, G5(@™))] < O(N~5).

An e-accurate solution will require less than N = O(e~3) iterations. Two proximal op-
erations are required per iteration, which establishes the proximal operator complexity of
O(e73). The number of gradient calls per iteration is [N®] = O(¢~2). The number of
gradient calls to get an e-accurate solution is then bounded by

N[N = O(e™).

6. Variance Reduced Stochastic Proximal Algorithm for Finite-sum
Problems

In this section we assume that f(w) takes the form of (3). This is a common problem setting
when optimizing over a collected dataset, such as when doing empirical risk minimization.
The algorithm MBSPA applies for this setting as well, but in this section we analyze a
variance reduced method, VRSPA, which in addition takes advantage of the finite-sum
structure of f(w) to acheive a better convergence complexity compared to MBSPA, see
Table 1. The optimal values for parameters o and 6 of VRSPA are given in Corollary 15.

6.1 Convergence analysis

We require the function Ef’t(w) in our convergence analysis, which is constructed in the
same way as E’/{(w) (13), but using w} instead of w*. This function possesses the same
characteristics as found in Property 1. In addition, let

k, k,
Gy (wr) == Py (wf, VEY! (wf)).
The convergence analysis follows the work of Li and Li (2018) adapted to our problem.

Lemma 11 For an initial value w1, N € Zso, and o, € R, VRSGA generates wit satis-
fying the following bound.

~ L+ (Sm)?
E[ll6"T wf) 3] < AZ 5

where A = 36(®,(w!) — @ (wy)) and w} is a global minimizer of ®,(-).

15
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Algorithm 2 Variance reduced stochastic proximal algorithm (VRSPA)
Input: @' € RY, N € Zwg, o,0 € R
m = [n%], b =m?
5 =7, A= (Sm)~
Ly=L+5%7=5;
R ~ uniform{1, ..., S
for k=1,2,...,R do

wh = ok
GF = V f(a*)

fort=1,2,...,m do
(Mwf) € proxyg(wy)
I ~ uniform{1, ...,n}°
Vi =4 Y er (Viwg) = V(@) + G* + 3 (wi — O (wy))
wfﬂ = PTOX«/h(wf —VF)

end for

~k+1 __ , .k

w - merl
end for

T ~ uniform{1,...,m}
. i R
Output: wy € prox,,(wy)

In order to prove this result, we require the following properties. Property 12 can be
found in (Li and Li, 2018). We have included the proof in our notation in the appendix.

Property 12 (Li and Li, 2018, Lemma 1) Consider arbitrary w, s,z € R?%, and wt =
prox, , (w — 7s),

L L
By (wh) + h(wh) B (2) 4+ h(z) + (VEY (w) = s,wt —2) + Dt —wlf + 2]z —wlf3
1
— —{wt —w,wt - 2).
v

Property 13 For vectors w, x, z, and 3 > 0,
o = alff < 1+ Bl = + (14 5 ) s - ol

Proof

lw = 2l3 = |lw - 2 + = — @[3
2
< ([fw = zll2 + |z = [[2)

= |lw — 2[5 + 2||w — 2ll2l|z — z[l2 + ||z — 2]l3

1
< [Jw — 2|13 + (ﬁl\w—ZH%JrﬂHZ—ﬂfH%) + 1z — 23
2 1 2
= @4 Bl =zl + {1+ 3 ) [l = 2l

16
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where the second inequality uses Young’s inequality. |

Proof of Lemma 11 Let 0}, = proxvh(wf - 'yVE]/\C’t(wf)), with wt = wf |, w = wf,
s=VF and z = wa in Property 12 to get the inequality

k, feyt . k, .
E\ t(wﬁrl) + h(wf+1)<E t(wfﬂ) + h(wfﬂ) + <VE>\ t(wf) - %k7w£c+1 - wf+1>+
L Ly, k L, & ko k Ny
|| Wyy1 — Wy ||§ - ;<wt+1 — Wy, Wiy — wt+1>'

(24)

wk
Hwt+1 Fls + =

In addition, let wt = wfﬂ, w=wy, s= VE’;’t(wf), and z = w} in Property 12 to get
k.t k k.t k.t ak k
E)\ (wt+1) +h(wt+1)<E (wt) +h(wt) <VE (wt) VE (wt) wt+1 wt+1>
1

k k k ~k k o~k k

Hwt+1 will3 + 7”“& —will5 — ;<wt+1 —wy, Wiy — wyp)

B k) 1 Bk Ly 1\, & k(2 5
=Ly (wt)+ (wt)+ 7_; ||wt+1_wt”2' (25)

Adding (24) and (25),

el

k, k, k, Ly
Ext(wfﬂ) +h(wf+1)§E>\t(wf) +h(wt) <VE t(wt) Vt >wt+1 wf+1> ?Hwﬁl —wy|3

L, & k& K LY |k ey 12
- ;<wt+1 —wy, Wiy — W) + | Ly — 5 [ — wyil3-

From (15) and (16),

~ L
k k kit k E ok k Mok k
(I)A(wt+1)§q)>\(wt) + <VE)\ (wt) -V y Wyl — wt+1> + 7||wt+1 — Wy H%

L, & k ok ke k
- §<wt+1 — W, Wy — wt+1> Ly— - Hwt+1 Wy H%- (26)

Plugging (wf,y — wf, wiyy — @) = 5 ([lwpy — wf|3 + waﬂ — w3 = 1l — will3)
into (26) and rearranging,

- - L 1
k.t A
k) <@a(u) + (VB (o) = Vi by = ab) + (5 - o ) b — B

1 R
- orlhuy — okl + (LA - ) [T (27)

Focusing on the term —%waﬂ — @F,4||3, we apply Property 13 with w = w},;, = wf,
and z = wf+1. After rearranging,

. 1 A
S+ B)llwks — |3 < I,y — b3+ (1 T 5) [T

17
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Dividing both sides by 2v(1 + 3),

(o)

Lk k2 k
—gHth—thHQS—metﬂ—thz (1 + )Hwt+1_wt”2
Choosing 5 = 3,
—g ks = il < — gl — bl + ity — k.
2y - 8y
Using this inequality in (27),
= g = k.t k Ly, 1 k
(I’/\(wt+1)§‘I’A(wt) (VEY (w A awt-l-l Wyi'yq) + 7 % Hwt+1 wy|[3
Lk k2 . Lok k2 . k12
_g||wt+1_wt||2+a||wt+l_wt||2+ LA— w thQ
= kit
—b(uf) + (VL () — Vi uby — i) + (2 - ) ek, — b2
O A [l
3y
. L 5
kot A
<ba(ut) + A1V ER () — VAR + (5 - o ) b — b3
1 .
n <LA - 37> [, — w2, (28)
where the last inequality holds since
kot .
(VEY (wf) = V¥, wiy —dfyy)
kot .
<||VEY (wy) — ViF|lo|lwhyy — wF 4]
k k,
=[|VEY (wf) — VF||2| | prox,,, (wf — yV;¥) — prox.;, (wy — yVEY" (w)))]]2

k7
<H|IVEY (wf) — V|3

using the Cauchy-Schwarz inequality and the nonexpans
Taking the expectation of both sides of (28),

Eds (uf, ) <E [qu(wt) T AIVER () — V3 +

+ <LA— Hg]

1

”y) waﬂ - wf

3

18

ivity of the proximal operator of h.

(%

Ly
2

5

e Hwk _wk 2
'7> t+1 t
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Focusing on E ||VEk Hwl) = ViF|3 } from (14) and the definition of V}* found in Algorithm
2, VE]/\C Hwh) = VF = Vf(wF) — (3 djel (Vfij(wF) — Vfj(@*)) + GF). After rearranging,

1
B||VES! (w) = VB = Blly S(VA(8°) = Vfj(wh) - G* + T (wh))]

Jjel
B[ Y_(Vf;(@") = Vfi(wp) = GF + V f(wi)|[310", wi])
Jjel
1
=13 > ElIVE@") = Vfi(wh) = G* + V()3
Jel
1
< 3 D EIV@Y) = V(w3
Jjel
L2
< < Elja* - wilf3.

The random variables V f;(@%) — V f;j(wf) — (GF — V f(w})) for j € I are conditionally
independent with zero mean with respect to w* and wf, and so the third equality holds
using the same reasoning found in Property 3. The first inequality holds since E||z—E[z]||3 <
E||z||2 for any random variable x. Using this bound in (29),

~ ~ L? Ly 5
B uf1)<E [Ba0) 45 10— wbl + (5 = &) llubis - bl
1 .
+ (2= 5 ) ik - b

~ Ly, . 13L
<k [a(uh) + Gollat - bl - 2

k k
IBEA b — w3 — Lyl — wtua]

13L>\

= Ly, .
i [ a(ut) + Gl — wb1 - P by~ ub - g lIOEwbIE]

(30)

where the last two lines use v = %. Focusing on — 131“

13 with w = wfﬂ, z=u" and z = wf,

llwiy — wf|[3, we apply Property

- 1 -
(14 B)l[utsy — whl3 > llwky — a3 - (1+ 5) ok — |2

1
m/\(HB)H f_ @kH%

wh o —w —— | |w —w +
4 H t+1 t ”2 = 4(1 +B)|| t+1 H2 4(1 +ﬂ)

Setting 8 = 2t — 1,

13L,\

H wiy —willz < = 3t H Wity — W3 8t—4H ¢ — W[5

19
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Applying this bound in (30),

- - Ly 13L, 8 13L
E®(wf)<E | ®r(wf) + | = + —— | [|[@" — wf|]3 —
)< [A<wt>+(66+8t_4)u 13- 20w, -
k\|12
LAl
Summing over t,
m
~ ~ Ly 13Ly -
B b )<E |E3(0h) + 3 (5o + gy ) I - ut
t=1

13L)\ -
3 s a1 - g3 b

As @F = wf and ||wk, , — |3 >0,

E‘ix(wﬁm)

m
. Ly 130,
Eiwh + Y (5 + 5 )|| —ufl
t=2
13L)\ .
S - a1 - g St et
—F _(i) (wk)+n§ &-1— 13Ly  13Ly k., — a*|2 — Z”g
AT 6b ' 8t+4 8t 1 2 36L
B m—1 I I
~ A A -
<B | + 3 <6b—2t2)||wfﬂ—w’fr|% o an (uh) Hz]
t=

where the last inequality holds since 6b = 6m? > 2(m — 1)2 > 2t2 fort = 1,...,m

summation can be equivalently written as

S ki -
Ed)(0"F!) < By (a*) — [36L ZHg'yE wt ||2] .
Rearranging,

< E®) (0F) — Edy (w* 1),

m
E | oy 2o 6wl
summing over k,

< @)\ (0') —EQp(0°1)

S m
B |oor 2 0k (I

k=1t=1

20
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36L
Sm

and multiplying both sides by

361 ((0") - B ()
Sm
L+ (Sm)?
Sm

R,T
E |92 (whI3] <

=A

We now prove the convergence of VRSPA in terms of the subdifferential mapping.

Theorem 14 Assume that g(w) is Lipschitz continuous with parameter | and 7y = % for
7 < 6. The output wqfi of VRSPA satisfies the following inequality.

m)? m)—?0

Sm

where A = 36(®(w!) — ®(w*)) and w* is a global minimizer of ®(-).

Proof We check that 4 = % > (any > (Srln)@ > 6(L+(1Sm)9)

— . From Property 7,
| i 2
dlst(O,gi(wg)) < Hgfg(wIE)HQ 2 <7 - L> .

Taking its expectation,

E [dist(0, Gy (w1)))] <E[|G15 (wi)||2] + 207 <3y + L)

<\ /2 (1952 pIB] + rgomry (27 + 1

L+ (Sm)%) (A+182(Sm)9) 2
S\/ Sm T 5m)

g 2NT+ L),

where the third inequality follows from Lemma 11 and Property 8,

A = 36(Py(w!) — Py (w3)) < 36(P(w!) — d(w*)) + 1812\
1812
(Sm)?”

=A+

Corollary 15 Assume that g(w) is Lipschitz continuous with parameter I. To obtain an
e-accurate solution (8) using VRSPA, the gradient call complexity is O(nge*S) and the

proximal operator complezity is O(e3) choosing a = 0 = %, and T = 0.
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Proof From Theorem 14,

(L+ (Sm)é) (A+ 1812(Sm)_%> 21

is - (i
E [dist (0, G5(w7)) ] < Sm (5m)

= O((Sm)"3).

An e-accurate solution will require at most Sm = O(e™?) iterations. Two proximal oper-
ations are required each iteration, giving a proximal operator complexity of O(e™3). The
number of gradient calls after Sm iterations is

Sn + Smb = Sm—e— + Sm(n%]Q = O(n3e?).

[n3]

7. Applications

We now present three examples of sparse constrained optimization problems which fit within
our assumptions.

7.1 Sparse Binary Classification with Outlier Detection and Fairness
Constraints

We are given training data {x,y} where x = {z1, 22, ..., 2"}, 27 € R? is the feature set, and
y = {y' % ...,y"}, v € {~1,1} is the label set. In the application of classifying people,
there may be sensitive attributes such as race or sex. Even if a sensitive attribute x, € z is
removed from the feature set, our predictions may still be correlated to it, resulting in our
model disproportionately treating a subset of the population unfairly. This is remedied by
bounding the covariance between the sensitive attribute x, and the model output as done
in (Zafar et al., 2017),

n
Z(wé —Z)v' 2 | <e,
j=1

J

where Z, is the mean of z,, =, is the jth feature vector with the sensitive attribute re-

moved, v'a’ o 1s our model output using decision variables v € R?, and ¢ > 0 determines

the maximum covariance tolerated.

We consider the smoothed 0-1 loss of Zhao et al. (2010) as our loss function,

0 ifu>1
Lu)=< tud—3u+35 if —1<u<l1 (31)
1 otherwise .
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We implement outlier detection by the mean-shift method, modifying our prediction

to v a?

J .+ 27, using decision variables z € R™ to reduce the loss incurred by outliers. It

was shown in (She and Owen, 2011) that the [; norm is not effective as a penalizer of z
when multiple outliers are present, which motivates the use of a non-convex regularizer. As
all of the regularizers considered for g(w) in Section 1 are separable, we are able to take
g(w) = g*(v) +g*(2), and are free to use different regularizers for v and z. The classification

problem is then solved by the following minimization,

1 & . ) )
s = Tl T 0 J 1 2
min ;—1 Ly (v al,+27))+g (v)+9°(2)

&, :
st~ z;(a;g—xa)m;ﬂ_a <ec.
j:

The feasible region of decision variables v can be rewritten as

AT
z v<c¢
C_{v'—:ﬁTUSC}’
S (@ — Fa)al

Property 16 The projection of v onto C equals

S|=

where © =

T

T 'v—cpa
TR
projo(v) = Q v — L vFeq
H33||2
v else.

ifiTv>c¢

if —&Tv>c

Proof The projection of v onto C' can be found solving the following minimization problem,

N .
min [ — o]

st. 2w <ec

7T

<

<c

using its KKT conditions,

v=v+ (p2 — )t
xTz_)Sc fi”Tz_)gc
B, p2 =0

(@70 —¢) =0, ps(—i'v—c)=0.

(32)

(Stationarity

)

(Primal feasibility)
(Dual feasibility)

)

(Complementary slackness

We consider three scenarios for v, the first being when #7v > ¢, where an optimal solu-

: 2Ty _ . - .

ton is p1 = %H%C’ pe =0, and ¥ = v — 11 2. The second scenario is when —27v > ¢, where
BT _ O . o

we set pu1 = 0, pg = —IH;@C, and ¥ = v + peZ. Finally, when v is feasible in (32), we set

w1 = po =0, giving v = v.
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We take g'(v) := Z?lzl g} (vi) equal to MCP, where for k1,1 > 0,
! “ 0,1 d 33
g; (vi) = kK1 ; max( _V1f€1> u (33)
v? .
_ Kilvi| — 2 if |v;| < 11Ky
viK3 )2 if |vi| > v1k;.

Property 17 g'(v) is k1 d -Lipschitz continuous.

(vi)

Using the mean value theorem, for v} > 0, |g!(v])—g}(vi)| < K1|v)—v;]. Given the symmetry
of g}(v;), this bound holds for all v},v; € R, and

Proof Assume v; > 0, over which g; (vl) is differentiable for v; < Ki1.

p
> (gi () — gﬁ(vi))‘

i=1

< Z |gz z gz vl)‘
< K1 Z |v; — v
=1

< Hl\/JH’U/ — |2

l9' (") = g' ()| =

As considered in (She and Owen, 2011), we set g*(z) equal to SCAD, which is also
separable. For k3 > 0 and vy > 2,

|z 0 —
g?(zi)zﬁg/ min (1, max(0, vyt u)> du
0

(v — 1)ka
Ka|zi| if |z;| < ko
W if ko < |zi] < 1ako
(vg + 1)K3/2 if |z;| > voka.

Similarly to MCP, SCAD is symmetric and |dist(0,092(2;))| < k2. Using the same
reasoning as in the proof of Property 17, we get the following property.

Property 18 ¢2(z) is koy/n-Lipschitz continuous.

For the closed form solutions of the proximal operators of MCP and SCAD see (Gong
et al., 2013).
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Property 19 The function %Z?:l LT, + 27)), with L(-) as defined in (31), is
= > i1 (2" )7, 1]|[3-smooth in v and =.

Proof Taking the second derivative, |£”(u)| < 3. Using the mean value theorem, |£(u) —
L'(t)| < 3|u—t|. Composing £(u) with the affine function y/(v'z’ , + 29), the resulting
function is 2||[(z”,) T, 1]||3-smooth (Shalev-Shwartz and Ben-David, 2014, Claim 12.9). We
conclude that %2?21 Ly (vTa’, +27))is & > et [(z”,) ", 1]||3-smooth. [ ]

For the following two applications, it is assumed g(w) is taken as either MCP or SCAD
for simplicity.

7.2 Sparse Portfolio Optimization using S-Shaped Utility with Loss Aversion

We assume there are d risky assets with stochastic returns r;, 2 = 1,...,d, and an investor
desires to place a fraction w; of their wealth into each asset ¢. Finding a sparse portfolio
is desirable as trading fewer assets generally results in lower transaction costs. Motivated
by prospect theory (Kahneman and Tversky, 1979), we assume the investor is risk adverse
in gains (concave utility) and risk seeking in losses (convex utility). Our objective is to
maximize the following exponential utility function

el ey
l—e T ! if Z(z‘izl wW;T; = 0

F(w,r) = (34)

6¢2(Z§l:1 wiTi) 1

e otherwise,

where 1!, 12 > 0. This utility function has been considered in (Kobberling and Wakker,
2005; Pirvu and Schulze, 2012). Choosing ! > 1% models loss aversion, where the investor
has increased sensitivity to losses than to gains. The optimization problem is then
max E,[F(w,r)] + g(w) (35)
d
st Yy w <1
i=1

w; > 0fori=1,..,d,

where we assume there should be no short selling. Let

— . Zlewigl
@= {w'wizOforizl,...,d ’
and IV := {i :w; <0} and I := {i : w; > 0}.

Property 20 The projection of w onto Q can be computed in two steps: 1) projg(w;) =0

foricIN; 2)if S w; > 1, project {w; : i € IT} onto the probability simplex.
iel?
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Proof Similar to Property 16, the projection of w onto @ is the following minimization
problem,

min ||@ — w]3
0 2
d
s.t. Zu—;,» <1
=1
w; >0fori=1,..,d,

with KKT conditions,

W; = w; — o+ pi fori =1,...,d (Stationarity)

Zd: w; <1, w;>0fori=1,...d (Primal feasibility)

/;:12 0fori=0,..,d (Dual feasibility)

,uo(zd: w; —1)=0, pw; =0fori=1,..,d. (Complementary slackness)
i=1

First we confirm that if w; <0, then w; = 0, or else 0 < w; = w; — po + p; < pi, which
contradicts complementary slackness. Now if > w; < 1, setting p; = —w; for i € IV,
iel?
w; =0 for i € I”, and pg = 0, gives the optimal solution of w; = 0 for i € IV and w; = w;
fori € I, Ifinstead > w; > 1, 3. w; =1, orelseif . w; < 1, pg = 0 and there would
iel? iel? ielf

exist a j € I” with wj > Wj = wj; + pj, which contradicts dual feasibility.

|

We note that projecting onto the probability simplex can be achieved using a simple
non-iterative algorithm such as found in (Wang and Carreira-Perpinan, 2013). For the
optimization problem (35), we assume that we have access to n historical observations of
r, 7 for j = 1,...,n, and take a distribution-free approach, optimizing directly over the
observations,

flw) = =3 Fw, )
j=1

Property 21 The function f(w) = %Z?ﬂ F(w,r7), where F(w,r7) is as defined in (34)

is %WQ) Z?:l |77 ||3-smooth.

Proof We first consider the univariate function

. ol
Flu) = Fi(u) = 1_21w ifu>0
=< oY
Fy(u) = eww;l otherwise.
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The first and second derivatives of F(u) and Fh(u) are

A

Fl(u) = eV, Bl (u) = —le™', Bj(u) = ¥, and B (u) = eV,

We can see that [FY(u)| < ' and |FY(u)| < ¥? over their domains. Assume that w,z > 0
and v,u < 0. Using the mean value theorem,

| (w) = F'(2)] = |F{(w) — F{(x)]

< Plw — af (36)
[ (v) = F'(u)| = [F3(v) - F3(u)]
< ¥%o —ul (37)

Assuming ¢! > 92, let © = _va with F/(z) = F}(v), then

|F'(w) — F'(v)| = |F{(w) — F3(v)]
= |F{(w) — F{(z)]
< w — g
< pHw — ol (38)

Assuming now 2 > ¢!, let u = _ww;w with F}(u) = F(w), then

|F'(w) = F'(v)| = |[F{(w) — F3(v)|
= |F5(u) — F5(v)]
< P?lu — vl
< P?lw — v, (39)

From (36)-(39), we conclude that F(u) is max(1!, 1?)-smooth. As shown in the proof
of Property 19, since F(w,r’) is F(u) composed with the affine function 2?21 wir?, it is

79

||r7])3 max(¢p!, 1p?)-smooth and f(w) is max(¥,¢%) > i1 ||r7]3-smooth. [ |

n

7.3 Non-Negative Sparse Principal Component Analysis

Principal component analysis (PCA) finds a lower dimensional approximation of a dataset,
with the non-negative sparse extension having applications in economics, bioinformatics
and computer vision (Zass and Shashua, 2007). Given a data set 2 € R¥™" we find its first
sparse non-negative principal component by solving

n

min — 5= ST a)? + glw) (10)
j=1

s.t. [lwl]2 <1,w > 0.
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The projection onto C' = {w : ||w||]2 < 1,w > 0} has the explicit solution (Bauschke
et al., 2018, Theorem 7.1)

0jc(w) max(w, 0)

projo(w) = .

() = S Tmax(w, 0}, 1)

Property 22 Given a dataset x € R¥", the function f(w) = —5- Z;L:l(waj)Q is Ll|zzT|2-
smooth, where || - ||2 is the spectral norm.

Proof The function f(w) can be rewritten as

|V f(w) — Vf(w')HQ:H - %IL‘IL‘TUJ + %xxTw’

2

1
<ol g lw = o]l

7.3.1 EXPERIMENT

We conducted experiments to observe our convergence analysis in practice and to compare
our algorithms to SDCAM (Liu et al., 2019). We test on the problem of non-negative sparse
PCA (40) on datasets MNIST (LeCun, 1998) and RCV1 (Lewis et al., 2004). The dimen-
sions of MNIST are n = 60,000 and d = 784, and those of RCV1 are n = 804,414 and
d = 47,236. All experiments were conducted using MATLAB 2017b on a Mac Pro with
a 2.7 GHz 12-core Intel Xeon E5 processor and 64GB of RAM. In Figure 1 we compare
the performance of all algorithms. Given differences in convergence analysis and algorithm
design, we plot the objective function versus wall-clock time as a general measure of al-
gorithm performance. The values for o and € established in Corollaries 10 and 15 were
used to implement MBSPA and VRSPA. It was hypothesized that the inferior performance
of VRSPA was due to its smaller stepsize, so VRSPA2 is VRSPA using the stepsize of
MBSPA. All parameters of SDCAM were left unchanged as used in the available implemen-
tation!. The regularizer g(w) was chosen as MCP with parameters chosen as xk = é and
v = 1. VRSPA requires that each fj(w) be L-smooth, so in our numerical experiments we
took L = mjax ijx;rH2 We chose the number of iterations of each algorithm so that they

terminate at approximately the same time where at least half of the algorithms reached
an observable level of convergence. Unlike for VRSPA, the number of samples M used
to approximate V f(w) in MBSPA grows with the number of iterations. Given the rapid

1 http://www.mypolyuweb.hk/~tkpong/Matrix_sparse_MP_codes/
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Figure 1: Comparison of algorithms of this paper and SDCAM (Liu et al., 2019) on datasets
MNIST and RCV1.

convergence of all algorithms for the MNIST dataset, the number of samples used was only
M = 91, which can be observed by the choppiness of the function value. We observe in
general though that our algorithms were able to achieve a fast rate convergence in both
experiments compared to SDCAM.

In Figure 2 we plot an upper bound of the subdifferential mapping of our algorithms.
Given that the analysis of SDCAM did not use this measure of convergence we did not
include it in the plots. Following Corollaries 10 and 15 we chose 7 = 0, resulting in 4 = 1.
For each iteration k, we plot

161 (w")]|2 =" — proxg(w® — s*)|2 (41)

where s* € V f(wF) + 0g' (w"), taking 90| = 0 when computing a subgradient of dg*(w*)
(33). We can see that in general the convergence of the subdifferential mapping is not
monotonic. For non-convex optimization, as we approach a local minimum, the subdiffer-
ential of the objective will not generally be monotonically decreasing. This allows the norm
of the change in w to increase when applying a projected subgradient method while the
function value is decreasing. We also observe that the convergence of each algorithm in
terms of (41) is similar to their convergence in terms of their function values. This gives
positive empirical evidence for the benefit of using the subdifferential mapping as a measure
of convergence.
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Figure 2: Bound on subdifferential mapping of algorithms of this paper on datasets MNIST
and RCV1.

8. Conclusion

In this paper we considered minimizing a smooth non-convex loss function with a non-
smooth non-convex regularizer with convex constraints. We proposed a new measure of
convergence, the subdifferential mapping, and presented two stochastic proximal gradient
algorithms. To the best of our knowledge, we have presented the first non-asymptotic
convergence bounds for this class of objective function. In an empirical study we found our
algorithms to converge faster than a state-of-the-art deterministic algorithm.
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Appendix
Minimizing |w| using Algorithm 1
Considering the case when f(w) = g(w) = 0 and h(w) = |w|, the proximal operator of h(w)

1S
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prox,,(w) =max(0, |w| —v)sgn(w) for v >0
_Jw—sgn(w)y if jw|-v>0
o if |w] —~ <0,

and
G~ (w) = ! (w — prox.;, (w))
¥ — 5 ProXyp

B {Sgn(w) if Jw| —~ > 0

> if |w| —~ <0.

Examining Algorithm 1 in this setting,

VAL y(w,€7) =0,
and updates will be done as

whtl = proxvh(wk).

Each iteration |w”| is decreased by v when |w*| —~ > 0, and once |w*| < v, the algo-

1
rithm will converge setting w**! = 0, so after K := [lué—lw iterations G, (w’) = 0.

Considering the case when f(w) = h(w) =0 and g(w) = |w|,

prox,,(w) :=max(0, |w| — \) sgn(w) for A >0

Jw—sgn(w)A if [w|-A>0
o if [w] — A <0,

and
Gy(w) ={s:sedw|}.

Examining Algorithm 1,

1
VA (w,€%) =

" (w — prox)\g(w)) ,

and updates will be done as

In this setting L = 0, so v = A and

k+1

W = pro, , (wh),

and we recover the same convergence with w® = 0, and dist(0, G, (w¥)) = 0.
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Property 4 (Ghadimi et al., 2016, Lemma 1) Let w,s € R? and v > 0, then
1

— (8 Py(w,5)) <

(h(w) = h(prox,,(w —7s))) = [|Py(w, s)[[3-

Proof By the optimality of prox,,(w — vs) in (6),
0 € —Py(w, s) + s + Oh(prox, ), (w — vs)).
Taking p € Oh(prox,;,(w — vs)) such that 0 = —P,(w, s) + s + p, it follows that

0= (=Py(w,s) +s+p,Py(w,s))
= (s+p,Py(w,5)) — [Py (w, 5)I[3

< (5, Py (w, 5)) + i (h(w) — h(pros,(w — 7s))) — |[P(w, )3

where the inequality uses the convexity of h. |

Property 6 (Beck, 2017, Theorem 10.9) For v' >~% >0 and any w,s € R?,
prl (w7 S)HQ < HP"/2 (w7 S)HQ'

Proof For an arbitrary v € R? and v > 0, prox.;,(v) is the minimizer of %| lv — |3+ h(x)
and so

1
;(v — prox.,;(v)) € Oh(prox.;(v)). (42)
By the definition of a subgradient of a convex function, for any y € R%,

h(y) — h(prox.,(v)) > = (v — prox,,(v),y — proxvh(v» .

2=

First let y =y, v=w —y's and y = proxwzh(w —72s),

h(prox. 2, (w — v2s)) — h(prox.1p, (w — yls)) (43)
1
Z? (w— yls — prox, 1, (w — vls), prox. 2, (w — v2s) — prox, 1, (w — 715)>

= (P (w,s) —s, 717371 (w,s) — 727772 (w,s)).
Exchanging ' and 2, letting v = 7%, v = w — 7?s and y = prox, 1, (w — yls),

h(prox.ip, (w — yts)) — h(prox. zj, (w — v?5)) > (Pz(w, s) — 5, 7*Poz(w, s) — v Poa(w, s)) .

Adding inequalities (43) and (44),

0> (P (w,s) — Ppz(w,s), levl(w, s) — ’y27772 (w,s)). (45)
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Expanding and rearranging (45),

71H73~/1 (wv S)H% + FVQHIP'VZ (wa S)H%S(’yl + ’72) <7D'yl (’LU, 8)7 7372 (’LU, 8)> (46)
<O+ )Py (w, )| |2l [Pz (w, 8)]]2,

using the Cauchy-Schwarz inequality. Assume [|P,1(w,s)|]2 > 0, otherwise the property
trivially holds, and set t = [[P,2(w, s)||2/||Py1 (w, 5)||2. Inequality (46) can now be written
as

'+ 22 — (v + 4%)t<0.

The roots of the left hand side function occur at ¢t = 1 and t = %;’ so for the inequality to
hold,
1
1<t

2,3

which includes the desired inequality,

[Py (w, 5)[l2 < [|Py2(w, 5)] 2.

|
Property 12 (Li and Li, 2018, Lemma 1) Consider arbitrary w, s,z € R?%, and wt =
proX.,(w — 7vs),
kit Kt Kt Ly Ly

EV (wh) + h(w)<EY (2) + h(2) + (VEY (w) — s,w™ — 2) + 7]\10* —w||3 + 7]\2 — w3

1

— —{wt —w,wt - 2).
Y

Proof As was done in the proof of Property 4, let us take p € Oh(prox.;,(w — 7s)) such
that 0 = —Py(w,s) +s+p = %(uﬂr —w) + s+ p. It follows by the convexity of h(-) that
h(w™) < h(z) + (p,w™ — 2)

= h(z) — <i(w+—w)+s,w+—z>. (47)

Adding (47) with the following two inequalities, which come from the smoothness of Elj’t(w)
and —Ef’t(w), see Property 1, proves the result.

L
By (wh) < By (w) + (VEY (w), w' —w) + 2w —wlf3

k,t k, k, Ly
—Ey(2) < =By (w) + (-VEY (w), 2 — w) + 3|z — w3
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