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Abstract

How neural network behaves during the training over different choices of hyperparameters
is an important question in the study of neural networks. In this work, inspired by the
phase diagram in statistical mechanics, we draw the phase diagram for the two-layer ReLU
neural network at the infinite-width limit for a complete characterization of its dynamical
regimes and their dependence on hyperparameters related to initialization. Through both
experimental and theoretical approaches, we identify three regimes in the phase diagram,
i.e., linear regime, critical regime and condensed regime, based on the relative change of
input weights as the width approaches infinity, which tends to 0, O(1) and +o0, respectively.
In the linear regime, NN training dynamics is approximately linear similar to a random
feature model with an exponential loss decay. In the condensed regime, we demonstrate
through experiments that active neurons are condensed at several discrete orientations.
The critical regime serves as the boundary between above two regimes, which exhibits an
intermediate nonlinear behavior with the mean-field model as a typical example. Overall,
our phase diagram for the two-layer ReLU NN serves as a map for the future studies and
is a first step towards a more systematical investigation of the training behavior and the
implicit regularization of NNs of different structures.

1. Introduction

It has been widely observed that, given training data, neural networks (NNs) may exhibit
distinctive dynamical behaviors during the training, depending on the choices of hyperpa-
rameters. As an example, we consider a two-layer NN with m hidden neurons

f3(@) =~ > ao(wle), (1)
k=1
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where € RY, « is the scaling factor, 8 = vec(8,,80y,) with 8, = vec({ar}7",), Ow =
vec({wy }7,) is the set of parameters initialized by af) ~ N(0, 83), w? ~ N(0, 851,). The
bias term by can be incorporated by expanding @ and wy to (x7,1)T and (w],b)T. At
the infinite-width limit m — oo, given f1, 82 ~ O(1), for a ~ /m, the gradient flow of
NN can be approximated by a linear dynamics of neural tangent kernel (NTK) (Jacot
et al., 2018; Arora et al., 2019; Zhang et al., 2020), whereas for a ~ m, gradient flow of
NN exhibits highly nonlinear mean-field dynamics (Mei et al., 2018; Rotskoff and Vanden-
Eijnden, 2018; Chizat and Bach, 2018; Sirignano and Spiliopoulos, 2020). The current
situation of NN study is similar to an early era of statistical mechanics, when we observe
different states of a matter at several discrete conditions without the guidance of a unified
phase diagram.

In this work, we present the first phase diagram for the two-layer neural networks with
rectified linear units (ReLU NN). To this end, two difficulties need to be overcome. The first
difficulty is that one can not identify sharply distinctive regimes/states required for a phase
diagram with finite neurons. This situation is similar to the analysis in statistical mechanics,
e.g., Ising model, where phase transition can not happen with finite particles. Therefore, in
analogy to the thermodynamic limit, we take the infinite-width limit m — oo as our starting
point and successfully identify three dynamical regimes of NN, i.e., linear regime, critical
regime, and condensed regime. In the linear regime, 8,, almost does not change and NN
training dynamics can be linearized around the initialization similar to an NTK or a random
feature model. In the condensed regime, the relative change of 6,, tends to infinity and is
condensed at several discrete directions in the feature space. In the critical regime, which
serves as the boundary between above two regimes, relative change of 6,, is O(1) with the
mean-field model as an example. The second difficulty is the identification of phase diagram
coordinates. For the vanilla gradient flow training dynamics of NN in Eq. (1), there are
three hyperparameters «, 51 and 9, which in general are functions of m. However, through
appropriate rescaling and normalization of the gradient flow dynamics, which accounts for
the dynamical similarity up to a time scaling, we arrive at two independent coordinates

L log 3182/ ;o log 31 /32
v= lim —————, = lim —————.
m—oo logm m—00 logm

(2)

The resulting phase diagram is shown in Fig. 1. Examples studied in previous literature
are also marked, for example, Ref. E et al. (2020) studied NNs with settings represented by
the red dashed line.

This phase diagram is obtained through experimental and theoretical approaches. We
first present an intuitive scaling analysis to provide a rationale for the boundary that sep-
arates the linear regime and the condensed regime. Then, we experimentally demonstrate
the transition across this boundary in the phase diagram for an 1-d data set. Finally, we
establish a rigorous theory for general data sets.

Our work is a first step towards a systematical effort in drawing the phase diagrams for
NNs of different structures. With the guidance of these phase diagrams, detailed experi-
mental * and theoretical works can be done to further characterize the dynamical behavior
and the corresponding implicit regularization effect at each of the identified regime.

*. Code can be found in https://github.com/xuzhiqin1990/phasediagram_twolayerNN
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Figure 1: Phase diagram of two-layer ReLLU NNs at infinite-width limit. The marked ex-
amples are studied in existing literature (see Table 1 for details.)

2. Related Works

The study of regimes in the literature usually revolves around the choice of scaling factor « in
specific power-law relations to the width m. For example, the NTK scaling o ~ \/m (Jacot
et al., 2018; Arora et al., 2019; Zhang et al., 2020) and the mean-field scaling o ~ m (Mei
et al., 2018; Rotskoff and Vanden-Eijnden, 2018; Chizat and Bach, 2018; Sirignano and
Spiliopoulos, 2020) has been studied extensively. In Chizat et al. (2019), the authors identify
the lazy training behavior for lim,, -, m/a = oo, by which NN parameters stay close to
initialization during the training. In Williams et al. (2019), for two-layer ReLU network,
lazy and active regimes and their corresponding regularization effect are studied for 1-d
problems. Their analysis uses different quantities for regime separation, which cannot serve
as coordinates for a phase diagram. In Geiger et al. (2020), the authors show empirically
that the mean-field scaling of o ~ m for f1, 82 ~ O(1) fixed (i.e., vy = 1 for 4/ = 0 fixed
in our phase diagram Fig. 1) is critical for regime separation. All above works do not
account for the effect of specific power-law scaling of initialization over different layers used
in practice. Note that, in Woodworth et al. (2020), for the matrix factorization problem, a
similar critical scaling of 1/m is identified for regime separation.

In E et al. (2020), for two-layer NNs with a = 1, B2 ~ O(1), the authors study the
effect of B (~ (1) in relation to m. Specifically, they prove that NN training dynamics
can be linearized for § = o(m~'/%) as m — oo, which constitutes a line in Fig. 1. In Ma
et al. (2020), they further study such cases in the under-parameterized and mildly over-
parameterized settings and experimentally identified the quenching-activation behavior for
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finite m, which phenomenologically is closely related to the condensed regime we identified
at m — oo.

Another work related to the condensed regime is Maennel et al. (2018). The authors
study the two-layer ReLU NNs and prove that, as the initialization of parameters goes to
zero, a quantization effect emerges, that is, the weight vectors tend to concentrate at a
small number of orientations determined by the input data at an early stage of training.
However, the limit of m — oo is not considered in their work.

Our linear regime is closely related to NTK, kernel and lazy regimes, which, despite
defined under different settings, exhibit the same characteristic linear training dynamics;
our critical regime and condensed regime are related to mean-field, active, adaptive, deep,
rich or feature-learning regimes, which characterizes nonlinear training dynamics of NNs
from different perspectives (Jacot et al., 2018; Chizat et al., 2019; Mei et al., 2019; Williams
et al., 2019; Woodworth et al., 2020; Moroshko et al., 2020; Geiger et al., 2020; Chen et al.,
2020).

3. Rescaling and the Normalized Model

Identification of the coordinates is important for drawing the phase diagram. Unlike in
some thermodynamic systems where temperature and pressure are natural choices, for NNs,
it is not obvious which quantities of hyperparameters are keys to the regime separation.
However, there are some guiding principles for finding the coordinates of a phase diagram
at m — oo:

(i) They should be effectively independent.

(ii) Given a specific coordinate in the phase diagram, the learning dynamics of all the
corresponding NNs statistically should be similar up to a time scaling.

(iii) They should well differentiate dynamical differences except for the time scaling.

Guided by above principles, in this section, we perform the following rescaling procedure
for a fair comparison between different choices of hyperparameters and obtain a normalized
model with two independent quantities irrespective of the time scaling of the gradient flow
dynamics. We start with the original model (1)

) = é Z apo(wix), (3)
k=1

defined on a given sample set S = {(z;,y;)}?, where x; € R? i € [n], network width m
and a scaling parameter 1/a and o = ReLU. The parameters are initialized by

al% ~ N(076%)7 wg ~ N(07622Id)7 (4)

where a; and w;, are separated into different scales 81 and B2. The empirical risk is

1 &
%Z fG mz yz . (5)
i=1
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Then the training dynamics based on gradient descent (GD) at the continuous limit obeys
the following gradient flow of 6,

O~ Vos(0). (6)

More precisely, 6 = vec({qx}}" ;) with gx = (ar, w])T, k € [m] solves

da 1
d7tk _ = Z o(wiz;) (a Z apo(w],x;) — yz)

k=1
d’wk
TS = ——Z ~apo’ 'wk,:c, i ( klz:lak’o' 'wk/mz _yz> .
Let
_ 1 _ 1 7 1
ap = 51 ar, WE = 52 Wi, t= 51,82t’ (7)
then

da 1 =
oy At (4 S mertwte )

k=1
dwy, P11 5152 o (0] Bifa o~ _ . _:
F = _@Ez :BZ).’L'Z ak/z_:lak/a(wk,a:i) —Yil-
We introduce two scaling parameters
B1B2 y B
= y K = -, 8
o 5 (8)

where x and k' are called the energetic scaling parameter and the dynamical scaling pa-
rameter, respectively. Then the above dynamics can be written as

day, 11
ﬁ = —Eﬁ KO wkmz Z ag' o wkrwl —Yi |,
=1 k=1

dwy,
I = -k *ZHCL}CO’ wsz i ( Z a0 wk/wz _yz> .

i=1 k=1
The above recaled dynamics can be treated as a weighted gradient flow of NN scaled by
equipped with the empirical risk

m

=Ky apo(w]z), (9)

k=
Rsn(0) = 5 S (f§(@) — )", (10)
=1

(@31
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with the following initialization
ap ~ N(0,1), wj ~ N(0,1,), (11)

where we can see they are of standard normal distributions. The weighted GD dynamics
then can be written simply as

dg,
dt

M, = (1/", K,Id> . (13)

In the following discussion throughout this paper, we will refer to this rescaled model (9)
as normalized model and drop superscript £ and all the “bar”s of ay, wyg, t for simplicity.
Note that x and &’ do not follow principle (ii) and (iii) above at infinite-width limit. They
are in general functions of m, which attains 0, O(1), 400 at m — oco. For example, k = 0
and x’ = 1 for both the NTK and mean-field model, however, they are known to have
distinctive training behaviors. To account for such dynamical difference under different
widely considered power-law scalings of «, 81 and B2 shown in Table. 1, we arrive at

= —M,/Vq, Rs..(0), (12)

where the mobility matrix

, (14)

which meets all above principles as demonstrated later by theory and experiments.

Remark 1. We remark that the above rescaling technique can be viewed in analogy to the
nondimensionalization in physics, which is the partial or full removal of physical dimensions
from an equation involving physical quantities by a suitable substitution of variables. In more
general point of view, nondimensionalization can also recover characteristic properties of a
system, which in our case recovers the different behaviors of training dynamics for different
regimes.

More specifically, we can view, in the original model (1), qi = (ag, w))7, k € [m] as the
generalized coordinates which have the unit of “length” denoted as [L]. Then in the two-layer
NN (1), « should have the unit of “volume” as a normalization factor depending on m to
avoid blowing up of the model. Particularly, if o is ReLU then we can think o’s unit is [L]?
(unit of area on a plane).

Finally, following above analysis, k = % and k' = % are two nondimensional param-
eters (without unit) so as for v and «', which are suitable to serve as the coordinations of
our phase diagram.

Remark 2. Here we list some commonly-used initialization methods and/or related works
with their scaling parameters as shown in Table 1.
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Name o 3 3 K K/ Y '
1 2 818 B - logl/k o log 1/’

(related works) (£182) (?;) (mlg)noo oL 7{;‘) (mlEPoc sl [n )
LeCun 1 T \/I T Fi L f
(LeCun et al.. 2012 Vm d md m 2 2
He 1 2 2 s 4 1 1
(He et al.. 2015 m d md m 2 2

Xavier 3 5

NTK
(Jacot et al.. 2018)
Mean-field
(Mei et al. 2018 m 1 1
(Sirignano and Spiliopoulos. 2020
(Rotskoff and Vanden-Eijnden. 2018}

E et al. 8 iy 10£1/8 i 08175
(E et al.. 2020 m—roo logm m=oo logm

1 Voo 2 1 0
(Glorot and Bengio. 2010 m+1 m+d (m~+1)(m-+d) m+1
1
m
1
m

Table 1: Initialization methods with their scaling parameters

3.1 Typical Cases over the Phase Diagram

With v and +/ as coordinates, in this subsection, we illustrate through experiments the
behavior of a diversity of typical cases over the phase diagram using a simple 1-d problem
of 4 training points, which allows easy visualization.

The first row in Fig. 2 shows typical learning results over different «’s, from a relatively
jagged interpolation (NTK scaling) to a smooth cubic-spline-like interpolation (mean-field
scaling) and further to a linear spline interpolation. To probe into details of their parameter
space representation, we notice for the ReLU activation that the parameter pair (ag,wy)
of each neuron can be separated into a unit orientation feature w = w/||wll2 and an
amplitude A = |a|||w]||2 indicating its contribution to the output, that is, (A, w). For the
one-dimensional input, w is two dimensional due to the incorporation of bias. Therefore,
we use the angle to the z-axis in [—m, 7) to indicate the orientation of each w. The scatter
plot of {(Ak, W)}, is shown in the second row in Fig. 2. Clearly, the evolution of the
parameters of the examples in the first row of Fig. 2 are different. For v = 0.5, the initial
scatter plot is very close to the one after training. However, for v = 1.75, active neurons
(i.e., neurons with significant amplitude A) are condensed at a few orientations, which
strongly deviates from the initial scatter plot.

4. Phase Diagram

In this section, with v and +' as coordinates, we characterize at m — oo the dynamical
regimes of NNs and identify their boundaries in the phase diagram through experimental
and theoretical approaches. How to characterize and classify different types of training
behaviors of NNs is an important open question. Currently, a behavior of NN dynamics,
by which gradient flow of the NN can be effectively linearized around initialization during
the training, has been extensively studied both empirically and theoretically (Jacot et al.,
2018; Lee et al., 2019; Arora et al., 2019; E et al., 2020). We refer to the regime with
this behavior as the linear regime. As shown in Fig. 1, many works have proved that a
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Figure 2: Learning four data points by two-layer ReLU NNs with different «’s shown in
the first row. The corresponding scatter plots of initial (cyan) and final (red)
{(Ag,wy)}}" | are shown in the second row. 7' =0 (81 = 2 = 1), hidden neuron
number m = 1000.

specific point or line in the phase diagram belong to the linear regime. However, its exact
range in the phase diagram remains unclear. On the other hand, NN training dynamics can
also be highly nonlinear at m — oo as widely studied for the mean-field model as a point
shown in the phase diagram (Mei et al., 2018; Sirignano and Spiliopoulos, 2020; Rotskoff
and Vanden-Eijnden, 2018). However, whether there are other points in the phase diagram
that has similar training behavior is not well understood. In addition, it is not clear if
there are other regimes in the phase diagram that are nonlinear but behaves distinctively
comparing to the mean-field model. In the following, we will address these problems and
draw the phase diagram.

4.1 Regime Identification and Separation

The linear regime refers to the set of coordinates with which the gradient flow of fg at any
t is well approximated by gradient flow of its linearized model, i.e.,

fo™ = Vo fow) - (8(t) — 6(0)). (15)

Note that, the zeroth order term fg(g) does not appear because, without loss of generality, it
is always offset to 0 by the ASI trick to eliminate the extra generalization error induced by
a random initial function as studied in Zhang et al. (2020). In general, this linear behavior
only happens when 6(t) always stays within a small neighbourhood of 8(0) such that the first
order Taylor expansion is a good approximation. For a two-layer NN, because its output
layer is always linear w.r.t. output weights, this requirement of small neighbourhood is
reduced to the one for the input weights, that is, 8,,(t) always stays within a neighbourhood
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of 04,(0). Since the size of this neighbourhood of good linear approximation scales with
|05 (0)]|2, therefore we use the following relative distance as an indicator of how far 0,,(t)
deviates from 6,,(0) during the training

_ 10(t) ~ 0u(0)

RD(64(t)) (16)
“ 162 (0) ]2
Specifically, we focus on quantity sup RD(0y(t)), which is the maximum deviation of
te[0,4-00)
0., (t) from initialization during the training. As m — oo, if sup RD(604(t)) — 0, then

t€[0,4-00)
the NN training dynamics falls into the linear regime. Otherwise, if it approaches O(1) or
400, then NN training dynamics is nonlinear. Note that, for the latter case, in which 6,
deviates infinitely far away from initialization, a very strong nonlinear dynamical behavior
of condensation in feature space can be observed as illustrated in Fig. 2f. We refer to the
regime of sup RD(0(t)) — 400 the condensed regime, which is justified latter in Sec.
t€[0,+00)
4.2 by detailed experiments. For sup RD(6,(t)) — O(1), NNs exhibit an intermediate
te|0,+o00
level of nonlinear behavior. We refe[r to ‘zhis regime as the critical regime.

In the following, we will separate exactly the linear regime and the condensed regime
in the phase diagram through experimental and theoretical approaches. We first present
an intuitive scaling analysis to provide a rationale for the boundary that separates these
two regimes in the phase diagram. Then, we experimentally demonstrate the validity of
this boundary in regime separation in the phase diagram for an 1-d data set. Finally, we
establish a rigorous theory which proves the transition across this boundary for two-layer
ReLU NNs at m — oo for general data sets.

4.1.1 INTUITIVE SCALING ANALYSIS

Before we jump into a detailed analysis, through an intuitive scaling analysis, we first illus-
trate the separation between the linear regime and the condensed regime. The capability,
i.e., the magnitude of target function that can be fitted, of the two-layer ReLU NN around
initialization can be roughly estimated as

C =mp1P2/a =mk.

Without loss of generality, the target function is always O(1). Therefore, a necessary
condition for the linear regime is that NN has the capability of fitting the target in the
vicinity of initialization, i.e., C' = O(1). Therefore,

k2 1/m,

yielding v < 1 at m — oo. We further notice that, the output layer is always linear.
Therefore, even when the output weight 6, changes significantly, the dynamics can still be
linearized if the input layer weight 6,, stays in the vicinity of its initialization. As indicated
by the dynamics Eq. (12), this is possible when (i) £’ < 1 at initialization and (ii) the scale
of a, say quantified by expectation E(|a|), satisfies E(]a|) < (2 throughout the training. In
this case, at the end of the training,

C = mBE(|a])/a < mpBs/a = mk/K . (17)
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Because C' 2 O(1), we got
1/k' > 1/mk, (18)

which yields the condition 4" > v — 1 for v/ > 0 at m — oc.

In contrary, if ¥/ < v—1and v > 1, i.e., mk < 1 and mk/k < 1 as m — oo,
then the NN has no capability in fitting a O(1) target when 6,, stays at the vicinity of its
initialization. The capability of NN must undergo a magnificent increase to be able to fit
the data, which is a feature of the condensed regime.

Above scaling analysis provides an intuitive argument about the separation of linear and
condensed regimes by the boundary v = 1 for v/ < 0 and 7/ =~ —1 for 4/ > 0 in the phase
diagram. To further demonstrate the criticality of this boundary, we sort to the following
experimental studies for a specific case.

4.1.2 EXPERIMENTAL DEMONSTRATION

To experimentally distinguish the linear and nonlinear regimes, we need to estimate

sup RD(604(1)),
t€[0,4-00)
which empirically can be approximated by RD(6},) (65, := 6.,(c0)) without loss of gener-
ality. Next, because we can never run experiments at m — 0o, we alternatively quantify
the growth of RD(0},) as m — oco. By Fig. 3 (a-c), they approximately have a power-law
relation. Therefore we define

S — lim log RD(6;,)

m—00 logm

(19)

which is empirically obtained by estimating the slope in the log-log plot like in Fig. 3. As
shown in Fig. 3 (d), NNs with the same pair of v and ~/, but different «, 1, and S2, have
very similar S,,, which validates the effectiveness of the normalized model. In the following

experiments, we only show result of one combination of «, 81, and By for a pair of v and
/

~'.

Then, we visualize the phase diagram by experimentally scanning S,, over the phase
space. The result for the same 1-d problem as in Fig. 2 is presented in Fig. 4. In the
red zone, where Sy, is less than zero, RD(6,) — 0 as m — oo, indicating a linear regime.
In contrast, in the blue zone, where S,, is greater than zero, RD(6;,) — oo as m —
00, indicating a highly nonlinear behavior. Their boundary are experimentally identified
through interpolation indicated by stars in Fig. 4, where RD(8;,) ~ O(1). They are close
to the boundary identified through the scaling analysis indicated by the auxiliary lines,
justifying its criticality. Similarly, we use two-layer ReLU NNs to fit MNIST data set with
mean squared loss. In our experiments, the input is a 784 dimensional vector and the output
is the one-dimensional label (0 ~ 9) of the input image. As shown in Fig. 5, the phase
diagram obtained by the synthetic data also applies for such real high-dimensional data set.

4.1.3 THEORETICAL RESULTS FOR GENERAL TwO-LAYER RELU NNSs

The intuitive scaling analysis and the experimental demonstration result in a consistent
boundary to separate the linear and condensed regimes. A question naturally arises—is

10



PHASE DIAGRAM FOR TWO-LAYER RELU NEURAL NETWORKS AT INFINITE-WIDTH LIMIT

10-2 RD(6,) RD(6;,) 102 RD(6,) 05 S,
o e data e data /
10 slope=0.007 slope=0.372
0.0
e data N
103 slope=-0.506 . 10 os
10° 104 10 103 10% 103 104 205 1.0 1.5
m m m Y
(a) y=05 (b)y=1 (¢) v =1.75 (d) Su vs. 7

Figure 3: Growth of RD(0},) w.r.t. m — oo with 4/ = 0. For (a-c), 81 =1, f2 = 1, and the
plot is RD(6;,) vs. m of NNs with 1000, 5000, 10000, 20000, 40000 hidden neurons
indicated by five blue dots, respectively. The gray line is a linear fit with slope
indicated. For (d), the plot is Sy, vs. 7 for 4/ = 0. Each line is for a pair of 8; and
Bo: Blue: 81 =1, By = 1; Orange: 81 = m~ /2, By = m~1/2; Green: 8 = m™1,
Bo = m~'. Note that a is determined by a = 1 52m”.

Figure 4: For synthetic data, .S, estimated on two-layer ReLU NNs of 1000, 5000, 10000,
20000, 40000 hidden neurons over v (ordinate) and +' (abscissa). The stars are
zero points obtained by the linear interpolation over different ~ for each fixed +'.
Dashed lines are auxiliary lines indicating the theoretically obtained boundary.

11
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Figure 5: For MNIST data, Sy, estimated on two-layer ReLU NNs of 1000, 10000, 50000,
250000, 40000 hidden neurons over v (ordinate) and «' (abscissa). The stars are
zero points obtained by the linear interpolation over different « for each fixed +'.
Dashed lines are auxiliary lines indicating the theoretically obtained boundary.

there a theory that makes the intuitive scaling analysis rigorous and generalizes above
empirical phase diagram for an 1-d example to general high-dimensional data for two-
layer ReLU NNs. In the following, we address this question by providing two theorems

in informal statements, which proves the criticality of lim  sup RD(0(t)) at above
m——+00 t€[0,+oo)
identified boundary in the phase diagram. Their rigorous statements can be found in Section

9.

Theorem 1*. (Informal statement of Theorem 6) If v <1 or~' >~ —1, then with a high
probability over the choice of 8°, we have

lim sup RD(64(t)) =0. (20)

m—+00 te[0,4-00)

Theorem 2*. (Informal statement of Theorem &) If v > 1 and ' < v — 1, then with a
high probability over the choice of 8°, we have

lim  sup RD(64(t)) = +oo. (21)
m——+00 t€[0,4-00)

Remark 3. lim  sup RD(04(t)) is like an order parameter in the analysis of phase
m——+00 t€]0,400)

transition in statistical mechanics, which is key to the regime separation and exhibits dis-
continuity at the boundary.

In Theorem 1*, focusing on the linear regime, the negligible relative change of w is
essentially proved by showing the kernel of the training dynamics undergoes no significant
change during the whole dynamics. However, the kernel of the training dynamics might
be out of control for the condensed regime. This difficulty makes the result of Theorem
2* nontrivial. Instead of studying the kernel, more detailed information of the dynamics
should be used. Indeed, we establish a neural-wise estimate, |ay(t)| < 2 ||lwg(t)[|2 + [al],

12
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which holds for any x,x’ and any ¢ > 0. We believe that this estimate can be extended
to other network structures and general activation functions for the regimes of nonlinear
dynamics.

Above two theorems complete the phase diagram of two-layer ReLU NN with distinctive
dynamical regimes separated based on lim  sup RD(04(t)). The behavior of NN

m—r+00 te[0,400)

in the linear regime, e.g., exponential decay of loss, implicit regularization in terms of a
RKHS norm, and etc., is very well studied. However, the critical and condense regimes is
largely not understood. In the following, we make a further step to unravel a signature
nonlinear behavior—condensation as m — oo through experiments, which sheds light on
future theoretical study.

4.2 Critical and Condensed Regimes

By Fig. 2 (d-f) in previous section, it can be observed that the condensation of NN represen-
tation in feature space {(Ay, wy)}j", comparing to initialization is a distinctive feature for
the nonlinear training dynamics of NNs. Specifically, we care about this condensation at the
m — oo limit when relative change of 8,, approaches +o0o. Therefore, using the same 1-d
data as in Fig. 2, we scan the learned distribution of (Ay, ;) pair for m = 103, 10*,10° over
the phase diagram to experimentally find out the limiting behavior. The result is shown in
Fig. 6 with the corresponding Sy, shown in Fig. 4. It is easy to observe that, right to the
boundary indicated by blue boxes, the condensation becomes stronger for larger Sy, and as
m — 0o, implying a delta-function-like condensation behavior in the limit. This conforms
with our intuition that the farther away 60,, deviates from initialization, the stronger nonlin-
earity of NNs exhibited here in the form of condensation. Therefore, as introduced before,
we refer to this regime as the condensed regime. In the critical regime as the boundary
between the linear and the condensed regimes, the level of condensation is almost fixed as
m — oo, which resembles a mean-field behavior. Indeed, the well-studied mean-field model
is one point in the critical regime shown in the phase diagram Fig. 1. In general, the mech-
anism of condensation as well as its implicit regularization effect is not well understood,
which remain as important open questions for the future research.

We also examine the condensation of NNs for MNIST data set. For such high-dimensional
data, it is impossible to directly visualize the distribution in the high-dimensional feature
space like above 1-d case. Therefore, we consider a projection approach, by which we
project each w to a reference direction p and plot Ag vs. I; = w - p. Note that the refer-
ence direction can be arbitrary selected and does not affect our conclusion. Without loss of
generality, we pick p = 1/4/n. Clearly, if neurons indeed condensed at several directions in
the high-dimensional feature space, then their 1-d projection should also condense at several
points. As shown in Fig. 7 (corresponding S,, is shown in Fig. 5), similar to the 1-d case,
condensation behavior can be observed in the condensed regime identified above. As the
parameters move further away from the boundary in the condensed regime, condensation
becomes more salient.

13
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-0.1 0.0

-0.2

0.70 0.80 0.90 1.00 1.10 1.20 1.30

-0.3

Figure 6: Condensation map for 1-d synthetic data. Each color in each box is a scatter
of {(Ag, W)}, for a NN with corresponding v and 4. The hidden neuron
numbers are: m = 10% (blue), 10* (red), 10° (yellow). The abscissa coordinate is
~ and the ordinate one is 4. Note that the corresponding S,, is shown in Fig. 4.

14



PHASE DIAGRAM FOR TWO-LAYER RELU NEURAL NETWORKS AT INFINITE-WIDTH LIMIT

0.3

0.2

-0.1 0.0

-0.2

-0.3

Figure 7: Condensation map for MNIST data set. Each color in each box is a scatter of
{(Ag, Iy}, for a NN with corresponding v and ~’. The hidden neuron numbers
are: m = 103 (blue), 10* (red), 2.5 x 10° (yellow). The abscissa coordinate is 7
and the ordinate one is 7/. Note that the corresponding Sy, is shown in Fig. 5.
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5. Theoretical Regime Characterization

We illustrate above how our phase diagram Fig. 1 is obtained through experimental and
theoretical approaches. To obtain a more detailed understanding of general properties of
these regimes, we present our theoretical results in detail in this section, which follows a
rigorous description of our notations and definitions in the beginning. The proofs can be
found in the appendix.

To start with, let us consider a two layer neural network

fo(z) := *fe Zaw wix (22)

with the activation function o(z) = ReLU(z) = max(z,0). Denote the data set
S ={(zi, 1) }izq (23)

where ;’s are ii.d. sampled from the (unknown) distribution D over Q = [0,1]¢ with
(zi)g =1 and y; = f(x;) € [0,1] for all i € [n].

We denote e; = kfg(x;) — yi = kfo(xi) — f(x;), i € [n] and e = (eq, e2,...,e,)". Then
the empirical risk can be written as

n

1 9 I
= = — E ) —y;) = —e'e. 4
Its gradient flow is .
0 =—M,/VgeRs(0), (25)

with a more explicit form for a; and wj respectively

. 1 K
ar = —;VakRs(O) = Zeia(w;mi),
=1 (26)

/ n
. KK
Wy = —K 'V, Rg(0) = - ;a0 (W] x;)x;.

i=1
Here k, k' are scaling parameters proposed in Section 3. The parameters are initialized as

a

I
)

1(0) ~ N(0,1),
k(0) ~ N(0, Ia), (
(0) = ({akawk}k 1) (

The kernels k9 and k%! of the GD dynamics are

—~
\V)
=3

~—

[\)
oo
N2

O ??‘O >0
i
S

i
D
[\]
Ne)
~

k(e x') = Byo(wTe)o(wTz'),
/

(30)
kel 2') = E(a,w)QQU’(wTa:)a’(wTa:’)w .
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The Gram matrices K% and K[! of an infinite width two-layer network are
K = @), K = (K, o

For the simplicity of proof, we now define the normalized Gram matrices G4, G and
G for a finite width two-layer network as follows:

a 1 & PR~
Gl[j](a) = Zvakﬁfo(mi) Va,kfo(xj) = P Za(wlmi)a(wl%‘)v
k=1 k=1
o k2K (32)
Gil(o) = = Vusfo(@i) Ve rfolx;) = == aio’ (wla)o' (wlw))z; - x;,
k=1 =1
G = Gl 4 glvl,

Assumption 1. Suppose that the Gram matrices are strictly positive definite. In other
words,
A= min{Ag, A} > 0, (33)

where
Ao = Amin (KM) . Aw = Amin (K[“’]> . (34)

We remark that if for any i # j, @; |f «;, then Assumption 1 holds. This follows the
proof of (Du et al., 2019, Theorem 3.1). Indeed, we do have the fact that, for any i # j, if
x; # x; then x; |f x;, because in our paper the notation x; means the augmented vector
(x],1)T (See the first paragraph in Section 1).

Assumption 2. Suppose that the following limits exist

1 log '’
v:= lim — 0g/—£7 fi= lim -2 (35)
m—oo  logm m—oo  logm
Remark 4. We expect that
2
a K a w w
Gl(6°%) ~ ?K[ I GM(0%) ~ k2 K™, (36)

and these will be rigorously achieved in the following proofs. We also remark that A < d,
which will be used in the following proofs.

Remark 5. When v < %, we consider NNs with non-zero initial parameters and zero initial
output, which can be achieved in NNs by applying the AntiSymmetrical Initialization (ASI)
trick (Zhang et al., 2020).

Our main results are as follows.

n

Theorem 6 (linear regime). Given 6 € (0,1) and the sample set S = {(xi,y;)};—; C £
with x;’s drawn i.i.d. from some unknown distribution D. Suppose that Assumption 1 and
Assumption 2 hold. ASI is used when v < % Suppose that v < 1 or v > v —1 and the
dynamics (26)—(29) is considered. Then for sufficiently large m, with probability at least
1 — 6 over the choice of 8°, we have
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(a) (changes of @ and 6,,)

1
sup || (t) — Oy ll2 < sup [0(t) — %2 <

< log m. (37)
t€[0,4+00) t€[0,4+00) Vmek

(b) (linear convergence rate)

2mrINt

Rs(6(t)) < exp (— ) Rs(6°). (38)

Moreover, for sufficiently large m, with probability at least 1 —d — 2 exp <—C%M> over
¥,1
the choice of 8°, we have

(¢) (relative change of 0)
16(t) —6°l2 1

sup ————- < —logm. (39)
tel0,400) 1102 meK
In particular, if v <1, sup % < 1.
t€[0,+00) 2
(d) (relative change of Oq)
O (t) — 69 . <1
t€[0,400) t€[0,4-00) 6% ]2 me 08T, Y > :

In particular, if eithery <1 orvy' >~v—=1, sup RD(0(t)) = sup W <

te[0,4-00) te[0,4-00)
1.

Remark 7. In the regions v < 1 or~' > v—1, Theorem 6 shows that with a high probability
over the initialization, the relative changes of wy’s are negligible. This implies that the
features change only slightly during the whole gradient flow dynamics. Therefore, in this
regime and with large width m, one can expect the training result to be close to that of some
proper linear regression model. Note that the relative change of 0 is negligible only in the
sub-region v < 1. For v > 1 and v > v — 1, the relative changes of ay’s can be fairly large,
which may lead to unbounded relative change of 8. The relative changes of 8 and ay’s are
also empirically validated in Appendiz D.

In order to obtain the theorem that characterize the condensed regime, we need further
assumption as follows,

Assumption 3. We assume that, without loss of generality,

1
max?y; > —, (41)

and that the neural network can be well-trained to the empirical risk less than O(%) More
quantitatively, we require that there exists a T* > 0 such that

Rs(0(T")) < —

S 3o (42)

18



PHASE DIAGRAM FOR TWO-LAYER RELU NEURAL NETWORKS AT INFINITE-WIDTH LIMIT

Then we can get the following theorem

Theorem 8 (condensed regime). The sample set S = {(@;,y;)}i—y C Q with x;’s drawn
i.i.d. from some unknown distribution D. Suppose that Assumption 2 and Assumption 3
hold. Suppose that v > 1 and v < v —1 and the dynamics (26)—(29) is considered. Then

for sufficiently large m, with probability at least 1 — 2 exp —%2(”1) over the choice of
4C
P,1
0°, we have
O (t) — 6,
sup RD(0y(t)) = 180 (®) = Oy 12 > 1. (43)

t€[0,400) tel04oc)  1OD]2

To end this section, we provide a sketch of the proofs for the main theorems. In particu-
lar, two schematic diagrams 8 and 9 are provided for the proofs of Theorem 6 (Theorem 1*)
and Theorem 8 (Theorem 2*), respectively, since they are proved in totally different ways.
For Theorem 6, we first establish bounds and concentration inequalities for initial parame-
ters. Then the lower bound for the minimal eigenvalue of initial Gram matrix is obtained,
which leads to a local in time linear convergence result for the empirical risk. Finally, for
sufficiently wide neural networks, we show that the previous estimate is essentially global
in time. We remark that for different (v,~’)’s, the details are quite different in the proofs
of Theorem 6, which causes the two branches shown in Figure 8. For Theorem 8, as shown
in Figure 9, the schematic diagram of the proof is short and straightforward, thanks to a
key observation of the neuron-wise estimate, i.e., Proposition 27.

6. Conclusions and Discussion

In this paper, we characterized the linear, critical, and condensed regimes with distinctive
features and draw the phase diagram for the two-layer ReLU NN at the infinite-width limit.
We experimentally demonstrate and theoretically prove the transition across the boundary
(critical regime) in the phase diagram. Through experiments, we further identify the con-
densation as the signature behavior in the condensed regime of very strong nonlinearity.
Note that, the phenomenon of condensation in a broad sense is observed in several early
studies of nonlinear training dynamics of NNs in different settings (Maennel et al., 2018;
Chizat and Bach, 2018; Ma et al., 2020).

A phase diagram serves as a map that guides the future research. In our phase diagram
for two-layer ReLU NNs, the linear regimes is very well understood both theoretically and
experimentally. However, the critical and condensed regimes are still largely not understood
from both experimental and theoretical perspectives. The following problems for these
regimes requires further studies: (i) whether the dynamics always converges to a global
minimizer; (ii) what is the convergence rate; (iii) what is the mechanism of condensation;
(iv) how to characterize the implicit regularization of condensation.

Our phase diagram is obtained specifically for the ReLU activation, however, our method-
ology and thus obtained regime characterization can be naturally extended to more general
activations, which is an immediate next step of this work. In addition, how to character-
ize the effect of other hyperparameters, e.g., choice of optimization method, learning rate,
regularization techniques, and etc., to the NN training dynamics requires future studies.
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Schematic Diagram for Proof of

Theorem 1*
Initial bounds Concentration
(Lemma 9 & 10) (Lemma 14 & 16, Theorem 15)
/ \
3 A 3 k2
0 2 a K
hin(G() 2 32 (2 4010, Min( GO (8) 2 3705,
(Proposition 17) (Proposition 20)
\ 4 Y
mk2 [ Aa mk?
Rs(6(t) < exp(—T (? + n')\w))Rs(GO),t € [0,t") Rs(6(t) < exp<—WA,,t> Rs(6°),t € [0,¢)

(Proposition 18) (Proposition 21)

bounds on ||6(t) — 6(0)||
(Proposition 19)

bounds on ||6(t) — 6(0)|| .,
(Proposition 22)

A
v < 1 case of Thm 1* (Theorem 6) vy >~ —1,4 > 0 case of Thm 1* (Theorem 6)
(Proposition 23) (Proposition 25)

Figure 8: Sketch of proof for Theorem 1*.
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Schematic Diagram for Proof of
Theorem 2*

1
lax (O] < — llwk(@)]l; + |ag]

(Proposition 27)

‘ y>landy <y—1 ‘

A

Theorem 2* (Theorem 8)

Figure 9: Sketch of proof for Theorem 2*.

Other important future problems include drawing the phase diagram for NNs of three or
more layers or for convolutional networks.

In analogy to statistical mechanics, a clean regime separation may be only possible
at the infinite width limit, which is not realistic in practice. Nevertheless, rich insight
about a finite size system often can be derived from the analysis at the limit, which is
usually much easier. Therefore, we believe it is an important task to systematically draw
such phase diagrams for NNs of different structures through a combination of theoretical
and experimental approaches as demonstrated in this work. These phase diagrams can be
continuously refined and provides a clear pathway to open the black box of deep learning.
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Appendix A. Technical Lemmas

This section collects some technical lemmas and propositions. For convenience, we define
the two quantities

"= t) = o 14
a(t) ke[ﬁ%)é[oﬂlak(S)!, w(t) ke[ﬁié[oﬂ“wk(sﬂ, (44)

Lemma 9 (bounds of initial parameters). Given ¢ € (0,1), we have with probability at least
1 — 6 over the choice of °

mas {Jof]. ) < < oo D, (45)

Proof If X ~ N(0,1), then IP’(| ] > ) < 272" for all ¢ > 0. Since a) ~ N(0,1),
(wg)a ~ N(0,1) for k=1,2,...,m, a =1,...,d and they are all independent, by setting

€= \/2 log 2m(c(l5+ 1),

one can obtain

P (s ol bl > <) = {la, 1a)al} > )

(o> >))

(ke[m] E[d]

(ool

C =

(07

m m d

<> P(lap] > ¢) Z Z )al > €)
k=1 k=1a=1

< Ime~ 25 + 2mde” 3

=2m(d+ 1)e —2¢

=9.

Lemma 10 (bound of initial empirical risk). Given 6 € (0,1) and the sample set S =
{(xi, yi) iy C Q with x;’s drawn i.i.d. from some unknown distribution D. Suppose that
Assumption 1 holds. We have with probability at least 1 — § over the choice of 6°

1 4m(d +1 2
R(6°) < 5 [1 +2d <log m(5+)> (2+3v/210a(8/9) m/ﬁ] . (46)
Proof Let
G ={gz(a,w) | gx(a,w) := ac(wTx),z € Q}. (47)
Lemma 9 implies that with probability at least 1 — §/2 over the choice of 8°, we have
dm(d+1)

[92(af, w))| < dlaf|[lw}] < 2d1og ==
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Then

Zaka w) - — E(gwyao(wTx)

1
— sup| fgo(x)| = sup
m eeQ

< 2Radgo(G) + 6d (log 4m(c(ls+ 1)> 210%28/5).

The Rademacher complexity can be estimated by

Radgo(G) = —E [supZTkaka (wy - )]

m zeQ

4 d 1)
\/21 m( + T[supZTkwk

:cekl

\/2log4m(cfg+1)\/2dlog m(cf;rl)\/\/%

2d log (d+1)

| A

I—I

IN

\/ﬁ
Therefore
sgg\f(,o(w)] <2d (l (Cfg+ D ) (2 + 3+/21og(8/8)v/m),
.
and .
Rs(6") < 21712 (1+ il fo()])?

IN

% [1 +2d (log m(im) (2 + &/Mm/ﬁ)] 2'

PR
trick (Zhang et al., 2020) to guarantee Rg(0°) < % for any k.

Remark 11. If v > i, then k = O(fllogm) and Rs(6°) = O(1). One can use ASI

Next we introduce the sub-exponential norm of a random variable and the sub-exponential
Bernstein’s inequality.

Definition 12 (sub-exponential norm (Vershynin, 2018)). The sub-exponential norm of a
random variable X is defined as

X[y, == inf{s > 0 | Ex[eXI/*] < 2}. (48)

In particular, we denote the sub-exponential norm of a x*(d) random variable X by Cypd =
|X||y, - Here the x* distribution with d degrees of freedom has the probability density function

R Y 7/ A g
fx(Z) - Qd/QF(d/2)Z e :
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Remark 13. Note that

+o0 1
X|/2 _ d/2—1 _
]EXNXQ(d)e = /(; 72d/2r(d/2) z dZ = +OO,

+o0 1
1X]/s — N s df2-1 —z/242/s _
SEIEOOEX 2(q)€ sl}I-iI-loo ; 2d/2F(d/2)Z e dz=1<2.
These imply that 2 < Cy g < +00.
Lemma 14. Suppose that w ~ N(0,1;), a ~ N(0,1) and given x;,x; € Q. Then we have
(1) if X :=o(wTx;)o(x - x;), then ||X||y, < dCy 4.
(i) if X := a?c’ (wTz;)o’ (wiz;)x; - z;, then || X||yp, < dCy.q.
Proof Let Z := ||lw|2 = x*(d).
() [X] < dw]3 = dZ and
X[l = inf{s > 0| Ex exp(|X]|/s) < 2}
=inf{s > 0| Eyexp (Jo(wTx;)o(wTx;)|/s) < 2}
<inf{s > 0 | Eq exp(d||w||3/s) < 2}
= inf{s > 0| Ezexp(d|Z|/s) < 2}
=dinf{s > 0| Ezexp(|Z|/s) < 2}
= d|[x*(d) |y,
< dCy q.

(ii) [X| < dla* < dZ and || X||y, < dCy.a. [ |

Theorem 15 (sub-exponential Bernstein’s inequality (Vershynin, 2018)). Suppose that
X1, ., Xy are i.4.d. sub-exponential random variables with EXy = u, then for any s > 0

we have
1 & 2
Pl |— >s | <2exp | —Commin i 5 i , (49)
mi= Xl X1l

Zxk—ﬂ

where Cy is an absolute constant.

Proposition 16 (norm of initial parameters). Given ¢ € (0,1), we have with probability at

Com(d+1)

107 over the choice of 6°
¥.1

D oy, < 2D, (50)

least 1 — 2exp (—

md 3md

<169 ||, < 4/ —=. 51
<l < /5 (51)
m 3m
— < 185 < ) 2
V5 S8l < /50 (52)
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Proof Let Xj,...,X;,441) be the squares of the entries of 0°, which are drawn i.i.d. from
x2(1). The latter is sub-exponential and EX;, = 1. Then by Theorem 15

1 m(d+1)

2 s
[ -1 > < .
AT 1) ,;1 Xp—1>s| <2exp ( Com(d + 1) min <02 0%1))

Setting s = %, we have Ci - 1/2 < 1 and

<2 m(d + 1) min L L
B 4072#717 20%1
om d + 1
402 '

Therefore, with probability at least 1 — 2 exp (—COm(dH)> over the choice of Y,

1 1 m(d+1)
Pl<—" X <
2~ m(d+1) kz_; b=

N W

407, |
m(d+1)
1 1 1 3
- — Xy =——|0°)3 < =.
2~ m(d+1) ;; P omd+ 1)” l2=3
In other words, (50) holds. The proofs of (51) and (52) are similar. |

Proposition 17 (minimal eigenvalue of Gram matrix G at initial). Given § € (0,1) and

the sample set S = {(x;,y:)}i—y C Q with x;’s drawn i.3.d. from some unknown distribution

292
D. Suppose that Assumption 1 holds. If m > % log % then with probability at least

1 — 6 over the choice of 8°, we have
0 3 2 1 l
)\min (G(G )) Z g)\a + K >\w . (53)

Proof For any € > 0, we define

= {01 Saion - w2},
ol .= {00 | ‘G“‘”(@O) KX < Z}
By Theorem 15 and Lemma 14, if —5— - <1, then
}P’(ng]) >1—2exp (—Z%) ,
n*d*Cy ,
w mCoe?
IP’(QEj )) >1—2exp (—M) ,

25



Luo, Xu, MA, AND ZHANG

2n?
so with probability at least [1 — 2exp <—n;’;§0022 )} > 1 —4n%exp (—ngggg,f > over
b,d b,d

the choice of 8%, we have

K/
—G(0%) - K| <&,
k F
1
G"(%) — K"l|| <«
K2k F

. . 2
Hence by taking ¢ = \/4, that is, § = 4n?exp <—16:2§‘2%,3M>

Auin (G(69) = Ao (G1(6°) ) + Ain (G1(6"))

2 2
> = | g g0y - K
KT K || K2 F
+ k26 M — K26 || —— G (%) — KV
K2k F

We remark that for ¢ = \/4, we have ﬁwd = ﬁ < % < 1. [ |

In the following we denote
t* = inf{t | O(t) ¢ N (0°)}, (54)
where
N(8) = {9 L1G(0) — G(6%) e < %2 (;)\ + H/)\w> } | (55)
Then we have the following lemma.

Proposition 18 (local in time exponential decay of Rg, 8-lazy training). Given 6 € (0,1)

and the sample set S = {(x;,yi) }iy C Q with x;’s drawn i.i.d. from some unknown distri-
16n2d2C3
bution D. Suppose that Assumption 1 holds. If m > TLATO’M log %, then with probability

at least 1 — § over the choice of 8°, we have for any t € [0,t*)

Rs(6(t)) < exp (-”’f (;A + H/)\w)> Rs(6°). (56)

Proof Prop. 17 implies that for any 6 € (0,1), with probability at least 1 — ¢ over the
choice of 8° and for any 8 € N'(8°), we have

Amin (G(0)) > Amin (G(0%)) — |G(6) — G(8°)||r

1 1 1
3:‘12 (/)\a + H/)\w> - ZK/Q <[§/’)\a + /il)\w>
/

K
1

K2 <)\a + /{’)\w> .
K
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Note that
la] w] _ k2K
G = G + G Zvakfﬂ wz : akfﬂ(wj) + wkfe(iliz‘) : Vwkfg(:l?j),
m
and
1 n
Va,Rs(0) = - z;emvakfg(mi),
1 n
Vw,Rs(0) = - gemvwkfg(mi).
Thus
—el - a a 0 ! w o) - w 0).
neGe kaRs +Va,Rs(0) + K'Y " Vu, Rg(6) - Vay, Rs(6)

k=1

Then finally we get

4 pgO0) = - (1 Y Vi Rs(8) - Vo, Rs(8) + &' Y Vi, Rs(6) - vkaS(e)> ,

dt K!
k=1 k=1
= —%eTGe,
n
2m
< _7)\m1n (G(O(t))) RS(B(t))
2
< —% ( A +/<c>\w> Rs(0(t))
and an integration yields the result. |

Proposition 19 (bounds on the change of parameters, 8-lazy training). Given § € (0,1)
and the sample set S = {(x;, y;) }i—y C Q with x;’s drawn i.i.d. from some unknown distribu-

16n2d2C2 log &1° 4V/2dn RS(BO)}
2. )

tion D. Suppose that Assumption 1 holds. If m > max yeren T3 w0w et )

then with probability at least 1 — 3 over the choice of °, for any t € [0,t*) and any k € [m],

max\ak( ) — ax(0)] < 2max l, 1 \/2log Mp, (57)
k€[m) K/ 0
4 1
lgn?XH'wk( ) — wi(0)]|oo < 2max{x’, 1}\/2 log m(cf;r)p, (58)
€
and
dm(d+1
e [ag(O)]. (0]} < 12108 24D, (59)
ke[m] 1)
where p = 2v/2dn+/R5(69)

me(Aa /K +6 Aw)
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Proof Since

t) = /) — -
) = o g @) ) =, max, lws(s)]

we obtain
2

1 n
Vo, Rs|* = - Zema(w;xi) < 2||wy |35 Rs(0) < 2d*(w(t))*x%*Rs(0),
i=1

2

1 n
[V, Rs|* = - Eemaka'(w;mi)wi < 2lay|*k*Rs(0) < 2(a(t))?k?Rg(0).

i=1

[e.9]

2 212
16n-d Cw,d

yeTen log %, then with probability at least 1 — /2 over

By Prop. 18, we have if m >
the choice of @Y,

o) = ax(0)] < 5 [ 1V, Rs(0()]ds

< ﬁ,d" /0 w(s)/Rs(0(s)) ds

K
t 2 1

< \/?j/iw(t)/ v Rs(6Y) exp (_n;/:l (,4)\“ + Iil/\w> s) ds
0

2\/§dn\/R5(00) w(t)

 mkk (Agl]//i’ + m’/\w>

On the other hand,
lwi(t) — wi(0)]loo < H'/O [V, Rs(0(s))lloo ds
< V2R /0 a(s)y/Rs(0(s)) ds

< VZrK'a(t) /Ot V5 (09) exp (f;’f (;A 4 m’Aw> s) ds
2v/2n+/Rs(09)x' alt)

C mk (/\?]//ﬁ/ + n’/\w>
< pr'a(t).

Thus
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By Lemma 9, we have with probability at least 1 — §/2 over the choice of §°,

max {[ax(0)], w0y (0) o} < J2 log ALY,

ke[m]

If
_ 4V2dn\/Rs(6°)

Kk (Aa/K + K Aw)’

then we have
2v/2dn+/Rs(6°)

1
< -
mk (Aag/K + K'Aw) — 2
Thus
a(t) < a(0) + Sw(0) + pPa(t),
4 2
at) < ga(O) + fpw(O)
Therefore

K
Similarly, one can obtain the estimate of w(t) as

w(t) < 2max{1, ﬁ}\/2log d+1)

Finally we have for any t € [0,¢*) with probability at least 1 — & over the choice of 87,

1 dm(d +1)
— < _ N 7
max a(t) - ax(0)] < 2max{ﬁ,, 1} leog i,
mas [a0(1) — w4(0)] | < 2ma(s’ 1}\/2 tog ALY,
S
which completes the proof.
To show our main results with 4/ >~ — 1, we further define
—inf{t | B(t) € N,(6°)}, &, =inf{t|0(0) € Ny (6°)}, (60)
where
1
N0 = {01 160) - @@ e < 50 ). (o)
Nu(6°) = {e | 1G™1(6) — GI1(8°)||r < jlﬁ%uw}. (62)
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Proposition 20 (minimal eigenvalue of Gram matrix G at initial). Given 6 € (0,1) and
the sample set S = {(x;,y:i)}i—q C Q with ;’s drawn i.i.d. from some unknown distribution

16n2d2C2
D. Suppose that Assumption 1 holds. Ifm > —— %4

—Goz log %, then we have with probability
at least 1 — § over the choice of 6°,

a 3 K2
AM(GHM%>21EAW (63)

Proof For any £ > 0 define
[a] 0
Q= {0 |

By Theorem 15 and Lemma 14, if m < 1 then

d T

2
[a] mCo€
P(Qij ) >1—2exp <_nzd203bd> )

K Lfal 00 [a]
?Gij (0°) — K;;

< ;}. (64)

with probability at least

n2
mCo€2 ) mCQ€2

1-2 _ >1-2 —

[ eXp( nzd?%)] - eXp( nd* Gl

over the choice of 8%, we have

<e.
F

K 0
7@@](9 ) — Kl

K

2
Taking € = A, /4, i.e., § = 2nexp <—w@%>, we obtain the estimate
n ,d

2 2 /
. [a]0>’i _ KR aladgoy _ gelal
Amin (G (0)_/<a’)\a o /{2G (0") — K .

2

K
Z?()\a_g)

3 k2
> —— )\,
_4/1’)\(1

Proposition 21 (local in time exponential decay of Rg, w-lazy training). Given § €
(0,1) and the sample set S = {(x;,y;)}i—; C Q with x;’s drawn i.i.d. from some unknown

. . . . 16n2d2Cid on2 .
distribution D. Suppose that Assumption 1 holds. If m > ———5%%log <, then with

ConZ 3
probability at least 1 — § over the choice of 8°, fort € [0,t%),
2
Rs(0(t)) < exp <—TZ,*;M> Rg(6Y). (65)
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Proof By Prop. 20, for any € (0, 1) with probability 1 — & over the choice of 8° and for
any 6 € N,(6%),

Amin(G1(0)) > Amin(G1(8°)) — |G(8) — G(6°) ||
3 K2 1 k2
>SN, — - —
4K 4 g
1 k2
=gt

Aa

Therefore

m
Bl — T
tRS(O(t)) 2€ Ge

< —%eTGMe
n

< =2 (G0 Rs(0()

m/€2

TR (6(2)).

This leads to the linear convergence rate. |

Proposition 22 (bounds on the change of parameters, w-lazy training). Given ¢ € (0,1)
and the sample set S = {(x;, y;) }i_y C Q with x;’s drawn i.i.d. from some unknown distribu-

16n2d2C?2 0
tion D. Suppose that Assumption 1 holds. If m > nch”’d log % and "7 > MMA—(FS(G)
and ' < 1, then with probability at least 1 — & over the choice of 8° and for any t € [0,t),

k€ [m],

1 Am(d+1)
£%|ak(t) —ag(0)] < 2/4\/2 log fpa, (66)
ma | wi () — wg(0)]|ee < 2\/2 log A+ 1) (67)
k€[m] )
and
4dm(d + 1
(a0, [ (0)c) < y/210g D (68)
ke[m] 1)
where p, = % Vji,(eo).
Proof Since
t) = t) = 005
a(t) e lar(s)], w(t) ke[$73§[07t]\\wk(5)ll

then
2

1 n
VaeRsl? = |~ 3 cino(wla)| < 2wy |35 Rs(6) < 2%(w (1)) Rs(6),
=1

. 2

1

— g eikago’ (wl;)x;
n

i=1

IV, Rs||* = < 2|lax*r* Rs(6) < 2(a(t))’s*Rs(6).

[e.9]
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16n2d2C?
By Prop. 18, we have if m > TL)\TOIM log %, then with probability at least 1 — 6/2 over

the choice of 69,
1 t
out) = ax(0)] < 5 [ 1V, Rs(0()]ds

< ﬁflﬁ /O w(s)v/Rs(0(s)) ds

K

t 2
ﬁfl/{w(t)/ V/ Rs(0°) exp <_17;/{ <1,)\a + H,)\w> s) ds
0 n K

K

2v/2dn\/ Rs(09)

 mkk ()\Eg]//{’ + /{’)\w)

P
= ;‘jw(t).

IN

On the other hand,
lwi(t) — wi(0)[loo < H// [V, Rs(0(5))lloc ds
0
< \/5/%;//0 a(s)y/ Rs(0(s))ds

< V2kK a(t) /Ot v/Rs(69) exp <—”;’:: <;,)\a + m’/\w) s> ds
2v/2n+/Rs(09)+'

C omk ()\Eg]/ﬁ’ + I€/>\w>

< pak’a(t).

a(t)

Thus )
a(t) < a(0) + pas(t),

w(t) < w(0) + paa(t)x'.

By Lemma 9, we have with probability at least 1 — §/2 over the choice of 67,

dm(d+1)

max {ax(0)], |wp(0)]oo} < \/2 log =

ke[m]

If
_ 4V2dn\/Rs(6°)

T hk(Aa/K + E D w)’

_ 2v/2dn+/Rs(6°) <

1
mrNg /K 2’

then

Da
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Thus
a(t) < a(0) + 22w (0) + plat),
4 21
at) < 30 0) + §Qw(0)’
Therefore

at) < 21\/2log4m(d+l).

K/ )
Similarly, one can obtain the estimate of w(t) as

w(t) < 2\/2 log 4m(cfs+1)

Finally, with probability at least 1 — § over the choice of 8° and for any t € [0,¢), we have

4m(d+1)

1
’?61% lag(t) — ar(0)] < 2/4\/2 log fpaa

(1) — (0] < 2 2105 0T,
em

which completes the proof. |

Appendix B. Proof of Theorem 6

We further divide the linear regime into two part: v < 1 where the training dynamics is
0-lazy and «' > v — 1 where the training dynamics is w-lazy. Theorem 6 is hence covered
by Proposition 23 and Proposition 25 whose proofs are given in this section.

Proposition 23 (6-lazy training). Given ¢ € (0,1) and the sample set S = {(z;, i)}y C
Q with x;’s drawn i.i.d. from some unknown distribution D. Suppose that Assumption 1 and
Assumption 2 hold. ASI is used if v < % Suppose that v < 1 and the dynamics (26)—(29)
is considered. Then for sufficiently large m, with probability at least 1 — & over the choice
of 8°, we have

(@) sup 6(1)— 6 < L logm.
te€[0,400) vm

(b) Rs(8(1)) < exp (—21"%%) Rg(6Y).

Moreover, we have with probability at least 1 — 6 — 2 exp (—C%(S*”).
»,1

16®)—-6°l2 « 1
6 S -logm.

(¢c) sup
te[0,+00)

Proof Lett e [0,t*), p= 2v2dny/Rs(09) g &=

Zvedny s9). 8m(d+1)
mk(Xa/K +E Aw) 0 :

2log
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(a) From Proposition 19 we have with probability at least 1 — §/2 over the choice of 8°,

.
sup 16(t) — 6% < |m(d+1) (z\/210g8m<d+1> V2dn/R5(0%) )

te[0,] ) mk (Aa/K + ' \w)

= max {H,, ;,} m(d+ 1)2\/2 log 8m(d+1) 2dn\/Rs(6°)

) mk (Aa/K + K Aw)
/ 4/ + Tdny/log 2 | /R (90)
< _
—m“{“ } ik /K +mw>

4\/d+ Tdny/log ™Y | /R (6D)
VmEA

1
< logm,
N g
where we use the fact

ma / i/ / /
x {r/, 1 < maxd " ’ 1/k <
Aa/K + K A K

(b) The linear convergence rate is essentially proved by Prop. 18 with t* = +oo. We
divide the proof into the following three steps. In particular, t* = +oo is proved in
the step (iii).

(i) Let
gij (w) := o(w'a;)o(w'z;),

then

9 (wi(t)) — g (wi,(0))) .

G - clf o)) < = Z

By mean value theorem, for somce ¢ € (0, 1),

98 (wr(0)) = 912 (wr (0))]| < V415! (cwr(t) + (1 = ) 0)) s le(t) = wi (O)],
where
Vg[ ]( )=0'(w-&)o(wTzj)z; + o(wTz;)o' (wTx;)z;,

and
IVg) (w) | < 2[Jw])r-

From Proposition 19 we have with probability at least 1 — /2 over the choice of
0°,

lwi () — wr(0)lloe < pa(t)r’ < 2max{x’,1}{p,
lwi(t) — wi(0)]1 < 2d max{x’, 1}¢p.
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Thus
[lews (t) + (1 = c)w(0)[[1 < d([|wk(0)]loc + [Jwk(t) — wi(0)]|o)
< d (& + 2max{x', 1}¢p)
< 2d¢ max{x',1}.
Then
600) - GE00)] < s max {0, 1 1.
and

m n 0
IG(8(t)) — G (8(0))|p < 8d*nk* max {n’, 2,} (2 log > (‘ng 1)> nffi/m)

m(d
< kmax{ K 1 32v2d%n (log %) R5(6%)
- ’ m (Na/K + K Aw)

K/

If we choose

128v2d%? (log 51 ) /R (07)
mk > 2 ;
then noticing that

>

(ha/ (5372 4 V/iAs)

 (Aa/F + K Aw)?

and
1

(4 (O )’
1

(ha/ Vi + (n/)waw)Q
1

B (Na/K' + K D) &

= 2

>

we have

) } 256v/2d%n? (log "1 ) /R (6)
, .

mk > max {H', — 3
K (ANa/K + K Aw)

Therefore

IGI(0(1)) — G1(6(0))||r < ékﬁ (;,Aa + n’Aw) : (70)

35



Luo, Xu, MA, AND ZHANG

(ii) Define

D = {wi(0) | [lwg(t) — wi(0)[loo < 26 max{x’, 1}p,
o' (wi(t") - @) # o' (wi(0) - i)}

If |wg(0) - x;] > 4d max{x’, 1}{p, then

&m(d+1
a0 0) -~ (0] - < s 1) — i 0) o < 20210 0L

thus wy(t) - x; and wy(0) - x; have the same sign which means D;j, is empty.
Recall that x; € [0,1]? with (x;)q = 1, then ||x;]j2 > 1. Let &; = II;'illz then
|lwi (0) - ;| > |2k (0) - ;| and

P(D; ) < P(Jwg(0) - ;] < 4dmax{x’, 1}£p)
< P(|lwg(0) - &;| < 4dmax{r’, 1}¢p)
= P(|wg(0) - (1,0,0,...,0)T| < 4dmax{x’, 1}£{p)
= P(|(wk(0))1] < 4dmax{x’, 1}¢p)
ddmax{s'1}¢p | K
/

Il
S

< idmax{fi/, 1}p
2m

Vo

< 4dmax{x’, 1}¢p.

k2K | - x| / /
65100 ~ Gl 00N < IS ok ) w0’ wntt) )
k=1

— a} ()0 (wi(0) - 2)0" (i (0) - )|

IN

K2R d N 9 9
TS [k (1) Dl + |ak(t) — ai (0]
k=1

where
Dyij = 0" (wy(t) - &)o' (wi(t) - ;) — 0’ (wk(0) - )0’ (w,(0) - ;).

Thus
E|Dk,z’,j| < P(Dk’i U Dk,j) < 8d max{n/, 1}5]9.

At the same time

|ai(t) — i (0)] < lak(t) — ar(0)]* + 2lar(0)[ax(t) — ax(0)]

(oo (o) 3¢ (s {51} )
< |2maxq —,1p8p | +2§|2max< —,1:&p
K K
36£2max{1,2,1}p,
K
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SO

40 <160 -t + 20 < (2max | L1k ) 2e (zmac [ L1 ) o) w6

1 2
< 4max{/€/2,1}§ .

Then
B |oiow) - 6o
i,j=1
<;§;Kfi gé<%nmx{%z’l}fﬁﬂDhW¢+6HMX{H271}§%J
< ”Zn::l miz’d kml (4 max {;/27 1} £28d max{x’, 1}¢p + 6 max {,:/27 1} §2p>

1 1
2 / 2
< k2K dn? <32d§max{/<c,nl2} +6max{ﬁ12,1}> &p

sm(d+1)\** 1
< 40Kx%d?n? <2 log 771(6—1—)> max{x'?, g}p

By Markov’s inequality, with probability at least 1 — /2 over the choice of 8°,

we have
||G[“’]( (1)) — Gl(8(0))|p
<" |otow) - cl¥len))
1,j=1
3/2
o 1) 40k%dn? (2log S ) "
< -
_max{/s ’n’} 573
< max { k' 1 W 1o 8m(d+1) 8/2 2v/2dn+/Rs(6°)
> ,K], ) g ) ( a/’f,‘F/‘i/)\w)
640d%n° (log " d+1) J/Rs(00)5-!
< Kmax /-4;’2, —
K/ m (Aa/K + K Aw)
If »
51206 td3n3 (log W) RS(00>
m >
- )\2 )
then noticing that
1 /{/2 K,/Q

> >
AT (W) T (Na/F 4 K Aw)?
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and

1 1
ﬁ Z 1 1/4 2
(4 (FH0Px)")
1
Z 2
(Na/ VI + (537200 )
_ 1
(MK E ) R
we have
[w] ] Lof1 /
[G™(0(t)) — G™(68(0))|lr < 3" ;Aa + K A\ | - (71)
(iii) For t € [0, %),
2 2
Rs(6(t)) < exp (—”’jfj (;A T mw) t) Rs(6°) < exp <—2m"‘ A) Ry (6°).

Suppose that t* < +oo then one can take the limit ¢ — ¢* in (70) and (71). This
will lead to a contradiction with the definition of ¢*. Therefore t* = +o0.

C By PI’OpOSitiOH 16, we have with probability at least 1 — 2€Xp _7Cgm(2d 1) over the
4C
P,1

choice of 69,

1
j6°) = /L,

Therefore, with probability at least 1 —§ — 2 exp <—C%Cl+l)> over the choice of 6°,
»,1

we have

10(t) — 6°l2 0
sup < sup [|0(t) — 0”2
N T M@+ 1) e D) |

_ \/ 9 4V/d+ 1dm/logw\/RS(00)
S\

d+1) NG
<i4\/§dn\/logw\/]%5(00)
- mk A

N

1
— logm.
me

Remark 24. The proof indicates more quantitative conditions on m and k for Proposi-
tion 25 to hold: 2202
16n°d 16n2

v.d log 5n , (72)

>
m= )\200
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and

m(d
NEMW 128v2d%n? (log 1) /s (67)
e ’

mk > max{

(73)

3/2
51206~ 1d%n? (log 21 ) / RS(HO)}
22 '

Proposition 25 (w-lazy training). Given ¢ € (0,1) and the sample set S = {(z;, i)}y C
Q with x;’s drawn i.i.d. from some unknown distribution D. Suppose that Assumption 1
and Assumption 2 hold. Suppose that v > v — 1, v/ > 0, and the dynamics (26)—(29) is

considered. Then for sufficiently large m, with probability at least 1 — 0 over the choice of
0°, we have

(a)

sup [|0w(t) — O lla < sup [[0(t) —6°2 <
te0,400) t€]0,400) \ﬁ

(b) Rs(8(1)) < exp (—%) Rs(6°).

Moreover we have with probability at least 1 — § — 2 exp <—C°m(d+1)> .

4C7 |

(c) ;

o(t)—06 1

sup M < —logm, (not < 1),

tefo,+o0)  116°[l2 me

0w 0°
sup [6(t) = Buy 2 < —logm (x1).
t€[0,4+00) €2 me
Proof Let t €[0,t}), po = % VI/%:() and £ = Qlogﬂ

(a) From Proposition 19 we have with probability at least 1 — §/2 over the choice of 8°

sup [|0w(t) — 6% |la < sup [|6(t) — 6°|,
te0,t%) te[0,t%)

1
27 2
m 8m(d+1)
< (ﬁ +md> (2\/210g — 5 Pa>

1 8m(d 4 1) v/2dn+/Rs(89)
1)2—4/21
m(d+1) n’\/ o8 o mKAg /K

3 | 1] 4Vd+ Ldny/log 4 | /R4 (60)
= max K bl [-{,/ \/>/{ ()\ //<.'/ + /{,)\w)

8\/d+ Tdny/log ™Y | /R 90
\Fm\
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(b) We divide this proof into the following two steps.

(i) Let
GE?] (w) = o(wTz;)o(wTx;),

then
52 n
GEO(t) - GO0)] < —— 3|01 (wi (1)) — g5 (wi (0))].

mk/
k=1

By the mean value theorem, for somce ¢ € (0, 1),

19 (wi (1)) — g2 (wi(0))] < [ Vgis (cwn(t) + (1 — )wi(0))|oollwi (t) — wi(0)]1,

where
Vel (w) = o'(w - G)o(wTa))a: +o(wz)o! (whe))z;,

and
IVg) (w) | < 2[|w])r.

From Proposition 19 we have with probability at least 1 — §/2 over the choice of

00,
Jwi(t) — wi(0)[|oo < pacr(t)r’ < 2€pa,
lwi(t) — wi(0) ||y < 2d€pa.
Thus
[lewy(t) + (1 — cJwr(0) |1 < d ([[wr(0)lloo + lwk () — wi(0)]lo0)
< d (& +28pa)
< 2.
Then )
a a K
GEO() ~ G8(0)] < 88 s,
and
2
IG(0(0) - & 0(0))e < 16620 (10g ) 2,
. 32v/2d%n? <log W) Rs(0%)k
- mAg '
If
me 256V2d%n? <10g w)) Rs(6Y)
i ¥ ’
then we have )
o o 1k
IG1(6(1)) - GII(0(0)) || < 3 (74)
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(ii) For t € [0,¢}) by Prop. 18,

me2 gt

Rs(6(t)) < exp <— ) Ry (6°).

nk'

Suppose that ¢} < 400 then one can take the limit ¢ — ¢} in (74). This will lead
to a contradiction with the definition of ¢}. Therefore ¢} = +o0.

¢) By Proposition 16, we have with probability at least 1 — 2ex —%ﬁl) over the
(c) By Prop p y p(—=&
P,1
choice of 69,
d+1
16°1 > “—m.
2
So with probability at least 1 —d — 2 exp <—C‘Z'é(ﬁl)> over the choice of 8°, we have
P,1
o(t) —6° 2
sup 1A=l sup. 6t) — 6]
tefo, 400y 110%]]2 m(d +1) 4efo,4+00)
o 8/d+ 1dm/logw\/}25(00)
—\/m(d+1) VmeA
- LS\@dm/log w\/RS(OO)
- mk Ao
1
< —logm.
me
Similarly, by Proposition 16, we have with probability at least 1 — 2exp(—%§fl))

over the choice of Y,

d
053 > om.
So with probability at least 1 — § — 2exp <—4Cg;"”d> over the choice of 8%, we have
»,1
16(t) — 65 2 2 0
sup e </~ sup [0 (t) — 6yl
tefoto0) 0% ]2 dm yefo o) v
9« 8Vddny/log WN/RS(BO)
dm \/mrk A
K:/
< —logm.
mek

We remark that in fact we can prove a similar result about the change of parameter ay’s.
We state this result as follows without proof.
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Proposition 26 (a-lazy training). Given 6 € (0,1) and the sample set S = {(z;, i)}y C
Q with x;’s drawn i.i.d. from some unknown distribution D. Suppose that Assumption 1
and Assumption 2 hold. Suppose that v < v —1, v < 0, and the dynamics (26)—(29) is
considered. Then for sufficiently large m, with probability at least 1 — 0 over the choice of
0°, we have

(a)

1
sup [|6a(t) — Oall2 < sup [|6(t) — 62 < log m.
te[0,4-00) t€[0,4-00) \/TTLK;
(b) Rs(0(1) < exp (—222ul ) Ro(60).
Moreover we have with probability at least 1 — 0 — 2 exp (—W) over the choice
1,1

of 8°, we have

(¢)

o(t) —0° 1
M S 710gm’ (’I’LOT, < 1)5
t€[0,+00) 16°]2 e
0.(t) — 6° 1
sup H a( ) aH2 5 llogm, (<< 1).
tefoo0)  [|€all2 e

Appendix C. Proof of Theorem 8

In order to characterize the condensed regime, we need a crucial proposition that ravels a
natrual relation between a(t) and wy(t) during the GD training dynamics.

Proposition 27. Consider the GD training dynamics (26)—(29), then we have
1
()] < < llwi®)ll2 + |az], (75)
which holds for any t > 0 and k € [m)].

Proof Multiplying equations in (26) by x'aj and %¥ respectively, we obtain

n
. K
K apay = - Zeiaka(wgwi),
= (76)
1 __F I UGN
Ewkwk = Z;elaka (wyz;)w,x;.
1=

Notice that for ReLU activation o(z) = z0'(z), z € R. by comparing the right hand side
of (76), one can obtain

d d
% 2 _ 4 2
e o (1)

Integrating this from 0 to ¢ leads to
K (Jar (@) —lagl?) = llwk(®)]13 — will3,
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which then can be written as

1
()1 = =5 (lwr @113 = lwil3) + lail*. (78)

Finally we have

1 1
ouft)] < ) )13 + 1o < ool + J.
|

We remark that the key identity (77) in the proof of Proposition 27 has been previously
proved in (Du et al., 2018, Theorem 2.1). A special case of it is (Williams et al., 2019,

Lemma 3).
Proof [Proof of Theorem 8| By Assumption 3, there exits a 7% > 0 such that

1

Rs(0(T")) < 5.

Without loss of generality, we assume f(x1) > % Therefore

Soe1(T7)? < 5-e(T)Te(T*) = Rs(0(T")) < -

which means
ler(T7)] <

1
4
1), we have

Recalling the definition that e; = kfg(x1) — f(x

|
|

8 Y alT ) wi(T)Tan) > fon) -
k=1
So i
i < Zak(T*)U(’wk(T*)T:cl)
k=1
VA Jan(T*)wr(T7)l2

< VA (o) + ) ()1

k=1 k=1

— Vi (1 > ()3 + Z\aiuwk(T*)\b)
(5 10T+ 16318 + 10T

1 \ Vd
< 2amax {11} 16w+ I621E
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where we have used Proposition 27. By Proposition 16, we have with probability at least
1 — 2exp(— Uy Gyer the choice of 6°,

4012%1
3
1091 < /S,
3
6% < 1/ Sdm.

3vd’ 8 8k
1 1 3V/dm _ 1  Vd .
= < < —— 6.l
8k T 4k 8 4k 4
1 *
< ot { L1} jou(r)
Thus {1 )
min{l, x
T <10, (TH)|2
< Jow (T
Therefore 0 0
1000 =%l 10(T") — 03
telotoo) OBl 16°]12
min{1,x'}
> 16vdx 1
- %dm
S min{1, '}
~ Km
If 4/ < v —1, then
. 1 /
min{1, '} S 1,
Kkm
which completes the proof. |

Remark 28. Suppose that Assumption 1 and 2 hold. If v > 1 and v < 1 — =, then
Theorem & can hold without taking Assumption 3. Actually, for any 6 € (0,1), Proposi-
tion 26 guarantees the Assumption 5 with probability at least 1 — § over the choice of 6°,
when m is sufficiently large. Therefore, under Assumptions 1 and 2, if m is sufficiently
large, then we have with probability at least 1 — § over the choice of 8°, the relative change

sup RD(04,(t)) > 1.
t€[0,+00)

Appendix D. Relative Deviation of Parameters

For completion, we can also similarly define the slope of the relative deviation for 8 and
a denoted by Sg and S,, respectively. As shown in Fig. 10 (a), the boundary for the 0 is
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0.4 0.4
0.2 0.2
0.0 0.0
-0.2 -0.2
-0.4 -0.4

(b)

Figure 10: Sp in (a) and S, in (b) estimated on NNs of 1000, 5000,10000, 20000, 40000
neurons over v (ordinate) and «’ (abscissa). The stars are zero points obtained
by the linear interpolation over different v for each fixed +’. Dashed lines are
auxiliary lines.

~v = 1, regardless of 7/, that is, all parameters are close to their initialization after training.
For output weight a, as shown in Fig. 10(b), the boundary consists of two rays, one is v = 1
and 7/ > 0, the other is v +7' = 1 and 7/ < 0. This verifies that, in the area between v = 1
and v —~" =1 of 4/ <0, the change of scatter plot from a Gaussian initialization is induced
by the change of a.
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