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Abstract

In this paper, we propose a novel algorithm for large-scale regression problems named
Histogram Transform Ensembles (HTE), composed of random rotations, stretchings, and
translations. Our HTE method first implements a histogram transformed partition to the
random affine mapped data, then adaptively leverages constant functions or SVMs to obtain
the individual regression estimates, and eventually builds the ensemble predictor through
an average strategy. First of all, in this paper, we investigate the theoretical properties
of HTE when the regression function lies in the Holder space C*% k € Ny, a € (0,1].
In the case that £k = 0,1, we adopt the constant regressors and develop the naive his-
togram transforms (NHT). Within the space C%%, although almost optimal convergence
rates can be derived for both single and ensemble NHT, we fail to show the benefits of
ensembles over single estimators theoretically. In contrast, in the subspace C'*®, we prove
that if d > 2(1 4+ a)/«, the lower bound of the convergence rates for single NHT turns
out to be worse than the upper bound of the convergence rates for ensemble NHT. In the
other case when k£ > 2, the NHT may no longer be appropriate in predicting smoother
regression functions. Instead, we circumvent this issue by applying kernel histogram trans-
forms (KHT) equipped with smoother regressors, such as support vector machines (SVMs).
Accordingly, it turns out that both single and ensemble KHT enjoy almost optimal con-
vergence rates. Then, we validate the above theoretical results with extensive numerical
experiments. On the one hand, simulations are conducted to elucidate that ensemble NHT
outperforms single NHT. On the other hand, the effects of bin sizes on the accuracy of both
NHT and KHT are also in accord with the theoretical analysis. Last but not least, in the
real-data experiments, comparisons between the ensemble KHT, equipped with adaptive
histogram transforms, and other state-of-the-art large-scale regression estimators verify the
effectiveness and precision of the proposed algorithm.
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1. Introduction

In the era of big data, with the rapid development of information technology, especially the
processing power and memory storage in automatic data generation and acquisition, the
size and complexity of data sets are constantly advancing to an unprecedented degree (Zhou
et al., 2014). In this context, from a real-world applicable perspective, learning algorithms
that not only maintain desirable prediction accuracy but also achieve high computational ef-
ficiency are urgently needed (Wen et al., 2018; Guo et al., 2018; Thomann et al., 2017; Hsieh
et al., 2014). Among common machine learning tasks, in this paper, we are interested in
the large-scale nonparametric regression problem aiming at inferring the functional relation-
ship between the input and the output. One major challenge, however, is the unsuitability
of the existing learning algorithms for dealing with the regression problems conducted on
large-volume data sets. To tackle this difficulty, some approaches for generating more satis-
factory algorithms have been introduced in the literature such as the efficient decomposition
algorithm SVMTorch proposed in Suisse et al. (2001) and the randomized sketching algo-
rithm for least-squares problems presented in Raskutti and Mahoney (2016). In particular,
the mainstream solutions fall into two categories, the horizontal methods and the vertical
methods. The former one, also known as a kind of distributed learning, consists of three
steps. To be specific, it partitions the data set into several disjoint subsets, implements a
certain learning algorithm to each data subset to obtain a local predictor, and finally syn-
thesizes a global output by utilizing some average of the individual functions. By taking
full advantage of the first step, horizontal methods gain their popularity on account of the
ability to significantly reduce computing time and to lower single-machine memory require-
ments. Unfortunately, although the effectiveness of distributed regression can be verified
to some degree through theoretical results, for example, optimal convergence rates under
certain restrictions (see e.g. Lin et al. (2017); Chang et al. (2017); Guo et al. (2017)), this
approach suffers from its own inherent disadvantages. Mathematically speaking, for a single
data block, the output function is obtained through a trade-off between bias and variance.
However, the variance of the averaged estimator in distributed learning actually shrinks as
the number of blocks increases while the bias keeps unchanging, leading to the undesirable
bias-denominating case. Therefore, distributed learning prefers algorithms in possession of
the function with small bias while the optimal choice for a single block is not necessarily
optimal for distributed learning. In this manner, the learning approach stands a good chance
of creating local predictors quite different from the desired global predictor, not to mention
the synthesized final predictor.

Other than partitioning the original data sets, another popular type of approach, named
vertical methods, instead chooses to divide the feature space into multiple non-overlapping
blocks, and to apply individual regression strategies on each resulting cell. In the literature,
efforts are made to propose innovative partition methods such as subsampling algorithms
(Espinoza et al., 2006), decision tree-based approaches (Bennett and Blue, 1998; Wu et al.,
1999; Chang et al., 2010). In addition, various kinds of embedded regressors are then applied
to train local predictors such as Gaussian process (GP) regression, support vector machines,
just to name a few. Although not suffering from the undesirable bias-denominating case,
vertical methods have their own drawbacks, for example, the long-standing boundary dis-
continuities. Since the discontinuity impacts greatly on the accuracy, literature has commit-
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ted to tackling this problem. Under the same condition on partitioned input domain and
GP regression, Park et al. (2011) firstly imposes equal boundary constraints merely at a
finite number of locations which actually cannot essentially solve the boundary discontinu-
ities. Following on, Park and Huang (2016) extends this predictive means restriction to all
neighboring regions. Nevertheless, the optimization-based formulations make this improved
method infeasible to derive the marginal likelihood and the predictive variances in closed
forms. In contrast, without imposing any further assumptions on the nature of the GPs,
Park and Apley (2018) presents a simple and natural way to enforce continuity by creating
additional pseudo-observations around the boundaries. However, this approach is defective
for not benefiting from the desirable global property of GPs as well as suffering from the
curse of dimensionality; on the other hand, the artificially determined decomposition pro-
cess brings a great impact on the final predictor, which inspires us to adopt more reasonable
partition-based learning methods to gain smoothness from the randomness of partition and
the nature of ensembles. Over past decades, a wealth of literature is pulled into exploring
desirable partitions such as dyadic partition polynomial estimators (Binev et al., 2005, 2007)
and the Voronoi partition support vector machine (Meister and Steinwart, 2016). Never-
theless, to the best of our knowledge, although satisfactory experimental performance and
optimal convergence rates are established, they fail to explain the benefits of ensembles for
asymptotic smoothness from the theoretical perspective.

In addition, the randomized ensemble category includes many algorithms, such as all
the variants of bagging, random forests, and random projection methods, which are suitable
for solving large-scale problems. As is discussed in Elghazel et al. (2011), if the individual
predictors are highly correlated, the benefits of ensemble are modest, however, injecting
randomness into the predictors reduces the correlation and promotes diversity. Recently,
a number of random techniques have been introduced in learning ensembles, in order to
improve accuracy by adding randomness. To be specific, a branch of methods transform the
training data, while others modify the internal structure of the predictors themselves. For
the first category, Rodriguez et al. (2006) proposed the rotation forest, which transformed the
training data by a subtly structured rotation matrix. However, Blaser and Fryzlewicz (2016)
noted that it was neither necessary nor desirable to define the rotation matrix in a structured
way because structured rotations reduce diversity. Therefore, it is proposed to rotate the
feature space randomly, rather than systematically, before constructing the individual base
learners. In addition to the rotation technique, random projections (Cannings, 2019) are
also studied to address the so-called curse of dimensionality, in which case we lose statistical
accuracy (Bickel et al., 2004) or suffer a prohibitive computational cost. In spite of simplicity
and efficiency of random projection, Blaser and Fryzlewicz (2016) indicated that a key
difference between random rotation and random projection is that rotations are reversible,
implying that there is no loss of information. For the second class, Cutler and Zhao (2001)
proposed the Perfect Random Tree Ensembles (PERT'), where each individual classifier is a
perfectly-fit classification tree with random selections of splits. Fan et al. (2003) proposed a
multiple completely random decision tree algorithm, where the feature is randomly chosen
and all discretization of valid feature values being the splitting points. Armano and Tamponi
(2018) built forests of local trees, with each local tree trained with focuses on different
regions of the sample space to promote diversity. However, it is not advisable to blindly add
randomness to the algorithm. The Extremely randomized trees (ExtRa), proposed in Geurts
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et al. (2006), can control the random degree of the algorithm by adjusting the parameter
K. Liu et al. (2008) showed that a continuous spectrum of randomization exists, in which
most existing tree randomizations are only operating around the two ends of the spectrum.
In addition to so many randomized ensemble algorithms being proposed, widely used, and
some of them ranking top among the benchmarking ensemble methods, many efforts are also
paid to explore their algorithmic convergence. Among them, some studies are interested in
how the prediction error of these methods depends on the training sample size, others,
however, focus on the convergence bound in terms of the ensemble size. For example,
by focusing on the case when there are fewer training observations than data dimensions,
Durrant and Kaban (2015) firstly proved the equivalence between the random projected
ensemble and the regularized linear discriminant leaner, then gave the theoretical guarantees
linking the ensemble and single ones. Beside, Mukhopadhyay and Dunson (2019) provided
theoretical support for a Bayesian predictive algorithm based on the proposed TARP, a
strategy which combines positive aspects of both screening or projecting. For the second
category, Cannings and Samworth (2017) firstly elucidated the effect on the performance of
increasing the number of projections. Then Lopes et al. (2019) extended this research to all
randomized ensemble methods, proposed a bootstrap method to estimate the algorithmic
variance of the randomized ensemble methods, and proved that the bootstrap method can
consistently approximate the centered law of the prediction error. Furthermore, Lopes (2020)
obtained a theoretical sharp upper bound on that variance and gave an estimation for the
unknown value of the bound.

In this paper, we propose a randomized ensemble algorithm named histogram transform
ensembles (HTE) for large-scale regression problems. Motivated by the random rotation
ensemble algorithms proposed in Rodriguez et al. (2006); Lopez-Rubio (2013); Blaser and
Fryzlewicz (2016), we investigate a regression estimator based on partitions, induced by
histogram transform ensembles, together with embedded individual regressors which take
full advantage of the histogram methods and ensemble learning. Specifically, our histogram
transform ensembles are constructed as follows: Firstly map the original data into the trans-
formed space via the affine matrix, then perform a data-independent histogram partition
with all integer points as grid nodes and fixed bin size 1, the partition of the original parti-
tion space is finally determined by the reverse transformation map. With the partition being
achieved, we can embed constant functions/SVMs adaptively and then get the ensemble es-
timate via a simple average. We note that the application of random histogram transforms
is effective and is equally applicable to higher-dimensional problems. Specifically, its merits
can be stated as threefold. First, the algorithm can be locally adaptive by applying adaptive
stretching with respect to samples of each dimension. Second, the global smoothness of our
obtained regression function is attributed to the randomness of different partitions together
with the ensemble learning. Thirdly, our histogram transform ensembles is a good ensemble
method because of the following desirable properties: (1) The individual base learner is easy
to create; (2) The models are straightforward to aggregate; (3) The individual base learners
are actually weak learners, maybe only slightly better or worse than histogram regressor,
depending on the choice of the rotation, stretching, translation; (4) Individual base learners
exhibit rich diversity, due to the randomness brought by histogram transform. The algo-
rithm starts with mapping the input space into transformed feature space under a certain
histogram transform. Then, the process is conducted by partitioning the transformed space
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into non-overlapping cells with the unit bin width, where the bin indices are chosen as the
round points. After obtaining the partition, we apply certain regression strategies such as
piecewise constant or SVM to formulate the naive or kernel histogram transform estimator
according to the specific assumptions on the target conditional expectation function, respec-
tively. Last but not least, by integrating estimators generated by the above procedure, we
obtain a regressor ensemble with satisfactory asymptotic smoothness.

The contributions of this paper come from both the theoretical and experimental as-
pects. (i) Our regression estimator varies when the Bayes decision rule [ p is assumed to
satisfy different Holder continuity assumptions. To be specific, under the assumption that
f7 p resides in C% or C1*, we adopt the naive histogram transform (NHT) estimator. By
decomposing the error term into approximation error and estimation error, which correspond
to data-free and data-dependent error terms, respectively, we prove almost optimal conver-
gence rates for both single NHT and ensemble NHT in the space C%®. In contrast, for the
subspace C® consisting of smoother functions, we show that the ensemble NHT can attain
the convergence rate O(n~(2(1+a))/(4(0+a)+d)) whereas the lower bound of the convergence
rates for a single NHT is merely of the order O(n*Q/ (2+d)) under certain conditions. As a
result, when d > 2(1 + «)/a, the ensemble NHT actually outperforms the single estimator,
which illustrates the benefits of ensembles over single NHT. Furthermore, if f7 p € Cke for
k > 2, although taking full advantage of the nature of ensembles, constant-embedded regres-
sor is inadequate to achieve good performance. Thus, we turn to apply the kernel histogram
transform (KHT') which is verified to have almost optimal convergence rates. (i) We high-
light that all theoretical results in this paper have their one to one corresponding experiment
analysis. We design several numerical experiments to verify the study on parameters EO,n
and T. Firstly, we show that, for NHT, there exists an optimal hg,, with regard to the test
error, whereas in contrast, KHT with fairly large cells has better performance. Note that
these experimental results coincide with the conclusions about the selection of parameter
bin width in order to obtain almost optimal convergence rates, as are shown in Theorems
3, 4, and 7. Besides, we carry out an ablation study, by maintaining only one element at a
time, to verify the sensitiveness of base learners to all three transformations, involving the
rotation, stretching, and translation. Moreover, in order to give a more comprehensive un-
derstanding of the significant benefits of ensemble NHT over single estimator, a simulation
corresponding to Theorem 5 is conducted on synthetic data with different parameter 7', the
number of NHTSs applied in the regression estimator. To be precise, the slope of MSE versus
n shows that ensemble NHT outperforms single estimator. (74i) Experiments conducted on
real-data, with the Mean Absolute Error (MAFE), the Mean Squared Error (MSE), and the
Average Running Time (ART) being employed as the performance metrics, indicate that our
approach can achieve both high precision and great efficiency. Its inherent advantages can
be specified as follows. Firstly, the additional advantage of computational efficiency of our
histogram transform ensembles mainly benefits from the parallel computation. Secondly, the
randomness of partitions coming from the histogram transform together with the nature of
ensembles allows us to better access to the unknown data structure as well as the desirable
asymptotic smoothness, which greatly improves the progress of prediction. These advan-
tages of our algorithm are fully evidenced by experiments conducted on real data, where
we adopt ensemble KHT, equipped with adaptive histogram transforms. Experiments show
that: On the one hand, our adaptive KHTE are either comparable to or better than the
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other state-of-the-art algorithms in terms of accuracy when T is large enough; on the other
hand, with much smaller T, it enjoys relatively high efficiency, although slightly inferior to
Random Forest (RF) and VP-SVM, by reducing average running time while maintaining
satisfactory precision.

This paper is organized as follows. Section 2 is a preliminary section covering some
required fundamental notations, definitions, and technical histogram transform which all
contribute to the formulation of both NHT and KHT. Section 3 is concerned with theoretical
results, that is, the convergence rates, under different holder continuity assumptions on fip.
To be specific, under the condition on the Bayesian decision function f; p € C% almost
optimal convergence rates for both single NHT and ensemble NHT are derived in Section
3.2. In the subspace C1®, we firstly present the convergence rates for the ensemble NHT
in Section 3.3.1, then a more complete theory is obtained by establishing the lower bound
of single NHT to illustrate the exact benefits of ensembles in Section 3.3.2. In contrast, for
the case where the target function resides in the subspace containing smoother functions
CF2 Section 3.4 presents almost convergence rates for both single and ensemble KHT.
Some comments and discussions related to the main results will also be presented in this
section. Numerical experiments are conducted in Section 4 to verify our theoretical results
and to further witness the effectiveness and efficiency of our algorithm. More precisely,
Section 4.2 presents the study of parameters which verifies our theoretical results on the
parameter selection for bin width kg and ensemble number T in order to achieve optimal
convergence rates; Section 4.3 provides an ablation study which verifies the sensitiveness of
base learners to all three transformations rotation, stretching and translation. In addition,
Section 4.4 then establishes a simulation on synthetic data to elucidate the exact benefits
of the ensemble estimators over the single one; finally, comparisons in terms of both the
accuracy and the running time between different regression methods on real data sets are
provided in Section 4.6. Finally, in Section 5, we close this paper with a conclusive summary,
a brief discussion, and additional remarks. For the sake of clarity, we place all the proofs of
Section 3 in the appendix.

2. Methodology

Recall that our study on histogram transform ensembles (HTE) in this paper initially aims
at addressing the large-scale regression problem. In this section, we explain how to link
our HTE algorithm to large-scale data analysis. First, in Section 2.1, we introduce some
preliminaries with mathematical notations used throughout this paper, important basics
for the least-square regression frameworks, as well as the definition of function space C*®
where the target regression function lies in. Then, in Section 2.2, we present the so-called
histogram transform approach by defining its crucial components, such as the rotation matrix
R, the stretching matrix S, and the translator vector b. Based on the partition of the input
space induced by the histogram transforms, we are able to formulate the HTE for regression
within the framework of regularized empirical risk minimization (RERM) in section 2.3. To
be more precise, taking the order of smoothness of the target function f; p into account, we
establish the naive histogram transform ensembles (NHTE) and kernel histogram transform
ensembles (KHTE) with f} p residing in different Holder spaces, respectively.
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2.1 Preliminaries
2.1.1 NOTATIONS

Throughout this paper, we assume that X ¢ R? and )V C R are both compact and non-
empty. The goal of a supervised learning problem is to predict the value of an unobserved
output variable Y after observing the value of an input variable X. To be exact, we need
to derive a predictor f, which maps the observed input value of X to f(X) as a prediction
of its unobserved output value of Y. The choice of predictor f is based on the training
data D := ((z1,41), ..., (%n,yn)) of i.i.d observations, which are with the same distribution
as the generic pair (X,Y’), drawn from an unknown probability measure P on X x ). In
addition, we denote Py, Py x as the marginal and conditional distributions, respectively.
For any fixed W > 0, we denote By, as the centered ball of R? with radius W, that is,

By = [-W,W]|¢:={z=(21,...,2q) e R z; € [-W,W],i =1,...,d},
and for any r € (0, W/2), we write
B;{/J = [r,W—r]d.

We further assume that X C By for some W > 0 and Y := [-M, M] for some M > 0. In
addition, for a Banach space (E, || - ||g), we denote B as its unit ball, i.e.,

BE = {f ckE: ||f”E < 1}.

Recall that for 1 < p < oo, the L,-norm of x = (x1,...,x4) is defined as ||z, := (Jz1|P +
cot |xd]p)1/p, and the Lo-norm is defined as ||z||« := max;=1 4 |2;|.

In the sequel, the notation a, ~ b, means that there exists some positive constant
c € (0,1), such that a, > cb, and a, < ¢~ 'b,, for all n € N. Similarly, the notation
an < b, denotes that there exists some positive constant ¢ € (0, 1), such that a, < cb, and
a, 2 b, denotes that there exists some positive constant ¢ € (0, 1), such that a, > ¢ 'b,.
Moreover, throughout this paper, we shall make frequent use of the following multi-index
notations. For any vector z = (z;)%, € R?, we write |z| := (|2;])L,, 27! == (z; DL,
log(x) := (log :ci)glzl, T = maxX;—1,. 4%, and £ 1= min;—; ;.

2.1.2 LEAST SQUARES REGRESSION

For a regression problem, it is legitimate to consider the least squares loss L = Lig :
X x YxR — [0, 00) defined by L(z,y, f(z)) := (y — f(z))?. Then, for a measurable decision
function f: X — ), the expected risk is defined by

Rip(f) = /X | . (@) Pz, ),

and the empirical risk is defined by

n

Rrp(f) = %Z L(X;, Y, f(X3)),

i=1
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where D := %2?21 d(x,,y;) is the empirical measure associated to data, and Jx;y;) is the
Dirac measure at (X;,Y;). The Bayes risk is the minimal risk with respect to P and L as:

R p:= inf )
Lp Jnf - Rip(f)
measuarable
In addition, a measurable function f} p : X = Y with Rp p(ff p) = R} p is called a Bayes
decision function. By minimizing the risk, we can obtain the Bayes decision function as

frp =Ep(Y]X), (1)

which is a Px-almost surely [—M, M]-valued function. Finally, a well-known characterization
for Bayes decision is:

Rie(f) = Rip = |f = Finll, o @

Note that it is sufficient to consider estimators with values in [-M, M| on X. To this
end, in what follows, we introduce the concept of clipping the decision function (also see
Definition 2.22 in Steinwart and Christmann (2008)). Let t be the clipped value of t € R at
+M defined by

-M ift<-—M,
=<t if t € [-M, M],
M itt > M.

Then, a loss is called clippable at M > 0 if, for all (y,t) € Y xR, the following relation holds
L(x,y,t) < L(z,y,1).

According to Example 2.26 in Steinwart and Christmann (2008), the least square loss L
here can be clipped at M, i.e.,

~

Rrp(f) <Rrp(f)

for all f: X — R. In other words, restricting the decision function to the interval [—M, M]
will not worsen the risk any further. In fact, the clipping typically reduces the risk. Hence,
later in this paper, we only consider the clipped version fp of the decision function as well
as the risk R p(fp) instead of the risk Ry p(fp) of the unclipped decision function.

2.1.3 HOLDER CONTINUOUS FUNCTION SPACES

In this paper, we mainly focus on the general function space C*® consisting of (k, a)-Holder
continuous functions of different smoothness.

Definition 1 Let k € Ny := NU {0}, o € (0,1], and W > 0. A function f : By — R is
said (k,«)-Hélder continuous, if there exists a finite constant cg, > 0 such that

(i) |IVEf|| < cp, for all € € {1,... k};
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(ii) [V* £(z) — V¥ ()| < exlle — 2/ for all z,2' € By,
The set of functions that satisfies these conditions is denoted by C*(Byy).

It can be seen from the above definition that functions contained in the space C*® with
larger k enjoy higher level of smoothness. Note that for the special case kK = 0, the resulting
function space C%%(Byy) coincides with the commonly used a-Hélder continuous function
space C*(Bw).

2.2 Histogram Transform

To give a clear description of one possible construction procedure for histogram transforms,
we introduce a random vector (R, S,b) where each element represents the rotation matrix,
stretching matrix and translation vector, respectively. To be specific,

R denotes the rotation matrix which is a real-valued d x d orthogonal square matrix with
unit determinant, that is,

R" =R and det(R)=1. (3)

S stands for the stretching matrix which is a positive real-valued d x d diagonal scaling
matrix with diagonal elements (Si)?:p which are certain random variables. Obviously,
there holds

d
det(S) =[] s:- (4)
i=1
Moreover, we denote
s = (si)y, (5)

and the bin width vector measured on the input space is given by
h=s" (6)
where the operations on vectors are defined in Section 2.1.1.
b €[0,1]¢ is a d dimensional vector called translation vector.

Here, we describe a practical method for the construction of the above elements used in
this study. We start with a d x d square matrix G, consisting of d? independent univariate
standard normal random variates. A Householder QR decomposition Householder (1958)
is applied to obtain a factorization as G = R - W, with orthogonal matrix R and upper
triangular matrix W with positive diagonal elements. The resulting matrix R is orthogonal
by construction and can be shown to be uniformly distributed. Unfortunately, if R does
not feature a positive determinant, it is not a proper rotation matrix according to definition
(3). Nevertheless, if this is the case, we can flip the sign on one of the column vectors
of G arbitrarily to obtain GT, and then perform the Householder decomposition. The
resulting matrix RT is identical to the one obtained earlier but with a change in sign in
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the corresponding column, thus satisfies det(R") = 1, as required for a proper rotation
matrix. Please see Blaser and Fryzlewicz (2016) for a brief review of the existed algorithms
to generate random orthogonal matrices.

Accordingly, we build a diagonal scaling matrix with the signs of the diagonal of S,
where the elements s are the well-known Jeffreys prior, that is, log(s;) is drawn from the
uniform distribution over certain interval of real numbers [log(s;), log(5p)] for fixed constants
sp and Sp with 0 < sy < 5p < oo. By (6), it holds that h; € [Eal,gal], t=1,...,d. For
simplicity and uniformity of notations, in the sequel, we denote hg = sotand hy =5y L
thus h; € [ﬁo,ﬁo], i=1,...,d. Moreover, the translation vector b is drawn from the uniform
distribution over the hypercube [0, 1]%.

Based on the above notations, we define the histogram transform H : X — X by

H(z):=R-S z+b, (7)

which can be seen in Figure 1, and the corresponding distribution by Py := Pr @ Pg ® Py,
where Pr, Pg and Py, represent the distribution for rotation matrix R, stretching matrix S,
and translation vector b, respectively.

[
[ ] [ ]
o o ° -. .- .i
(] L J L J ) A4 L 4
. "...o.o .o.. o © 1IO|;.‘~.
A4 L L D) L d .« ® ° [ o '. ° I
» ° ®® : e | o . g . I.O. .
e LIS )
°* o

L. Transformation Transformation
Original induced by H1 induced by H2

Figure 1: Illustration of two-dimensional examples of histogram transforms. The left subfigure is
the original data and the other two subfigures are its two possible histogram transforms,
with different rotating orientations and scales of stretching.

Furthermore, denote H' as the affine matrix R - S, clearly, we have
d
det(H') = det(R) - det(S) = [ [ s:- (8)
i=1

The histogram probability p(z|H’,b) is defined by considering the bin width A = 1 in the
transformed space. It is of great importance to note that we only consider h = 1, since the
same effect can be achieved by scaling the transformation matrix H’ when h # 1. Therefore,
let | H(x)] be the transformed bin indices, then the transformed bin is given by

Al () :={H() | [H(z")| = [H(z)]}. (9)

Indeed, (9) defines the partition rule in transformed space, that is, all transformed samples
with the same integer | H(x)| obtained by rounding down are in the same bin with H(x).

10
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In other words, we perform a histogram partition, with all integer points as grid nodes, as
well as a fixed bin size 1, in the transformed space. Hence, the corresponding histogram bin
containing x € X is

Ap(x) = {a" | H(z') € Ay(x)} (10)

whose volume is pu(Ag(x)) = (det(H'))~ !,

For a fixed histogram transform H, since the input space X may be irregular, for the
convenience of further analysis, we specify the partition of B, induced by the histogram rule
(10). Let (A}) be the set of all cells generated by H, and denote Zp as the index set for H
such that A} N B, # () for all j € Zy. As a result, the set

mi = (4j)jezy = (A) N Br)jezy (11)

forms a partition of B,. For notational convenience, if we substitute Ay for BE, then
Ty = (Aj)jezui0)

builds a partition of RY,

2.3 Histogram Transform Ensembles (HTE) for Regression

After developing the partition process induced by the histogram transforms, in this section,
we formulate our histogram transform regressors, namely, the Naive histogram transform
ensembles (NHTE) and kernel histogram transform ensembles (KHTE), using support vector
machines.

In order to find an appropriate regressor under histogram transform H, we conduct our
analysis under the framework of regularized empirical risk minimization (RERM). To be
specific, let L : X x Y x R — [0,00) be a loss, and F C L(X) be a non-empty set, where
Lo is the set of measurable functions on X', and © : F — [0,00) be a penalty function. We
further denote regularized empirical risk minimization (RERM) as the learning principle
with the decision function fp satisfying

fo =argmin Ry p(f) + Q(f)
fer

foralln > 1 and D € (X x Y)".

2.3.1 NAIvE HISTOGRAM TRANSFORM ENSEMBLES (NHTE)

In this section, we define two ways to formulate NHTE, where the latter, with all single
estimators sharing the same bin width h, can be regarded as a special case of the former
one. With the Bayesian decision function f} p lying in the space C% we adopt the former
one, for its generality, whereas for ff  in C%*, we adopt the latter formulation, for the
convenience of proving. 7

First, we illustrate the former and more general formulation. We define a function set
Fp induced by histogram transform H, and then construct each single estimator by solving
an optimization problem, with respect to bin width and this function set. Finally, the NHTE
fp,r is obtained by performing the average of all single estimators.
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To be specific, recall that for a given histogram transform H, the set 7y = (A;) ez,
forms a partition of By,. We consider the function set Fp defined by

Fp = { Z cjla, t ¢j € [-M,M],M > 0}. (12)
J€Ty

Moreover, the bin width & of the partition 7wz defined by (6) is the objective that we should
penalize on. By penalizing on h, we are able to impose some constraints on the complexity
of the function set so that the set has a finite VC dimension (Vapnik and Chervonenkis,
1971), and therefore make the algorithm PAC learnable (Valiant, 1984). In addition, it can
also refrain the learning results from overfitting by avoiding too small histogram bin size.
With data set D, the above RERM problem with respect to each function set Fg turns into

(fp.H, ho) := arg min arg min Mg 2? + Rz p(f), (13)
hy fe€Fu

and its population version is presented by

(fp,H,hy) == arg min arg min )@52‘1 +Rrp(f). (14)
ﬁ() fE]:H

It is worth mentioning that the regularization term Ay 2d is chosen from the following two
aspects. Firstly, for simplicity of computation, we adopt the isotropic penalty for each
dimension, that is to say, we penalize hq rather than each elements hy,...,hq. Secondly,
taking C%% as an example, as long as the peeling method (see Theorem 7.7 in Steinwart
and Christmann (2008)) holds, the exponent of hy 1 will not influence on the performance
of convergence rate. Therefore, we penalize on hy 2d which ensures the peeling method.
Particularly, for regions with no training samples, the learner returns 0 naturally.

Let {H;}_, be T histogram transform independently drawn from distribution Py, and
{fp.m, }1_, be the corresponding optimization solutions given by (13). We perform average
of fp u, to obtain the naive histogram transform ensembles

LT
for= Z fo.mH,- (15)
=1

Next, we turn to the second formulation of NHTE, to be used in the theoretical analysis
in the space C1®. Herein we directly consider the algorithm in the sense of ensembles. To
this end, let {Ht}thl be T histogram transforms induced by the same bin width A, and the
function set .7:;{ be defined by

T
1
T = {Tth:fte}'Ht,tzl,...,T},
t=1

where the function sets {Fp,}_; are defined in the same way as (12). Consequently, the
naive histogram transform ensembles are obtained within the RERM framework with respect
to the function set F} as

(fp.E hy) == argminargmin)\ﬁazd+RL7D(f). (16)
ﬁo fE]:;{

12
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Moreover, its population version is given by

(feE, by) = argminargmin)\ﬁaw—|—RL7p(f). (17)
ﬁo fE]'-,T;

2.3.2 KERNEL HISTOGRAM TRANSFORM ENSEMBLES (KHTE)

Recall that H is a histogram transform defined as in Section 2.2, and 7 = (4;);ez,, forms
a partition of By induced by the transform H under the histogram rule (10). The basic
idea of our KHT approach is to consider an individual kernel regressor for each bin A; of the
partition. To describe this approach in a rigorously mathematical way, we have to introduce
more notations. Let the index set

Zi:={ie{l,...,n}:z; € Aj}, j €Ly,
indicates the samples of D contained in A;, as well as the corresponding data set
Dj :={(xs,ys) € D :i €TI;}, jE€Ly.
Moreover, for every j € Zy, we define a local loss L;j : X x J) x R — [0, 00) by
Lj(z,y,t) := 1a;(z) Lz, y,1)

where L : X x Y x R — [0,00)] is the least square loss that corresponds to our learning
problem at hand. We further assume that #; is a Reproducing Kernel Hilbert Space(RKHS)
over A; with kernel k; : A; x A; — R. Here, every function f € H; is solely defined on A;.
To this end, for f € H;, we define the zero-extension f: X — R by

~ flx), ifzxzeA;
flo) = {O( b
’ nx §é J

Then, the extended space
Hy={f: feH, (18)

equipped with the norm

Ifllg, = 1flwy,  FeH,
H;j

is an RKHS on X', which is isometrically isomorphic to (see e.g., Lemma 2 in Meister
and Steinwart (2016)).

Based on the preparations above, we are now able to construct an RKHS by a direct
sum. To be specific, for A, B C X such that AN B = () and AUB C X, let H4 and Hp
be RKHSs of the kernels k4 and kp over A and B, respectively. Furthermore, let H A and
7/-[\3 be the RKHSs of all functions of H 4 and Hp extended to X in the sense of (18). Then,

HaN7Hp = {0} and hence the direct sum

H = ﬁA—I-ﬁB (19)

13
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exists. ForA}\A,éB >0 and f € H, let fA S 7:2,4 and ]?B S ’;QB be the unique functions such
that f = fa + fp. Then, we define the norm || - || by

2 . 22 22
£ = Ml Fally, + AelFaly | (20)
and H equipped with the norm || - || is again an RKHS for which
k(z,2') = AZIEA(:L', z') + )\;%B(x,x'), r,7' €X

is the reproducing kernel.

Note that in this paper, we only consider RKHSs of Gaussian RBF kernels. For this
purpose, we summarize some notions and notations for the Gaussian case of RKHSs. For
every j € Iy, let ko, : Aj X Aj — R be the Gaussian kernel with width +; > 0, defined by

ko (2, 2") 1= exp(—;|lz — 2'[13), (21)

with corresponding RKHS H,, over A;. According to the the discussion above, we define
the extended RKHS by ﬁw, and the joint extended RKHS over X by H := @jeIH 7:273" We
now formulate our kernel histogram transform ensembles in Gaussian RKHSs. To this end,
we firstly consider the function space

H = { Z ijv'Yj :ijv'Yj eH’Yj}?

J€TH

and the KHT by solving the following optimization problem

. . 1
(FDy 1 ) = axg min arg min X, + Mol FlI3 + D Llwi i, f (1))
L) € =1

= arg min arg min Mhd + Z )\2,ijH§?[
hy  piefty, J€TH

+%Z > Li(wiyi fzi), (22)

.
7 i=1jeTy

where A1 > 0, A\y; > 0, and 7; > 0. Particularly, for regions with no training samples,
the learner returns 0 naturally. Moreover, let {H;,t = 1,...,T} be T histogram transforms
and fp »,m, be the t-th corresponding regularized histogram rule derived by (22), then we
perform average to obtain the kernel histogram transform ensembles as

T
1
foom =7 > " fom- (23)
t=1

2.3.3 MAIN ALGORITHM

Our NHTE and KHTE can fit into the same algorithm, for they both share the basic
structure of ensemble learning.

Note that for NHTE, we adopt a so-called best-scored method, in the consideration of
empirical performances. That is, for each single estimator, a certain number of candidate
histogram transforms are generated under various hyper-parameters hy and hg, only the

14
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best one participates in constructing the final predictor. For KHTE, on the other hand, we
skip the best-scored operation. However, we can still exert the full use of them by means of
parameter selections. Only the optimal hy and hg are universal for all component regressors
of the ensemble estimator.

In Algorithm 1, we show a general form of algorithm for HTE. Specifically, for kernel
HTE, i.e., HTE using support vector machines as local regressors, we simply choose L = 1.

Algorithm 1: Histogram Transform Ensembles (HTE)
Input: Training data D := ((X1,Y1),..., (Xn, Ya));
Number of histogram transforms T
Bandwidth parameters {hi}E | {ho}L ;.
fort=1—"1T do
fori=1— Ldo
Generate random affine transform matrix H} = R; - S};
Apply data independent splitting to the transformed sample space;
Apply constant functions or support vector machines to each cell;
Compute the histogram regression mapping fp, Hi (x) induced by Hj.

end

Select the best mapping fp g, (z) with the minimal error.
end

Output: The histogram transform ensemble for regression is

| T
foE(z) = T > fou ().
=1

3. Theoretical Results and Statements

As mentioned above, our study on HTE in this paper differs when the Bayes decision rule
fz’P is assumed to have different smoothness. Mathematically speaking, the target function
fi p resides in some generalized function set C*k?_ which is defined by Definition 1. In
this section, we present main results on the convergence rates of our empirical decision
function fp g and fpg or fp,m and fp, E to the Bayes decision function fip of different
smoothness.

This section is organized as follows. In Section 3.1, we firstly introduce some fundamental
assumptions to be utilized in the theoretical analysis. Then, under the assumption that
fip € C%, we prove almost optimal convergence rates for both single and ensemble NHTs
in Section 3.2. Nonetheless, in Section 3.3, for the subspace C® consisting of smoother
functions, almost optimal convergence rates can be only established for the NHT ensembles,
and the lower bound of the single estimator illustrates the benefits of ensembles over single
NHT. Moreover, if & > 2, despite taking full advantage of the nature of ensembles, as
a constant-embedded regressor, NHT ensembles fail to attain almost optimal convergence
rates. To address this problem, considering both theoretical and experimental performance,
we propose to explore the kernel-embedded regressor KHT ensemble, which is then verified
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to have almost optimal convergence rates in Section 3.4. We also present some comments
and discussions on the obtained main results in Section 3.5.

3.1 Fundamental Assumptions

To demonstrate theoretical results concerning convergence rates, fundamental assumptions
are required for the Bayesian decision function f; p and the bin width h of stretching matrix
S, respectively. First of all, we assume that the Bayesian decision function f; p lies in the

function space CF.

Assumption 1 Let the Bayesian decision function fz’P be defined in (1), assume that
fip € Ck where a € (0,1] and k > 0. To be specific, we assume that
(i) for NHTs, fip€ Ck where a € (0,1] and k = 0;
(ii) for NHTs, f] p € Ck where a € (0,1] and k = 1;
(iii) for KHTs, fip€ Cke where a € (0,1] and k > 2.
Then we assume the upper and lower bounds of the bin width h are of the same order,
that is, in a specific partition, the extent of stretching in each dimension cannot vary too

much. Mathematically, we assume that the stretching matrix .S is confined into the class
with width satisfying the following conditions.

Assumption 2 Let the bin width h € [hy, ho] be defined as in (6), assume that there exists
some constant co € (0,1), such that

coho < hy < ¢ ' ho.

In the case that the bin width h depends on the sample size n, that is, h, € [h()’n,ﬁom],
assume that there exist constants cpp, € (0,1), such that

_ 1=
CO,nhO,n < h()m, < C()mho,n-

3.2 Results for NHTs in the space C%

This section delves into proving almost optimal convergence rate for both single and ensemble
NHTs under the assumption that the Bayes decision function f} , € C%“. Note that for
the sake of the simplicity and uniformity of notations, we omit the index ¢ for a fixed
t € {1,...,T} and substitute fp u, for fp m,,. Moreover, for the sake of convenience, we
write v, := P" ® Py.

3.2.1 CONVERGENCE RATES FOR SINGLE NHT

We now state our main result on the learning rates for single naive histogram transform
regressor fp m, based on the established oracle inequality.
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Theorem 2 Let the histogram transform H,, be defined as in (7) with bin width hy, satisfying
Assumption 2, and fp m, be defined in (13). Furthermore, suppose that the Bayes decision
function [T p € CY%*. Moreover, for all § € (0,1) let (\,) and (ho,) be defined by

2(a+d)

_ 1
)\n ~ n72a(1+6)+d’ hOn ~ 1 2a(1+d)+d

)

Then for all 7 > 0 and any & > 0, we have

Rrr(fom,) —Rip < c-nTataté
s yn LP = 9

T

holds with probability v, at least 1 — 3e™7, where ¢ is some constant depending on §, d, M,

and W.

It is worth pointing out that our single NHT attains almost optimal convergence rate
when hg, = n~Y/(@+20049) which means that there exists an optimal kg, with regard
to convergence rates. Note that the conclusion about hg, will be further verified by the
numerical experiments in Section 4.2.

3.2.2 CONVERGENCE RATES FOR ENSEMBLE NHT'S

The following theorem establishes the convergence rate for histogram transform ensembles
fo,r based on (15).

Theorem 3 Let the histogram transform H,, be defined as in (7) with bin width hy, satisfying
Assumption 2, and fpr be defined in (15). Furthermore, suppose that the Bayes decision
function f] p € C%*. Moreover, for all § € (0,1), let (\,) and (ho,) be defined by

2(a+d)

_2(atd) — 1
)\n ~ n_2a(1+6)+d7 hOn ~ n 2a(1+8)+d

)

Then for all T > 0 and any & > 0, we have

RL P(fDT) _R* < C.n722id+£
’ ’ L,P — ’

T

holds with probability v, at least 1 — 3e™7, where c is some constant depending on §, d, M,

W, and T.

As shown in Theorem 3, we mention that the parameter analysis for g, of single NHT also
applies to the ensemble NHTs. In addition, note that when the Bayesian decision function
fz’P lying in the space C*®, the single and ensemble NHTs both attain almost optimal
learning rate. However, we fail to show the benefits of ensembles over single estimators.
Therefore, to study the advantage of ensemble NHTs in a learning rate point of view, we
turn to the subspace C12.

3.3 Results for NHTs in the space C1®

In this subsection, we provide a result that illustrates the benefits of histogram transform
ensembles over single histogram transform regressor by assuming that the Bayes decision
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function f € C1. To this end, we firstly shows that almost optimal convergence rate of
ensemble NHTs can be obtained when T;,, A,,, and onn are chosen appropriately in Theorem
4. Then, we obtain the lower bound of the single NHT to show that single histogram
transform regressor does not benefit the additional smoothness assumption and fails to
achieve the almost optimal convergence rate. We underline that the following theorem is
conducted under certain conditions on the partial derivative of the decision function fz’P.
Also, all theoretical results including both parameter selection for kg, and the lower bound,
which establishes the exact difference of the convergence rate between the ensemble and
single NHTs, will be verified experimentally in Section 4.2 and 4.4.

3.3.1 UPPER BOUND OF CONVERGENCE RATES FOR ENSEMBLE NHT

Theorem 4 Let the histogram transform H, be defined as in (7) with bin width hy, sat-

isfying Assumption 2 and T, be the number of single estimators contained in the ensem-

bles. Furthermore, let fp g be defined in (16) and suppose that the Bayes decision function

fip€ CY® and Px is the uniform distribution. Moreover, let Lﬁo(a:, y,t) be the least squares
- . _l’_ .

loss function restricted to BW,\/Q-%’ that 1is,

Ly (z,y,t) :== L+ (z,y,t) == 1+ (x)L(x,y,t), (24)

W,Vd R W,vdTg

where L(x,y,t) is the least squares loss. Let the sequences (T,,), (A\n), and (hon) be chosen
as

1 — 1 2a
)\n ~ n*2(1+o¢)+2d7 hO,n ~ n72(1+a)(2—6)+d’ Tn ~ n2(1+a)(276)+d’ (25)

where § := 1/(8(cqW/hg,,)* + 1). Then, for all 7 > 0, the naive histogram transform
ensemble regressor satisfies

_ 2(1+a)
Ri; p(foE) = R*Lﬁovp < AT E-0Td (26)

T

with probability P™ no less than 1 — 4e™" in expectation with respect to Ppy.

Note that as n — oo, we have hj,, — 0, and thus 6 — 0. Therefore, the upper bound
(26) of our ensemble NHT asymptotically attains a convergence rate which is slightly faster
than

__2(+a)
n A0+a)+d,

if we choose

_ 1
ho n= n A0+a)+d

In other words, there exists an optimal hg, with regard to convergence rates. That is to
say, when the bin width is larger or smaller than the optimal Ay ,,, our NHTE have inferior
empirical performance. In contrast, the excess risk decreases as T, increases at the beginning.
However, when T,, achieves a certain level, the learning rate ceases to improve and attains
the optimal. Finally, we mention that the theoretical results (25) on the parameter selection
of EO,n and T, will be experimentally verified in Section 4.2.
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3.3.2 LOWER BOUND OF CONVERGENCE RATES FOR SINGLE NHT

As mentioned at the beginning of this subsection, we now present the lower bound of the
single NHT to illustrate the benefit of ensembles. To make it clear, the following theorem
establishes a worse convergence rate in contrast to the one shown in Theorem 4.

Theorem 5 Let the histogram transform H be defined as in (7) with bin width h satisfying
Assumption 2 with hg < 1. Moreover, let the regression model be defined by

Y = f(X) +e, (27)

where ¢ is independent to X, such that E(¢|X) = 0 and Var(e|X) =: 0 < 4M? hold almost
surely for some M > 0. Assume that f € CY* and for a fized constant cr € (0,00), let Ay
denote the set

Ag = {:UE]Rd: IV flloo > s} (28)
Then, for all n > N’ with
N = min{n €N:hy, < W}, (29)
4Vd

by choosing
EO,n ~ n_ﬁ,
there holds
Rip(fo.m,) = Rip 2 n 5 (30)

i expectation with respect to vy,.

Note that for any a € (0,1], if d > 2(1+4 «)/c, then the upper bound of the convergence
rate of ensemble NHT (26) will be smaller than the lower bound of single NHT (30). This
exactly illustrates the benefits of ensemble NHT over single estimators. Moreover, the
assumption (28) on the derivative of f is quite reasonable and intuitive, if P(A;) = 0, then
the decision function degenerates into a constant, which can be fitted perfectly by single
NHT, and the ensemble procedure is no longer meaningful.

3.4 Results for KHT in the Space C**

When the regression function resides in the Holder space C*® with large k, which contains
smoother functions, the NHTE may not be appropriate anymore. Thus, we consider applying
kernel regressors such as support vector machines to achieve kernel HTE. Similar to what we
obtain for NHTs before, in this section, we aim to develop the learning theory analysis for
KHTE in the space C*®, which explores the convergence rates of this estimator resulted from
the RERM approach formulated in (22). Throughout this section, let P be a distribution
on R? x ), denote the marginal distribution of P onto R? by Py, write X := supp(Px),
and assume P x (0X') = 0. Different from the aforementioned conclusion that there exists an
optimal parameter EO,n with respect to almost optimal convergence rate, in this section, the
theoretical results for KHTs show that smoother Bayesian decision functions require larger
cells. Note that this result is also verified later by the numerical experiments in Section 4.6.
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3.4.1 CONVERGENCE RATES FOR SINGLE KHT

Firstly, we state our main result on the learning rates for single KHT fp -, m,-

Theorem 6 Let the histogram transform Hy, be defined as in (7) with bin width hy, satisfying
Assumption 2, and fp ., m, be defined in (22). Moreover, let the Bayes decision function
satisfy f7p € Cke . Choosing

1 1 1 - 0
Al = n 2+a+d )\Z,n,j ~n o, Tng = N Akte)td, hO,n =n,

)

for every j € Iy, . Then, for alln >1 and £ > 0, there holds

- _ 2(kta)
REP (D ttn) — R p < c-n Trerea e

with probability vy, not less than 1 — 3e™7, where ¢ is some constant depending on M, k, «,

and p, which will be specified in the proof.

It is worthy of pointing out that the above theorem reveals the fact that: In order to
achieve the almost optimal convergence rates, hg should be selected to be the order of a
constant.

3.4.2 CONVERGENCE RATES FOR ENSEMBLE KHT's

We now present the convergence rates for ensemble KHTs defined as in (23).

Theorem 7 Let the histogram transform H,, be defined as in (7) with bin width hy, satisfying
Assumption 2, and fpn, E be defined in (23). Moreover, let the Bayes decision function
satisfy fip e C*®. Choosing

1 0

I _ A T —
Al = n 2(kFotd, A2pj = n o, Yn,j = n 2Fe)td hon =~ n7,

)

for every 5 € Ty,,. Then, for alln > 1 and £ > 0, there holds

—_ N _ 2(k+a) +€
RL,P(fD;yn,E) — RL,P <c-n 2kta)Hd

with probability v, not less than 1 — 3e™", where ¢ is some constant depending on M, k, «,

p, and T, which will be specified in the proof.

As shown in Theorem 6, we mention that the parameter analysis for EO,n of single KHT
can be also applied to the ensemble KHTs.

3.5 Comments and Discussions

From the above learning theory analysis, it becomes clear that our study provides an effective
solution to large-scale regression problems, i.e., a nonparametric vertical method, built upon
the partition induced by histogram transforms together with embedded regressors. We now
go further to compare our work with the existing studies.
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Recall that the histogram transform estimator varies when the Bayes decision function
[ p satisfies different (k,«)-Holder continuous assumptions, and theoretical analysis on
convergence rates is conducted for different estimators in these spaces, respectively. For
the space C%?, almost optimal convergence rates O(n_QO‘/ (2a+d)+5) for both single NHT
and ensemble NHT are derived in Theorem 2 and Theorem 3. However, to the best of
our knowledge, till now there is no existing literature successfully illustrating the exact
benefits of ensembles over single estimators due to the same convergence rates for fp g and
fp,r in the space C%®. Therefore, we turn to the subspace C® consisting of a class of
smoother functions and verify that ensemble NHT converges faster than single NHT. More
precisely, Theorem 4 establishes convergence rates n~(201+a))/2A+a)(2=0)+d) - Tp contrast,
Theorem 5 shows that single NHT fails to achieve this rate whose lower bound is of order
O(n~2/(4+2)) For the smoother space C*® with k > 2, constant regressors are no longer
adequate for obtaining satisfactory theoretical results, so that kernel regression strategy
is adopted. We then establish almost optimal convergence rates O(n~2(h+a)/(2(k+a)+d)+£)
for both single KHT and ensemble KHT in Theorem 6 and 7, thanks to the use of some
convolution technique to help bounding the approximation error.

For vertical methods, Meister and Steinwart (2016) establishes almost optimal conver-
gence rates O(n~20/Qatd)+8) for VP-SVM, when the Bayes decision function is assumed to
reside in a Besov space with a-degrees of smoothness, which coincides with our theoretical
results for the Holder continuous function spaces.

For horizontal methods, Zhang et al. (2015) randomly partitions a dataset containing n
samples into several subsets of equal size, followed by providing an independent kernel ridge
regression estimator for each subset with a careful choice of the regularization parameter,
and then synthesize them by performing simple average. With the restriction that the Bayes
decision function lies in the corresponding reproducing kernel Hilbert space, convergence
rates are then presented with respect to different kernels in the sense of mean-squared error.
For example, if the kernel has finite rank r, they obtain the optimal convergence rates of
type O(r/n); for the kernel with v-polynomial eigendecay, the convergence rates of Fast-
KRR algorithms turns out to be O(n=2*/2**1) which is also optimal, while for a kernel
with sub-Gaussian eigendecay, the result turns out to be optimal up to a logarithm term
O(v/1logn/n). In a similar way, Lin et al. (2017) constructs random partition with equal
sample size and obtains independent kernel ridge regression, but synthesize them by taking a
weighted average rather than simple average. Then, under the smoothness assumption with
respect to the r-th power of the integral operator L; and an a-related capacity assumption,
the convergence rate O(n~207/(4er+1)) is verified to be almost optimal. Guo et al. (2017)
focuses on the distributed regression with bias-corrected regularization kernel network and
derives the learning rates of order O(n*%/ (2”&), where 3 is the capacity related parameter.

Furthermore, other than the aforementioned two methods, there exists a flurry of stud-
ies for localized learning algorithms in the literature, aiming at the large-scale regression
problem. For example, KNN based methods are trained on k samples, which are closest to
the testing point. Under some additional assumptions on the loss function, Hable (2013)
establishes the universal consistency for SVM-KNN considering metrics w.r.t. the feature
space. In addition, training data is split into clusters, and then an individual SVM is applied
to each cluster in Cheng et al. (2007, 2010). However, the presented results are mainly of
experimental character.
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4. Numerical Experiments

In this section, we present the computational experiments to demonstrate our theoretical
results. In Section 4.1, we firstly give a brief setup that accounts for the generation process
of our histogram transforms, followed by the introduction of two commonly used measures of
estimation accuracy, named Mean Squared Error (MSE) and Mean Absolute Error (MAE),
and one ubiquitous measure of efficiency, called Average Running Time (ART). We study
the behavior of our histogram transform ensembles depending on the values of tunable pa-
rameters in Section 4.2.  Besides, in order to clarify that not only the random rotation,
other transformations, including stretching and translation, also contribute to the perfor-
mance of base learners, we conduct an ablation study to evaluate the sensitiveness of the
rotation matrix R, the stretching matrix .S, and the translation vector b by maintaining only
one element at a time. Then, in Section 4.4, we perform a simulation for synthetic data gen-
erated from a regression model to validate the exact difference of convergence rate between
ensembles and single estimators. Finally, we compare our approach with other regression
estimation methods for real data in terms of MSE, MAFE, and ART in Section 4.6.

4.1 Experimental Setup
4.1.1 GENERATION PROCESS FOR HISTOGRAM TRANSFORMS

Firstly, note that the random rotation matrix R is generated in the manner coinciding with
Section 2.2. For the elements of the scaling matrix .S, applying the well-known Jeffreys
prior for scale parameters referred to Jeffreys (1946), we draw log(s;) from the uniform
distribution over certain real-valued interval [log(s),log(5p)] with

log(sg) := Smin + log(3),
1og(50) = Smax + log(3),

where Smin, Smax € R are tunable parameters with spmin < Smax, and the scale parameter s
is the inverse of the bin width h measured on the input space, which is defined by

o~ ™N—1 . 1 _1
s5:=(h)™" = (3.50)" nrd.

Here, the standard deviation o := y/trace(V)/d with V := 13" | (2, — 2)(z; —z) " and

T = % > i, x; combines the information from all the dimensions of the input space.

4.1.2 PERFORMANCE EVALUATION CRITERION

When it comes to the empirical performances for different regression estimators fA‘, two top
concerns are accuracy and efficiency, where appropriate measurements are in demand.

On the one hand, in order to evaluate accuracy of a regression estimator, we adopt both
the ubiquitous Mean Squared Error (MSE) and the commonly unsed Mean Absolute Error
(MAE) conducted over m test samples {z;}7";:

MSE(F) = - S (s Flay))® (31)
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and
MAB() = — 3" Iy — )l (32)

Obviously, lower MSE and MAFE both imply a better performance of regression function f

In addition, we take the Average Running Time (ART') of m repeated experiments as
the measure of efficiency, that is,

ART(F) = = 3" t;(D). (33

~

where t;(f) denotes the training time of the j-th experiment.

Criterion only measuring the accuracy, such as MSE or MAF, or measuring the efficiency,
such as ART, is insufficient to be a comprehensive evaluation criterion of an algorithm. For
relatively small-scale data sets or synthetic data, the training speed of an algorithm is often
fast enough. Therefore, we mainly focus on the precision in following simulations in Section
4.2 and 4.4. However, for moderate sized or large-scale real data sets, this training time
discrepancy among algorithms is no longer negligible. That is, a good algorithm should not
only have desirable predicting accuracy, but also is comparable in training time with other
state-of-the-art regression methods. Therefore, in Section 4.6, we consider the trade-off
between accuracy (MSE and MAFE) and efficiency (ART) in the real data analysis.

4.2 Study of the Parameters

In this subsection, taking NHTE as an instance, we perform an experiment dealing with the
parameters of our HTE algorithm, namely the number of histogram transform estimators
T and the lower and upper scale parameters Spin, Smax € R. In what follows, we consider a
synthetic data set following the regression model

Y =sin(16X) + ¢, (34)

where € ~ N(0,0.12).

We firstly explore the influence of parameter T" on the experimental results of our algo-
rithm. For each experiment, the empirical performance will be compared by average MSE
introduced in (31). We have carried out experiments with n = 2000, 3000, 4000, 5000, and
the number of test samples in each case is m = 2000. For every n and T" we have made 300
runs of experiments, with fixed (Smin, Smax) = (0,1). The results are shown in Figure 2.

23



Hang, Lin, Liu, AND WEN

0.0375 | N = 2000
—>— N = 3000
0.0350 - —o— N = 4000
—+— N = 5000
0.0325 4
0.0300 A
w
%)
= 0.0275 4
0.0250 A
0.0225 4
0.0200 -

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
number of ensembles(T)

Figure 2: Average MSE for different values of T' applied for the synthetic dataset.
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Figure 3: Average MAF for different values of T" applied for the synthetic dataset.

As is shown, the performance of our histogram transform estimator enhances as n grows,
which can be seen from the downward average MSFE of each line. On the other hand, the
results improve dramatically when we go from T'= 1 to T' = 20, but then a steady state is
reached, no matter how many larger ensembles are considered. This behavior is extremely
convenient, since it means that increasing the number of components in an ensemble by
raising T' does not have any significant effect beyond certain limit. Consequently, we have
decided to use T" = 10 in the subsequent experiment.

We then examine the dependency of our method with respect to the choice of the lower
and upper scale parameters Smin, Smax. We recall that the scale parameters Smin, Smax i
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the distribution of stretching matrix .S actually control the size of histograms. If the local
structure of the input data set is very detailed, we need high values of both of them to attain
smaller histogram bins, and vice versa. On the other hand, if the local structure is finer in
some regions of data set and coarser in other regions, we need that both parameters have
very different values to cope with the varying scales, while an homogeneous structure can
be accommodated with a narrower range of histogram bin sizes. In order to illustrate this,
we obtain our ensemble NHTs with n = 500 training data, and then conduct the experiment
with 1000 test observations, for the following values the scale parameters: Spin = 0, Smax = 2;
Smin = 1, Smax = 3; and Spin = 2, Smax = 4. The results are shown in Figure 4.

The result indicates that lower values of these parameters yield a coarser approximation
of the input distribution, leading to the loss of precision (see the top left subfigure). Con-
versely, if the parameters are too high, there are zones where no training samples exist. On
this occasion, chances that more predictive points tend to be close to zero are high (see the
lower subfigure). Therefore an optimization procedure is needed to obtain good values for
Smin and Smax, given an input data set.
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Figure 4: Blue points represent the true sample and green ones are predictive values. Upper Left:
Smin = 0, Smax = 2. Upper Right: spmin = 1, Smax = 3. Lower: smin = 2, Smax = 4-

To further explore the effect of two scale parameters sy, and sSmax with regard to
accuracy, we generate n = 1,000 synthetic data points with the generating model (34)
for training, and 10,000 points for testing, as well as varying the scale parameters sy, €
{-3,-2,-1,0,1,2,3} and the scale parameters difference syax—smin € {0.5,1,1.5,2,2.5,3}.
In order to ensure the stability of this experimental result, we carry out 50 runs with each
(Smin, Smax—Smin )-pair, and utilize the average of MSE and MAF for the final testing error.
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Two clear trends can be seen from Figure 5 and Figure 6: On the one hand, fixing
Smax — Smin, when spi, is relatively small, i.e., the bin width is relatively large, the average
MSE and MAE for NHTE decreases with spyi, increasing. That is to say, the empirical
performance gets better with the bin width decreasing. However, MSE and MAE then
attain the minimum, and further increase of sy, leads to the deterioration of testing error.
This exactly verifies the theoretical result in Section 3.3.1 that there exists an optimal bin
width with regard to the convergence rate. On the other hand, fixing sy, and varying
Smax — Smin, tendency varies among different spi,. When sy, is small, i.e., the bin width is
relatively large, higher Spax — Smin means the bin width can be more varied from relatively
large bins to smaller bins, and thus increasing Smax — Smin leads to better performance.
However, when s, is large, i.e., the bin width is relatively small, higher s;,ax —Smin means
the bin width can be more varied from relatively small bins to much smaller bins, and thus
increasing Smax—Smin With large sy, will deteriorate performance. This illustrates that the
range of bin width should be close to the optimal bin width to produce good regression
performance.

MSE

0.4

r0.3

Smax — Smin

r0.2

0.1

-3 -2 -1 0 1 2 3
Smin

Figure 5: Average MSE for different values of (Smin, Smax—Smin) applied for the synthetic dataset.
Note that the x-axis represents for s, y-axis represents for spax — Smin, and different
color represents varying MSE for each (Smin, Smax—Smin )-setting, red color means higher
MSE and blue color means lower MSE.
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Figure 6: Average MAEF for different values of (Smin, Smax—Smin) applied for the synthetic dataset.
Note that the x-axis represents for syin, y-axis represents for Spax — Smin, and different
color represents varying MAE for each (Smin, Smax—Smin)-setting, red color means higher
MAE and blue color means lower MAF.

4.3 Ablation Study

In this subsection, we carry out an ablation study to evaluate the effectiveness of randomness
brought by rotation matrix R, stretching matrix .S, and translation vector b in Equation (7),
respectively. In detail, the randomness of stretching matrix S is brought by the difference
of Smin and Spax.

As experiments of parameter analysis, we also generate 1,000 points for training, 10,000
points for testing with the generative model (34). However, to better analyze the effective-
ness of rotation matrix R, here we consider X with 2-dimensional feature space. We fix
T = 100, and select best syin and spax which performances best with respect to MSE and
MAE. Experiments in this subsection are repeated 50 times.

We conduct the following ablation studies of our NHTE: (a) baseline, i.e., without
randomness of R, S, and b, that is, to set rotation matrix R as an identity matrix, let
Smin = Smax, and set translation vector b as zero vector. Here, Spyin = Smax = 1; (b) ran-
domness only from rotation matrix R, i.e., instead of (a), rotation matrix R is randomly
generated. Here, Spin = Smax =1; (¢) randomness only from stretching matrix S, i.e., instead
of (&), Smin 7 Smax- Here, Smin =1, Smax = 1.5; (d) randomness only from translation vector
b, i.e., instead of (a), translation vector b is randomly generated. Here, Spmin = Smax = 1;
(e) Our NHTE, i.e., containing randomness of R, S and b. Here, Spin =0, Smax = 1.5. In
addition, for sake of prudence, we conduct paired t-tests of differences between models with
significance level «=0.05.
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Table 1: Results of Ablation Study on Synthetic Dataset

Ablation ‘ baseline ‘ only R only S only b ‘ Ours

0.2975 0.2312 0.2246 0.2250 0.2160
(0.0283) | (0.0290)  (0.0252)  (0.0332) | (0.0253)
0.4247 0.3819 0.3711 0.3764 0.3756
(0.0183) | (0.0226)  (0.0218)  (0.0261) | (0.0230)

MSE

MAE

* The standard deviation is reported in the parenthesis under each value.

From Table 1, we can draw the following conclusions. (a) The comparison between
“baseline” and cases (b), (c), and (d), indicates that the randomness of R, S or b all helps to
significantly improve the effectiveness of the regression model. (b) The comparison between
cases (b), (c), (d) and our NHTE, shows that adding randomness from R, S or b at the same
time does not improve the model significantly, which implies that introducing randomness
from multiple sources together is not guaranteed for better performance.

4.4 Counter Example

In order to give a more comprehensive understanding of this section, we will remind the
reader of the significance to illustrate the benefits of our histogram transform ensembles
over a single estimator. Therefore, we start with the simulation by constructing the above
mentioned counterexample as the synthetic data. To be specific, the synthetic experiments
are based on a more complicated synthetic dataset: We implement the simulations on one
particular distribution construction approach to generate a toy example with dimension
d = 3. Assume that the regression model for random vector X = (X1, X2, X3)' € R3, and

3
Y =) 10X; - sin(2X; - 3) + ¢, (35)
=1

where € ~ N(0,0.12).

It is obvious that this example is based on all the three dimensions. We perform the
synthetic data experiment with m = 1,000 and parameter pair (Smin, Smax) = (0,1). For
every 1" and n, we repeat the experiment 30 times, and show the resulting average MSFE and
MAFE versus T in Figure 7 and 8, respectively.
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In particular, Figure 7 and 8 capture the MSE and MAFE performance of our model for
T = 1,2,5,10, 30, respectively. The result is twofold: First of all, the lower MSE of the
steady state for T' > 1 states that ensembles behave better than single estimator in terms of
accuracy. Moreover, the difference of slope before the curves reach flat illustrates the lower
bound of the convergence rate of single estimator to some extent.

4.5 Adaptive Splitting Technique

In this subsection, we introduce the adaptive splitting technique for HTE to improve the
splitting efficiency in real-data experiments. Then, we demonstrate the effectiveness of this
technique through extensive parameter analysis.
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4.5.1 ADAPTIVE SPLITTING TECHNIQUE

Recall that from the viewpoint of algorithm architecture, the essence of our HTE lies in the
following facts: firstly, the large diversity of random histogram transform and the inherent
nature of ensembles help the algorithm overcome the long-standing boundary discontinu-
ity; on the other hand, taking full advantage of the data-independent partition process,
this vertical method successfully achieves high efficiency via parallel computing. Until now,
the partition processes considered have only performed in an equal-size histogram man-
ner. However, in real-data computational implementations, it is less efficient to perform
the data-independent partition. To be specific, sample dense areas require more splits to
promote learning the local properties of the target function, whereas there is no need to
split too much on the sample sparse areas or split on the vacant areas. Especially in the
high dimensional situation, the samples are often dense in some areas but sparse in others,
the data-independent partition is severely lack of splitting efficiency. Therefore, in order to
bring more resistance and take the local adaptivity into account, we propose the adaptive
splitting technique to significantly improve the balance property of splits.

The adaptive splitting technique helps to formulate a data-dependent partition. Instead
of selecting the bin indices as the round points, where each cell shares the same size, this
adaptive method creates more splits on fractions where sample points are densely resided,
while it splits less on sample-sparse areas. Therefore, every cell in the partition contains
roughly the same number of sample points. A concrete description of the construction
process of adaptive splitting is shown in the following Algorithm 2.

Algorithm 2: Adaptive Splitting

Input: Transformed sample space DT :

Minimal number of samples required to split m;
Number of splits p initiated as 1.
repeat
kP is the number of cells before the p-th split for the ¢-th partition;
for j=1— k¥ do
if number of samples in the j-th cell > m then
Select out the dimension with the largest variance;
Select the split point as the median of samples in this dimension;
end
end
p++.
until max(number of samples in all cells) < m;

Output: Adaptive partition of the transformed sample space D'.

To avoid a cell having too few samples or even no sample at all, we impose a stopping
criterion when a cell contains less than m samples. Then we focus on every qualified cell
with enough sample points, and select the to-be-split dimension as the one with the largest
variance. Moreover, we choose the split point as the median of samples in the d-th dimension.
By this means, we are able to make full use of the potential information contained in samples.
On one hand, we reckon that the most varied dimension contains the most information. On
the other hand, by splitting on the median, we are able to obtain two newly generated cells
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with even number of samples. Then, we repeat this splitting method until all cells meet the
stopping criterion.

With the help of adaptive splittings and the improved stopping criterion, we are now
ready to present our adaptive KHTE algorithm.

Algorithm 3: Adaptive Kernel Histogram Transform Ensembles (Adaptive KHTE)
Input: Training data D := ((X1,Y1),...,(Xn, Ya)); ;
Number of histogram transforms T

Regularization parameter A and bandwidth parameter of Gaussian kernel ~.

fort=1—T do
Generate random affine transform matrix H; = Ry;

Apply adaptive splitting to the transformed sample space;

Apply SVM to each cell & compute global regression mapping fp x-,#, () -
end
Output: The kernel histogram transform ensemble for regression is

T
1
forye(®) = T ; foxm, (2).

The fact that can be observed is: Since the bin widths are depending on the density of
the training samples, the adaptive splitting is a data-driven method and therefore naturally
takes longer than the original data-independent histogram transform ensembles algorithm.
However, although the motivation of the adaptive splitting algorithm essentially comes from
the density of the training samples (that is, there are more cuts where the density is high and
fewer cuts where the density is low), there is no need to calculate the exact density estimate.
Instead, the to-be-split dimensions and split points are selected according to the variance and
median, with additional computational complexity being O(nlogn) and O(n), respectively.
Besides, we would like to illustrate the effectiveness of the proposed adaptive algorithm from
the perspective of the efficiency of each splitting and the total number of divisions required.
The original histogram transform ensembles, in spite of the data-independent partition rules
being highly efficient, actually suffer from the curse of dimensionality, and need much more
total divisions, which of course hurts the algorithm efficiency. Our adaptive splitting rule
cuts more where there are more points, and controls the minimum number of samples for
each cell. Therefore, a much less total number of cuts is required, which improves the
efficiency of the adaptive method.

4.5.2 STUDY OF PARAMETERS

In this subsection, we delve into the study of parameters T' and m in Algorithm 2, that is,
the number of partitions in an ensemble, and the minimum number of samples required to
split an internal node.
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Figure 9: Average MSE, MAE and ART for different values of T" and m.

We carry out experiments based on a real data set PTS, the Physicochemical Proper-
ties of Protein Tertiary Structure Data Set, available on UCI. It contains totally 45,730
samples of 9 dimensions, with 70% samples randomly selected as the training set, and the
remaining 30% as the testing set. The parameter grids of 7" and m are {1,2,5,10} and
{200, 400, 1000, 1500, 2000}, respectively. Both the Mean Squared Error (MSE) and the
Mean Absolute Error (MAFE) are employed as the accuracy performance error, the Aver-
age Running Time (ART) is adopted as the efficiency performance error. In addition, all
experiments are repeated for 50 times.

As can be seen from Figure 9, on the one hand, for a fixed m, when the number of
partitions 7" increases, the training error, in terms of MSE and MAEFE, decreases while the
corresponding running time increases. This indicates that ensemble learning helps to
improve the experimental performance of HTE under the adaptive splitting technique. On
the other hand, with T fixed, we can see MSE and MAFE decrease as m, the minimum
number of samples required to split, increasing, with a sacrifice of training time.

4.6 Real Data Analysis

In this subsection, we conduct experiments with real data to provide the comparison with
other state-of-the-art regression algorithms, in order to demonstrate the accuracy and effi-
ciency of the proposed algorithm.
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4.6.1 INTRODUCTION TO OTHER LARGE-SCALE REGRESSORS

In our experiments, the comparisons are conducted among our HTE, Patchwork Kriging
(PK), Voronoi partition SVM (VP-SVM), Random forest (RF), Random rotation forest
(RRF), and Random projection forest (RPE).

e PK: Patchwork kriging (PK) proposed by Park and Apley (2018) is an approach for
Gaussian process (GP) regression for large datasets. This method involves partitioning
the regression input domain into multiple local regions via spacial tree, and applying a
different local GP model fitted in each region. Different from previous Gaussian process
vertical methods put forward in Park et al. (2011) and Park and Huang (2016), which
tried to join up the boundaries of the adjacent local GP models by imposing various equal
boundary constraints, PK presents a simple and natural way to enforce continuity by cre-
ating additional pseudo-observations around the boundaries. However, there stands some
challenges. Firstly, although the employed spatial tree generates data partitioning of uni-
form sizes when data is unevenly distributed, artificially determined decomposition process
brings a great impact on the final predictor. Secondly, this approach loses its competitive
edge possessing the desirable global property of GPs, as well as suffers from the curse
of dimensionality. Last but not least, when encountering data with high dimensions and
large volumes, in order to achieve better prediction accuracy, more pseudo-observations
need to be added to the boundaries, which leads to significant growth in computational
complexity.

e VP-SVM: Support vector machines (SVM) for regression being a global algorithm is
impeded by super-linear computational requirements in terms of the number of training
samples in large-scale applications. To address this, Meister and Steinwart (2016) employs
a spatially oriented method to generate the chunks in feature space, and fits LS-SVMs for
each local region using training data belonging to the region. This is called the Voronoi
partition support vector machine (VP-SVM). However, the boundaries are artificially
selected and the boundary discontinuities do exist.

e RF: Random forest (RF) is one of the most successful ensemble learning methods for
regression that operated by constructing a multitude of decision trees at training time and
outputting the mean prediction of the individual trees. An extension of RF, defined in
Breiman (2001), builds a forest of decision trees using a CART like procedure, combined
with randomized node optimization, Breiman’s bagging idea, and random selection of
features. In this paper, we implement the random forest regressor through the package
sklearn.ensemble for python, and more details on the parameter selection of RF can be
found in Section 4.6.2.

e RRF: Random rotation forest (RRF), proposed by Blaser and Fryzlewicz (2016), is a
tree-based approach for regression problems. The method first transforms the predictors
by a random rotation map, and then constructs the individual base learners by the empir-
ical risk minimization. The individual trees for different random rotations are built, and
are ensemble by the model averaging. The randomness, brought by the random rotation
transform, reduces the correlation between individual trees and thus promotes diversity,
which is considered to be able to improve the performance of ensemble learners. In this pa-
per, we generate the rotation matrix R by Householder QR decomposition (Householder,
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1958), and the split points in individual trees are chosen based on the MSE criterion.
More details on the parameter selection of RRF can be found in section 4.6.2.

¢ RPE: Random projection ensemble (RPE) classifier, proposed by Cannings and Samworth
(2017), offers an appealing and flexible approach to a wide range of large-scale statistical
problems. RPE first applies different random Gaussian projections to the training data
on which the decision trees are built based on the MSE criterion. Here we modify the
method in order to deal with the regression problem, where we build regression trees
instead of decision trees in the original paper. After achieving a certain number of tree
regressors, we select the best performance tree regressor with the minimum validation
error. By repeating the above procedure, we aggregate the selected base learners, and
achieve RPE. This study is particularly useful in high-dimensional settings, and alleviates
the curse of dimensionality problem, which hurts the statistical accuracy and computa-
tional efficiency. Although this random projection forest was originally proposed to solve
the classification problem, it is built as a plug-in classifier, that is, we first estimate the
conditional probability function via a regression method, then plug-it into the form of the
Bayes classifier. Therefore, RPE is fully applicable to regression problems. More details
on the parameter selection of RPE can be found in section 4.6.2.

4.6.2 REAL WORLD DATA SET ANALYSIS

We design three sets of real-world experiments over our kernel histogram transform ensem-
bles (KHTE), PK, VP-SVM, RF, RRF, and RPE. All experiments are conducted on the
PTS data set introduced in Section 4.5.2 and other data sets presented as follows. Details of
these 8 data sets, including size and dimension, are summarized in Table 2.

Table 2: Description over Real Data Sets

datasets size dimension
EGS 10000 12
SCD 21263 81
ONP 39644 58
CAD 20640 8
PTS 45730 9
AEP 19735 27
HPP 22784 8
MSD 515345 90

e AEP: The Appliances energy prediction (AEP) data set, available on UCI, contains
19,735 samples of dimension 27 with attribute “date” removed from the original data
set. The data is used to predict the appliances’ energy use in a low-energy building.

e HPP: This data set House-Price-8H prototask (HPP) is originally from DELVE dataset.
It consists of 22, 784 observations of dimension 8. Note that for the sake of clarity, all
house prices in the original data set has been modified to be counted in thousands.
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e CAD: This spacial data can be traced back to Pace and Barry (1997). It consists
20, 640 observations on housing prices with 9 economic covariates. Similar to the data
preprocessing for HPP, all house prices in the original data set has been modified to be
counted in thousands.

e EGS: The Electrical Grid Stability Simulated Data (EGS) Data Set, belonging to the
field of physics, is available on UCI. It contains 10,000 samples of dimension 14 with
one of them being non-predictive.

e SCD: The Superconducting Material Database (SCD), available on UCI, is supported by
the NIMS, a public institution based in Japan. This database has 21,263 samples of
dimension 81, containing a large list of superconductors, their critical temperatures,
and the source references mostly from journal articles. The goal is to predict the
critical temperature based on the features extracted.

e ONP: The Online News Popularity Data Set (ONP), available on UCI, is a database that
does not share the identical content but some statistics associated with the original
data set. It contains 39,797 observations of dimension 61 with two of them being
non-predictive. This data set is used to predict the number of shares of online news.

e MSD: The Year Prediction MSD Data Set (MSD) is available on UCL. It contains 463, 715
training samples and 51,630 testing samples with 90 attributes, depicting the timbre
average and timbre covariance of songs released between the year 1922 and 2011. The
main task is to learn the audio features of a song and to predict its release year.

Samples in data sets AEP, HPP, PTS, CAD, EGS, SCD, and ONP are scaled to zero mean
and unit variance, and experiments carried on such data sets are repeated for 50 times.
In addition, we randomly split each data set into training, with 70% of the observations,
and testing, containing the remaining 30%. Whereas for the MSD data set, we adopt the
following train/test split that the first 463,715 examples are treated as training set and the
last 51,630 are treated as testing set. In addition, because VP-SVM cannot run MSD data
set with the above standardization for some reason, we rescale the data so that all feature
values are in range [0, 1]. Moreover, we repeat the experiments for MSD data set 20 times
to obtain a relatively stable result, with acceptable training time on such a large-scale data
set.

In the experiments, we set the pair (7,m) to be (5,1000) and (20, 1000) except for MSD
data set, where we select (5,2000) and (20,3000), for the trade off between accuracy and
running time. We adopt grid search method for other hyper-parameter selections. To be
specific, for data sets HPP, CAD, PTS and AEP, EGS, SCD and ONP, the regularization parameter
A and the kernel bin width v are selected from 7 and 8 values, from 1072 to 103 and from
0.05 to 10, respectively, spaced evenly on a log scale with a geometric progression. For MSD
data set, we choose A in {0.01, 1,100}, and ~ in {0.001, 0.1, 10}.

As for hyper-parameter selection of other methods, we tune regularization parameter A
and kernel bin width ~ in each cell of voronoi partition for VP-SVM, K € {32,64, 128},
and B € {2,3,5} for PK, fix ensemble size 7' = 100 and tune min samples split €
{2,5,10,20, 50,100,200} for RF and RRF. For RPE, we set the number of base learners
B; = 100, the data dimension after projection p = 5, and the number of trials Bs = 50,
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which is recommended in Cannings and Samworth (2017). In other words, we randomly
split 30% samples from training sets for validation in hyper-parameter selection.

Now we summarize the comparison results, in aspect of both accuracy and efficiency, for
6 algorithms: KHTE, VP-SVM, PK, RF, RRF, and RPE, over 8 data sets: AEP, HPP, PTS,
CAD, EGS, SCD, and ONP in Table 3, Table 4 and Table 5, respectively. We point out that the
paired t-tests with significance level o = 0.05 are applied, and statistical significance of the
difference holds for all models.

Table 3: Average MSE over real data sets

Datasets  KHTE (T=5) KHTE (T=20) RRF RPE RF PK VP-SVM
- 1.28E — 03 1.28E - 03 24TE—04  406E—04 145E-04  6.99E—05  7.38E—05
(444E—05)  (259E—05)  (856E—06) (L12E—05) (523E—06) (3.89E—06) (3.73E — 06)
s 99.95 96.37 96.50 109.03 91.51 152.97 110.02
(4.16) (3.77) (3.26) (3.41) (3.65) (7.59) (5.89)
o 125.48 12518 126.24 12640 12646 126.98 125.65
(48.00) (48.01) (47.84) (47.84) (47.21) (48.12) (47.64)
oD 2084.67 2042 52 3340.61 320475 2459.38 2857.69 2996.90
(95.08) (97.20) (115.85) (99.20) (74.25) (88.89) (91.70)
oS 12.86 12.46 13.63 14.25 12.73 16.58 13.73
(0.20) (0.20) (0.19) (0.18) (0.18) (0.98) (0.23)
\Ep 6435.66 6292.15 7037.08 740158 5242.59 6801.24 6728.02
(388.71) (392.27) (386.29) (409.60) (306.04) (601.17) (398.06)
ipp 1245.39 1220.89 1337.50 1398.47 1136.78 1343.88 1262.78
(85.61) (81.84) (75.13) (80.72) (74.21) (81.93) (81.57)
vD 82.82 80.98 84.66 93.55 86.59 - 85.33
(0.12) (0.11) (0.10) (0.18) (0.12) - (0.73)

* The best results are marked in bold, and the standard deviation is reported in the parenthesis
under each value. Note that, since PK does not fit in the parallel computing framework, its training
time exceeds a 36 hour-limit, and thus no average MSE reported.

Table 4: Average MAE over real data sets

Datasets ~ KHTE (T=5) KHTE (T=20) RRF RPE RF PK VP-SVM
- 3.02E — (2 3.03E — 02 128E-02  163E—02  926E—-03 568E—03  5.98E—03
(5.60E—04)  (383E—04) (216E—04) (245E—04) (153E—04) (L44E—04) (L67TE —04)
s 5.34 5.25 5.63 6.22 5.3 7.65 6.09
(0.10) (0.09) (0.07) (0.08) (0.08) (0.20) (0.18)
o 2.87 2.85 3.18 3.18 3.10 3.18 3.18
(0.08) (0.08) (0.07) (0.09) (0.07) (0.07) (0.06)
oD 35.77 35.42 39.59 39.29 32.30 36.22 37.33
(0.42) (0.44) (0.56) (0.43) (0.43) (0.54) (0.47)
oS 2.36 2.32 2.62 2.77 2.42 2.69 2.59
(0.02) (0.02) (0.02) (0.02) (0.02) (0.08) (0.02)
\Ep 35.97 35.15 4457 46.95 3465 35.85 42.69
(0.96) (0.89) (0.79) (0.77) (0.81) (1.44) (0.85)
b 17.13 16.87 19.76 20.31 17.19 19.12 18.90
(0.33) (0.34) (0.31) (0.31) (0.28) (0.40) (0.36)
vD 6.05 5.95 6.57 6.96 6.62 - 6.47
(0.01) (0.00) (0.01) (0.02) (0.01) - (0.02)

* The best results are marked in bold, and the standard deviation is reported in the parenthesis
under each value. Note that, since PK does not fit in the parallel computing framework, its training
time exceeds a 36 hour-limit, and thus no average MAFE reported.
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Table 5: Average ART over real data sets

Datasets KHTE (T—5) KHTE (T—20) RRF RPE RF PK VP-SVM
Ees 1.36 2.97 8.32 225.35 3.14 8111.49 6.45
(0.06) (0.13) (0.57) (4.69) (0.08)  (2921.90) (0.27)
b 4321 145.77 40.55 275.22 20.29 2625.71 15.03
(0.76) (0.89) (0.66) (3.92) (0.30) (567.36) (0.53)
onp 49.71 181.53 12858  384.68 34.32 16482.75 15.18
(0.56) (0.72) (3.01) (7.62) (0.86)  (19629.81)  (0.37)
D 15.44 50.81 9.89 278.23 3.87 1159.02 19.44
(0.22) (0.50) (0.46) (357)  (0.10) (265.43) (0.90)
1S 29.57 104.73 16.99 378.47 9.34 1877.29 52.81
(1.79) (1.71) (0.39) (451)  (0.14) (681.98) (1.57)
AP 21.36 71.12 22.19 288.15  10.44 174785 11.44
(0.19) (0.33) (0.49) (4.84)  (0.26) (445.84) (0.52)
PP 23.05 77.85 10.93 293.24 4.82 2081.27 14.63
(0.86) (1.40) (0.50) (4.04)  (0.10) (661.21) (0.75)
uSD 453.52 1682.35 1759.36  3949.36  1684.83 - 380.99
(15.26) (44.11) (17.57)  (39.65)  (19.79) - (6.99)

* The best results are marked in bold, and the standard deviation is reported in the parenthesis
under each value. Note that, since PK does not fit in the parallel computing framework, its training
time exceeds a 36 hour-limit, and thus no average ART reported.

We briefly discuss the experimental results. First of all, it can be observed from Table 3
and Table 4 that our adaptive KHTE method with T" = 20 is either comparable to or better
than the other 5 state-of-the-art algorithms in terms of both MSE and MAFE measurement,
due to high level of smoothness brought about by a relatively large T', which, however, leads
to more training time. Therefore, we turn to the less time-consuming case T = 5. While
maintaining desirable accuracy, Table 5 tells us that in spite of being inferior to random forest
and SVM in efficiency, our algorithm still demonstrates strong competitiveness compared
with other effective random algorithms. In addition, we emphasize that the experimental
results presented so far are with temporarily hyper-parameters tuned. More accurate results
can be obtained if we spend more training time to conduct a thorough search, which is
different from other methods: They can hardly improve their accuracy. Readers interested
in these experiments are encouraged to try more hyper-parameters to further investigate the
possibility of even lower testing errors.

5. Conclusion

By conducting a statistical learning treatment, this paper studies the large-scale regression
problem with histogram transform estimators. Based on partition induced by random his-
togram transform and various different kinds of embedded regressors, this nonparametric
strategy provides an effective solution by taking full advantage of the large diversity of the
random histogram transform, the nature of ensemble learning, and the efficiency of vertical
methods. By decomposing the error term into approximation error and estimation error,
the insights from the theoretical perspective are threefold: First, different regression esti-
mators NHTs and KHTS are applied, when the Bayes decision function f7 p is assumed to
satisfy different Holder continuity assumptions. Secondly, almost optimal convergence rates
are verified within the regularized empirical risk minimization framework for our histogram
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transform estimators in the sense of different space C*®. Thirdly, for the space C%, al-
most optimal convergence rates can be only established for the ensemble NHTs, and the
lower bound established in Theorem 4 illustrates the exact benefits of ensembles over single
estimator. Last but not least, several numerical simulations are conducted to offer evidence
to support our theoretical results and comparative real-data experiments with other state-
of-the-art regression estimators demonstrate the accuracy of our algorithm. In this study,
we explain the phenomenon that ensemble estimators outperform single ones in the space
C1® with respect to constant embedded regressors, from the perspective of learning rate. In
addition, we are now exploring more possible interpretations, which applies to more general
function space such as C*® and smoother regressors such as SVMs, for this phenomenon
from other aspects, information theory, for instance.
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Appendix A.

In this section, we present related error analysis and proofs for the single and ensemble
estimators fp p and fp g in the Holder spaces Ch® with o € (0,1], k=0, k=1, and k>2.
A.1 Error Analysis for NHTs in the space C%®

In this subsection, we investigate the convergence property of fp y and fp g when the Bayes
decision function f p, € C%*. Recall that fp g and fp g are the population version of single
NHT and NHTE eétimators, derived as in (14) and (17) within the RERM framework,
respectively. To this end, we start with considering the single estimator. More precisely, the
convergence analysis is conducted with the help of the following error decomposition. As
usual, we define hy:= Lo f—Lo f] p forall f € Lo(X). By the definition of fp r, we have

Qfo,H) + EthD,H < Qfp,u) + Ephyy
and consequently, for all D € (X x )", there holds
Q(fp,i) + Rep(fo.r) — Ry p
= Qfo.u) +Eehg
< Q(fe.n) +Ephyy , — Ephy  +Ephy

= (Qfe.n) +Ephy, ) + (Ephgy y — Ephyy ) + (Ephy  —Ephg ). (36)

fo,H
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Note that the first term Q(fp u) + Ephy, , in the above inequality (36) represents the
approximation error, which is data independent. In contrast, both of the remaining terms
(Ephyfp ; —Ephyy ;) and (Epth’H —EthD’H) are sample errors depending on the data D.

A.1.1 BOUNDING THE APPROXIMATION ERROR TERM

Our first theoretical result on bounding the approximation error term in the sense of least
squared loss shows: The Ly distance between fp y and f;p behaves polynomial in the
regularization parameter A, by choosing the bin width hy appropriately.

Proposition 8 Let the histogram transform H be defined as in (7) with bin width h satisfy-
ing Assumption 2. Moreover, suppose that the Bayes decision function f] p € C%. Then,
for any fixed X > 0, there holds

Ahg) >+ Rep(feu) —Rip <c- Aatd,

where ¢ is some constant depending on o, d, and cg as in Assumption 2.

A.1.2 BOUNDING THE SAMPLE ERROR TERM

In order to bound the sample error term, we give four descriptions of the capacity of the
function set in Definition 9, Definition 11, Definition 14, and Definition 16.

Firstly, we need to impose some constraints on the complexity of the function set so
that the set has a finite VC dimension (Vapnik and Chervonenkis, 1971), thus making the
algorithm PAC learnable (Valiant, 1984), see e.g., (Giné and Nickl, 2016, Definition 3.6.1).

Definition 9 (VC dimension) Let B be a class of subsets of X and A C X be a finite set.
The trace of B on A is defined by {BNA : B € B}. Its cardinality is denoted by AB(A). We
say that B shatters A if AB(A) = 2#(A) that is, if for every A C A, there exists a B C B
such that A= BN A. Fork €N, let

mB (k) = sup AB(A).
ACX, #(A)=k

Then, the set B is a Vapnik-Chervonenkis class if there exists k < oo such that mB(k) < 2k
and the minimal of such k is called the VC dimension of B, and abbreviated as VC(B).

Recall that H is a histogram transform, mg := (A;) ez, is a partition of B, with the
index set Zy induced by H. In addition, let Iy be the gathering of all partitions mg, that
is, Oy := {7y : H ~ Py}. To bound the estimation error, we need to introduce some more
notations. To this end, let 75 denote the collection of all cells in g, that is,

T 1= {A]AJGTFHGHH} (37)
Moreover, we define
Hh;:{B:B:UAJ',ICIH,AJ'ETFHGHH}- (38)
jel

The following lemma presents the upper bound of VC dimension for the interested sets
Th and Hh.
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Lemma 10 Let the histogram transform H be defined as in (7) with bin width h satisfying
Assumption 2. Moreover, let 7y, and 11, be defined as in (37) and (38), respectively. Then
we have

VC(mp,) < 2% +2
and
VC(II,) < (d(2% — 1) +2) (2WVd/hy + 1), (39)

To bound the capacity of an infinite function set, we need to introduce the following fun-
damental descriptions which enables an approximation by finite subsets, see e.g. (Steinwart
and Christmann (2008), Definition 6.19).

Definition 11 (Covering Numbers) Let (X,d) be a metric space, A C X and ¢ > 0.
We call A C A an e-net of A if for all x € A there exists an 2’ € A" such that d(z,z") < e.
Moreover, the e-covering number of A is defined as

N(A,d,e) = inf{n >1:3xq,...,2, € X such that A C U Bd(xi,s)},
i=1
where By(x,e) denotes the closed ball in X centered at x with radius €.

Let B be a class of subsets of X, denote 1z as the collection of the indicator functions
of all B € B, that is, 15 := {15 : B € B}. Moreover, as usual, for any probability measure
Q, L2(Q) is denoted as the Lo space with respect to @ equipped with the norm || - ||z, (q)-

Lemma 12 Let 7, and Il be defined as in (37) and (38), respectively. Then, for all
0<e<1, there exists a universal constant K, such that for any probability measure Q, there
holds

N (L | sy ) < K (27 +2)(4e)2 (1 /2)2@ D) (40)
and
N, | @) ) < K (caW/ o) (de) @V /ho)® (1 /)2 (caV/ho)*=1), (41)
where the constant cq :== 3 - ol+q . dats,

Let us first consider the complexity of the function set of binary value assignment case.
To this end, we define

P { S eila t e {-L1). A emye HH}. (42)
J€L

Note that for all g € F?, there exists some B € Iy € IIj, such that g can be expressed as
g = 1 — 1gc. Therefore, ]-"Ib{ can be equivalently formulated as

Fl={1p—1pc: Bell,}. (43)

The following lemma gives a upper bound for the covering number of ]-"Ib{.
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Lemma 13 Let F% be defined as in (42) or (43). Then for all € € (0,1), there exists a
universal constant ¢ < oo such that

N(Fh - o) €) < clcaW/hg + 1) (de) W ot (9 /g)2((caW/ho+ DI=1),
where the constant ¢g := 3 - 91+3 . dé‘%.

We further need the following concept of entropy numbers to illustrate the capacity of
an infinite function set, for more details, please refer to A.5.6 in Steinwart and Christmann
(2008).

Definition 14 (Entropy Numbers) Let (X,d) be a metric space, A C X and n > 1 be
an integer. The n-th entropy number of (A,d) is defined as

21171

en(4,d) = inf{e >0:3x1,...,T9n-1 € X such that A C U Bd(xi,e)}.
i=1

Before we proceed, there is a need to introduce an important conclusion establishing the
equivalence of covering number and entropy number. To be specific, entropy and covering
numbers are in some sense inverse to each other. For all constants a > 0 and ¢ > 0, the
implication

ei(T,d) <ai”'1 ¥i>1 = InN(T,d,e)<In(4)(a/e)?, Ve >0 (44)

holds by Lemma 6.21 in Steinwart and Christmann (2008). Additionally, Exercise 6.8 in
Steinwart and Christmann (2008) yields the opposite implication, namely

InN(T,d,e) < (afe)!, Ve >0 = ¢(T,d)<3Y9ai " vi>1. (45)

Now we introduce some notations of the oracle inequality for general e-CR-ERMs (see
also Definition 7.18 in Steinwart and Christmann (2008)). First, denote

ry = inf Ahg®' +Rpp(f) — Rip. (46)
fery 7
Then, for r > r;, we write
Foi={g e Fly: Mg+ Rpp(g) —Rip <7, (47)
H2:={Log—Lofip:g€F}, (48)

where L o g denotes the least squares loss of g. Moreover, in a similar way, let

“i= inf A+ Rpp(f) — R 9
r fle%fH ho“* +Rrp(f) LP> (49)
and for r > r*, write
Fri={g € Fu: Myg* + Rpp(g) — Ryp <1}, (50)
Hy:={Log—Lo fip:g€F}, (51)

where L o g denotes the least squares loss of g.
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Lemma 15 Let Hb be defined as in (48). Then for all § € (0,1), the i-th entropy number
of HY satisfies

1
Eppnei(H2, |- llLym) < (33/(268)(2eaW (r/\) Y CD)H) %35,

The following definition uses Rademacher sequences to introduce a new type of expec-
tation of suprema, see e.g., Definition 7.9 in Steinwart and Christmann (2008). This expec-
tation will be used to bound the capacity of function set H, with the help of the capacity
estimate of the binary-valued function set H2.

Definition 16 (Empirical Rademacher Average) Let {¢;}/" be a Rademacher sequence
with respect to some distribution v, that is, a sequence of i.i.d. random variables, such that
v(e; =1) =v(e; = —1) = 1/2. The n-th empirical Rademacher average of F is defined as

Radp(F,n) := E, sup
heF

Lemma 17 Let H® and H,. be defined as in (48) and (51), respectively. Then for all § €
(0,1), there exist constants ¢;(0), c4(8), ¢{(9), and c5(5) depending on § such that

3-26 1 1 1

1
Ep~prRadp(HE,n) < max{c’l (5))\_%rTn_§ , Ch()N 20F) p 20+~ 140 }

and

1 3-26 1 L 1
IEDanRadD(HT,n)§max{c’{(5)/\_1r T 2,y ()N 2aF 20 1+5}.

A.1.3 ORACLE INEQUALITY FOR SINGLE NHT

Now we are able to establish an oracle inequality for the single naive histogram transform
regressor fp g, based on the least squares loss and determining rule (13).

Theorem 18 Let the histogram transform H, be defined as in (7) with bin width h, sat-
isfying Assumption 2, and fp m, be defined in (13). Then for all 7 > 0 and § € (0,1), the
single naive histogram transform regressor satisfies

)\nba’id +Rerp(fo,H,) —RLp

1
<Ol ) 2+ Rep(fop,) — Ry p) +3chn 20 T35 + 3456 M27 /n

with probability P™ not less than 1 — 3e™7, where ¢ is some constant depending on §, d, M,
and W which will be later specified in the proof.

Note that the above oracle inequality shows: The excess error can be bounded by ap-
proximation error, which is a crucial step in proving the convergence rate.
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A.2 Error Analysis for NHTs in the space C'1®

A drawback to the analysis in C%“, as shown in Section A.1 is, the usual Taylor expansion
involved techniques for error estimation may not be applied directly. As a result, we fail to
prove the exact benefits of our ensemble estimators over the single one. Therefore, in this
part, we turn to the function space C® consisting of smoother functions. To be specific,
we study the convergence rates of fp g and fp g to the Bayes decision function fj , € Ch.
To this end, there is a point in introducing some notations. First of all, for 7any fixed
te{l,..., T}, we define

6.1, () =Ep(fi p(X)|An,(2)), = €supp(Px), (52)

where Ep(:|Ag, (z)) denotes the conditional expectation with respect to P on Ay, (z). With
the ensembles of the population version

1 T
feE( ZfP (@ (53)

t:l
we make the error decomposition

2

Ey,(Rep(fpe) —Rip) = E,Epy (foe(X p(X))
=E, Ep, (fD,E( fPE (X )2
+Ey, Epy (f5u(X) = f1p(X))%. (54)

In our study, the consistency and convergence analysis of the histogram transform ensembles
fp,E in the space C1@ will be mainly conducted with the help of the decomposition (54).

In particular, in the case that T' = 1, i.e., when there is only single naive histogram
transform regressor, we are concerned with the lower bound of fp g to f;p. With the
population version 7

fo.n(@) :=Ep(fLp(X)|Au(2)),  x €supp(Px), (55)

we make the error decomposition

Ey, (Rep(fo.) — Rip) = Eu, Epy (fo,m(X) — fip(X))?
=E,,Epy (fo,u(X ) 5(X))’
+ By, Epy (f5(X) — fL,p<X>)2. (56)

It is important to note that both of the two terms on the right-hand side of (54) and (56) are
data- and partition-independent, due to the expectation with respect to D and H. Loosely
speaking, the first error term corresponds to the expected estimation error of the estimators
fp,E or fp i, while the second one demonstrates the expected approximation error.

A.2.1 BOUNDING THE APPROXIMATION ERROR FOR ENSEMBLE NHT'S

In this subsection, we firstly establish the upper bound for the approximation error term of
histogram transform ensembles fp g, and further find a lower bound of this error for single
estimator fp p.
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Proposition 19 Let the histogram transform H be defined as in (7) with bin width h sat-
isfying Assumption 2, and T be the number of single estimators contained in the ensem-
bles. Furthermore, let Px be the uniform distribution, and Lﬁo (z,y,t) be the restricted least

squares loss defined as in (24). Moreover, let the Bayes decision function satisfy ff p € che,
Then, for all T > 0, there holds

* * 2(1+a) 1 72
Ri; p(fpp) — Ri; P = c1hq tT de hy (57)

i expectation with respect to Py.

A.2.2 BOUNDING THE SAMPLE ERROR FOR ENSEMBLE NHT's

Lemma 20 Let the function space Fr be defined as in (12). The VC dimension of Fg can
be upper bounded by

2W/d ¢
VC(Fy) < (2(d+1)(2% — 1) + 2) Q fJ + 1> :
220
Moreover, for any probability measure Q on X, there holds

N(Fu, La(Q), Me) < 2K (cqW/ho)4(16¢)2(caW/ho)? (1 /g)4ecaW/ho)?

Lemma 21 Let Co(Fg) be the convex hull of Fp, then for any probability measure Q on
X, there holds

log N (Co(Fn), La(Q), Me) < K (1/e)?~1/(caW/ho)"+1)

A.2.3 ORACLE INEQUALITY FOR ENSEMBLE NHT

Proposition 22 Let the histogram transform H, be defined as in (7) with bin width h, < 1
satisfying Assumption 2. Let fp g and fp g be defined in (16) and (17), respectively. Then,
forall >0 and § € (0,1), the single naive histogram transform regressor satisfies

)\nﬁ&id +Rep(fo,e) —RLp
__1
<9 ,) 2 + Rep(fe p) — Rip) +3cha 20" 1% + 3456 M /n

with probability P™ not less than 1 — 3e™ 7, where ¢ is some constant depending on 6, d, M,

and W which will be later specified in the proof.

A.2.4 LOWER BOUND OF THE APPROXIMATION ERROR FOR SINGLE NHT

Proposition 23 Let the histogram transform H be defined as in (7) with bin width h sat-
isfying Assumption 2 with hg < 1. Moreover, let the regression model defined by (27) with
f € CY®. For a fized constant cp € (0,00), let Ay be defined as in (28) and N' be defined
as in (29). Then for all n > N', there holds

* * d (W\* 2 2 72
Rerp(fp,n) —Rip > B\ coPx(Ay)cs - hg
i expectation with respect to Py.
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A 2.5 LOWER BOUND OF THE SAMPLE ERROR FOR SINGLE NHT

Proposition 24 Let the histogram transform H be defined as in (7) with bin width h satis-
fying Assumption 2. Let the the regression model be defined as in (27) with f € CY*. More-
over, assume that € is independent of X such that E(e|X) = 0 and Var(e|X) =: 0% < 4M?
hold almost surely for some M > 0. Then there holds

* — ——d —
Rerp(fo.n) —Rop(fou) > 4Wd02(1 — 2e 1)03 ~hy +n 1

in expectation with respect to P™, where the constant cq is as in Assumption 2.

A.3 Error Analysis for KHTs in the space C*
A.3.1 BOUNDING THE APPROXIMATION ERROR TERM

Recall that the target function f7 p is assumed to satisfy (k, «)-Holder continuity condition.
To derive the bound for approximation error of KHTs, there is a need to introduce another
device to measure the smoothness of functions, that is, the modulus of smoothness (see
e.g., DeVore and Lorentz (1993), p.44; Sprengel (2000), p.398; as well as Berens and DeVore
(1978), p.360). Denote || - |2 as the Euclidean norm and let X C By C RY be a subset
with non-empty interior, v be an arbitrary measure on X, p € (0,00], and f : X — R be
contained in Ly(v). Then, for g € N, the ¢g-th modulus of smoothness of f is defined by

q,Lp (fv )Z Sup HAq(fv )”Lp t> 07 (58)
[hlla<t

where AJ(f,-) denotes the ¢-th difference of f given by

1o (D(=1)TIf(x+jh) ifze Xy

q — =0
B4(f.2) = {O ol P (59)

for h = (hi,...,hq) € R® and X, := {z € X : z +th € X fa. t € [0,q]}. Moreover, for
fixed v; > 0, we define the function Kj : R? — R by

=B () () ()

(=1

Then, we use the convolution with the kernel K; to approximate the target function f] p €
C*(Bw) in terms of Leo-norm.

Proposition 25 Assume that Py is a finite measure on R? with supp(Px) =: X C By .
Let (A%)j=1,..,m be a partition of Bw. Then, Aj:= A} NX forall j € {1,...,m} defines a
partition (AJ)J:LM’m of X. Furthermore, suppose that f € C*%(X). For the functions Kj,
jeA{l,...,m}, defined by (60), where v1,...,vm > 0, we then have

d
T\~
Sck,(X() ’Ys,
Loo(V) 1
k+a k+a

where the constant cj o == cpm™ 197 g Hfé(k o+ %)

ZlA (Kj*f)—f
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A .3.2 BOUNDING THE SAMPLE ERROR TERM

In this section, in order to bound the sample error, we derive some results related to the
capacity of the function spaces. First of all, Lemma 26 shows that the covering number of
the direct sum of subspaces can be upper bounded by the product of the covering number
of these subspaces. Then, Lemma 27 establishes the upper bound of the covering number
of the composition of two function subspaces of interest, that is, By and 1,. Finally, in
Proposition 28, we give the upper bound on the capacity of the composed function space
)\;7}/23%_ 014, by means of the entropy number in expectation w.r.t. P".

Lemma 26 Let Px be a distribution on X and A,B C X with AN B = (). Moreover,
let Ha and Hp be RKHSs on A and B that are embedded into La(Px|a) and La(Px|p),

respectively. Let the extended RKHSs ﬁA and ﬁB be defined as in (18) and denote their
direct sum by H as in (19), where the norm is given by (20) with Aa, \p > 0. Then, for the
e-covering number of H w.r.t. || - ||r,py), there holds

—1/2 —1/2
N(B'H,7 H ’ ||L2(PX)>5) < N(AA / BﬁAa || ’ HLQ(PX|A)75A) N()‘B / BﬁBa || ) HLQ(PX|B)7EB)7
where ea,ep > 0 and € := (% +e%)"/2.

Recall from (37) that 7, is defined as the collection of all cells in wg. Therefore, for any
H ~Pp, we have Aj ey, for all j € Tg. In what follows, we aim at bounding the complexity
of Byol,,, that is, the composed space of the partition space 1, and RKHS By.

Lemma 27 Let By be the unit ball of the RKHS H over X with the Gaussian kernel.
Concerning with the joint space of By o 1, , where By ol,, = {fog:f &€ By,g € 15, },
there holds

N(BH o 17Fh7 H ’ ||L2(PX)72E) < N(lﬂhﬂ H ’ ”Lz(Px)vg) N(BH7 ” ’ HLQ(PX)7E)'

The following proposition gives the upper bound for the localized RKHS H.(A) over A
of the Gaussian RBF kernel £, on A C R? defined in (21).

Proposition 28 Let A; C X, j € Iy be pairwise disjoint partitions induced by the histogram
transform H. For j € Ty, let H; be a separable RKHS of a measurable kernel k., over A;

such that ||k, H%Q(PX\A]-) < 00. Moreover, define the zero-extended RKHSs (ﬁj)jeIH by (18)

and the joined RKHS H by (19) with the norm (20). Then, there exists constants p € (0,1)
and aj such that

— L .
Ep~enei(Mg) *By o Lags |- o) S@ji™® =1,
where a’; satisfies
2p . _d+2p\ P
(Z max{a;,3}> < 23 1In(4)4* 2 (Vd - ho)dyIHyl—p< > APx(A)y 7 )
J€Ln J€Lln
) ) 9d+6 ) o, (B 2p
+ 2°P| Ty p%—FQ?’\IH\ p<2> : (61)
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A.3.3 ORACLE INEQUALITY FOR SINGLE KHT

Now we are able to establish an oracle inequality to bound the excess risk for the single
KHT fp~,m, based on the least squares loss and determining rule (22).

Proposition 29 For all j =1,...,m, let L : X x Y x R — [0,00) be a locally Lipschitz
continuous loss that can be clipped at M > 0 and satisfies the supremum bound for a B > 0.
Moreover, let H = @®jL 17—[% be the direct sum of separable RKHSs of related measurable
kernels k., over Aj, and P be a distribution on X x Y such that the variance bound is

satisfied for constants ¥ € [0,1], V. > B?>7Y, and all f € H. Assume that for fived n > 1
there exist constants p € (0,1), and a; > B such that

J. ‘
EDjNP\Dj|€Z(1d 7—[% — Lo(Dy)) < dli” 2 i>1.

Finally, fiz an fo € H and a constant By > B such that || Lo fo|lec < Bo. Then, for all fixed
7 >0, the SVM derived by (22) satisfies
M(B5)T + Xellfp a3 + Rep(fpa) — Rip
< 9MhG + Aol follF + Rep(fo) — Rip)
m  /\2p — L 1
JFK<(ZJ-:1 a}) )H—ﬂ—w +3<72VT> 77 15Byr
n

Nomp=1n n

—T

with probability P™ not less than 1 — 3e™", where K > 1 is a constant only depending on p,

M, B, 9 and V.
A.4 Proofs
A.4.1 PROOFS RELATED TO SECTION A.1.1

Proof |of Proposition 8| For a fixed hy, we write

frpg =argmin Ry p(f) — Ry p-
f€FH

In other words, fp g is the function that minimizes the excess risk Ry p(f) — R} p over the
function set F with bin width h € [hg, ho]. Then, elementary calculation yields

o= 3 B, D S
P.H = A; = —=——1a,.
= Px(y) T Px(4y)

The assumption f7 p € C% implies

Rrp(fe,a) —

PX)
jA fLP dPX(

Z Px (AJ)

j€Ty

— > fip(@)la(2)

Jj€ly

- 11 P( ) dPX(iU/)

L2 (Px)
2

jEI La(Px)
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1a,(z) . . 2
Sp> P ](A.)/ |fLp(a") = fip(2)] dPx(2)
jeTy - X\ A L)
1y,(x) / 2
= y 2" — 2||* dPx (')
jezI;q Px(4;) J4 L)
14 (z) _ 2
< || Y 5o (V- ho)*Px(4)
J€Tln Px(45) La(Px)
< (Vd-hg)*®
< d%cy?hd”,

where the last inequality follows from Assumption 2. Consequently we obtain

Aha2d +RL,P<fP,ﬁ) o R*L7P S Aha?d + daCEQth%a
< ((hg)—Qd _i_daCaQa(hS)Qa))\%H

e 2
1= cAotd

1
with hj = (d'~*c2%a)za+2d | where ¢ = (h§) 2% + d%cy?*(h$)>® is a constant depending on
co, d, and «a. This proves the desired assertion. |

A .4.2 PROOFS RELATED TO SECTION A.1.2

To prove Lemma 10, we need the following fundamental lemma concerning with the VC
dimension of purely random partitions which follows the idea put forward by Bremain (2000)
of the construction of purely random forest. To this end, let p € N be fixed and 7, be a
partition of X with number of splits p and 7(,) denote the collection of all partitions .

Lemma 30 Let B, be defined by

By, = {B:B: UAJ',JC {0,1,...,])},14]' €y CTI‘(p)}. (62)
jedJ

Then the VC dimension of By, can be upper bounded by dp + 2.

Proof [of Lemma 30| The proof will be conducted by dint of geometric constructions, and
we proceed by induction.

We begin by observing a partition with number of splits p = 1. On account that the
dimension of the feature space is d, the smallest number of points that cannot be divided
by p = 1 split is d + 2. Specifically, considering the fact that d points can be used to form
d — 1 independent vectors and thus a hyperplane of a d-dimensional space, we now focus on
the case where there is a hyperplane consisting of d points all from the same class labeled
as A, and there are two points from the other class B on either side of the hyperplane. We
denote the hyperplane by Hf‘ for brevity. In this case, points from two classes cannot be
separated by one split, i.e., one hyperplane, which means that VC(B(m)) < d + 2.
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Figure 10: We take one case with d = 3 as an example to illustrate the geometric interpretation
of the VC dimension. The yellow balls represent samples from class A, blue ones are
from class B and slices denote the hyperplanes formed by samples.

We next turn to consider the partition with number of splits p = 2, which is an extension
of the above case. Once we pick one point out of the two located on either side of the above
hyperplane H f‘, a new hyperplane HJ parallel to H {4 can be constructed by combining the
selected point with d — 1 newly-added points from class B. Subsequently, a new point from
class A is added to the side of the newly constructed hyperplane HZ. Notice that the newly
added point should be located on the opposite side to H {4. Under this situation, p = 2 splits
cannot separate those 2d + 2 points from two different classes. As a result, we prove that
VC(B(ms)) < 2d + 2.

If we apply induction to the above cases, the analysis of VC index can be extended to
the general case where p € N. What we need to do is to add new points continuously to
form p mutually parallel hyperplanes with any two adjacent hyperplanes being built from
different classes. Without loss of generality, we assume that p = 2k + 1, k € N, and there
are two points denoted by p{% , pZB from class B separated by 2k + 1 alternately appearing
hyperplanes. Their locations can be represented by p?,H{l, HP, HE, HP, ..., Hékﬂ),pg.
According to this construction, we demonstrate that the smallest number of points that
cannot be divided by p splits is dp + 2, which leads to VC(B(m,)) < dp + 2.

It should be noted that our hyperplanes can be generated both vertically and obliquely,
which is in line with our splitting criteria for random partitions. This completes the proof. B

Proof [of Lemma 10| Again, the proof will be conducted by dint of geometric constructions.

Let us choose a data set A C R? with #(A) = 2¢ + 2 and consider firstly the general
case that there exists # € A such that x € C(A\ {z}), that is, = lies in the convex hull of
the set A\ {z}. Then, there exists a set A; C (A \ {z}), such that

#(Al) = #(A) —2 and =€ C(Al)
Then, for a fixed B € 7, with A1 C AN B, there always holds
AU {CL‘} C AN B.

Clearly, there exists no B € 7y, such that AN B = A;. Therefore, 7, cannot shatter A.
It remains to consider the case when = ¢ C(A\ {z}) holds for all x € A. Obviously, the
convex hull of A forms a hyperpolyhedron whose vertices are the points of A. Note that the
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hyperpolyhedron can be regarded as an undirected graph, therefore as usual, we define the
distance d(z1,z2) between a pair of samples x; and z2 on the graph by the shortest path
between them. Clearly, there exists a starting point zg € A such that deg(x) = 2¢9~!. Then,
we construct another data set As # A; by

As ={y:d(zp,y) mod2=11y¢€ A}.

Again, for a fixed B € 7, such that Ao C AN B, we deduce that there exists no B € 7y, such
that AN B = As. Therefore, 7, cannot shatter A as well. By Definition 9, we immediately
obtain

VC(mp) < 244 2.

Next, we turn to prove the second assertion. The choice k := LQVZ;/gJ + 1 leads to the

partition of By of the form 7, := {Ah,..-,id}ij:l,--.,k with

d d . .
Ajy iy = ]1_[1 Ay, = ]1_11 [—W + W(lkj_l), -W + QI/sz]> (63)
Obviously, we have |A;,| < %. Let D be a data set with
#(D) = (d(2¢ - 1)+ 2) ( {QWZQ/&J - 1>d.
Then, there exists at least one cell A with
#DNA)>d>2-1)+2 (64)

Moreover, for any x,2’ € A, the construction of the partition (63) implies ||z — 2'|| < hy.
Consequently, at most one vertex of A; induced by histogram transform H lies in A, since
the bin width of A; is larger than h,. Therefore,

Hh\A = {BﬁA:BeHh}

forms a partition of A with #(Il;4) < 2¢. Tt is easily seen that this partition can be
generated by 2¢ — 1 splitting hyperplanes. In this way, Lemma 30 implies that Hp 4 can

only shatter a dataset with at most d(2% — 1) + 1 elements. Thus, (64) indicates that TAP
fails to shatter DN A. Accordingly, IT;, cannot shatter the data set D as well. By Definition
9, we immediately get

2W\/51J N 1>d’

VO(IL,) < (d(2°— 1)+ 2) ([
o0

and the assertion is proved. |
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Proof [of Lemma 12| The first assertion concerning covering numbers of 7, follows directly
from Theorem 9.2 in Kosorok (2008). For the second estimate, we find the upper bound
(39) of VC(II},) satisfies
(d(2% - 1) +2)(2WVd/hy + 1)? (d+1 29) (3WVd/hy)?
< 2d - 2%(3WVd/h)?
=: (caW/hy)",

where the constant ¢4 := 3 - olta . duts. Again, Theorem 9.2 in Kosorok (2008) yields the
second assertion, thus completes the proof. |

Proof [of Lemma 13| Denote the covering number of 151, with respect to La(Px) as N'(g) :=
N, | - lzopx),€)- Then, there exists Bi, ..., Byre) € II; such that the function set
{131,...,13N(E)} is an e-net of 1y, in the sense of Ly(Px). That is, for any 1p € 1y, ,
there exists a j € {1,...,N(e)} such that [[1p — 1B, |1,py) < & Now, for all g € FY. the
equivalent definition (43) implies that g can be written as ¢ = 15 — 1gc = 215 — 1 for some
B € Ty € II;,. The above discussion yields that there exists a j € {1,..., N ()} such that
for g; := 21p, — 1, there holds

19— 9illaey) = 1121 — 1) — (21, — 1)l LyPy)
= 1215 — 215, 1,(py)
=2[1p — 15, 1,Py)

< 2e.

This implies that {g1, ..., gn )} is a 2e-net of F2 with respect to || - ||, py)- Consequently,
we obtain

N(‘Fll?{7 ” : HLQ(Px)7€) < N(1Hh7 H ' ”LQ(PX)7€/2)
< K (cqW/hg + 1)4(4e)caW/hot 1% (9 /g)2calW/hot )72

This proves the assertion. |

Proof [of Lemma 15| For any h; € H® with h; = Log; — Lo fip, t=1,2, there holds

n

1 1/2
s = el = (3 (hos ) = hator,)?)

=1

—2<i§5wﬂ%)—w@wV>U2

=1
=2|lg1 — g2llL,(D)-

This together with Lemma 13 yields
NH N M Lom)5€) S N(FR - o) €/2)

51



Hang, Lin, Liu, AND WEN

< N(FY, | - I 2.(D)>€/2)
< K(caW/ho + 1)*(4e) ™/ hot V" (4 /)2 eV hat "=
Elementary calculations show that for any € € (0,1/ max{e, K'}), there holds
log N(Hr, || - | 2Dy, €)
< log (K (cal¥/hg + 1) (de)(ca™W /ot (4 2cat¥/hot1)"=2)
= log K + dlog(cgW/hy + 1) + (caW/hg + 1) log(4e) + 2(caW/hg + 1) log(4/e)
< 11(2¢4W/hy)*log(1/e),
where the last inequality is based on the following basic inequalities:
log K < log(1/e) < (cgW/hgy + 1)%log(1/e) < (2c4W/hy)*log(1/e),
dlog(cgW/hg + 1) < (cgW/hy + 1)? < (cgW/hy + 1)%log(1/e) < (2c4W/hg)? log(1/¢),
(caW/hg + 1)%log(4e) < (cgW/hy + 1)%log(e?) < 3(caW/hg + 1)¢ < 3(2¢4W/hg)? log(1/¢),
2(cgW/hy + 1)%1og(4/e) = 2(cgW/hy + 1)%(log 4 + log(1/¢)) < 2(2c4W/hy)?(log €* + log(1/€))
= 2(2cq4W/hg)?(2 + log(1/€)) < 6(2c4W/hg)* log(1/e).

Consequently, for all 6 € (0, 1), we have

sup e® log N (Mo, || - l2o(Dy;€) < 11(2¢4W/ho)? sup €2 log(1/e). (65)
€€(0,1/ max{e,K}) €€(0,1)

Simple analysis shows that the right hand side of (65) is maximized at e* = e~1/(29) and
we obtain

log N'(Ho, |- [, () €) < 11/(2€8)(2¢aW/hg) ™.
Next, we shall use r to bound hy in the space F2. For all g € F?, there holds
Ahy®* < Ahg** + Rpp(9) — Rip <,
and consequently we have
By < (r/ 320,

Then Exercise 6.8 in Steinwart and Christmann (2008) implies that the entropy number of
H?P with respect to Lo(D) satisfies

1
1 20,

e."_'

ei(Hy, || - o)) < (33/(2€0)(2caW/hy)? )i < (33/(2¢0)(2caW (r/N)22)") 2

Taking expectation on both sides of the above inequality, we get

Ep~pei(H2 || |1 1am)) < (33/(265)(2ch(r/A)%) )%r%,

Therefore, we finished the proof. |
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Proof [of Lemma 17| First of all, we notice that for all h € H?, there holds
[Alloe <4=:B1,  Eph® <16r =:0”.

Then a := (%(QCdW(g)lﬂ)d)Tlé > By in Lemma 15 together with Theorem 7.16 in Stein-
wart and Christmann (2008) yields that there exist constants c;(d) > 0 and c2(d) > 0
depending only on ¢ such that

ca(6)(33/(2e8) (2caW (r/A)24)?) m4%n—m}

1 3-25 1 S L
= max{cﬁ(&))erTn*E,clz(é)/\ 2043) 20+ 1+5},

where the constants are

Consequently we obtain

Ep~pRadp (Hr, TL) < MEp~pRadp (Hgv n)
< max{{ (DA 0, N T

where ¢/ (0) := Mdc;(0) and () := M, (8). This proves the assertion. [ |

A .4.3 PROOFS RELATED TO SECTION A.1.3

Proof |of Theorem 18| For the least square loss L, the supremum bound
L(z,y,t) <4M? =: B, Y(z,y) € X x Y,t € [-M, M)]
and the variance bound
E(Log—Lo fip)?<V(E(Log—Lo fip))’

holds for V = 16 M? and ¥ = 1. Moreover, Lemma 17 implies that the expected empirical
Rademacher average of H, can be bounded by the function ¢, (r) as

on(r) = max{c’ll(é))\*ir¥n*%, cg(é)A_ﬁrﬁn_le},
where /() and ¢5(d) are some constants depending on 4. Simple algebra shows that the
condition o, (4r) < 2v/2¢,(r) is satisfied. Since 2v/2 < 4, similar arguments show that the
statements of the Peeling Theorem 7.7 in Steinwart and Christmann (2008) still hold. There-

fore, Theorem 7.20 in Steinwart and Christmann (2008) can also be applied, if the assump-
tions on ¢, and 7 are modified to ¢y, (47) <2v/2¢p,(r) and r >max{75¢, (r), 1152M>1 /n,r*},
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respectively. Some elementary calculations show that the condition r > 75¢, (r) is satisfied
if

r> max{(75c’1’(5))\*in*%)ﬁ, (755 (8)N~ 70 n_li}ré)Ql(i;g) }

0o 1oy 2040 12
:max{(75cl(6))1+25,(7502(5)) 1725 }-A EE P e

which yields the assertion. |

A.4.4 PROOFS RELATED TO SECTION 3.2

Proof [of Theorem 2| Theorem 18 and Proposition 8 imply that with probability v, at least
1 —3e™ 7", there holds

MNig2 4 R p(fom,) — Ryp < 9CATT + 3" T8 155 4 3456 M%7 /n, (66

where ¢ and cs are the constants defined as in Proposition 8 and Theorem 18, respectively.
Minimizing the right hand side of (66) with respect to A, by choosing

__2(atd)
A:=n d+2a(1+6)’
we get

2a
Mg 2t + R p(fo,m,) — Rip < cn” #2050

where ¢ is some constant depending on cg, 8, d, M, and W. Moreover, there holds

2a d+2a (1 2ad ) +
n d+2a(1+6) — @20 TF2a(1F5) — p —a5a TF2a(199)) — = oo+

L 4025
where £ := (d+2a)(d+2a(1+9)

5 > 0 can be arbitrarily small. Thus, the assertion is proved. W

Proof |of Theorem 3| According to Jensen’s inequality, there holds

T 9 T
(Z fo.H, — f}j,P) <TY (fom — fip)
t=1 t=1

and consequently we have

T 2
* 1 *
Rrp(for) —Rpp = /){(TZfD,Ht - fL,P) dPx

=1
L I

TZ/ (fo.m, — f1,p)* dPx
t=17%

L T

TZ (Rep(fo,m) —RLp)

t=1
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Then, the union bound together with Theorem 2 implies

* 727044,6
129 (RL,P(fD,T) - RL,P < ecn 20+d )

T
>1- ZP QR Py (RL,p<fD7Ht) — R*L,P > CTL_QZﬁ—FE)
t=1
>1-3Te ".
As a result, we obtain

Lp(for) LPp > CN

with probability v, at least 1 — 3e™7, where ¢ is some constant depending on c¢g, 6§, d, M,

W, and T. [ |

The following Lemma presents the explicit representation of Ap(x), which will play a
key role later in the proofs of subsequent sections.

Lemma 31 Let the histogram transform H be defined as in (7) and A’y, An be as in (9)
and (10) respectively. Then for any x € RY, the set Ap(x) can be represented as

Ag(z)={z+(R-9)'z: 2 € [V, 1-V]},
where b’ ~ Unif (0, 1),

Proof [of lemma 31| For any = € R?, we define &/ := H(z) — |H(z)| € R%. Then, we have
b ~ Unif(0, 1)? according to the definition of H. For any 2’ € A (x), we define

z:=H(z')— H(z) = (R-S)(2' —z).
Then, we have
o =z+(R-9) 'z

Moreover, since |H(2')| = |H(z)], we have z € [/, 1 —V/]. [ |

A .4.5 PROOFS RELATED TO SECTION A.2.1

Proof |of Proposition 19| According to the generation process, the histogram transforms
{Ht}tT:1 are independent and identically distributed. Therefore, for any x € By, the ex-
pected approximation error term can be decomposed as follows:

Ep, (fip(@) — fip()’
= Ep, (ff5() —Epy (fip(@) + Epy (fip@) — fip@)?
= Var(fp (@) + (Ep,, (f5 p(x)) — 1 p(x))?
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= % -Varp, (fp g, () + (Ep, (fp g, (x)) — fZ,P(m))Q- (67)

In the following, for the simplicity of notations, we drop the subscript of H; and write H
instead of H; when there is no confusion.
For the first term in (67), the assumption fﬂP e Cb implies

Varp,, (fp y(x)) = Epy, (fp g (x) — Epy (fp 4(2)))?

(fi
< Ep, (fiu(@) — fipla >)2

2
=Ep, <fA (z) fL P\ ) fz’P(x)>
— fAHm)fLP ) pr( )dw’ 2
= ]EPH < 7 AH(.r)) >
<Ep, (chlam(AH x)))Q
< 2dhg. (68)

We now consider the second term in (67). Lemma 31 implies that for any 2’ € Ay (x),
there exist a random vector u ~ Unif[0, 1]¢ and a vector v € [0, 1]¢ such that

o' =z+ S R (—u+w). (69)

Therefore, we have

/ —1pT(_
dx’:det<(?>dv:det(d(x+s R ( “+“)))dv

v dv

= det(RS™V)dv = <Hh >dv (70)

Taking the first-order Taylor expansion of f7 p(z') at x, we get

@) = ip@ = [ (Vhiplot il =) @ = a) @
Moreover, we obviously have
Viip(x) (' —x) / Viip(x) (o' —z)dt. (72)
Thus, (71) and (72) imply that for any fip€ C1@, there holds

|fip(@) = fip(@)— sz,P(x)T(f*x)’
1
-/ (sz,P<x+t<x'—x>>—sz,pm)T(x'—x)dt

1
< / cr(tla’ — zll2)la’ — a2 dt
0
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<epla’ — x|t
This together with (69) yields
[Fip(@) = fip() = VIip(@) SR (—ut )| < cphy™
and consequently there exists a constant ¢, € [—cr, ¢ ] such that
Fip(a') = fip(@) = V(@) STIRT (—u+v) + cahy (73)

Therefore, there holds

* _ 1 * (2 de! = 1 * (2! da!
fRH(w) = 713)((14[{(33)) /AH(x) fL,P( ) d (A (7)) /AH(I) fL,P( ) da’.

This together with (73) and (70) yields

* * _ 1 * xl 1,/ ok T
fP,H(x) - fL,P(x) = 7/1(141{(33)) /AH(I) fL,P( )d fL,P( )
1 * AN £ T 1_/
= /~L(AH($))/AH(I) (fL,P(x) fL,P( )) d
ngl hi

= = * To-1pT/ —1+a
~ u(An(2) /[Oyl]d<VfL,p(rv) STIRT(—u+v) + cahy )dv
—l+a

/0 1]d(—u +0)" dv> RS_Isz’P(as) + cahyg

—1+a

.
_ 2—u> RSV i p(@) + calig (74)

Since the random variables (u;)%_; are independent and identically distributed as Unif|0, 1],

we have

1
EPH<2—ui>:O, i=1,...,d. (75)

Combining (74) with (75), we obtain

—1+4a —14a

Ep, (fo,u(x) = frp(@) =0+ cahy = cahy (76)
and consequently
* * 2 —2(14«
(Bpy (fp i, () — fip(@)* < cihg . (77)
Combining (67) with (77) and (68), we obtain
X X 2 —2(1+a 1 -2
Ep, (fép(@) — fip()” < C%ho( '+ T dc3 hy,
which completes the proof. |
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A.4.6 PROOFS RELATED TO SECTION A.2.2
Proof [of Lemma 20| The choice k := L%J + 1 leads to the partition of By of the form

g = { Ay, g big=1,...k With

d d . .
2W (i — 1 2W -4
Aiy s = [T 4, =11 [—W NEUACES)) ), W+ ' > (78)
j=1

, k k
7=1

Obviously, we have |A;;| < %. Let D be a data set of the form

D= {(xi,tl-) X € Bw,ti & [—M,M],Z' = 1,'-- ,#(D)}

and
#(D) = (2(d+1)(2" - 1) +2) ( fWO\/EJ + 1>d.
Then there exists at least one cell A with !
H(DN(Ax [-M,M])>2(d+1)(2% - 1) +2. (79)

Moreover, for any x,2’ € A, the construction of the partition (78) implies ||z — 2/|| < hy.
Consequently, at most one vertex of A; induced by histogram transform H lies in A, since
the bin width of A; is larger than hy. The VC dimension of Fpy represents the largest
number of points can be shattered by

{{(I,t) < f(:E)}’f € ]:H}a
which is the subset of the collection
b= { U {(z,t) sz € Aj,a(c; —t) <0} : (aj)jezy € {1,117y € Hh}.
J€Tu
Obviously, the restriction of ITj on the set A x [—M, M], that is,

hax-mn = ABN(Ax [-M,M]): B eIl }

forms a partition of Ax[—M, M| with cardinality #(H;L|Ax [—M,M}) < 29+1 which can be gen-
erated by 2(2¢ — 1) splitting hyperplanes. In this way, Lemma 30 implies that Up) A x|, M]
can only shatter a dataset with at most 2(d 4 1)(2% — 1) + 1 elements.

However, (64) indicates that DN (A x [—M, M]) has at least 2(d+1)(2% — 1) +2 elements
and consequently H%\Ax[—MM] fails to shatter D N (A x [—=M, M]). Therefore, the data set
D cannot be shattered by II}. By Definition 9, we then have

2W\/3J N 1>d

220

VC(IT}) < (2(d + 1)(2% — 1) +2) Q
and thus the first assertion is proved.
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For the second assertion, we find

(2(d+1)(24 = 1) + 2)({2%\/% - 1)d <

20

2(d +1)(2% — 1) + 2) 2WVd/hy + 1)

(
< ((d+ 1)2%1) (3WVd/hg)*
< 2d - 2T (3WVd /Iy

=: 2(cgW/hg)?,

where the constant ¢4 := 3 - o+ . dats, Then, Theorem 2.6.7 in Quessy and Bahraoui
(2014) yields

N (Fi, La(Q), Me) < 2K (caW /o) (16e)2(cV/R0)" (1 /2 )AealV/ho)®
which proves the second assertion and thus completes the proof. |

The following lemma follows directly from Theorem 2.6.9 in Quessy and Bahraoui (2014).
For the sake of completeness, we present the proof.

Lemma 32 Let QQ be a probability measure on X and
F={f:X—=R:fe|-MM]and|f|p,q) < oo}
Assume that for some fized € > 0 and v > 0, the covering number of F satisfies
N(F, L2(Q), Me) < ¢(1/e)". (80)
Then there exists a universal constant ¢ such that
log N (Co(F), La(Q), Me) < ¢ ¢~ 2/ (v+2)g=2v/(v+2),

Proof [of Lemma 32| Let F. be an e-net over F. Then, for any f € Co(F), there exists
an f. € Co(F:) such that |[f — fel[1,q) < €. Therefore, we can assume without loss of
generality that F is finite.

Obviously, (80) holds for 1 < e < /¥, Let v/ := 1/2 4+ 1/v and M’ := ¢/*M. Then
(80) implies that for any n € N, there exists f1,..., f, € F such that for any f € F, there
exists an f; such that

If = fillLaiq) < M'n ",

Therefore, for each n € N, we can find sets J; C Fo C --- C F such that the set F, is a
M'n='/"-net over F and #(F,) < n.
In the following, we show by induction that for ¢ > 3 4 v, there holds

log N (Co(Fpka), L2(Q), ckM’n_”/) < dn, nk>1, (81)

where ¢, and ¢}, are constants depending only on ¢ and v such that supj max{c, ¢} } < oco.
The proof of (81) will be conducted by a nested induction argument.
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Let us first consider the case k = 1. For a fixed ng, let n < ng. Then for ¢; satisfying
c1M'ng? > M, there holds

log N (Co(Fupa), La(Q), cxM'n™"") =0,

which immediately implies (81). For a general n € N, let m := n /¢ for large enough ¢ to be
chosen later. Then for any f € F, \ F,, there exists an f (m) ¢ F,, such that

1 = "N aiq) < M'm=H,
Let 7, © Fn \ Fin — Fm be the projection operator. Then for any f € F, \ F,,, there holds
If— 7"'meLz(Q) < M'm=
and consequently for A;, 1; > 0 and >3y A = 377" py; = 1, we have
NS =3 3 M = i)
tJq 743 k\JE mJk :
i=1 j=1 k=m-+1
Let G,, be the set
Gn :={0YU{f —mmf: fEFu\Fn}
Then we have #(G,) < n and for any g € G, there holds
90112 < Mm=H.
Moreover, we have

Co(F,) C Co(Fp) + Co(Gn). (82)
Applying Lemma 2.6.11 in Quessy and Bahraoui (2014) with ¢ := %clml/”n_’”/ to G,
we can find a %clM’n*”/—net over Co(Gy,) consisting of at most

2 8€2/”cf2n
) (53)

(e + em:z)Q/‘52 < <e + ;%

elements.

Suppose that (81) holds for k = 1 and n. = m. In other words, there exists a ¢y M'm~"'-
net over Co(F,,) consisting of at most e elements, which partitions Co(F,,) into m-
dimensional cells of diameter at most 2¢; M'm~"". Each of these cells can be isometrically
identified with a subset of a ball of radius c¢; M’ m~"" in R™ and can be therefore further
partitioned into

3e;M'm~v" \™ y
() e
2
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cells of diameter %clM’n*”/. As a result, we get a %clM'n*”/—net of Co(F,,) containing at
most

em - (60 )/ (84)

elements.
Now, (82) together with (83) and (84) yields that there exists a ¢; M'n~""-net of Co(F,)
whose cardinality can be bounded by

2

N e \ B e n
e/t (66” )n/ <e + 52/11}> <€’

for suitable choices of ¢; and ¢ depending only on v. This concludes the proof of (81) for
k=1 and every n € N.
Let us consider a general k € N. Similarly as above, there holds

Co(Fpka) C CO(]:’I’Z(}C—I)‘?) + Co(gnvk), (85)

where the set G, j, contains at most nk9 elements with norm smaller than M’ (n(k—1)9)~1/v.

Applying Lemma 2.6.11 in Quessy and Bahraoui (2014) to G, 1, we can find an M'k=2p~v'-
net over Co(G,, ) consisting of at most

922q/v+1p4—2q/vy,

(e + ek2q/v—4+q) (86)

elements. Moreover, by the induction hypothesis, we have a ¢;_1 M'n~""-net over Co(Fr(k—1)a)
consisting of at most

k1" (87)

elements. Using (85), (86), and (87), we obtain a ¢, M'n~""-net over Co(Fyya) consisting of
at most e“" elements, where
1
Ck = Ckp—1t 72
114 log(1 4 k2a/v=4+a)
k2q/v—4

G = oy +2°90F

Form the elementary analysis we know that if 2¢/v — 5 = 2, then there exist constants ¢/,
¢y, and ¢4 such that

(o.¢]
lim ¢ = C_l/”név+2)/2v + Z 1/i2 < eV 4 ¢,

k—oo ‘
=2
[o.¢]
Jim. ¢ =14¢) 2(2/i)* """ < .

i=1
Thus (81) is proved. Taking € := ckM’n_”,/M in (81), we get

10g N (Co(Fiupa), L2(Q), Me) < cyet/™ (MY M=V =1/
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This together with (M) = ¢2v/(t2) A < M yields
log N (Co(F), L2(Q), Me) < 2/ (vF2)gm20/(vh2),

where the constant ¢’ depends on the constants ¢f, ¢ and ¢§. This completes the proof. B

Proof |of Lemma 21| Lemma 20 tells us that for any probability measure Q, there holds
N (Fi, L2(Q), Me) < 2K (cqW/ho)?(16¢)2caV/ho)? (1 jg)dcaW/ho)?,
Consequently, for any ¢ € (0,1/ max{e, 2K }), we have

log N (Fu, || - | oDy, Me)

< 1og(zK(ch/Eo)d(166)2<CdW/ﬁo>d(1 /a)4<CdW/Eo>d)

= log 2K + dlog(caW/hg) + 2(caW/hg)* log(16€) + 4(caW/hy)* log(1/¢)
< 16(caW/hg)* log(1/e),

where the last inequality is based on the following basic inequalities:

log 2K < log(1/e) < (cgW/hgy)%log(1/e),
dlog(caW/hg) < (caW/hg)" < (caW/hg)*log(1/e),
(caW/ho)* log(16e) < (caW/hg)?log(e®) < 5(caW/hg)® < 5(caW/hg)? log(1/e).

Consequently, for all 6 € (0, 1), we have
N(Fr, |- lram)se) < (1/2) 07", (88)
Applying Lemma 32 with v = VC(Co(Fp)), we then have

10gN(CO(fH),L2(Q)7M5) < K(l/s)%/(”"'?)
< K(1/e)24/(16(caW/ho)+2)

— K(1/5)2—1/(4(0dW/b0)d+1)’ (89)

which proves the assertion. |

Proof |of Proposition 22| Denote

= inf MIH LR —R% b,
T, feég(]:H) g L,P(f) LP

and for r > r}, we write

Fe={f € Co(Fu) : Mg > + Rpp(f) — Rip <7},
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Let 6 :=1/(8(cgR/hy)? + 1), & :=1 -6, and a := K/ M. Then (89) implies
logN(,wa L2(Q)7 5) < IOgN(CO(-FH)a L2(Q)7 5)
< K(M/E)Qfl/@(cdR/ﬁo)dJrl) _ (a/E)ZJI.
This together with (46) yields
i(HE, |-l < 3YCVai V) = (3R a1/ @),
Taking expectation with respect to P", we get
EDNPnei(an, H . HLQ(Q)) < (BK)l/@(S’)MZ'—l/(?&)' (90)
From the definition of F we easily find
Ahg*t < Mg+ Rpp(g) —Rip <,
which yields
hal < (r/)\)l/(Qd)'
Therefore, if hy < 1, then we have /A > 1 and (90) can be further estimated by
EDNP"ei(,Hia H ) HLQ(Q)) < (3K)1/(25/)MZ._1/(25/)
< (3K)1/(25’)M(r/)\)1/(46’)7:71/(26’).
From the definition of H{ we easily see that for all h € H¢, there holds
|hlloo <4 =: By,  Eph?®<16r =: o>

Then Theorem 7.16 in Steinwart and Christmann (2008) with a := (3K)Y/ %) M (r/X)1/(49) >
B yields that there exist constants ¢1(d) > 0 and ¢2(d) > 0 depending only on § such that

1-¢§'

Ep.prRadp(HS, n) gmax{q(5)(3K)1/2M5’r1/4x1/4(16r) * 03,

1 26’ 1 1 1-8 1
Co(8)(3K) TH M T+3 p 20+ \™ 20457 4155 1+5I}

’ 1 1 3-25' SR S 1
:max{cl(6))\ in" 2.1 1 ()N 20+ 1+ -r2<1+6>} := pn(r)

with the constants ¢ (0) := 01(5)(3K)1/2M5/161_T§/ and ¢ (9) := 02(6)(3K)ﬁM1%’4%§’.
Simple algebra shows that the condition ¢, (4r) < 2v/2¢p,(r) is satisfied. Since 2v/2 < 4,
similar arguments show that the statements of the peeling Theorem 7.7 in Steinwart and
Christmann (2008) still hold. Therefore, Theorem 7.20 in Steinwart and Christmann (2008)
can be applied, if the assumptions on ¢, and r are modified to ¢, (4r) < 2v/2¢,(r) and
r > max{75¢,(r), 1152M?7 /n,r*}, respectively. Some elementary calculations show that
the condition r > 75py,(r) is satisfied if

r > max {(750' ()N VAn=5 Y57 (756, ()A T i) A }
= 1 ) 2

2(1468)

_4 1 2
:max{(75c'1(6))1+25’,(750’2(5)) = })\ e

which yields the assertion. |
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A . 4.7 PROOFS RELATED TO SECTION A.2.4

Proof [of Proposition 23| Recall that the regression model is defined as Y = f(X) + e.
Considering the case when X follows the uniform distribution, for any x = (z1,...,z4) € X,
we have

* . 1 2 di = 1 2 da’
o) = 5 () /AH@)f ) b = @) /AHmf () d

Then we get

- p(Ap(x)

N M(A;(ﬂc))2 </AH(3:) f@) = f(a) dl‘/)?'

Lemma 31 implies that for any 2’ € Ay (), there exist a random vector u ~ Unif[0, 1] and
a vector v € [0,1]¢ such that

(o () — f(@))? = (f @)= s /AH@ F&) dx'>2

o' =x+ SR (—u+w). (91)

Therefore, we have

/ —1pT(_
dx’:det<flx>du:det(d(x+s R ( “+“)))dv

v dv

= det(RS™)dv = <f[ h¢>dv. (92)
=1

Moreover, (73) yields that there exists a constant ¢, € [—cr, cr] such that
F@) = f@) = V@) STIRT (—u+v) + calip . (93)
Taking expectation with regard to Py and Px, we get

Ep (f5,1(X) — (X))
> Epy (fp.0(X) = fip(X))1pe  (X)

R,Vd-hg

= [ Ubula) = fis(@)? apx

R,\/&ﬁo
1 / Tao-1pT 7lto >2
= —_ Vfiz) SR (—u+v)+coh dy | dPx
/B;,\/aho 1(An(z) 2( A (x) (=) ( ) 0

2 —1ia)?
ﬁ </[‘0 1}d(—u + 'U)T d'URS_1Vf($) + Cah(1)+ ) dPX
1 r a2
(( — u) RS*1Vf(x) + cah0+a> dPx
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:/B+ <g<—ul)ZR”h +cahé+“> dPx. (94)

R,Vd-hg

Since the random variables (u;)%_; are independent and identically distributed as Unif[0, 1],
we have

1
Y T " )
and
1 2 .
]EPH<2_W> T i=1...,d (96)

Therefore, we have

Ep/ Zd: L ZRhaf+ hHO‘ dP x
H B+ 2 1 1] ]6 0

R,Vdhg =1
1 af \?
:/;-5- EPHZ<2_Ui> <ZRZ]h]aJ)J> dPX
T i=1 j=1
Moreover, the orthogonality (3) of the rotation matrix R tells us that
d oo
1 ftj=k
ZRinik = { ’ 1 ] 7 (97)
— 0, ifj#k
and consequently we have
d d
Of(x) 0f( Of(x)
Ri;iRiphih . hjh - RiiR;y;, = 0. 98
ZZ]’”’“aj amk =2 hihi: xj ony 2 i i (98)
i=1 j#£k Jj#k i=1

For any n > N’, we have
(W — 2V i)t > (W/2)°,
Consequently, (97) and (98) imply that

d 1 2 d 8f 2
/. PHZ<2 “u) @Rfﬂ"%) P

W,Vd-hg

/B+ ZlQEpRZRfjhf( ) dPx

W,Vd Ry =1

1 /(W\? _

2/ hocf dPx > —( — chX(Af)gfwhﬁ. (99)

Bt A, 12 12\ 2
WVdhy T

Thus, the assertion is proved. |
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A 4.8 PROOFS RELATED TO SECTION A.2.5

Proof [of Proposition 24| For any fixed j € Zp, we define the random variable Z; by

Since the random variables {14;(X;)};, are i.i.d. Bernoulli distributed with parameter
P(X € Aj), elementary probability theory implies that the random variable Z; is Binomial
distributed with parameters n and P(X € A;). Therefore, for any j € Ty, we have

E(Zj) =n- P(X S A])
Moreover, the single NHT regressor fp g can be defined by

Yo Yila (X)
Som(x) =< D0 1a,(X0)
0 if Z; = 0.

1a; (x) if Z; >0,

By the law of total probability, we get

Epy (fo,u(X) — f5u(X))
= 3 Eey (fo.n(X) = 5 (X))*|X € 45) - P(X € 4))

2

J€Lln
= > Eey ((four(X) = fi ()| X € 45,2, > 0) -P(Z; > 0) - P(X € 4;)  (100)
J€LH
+ > Bey ((fo.n(X) = f3,4(X))"|X € 45,2, = 0) - P(Z; = 0) - P(X € 4;). (101
J€Lln

For the term (100), we have

S Epy (o (X) — f3.5(X))’1X € 45,Z; > 0)P(Z; > 0)P(X € 4;)
J€TH

2
-y (Ez ) g )X e Aj)) P(Z; > 0)P(X € 4;)

2
-Y = XfA (ZlA ) B30 (0X € 47)) P2 >0),
J€IH l 1 A

which yields that for a fixed j € Zg, there holds

2
E(; (Zz(ifA <ZlA )(Yi — E(f7 p(X >|XeAj>)> XieAj>
= 3 (o 1 R 2 T KR — o)X € )
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=2 S XEf(l )E((Y—fﬁ,H(X)f!XGAj)- (102)
J€Ty

Obviously, for any fixed j € Ty, there holds

E(fp u(X)|X € 4;) = E(ff p(X)|X € 4;)
and consequently we obtain

E((Y — f5.1(X))*|X € 4;)
= E((Y FLp(X))?IX € A)) + E((fLp(X) = fb.u(X))*|X € 4))
=0 + E((f1.p(X) - fb.a(X))*|X € 4).

Taking expectation over both sides of (102) with respect to P™, we get

Ep~prEpy (fo.u(X) — fi1(X))*- P(Z‘ >0)
= Ep~pn (E(Epy (fo,u(X) — fb 4(X))?|Xi € 4;)) - P(Z; > 0)
= (o® + E(ff p(X) — fp u(X))?)

1
. (X € 45)Ep~pn 1
5 e {(E 1)
= (0® + E(ff p(X) — fp u(X))?)

)

3" (0t nP(X € A)Epapn(Z;1|Z; > 0)P(Z; > 0)
Jj€TH

=n"'(o?+ E(frp(X) - fli,H(X))Q)
Y (E(Z)) - E(Z;712Z; > 0))P(Z; > 0).

J€TH

Zj > 0>>P(Zj > 0)

-1

Clearly, x=" is convex for x > 0. Therefore, by Jensen’s inequality, we have

E(Z;)-E(Z;'|Z > 0)P(Z; > 0) > E(Z;) - E(Z;|Z; > 0)"'P(Z; > 0)
=E(2) E(Z1iz-0)) " 'P(Z > 0)P(Z > 0)
=P(Z>072=(1-P(Z=0))?

=(1-(1-P(X € 4)))")?*
Z 1— 26—711:’()(614]')7

where the last inequality follows from (1 — z)" < e ™, z € (0,1).
We now turn to estimate the term (101). By the definition of fp g, there holds

3" Epy (four(X) — fi g(X)?|X € A;,2; = 0) - P(Z; = 0) - P(X € 4))
J€LH

=y Ep ((f5.0(X))?|X € 4)) - P(Z;=0) - P(X € Aj) >0
Jj€IH
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Let us denote
Ig) ={j€Zy:A;NBw = A;}
and
7% =14\ 1},

Then we obviously have P(X € A;) = pu(A;) > hd for all j € Ig). Combing the above
results, we obtain

EpepnEpy (fo,0(X) — [ 1(X))?
= Z Epy ((fo,u(X) = fp 7(X))?|X € 4;,2; > 0) - P(Z; > 0) - P(X € 4j)

J€TH
+ > By (foa(X) = fpa(X))*|X € 4;,Z; = 0) - P(Z; = 0) - P(X € 4;)
Jj€LH
> > Bey(fo,u(X) = fiu(X)’|1X € 45,2, >0)-P(Z; > 0) - P(X € 4))
J€LH
= > Epy((fo.u(X) = fi g(X))?|1X € 45, Z; > 0)-P(Z; > 0) - P(X € 4))
jezd
+ > By ((fo,u(X) — [ 4(X))?|X € 45,2; > 0)-P(Z; > 0) - P(X € 4j)
jez?
> Y Eey(fou(X) — fpm(X)|X € 45,7 > 0)-P(Z; > 0) - P(X € 4))
jeI(l)
> = Z e "M (0% + B(f7 p(X) — fp,1(X))?)
]eI“)
> n<‘II})| _ Z 26—nP(X€Aj))‘

jezly

Therefore, we have

2
Ep~pnEey (fo,10(X) = ff1(X))* 2 "(rI}}’r - ze—nmxeAn)

n
jezd

"(yz | — 2178 exp (-~ nhd)>
n
()
n ho e
> 4Wieo?(1 — 2¢~Yhy ‘0, (103)
where the last inequality follows from Assumption 2. |
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A 4.9 PROOFS RELATED TO SECTION 3.3

Proof [of Theorem 4| Proposition 22 together with Proposition 19 implies

_ R
Rip (o) = Rip p S Anlbon) ™ + oy + TG o+ A 7 n 1o,

where ¢’ := 1 —§ and § := 1/(7(c4W/hg)? + 1). Choosing
1 — S S 2
)\n =n 2(1+o¢)+2d’ hO,n =n 2(1+o¢)(2—§)+d’ Tn = n2<1+a)(2—5)+d,
we obtain
2(1+a)

RLEOvP(fD’E) — REZO’P < 2Fe) -5+,
This completes the proof. |
Proof [of Theorem 5| Recall the error decomposition (56). Using the estimates (99) and
— 1
(103) and choosing hg, :=n" 2, we get

Ep,epn(RLp(fo.H,) — RLp)
= Ep,opnEpy (0,1, (X) — f1p(X))?

d Wd2 2 72 2 2 ~1yp—d, 1 -2
> ﬁ ? 00PX<.A]C)QJC . h07n + 4W+*o (1 — 2e )hovnn 2 n 2td,

which proves the assertion. |

A.4.10 PROOFS RELATED TO SECTION A.3.1

To prove Proposition 25, we need to establish the following lemmas.

Lemma 33 Let f € CH*(R) and the q-th difference of f be defined by (59). Moreover,
for r € N with r < k, let D" f = f") denote the r-th differentiation of f and N, 1, be the
r — 1-times convolution of 1y 1 with dtself and Ny.p(u) = F N, (%). Then we have

A}"L(f,x):/Rh’”Drf(u)Nr’h(u—aﬁ)du. (104)

Proof [of Lemma 33| The proof is by induction on r. For any = € R, there holds

An(f,2) = x+h) f(z)

/ Df(u)du

— /R D (u) 1y g1 ()
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:/ﬂng(u)l[()’l](u;x) du

= / hD f(u)Nyp(u — ) du.
R

Therefore, (104) holds when r = 1. Now let > 1 be given and suppose (104) is true for r.
Then we have

AZ—H(JC’ :L') - A}L(AZ(JC(CC: '), .%')

x+h
- / D(A}(f))(w) do

:/ </ WD f(u )th(u—v)du>1[0’1}<v;x> d
/hT(/DT Thu—v)du)ll[o’l}<v;$>
i o
:—hr_l/RD’" </th( 1[01]<“_Z_t
Gl

= _h flu , )
R —oo
o0 u—x—t\ 1 _,
_ _hr/RDrf(u) </oo 1[071] <h> hQNT<h> dt) du
_ g /RDTf(u) </Oo 1[0,1}(5)1\1;(“ - s) ds) du,

where 1’[0 1}(u) denotes the derivative of 1jy ;) with respect to u. Since f x (9g) = 9(f * g),
we have

(Lo, * Np)(u) = (Xpo,1y % Np)'(u) = Ny (u)

and consequently

85y ==t [ gt (M50 ) du

_ hT/RD’"“f(u)NTH <“ - x) du
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/hr+1Dr+1f( ) ot h(u_x) du.
R

Thus, (104) holds for 4+ 1, and the proof of the induction step is complete. By the principle
of induction, (104) is thus true for all » > 1. |

Lemma 34 Let f : R? — R be a function and the q-th difference of f be defined by (59).
Moreover, for anyi=1,...,d, let g; : R — R be defined by

9i(y) == flx1+h1, ..., zic1 + hic1, ¥, Tig1, - -+, Td)-

Then we have

r

d d
SRR S WICTRD SUCTRITES oS AR

k=0
Proof [of Lemma 34| The proof is by induction on r. For any z € R, there holds
An(fyz) = fla+h) = f()
=fl@i+h,...;za+ha) = f(er+h1, o 241+ hao1,74)

+ - +f(x1+h17x27"‘7xd)_f(x17x27"')$d)
d

= Z(gz(l’l + h;) — gi(x3)).

i=1

Therefore, (105) holds when r = 1. Now let r > 1 be given and suppose (105) is true for r.
Then we have

NS )
T d

= ALAL() = A4 (Z (k) ST W)

k=0 i=1

:2<Z> ) ’fz gi(zi + (k + k) — gi(z; + khy))
k:0r+1 d
_ZZ( ) ) g (s + Chy) +ZZ< ) )" F i + khi)

=1 k=0

(=1)""Lgi(z:) + gi(zs + (r + 1)hy) + i((ﬁ > (;>>(_1)r—z+1gi(xi +fhi)>

T

d
= <(—1)T+1gi(:ni) + gi(l'i + (’l“ + 1)]11) + Z <T’—; 1) (—1)’““_491-(55@' + fhﬂ)
i /=1

— Z D (=1t (T ; 1) gi(z; + Ch;)

I
9
—_
/N
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d
= Z Azrl(gi, {L‘Z)
=1

Thus, (105) holds for 7+ 1, and the proof of the induction step is complete. By the principle
of induction, (105) is thus true for all » > 1. [ |

Lemma 35 Let f € C**(R?) and the modulus of smoothness of f be defined by (58). Then
for any t > 0, there holds

Wy 1,1 () (o 1) < cpd tFT,

where cy, is the constant as in Definition 1.

Proof |of Lemma 35| By (105), we have

d
AN ) = A (gi, ).
i=1
Using the triangle inequality, we get
d
1A (@)oo < Y I1AKF (g6 i)l oo- (106)
i=1

Since f € C**(R%), we have g; € C**(R) for all i = 1,...,d. Thus, for any i = 1,...,d
and » < k — 1, there holds

zi+h;
0@+ hi) — g7 (i) = / o () du.

Then (104) implies that for any ¢ = 1,...,d, we have

D (gis i) = /Rhfggk) () Ni s (u = i) du
and consequently
A (giymi) = O} (AF (90 7), )
= A}Li (/R hfggk) (w)Ngp, (0 — ;) du)
= /Rhf:gi(k) (u) N p, (v — x5 — hy) du — /Rhfggk) (w)Nip, (v — ;) du
= /R WEg® (t + i + hy) Ny, () dt — /R WEg® (t + i) Ny, (£) dt

_ / RE g™ (¢ + 25 + hi) — g8t + 20)) Niow, (1) dit.
R
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Since f € Ck and || N, p,[|1 = 1, we have
85 gn)| < [ BG4 i+ ) = o0+ ) Vi, 0)
< / hEeph$ Ny p,, (t) dt
R
= CLh;H_a/ Nk,hi(t) dt
R
= CLh;H_Oé.
This together with (106) yields
d d
1A ) oo < D NAK (g 2i)lloo < Y erhi ™,
i=1 i=1

Taking the supremum over both sides of the above inequality with respect to ||h|2 < ¢, we
get

Wht1,Loo (R (1) < crd thte

which completes the proof. |

Proof [of Proposition 25| For any = € R%, there holds

k+1
/ i k1) el (2 d/2exp 2z =B i g
Rd £ o vim 022

_ /R <7§ﬂ)d/z exp <_2”7’}”3> <k§ (";; 1> (-1 (a +€h)> dh.

(=1

Let S, := {A € R?: y(R?\ A) = 0}, then we have

= sup sup
Loo(v) AeS, z€A

> 14, (Kjxf)— f

jeJ

Y La, (@) (K * () - f(o)].

jeJ

. _2HhH%) (v)d”
/]Rdep< 2 =\ ’
d/2 B2
fa = [ (fﬂ) exp(—z”,yz”Q)ﬂx) dh
J J
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and consequently

D 14, (@)K * f(z) - f()

JjeJ

=) 14,() /Rd <7§7T> : eXp<—2”%Hg> (% <k Z 1) (—1)2HDHE p (g fh)) dh‘

jeJ (=0

d
2 \2 2||h||3
ZlA k+1+1/ 5 exp —LZHQ A];:L—"_l(f,x)dh
a\V;™ Y3

jeJ J

d
2\ 2 2||h|3
= E 14,(x) <2> exp( | 2||2)AZ+1(f,x) dh‘
R \V;T v

jeJ

d
2 \? 2Rl3 | Akt
< ZlAj(x) /Rd <’y]27r> eXp(_,ng AR (f @) | dh

jeJ

L) () T v

Since A € S,,, we have

D a4, (K f)— f

=

2 )\ 2||hl13
< J— _
- /Rd (7271') eXP( 72 wk+17Loo(V)(f7 HhHQ) dh

Lemma 35 implies that for f € C*, there holds

Wt 1,Loo (v) (S5 1R]]2) < crd||h|5*

d
2 2 211k
-/ () exp< ” HQ)IIA'““(JZ Mo dh
Loo (V) R \V°T ¥

[N]sH

and thus we obtain

> g, (K« f)— f

jeJ

d
2 \? 2||hl3 kta
< J— _
/w(%r) exp< S )ewdlblls dn
d
R4 ’Y
d 1/2 1/2
< ch<§> ’ </ exp< 2”hH2>dh> (/ exp( 2HhH2> ||h||2 k+a)dh>
o Rd o Rd Y
1/2
<2 ) </ exp( 2”hH2> ’hHQ(]H—a)dh> )
R4 ’Y

74

Loo (V)




HiSTOGRAM TRANSFORM ENSEMBLES FOR LARGE-SCALE REGRESSION

For any z € R?, there holds

k+a—1
[zll2 < d2E |2 340,

k+a—1
where d2¢+a) is the embedding constant of ¢¢

Jg exp —7) dx = (7;)1/2 implies

S(kta) O ¢4. This together with the equality

Y a4 (K f)— f

jeJ

27\ 4 et g (210 )
chd<4> </ AR = exp< )dh)
™ Re i=1 7
d d 2 1/2
2> h;
dk+a—1u/“ h?(k+a)eXI)<—‘ =1 Z) dh)
< Rdz ’ 7
92 d . 2 1/2
71.’}’4) </th?k+ )Hexp< £>d(h1,...,hd)>
R
1/2
) ( >dh1 ...dhd>
=1
o\ ¢, d  _ 1/2
27%\ ¢ 727T 4t [ 2(era) 207
> d

oo (V)

/\
Mg
%\
=
W
+
L
I:l

With the substitution x := (%WQu)% we get dr = ;

21:2 1 k+a —_
2(k+a) =\ _/(2 > —u_ 7 d
T ex €T U e u
/R p( 72) w\2” 2v2u

_ g—(k+a)—§22(k+a)+1 / yRrot o gy,
R

= g~ (kta)=gx2(kta)Hip (k +o+ 1).
2

Consequently, we obtain

> g, (Ejxf)—f

jeJ

r 4
< CLdHTa-H <22> 1 (fy) 22_%_%7k+a+%1'\% (k +a+ 1>
Ty Y 2
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ISV

— e 127 3 g RIS <k +a+ ;) <,Y> ZWHQ
i

, J
7\ 2

=: Ck,a<’y> Frte
Y

where the constant ¢y o := cpm 1 D e B At S ol (k—i—a—i—%). This completes the proof. B

A.4.11 PROOFS RELATED TO SECTION A.3.2

Proof [of Lemma 26| Let us first denote

—-1/2
a:= N()\ / BA e HLQ(PXlA)’eA) €N,
—-1/2
b= N(\g /BA A Mooy p-€8) €N.
By the definition of covering numbers, there exists a functions fl, ey fa € )\21/ QB?QA and
b functions iAzl, . ,ﬁb € A;l/QBﬁB such that {]?1, . fa} is an € g-cover of /\;11/2B7-7A with
respect to || - ||L2(pX‘A) and {/ﬁl, . ,Eb} is an ep-cover of )\51/23,;[3 with respect to || -
. Moreover, for every function g4 € A 2B, , there exists anigq € {1,...,a} such
that
HgA - fiAHLQ(PXlA) S €A, (107)

—-1/2

and for every function gp € Ag BﬁB, there exists an ig € {1,...,b} such that

195 — /ﬁiBHLZ(P)ﬂB) S€B. (108)

Then, the definition of direct sums implies that for any g € By, there exists a function
ga € )\Al/ BA and a function gp € Ag ~1/2 BAB such that g = g4 + gg. This together with
(107) and (108) yields

Hg - (J/c;A +ﬁiB)HiQ(PX) - H(/Q\A - ﬁA) + (95 _ﬁiB)H;(Px)

= HgA - ﬁAHiQ(PXM) + HgB _EiBHiQ(PX‘B)

< 5?4 —1—623 =:e2.

Consequently, {fiA —i—iAliB : ﬁA € {fl, . fa} and }\LiB € {}\Ll, . ,ﬁb}} is an e-net of H with

respect to || - || 1,(py). By the definition of covering numbers, we then get
1/2 —1/2
N B, | Nrapy) €) SN (AL / By ol ooy 0y 64) - N(Ap / By |l Loy s)568)
which proves the assertion. |
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Proof [of Lemma 27| Let us first denote

a:=N(gn, |- lrpy),€) €N,

b:= N(BH7 ” ’ ||L2(PX)35) eN.
By the definition of covering numbers, there exists a functions fi,..., f, € 15, and b func-
tions gi,...,g» € By such that {f1,..., fs} is an e-cover of 1,, with respect to La(Px)
and {g1,...,gs} is an e-cover of By with respect to Lo(Px). Moreover, for every function

h € By o1y, there exists an f € 1, and a g € By such that h = go f. The definition of
covering numbers implies that for this function f, there exists an i € {1,...,a} such that

1f = fill o) < &

and for this function g, there exists an j € {1,...,b} such that

19 — gillLapy) < &

Consequently, we obtain

lgof—gjo fillLapx)y =llgof —gjo flleaex) +llgio f —gjo fill Lo
=11(g —g5) © flloex) + 195 0 (f = Fi)llLopx)
<[ fllollg = gillapx) + Ngillocllf = fill Lapx)
< (X + &y llo)e
< Ze,

and thus the assertion is proved. |

Note that the following lemma, which gives the entropy number for Gaussian kernels,
follows directly from Theorem 6.27 in Steinwart and Christmann (2008). However, for
completeness of exposition, we still establish the proof.

Lemma 36 Let X C R%, Py be a distribution on X and A C X be such that A #+ 0 and
such that there exists an Euclidean ball B C R% with radius rg > 0 containing A, i.e.,
A C B. Moreover, for 0 <~ <rpg, let H,(A) be the RKHS of the Gaussian RBF kernel k.,
over A. Then, for all m € NT, there exists a constant ¢y, q > 0 such that

m

ei(By,(a), L2(Pxa)) < emavVPx(A)rgy ™" a,  i>1

Proof |of Lemma 36| Let us consider the commutative diagram

H,(A) ———> L(Pxa)
IgloIAl Tid
H,(B) loo(B)

7
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where the extension operator Z4 : H,(A) — H,(R?) and the restriction operator Z5' :
H.,(RY) — H.(B) given by Corollary 4.43 in Steinwart and Christmann (2008) are isometric
isomorphisms such that | Z5' 0 Z4 : Hy(A) — H(B)| = 1.

Let ¢ (B) be the space of all bounded functions on B. Then for any f € ¢ (B), there
holds

fleaeain = ( [ 14@1 @R P (o)

1
3
<fle( [ 1) dPx(0)) " = VD)
X
and consequently

lid : oo (B) = La(Pxa)ll < v/Px(A).

This together with (A.38), (A.39) and Theorem 6.27 in Steinwart and Christmann (2008)
implies that for all ¢ > 1 and m > 1, there holds

ei(id : Hy(A) — Ly(Px)a))
<||Zg" 0 Za : Hy(A) = Hy(B)| - ei(id : Hy(B) = loo(B)) - [lid : £oo(B) = La(Pxa)|

< VPx(A)eparpy ™,

where ¢, 4 is the constant as in Theorem 6.27 in Steinwart and Christmann (2008). [

Proof [of Proposition 28| First of all, note that the restriction operator Z : By — By
]

with If:: f is an isometric isomorphism. Inequality (A.36) in Steinwart and Christmann
(2008) and Lemma 36 yield

. -1/2 -1/2 .
e;(id : )\2,]./ By — La(Pxya;)) = 2>‘2,j/ ei(id: By — La(Pxa,))
<o), *||Z: By — By,|| - ei(id: By, = La(Pxa,))
< QAQ_’;/Qajiii,

where a; = PX(Aj)cm,d(\/g . Eo)m’yj_m and p = d/(2m). Note that p can be arbitrarily

small because m € NT can be sufficiently large. Then (44) implies that for all € > 0, there
holds

1 2 —1/2 2p
In A (A J/ Lk ”LQ(PX‘Aj)’g) <In(4)(2Xy L/ a;)Pe 2.

For any A; € mg with H ~ Pp, obviously we have 14; € 15, € 1, , consequently we obtain
—-1/2
In NV (A, / By ola,, | - ||L2(PX‘AJ_),25)
—-1/2
<InN(A ( 3B, 0 Las |- (e ) 22)

~1/2
= th()‘Q,j/ Byl HLQ(PX|AJ-)7€) + N (Lr,, [ 2Py €)
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< In(4)(2A5)%a;) e + In(K (27 + 2) (4e) ¥ T2(1 /)2 ™HD),
Therefore, we have
In V(A _1/2BAJ. 3 /P I VG (Pxa, ):€)
< In(4) (47 %a;) P2 4 In(K (27 + 2)(4e) ¥ T2(2/) 22 HD)
< In(4) (42} %a;) P 4 244 m(1 /),
where in the last step we also used the estimate
In(K (27 + 2)(4€)"+2(2/2)2" 1) < 8(2% + 2) In(1/¢) < 23 - 29+ In(1/¢) < 2% In(1/2),
which is based on the following inequalities:

In K <In(1/e),
In(2% +2) <29+ 2 < (294 2)In(1/e)
(27 + 2)In(4e) < (2% +2) In(e?) = 3(2% + 2) < 3(2¢ 4 2)In(1/¢)
2(2¢ + 1) In(2/e) = 2(2¢ +1)(In(2) + In(1/¢)) < 4(2¢ + 1) In(1/e).

Therefore, there holds

sip PN By o 1ay, | Lywy)» )
€€(0,1/ max{e,K})
< In(4)(4M; 1 2a;)* + 242 (1 /e). (109)

Simple analysis shows that the right hand side of (109) is maximized at e* = e~ %/(2?) and
consequently we obtain

N (A "By 0 1ay, |- Lawy)e) < (afe)™

with the constant a is defined by

2d+4 ﬁ
= (In(4) (40, 2a) " + T —
a (n( )( ) + Spe

y (Steinwart and Christmann, 2008, Exercise 6.8), we have

ei0ay "By o 1ay |l o)

3t < (31004 )\_1/2 9p 2016 %1
2 2p R 2p
<3%ai % < | 3In(4)(4 i)+ e )

which holds for EDNpei(/\Q_Jl./zBﬁ_ ola,, |l lopy)) as well. Thus, we have
’ J

1/2
EDNpel(AQJ/ Bﬁj o ]-Ajv || : HLZ(PX))
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_ 9d+6 1
< (3 In(4) (4)\27;/2%)21) + m) " ai %

1—
Using || - [lep < mTpH *||em, we further get

(Z max{a;,B}>2p

J€LH

_ (Z maX{ (3 In(4) (4X;;%a;)™ + 2d+6> >

J€LH

< <Z (3 In(4) (47 %a;) ™ +

JE€LH

< < 3 2(3 In(4) (4A;j./2aj)2p>; - 2|IH|<

J€Llu

- 22p< > <3ln(4)(4)\_1/2 i) ”) - + \IH\<2

J€Lln
9d+6 B 2p
§22p<Zi’>1r1<4>(%_,}/2 )+ 1T \2?’ —+1T \2p<2) )
J€Lln
< 23 In(4)4%PcP(Vd - ho)? Y AP Py (@20

Jj€ly

9d+6 B 2p

2p

> s
)2 +|IH|B>2p
)’

2p
n \IH\<B/2>)

2d+6

Ty|B
2p> + |ZH]|

od

+6
d+6
pe

B _dt2p\ P
< 2?3 1n(4)42pc§p(\/&- ho)dIIHll_p< > A Px(4j); 7 >

JELH
9d+6 B\
oIl ()
2pe 2

which proves the assertion. |

A.4.12 PROOFS RELATED TO SECTION A.3.3

Proof |of Proposition 29| Let us denote
1= inf Mbd + el fosh + Rep(fon) = Rip. (110)
and for r > r*, define
Fr={f €M : Mhi+Xo|lfIIF, + Rep(f) —Rip <7},

Fip = 1{f € Hyy : M /m+ Xl £, +RLj,p<f>—Rz,pSm},
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Hy:={Lof—Lofip:feF}

Obviously, for all » > 0, there exists r1,...,7,, such that Z;"Zl r; =r and F, = ED;n:l ]?j,r.
Moreover, the definition (110) yields

XollfoA 113 < Ahd + Xollfo4l13 + Rep(foq) — Rip <7

and consequently we have F, C (/A2)'/2By. Analogously, there holds Aol ID; H% <7
7

and thus ]?jﬂ“ C (Tj/)\2)1/2Bﬁ’y_, which implies
J
Ep~pnei(Hr, L2(D)) < |L|p1Ep~prei(Fr, L2(D))

m
= |L|M,1 ZEDjNP‘Dj‘ei/m (-/T"j,Ta LZ(D]'))

j=1
m

1 1
<2/Lipn Y (rj/Ae)Pdm2pi~ %
j=1

Moreover, for f € F,, we have
Ep(Lof—Lofip)?<Vr’.

Consequently, Theorem 7.16 in Steinwart and Christmann (2008) applied to H, shows that
Ep~pnRadp(H,,n) < p,(r) holds with

m

N AR A 1
palr) = maxs CLp)2ILI,, (=) m2 (V)2 (Do d) ) 7,
’ 2

7j=1
2 % m 12Tp )
1 - 1
canteut () o (S0) ot}
b 2 .
7j=1

where C1(p) and Cy(p) are the constants as in (Steinwart and Christmann, 2008, Theo-
rem 7.16). Simple calculations show that ¢, (r) satisfies the condition ¢, (4r) < 2¢,(r).
Moreover, using 2 — p — 9 + ¥p > 1, the condition r > 30¢, (r) is satisfied if

r>C max{ <(ZT:1 a;,)me) e 4(2;1:1 a;-)me}
= Up ;

Xon ’ Non
where the constant C), is given by

1-p 2 1-p

2 11
Cp = max{ <3001(p)2p|L’1]7\4’1VT> 2—p—19—19p7 (3002(p)(2p‘L’§7\/[’1)mBm)P }
If (Z;n:1 a;)me < Abn, then we have

((Z;n:l a;-)zpm> Tp=0=7p . (> a;-)me

P < P ’
Aon Ayn
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which implies that

r>C,

<(Z§”=1 a9)2”m> =

Non
For the remaining case when (Z;n:1 a;)Qp m < Aon, there holds

A (BT + Xl o3 + Rep(foq) — Rip < Mhg + Al foqll3 + Rep(fos) + B
< )\1Eg +Rrp(0) +B

((Z}”:l @9)2%) ]

< \ih$ +2B 7
2

Using r* < MAd + Mo foll3, + Rep(fo) — R} p, the assertion thus follows from Theorem
7.20 in Steinwart and Christmann (2008) with K := max{2B,3C,}. [ |

A .4.13 PROOFS RELATED TO SECTION 3.4

Proof [of Theorem 6| First of all, we bound the approximation error by choosing an ap-
propriate function fo € H. Recall that for j € Zp, the functions Kj : R? — R is defined
as in (60) with v; > 0. Then, fy is defined by convolving each K; with the Bayes decision
function sz’ that is,

fo@) =Y 1a,(2) - (K;* fip)(a), @ eR™
JETH

To show that fj is indeed a suitable function to bound the approximation error, we firstly
ensure that fj is contained in ﬁk, and then derive bounds for both, the regularization term
and the excess risk of fy. By Proposition 4.46 in Steinwart and Christmann (2008), since
fip€ Ly(R%), we obtain that for every j € Ty, there holds

(Kj = fTp)a; € Hyy(4))
with
L4, foll g, ay) = 114, (% £7 ),
= || (£ = fL,P)IAjHHWj(Aj)
_d «
< (V) 2 (28! - 1)HfL,PHL2(Rd)‘ (111)

This implies

Jo="" 1a,(K;* fip) € M.

J€LH

Moreover, Theorem 25 yields

Rrp(fo) = Rip = lfo— fiplT.py

82



HiSTOGRAM TRANSFORM ENSEMBLES FOR LARGE-SCALE REGRESSION

2

Z 14,(Kj = frp) — fLp

J€Tn

—\ d
< Cia(7> yrlkte), (112)
T\

L2(Px)

where ¢, o is a constant only depending on k and «.
Next, we derive a bound for ||L o fy||ec. Using Theorem 2.3 in Eberts and Steinwart
(2013), we obtain that for any x € X', there holds

o)l = 1a,(x)- (K * ff p)(x)
Jj€LH
< Z 1a;(2)| K * f p(2)]
JE€TH

< (2 = DI Pl Lo e

and consequently we have

ILo follo = sup [L(y, fo())]

(z,y)EX XY
< sup  (M?+2M|fo(z)| + | folz) )
(z,y)EX XY
S 4k+1 maX{M2, Hfz}PH%oo(Rd)} = Bo. (113)

Proposition 28 together with Proposition 29 yields

M (hg)? + Xall foA Nl + Rep(fps) — Rip
S /\1&8 + had)\lj,yj—d 4 §2(k+a) + Ead/\;’?,yj—(d'i‘??)n—l +n L

Choosing
_ 0 o L 3
hom ==n", Yn,j i=mn 2kFe)td, My i=n 20FaTd, Aonj i=mn,
we obtain
*\q 2 " _ 20kd) e
A (ho)T 4+ Nl fpqull + Rep(fory ) —RLp Sn 20Fa0+d ™
where £ =p + ﬂlﬁ% can be arbitrarily small. This proves the assertion. [

Proof |of Theorem 7| Let fp 5 g be the kernel histogram transform ensembles given by (23).
Using Jensen’s inequality, we have

Rrp(fpqrE) —RLp = /X (T Z o~y H, — fL,P> dPx

t=1

1 & 2
< T Z/X(fD,%Ht - fE,P) dPx
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T
1 *
=7 > (RL,P(fD,w,Ht) - RL,P)-
t=1

Then, the union bound together with Theorem 6 yields

2a
P(RL,P(fD,%E) —Rpp>c-n 2°‘+d+£)
d _20e)
< ZP(RLap(ny'YyHt) —Rpp>c-n 2FaHd ) <Te "
t=1

where the constant c is as in Theorem 6. As a result, there holds

_ 2(k+a)
RL,P(fD,'y,E) - RZP <c-n 2(k+a)+d+§

with probability P, at least 1-3e™", where c is a constant depending on M, k, o, p, and 7. B
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