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Abstract

We study the problem of finding the optimal dosage in early stage clinical trials through the multi-
armed bandit lens. We advocate the use of the Thompson Sampling principle, a flexible algorithm
that can accommodate different types of monotonicity assumptions on the toxicity and efficacy of
the doses. For the simplest version of Thompson Sampling, based on a uniform prior distribution
for each dose, we provide finite-time upper bounds on the number of sub-optimal dose selections,
which is unprecedented for dose-finding algorithms. Through a large simulation study, we then
show that variants of Thompson Sampling based on more sophisticated prior distributions outper-
form state-of-the-art dose identification algorithms in different types of dose-finding studies that
occur in phase I or phase I/11 trials.

Keywords: Multi-Armed Bandits; Adaptive Clinical Trials; Phase I Clinical Trials; Phase I/I
Clinical Trials; Thompson Sampling; Bayesian methods.

1. Introduction

Multi-armed bandit models were originally introduced in the 1930’s as a simple model for a (phase
III) clinical trial in which one control treatment is tried against one alternative (Thompson, 1933).
While those models are nowadays widely studied with completely different applications in mind,
like online advertisement (Chapelle and Li, 2011), recommender systems (Li et al., 2010) or cog-
nitive radios (Anandkumar et al., 2011), there has been a surge of interest in the use of bandit
algorithms for clinical trials (see Villar et al. (2015)). More broadly, Adaptive Clinical Trials have
received an increased attention (Pallmann et al., 2018) as the Food and Drug Administration recently
updated a draft of guidelines for their actual use (Food and Drugs Administration (FDA), 2018). In
this paper, we focus on adaptive designs for phase I and phase I/II clinical trials for single-agent in
oncology, for which adaptations of the original bandit algorithms may be of interest.

Phase I trials are the first stage of testing in human subjects. Their goal is to evaluate the safety
(and feasibility) of the treatment and identify its side effects. For non-life-threatening diseases,
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phase I trials are usually conducted on human volunteers. In life-threatening diseases such as cancer
or AIDS, phase I studies are conducted with patients because of the aggressiveness and possible
harmfulness of the treatments, possible systemic treatment effects, and the high interest in the new
drug’s efficacy in those patients directly. The aim of a phase I dose-finding study is to determine the
most appropriate dose level that should be used in further phases of the clinical trials. Traditionally,
the focus is on determining the highest dose with acceptable toxicity called the Maximum Tolerated
Dose (MTD). Once the initial safety of the drug has been confirmed in phase I trials, phase II trials
are performed on larger groups and are designed to establish the efficacy of the drug and confirm
the safety identified in phase I. In phase II dose-finding studies, the dose-efficacy relationship is
modeled in order to estimate the smallest dose to obtain a desired efficacy, called the minimal
effective dose (MED). Approaches that use both efficacy and toxicity to find an optimal dose are
called phase I/II designs. If the new potential treatment shows some efficacy in phase II, it is
compared to alternative treatments in phase III. We here consider two classes of algorithms for
dose-finding in early stage trials: algorithms which consider only toxicity, suited for phase I trials,
and algorithms which consider both toxicity and efficacy, suited for phase I/II trials.

Until recently, cytotoxic agents were the main agent of anti-tumor drug development. A com-
mon assumption for these agents is that both toxicity and efficacy of the treatment are monotonically
increasing with the dose (Chevret, 2006). Hence, only toxicity is required to determine the optimal
dose which is then the Maximum Tolerated Dose. From a statistical perspective, the MTD is often
defined as the dose level closest to an acceptable targeted toxicity probability fixed prior to the trial
onset (Faries, 1994; Storer, 1989). However, Molecularly Targeted Agents (MTAs) have emerged
as a new treatment option in oncology that have changed the practice of cancer patient care (Postel-
Vinay et al., 2009; Le Tourneau et al., 2010, 2011, 2012). Previously-common assumptions do not
necessarily hold for MTAs. Although toxicity is still assumed to be increasing with the dose, it may
be so low that the trial cannot be driven by toxicity occurrence only. Efficacy needs to be studied
jointly with toxicity, so that the most appropriate dose is not just the MTD. In particular, for some
mechanisms of action, a plateau of efficacy can be observed when increasing the dose (Hoering
et al., 2011), for instance when the targeted receptors are saturated. In this paper, we aim at provid-
ing a unified approach that can be used both for phase I trials involving cytotoxic agents and phase
I/II trials involving MTAs.

Phase I cytotoxic clinical trials in oncology involve several ethical concerns. Therefore, in order
to gather information about the dose-toxicity relationship it is not possible to include a large number
of patients and randomize them at each different dose level considered in the trial. Patients treated
with dose levels over the MTD would be exposed to very high toxicity, and patients treated at low
dose levels would be administrated ineffective dose levels. In addition, the total sample size is often
very limited. For these reasons, the doses to be allocated should be selected sequentially, taking into
account the outcomes of the previous allocated doses, with ideally two objectives in mind: finding
the MTD (which is crucial for the next stages of the trial) and treating as many trial participants
as possible with this MTD. This trade-off between treatment (curing patients during the study) and
experimentation (finding the best treatment) is a common issue in clinical trials. By viewing optimal
dose identification as a particular multi-armed bandit problem, this trade-off can be rephrased as a
trade-off between rewards and error probability, two performance measures that are well-studied
in the bandit literature and that are known to be somewhat antagonistic (see Bubeck et al. (2011);
Kaufmann and Garivier (2017)).
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In this paper, we investigate the use of Thompson Sampling (Thompson, 1933) for dose-finding
clinical trials. This Bayesian algorithm has gained a lot of popularity in the machine learning com-
munity for its successful use for reward maximization in bandit models (see, e.g., Chapelle and Li
(2011)). Interestingly, in the growing literature on Bayesian Adaptive Designs (Berry, 2006; Berry
et al., 2010), several designs that may be viewed as variants of Thompson Sampling have been
proposed for other types of clinical trials in which different treatments are compared (Thall and
Wathen, 2007; Satlin et al., 2016). However, to the best of our knowledge, the use of Thompson
Sampling has not been investigated yet for dose-finding trials, and the present paper aims to fill
this gap. We show that, unlike other bandit algorithms that are better suited for phase III trials,
Thompson Sampling can indeed be naturally adapted to dose-finding trials.

Our first contribution is a theoretical study in the context of MTD identification showing that
the simplest version of Thompson Sampling based on independent prior distributions for each arm
asymptotically minimizes the number of sub-optimal allocations during the trial. Albeit asymp-
totic, this sanity-check for Thompson Sampling with a simple prior motivates our investigation for
its use with more realistic prior distributions, where theoretical guarantees are harder to obtain. Our
second contribution is to show that Thompson Sampling using more sophisticated prior distribu-
tions can compete with state-of-the art dose-finding algorithms. We indeed show that the algorithm
can exploit the monotonicity assumption on the toxicity probabilities that are common for MTD
identification (Section 4.1), but also deal with more complex assumptions on both the toxicity and
efficacy probabilities that are relevant for trials involving MTAs (Section 4.2). Through extensive
experiments on simulated clinical trials we show that our Thompson Sampling variants typically
outperform state-of-the-art dose-finding algorithms. Finally, we propose a discussion revisiting the
treatment versus experimentation trade-off through a bandit lens, and explain why an adaptation of
existing best arm identification designs (Audibert et al., 2010; Karnin et al., 2013) seems currently
less promising for dose-finding clinical trials.

The paper is structured as follows. In Section 2, we present a multi-armed bandit (MAB) model
for the MTD identification problem and introduce the Thompson Sampling algorithm. In Section 3,
we propose an analysis of Thompson Sampling with independent Beta priors on the toxicity of each
dose: We provide finite-time upper-bounds on the number of sub-optimal selections, which match an
(asymptotic) lower bound on those quantities. Then in Section 4, we show that Thompson Sampling
can leverage the usual monotonicity assumptions in dose-finding clinical trials. In Section 5, we
report the results of a large simulation study to assess the quality of the proposed design. Finally in
Section 6, we propose a discussion on the use of alternative bandit methods.

2. Maximum Tolerated Dose Identification as a Bandit Problem

In this section, we propose a simple statistical model for the MTD identification problem in phase I
clinical trials and show that it can be viewed as a particular multi-armed bandit problem.

A dose-finding study involves a number K of dose levels that have been chosen by physicians
based on preliminary experiments (K is usually a number between 3 and 10). Denoting by p;. the
(unknown) toxicity probability of dose k, the Maximum Tolerated Dose (MTD) is defined as the
dose with a toxicity probability closest to a target:

k* € argmin |0 — pgl,
ke{1,..,.K}
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where @ is the pre-specified targeted toxicity probability (typically between 0.2 and 0.35). For clini-
cal trials in life-threatening diseases, efficacy is often assumed to be increasing with toxicity, hence
the MTD is the most appropriate dose to further investigate in the rest of the trial. However, we
shall see in Section 4 that under different assumptions the optimal dose may be defined differently.

2.1 A (Bandit) Model for MTD Identification

A MTD identification algorithm proceeds sequentially: at round ¢ a dose D; € {1,...,K} is
selected and administered to a patient for whom a toxicity response is observed. A binary outcome
X; is revealed where X; = 1 indicates that a harmful side-effect occurred and X; = 0 indicates
than no harmful side-effect occurred. We assume that X; is drawn from a Bernoulli distribution
with mean pp, and is independent from previous observations. The selection rule for choosing
the next dose level to be administered is sequential in that it uses the past toxicity observations to
determine the dose to administer to the next patient. More formally, D; is F;_;-measurable where
Fi = o(Uy, D1, X1,Uy,...,Dy, Xy, Uy) is the o-field generated by the observations made with
the first ¢ patients and the possible exogenous randomness used in each round ¢, U;_; ~ U(]0, 1]).
Along with this selection rule, a (F;-measurable) recommendation rule l%t indicates which dose
would be recommended as the MTD, if the experiments were to be stopped after ¢ patients.

Usually in clinical trials the total number of patients n is fixed in advance and the first objective
is to ensure that the dose l;‘n recommended at the end of the trial is close to the MTD, k*, but there
is also an incentive to treat as many patients as possible with the MTD during the trial. Letting
Ni(t) =3, 1(p,—r) be the number of time dose k has been given to one of the first ¢ patients,
this second objective can be formalized as that of minimizing Ny (n) for k # k*. In the clinical trial
literature, empirical evaluations of dose-finding designs usually report both the empirical distribu-
tion of the recommendation strategy ky, (that should be concentrated on the MTD) and estimates of
E[Ng(n)]/n for all doses k to assess the quality of the selection strategy in terms of allocating MTD
as often as possible.

The sequential interaction protocol described above is reminiscent of a stochastic multi-armed
bandit (MAB) problem (see Lattimore and Szepesvari (2018) for a recent survey). A MAB model
refers to a situation in which an agent sequentially chooses arms (here doses) and gets to observe a
realization of an underlying probability distribution (here a Bernoulli distribution with mean being
the probability that the chosen dose is toxic). Different objectives have been considered in the bandit
literature, but most of them are related to learning the arm with largest mean, whereas in the context
of clinical trials we are rather concerned with the arm which is the closest to some threshold.

2.2 Thompson Sampling for MTD Identification

Early works on bandit models (Robbins, 1952; Lai and Robbins, 1985) mostly consider a reward
maximization objective: The samples (X;) are viewed as rewards, and the goal is to maximize
the sum of these rewards, which boils down to choosing the arm with largest mean as often as
possible. This problem was originally introduced in the 1930s in the context of phase III clinical
trials (Thompson, 1933). In this context, each arm models the response to a particular treatment,
and maximizing rewards amounts to giving the treatment with largest probability of success to as
many patients as possible. This suggests a phase III trial is designed for treating as many patients
as possible with the best treatment rather than identifying it. The trade-off between treatment and
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identification is also relevant for MTD identification: besides finding the MTD another objective is
to treat as many patients as possible with it during the trial.

Reward maximization in a Bernoulli bandit model is a well-studied problem (Jacko, 2019).
In particular, it is known since (Lai and Robbins, 1985) that any algorithm that performs well on
every bandit instance should select each sub-optimal arm & more than Cj log(n) times, where Cj,
is some constant, in a regime of large values of n. Algorithms with finite-time upper bounds on
the number of sub-optimal selections have been exhibited (Auer et al., 2002; Audibert et al., 2009),
some of which match the aforementioned lower bound on the number of sub-optimal selections
(Cappé et al., 2013). In the context of MTD identification, we are also concerned about minimizing
the number of sub-optimal selections but with a different notion of optimal arm: the MTD instead
of the arm with largest mean.

Algorithms for maximizing rewards in a bandit model mostly fall in two categories: frequentist
algorithms, based on upper-confidence bounds (UCB) for the unknown means of the arms (popular-
ized by Katehakis and Robbins (1995); Auer et al. (2002)) and Bayesian algorithms, that exploit a
posterior distribution on the means (see, e.g. Powell and Ryzhov (2012); Kaufmann et al. (2012a)).
Among those, Thompson Sampling (TS) is a popular approach, known for its practical successes
beyond simple bandit problems (Agrawal and Goyal, 2013b; Agrawal and Jia, 2017). In the context
of clinical trials, variants of Thompson Sampling have been notably studied for phase III clinical
trials involving two treatments (see Thall and Wathen (2007) and references therein), or for adaptive
trials involving interim analyses (Satlin et al., 2016). Strong theoretical properties have also been
established for this algorithm in simple models. In particular, Thompson Sampling was proved to be
asymptotically optimal for Bernoulli bandit models (Kaufmann et al., 2012b; Agrawal and Goyal,
2013a).

Thompson Sampling, also known as probability matching, implements the following simple
Bayesian heuristic. Given a prior distribution over the arms, at each round an arm is selected at
random according to its posterior probability of being optimal. In this paper, we advocate the use
of Thompson Sampling for dose-finding, using the appropriate notion of optimality. In particular,
Thompson Sampling for MTD identification consists of selecting a dose at random according to
its posterior probability of being the MTD. Given a prior distribution IT° on the vector of toxicity
probabilities, p = (p1,...,pr) € [0,1]%, a posterior distribution IT* can be computed by taking
into account the first £ observations. A possible implementation of Thompson Sampling consists
of drawing a sample (t) = (01(t),...,0x(t)) from the posterior distribution IT* and selecting at
round ¢ + 1 the dose that is the MTD in the sampled model: Dy = argmin,, |65 (t) — 6|. There
are several possible choices for the recommendation rule k;, which are discussed in the upcoming
sections.

2.3 Why Thompson Sampling?

A nice feature of Thompson Sampling is that this algorithm only requires to be able to define some
notion of optimal arm (or arm to discover), which is naturally defined as the arm with mean closest
to the threshold 6 in the MTD identification problem, instead of the arm with largest mean. Among
existing bandit algorithms, we believe Thompson Sampling to be the easiest to adapt to the MTD
identification problem, which is why we pursue the study of this algorithm in this paper.

Indeed, observe that other popular bandit algorithms instead require a value to be assigned to
each sampled arm, and require the optimal arm to be the arm with largest expected value. This is
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the case for the frequentist optimistic algorithms (see, e.g., Auer et al. (2002); Cappé et al. (2013)),
which construct confidence intervals on the expected value of each arm and select the arm which has
the largest statistically plausible expected value (i.e. the largest Upper Confidence Bound, UCB).
Adapting this optimism in face of uncertainty principle for MTD identification seemed to us less
straightforward.

In the literature on Bayesian ranking and selection, value-based approaches have also been pro-
posed. Some algorithms are indeed based on defining some Expected Value of Information (Chick,
2006). Among those, knowledge gradient methods (Powell and Ryzhov, 2012) are particularly
interesting since they permit handling correlations between arms. For example Xie et al. (2016)
consider a prior distribution over the arms’ means which is a multivariate Gaussian, and Wang et al.
(2016) consider a Bayesian logistic model (where a Laplace approximation is used for Bayesian
inference). However, the proposed algorithms are both tailored to finding an arm a maximizing
E[V (a, D)] for some function V' that depends on a random variable D under which the expecta-
tion is taken (like other algorithms from the Bayesian Optimization (BO) literature (Brochu et al.,
2010)). The MTD identification problem cannot naturally be cast in this framework, and adapting,
e.g., knowledge gradient methods would require defining an appropriate notion of value of informa-
tion in this setting. We leave for future work the possible adaptation of value-based approaches to
the MTD identification problem.

3. Independent Thompson Sampling: an Asymptotically Optimal Algorithm

Inspired by the bandit literature, we introduce the simplest version of Thompson Sampling, that
assumes independent uniform prior distributions on the probability of toxicity of each dose. We
refer to this algorithm as Independent Thompson Sampling and propose some theoretical guarantees
for it.

3.1 Algorithm Description

The prior distribution on p = (p1,...,px) is I = ®fi1 79, where 79 = ([0, 1]) is a uniform
distribution. Letting 7. be the posterior distribution of pj, given the observations from the first ¢
K _t

patients, the posterior distribution also has a product form, II" = ), 7. Moreover, each 7},
can be made explicit: 7}, is a Beta(Sy(t) + 1, Ni(t) — Si(t) + 1) distribution where Si(t) =
Zizl Xs1(p,—) is the sum of rewards obtained from arm k and D; is the dose allocated at time s.

The selection rule of Independent Thompson Sampling is simple: a sample from the posterior
distribution on the toxicity probability of each dose is generated, and the dose for which the sample
is closest to the threshold is selected:

{ Vk € {1, K}, 0(t) ~ 7k
Dy1y = argmin,, |05 (t) — 6].

Several recommendation rules may be used for Independent Thompson Sampling. As the random-
ization induces some exploration, recommending ky = D41 is not a good idea. Inspired by what
is proposed by Bubeck et al. (2011) for assigning a recommendation rule to rewards maximizing
algorithms, a first idea is to recommend k; = argmin,, |fix(t) — 0|, where fi;(t) is the empirical
mean of dose k after the ¢-th patient of the study. Leveraging the fact that TS is supposed to allocate
the MTD most of the time, we could also select k; = argmax;, Ny (t) or pick ky uniformly at random
among the allocated doses.
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Figure 1: Optimal dose dj, associated with dose k. In some cases d;, = py+ (left), in others dj, =
20 — pp+ (right), which is symmetric to the MTD with respect to threshold 6.

3.2 Upper Bound on the Number of Sub-Optimal Selections

For the classical rewards maximization problem, the first finite-time analysis of Thompson Sam-
pling for Bernoulli bandits dates back to Agrawal and Goyal (2012) and was further improved by
Kaufmann et al. (2012b); Agrawal and Goyal (2013a). In Appendix A, building on the analysis
of Agrawal and Goyal (2013a), we prove the following for Thompson Sampling applied to MTD
identification.

Theorem 1 Introducing for every k # k* the quantity
dp == argmin  |py —d|,
de{pk* 720_pk* }
Independent Thompson Sampling satisfies the following. For all € > 0, there exists a constant
C: 0.p (depending on ¢, the threshold 0 and the toxicity probabilities) such that for all k : |py, — 0| #
|0 — pie~

>

1+¢
E[Ni(n)] < o log(n) + Ce g,

where kl(x,y) = xlog(z/y) + (1 — x)log((1 — x)/(1 — y)) is the binary Kullback-Leibler diver-
gence.

Theorem 1 shows that the total number of allocations to a sub-optimal dose in a trial involving
n patients is logarithmic in n, which justifies that the MTD is given most of the time, at least in a
regime of large values of n (as the second order term can be large). Also, this bounds tells us that in
this regime each sub-optimal dose is allocated in inverse proportion of kl(py, d; ), which can be seen
as a distance between dose k and an optimal dose with toxicity probability d;, which is illustrated in
Figure 1.

The lower bound given in Theorem 2 below furthermore shows that Independent Thompson
Sampling actually achieves the minimal number of sub-optimal allocations when n grows large.

Theorem 2 We define a uniformly efficient design as a design satisfying for all possible toxicity
probabilities p, for all o €]0,1], for all k : |0 — pi| # |0 — pi+|, E[Nk(n)] = o(n®) when n goes
to infinity. If pi~ # 0, any uniformly efficient design satisfies, for all k: |0 — py| # |0 — pi~

RN L1
lim inf > )
n—oo log(n) — kl(px,d})

)
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Theorem 2 can be viewed as a counterpart of the Lai and Robbins lower bound for classical
bandits (Lai and Robbins, 1985) and can be easily derived using recent change-of-measure tools
(see Garivier et al. (2019b)). Its proof is given in Appendix B for the sake of completeness.

3.3 Upper Bound on the Error Probability

If the recommendation rule k,, consists of selecting uniformly at random a dose among the doses
that were allocated during the trial, { D1, ..., Dy}, it follows from Theorem 1 that

n - n
k#k*

where D is a (possibly large) problem-dependent constant. Hence finite-time upper bounds on the
number of sub-optimal selection lead to non-asymptotic upper bound on the error probability of
the design. Note that for the state-of-the-art dose-finding designs it is not known whether such
results can be obtained; the only results available provide conditions for consistency. For example
Shen and O’Quigley (1996); Cheung and Chappell (2002) exhibit some conditions on the toxicity
probabilities under which a classical design called the CRM is such that ke converges almost surely
to k*.

This being said, the upper bound (1) is not very informative, as a very large number of patients
is needed for the upper bound to be at least smaller than 1, and one could expect to have an upper
bound that is exponentially decreasing with n. As we shall see in Section 6, an adaptation of a
best arm identification algorithm (Karnin et al., 2013) leads to such an upper bound, but may be less
desirable for clinical trials from an ethical point of view. This is why we rather chose to investigate in
what follows several variants of Thompson Sampling coupled with an appropriate recommendation
rule.

By using uniform and independent priors on each toxicity probability, Independent Thompson
Sampling is the simplest possible implementation of Thompson Sampling. We now explain that
using a more sophisticated prior distribution allows the algorithm to leverage some particular con-
straints of the dose-finding problem, like increasing toxicities or a plateau of efficacy.

4. Exploiting Monotonicity Constraints with Thompson Sampling

Independent Thompson Sampling is an adaptation of a state-of-the-art bandit algorithm for identify-
ing the MTD that does not leverage any prior knowledge on (e.g.) the ordering of the arms’ means.
While it can be argued that when testing drug combinations no natural ordering between the doses
exists (see, e.g., Mozgunov and Jaki (2017)), in most cases monotonicity assumptions can speed up
learning.

A typical assumption in phase I studies is that both efficacy and toxicity are increasing with the
dose. We show in Section 4.1 that Thompson Sampling using an appropriate prior is competitive
with state-of-the-art phase I approaches leveraging the monotonicity. In Section 4.2, we further
show that Thompson Sampling is a flexible method that can be useful in phase I/II trials, under
more complex monotonicity assumptions on both toxicity an efficacy. More specifically, we show
it can handle an efficacy “plateau,” where efficacy may be non-increasing after a certain dose level.
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4.1 Thompson Sampling for Increasing Toxicities: A Phase I Design

In a phase I study in which both toxicity and efficacy are increasing with the dose, the MTD is
the most relevant dose to allocate in further stages. We now focus on algorithms leveraging the
extra information that p; < --- < pg. To exploit this structure, escalation procedures have been
developed in the literature, the most famous being the “3+3” design (Storer, 1989). In this design,
adjusted for = 0.33, the lowest dose is first given to 3 patients. If no patient experiences toxic
effects, one escalates to the next dose and repeats the process. If one patient experiences toxicity,
the dose is given to 3 more patients, and if less than two patients among the 6 experience toxicity,
one escalates to the next dose. Otherwise the trial is stopped, which is also the case if from the
beginning 2 out of the 3 patients experience a toxic effect. Upon stopping, the previous dose is
recommended as the MTD, or all doses are deemed too toxic if one stops at the first dose level.
Although it is clear that the guarantees in terms of error probability (or sub-optimal selections) are
very weak, “3+3” is still often used in practice.

Alternative to this first design are variants of the Continuous Reassessment Method (CRM),
proposed by O’Quigley et al. (1990). The CRM uses a Bayesian model that combines a parametric
dose/toxicity relationship with a prior on the model parameters. Under this model, CRM appears
as a greedy strategy that selects in each round the dose whose expected toxicity under the posterior
distribution is closest to the threshold. We propose in this section several variants of Thompson
Sampling based on the same Bayesian model, but that favor (slightly) more exploration.
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A Bayesian model for increasing toxicities Inthe CRM literature, several parametric models that
yield an increasing toxicity have been considered. In this paper, we choose a two-parameter logistic
model that is among the most popular. Under this model, each dose k is assigned an effective dose
uy, (that is usually not related to a true dose expressed in a mass or volume unit) and the toxicity
probability of dose k is given by

P(Bo, B1) = ¥(k, fo, f1), where ¢(k, Bo, 1) = H_e_lgo_gluk-

A typical choice of prior is
Bo ~ N(0,100) and 31 ~ Exp(1).

It is worth noting that this model also heavily relies on the distinct effective dose levels uy, ..., ux
that are usually chosen depending on some prior toxicities set by physicians, p§ < p9 < --- < p9..
Letting B9, (1 be the prior mean of each parameter, the effective doses are calibrated such that for
all k, ¥(k, Bo, B1) = pg. If there is no medical prior knowledge about the toxicity probabilities,
some heuristics for choosing them in a robust way have been developed (see Chapter 9 of Cheung
(2011)).

Under this model, given some observations from the different doses one can compute the pos-
terior distribution over the parameters 3y and [31; that is, the conditional distribution of these pa-
rameters given the observations. Although there is no closed form for these posterior distributions,
they can be easily sampled from using Hamiltonian Monte-Carlo Markov Chain algorithms (HMC)
as the log-likelihood under these models is differentiable. In practice, we use the Stan implemen-
tation of these Monte-Carlo sampler (Stan Development Team, 2015), and use (many) samples to
approximate integrals under the posterior when needed.

4.1.1 THOMPSON SAMPLING

Thompson Sampling selects a dose at random according to its posterior probability of being the
MTD. Under the two-parameter Bayesian logistic model presented above, letting m; denote the
posterior distribution on (S, 81) after the first ¢ observations, the posterior probability that dose &
is the MTD is

ft>

—/Rn@—argrlpin !9—pe(ﬂo,ﬁﬂ\)dﬁt(ﬁo,ﬁﬁ-

G(t) = P (k — argmin [0 — pr(Fo, 1)

A first possible implementation of Thompson Sampling that we use in our experiments consists
of computing approximations i (t) of the probabilities g (¢) (using posterior samples) and selecting
atround t + 1 a dose Diy1 ~ ¢(t), i.e. such that P (D;y = k|F:) = §x(t). A second implemen-
tation of Thompson Sampling (that may be computationally easier) consists of drawing one sample
from the posterior distribution of (S, 51), and selecting the MTD in the sampled model:

(Bot), i) ~

DtTfl € argmin ‘9 — Dk (Bo(t),ﬁl(t)> ‘ ) 2)
ke{1,..,.K}

10
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It is easy to see that this algorithm coincides with Thompson Sampling in that P (D[}, = k|F;) =
qr(t). We will present below a variant of Thompson Sampling based on the first implementation
(TS_A) and a variant based on the second implementation (T'S(¢)).

Recommendation rule Due to the randomization, Thompson Sampling performs more explo-
ration than the “greedy” CRM (O’Quigley et al., 1990) method, which selects at time ¢ the MTD
under the model parameterized by ( Bo, 61) the posterior means of the two parameters, given by

/ Bodmi(Bo,f1) and Pt / Budmi(Bo. B)- 3)

More precisely, the sampling rule of the CRM is

DM ¢ argmin 9—pk(30(t)731(t))‘~
kef{l,...K}

The recommendation rule for CRM after ¢ patients is identical to the next dose that would be sam-
pled under this design, that is X*®M = DERM. For Thompson Sampling, due to the more exploratory

nature of the algorithm, we do not want to recommend k}S = D{3,. Instead, we propose the use

of recommendation rule kTS = argmin |0 — py(Bo(t), B1(t))|, which coincides with that of the
ke{l,. K}
CRM.

4.1.2 TWO VARIANTS OF THOMPSON SAMPLING

The randomized aspect of Thompson Sampling makes it likely to sample from large or small doses,
without respecting some ethical constraints of phase I clinical trials. Indeed, patients should not
be exposed to too-high dose levels; overdosing should be controlled. Hence, we also propose two
“regularized” versions of TS. The first depends on a parameter € > 0 set by the user that ensures
that the expected toxicity of the recommended dose remains within € of the toxicity of the empirical
MTD. The second restricts the doses to be tested to a set of admissible doses. These algorithms are
formally defined below, and their performance is evaluated in Section 5.

TS(e) We first compute the posterior means ABAO (1), ?1 (t) from (3) and the toxicity of the dose
closest to f under the model parameterized by (By(t), 51(¢)) (i.e., the toxicity of the dose selected
by the CRM):

(t) = i, (Bo(t) 5r(#)), with k= argmin |6 — py.(Fo(t), 51 (1)

Next we sample Bg (1), By (t) from the posterior distribution 7y and select a candidate dose level Dy 1
using (2). If the predicted toxicity level pp, (Bo(t), B1(t)) is not in the interval (p(t) —e, p(t) +¢),
then we reject our values of 3y(), 51 (t), draw a new sample from 7, and repeat the process. In
order to guarantee that the algorithm terminates, we only reject up to 50 samples, after which we
use the sample that gives the dose with minimum toxicity among all 50 samples. We choose 50 to
limit the computational complexity of the algorithm, but it can also be replaced by a larger value if
more computational power is available.

T'S(&) can be seen as a smooth interpolation between the CRM (which correspond to e = 0) and
vanilla Thompson Sampling (which corresponds to € = 1). Regarding the tuning of the parameter
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e, large values do not reduce much the amount of exploration while too small values lead to a
behavior which is indistinguishable from that of the CRM. We did (large scale) experiments with
e € {0.02,0.05,0.1} and we found that the three values lead to comparable performance across
the different scenarios we tried. To ease the presentation, we report results for TS(0.05) only in
Section 5.

TS_A The TS_A algorithm limits exploration by enforcing the selected dose to be in some ad-
missible set .4;, by sampling from the modified distribution

Gk () (kea,)
P(Dyyy = k| F) = 7 (keAy
( t+1 | t) de_At qz(t)

instead of sampling directly from §(¢) as vanilla Thompson Sampling does. The admissible set .A;
is defined as set of doses that meet the following two criteria:

1. dose k has either already been tested, or is the next-smallest dose which has not yet been
tested

2. the posterior probability that the toxicity of dose k exceeds the toxicity of the dose closest to
0 is smaller than some threshold:
ft> S C1.

A is inspired by the admissible set of Riviere et al. (2017) described in detail in the next section.

In our experiments, we tried different values of the parameter c; and we found that the perfor-
mance of TS_A is better with values of ¢ that are not too small. In Section 5, we report experiments
with ¢; = 0.8, but the performance was comparable for the choices ¢c; = 0.6 or 0.9.

P(zﬁ(k,ﬁm Br) > (K, o, B1), where k' = argmin |6 — (K, Bo, B1)|

k'e{1,... K}

4.2 Thompson Sampling for Efficacy Plateau Models: A Phase I/II Design

In some particular trials, it has been established that efficacy is not always increasing with the dose.
Motivated by some concrete examples discussed in their paper, Riviere et al. (2017) consider a
model in which the dose effectiveness can plateau after some unknown level, while toxicity still in-
creases with dose level. In these models, MTD identification is no longer relevant and the objective
is rather to identify the smallest dose with maximal efficacy and with toxicity no more than 6. More
formally, introducing eff}, the efficacy probability of dose &, the Minimal Effective Dose (MED) is

k* = min {k : eff, = max effg}
L:pg<0

In a dose-finding study involving efficacy, at each time step ¢ a dose Dy is allocated to the ¢-
th patient, and the toxicity X is observed, as well as the efficacy Y;. With this two-dimensional
observation, assigning a value (or reward) to each sampled arm is even less natural than before.
However as one can still define a notion of optimal dose (the MED instead of the MTD), Thompson
Sampling can still be applied in this setting. As we shall see, it bears some similarities to the
state-of-the-art method developed by Riviere et al. (2017).

12
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A Bayesian model for toxicity and efficacy Thompson Sampling requires a Bayesian model for
both the dose/toxicity and the dose/efficacy relationship that enforces an increasing toxicity and a
increasing then plateau efficacy. We use the model proposed by Riviere et al. (2017), that we now
describe.

Under this model, toxicity and efficacy are assumed to be independent. The (increasing) toxicity
follows the two-dimensional Bayesian logistic model with effective doses wu:

pr = pi(Bo, B1) = ¥(k, Bo, B1)
and By ~ N (0,100), B1 ~ Exp(1).

Efficacy also follows a logistic model, with an additional parameter 7 that indicates the beginning

of the plateau of efficacy. The efficacy probability of dose level k is

1
T 1+ e Dot (ol (k<) For (k=)

effk — effk(’YOa’Yl»T) = ¢(k770a7177), where ¢(k5>70a71,7') :

with vy, the effective efficacy of dose k. Given (1, ...,tx) such that Zfi 1 ti = 1, a probability
distribution on {1,..., K}, the three parameters (7,71, 7) are independent and drawn from the
following prior distribution:

v ~N(0,100), ~1 ~Exp(1), 7~ (t1,...,tK)-

The prior on 7 may be provided by a physician or set to (1/K,...,1/K) in case one has no prior
information. Just like the effective doses u;. (that we may now call effective toxicities), the effective
efficacies vy, are calculated using prior efficacies eff! < --- < eff{}(:

v = <log (16:ff0> —’Yo> /’Yl,
- k

where 7y = 0 and 7y; = 1 are the prior means of the parameters g and ;.

Posterior sampling Let DS = {(Dy,Y}),...,(Dy,Y;)} be the efficacy data gathered in the first
t rounds. Generating samples from the posterior distribution of (yo,v1,7) given D¢ is a bit more
involved than generating posterior samples from (g, 51). Indeed, it cannot be handled directly
with HMC given that (79, ) are continuous and 7 is discrete. Thus, we proceed in the following
way: we first draw samples from p(vo, v1|DS™), which can be performed with HMC (and requires
marginalizing out the discrete parameter 7, following the example of change point models given in
the Stan manual (Stan Development Team, 2015)). Then we sample 7 conditionally to o, v1, D$T.

4.2.1 THOMPSON SAMPLING

Recall that the principle of Thompson Sampling is to randomly select doses according to their pos-
terior probability of being optimal. This idea can also be applied in this more complex model, using
the corresponding definition of optimality. Given a vector ¥ = (11, . .., 1k ) of increasing toxicity
probabilities and a vector ¢ = (¢1, ..., ¢x) of increasing then plateau efficacy probabilities, the
optimal dose is

MED(%, ¢) := min {k D ¢ = max @} :

Liapy<0
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The posterior probability of dose k to be optimal in that case is

qk(t) := P (k = MED ((-, Bo, 61), &(+, 70,71, 7)) Fi)

and in our experiments, we implement Thompson Sampling by computing approximations g (t)
from the quantities gy (t) (based on posterior samples) and then selecting a dose D1 ~ §(t)
where §¢(t) = (¢i(t),...,q4r(t)). Just like in the previous model, an alternative implementation
of Thompson Sampling would sample parameters from their posterior distributions and select the
optimal dose in this sampled model. Letting

BO(t)u Bl (t) and :)/O(t)7 :Yl (t)7 7~'(t)7

be samples from the posterior distributions after ¢ observations of the toxicity and efficacy parame-

ters respectively, one can compute ¢ (t) = (k, Bo(t), B1(t)) and ¢y (t) = ¢(k, F0(t),31(t), 7(t))
for every dose k. Given the toxicity and efficacy vectors

(1) = (Dr(0),.. (1)
and @(t) = (¢~>1(t), e GZBK(t)) ;

this implementation of Thompson Sampling selects at round ¢ + 1 D3, = MED (&(t), d?(t))

Recommendation rule Here also we expect Thompson Sampling to be too exploratory for dose
recommendation. Hence, we base our recommendation on estimated values. Given the posterior
means (o (t), 51(t),90(t), 41 (t) (estimated from posterior samples) and 7(¢) the mode of the poste-
rior distribution of the breakpoint (see the next section for its computation), we compute i}k(t) =

(0, folt), 51(0)) and Gx(t) = B(k, 30(t), 31(1), 7(1)) and recommend k, = MED ((1), (1))

4.2.2 A VARIANT OF THOMPSON SAMPLING USING ADAPTIVE RANDOMIZATION

Interestingly, the need for randomization in the context of plateau efficacy has already been observed
by Riviere et al. (2017). More precisely, as we explain below, the algorithm MTA-RA described in
that work can be viewed as an hybrid approach between Thompson Sampling and a CRM approach.

Additionally to the use of adaptive randomization, the MTA-RA algorithm also introduces a
notion of admissible set. The set of admissible doses after ¢ patients, denoted by A, is the set of
dose levels k meeting all of the following criteria:

1. dose k has either already been tested, or is the next-smallest dose which has not yet been
tested

2. the posterior probability that the toxicity of dose k& exceeds 6 is smaller than some threshold:
P (¢ (k, Bo, B1) > 0| F) < 1 C))

3. if the dose has been tested more than 3 times, the posterior probability that the efficacy is
larger than £ is larger than some threshold:

P(¢(k77077177-) > §|~Ft) > C (5)
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Practical computation of the admissible set can be performed using posterior samples from (5, 51)
to check the criterion (4) and posterior samples from (g, y1, 7) to check the criterion (5).

The MTA-RA algorithm works in two steps. The first step exploits the posterior distribution
of the breakpoint, ty,(t) := P (7 = k|D{™), and uses randomization to pick a value 7(t) close to
the mode of this distribution. More precisely, given (fx(t))x=1, x an estimate of the posterior
distribution of 7, let

R := {k :

be a set of candidate values for the position of the breakpoint. Then under MTA-RA,

3 —t < <k<
lrgnzaé}%(tg(t)) tk(t) ~ 81,1 = k = K}

_ ()1 (er,)
ZZeRt tf(t)

The threshold s; is often adapted such that it is larger in the beginning of the trial when we have
high uncertainty about the estimates, but it grows smaller as the trial continues. The second step of
MTA-RA doesn’t employ randomization. Based on posterior samples from (7o, 1) conditionally
to 7 being equal to 7(t), efficacy estimates qgk are produced (taking the mean of the values of
o(k, 0,71, 7(t)) for many samples ~p, 1) and finally the selected dose is

P (7(t) = k[Ft)

DMJIA'RA = inf {k‘ €A oy = iré%(&j} .

If 7(t) were replaced by a point estimate (e.g. the mode of the breakpoint posterior distribution
f(t)), MTA-RA would be close to a CRM approach that computes estimates of all the parameters
and acts greedily with respect to those estimated parameters (with the additional constraint that the
chosen dose has to remain in the admissible set). However, the first step of MTA-RA bears similar-
ities with the first step of a Thompson Sampling implementation that would sample a parameter 7
from the & (t) (and later sample the other parameters conditionally to that value and act greedily in
the sampled model). The difference is the use of adaptive randomization, in which the sample is not
exactly drawn from £(¢), but is constrained to fall in some set (here R;) that depends on previous
observations.

The TS_A algorithm We believe that using adaptive randomization is a good idea to control
the amount of exploration performed by Thompson Sampling, which leads us to propose the T'S_A
algorithm, that incorporates the constraint to select a dose that belongs to the admissible set A;.
More formally, T'S_A selects a dose at random according to

_ (L kea
ZﬁeAt (jg(t) 7

where we recall that §x(¢) is an estimate of the posterior probability that dose k is optimal. Com-
pared to the variant of T'S_A for increasing toxicities that is proposed in Section 4.1, the difference
here is the appropriate definition of the admissible set, that involves both toxicity and efficacy prob-
abilities.

P (Di1 = k| Fr)
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Practical remark Approximations ¢ (¢) of the breakpoint distribution can be computed using that

LD o, 1, k) eff
tp(t) = tk/ (Y0, 71|Dy" 7 )dryod,
S LD 0,71, 5)

where L(Df|,71, s) is the likelihood of the efficacy observations when the efficacy model pa-
rameters are (Yo,71,5) and p(vo,v1|DSM) is the density of the distribution of (yp,~1) given the
observations. 1 (t) can be thus be obtained by Monte-Carlo estimation based on samples from

(70, 71| DET).

5. Experimental Evaluation

We now present an empirical evaluation of the variants of Thompson Sampling introduced in the
paper first in the context of increasing efficacy and then with the presence of a plateau of efficacy.
In both groups of experiments, we adjusted our designs to some common practices in dose-finding
trials. We used a start-up phase for all designs (starting from the smallest dose and escalating until
the first toxicity is observed) and we also used cohorts of patients of size 3. Cohorts of patients are
used for practical reasons to shorten the duration of the trial because the toxicity window assessment
is usually 3 to 4 weeks in most oncology studies. Larger cohort sizes are worth exploring but we
used cohorts of size 3 to be consistent with prior studies. This means that the same dose is allocated
to 3 patients at a time and the model is updated after seeing the outcome for these 3 patients.

5.1 Phase I: MTD Identification

In this set of experiments, we evaluate the performance of the three algorithms introduced in Sec-
tion 4.1, TS, TS(e) and TS_A, and compare them to the 3+3 and CRM baselines. We report
experiments with the value ¢ = 0.05 for TS(¢) and ¢; = 0.8 for TS_A. We refer the reader to
Section 4.1.2 for discussions on the choice of these parameters. We also include Independent TS
as proposed in Section 2, which is agnostic to the increasing structure.

In Tables 1 to 3 we provide results for nine different scenarios in which there are K = 6 doses
with a target toxicity § = 0.30, budget n = 36 and prior toxicities

p® =1[0.06 0.12 0.20 0.30 0.40 0.50].

We choose the same prior toxicities for all scenario, that are sometimes close to actual toxicities (e.g.
in Scenario 2) and sometimes quite far, in order to showcase the robustness of Bayesian algorithms.

For each scenario and algorithm, we report in the first column of these tables the percentage of
allocation to each dose, that is, an estimate of P(l%n = k) for each dose k, based on N = 2000
repetitions. In the second column, we report an estimate of the percentage of allocation to each dose
during the trial, computed for each dose k as the average value of 100 * Ni(n)/n over N = 2000
repetitions. We add in parenthesis the empirical standard deviation of these allocation percentages,
as allocations under bandit algorithms are known to have a large variance. For the 3+3 design, only
the recommendation percentages are displayed, as the percentage of allocations would be computed
based on a number of patients smaller than 36 (as a 3+3 based trial involves some random stopping).
This design is also the only one that would stop and recommend none of the doses if they are all

judged too toxic: we add this fraction of no recommendation between brackets in the tables.
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For each scenario, corresponding to different increasing toxicity probabilities, the MTD is un-
derlined and we mark in bold the fraction of recommendation or allocation of the MTD that are
superior to what is achieved by the CRM. We now comment on the performance of the algorithms
on those scenarios.

Dose recommendation TS outperforms CRM 3 out of 9 times, T'S(g) does so 5 out of 9 times,
and TS_A does so 5 out of 9 times. As expected, Independent TS, which does not leverage the
increasing structure, does not have a remarkable performance. This algorithm would need a larger
budget to have a good empirical performance. With n = 36 in most cases this strategy is not doing
much better than selecting the doses uniformly at random. One can also observe that the 3+3 design
(that may however require less than 36 patients in the trial) performs very badly in terms of dose
recommendation.

Dose allocation While T'S_A and TS(¢) do not always have higher allocation percentage at the
optimal (underlined) dose compared to CRM, a scan of the dose allocation results in Tables 1 to 3
shows that the addition of the admissible set .A and ¢ regularity to the Thompson Sampling method
consistently reduces the allocation percentage of higher toxicity doses. T'S_A performs best in this
regard (it is more cautious with allocating higher doses) across all algorithms (e.g. it consistently has
superior performance compared to CRM), while T'S(¢) has performance better than or comparable
to CRM. We believe this result is of interest in trials where toxicity is an ethical concern.

5.2 Phase I/II: MED Identification when Efficacy Plateaus

In this set of experiments, we evaluate the performance of the two algorithms introduced in Sec-
tion 4.2, TS and TS_A, and compare them to the MTA-RA algorithm. We use the experimental
setup of Riviere et al. (2017): several scenarios with K = 6 doses, budget n = 60, § = 0.35,
toxicity and efficacy priors

p° = [0.02,0.06,0.12,0.20,0.30,0.40] and eff® = [0.12,0.20,0.30,0.40, 0.50, 0.59).

Furthermore, we use the same parameters for the admissible set and the implementation of MTA-
RA as those chosen by Riviere et al. (2017): £ = 0.2, ¢; = 0.9, ¢co = 0.4, and 51 = .2 (1 - %),
where [ is the number of samples used so far. These parameters are defined above in the main text.

In Tables 4 to 6 we provide results for several scenarios with increasing toxicities and efficacy,
with efficacy which (quasi) plateaus. We report the percentage of allocation to each dose, the per-
centage of recommendation of each dose when n = 60, and the percentage of time the trials stopped
early (E-Stop), estimated over N = 2000 repetitions. As before, we also report standard deviations
for the percentage of allocations to each dose.

Optimal doses are underlined by a plain line while a dashed line identifies doses whose toxicity
is larger than . We mark in bold cases where our algorithms makes the optimal decision (in terms
of the percentage of recommendations) more often than the MTA-RA baseline.

Dose recommendation Recall that the modeling assumption here is that efficacy increases mono-
tonically in toxicity up to a point and then it plateaus. We present experimental results on several
scenarios, some of which are borrowed from Riviere et al. (2017), on which this plateau assumption
is not always exactly met. In most of these scenarios, T'S_A outperforms the MTA-RA algorithm.
In scenarios 1 through 4 and in scenarios 12 and 13, there is a plateau of efficacy starting at
a reasonable toxicity: in this case the optimal dose corresponds to the plateau breakpoint. Our
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algorithms make the optimal decision compared to MTA-RA consistently: TS 4 out of 6 times
and TS_A 5 out of 6 times. In scenarios 5 and 6 the plateau of efficacy starts when the toxicity is
already too high, hence the optimal dose is before than the plateau. In scenario 5, TS_A and TS
both outperform MTA-RA, while on scenario 6 MTA-RA has a slight advantage over T'S.

In scenario 7 and 8 there is no true plateau of efficacy, however in both cases there exists a
“breakpoint” (underlined) after which the efficacy is increasing very slowly while the toxicity is
increasing significantly. This breakpoint can thus be argued to be a good trade-off between efficacy
and toxicity and should be investigated in further phases. In these two scenarios T'S_A identifies
this pseudo-optimal dose more often than MTA-RA, while T'S has a slightly worse performance.

Lastly, we study the case when there is no clear optimal or near-optimal dose, i.e. scenarios
9-11. In scenario 9 wherein most doses, including the entire quasi-plateau, are too toxic, we would
like to stop early or at most recommend dose 1 (the only dose meeting the toxicity constraint but
whose efficacy is not very high). Under this interpretation, T'S and T'S_A outperform MTA-RA.
Note that our algorithms most often either stop early or recommend dose 1, while in comparison
MTA-RA recommends the toxic dose 2 a large fraction of the time (33.1 %). In scenarios 10 and
11 in which all doses are either too toxic or ineffective a good algorithm would stop early with no
recommendation. T'S_A makes this optimal decision more often than MTA-RA in both scenarios
and T'S in one of the two scenarios.

Dose allocation While T'S and TS_A have lower allocation percentage at the optimal (under-
lined) dose compared to MTA-RA, the addition of the admissible set .4 to the Thompson Sampling
method consistently reduces the percentage of dose allocation at doses that are too toxic. Further-
more, T'S_A is more cautious in allocating higher doses compared to MTA-RA. Our experiments
notably reveal that the fraction of allocation to doses whose toxicity is larger than 6 (that are under-
lined with a dashed line) is always smaller for TS_A than for MTA-RA. Hence, not only is TS_A
very good in terms of recommending the right dose, it also manages to avoid too-toxic doses more
consistently.

6. Revisiting the Treatment versus Experimentation Trade-off

Ideally, a good design for MTD identification should be supported by a control of both the error
probability e,, = P(k, # k*) and the number of sub-optimal selections E[Nj,(n)] for k # k*. These
two quantities are respectively useful to check whether the design achieves a good identification of
the optimal dose and whether a large number of patients have been treated with the optimal dose.
For classical bandits (in which k* is the arm with largest mean instead of the MTD), those
two performance measures are known to be antagonistic. Indeed, Bubeck et al. (2011) shows that
the smaller the regret (a quantity that can be related to the number of sub-optimal selections), the
larger the error probability. Such a trade-off may also exist for the MTD identification problem.
However, the precise statement of such a result would be meaningful for large values of the number
of patients n, which is of little interest for a real clinical trial as it can only involve a small number
of patients. In practice, we showed that adaptations of Thompson Sampling, a bandit design aimed
at maximizing rewards, achieve good performance in terms of both allocation and recommendation.
Still, another natural avenue of research is to investigate the adaptation of bandit designs aimed
at minimizing the error probability. Minimizing the error probability for MTD can be viewed as
a variant of the fixed-budget Best Arm Identification (BAI) problem introduced by Audibert et al.
(2010); Bubeck et al. (2011). In contrast to the standard BAI problem that aims to identify the arm
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FOR DOSE-FINDING TRIALS

Table 1: Results for MTD identification

Algorithm Recommended Allocated
1 2 3 4 5 6 1 2 3 4 5 6
Sc. 1: Tox prob 0.30 0.45 0.55 0.60 0.75 0.80,0.30 0.45 0.55 0.60 0.75 0.80
3+3  [304] 35221677 40 10 O1 - - - - - -
70.1 21.7 6.2 1.5 0.3 0.3
oM 722 208 1901 00 00 1@ 1) ean 21) 54) 1.9 (7))
67.0 18.8 6.3 2.3 1.0 4.6
no 782 189 22 00 00 00 1044y (162) ©5) 52) G.1) 66)
73.0 20.7 52 0.7 0.1 0.3
I 786 195 18 0.1 0000 1510) 243) (108) G:6) (12) (16)
76.3 19.7 3.5 0.5 0.1 0.0
A DB 1821702 01 00 1o4n asn @7 G2 (10) ©03)
234 210 174 159 11.7 10.6
Independent TS 37.6 27.3 169 13.2 3.2 1.9 (12.9) (11.5) (102) (9.5) (62) (5.5)
Sc. 2: Tox prob  0.05 0.12 0.15 0.30 0.45 0.50(0.05 0.12 0.15 0.30 0.45 0.50
343 [05] 49 62 230286 188 179] - - - - - -
10.3 10.7 206 299 159 127
oM 02 12 U9 2LT39 | ) (L (19.6) 21.0) (163) (16.6)
13.6 146 182 203 125 20.7
mo 00 12 178 412 29 80 | g8) (106) (13.0) (13.8) (112) (15.2)
104 11.1 223 302 13.0 13.0
T8 02 13 149313 U276 [ (65) (11.3) (19.6) 21.2) (153) (160)
153 195 257 239 102 55
A 00 18 149 A3 28 I (11e) (146) (15.5) (17.0) (123) (LD
160 18.6 18.7 17.6 150 142
Independent TS 17.7 17.2 19.2 20.2 14.7 11.0 88) (15 (8.0) (89 (83) (8.0)
Sc. 3: Tox prob 0.01 0.03 0.07 0.11 0.15 0.30/0.01 0.03 0.07 0.11 0.15 0.30
3+3  [00] 03 18 36 62 208 612 - - - - - -
14.0 8.2 8.9 8.7 148 454
oM 2o 00 011 BS Tl 51 (1.8) @5) 82 (145) @La)
11.8 9.2 10.1 11.7 14.1 432
s 29 00 0418 148 802 98) 36) (62 (88) (105) (163)
11.0 8.4 9.0 10.5 153 458
T8 29 01 01 15 18 DB g 05 @) ©2) (139 (19.1)
11.7 106 13.6 159 16.0 32.1
A 22 00 0117 143 B3] 94 (62) (97) (10.9) (106) (19.0)
153 163 168 176 176 164
Independent TS 18.8 10.0 14.4 194 18.6 19.0 82) (54) (63) (1) (15 (8.2)
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Table 2: Results for MTD identification (part 2/3)

Algorithm Recommended Allocated
1 2 3 4 5 6 1 2 3 4 5 6
Sc. 4: Tox prob  0.10 0.20 0.30 0.40 0.47 0.53,0.10 0.20 0.30 0.40 0.47 0.53
343 [47] 125205230 188 116 90 | - - - - - -
146 23.1 30.6 18.0 7.4 6.3
oM 12 2208222769 21 (137) 23.7) 240) (194) (123) (122)
214 21.6 208 13.7 6.8 15.7
mo 2 DOAL 2B 28 51y (154 (150 (123) 8.7) (136)
155 253 318 162 5.1 6.1
e 2119 AL 297018 1158 245) 245) (192) 9.8) (10.8)
251 31.0 274 11.9 32 1.3
A P4 200423 2229093 1193) (18.4) (188) (149) (1.9) (5:6)
16.6 194 18.7 165 153 135
Independent TS 17.8 22.2 22.6 159 12.6 9.0 ©3) (87) 93) 88 (8.6) (1.7
Sc. 5: Tox prob 0.10 0.25 0.40 0.50 0.65 0.75|0.10 0.25 0.40 0.50 0.65 0.75
343 [.] 206308 242 15351 08 | - - - - - -
17.8 383 309 90 2.4 1.7
oM w8 BT D065 0100 152) 27.4) 23.9) (148) (5.5) @0)
263 312 223 8.8 32 8.2
mo B30T 944 01 01 G176 (175 (160) (114 54 72)
18.8 412 29.7 7.3 1.4 1.6
e +8 52236362 02 00 1193 21.1) @44) (137) 42) (39)
29.6 401 234 6.1 0.8 0.1
A 0 30830470 16 L1 H00) (18.8) (185 (11.0) G2) (L1)
194 226 19.1 160 125 104
Independent TS 24.3 32.6 214 146 54 1.6 (10.5) (10.8) (10.0) (9.1) (7.0) (5.5)
Sc. 6: Tox prob 0.08 0.12 0.18 0.25 0.33 0.39/0.08 0.12 0.18 0.25 0.33 0.39
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Table 3: Results for MTD identification (part 3/3)
Algorithm Recommended Allocated

1 2 3 4 5 6 1 2 3 4 5 6
Sc. 7: Tox prob  0.15 0.30 0.45 0.50 0.60 0.70,0.15 0.30 0.45 0.50 0.60 0.70

343 [17] 247 328 180 10249 18 | - - - - - -
2777 408 224 6.0 1.8 1.4

oM 109 94 204 300202 1570) @11 @2.1) (116) 55) (42
349 295 175 7.0 2.9 8.2

mo 1495723639 01 01 1018) 7.0 (148) 08) 54) 6.0
28.8 433 20.8 4.7 1.0 1.5

e 15038023235 02 01 1075) 27.0) 21.9) (11.0) @0) (4.0)
TS_A 13.7 59.5 21.5 37 09 0.8 417 393 155 3.1 0.4 0.1

2.5 21.5 3. . T 1(24.8) (18.9) (16.8) (7.9) (2.7) (1.2)

192 225 175 163 133 11.2
Independent TS 25.4 33.1 16.8 13.7 7.6 3.4 A1.0) (IL1) (99) (94) (17) (6.3)

Sc. 8: Tox prob  0.10 0.15 0.30 0.45 0.60 0.75/0.10 0.15 0.30 0.45 0.60 0.75

3+3__ [.] 68 241308 24 11018 | - - - - - -
oM L1151 606 216 16 01 |05 oy (45 0 ©00) 69
noo 09 210 385 185 10 01 |65 (150 (163 (135 0.9 (6
TS(e) 0.8 17.0 394 20.2 2.0 07 (ii:g) éig) (%) (}gig) (é:?) éﬁi)

T@ij& 7777777 (;37 - 147'57 ;_{ N 72; (; 75747 73797 1224 301 317 130 23 05

= 7 T 1(17.5) (17.6) (18.3) (14.7) (6.0) (2.3)

183 215 205 169 130 99
Independent TS 22.4 244 26.8 17.1 74 2.0 ©9) (9.1) (98) (94) (74) (53)

Sc. 9: Tox prob 0.01 0.05 0.08 0.15 0.30 0.45(/0.01 0.05 0.08 0.15 0.30 0.45

98 85 100 170 289 258
(7.3) (3.5) (7.6) (16.4) (18.9) (20.8)

103 100 120 183 200 294
(6.0) (4.8) (7.9 (12.1) (12.7) (16.0)

93 84 106 202 263 252
(5.3) 2.5 (@7.3) (17.2) (18.3) (19.9)

104 123 165 229 199 181
— 777 (5.8) (84) (11.5) (14.2) (13.3) (17.1)

154 171 175 181 17.1 149
Independent TS 18.8 11.6 14.8 19.0 21.0 14.8 84) (62) (68) (1.6) (84) (1.9
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Table 4: Results for MED identification (part 1/3).

Algorithm E-Stop Recommended Allocated
1 2 3 4 5 6 1 2 3 4 5 6
Sc. 1: Tox prob  0.01 0.05 0.15 02 045 06 ] 001 005 0.5 02 045 06
Sc. 1: Eff prob 0.1 035 06 06 06 06| 01 035 0.6 0.6 0.6 0.6
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08 00 00 09 TR 04) Gy 60) O7) (133 (44)
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Table 5: Results for MED identification (part 2/3).

Algorithm E-Stop Recommended Allocated
1 2 3 4 5 6 1 2 3 4 5 6
Sc.6: Toxprob 0.1 03 035 04 05 06] 01 03 035 04 05 06
Sc. 6: Eff prob 03 04 05 07 07 07 0.3 04 0.5 0.7 0.7 0.7
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Table 6: Results for MED identification (part 3/3).
Recommended

Allocated

1 2 3 4 5 6 1 2 3 4 5 6
Sc. 11: Tox prob 0.5 0.6 0.69 0.76 0.82 0.89] 05 06 069 0.76 082 0.89
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Sc. 12: Tox prob  0.01 0.02 0.05 0.1 0.25 0.5 | 0.01 0.02 0.05 0.1 025 0.5
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58 76 146 359 249 102
MIAEA L0 01 12 89 328 22 0% 04 65 a57) 24 @00) (128)
77 104 179 322 219 93
o 0 00 0T O IR AT 0wy 65) a0 (136 (19) 10
75 113 195 321 216 64
TS_A 1.7 00 14 100 56.0 26.8 4.2 (3.9) (85 (11.3) (14.4) (13.0) (1.5)
Sc. 13: Tox prob  0.01 0.05 0.1 0.2 03 0.5| 0.01 0.05 0.1 0.2 03 05
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72791 167 268 181 47
TSA 17305 14 74 316 375 42| O oo 13 (170) (153) (T3)

24



ON MULTI-ARMED BANDIT DESIGNS FOR DOSE-FINDING TRIALS

with largest mean (which would correspond here to the most toxic dose), the focus is on identifying
the arm whose mean is closest to the threshold 6. A state-of-the art fixed-budget BAI algorithm
is Sequential Halving (Karnin et al., 2013), and we propose in Algorithm 6 a natural adaptation to
MTD identification.

Sequential Halving for MTD identification proceeds in phases. In each of the log,(K) phases,
all the remaining doses are allocated the same amount of times to patients and their empirical toxic-
ity based on these allocations (that is, the average of the toxicity responses) is computed. At the end
of each phase the empirical worst half of the doses is eliminated. For MTD identification, rather
than the doses with the smallest empirical means (as the vanilla Sequential Halving algorithm would
do), the doses whose empirical toxicity are the furthest away from the threshold 6 are eliminated.
Observe that by design of the algorithm, the total number of allocated doses is indeed smaller than
the prescribed budget n.

Algorithm 1 Sequential Halving for MTD Identification
Input: budget n, target toxicity 0
Initialization: Set of dose levels Sy < {1,...,K};
for r <— 0 to [logy(K)| — 1 do

Allocate each dose k € S, to t,. = Lmj patients;

Based on their response compute p;, the empirical toxicity of dose k based on these ¢, sam-
ples;
Compute S, the set of [|S,|/2] arms with smallest dj, := |6 — p;|

Output: the unique arm in Spjoq, ()]

Building on the analysis of Karnin et al. (2013), one can establish the following upper bound
on the error probability of Sequential Halving for MTD identification. The proof can be found in
Appendix C.

Theorem 3 The error probability of the SH algorithm is upper bounded as

~ n
P (&, # k") < 9log, K - SR —
(% 87) < 0lo eXp( 8H2<p>log2K>

where Hy(p) := maxy4p- kA[_kf where Ay, = |pg — 0] — |pg+ — 0] and Apyp < A < -+ < A

A consequence of Theorem 3 is that in a trial involving more than n = 8 Ha(p) logy K log (9 logy(K)/9)
patients, Sequential Halving is guaranteed to identify the MTD with probability larger than 1 — §.
However, this number is typically much larger than the number of patients involved in a clinical
trial. Indeed the complexity term Hy(p) may be quite large, when some doses have a distance to

the threshold 6 which is very close to the smallest distance |pg« — 0|.

An important shortcoming of Sequential Halving is that due to the uniform exploration within
each phase each dose is selected at least n/(K log,(K)) times, even the largest, possibly harmful
ones. This is highly unethical in a clinical trial without prior knowledge that too-toxic (or too
ineffective) doses have already been eliminated. This problem of allocating too extreme doses is
likely to be shared by adaptations of any other BAI algorithm, that are expected to select all the
arms a linear number of times. For example the APT algorithm proposed by Locatelli et al. (2016)
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to identify all arms with mean above a threshold 6 using a fixed budget n also selects all arms a
linear number of times.

To overcome this problem, an interesting avenue of research would be to try to incorporate
monotonicity assumptions in BAI algorithms. Garivier et al. (2019a) recently proposed such an
algorithm, in the fixed confidence setting: given a risk parameter d, the goal is to identify a dose kr
such that IP’(I%T # k*) < 6, using as few samples 7 as possible. Their analysis identifies a minimal
sample complexity E[7] that guarantees a §-correct identification for any increasing toxicities, which
can be obtained under an optimal allocation w* (where w}, indicates the fraction of time dose k is
allocated). Interestingly, this optimal allocation is supported only on the neighboring doses of the
MTD. The fixed-confidence setting requires allowing for random stopping rules 7, i.e. for a dose-
finding trial based on an adaptively chosen number of patients. This is not always possible in
practice, and it would be interesting to investigate optimal allocations in a fixed-budget setting as
well. Yet optimality in the fixed-budget setting is a notoriously hard question already for classical
bandits (Carpentier and Locatelli, 2016).

7. Conclusion

Motivated by the literature on multi-armed bandit models, we advocated the use of the powerful
Thompson Sampling principle for dose-finding studies. This Bayesian randomized algorithm can
be used in different contexts as it can leverage different prior information about the doses. For
increasing toxicities and increasing or plateau efficacies, we proposed variants of Thompson Sam-
pling, notably the T'S_A algorithm that often outperforms our baselines in terms of recommendation
of the optimal dose, while significantly reducing the allocation to doses with high toxicity.

We provided theoretical guarantees for the simplest version of Thompson Sampling based on
independent uniform priors on each dose toxicity, but advocated the use of more sophisticated priors
for practical dose-finding studies. We believe that finding a practical design for which we can also
establish non-trivial finite-time performance guarantees is a crucial research question.

Another interesting direction would be taking contextual information (e.g. a patient’s medical
history and other medications used) into account for a more “personalized” assessment of toxicity
and efficacy of a drug. Bayesian methods also seem promising for such an objective, following the
success of Thompson Sampling for contextual bandits.
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Appendix A. Analysis of Independent Thompson Sampling: Proof of Theorem 1

Fix a sub-optimal arm k. Several cases need to be considered depending on the relative position of
pi and pg« with respect to the threshold. All cases can be treated similarly and to fix the ideas, we
consider the case py+ > 6 > pg, which is illustrated below. In that case dj = 26 — py~ satisfies
pr < dj < 0.

Let 2,y €]0, 1[% be such that p;, < = < y < dj~, that will be chosen later. Define ¢/ = 20 —y >
6 the symmetric of y with respect to the threshold (see the above illustration). We denote by /iy (%)
the empirical mean of the toxicity responses gathered from dose %k up to the end of round ¢ and
recall 0 (t) is the sample from the Beta posterior on py, after ¢ rounds that is used in the Thompson
Sampling algorithm. Inspired by the analysis of Agrawal and Goyal (2013a), we introduce the
following two events, that are quite likely to happen when enough samples of arm % have been
gathered:

Ef(t) = (i) <z) and EL(t) = (6x(t) <y).

The expected number of allocations of dose k is then decomposed in the following way

T-1 T-1

E[N(T)] =Y P (Dt+1 — L, E;;(t),Ez(t)) 3P (DM =k, E;;(t),%)
t=0 t=

(1) (I1)

T-1

+Y P (Dt+1 — I, E,g(t))

t=0

(ITT)

Terms (II) and (III) are easily controlled using some concentration inequalities and the so-called
Beta-Binomial trick, that is the fact that the CDF of a Beta distribution with parameters a and b,
Falzgta, is related to the CDF of a binomial distribution with parameter n, x, fo, in the following
way:

Fpi(a) =1 F2 1 .(a—1).
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Term (III) is very small as arm % is unlikely to be drawn often while its empirical mean falls above
x > pj and term (II) grows logarithmically with T". More precisely, it can be shown using Lemma
3 and 4 in Agrawal and Goyal (2013a) that

an <220 Ly and oy <

~ Kl(z,y) ~ kl(z,y)

The tricky part of the analysis is to control term (I), that is to upper bound the number of selections
of dose k when both the empirical mean and the Thompson sample for dose k£ fall close to the true
mean pyg. For this purpose, one can prove a counterpart of Lemma 1 in Agrawal and Goyal (2013a)
that relates the probability of selecting dose k to that of selecting the MTD £*.

+ 1.

Lemma 4 Define p,(t) := P (0y+(t) € [y, y']|Ft), where F is the filtration generated by the ob-
servation up to the end of round s. Then

P (DtH = K|EO(t + 1),]—}) < T(ty)P (DHl = *|EO(t + 1),3) .

Proof The proof is inspired of that of Lemma 1 in Agrawal and Goyal (2013a). We introduce
the event in which the Thompson sample for dose k is the closest to the threshold § among all
sub-optimal doses:

Mip(t) = {10 — 0k(t)] = |0 — 0o(t)|V0 # K"}

On the one hand, one has
1k % Lk 0
P (DtH — kB0t + 1),ft> > P (Dt+1 — k¥, My (1) B (¢ + 1),ft)
> P (0 (1) € [y, '), Mu(t) Bt + 1), F)

py(t) x B (Mi(0)| E{(t +1). 7).

On the other hand, it holds that
P (Desr = KEL(t +1),7) <P (0 (8) ¢ [y, y/), Mu(®)| B (¢ + 1), F)
= (1= py (1) x P (Me(OI Lt + 1), F).

Combining the two inequalities yields Lemma 4. |

Using the same steps as Agrawal and Goyal (2013a) yields an upper bound on the first term:

<I>§TZ_1E[ =1,

—  Lpy(7))

where 7; is the time instant at which dose & is selected for the j-th time. The expectation of 1/p, (7;)
can be explicitly written

J B
E[ 1 } -y jooie (8)
py(75) = Py < Xot1j—s+1 < Y')
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where f,fx stands for the pdf of a Binomial distribution and X, ; denotes a random variable that has
a Beta(a, b) distribution. The following lemma is crucial to finish the proof. This original result was
specifically obtained for the MTD identification problem and is needed to control the probability
that a Beta distributed random variable fall inside an interval, that is P (y < X sl j—st1 < y).

Lemma 5 There exists jo such that, for all j > jo,

) 1 .
Vs €{0,....5}, Py < Xgp1j-sp1 <y) > 5 min {P(Xeq1j4s+1 > Y) ;P (Xop1jps01 < V') }

Using Lemma 5 and the Beta-Binomial trick, one can write, for j > jg,

J J
E {1] < Z 2 ka* (s) Jrz 2 ]pk* (s)
py(m)] ~ 4 (Xsy1,j4s11 > 9) =P (Xst1j4s+1 < V')

j 2*() i 2/} 5)
J+l,y(s) 1- F’]E—Ly’(s)

j J

_ vak* (S) Z é k¥ (S) ’ (6)

J+1 y(s) =0 + (5)

where the last equality relies on the following properties of the Binomial distribution
7§$(8) = 'rfl—x(n - S) and Frfz(s) =1- Fnylfflf(n - S 1)

and a change of variable in the second sum.
Now the following upper bound can be extracted from the proof of Lemma 3 in Agrawal and
Goyal (2013a).

Lemma 6 Fix v and v such that w < v and let A = v — u. Then
1+ 2 ifj <8/A,

J B
U SN
5—0 FJ?U(S) 1 + C) ( J + (j+1)A2€ + W) else.

Each of the two sums in (6) can be upper bounded using Lemma 6. Letting A; = pg+ — y and
Ay = 9/ — pp+, one obtains

Jo
1 24 24
(1) < E[ ‘]—ﬂr++

j=1 py(TJ) A% A%
T-1
+C e~ A1i/2 1 —247%j . 1
= (j+1)A2 eAI/A 1
T-1 1 1
C —A3j/2 —2A3j ’
+ 2 [e +(j+1)A%e +6A33/4—1

which is a constant (as the series have a finite sum) that only depends on y, 6 and py+ (through 7/
and the gaps A; and A, defined above).
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Putting things together, we proved that for every x and y satisfying pr < x < y < dg+, the
number of selections of dose & is upper bounded as

1
< - -
BIN(T)) < g,y 080 + Coy

for some constant that depends on the toxicity probabilities, the threshold 6 and the choice of = and

y. Now, picking = and y such that kl(z,y) = kl(pl’“iji’“*) yield the result.
O
Proof of Lemma 5. The proof uses the two equalities below
Py < Xep1jst1 <) =P (Xsqr1jsr1 > 9) = P (Xeqrjst1 > 0/) (7)
P(y < Xog1j-s41 <Y) =P (Xot1,j—s+1 < Y) = P (Xot1,j—s+1 < 9), €))
as well as the Sanov inequalities: if S), ; is a binomial distribution with parameters n and z, then
efnkl(k/n,x)
< P(Spz>k
nt1 > ( ne = )
< e KK/ G f s g 9)
efnkl(k:/n,x)
< P(S,.<k
nt1 > ( ne > )
< e MR/ i f< an (10)

. . . . /
We prove the inequality considering 4 cases. We define 4,4 = %

Casel: s < (j + 1)y Starting from equality (7) and using the Beta-Binomial trick yields
P(y < Xor1j-s1 <Y) =P (Sjrry < 5) =P (Sjyry < 5).
Using Sanov inequalities, we shall prove that there exists some j; such that if 7 > 7,
. 1
Vs < (j+ 1)y, P(Sjr1y <s) < SP (Sjr1y < 5).
As s is smaller than the mean of the two Binomial distributions, by (10) it is sufficient to prove that

. *(J’Jrl)kl(fvs ,y’) 1 *(Hl)kl(fs ,y)
v < + 1 , j+1 < _ j+1
s§> (J )y e = 2(] 2)6

which in turn is equivalent to

. s s log(2(j + 2))
Vs < Dy, KI| ——,y" ) =kl - , > —— 7,
= <J+1y> <J+1y>_ ES!

As the function in the left-hand side is non-increasing in s, a sufficient condition is that j satisfies
log(2(j +2))
Jj+1

which is the case for j superior to some j;. Thus, for j > j1,

Kl (y,y') >

I

1 1
P(y < Xsp1,j-s+1 <Y') > oF (Sj+1y < 8) = §P(Xs+1,j—s+1 >y).
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Case2: (j+ 1)y < s<(J+1)ymia Starting from equality (7) and using the Beta-Binomial
trick and the upper bound in (10) yields

P (y < XS-‘rLj—S-‘rl < y,) > P(Sj+17y < S) — 67(j+1)kl(j%’y/>
P

The median of S;j 41,y is [ (j+1)y] or [(j+1)y]. Ass < (j+1)y, itholds that P (S 41,4 < s) > 3.
Therefore, for all j > jo := ﬁ —1,
. / 1 1
e~ G+ DK(Ymia,y") < i < 5]P> (Sj+1,y < s).

Therefore if j > jo, P(y < Xoi1,j-st1 < ¥') > 3P (Xoi1jmst1 > ).

Case3: (j + 1)yYmia < s < (J +1)y’ Starting from equality (8) and using the Beta-Binomial
trick and the upper bound in (9) yields

(S0ry > ) — oG (5Er0)

(Sj+1,y/ Z 3) — e_(j"'l)kl(ymiday)'

Py < Xep1jst1<y) =P
> P
The median of Sj1, is [(j+1)y'] or [(j+1)y']. Ass < (j+1)y/, itholds that P (S;11, > s) >

In4 -1
KI(Ymid,y)

>

%. Therefore, for all j > j3 :=

—_
—_

e~ (DK (ymiay) < P (Sj+1,y’ > s) .

4
Therefore if j > ja, P (y < Xgs15-s11 <¥') = 3P (Xey15-511 < V).
Cased: s > (j + 1)y’ Starting from equality (8) and using the Beta-Binomial trick yields
Py < Xet1j-s41 <Y) =P (Sjy1y >5) —P(Sjr1y > s).
Using Sanov inequalities, we shall prove that there exists some j4 such that if j > 74,
Vs> (j+ 1)y, P(Sjt1y > s) < %P (Sjr1y > 5)-
As s is larger than the mean of the two Binomial distributions, by (9) it is sufficient to prove that

. —(j+1)kl —y) 1 —(j—i-l)kl(.i,y’)
Vs > +1 /, e (G+1) (J+1 < ——¢ J+I
>+ 1)y )
which in turn is equivalent to
. s s log(2(j +2))
Vs> (G +1)y, kI| —,y ) — kI [ —, ’)>,.
2+ Dy <g+1y> (]+1y = j+1

As the function in the left-hand side is non-decreasing in s, a sufficient condition is that j satisfies

/ log(2(4 +2))
kl (y >y) > jT

which is the case for j superior to some j4. Thus, for 7 > j4,

I

1
P(y < Xorrj-st1 <Y) 2 5P (Sjh1y > 5)
1

= 519’ (Xst1j-s+1 < V).
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Conclusion Letting jo = max(j1, jo2, j3, ja), for all j > jo, forevery s € {0,...,j},

1
P (y < Xs—i—l,j—s—f—l < y/) > 5 min {]P) (Xs+1,j+s+1 > y) 7]P) (Xs+1,j+s+1 < y/)}

Appendix B. Lower Bound on the Number of Allocation: Proof of Theorem 2

Fix a uniformly efficient algorithm and a vector of toxicity probabilities p. We denote by [E;, the
expectation under the model parameterized by p when this algorithm is used. Letting p’ be another
vector of probabilities, it follows from the change-of-distribution lemma of Garivier et al. (2019b)
that for all random variable Z7 € [0, 1] which is Fr-measurable

K
> Ep[N(T)IKL (pe, 1) > Kl (Ep[Zr], By [Zr]) - (11)
/=1

Letting £* be a MTD in p, we fix k which is not a MTD (i.e. |pr — 6| > |pr+ — 6|) and we prove

that E, [N, (T)] )
liminf plLVEk > ]
Theo  In(T) = Kl(pg,dy)

(12)

First case: pg~ # 6 We define the alternative model p’ in which for all £ # k, p, = p,; and
p, = dj +€if dj < 6 and p;, = dj — €if dj > 6, with e small enough such that under p’, dose & is
the unique MTD (refer to Figure 1 for an illustration).

For this particular choice of alternative model p/, (11) becomes

Ep[Ni(T)|Kl(pr, djy £ €) > Kl (Ep[Z7], Epy[Z71])

1
> 1-Ey;Z7r])In| ————=—= | —In(2
> (- Bylzi)n =gz ) ~ )
Choosing Z7 = N’“T(T) , exploiting the fact that the algorithm is uniformly efficient we know that

e limy_,o Ep[Z7] = 0 as k is a sub-optimal dose under p
1 T

_ _ T _
TE, 7] = TE )] = ey @] 204 2 B [No(T)] = o(T) for all o €
0,1) as k is the only MTD under p’, which yields, for all a € (0, 1),

>1—a.

lim

oo ln(lT) o <1 —Ey [ZT]>

Finally, we proved that
Ep [Nk (T)|kl(pg, di £
ioming BN DR di£0)
T—o00 IH(T)

and (12) follows by letting € go to zero.

Second case: pp = 0 In this case, we define an alternative model p’ in which all doses that are
equal to 6 under p are moved to  + ep, whereas p}. = 6. In p’, dose k is the unique MTD. In that
case it follows from (11) that

TKL(8, 0 + er) + Ep[Ne(T)]Kl(pi, 6) > Kl (Ep|Z1], Epr[Z1))

Using the same choice of Zp as before and e = 1/T which yields limp_, o Tkl (0,0 + er) = 0,
one can also prove (12) in that case (in which dj, = 0).
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Appendix C. Analysis of Sequential Halving: Proof of Theorem 3

Recall ciz = |0 — p}| is the empirical distance from the toxicity of dose  to the threshold, where pj,
is the empirical average of the toxicity responses observed for dose k during phase r (based on ¢,
samples). The central element of the proof is Lemma 7 below, that controls the probability that dose
k seems to be be closer to the threshold than the MTD k* in phase r. Its proof is more sophisticated
than that of Lemma 4.2 in Karnin et al. (2013) as several cases need to be considered.

Lemma 7 Assume that the arm closest to 8 was not eliminated prior to round r. Then for any arm

kesS,
N " t,
P(dp- > di) < 3exp <—2Aﬁ> : (13)

Proof For the means py- and py let p;. and pj. denote their expected rewards in round r, respec-

tively. We will first derive a probability bound which does not depend on the ordering of py and py«

w.r.t. f, and then we will do a case analysis of the possible orderings to produce our final bound.
The error event can be decomposed as follows.

{ . > d;} -

{prer > 03 0 P > 03 O P — 0 > i — 0})
U ({prer < 0} N {Prr > 03 N {0 — Py > Py — 0})
U ({Drrr > 0} N Py <O N {Drrp — 0 >0 — Pry})
U ({Prer < 030 {Pr < 03 N {0 = Py > 0 — i)

From there, we distinguish two cases, in which we show the error event is included in a reunion of
events whose probability can be controlled using the Hoeffding’s inequality.

Case 1: p, > 6. Inthat case, it is very unlikely that {;, , < }. Hence, we can isolate that event
and use the previous decomposition to write

{ Ir. > d;} -
Py < O UA{Dr+r — Dir > 0} U{Dryr + Dpxr < 20}

When p; > 6, irrespective of the position of pg~ with respect to 8, one can justify that p;, > 0,
prx — pr < 0 and pg + ppx > 260 (as pr > max(pg+, 20 — py+) because k is a suboptimal arm
larger than the threshold). Therefore, the above three events are unlikely. More precisely, using
Hoeffding’s inequality yields

P( AZ:* > Cz;g) < P(pk,r < 0) + P(ﬁk*,r - ﬁk,r > 0) + P(ﬁk*,r + Py < 29)

ty
< exp (—2t,(0 — pr)*} + exp {—2(1%* - pk)z}
tr 9
+exp § =7 (P + pr — 26)
tr .
< 3exp <—2 min { (p, — 0)%, (px — Pr+)?, (Do + Pr — 29)2}>

= 3exp (—tg min { (p, — pr+)?, (px — (20 — Pk*))Q})
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Equation (13) follows as A7 = min { (px — pi-)?, (pr — (20 — pi=))? }.
Case 2: pr, < 6. In that case, the unlikely event is {p , > 0} and we write
{die > di} < (B > 03U (B = Brer > O} U {Bhy + B > 20}

When p; < 6, irrespective of the position of pg~ with respect to 8, one can justify that p;, < 0,
pr — Pr+ < 0 and pg + pr= < 26 (using the fact that pr < min(pg=,20 — pg+)). Then from

Hoeffding’s inequality,
P(dp- > d) < P(pry > 0) +P(rr — Prer > 0) + P(Pre s + pry > 20)

ty
< exp (2,00 - )} + e {5 (e~ 2
+ exp {—27"(29 — Pre — pk)2>
tr .
——min {(0 — pi)%, (pr+ — pr)?, (20 — pr= — pk)2}>

I min {(pre — pa)?, (20 — pie) — pk)2}>

which proves Equation 13 as A? = min {(pe+ — pr)?, (20 — pi=) — pi)?}. |

Building on Lemma 7, the next step is to control the probability that the MTD is eliminated in
phase 7. The proof bears strong similarities with that of Lemma 4.3 in Karnin et al. (2013). It is

given below for the sake of completeness.

Lemma 8 The probability that the MTD is eliminated at the end of phase r is at most

gexp - Bk
Pl 7 8log, K kr

where k, = K /272,

The end of the proof of Theorem 3 is identical to than of Theorem 4.1 in Karnin et al. (2013),
except that it uses our Lemma 8. We repeat the argument below with the appropriate modifications.
Observe that if the algorithm recommends a wrong dose, the MTD must have been eliminated in
one of t log,(K) phases. Using Lemma 8 and a union bound yields the upper bound

. log, K n Az
P <k‘n E*) < _—— =
7 )_9 Z exp( 8logy K k:r)

r=1

n 1
<9log, K - — :
< 9logy K - exp ( Slogy K maxy k A;Q)

n
<9logy K -exp| ~—————= |,
=R < 8H,(p) log, K)
which concludes the proof.
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Proof of Lemma 8 Define S/ as the set of arms in S, excluding the %]S,«| = K /272 arms with
means closest to 6. If the MTD k* is eliminated in round 7, it must be the case that at least half the
arms of S, (i.e., %|S,«| = K /27! arms) have their empirical average closer to 6 than its empirical
average. In particular, the empirical means of at least %|Sﬂ = K/2"*2 of the arms in S/. must be
closer to # than that of the £* at the end of round r. Letting NN, denote the number of arms in S].
whose empirical average is closer to  than that of the optimal arm, we have by Lemma 7:

E[N,] = Y P(dy < dj-)

kes!.
lr
< Z 3 exp <_2A%>
kes!.
1 n
<33 exp (—Az-)
,ﬁez;,, 27F ]S, [logy K
1 2"n
< 3|s! AN
= T'?é%}fe"p< 9 "k Klog2K>

< 3‘ Sl | n Azr
exp| ————-

= 2r P Y logo Kk

Where the last inequality follows from the fact that there are at least k, — 1 arms that are not in .S,.

with average reward closer to # than that of any arm in S).. We now apply Markov’s inequality to

obtain

1
P (Nr > 3\S£|> < 3E[N,]/|S|

A2
n k
< - . r
9exp< 8logy K ky )’

and the lemma follows.
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