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Abstract

We study derivative-free methods for policy optimization over the class of linear policies.
We focus on characterizing the convergence rate of these methods when applied to linear-
quadratic systems, and study various settings of driving noise and reward feedback. Our
main theoretical result provides an explicit bound on the sample or evaluation complex-
ity: we show that these methods are guaranteed to converge to within any pre-specified
tolerance of the optimal policy with a number of zero-order evaluations that is an explicit
polynomial of the error tolerance, dimension, and curvature properties of the problem. Our
analysis reveals some interesting differences between the settings of additive driving noise
and random initialization, as well as the settings of one-point and two-point reward feed-
back. Our theory is corroborated by simulations of derivative-free methods in application
to these systems. Along the way, we derive convergence rates for stochastic zero-order
optimization algorithms when applied to a certain class of non-convex problems.
Keywords: Derivative-Free Optimization, Linear Quadratic Control, Non-Convex Opti-
mization.

1. Introduction

Recent years have witnessed a number of successes in applying modern reinforcement learn-
ing (RL) methods to many fields, including robotics (Tobin et al., 2017; Levine et al., 2016)
and competitive gaming (Silver et al., 2016; Mnih et al., 2015). Impressively, most of these
successes have been achieved by using general-purpose RL methods that are applicable to
a host of problems. Prevalent general-purpose RL approaches can be broadly categorized
into: (a) model-based approaches (Deisenroth et al., 2012; Gu et al., 2016; Lillicrap et al.,
2015), in which an agent attempts to learn a model for the dynamics by observing the
evolution of its state sequence; and (b) model-free approaches, including DQN (Mnih et al.,
2015), and TRPO (Schulman et al., 2015)), in which the agent attempts to learn an optimal
policy directly, by observing rewards from the environment. While model-free approaches
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typically require more samples to learn a policy of equivalent accuracy, they are naturally
more robust to model mis-specification.

A literature that is closely related to model-free RL is that of zero-order or derivative-free
methods for stochastic optimization; see the book by Spall (2005) for an overview. Here, the
goal is to optimize an unknown function from noisy observations of its values at judiciously
chosen points. While most analytical results in this space apply to convex optimization,
many of the procedures themselves rely on moving along randomized approximations to
the directional derivatives of the function being optimized, and are thus applicable even to
non-convex problems. In the particular context of RL, variants of derivative-free methods,
including TRPO (Schulman et al., 2015), PSNG (Rajeswaran et al., 2017) and evolutionary
strategies (Salimans et al., 2017), have been used to solve highly non-convex optimization
problems and have been shown to achieve state-of-the-art performance on various RL tasks.

While many RL algorithms are easy to describe and run in practice, certain theoretical
aspects of their behavior remain mysterious, even when they are applied in relatively simple
settings. Omne such setting is the most canonical problem in continuous control, that of
controlling a linear dynamical system with quadratic costs, a problem known as the linear
quadratic regulator (LQR). A recent line of work (Abbasi-Yadkori and Szepesvari, 2011;
Abbasi-Yadkori et al., 2018; Abeille and Lazaric, 2018; Cohen et al., 2018; Dean et al.,
2017, 2018; Faradonbeh et al., 2017; Fazel et al., 2018; Tu and Recht, 2018a,b) has sought
to delineate the properties and limitations of various RL algorithms in application to LQR
problems. An appealing property of LQR systems from an analytical point of view is that
the optimal policy is guaranteed to be linear in the states (Kalman, 1960; Whittle, 1996).
Thus, when the system dynamics are known, as in classical control, the optimal policy can
be obtained by solving the discrete-time algebraic Ricatti equation.

In contrast, methods in reinforcement learning target the case of unknown dynamics,
and seek to learn an optimal policy on the basis of observations. A basic form of model-free
RL for linear quadratic systems involves applying derivative-free methods in the space of
linear policies. It can be used even when the only observations possible are the costs from
a set of rollouts, each referred to as a sample!, and when our goal is to obtain a policy
whose cost is at most e-suboptimal. The sample complexity of a given method refers to the
number of samples, as a function of the problem parameters and tolerance, required to meet
a given tolerance e. With this context, we are led to the following concrete question: What
is the sample complexity of derivative-free methods for the linear quadratic regulator? This
question underlies the analysis in this paper. In particular, we study a standard derivative-
free algorithm in an offline setting and derive explicit bounds on its sample complexity,
carefully controlling the dependence on not only the tolerance €, but also the dimension
and conditioning of the underlying problem.

Our analysis treats two distinct forms of randomness in the underlying linear system.
In the first setting—more commonly assumed in practice—the linear updates are driven by
an additive noise term (Dean et al., 2017), whereas in the second setting, the initial state is
chosen randomly but the linear dynamics remain deterministic (Fazel et al., 2018). We refer

1. Such an offline setting with multiple, restarted rollouts should be contrasted with an online setting,
in which the agent interacts continuously with the environment, and no hard resets are allowed. In
contrast to the offline setting, the goal in the online setting is to control the system for all time steps
while simultaneously learning better policies, and performance is usually measured in terms of regret.
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to these two settings, respectively, as the additive noise setting, and the randomly initialized
setting. We are now in a position to discuss related work on the problem, and to state our
contributions.

Related work: Quantitative gaps between model-based and model-free reinforcement
learning have been studied extensively in the setting of finite state-action spaces (Agrawal
and Jia, 2017; Dann et al., 2017; Azar et al., 2017), and several interesting questions here
still remain open.

For continuous state-action spaces and in the specific context of the linear quadratic
systems, classical system identification has been model-based, with a particular focus on
asymptotic results (e.g., see the book by Ljung (1998) as well as references therein). Non-
asymptotic guarantees for model-based control of linear quadratic systems were first ob-
tained by Fiechter (1997), who studied the offline problem under additive noise and ob-
tained non-asymptotic rates for parameter identification using nominal control procedures.
In more recent work, Dean et al. (2017) proposed a robust alternative to nominal control,
showing an improved sample complexity as well as better-behaved policies. The online set-
ting for model-based control of linear quadratic systems has also seen extensive study, with
multiple algorithms known to achieve sub-linear regret (Dean et al., 2018; Abbasi-Yadkori
and Szepesvari, 2011; Abeille and Lazaric, 2018; Ibrahimi et al., 2012; Cohen et al., 2019).

In this paper, we study model-free control of these systems, a problem that has seen
some recent work in both the offline (Fazel et al., 2018) and online (Abbasi-Yadkori et al.,
2018) settings. Most directly relevant to our work is the paper of Fazel et al. (2018), who
studied the offline setting for the randomly initialized variant of the LQR, and showed
that a population version of gradient descent (and natural gradient descent), when run on
the non-convex LQR cost objective, converges to the global optimum. In order to turn this
into a derivative-free algorithm, they constructed near-exact gradient estimates from reward
samples and showed that the sample complexity of such a procedure is bounded polynomially
in the parameters of the problem; however, the dependence on various parameters is not
made explicit in their analysis. We remark that Fazel et al. also show polynomially bounded
sample complexity for a zero order algorithm which builds near exact estimates of the natural
gradient, although this requires access to a stronger oracle than the one assumed in this
paper.

Also of particular relevance to our paper is the extensive literature on zero-order opti-
mization. Flaxman et al. (2005) showed that these methods can be analyzed for convex
optimization by making an explicit connection to function smoothing, and Agarwal et al.
(2010) improved some of these convergence rates. Results are also available for strongly
convex (Jamieson et al., 2012), smooth (Ghadimi and Lan, 2013) and convex (Nesterov,
2011; Duchi et al., 2015; Wang et al., 2018b) functions, with Shamir characterizing the fun-
damental limits of many problems in this space (Shamir, 2013, 2017). Broadly speaking, all
of the methods in this literature can be seen as variants of stochastic search: they proceed
by constructing estimates of directional derivatives of the function from randomly chosen
zero order evaluations. In the regime where the function evaluations are stochastic, different
convergence rates are obtained based on whether such a procedure uses a one-point esti-
mate that is obtained from a single function evaluation (Flaxman et al., 2005), or a k-point
estimate (Agarwal et al., 2010) for some k£ > 2. There has also been some recent work on
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zero-order optimization of non-convex functions satisfying certain smoothness properties
that are motivated by statistical estimation (Wang et al., 2018a).

Our contributions In this paper, we study both randomly initialized and additive-noise
linear quadratic systems in the offline setting through the lens of derivative-free optimiza-
tion. We begin with a general result that characterizes the convergence behavior of a
canonical derivative-free algorithm when applied to a general class of functions satisfying
certain curvature conditions. In particular, our main contribution is to establish upper
bounds on the sample complexity as a function of the dimension, error tolerance, and cur-
vature parameters of the problem instance. We then specialize this result to a variety of
LQR models. In contrast to prior work, the rates that we provide are explicit, and the
algorithms that we analyze are standard and practical one-point and two-point variants of
the random search heuristic. Our results reveal interesting dichotomies between the settings
of one-point and two-point feedback, as well as the models involving random initialization
and additive noise. Our main contribution is stated in the following informal theorem (to
be stated more precisely in the sequel):

Main Theorem (informal). With high probability, one can obtain an e-approzimate so-
lution to any linear quadratic system from observing the noisy costs of O(1/€?) trajectories
from the system, which can be further reduced to 6(1/6) trajectories when pairs of costs are
observed for each trajectory.

In our theoretical statements, the multiplicative pre-factors are explicit lower-order poly-
nomials of the dimension of the state space, and curvature properties of the cost function.
From a technical standpoint, we build upon some known properties of the LQR cost function
established in past work on randomly initialized systems (Fazel et al., 2018), and establish
de novo some analogous properties for the additive noise setting. We also isolate and
sharpen some key properties that are essential to establishing sharp rates of zero-order op-
timization; as an example, for the setting with random-initialization and one-point reward
feedback studied by Fazel et al. (2018), establishing these properties allows us to analyze
a natural algorithm that improves? the dependence of the bound on the error tolerance e
from at least O (1 / 64) to O (1 / 62). Crucially, our analysis is complicated by the fact that
we must ensure that the iterates are confined to the region in which the linear system is
stable, and such stability considerations introduce additional restrictions on the parameters
used in our optimization procedure.

2. Background and problem set-up

In this section, we discuss the background related to zero-order optimization and the setup
for the linear quadratic control problem.

2. While the rates established by Fazel et al. (2018) are not explicit, their analysis is conservative and yields
a bound of order 1/ €* up to logarithmic factors. To be clear, the properties that we establish also enable
us to provide a sharper analysis of their algorithm; see Appendix E to follow.
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2.1. Optimization background

We first introduce some standard optimization related background and assumptions, and
make the zero-order setting precise.

Stochastic zero-order optimization: We consider optimization problems of the form

min f(z) : = Eeop [F(z, £)], (1)
reX
where ¢ is a zero mean random variable® that represents the noise in the problem, and the
function f above can be non-convex in general with a possibly non-convex domain X C R
In particular, we consider stochastic zero-order optimization methods with oracle access
to noisy function evaluations. We operate under two distinct oracle models. The first is
the one-point setting, in which the optimizer specifies a point z € X, and an evaluation
consists of an instantiation of the random variable F'(x,£). The second is the two-point
extension of such a setting, in which the optimizer specifies a pair of points (z,y), then an
instantiation of the random variable £ occurs, and the optimizer obtains the values F(z, &)
and F(y,&). Crucially, the function evaluations F(z,¢) and F(y, ) share the same noise,
so the two-point oracle cannot be reduced to querying the one-point oracle twice (where
sharing the same noise across multiple function evaluations cannot be guaranteed). Such
two-point settings are known in the optimization literature to enjoy reduced variance of
gradient estimates (Agarwal et al., 2010; Duchi et al., 2015; Shamir, 2017).

Function properties: Before defining the optimization problems considered in this paper
by instantiating the pair of functions (f, F'), let us precisely define some standard properties
that make repeated appearances in the sequel.

Definition 1 (Locally Lipschitz Gradients) A continuously differentiable function g with
domain X is said to have (¢, 3) locally Lipschitz gradients at x € X if

IVg(y) = Vyg@)lly < @ lly —xlly, — forally € X with [l —y[l2 < 5. (2)

We often say that g has locally Lipschitz gradients, by which we mean for each x € X the
function ¢ has locally Lipschitz gradients, albeit with constants (¢, 3) that may depend
on x. This property guarantees that the function g has at most quadratic growth locally
around every point, but the shape of the quadratic and the radius of the ball within which
such an approximation holds may depend on the point itself.

Definition 2 (Locally Lipschitz Function) A continuously differentiable function g with
domain X is said to be (A, Q) locally Lipschitz at x € X if

l9(y) —g(x)] < Xy — x|, for all y € X such that ||x — y|l2 < C. (3)

As before, when we say that the function ¢ is locally Lipschitz, we mean that this condition
holds for all z € X, albeit with parameters (A, {) that may depend on x. The local Lipschitz
property guarantees that the function g grows no faster than linearly in a local neighborhood
around each point.

3. While the zero mean assumption on £ is not strictly necessary for generic optimization, the canonical
(additive noise) LQR settings that we specialize our results to require noise to be zero mean. So we
make this assumption at the outset for convenience.
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Definition 3 (PL Condition) A continuously differentiable function g with domain X
and a finite global minimum g* is said to be u-PL if it satisfies the Polyak-Lojasiewicz (PL)
inequality with constant p > 0, given by

IVg(x)l3 > 1 (9(x) —g*)  forallze X. (4)

The PL condition, first introduced by Polyak (1964) and Lojasiewicz (1963), is a relax-
ation of the notion of strong convexity. It allows for a certain degree of non-convexity in
the function g. Note that inequality (4) yields an upper bound on the gap to optimality
that is proportional to the squared norm of the gradient. Thus, while the condition ad-
mits non-convex functions, it requires that all first-order stationary points also be global
minimizers. Karimi et al. (2016) recently showed that many standard first-order convex op-
timization algorithms retain their attractive convergence guarantees over this more general
class.

2.2. Optimal control background

We now turn to some basic background on optimal control and reinforcement learning. An
optimal control problem is specified by a dynamics model and a real-valued cost function.
The dynamics model consists of a sequence of functions {h(s¢, as, 2¢)}4~o, which models
how the state vector s; transitions to the next state s;;1 when a control input a; is applied
at a timestep t. The term z; captures the noise disturbance in the system. The cost function
ci(st, ar) specifies the cost incurred by taking an action a; in the state s;. The goal of the
control problem is to find a sequence of control inputs {a;},~,, dependent on the history of

states H; : = (S0, S1,-..,5t—1), SO as to solve the optimization problem
minE Z'ytct(st,at) S.t. Se41 = he(se, ar, 2t), (5)
>0

where the expectation above is with respect to the noise in the transition dynamics as well as
any randomness in the selection of control inputs, and 0 < « < 1 represents a multiplicative
discount factor. A mapping from histories H; to controls a; is called a policy, and the above
minimization is effectively over the space of policies.

There is a distinction to be made here between the classical fully-observed setting in
stochastic control in which the dynamics model h; is known—in this case, such a problem
may be solved (at least in principle) by the Bellman recursion (Bertsekas, 2005), and the
system identification setting in which the dynamics are completely unknown. We operate
in the latter setting, and accommodate the further assumption that even the cost function
¢t 1s unknown.

In this paper, we assume that the state space is m-dimensional, and the control space
is k-dimensional, so that s; € R™ and a; € R*¥. The linear quadratic system specifies
particular forms for the dynamics and costs, respectively. In particular, the cost function
obeys the quadratic form

c = stTQst + atTRat
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for a pair of positive definite matrices (@, R) of the appropriate dimensions. Additionally,
the dynamics model is linear in both states and controls, and takes the form

St41 = ASt + Bat + zt,

where A and B are transition matrices of the appropriate dimension, and the random
variable z; models additive noise in the problem which is drawn i.i.d. for each ¢ from a
distribution D,qq. We call this setting the noisy dynamics model.

We also consider the randomly initialized linear quadratic system without additive noise,
in which the state transitions obey

st4+1 = Asy + Bag,

and the randomness in the problem comes from choosing the initial state sg at random from
a distribution Dy.

Throughout this paper, we assume? that for both distributions D € {D,qq, Do} and for
a random variable v ~ D, we have

Ep] =0, Elwo']=1, and ||v]3 < Cp  aus. (6)

While we assume boundedness of the distribution for convenience, our results extend straight-
forwardly to sub-Gaussian distributions by appealing to high-probability bounds for quadratic
forms of sub-Gaussian random vectors (Hanson and Wright, 1971; Wright, 1973; Hsu et al.,
2012) and standard truncation arguments. The final iteration complexity also changes by
at most poly-logarithmic factors in the problem parameters; for brevity, we operate under
the assumptions (6) throughout the paper and omit standard calculations for sub-Gaussian
distributions.

By classical results in optimal control theory (Kalman, 1960; Whittle, 1996), the optimal
controller for the LQR problem under both of these noise models takes the linear form a; =
—K*s,, for some matrix K* € R¥*™. When the system matrices are known, the controller
matrix K* can be obtained by solving the discrete-time algebraic Riccati equation (Riccati,
1724).

With the knowledge that the optimal policy is an invariant linear transformation of the
state, one can re-parametrize the LQR objective in terms of the linear class of policies, and
focus on optimization procedures that only search over the class of linear policies. Below, we
define such a parametrization under the noise models introduced above, and make explicit
the connections to the stochastic optimization model (1).

4. It is important to note that our assumption of identity covariance of the noise distributions can be made
without loss of generality: for a problem with known, non-identity (but full-dimensional) covariance X,
we may reparametrize the problem with the modifications

A =x"Y245Y2 B'=%7Y2B, and s, = 725, for all t > 0,

in which case the new problem with states s; and the pair of transition matrices (A’, B) is driven by
noise satisfying the assumptions (6).
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Random initialization For each choice of the (random) initial state sq, let Cinit 5 (K s0)
denote the cost of executing a linear policy K from initial state sg, so that

o0
Cinit,y (K 50) : = Z’yt <stTQst + atTRat>, (7)
t=0
where we have the noiseless dynamics s¢+1 = As; + Ba; and ay = —Ks; for each ¢ > 0, and

0 < v < 1. While Cinity (K 50) is a random variable that denotes some notion of sample
cost, our goal is to minimize the population cost

Cinit,y(K) = ESQNDO [Cinit,'y(K; 30)] (8)
over choices of the policy K.

Noisy dynamics In this case, the noise in the problem is given by the sequence of random
variables Z = {z;:}+>0, and for every instantiation of Z ~ D§dd := (Dadd ® Dadd ® . ..), our
sample cost is given by the function

o0
Cayn~y (K3 2) 1= Z’yt (stTQst + atTRat>,
t=0

where we have sg = 0, random state evolution s;11 = As; + Ba; + z; and action a; = —Ks;
for each t > 0, and 0 < v < 1. In contrast to the random initialization setting, the discount
factor in this setting obeys v < 1, since this is required to keep the costs finite.

Once again, we are interested in optimizing the population cost function

Cdyrw(K) F= Ezwadd [Cdyn,v(K§ Z)] (9)

From here on, the word policy will always refer to a linear policy, and since we work with this
natural parametrization of the cost function, our problem has effective dimension D = m-k,
given by the product of state and control dimensions.

A policy K is said to stabilize the system (A, B) if we have pspec(A — BK) < 1, where
Pspec(-) denotes the spectral radius of a matrix. We assume throughout that the LQR
system to be optimized is controllable, meaning that there exists some policy K satisfying
the condition pgpec(A — BK) < 1. Furthermore, we assume access to some policy Ko with
finite cost; this is a mild assumption that is can be satisfied in a variety of ways; see the
related literature by Fazel et al. (2018) and Dean et al. (2018). We use such a policy Ky as
an initialization for our algorithms.

2.2.1. SOME PROPERTIES OF THE LQR COST FUNCTION

Let us turn to establishing properties of the pair of population cost functions (Cinit, (), Cayn~(K))
and their respective sample variants (Cinit,y (K, 50), Cdyn ~(; Z)), in order to place the prob-
lem within the context of optimization.
First, it is important to note that both the population cost functions (Cinit, (K), Cdyn, (X))
are non-convex. In particular, for any unstable policy, the state sequence blows up and
the costs becomes infinite, but as noted by Fazel et al. (2018), the stabilizing region
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{K : pspec(A — BK) < 1} is non-convex, thereby rendering our optimization problems non-
convex.

In spite of this non-convexity, the cost functions exhibit many properties that make them
amenable to fast stochastic optimization methods. Variants of the following properties were
first established by Fazel et al. (2018) for the random initialization cost function Cinity. The
following Lemma 4 and Lemma 5 require certain refinements of their claims, which we prove
in Appendix A. Lemma 6 follows directly from Lemma 3 in Fazel et al. (2018). Lemma 7
relates the population cost of the noisy dynamics model to that of the random initialization
model in a pointwise sense.

Lemma 4 (LQR Cost is locally Lipschitz) Given any linear policy K, there exist pos-

itive scalars (Mg, Ax, Cx), depending on the function value C;nitﬁ(K), such that for all policies
K’ satisfying | K' — K||» < (x, and for all initial states sy, we have

[Cinit,y(K') = Cinity(K)| < M| K" = K|, and (10a)

|Cinit,y (K3 50) — Cinit,y (K 50)| < M| K" — K| - (10b)

Lemma 5 (LQR Cost has locally Lipschitz Gradients) Given any linear policy K,
there exist positive scalars (B, ¢x), depending on the function value Cinity(K), such that for
all policies K' satisfying |K' — K||r < B«, we have

IV Cinit A (K") = VCinit o (K7 < dull K7 — K] - (11)

Lemma 6 (LQR satisfies PL) There exists a universal constant pq > 0 such that for
all stable policies K, we have

chinit,'y(K) ”ﬁ: > Mlqr(cinit,'y(K) - Cinit,'y(K*))a
where K* is the global minimum of the cost function Cinit -

For the sake of exposition, we have stated these properties without specifying the vari-
ous smoothness and PL constants. Appendix A collects explicit expressions for the tuple
Ay Axs Dy Bicy Cies tuqr) as functions of the parameters of the LQR problem.

Lemma 7 (Equivalence of population costs up to scaling) For all policies K, we have

Y
Cayny(K) = ﬁcinitn(K)-

Lemma 7 thus shows that, at least in a population sense, both the noisy dynamics and
random initialization models behave identically when driven by noise with the same first
two moments. Hence, the properties posited by Lemmas 4, 5, and 6 for the population
cost function Cinit,,(K) also carry over to the function Cyyn~(K). In particular, the cost

function Cqyn~(K) is also (ﬁqﬁ,\,,,@k») locally smooth and (%)\K,CK) locally Lipschitz,

and also globally ﬁ tigr-PL. We stress that although the population costs are very similar,

the observed costs in the two cases are quite different.
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2.2.2. STOCHASTIC ZERO-ORDER ORACLE IN LQR

Let us now describe the form of observations that we make in the LQR system. Recall
that we are operating in the derivative-free setting, where we have access to only (noisy)
function evaluations and not the problem parameters; in particular, the tuple (A, B, Q, R)
that parametrizes the LQR problem is unknown.

Our observations consist of the noisy function evaluations Cinit, (K s0) or Cayn (K Z).
We consider both the one-point and two-point settings in the former case. In the one-
point setting for the randomly initialized model, a query of the function at the point K
obtains the noisy function value Cinit (kK so) for an initial state sy drawn at random from
the distribution Dy. In the two-point setting, a query of the function at the points (K, K')
obtains the pair of noisy function values Cinit,y (K s0) and Cinit,y(K'; s9) for an initial state
sp drawn at random; this setting has an immediate operational interpretation as running
two policies with the same random initialization. The one-point query model is defined
analogously for the noisy dynamics cost Cqyn ~-

A few points regarding our query model merit discussion. First, note that in the context
of the control objective, each query produces a noisy sample of the long term trajectory
cost, and so our sample complexity is measured in terms of the number of rollouts, or
trajectories. Such an assumption is reasonable since the “true” sample complexity that
also takes into account the length of the trajectories is only larger by a small factor—the
truncated, finite cost converges exponentially quickly to the infinite sum for stable policies.”
The offline nature of the query model also assumed access to restarts of the system, which
can be obtained in a simulation environment. Second, we note that while the one-point
query model was studied by Fazel et al. (2018) for the random initialization model—albeit
with sub-optimal guarantees—we also study a two-point query model, which is known to
lead to faster convergence rates in zero-order stochastic optimization (Duchi et al., 2015).

Finally, note that our setting of the problem—in which we are only given access to (noisy)
evaluations of the cost of the policy and not to the state sequence—intentionally precludes
the use of procedures that rely on observations of the state sequence. This setting allows
us to distill the difficulties of truly ‘model-free’ control, since it prevents any possibility of
constructing a dynamics model from our observations; the latter is, loosely speaking, the
guiding principle of model-based control. This is not to suggest that practical applications
of learning-based LQR control take this form, but rather to provide a concrete framework
within which model-based and model-free algorithms can be separated, by endowing them
with distinct information oracles. In doing so, we hope to lay the broader foundations for
studying derivative-free methods in the context of model-free reinforcement learning.

5. To elaborate further on this point, note that the length of the rollout required to obtain a J-accurate
cost evaluation for policy K will depend on both § as well as the eigen-structure of the matrix A — BK.
However, assuming that this matrix has maximum eigenvalue p < 1 (which is a common assumption in
the related literature Dean et al. (2018); Cohen et al. (2019)), the dependence on ¢ is quite mild: we only
require a rollout of length O (log(1/4)), with the constant pre-factor depending on p (or equivalently, on
C(Kop). Since we are interested in obtaining e-approximations to the optimal policy, it suffices to obtain
poly(e)-approximate cost evaluations per trajectory to avoid a blow-up of the bias in our estimates (see,
e.g., Fazel et al. (2018)), and this only adds another factor log(1/€) to our sample complexity when
measured in terms of the number of iterations. To avoid tracking these additional factors, we work with
the offline setting defined above.

10
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3. Main results

We now turn to a statement of our main result, which characterizes the convergence rate of
a natural derivative-free algorithm for any (population) function that satisfies certain PL
and smoothness properties. We thus obtain, as corollaries, rates of zero-order optimization
algorithms when applied to the functions Ciyity and Cqyn ; these corollaries are collected in
Section 3.3.

3.1. Stochastic zero-order algorithm

We analyze a standard zero-order algorithm for stochastic optimization (Agarwal et al.,
2010; Shamir, 2017) in application to the LQR problem. We begin by introducing some
notation required to describe this algorithm, operating in the general setting where we
want to optimize a function f: X — R of the form f(z) = E¢up[F(2;€)]. Here we assume
the inclusion X C R%, and let D denote a generic source of randomness in the zero-order
function evaluation.

The zero-order algorithms that we study here use noisy function evaluations in order to
construct near-unbiased estimates of the gradient. Let us now describe how such an estimate
is constructed in the one-point and two-point settings. Let S¥! = {u € R? : |juljy = 1}
denote the d-dimensional unit shell. Let Unif(S?"!) denote the uniform distribution over
the set S?1.

For a given scalar r» > 0 and a random direction u ~ Unif(S?~!) chosen independently
of the random variable £, consider the one point gradient estimate

REESY

g (7, u,8) 1= Flz +ru,6) ~u, (12a)

and its two-point analogue
9 d
gr(z,u,8) := [F(z +ru,§) — F(z —ru,§)] ot (12b)

Here £ should be viewed as an instantiation of the underlying random variable; in the two
point setting, we compute a gradient estimate with the same instantiation of the noise used
to evaluate F' at the points x + ru.

In both the one-point and two-point cases, the resulting ratios are almost unbiased
approximations of the secant ratio that defines the derivative at z, and these approximations
get better and better as the smoothing radius r gets smaller. On the other hand, small values
of the radius r may result in estimates with large variance. Our algorithms make use of
such randomized approximations in a sequence of rounds by choosing appropriate values of
the radius 7; the general form of such an algorithm is stated below.

3.2. Convergence guarantees

We now turn to analyzing Algorithm 1 in the settings of interest. In particular, our first
(main) theorem is stated as a generic optimization result for non-convex functions which
are (locally) smooth and satisfy the PL inequality, which we then specialize to various LQR
settings.

11
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Algorithm 1 Stochastic Zero-Order Method

1: Given iteration number T° > 1, initial point xg € X, step size n > 0 and smoothing
radius r > 0

2: for t € {0,1,...,T — 1} do

3: Sample & ~ D and u; ~ Unif(S?1)

4: glze) < 47 . e . .
g2 (e, ug, &) if operating in two-point setting.

5: Tpg1 < xp — ng(xy)
return xr

gl(zy,us, &) if operating in one-point setting

As mentioned before, the difficulty of optimizing the LQR cost functions is governed
by multiple factors such as stability, non-convexity of the feasible set, and non-convexity
of the objective. Furthermore, the Lipschitz gradient and Lipschitz properties for this cost
function only hold locally with the radius of locality depending on the current iterate. Most
crucially, the function is infinite outside of the region of stability, and so large steps can have
disastrous consequences since we do not have access to a projection oracle that brings us
back into the region of stability. It is thus essential to control the behavior of our stochastic,
high variance algorithm over the entire course of optimization.

Our strategy to overcome these challenges is to perform a careful martingale analysis,
showing that the iterates remain bounded throughout the course of the algorithm; the
rate depends, among other things, on the variance of the gradient estimates obtained over
the course of the algorithm. By showing that the algorithm remains within the region of
finite cost, we can also obtain good bounds on the local Lipschitz constants and gradient
smoothness parameters, so that our step-size can be set accordingly.

Let us now introduce some notation in order to make this intuition precise. We operate
once again in the setting of general function optimization, i.e., we are interested in optimiz-
ing a function f(x) = E¢[F(z;£)] obeying the (global) PL inequality with constant u, as
well as certain local curvature conditions.

Recall that we are given an initial point xy with finite cost f(zp); the global upper
bound on the cost that we target in the analysis is set according to the cost f(x) of this
initialization. Given the initial gap to optimality Ag : = f(zo) — f(x*), we define the set

GY:={x | f(z) — f(z*) < 10A,}, (13)

corresponding to points x whose cost gap is at most ten times the initial cost gap Ayp.

Assume that the function f is (¢, ;) locally smooth and (A, () locally Lipschitz at
the point x. Thus, both of these properties hold simultaneously within a neighborhood of
radius p, = min{5,, (.} of the point . Now define the quantities

¢ : = sup ¢, Ao = sup Ay, and pg:= inf p,.
£€GO zeGo zegl

By defining these quantities, we have effectively transformed the local properties of the
function f into global properties that hold over the bounded set GY. We also define a

convenient functional of these curvature parameters 6y : = min {ﬁ, %}’ which simplifies

12
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the statements of our results. Importantly, these smoothness properties only hold locally,
and so we must also ensure that the steps taken by our algorithm are not too large. This is
controlled by both the step-size as well as the norms of our gradient estimate g computed
over the course of the algorithm. Define the uniform bounds

Goo = sup |[lg(z)ll2, and Gz = sup E [[lg(z) — E[g(z) | «] 3]
zego zeg?
on the point-wise gradient norm and its variance, respectively. Note that these quantities
also depend implicitly on the smoothing radius r and on how the gradient estimate g is
computed.

With this set-up, we are now ready to state the main result regarding the convergence
rate of Algorithm 1 on the functions of interest. Note that here and throughout the rest
of the paper, C' denotes some universal constant (which may change from line to line).
For two sequences g, and h,, we also use the standard notation g, ~ h,, and g, = ©(hy,)
interchangeably, to mean that the sequences are within a (universal) constant multiplicative
factor of each other.

Theorem 8 Suppose that the step-size and smoothing radius are chosen so as to satisfy

p<mind L~ and ¢ <mind 04 [ L Jer
- 24000G2" 200’ Goo |’ - 8¢o V 157 2¢9 \/ 30’ '

(14a)

Then for a given error tolerance € such that €log(120Ap/€) < %Ao, the iterate xp of
Algorithm 1 after T = % log (%) steps satisfies the bound

flar) = f(a") <e (14b)
with probability greater than 3/4.

A few comments on Theorem 8 are in order. First, notice that the algorithm is guaranteed
to return an e-accurate solution with constant probability %. This probability bound of %
in itself can be sharpened by a slightly more refined analysis with different constants. Addi-
tionally, by examining the proof, it can be seen that we establish a result (cf. Proposition 12
in Section 4) that is slightly stronger than Theorem 8, and then obtain the theorem from
this more general result. The proof of the theorem itself is relatively short, and makes use
of a carefully constructed martingale along with an appropriately defined stopping time. As
mentioned before, the main challenge in the proof is to ensure that we have bounded iterates
while still preserving the strong convergence properties of zero-order stochastic methods for
smooth functions that satisfy the PL property.

It should be noted that Theorem 8 is a general guarantee: it characterizes the zero-
order complexity of optimizing locally smooth functions that satisfy a PL inequality in
terms of properties of the gradient estimates obtained over the course of the algorithm.
In particular, two properties of these estimates appear: the variance of the estimate, as
well as a uniform bound on its size. These quantities, in turn, depend on both the noise
in the zero-order evaluations as well as our choice of query model. In the next section, we
specialize Theorem 8 so as to derive particular consequences for the LQR models introduced
above.

13
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Parameter settings | Smoothing radius | Variance | Step-size | #queries

Query Model r Go n T
One-point LQR _
(Random initialization/ O (Ve) O (e O (€% O (e7?)

Noisy dynamics)
Two-point LQR
(Random initialization)

O (Vo) o(1) Ofe) | O

Table 1. Derivative-free complexity of LQR optimization under the two query models,
as a function of the final error tolerance e. The multiplicative pre-factors are functions of
the effective dimension D and curvature parameters, and differ in the three cases; see the
statements of the corollaries below.

3.3. Consequences for LQR optimization

Theorem 8 yields immediate consequences for LQR optimization in various settings, and
the dependence of the optimization rates on the tolerance € is summarized by Table 1. We
state and discuss precise versions of these results below.

First, let us consider the random initialization model. From the various lemmas in
Section 2.2.1, we know that the population objective Cinit(K) is locally (¢y, B«) smooth
and (A, (x) Lipschitz, and also globally pq-PL. By assumption, we are given a starting
point Ky having finite population cost Cinit,y (/o). Proceeding as in the previous section,
we may thus define the set

glqr = {K | Cinit,’y(K) - Cinit,’y(K*) < 1OA0}, (15)
corresponding to point x whose cost gap is at most ten times the initial cost gap to optimality

Ao = Cinit,y (K0) — Cinit, (K7).
Now define the quantities

Qigr 1= SUp Py, Agr := sup A, and  pg:= inf p,,
Keghar Keglar Keglr

thereby transforming the local smoothness properties of the function Ciyit,4 into global prop-

erties that hold over the bounded set G°. Once again, let Oigr : = min 2¢}| 7§:qr} be a
qr qr

functional of these curvature parameters that simplifies the statements of our results. ¢
With this setup, we now establish the following corollaries for derivative-free policy
optimization for linear quadratic systems.

Corollary 9 (One-point, Random initialization) Suppose that the step-size and smooth-
ing radius are chosen such that

2
eﬂlqrr 1 Plqr” }
< C'min , and
= { ¢Iqrc2 D |n|t Y KO 2 ¢Iqr C D[Clmt,'y(KO)]

rgmin{ Igriigr | € | €ligr Plars 1OCinit,'y(K0)}’
8(Z)Iqr 5 2(z>|qr 30 )\Iqr

6. Let us make a brief comment on the finiteness of these quantities in the absence of compactness. The
quantity ¢iq is finite, simply by definition of the set G'"". In the sequel, we show that for any K € G,
¢ can be bounded by a polynomial of 10A¢. Hence, ¢iqr can also be bounded by a polynomial of 104y,
implying it is finite. A similar argument shows that A is finite and piqr > 0.

14
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for some universal constant C. Then for any error tolerance € such that elog(120A/€) <
10 3 Ao, running Algorithm 1 for T = 4 log (120A0) iterations yields an iterate K such that

Cinity (K1) — Cinie,y (K™) < €
with probability greater than 3/4.

Let us parse this result briefly. Treating the other parameters as constants, note that it
is valid to choose r ~ €/2; the above result then shows that with a choice of step-size 1 ~ €2,
the canonical zero-order algorlthm converges using T' ~ 7~ !log(1/e) = O ( _2) steps. This
is in spite of the high-variance estimates obtained by the algorithm, and the theorem also
guarantees stability of all the iterates with constant probability. B

Interestingly, the result above (or more generally, Theorem 8) also yields an O (6*2)
convergence rate for the family of high-variance minibatch derivative-free algorithms, where
k zero-order samples are used to estimate the gradient at any point, thereby reducing its
variance. The canonical algorithm corresponds to the case £ = 1, while that of Fazel et
al. corresponds to the case of some large k. In particular, choosing a minibatch of size k
results in the variance of the gradient G5 being reduced by a factor k, allowing us to increase
our step-size proportionally and converge in 1/k-fraction of the number of iterations (but
with the same number of zero-order evaluations in total). For completeness, we provide
an analysis tailored to the algorithm of Fazel et al. (2018) in Appendix E, which shows
that our techniques can be used to sharpen their rates to guarantee e-approximate policy
optimization with O (5_2) zero-order evaluations.

Let us also briefly discuss the upper bounds on the step-size that are required for the
corollary to hold. As stated, the step-size is required to satisfy the bound n < ﬁf’(m,
but this condition is an artifact of the analysis and can be removed (see Appendix E).
In addition, the step-size is also required to be bounded by the curvature properties of
the function. Operationally speaking, this means that for larger step-sizes, we are unable
to guarantee stability of the policies obtained over the course of the algorithm. Such a
bottleneck is in fact also observed in practice, as shown in Figure 1 for both the one-point
and two-point settings.

We now turn to the two-point setting, in which we obtain two noisy evaluations per

query.

Corollary 10 (Two-point, Random initialization) Suppose that the step-size and smooth-
ing radius are chosen so as to satisfy

. €ligr 1 Plgr . { Iqr Hgr 6:U/Iqr }
< min , , , and r < min \ / v/ .
= { 240¢|quAE]r 2(ﬁlqr D)\Iqr } 8(ﬁlqr 15’ 2?blqr > Plar

Then for any error tolerance € such that elog(120Ag/¢) < %Ao, running Algorithm 1 for
T = ﬁ log (%) iterations yields an iterate Kt such that

Cinit,y (K1) — Cinit,y (K™) < €

with probability greater than 3/4.
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Figure 1. Plot of the maximum step-size that allows for convergence, plotted against the
size of the mini-batch used to estimate the gradient in randomly initialized LQR with (a)
one-point evaluations and (b) two-point evaluations. The step-size plateaus due to stability
considerations, leading to a higher zero-order complexity in spite of the lower variance esti-
mates afforded by large batch-sizes. Plots were obtained by averaging 20 runs of Algorithm 1.
For more problem details, see Appendix D.

As known from the literature on zero-order optimization in convex settings (Duchi et al.,
2015; Shamir, 2017), the two-point query model allows us to substantially reduce the vari-
ance of our gradient estimate, thus ensuring much faster convergence than with one-point
evaluations. The most salient difference is the fact that we now converge with O (1/¢) iter-
ations as opposed to the O (1 / 62) iterations required in Corollary 9. This gap between the
two settings is substantial and merits further investigation, but in general, it is clear that
two-point evaluations should certainly be used if available. This gap, and other differences,
are discussed shortly.

Let us now turn to establishing convergence results for the noisy dynamics model in
the one-point setting. Note that Lemma 7 provides a way to directly relate the population
costs of the random initialization and noisy dynamics models; furthermore, the set G'9" is
exactly the same. In addition, since we look at a discounted cost Cqyn~ in this setting, the
corresponding curvature parameters have an inherent dependence on + which we denote
using corresponding subscripts. With an additional computation of the variance and norm
of the gradient estimates, we then obtain the following corollary for one-point optimization
of the noisy dynamics model. Our statement involves the constants

2
oy (D20 IR O 20050 (1YY
,Iqr - , 1 — ﬁ Umln(Q) ’y
D 201Qlz + IRl2¥ ) (ol (1 ,Y>>3/2'

Goolar : =
a r 1= Omin(Q) Y
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Corollary 11 (One-point, Noisy dynamics) Suppose that the step-size and smoothing
radius are chosen so as to satisfy

: €Higr,y 1 p'Q"»’Y
n< mm{ , , } , and
240¢|qr,'yG2 Iqr 2¢|qr,’y oo Jqr

. Iqr,y * Mligr,y € lu’|qf7“/ }
r < min " / , Pl .
{ 8¢Iqr,'y 5 2¢Iqr any

Then for any error tolerance € such that elog(120Ag/€) < %Ao, Algorithm 1 with T = Wé log (1206A°)
Yy

iterations yields an iterate K such that

Cayny (K1) = Cayny (K¥) < €
with probability greater than 3/4.

Thus, we have shown that the one-point settings for both the random initialization and
noisy dynamics models exhibit similar behaviors in the different parameters. Reasoning
heuristically, such a behavior is due to the fact that the additional additive noise in the
dynamics is quickly damped away by the discount factor, so that the cost is dominated by
the noise in the initial iterates. The variance bound, however, is substantially different, and
this leads to the differing dependence on the smoothness parameters and dimension of the
problem.

Another interesting problem studied in the noisy dynamics model is one of bounding the
regret of online procedures. Equipped with a high probability bound on convergence—as
opposed to the constant probability bound currently posited by Corollary 11—the offline
guarantee and associated algorithm can in principle be turned into a no-regret learner in
the online setting. We leave this extension to future work.

Let us now briefly discuss the dependence of the various bounds on the different param-
eters of the LQR objective, in the various cases above.

Dependence on e: Our bounds illustrate two distinct dependences on the tolerance
parameter €. In particular, the zero-order complexity scales proportional to e 2 for both
one-point settings (Corollaries 9 and 11), but proportional to e~ ! in the two-point setting
(Corollary 10). As alluded to before, this distinction arises due to the lower variance of the
gradient estimator in the two-point setting. Lemma 4 establishes the Lipschitz property of
the LQR cost function for each instantiation of the noise variable sg, which ensures that
the Lipschitz constant of our sample cost function is also bounded; therefore, the noise of
the problem reduces as we approach the optimum solution. In contrast, the optimization
problem with one-point evaluations becomes more difficult the closer we are to the optimum
solution, since the noise remains constant, while the “signal” in the problem (measured by
the rate of decrease of the population cost function) reduces as we approach the optimum.
The O(1/€?) dependence in the one-point settings is reminiscent of the complexity required
to optimize strongly convex and smooth functions (Agarwal et al., 2010; Shamir, 2013),
and it would be interesting if a matching lower bound could also be proved in this LQR
setting”. Even in the absence of such a lower bound, the one-point setting is strictly worse

7. Note that this lower bound follows immediately for the class of PL and smooth functions.

17



Zero Order Complexity

MALIK, PANANJADY, BHATIA, KHAMARU, BARTLETT, AND WAINWRIGHT

107 o T T TTTTTT T T T 3 Bu 107 TTTT T T TTTTTT T T 11T 423 107 Fr T T TTTTTT T T E
6 Il@c(ko) =C(K*)+3 | ] 5 6 +C(Kp) = C(K™*) + 26.92 o 6 l|l@C(Kg) =C(K*)+3 o 1
10° | R = 10° [{oexo) = e(x*) + 10,02 1 = 10° o E
10° | .. . é 10° H® C(Ko)=C(K*)+2ﬁ2 . é 10° | .“,c" .
I @ 1 e P . 1
10 | «® 1 5 10'f - 1 = 10t} . E
5| 9. ® 1 2 el o ® | T s e ]
10° ¢ | &1 ole S 101 e
1 2 ;7 é <] 1 2 [ . N ] ] 1 2 ;7 é
0 EHM | Lol g ﬁ O 4_‘_..\ Lol | ﬁ 0 EHM Lol | E
10° 10t 10 10° 10t 10 10 10t 102

6_1

(a)

(b)

()

Figure 2. Number of samples required to reach an error tolerance of ¢, plotted against 1/e,
for (a) Randomly initialized LQR with one-point evaluations (b) Randomly initialized LQR
with two-point evaluations for differing values of the initial cost, and (¢) Noisy dynamics LQR
model with one-point evaluations. We use C to denote the population cost in the various
cases, and the plots were obtained by averaging 20 runs of Algorithm 1. Each dotted line
represents the line of best fit for the corresponding data points. For more problem details,
see Appendix D.

than the two-point setting even with respect to the other parameters of the problem, which
we discuss next. Figure 2 shows the convergence rate of the algorithm in all three settings
as a function of €, where we confirm that scalings in practice corroborate our theory quite
accurately. It is also worth noting that model-based algorithms for this problem require
@) (6_1) trajectory samples to return an e-approximate policy in the noisy dynamics setting
(see, e.g. Dean et al. (2017)). Thus, while a one-point zero-order method is outperformed
by these algorithms—mnote that the comparison is not quite fair, since zero-order algorithms
only require access to noise cost evaluations and not the state sequence—a two-point variant
is similar to model-based methods in its dependence® on e.

Dependence on dimension: The dependence on dimension enters once again via our
bound on the variance of the gradient estimate, as is typical of many derivative-free pro-
cedures (Duchi et al., 2015; Shamir, 2017). The two-point setting gives rise to the best
dimension dependence (linear in D), and the reason is similar to why this occurs for convex
optimization (Shamir, 2017). It is particularly interesting to compare the dimension depen-
dence to results in model-based control. There, in the noisy dynamics model, the sample
complexity scales with the sum of state and control dimensions m + k, whereas the depen-
dence in the two-point setting is on their product D = m - k. However, each observation in
that setting consists of a state vector of length m, while here we only get access to scalar
cost values, and so in that loose sense, the complexities of the two settings are comparable.

In the one-point setting, the dependence on dimension is significantly poorer, and at
least quadratic. This of course ignores other dimension-dependent factors such as Cy,, as
well as the curvature parameters (¢iqr, Aigr, ) (see the discussion below).

8. Note that the comparison is inherently imprecise, since we are comparing upper bounds to upper bounds.
In practice, one would certainly prefer the use of a model-based method when provided access to the
state sequence.
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Figure 3. Number of samples required to reach a fixed error tolerance of €, plotted against
the cost of the initialization Ky, for (a) Randomly initialized LQR with two-point evaluations
(b) Noisy dynamics LQR with one-point evaluations. The plots were obtained by averaging
20 runs of Algorithm 1. Each dotted line represents the line of best fit for the corresponding
data points. For more problem details, see Appendix D.

Dependence on curvature parameters: The iteration complexity scales linearly in
the smoothness parameter of the problem ¢yq,, and quadratically in the other curvature
parameters. See Appendix A.3 for precise definitions of these parameters for the LQR
problem. In particular, it is worth noting that our tightest bounds for these quantities
depend on the dimension of the problem implicitly for some LQR instances, and are actually
lower-order polynomials of the initial cost. In practice, however, it is likely that much
sharper bounds can be proved on these parameters, e.g., in simulation (see Figure 3), the
dependence of the sample complexity on the initial cost is in fact relatively weak—of the
order C(Kp)?>—and our bounds are clearly not sharp in that sense.

4. Proofs of main results
In this section, we provide proofs of Theorem 8, and Corollaries 9, 10, and 11. The proofs of

the corollaries require many technical lemmas, whose proofs we postpone to the appendix.

4.1. Proof of Theorem 8

Recall that by assumption, the population function f has domain X C R% and satisfies the
following properties over the restricted domain GY C X, previously defined in equation (15):

(a) It has (¢o, po)-locally Lipschitz gradients,
(b) It is (Ao, po)-locally Lipschitz, and
(c) Tt is globally u-PL.

Recall the values of the step-size 1, smoothing radius r, and iteration complexity T" posited
by Theorem 8. For ease of exposition, it is helpful to run our stochastic zero-order method
on this problem for 27" iterations; we thus obtain a (random) sequence of iterates {z;}?L,.
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For each t = 0,1,2,..., we define the cost error A; = f(x;) — f(z*), as well as the stopping
time

7 :=min {t | A > 10A0}. (16)

In words, the time 7 is the index of the first iterate that exits the bounded region G°. The
gradient estimate g at any point z € G° is assumed to satisfy the bounds

var(g(z)) < Gz and ||g(x)||2 < Goo almost surely.

With this set up in place, we now state and prove a proposition that is stronger than the
assertion of Theorem 8.

Proposition 12 With the parameter settings of Theorem 8, we have

E[AT17—>T] S 6/20,
and furthermore, the event {T > T} occurs with probability greater than 4/5.
Let us verify that Proposition 12 implies the claim of Theorem 8. We have

P{A7r > €} <P{Arl;o7 > €} + P{l<7}

() 1

< EE[AT17—>T] +P{l-<r}

(i7)

< 1/20+1/5

< 1/4,
where step (i) follows from Markov’s inequality, and step (ii) from Proposition 12. Thus,
Theorem 8 follows as a direct consequence of Proposition 12, and we dedicate the rest of
the proof to establishing Proposition 12.

Let E! to represent the expectation conditioned on the randomness up to time ¢. The
following lemma bounds the progress of one step of the algorithm:

Lemma 13 Given any function satisfying the previously stated properties, suppose that we
run Algorithm 1 with smoothing radius r < pg, and with a step-size n such that |ngt||2 < po
almost surely. Then for anyt =0,1,... such that x; € G°, we have

2
¢ o (1 Pon €
E" [A1] < ( 4 )At + 5 Ga +77M7120

The proof of the lemma is postponed to Section 4.1.1. Taking it as given, let us now
establish Proposition 12.

Proposition 12 has two natural parts; let us focus first on proving the bound on the
expectation. Let F; denote the o-field containing all the randomness in the first t iterates.
Conditioning on this o-field yields

(17)

E[Ai1lrstet | Fi) S EAilios | F] 2 E[Avy | Al

where step (i) follows since 7 is a stopping time, and so the random variable 1., is deter-
mined completely by the sigma-field F;.

We now split the proof into two cases.
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Case 1: Assume that 7 > ¢, so that we have the inclusion z; € GY. In addition, note that
the iterate x441 is obtained after a stochastic zero-order step whose size is bounded as

Ing'llz < nGs < po,

where we have used the fact that n < C’%.
We may thus apply Lemma 13 to obtain

¢
E[Ap1 | F] < (1 - 7>At + 017 —— G241 MTZO (18a)

Case 2: In this case, we have 7 < ¢, so that
E[Ai1 | Fi]lrse =0. (18b)
Now combining the bounds (18a) and (18b) from the the two cases yields the inequality

don?

E[Art1 | Fillrat < {(1—) G2+77u120} -~ (19)

(1—*) Al T>t+¢ Go +77M1720

Taking expectations over the sigma-field F; and then arguing inductively yields

t .
savaternl £ (1) " (e i) 2 0)

(1—%) Ag +2— ¢0G2+%
Setting t + 1 = T then establishes the first part of the proposition with substitutions of the
various parameters.

We now turn to establishing that P{r > T'} > 4/5. We do so by setting up a suitable
super-martingale on our iterate sequence and appealing to classical maximal inequalities.
Recall that we run the algorithm for 27" steps for convenience, and thereby obtain a set
of 2T random variables {Aq,..., Aop}. With the stopping time 7 defined as before (16),
define the stopped process

¢077

Go + nu) for each t € [2T7.

Note that by construction, each random variable Y; is non-negative and almost surely
bounded by the locally Lipschitz nature of the function.
We claim that {Y}}?ZO is a super-martingale. In order to prove this claim, we first write

ElYir1 | Fi] = E[Ar gy lr<e | Fol F E[A A1) Lot | Fo] 4+ (2T — (¢ 4 1)) <¢077 Ga+1 Mm

(20)

21
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Beginning by bounding the first term on the right-hand side, we have

E[A gt <t | Fi] = E[Arnilr<t | Fi] = Arpelr<e (21a)

As for the second term, we have

E[A a1 Lt | Fi] = E[Arp11r5e | F
=E[A¢1 | Fillrsy
(iid)
< (1 - 7)At >t + <¢ 77 Go + u120> >t

2

0 €
(1 - %)Aw\tlr» + QSTUGQ T NP

1
50" (21b)

where step (iii) follows from using inequality (19).
Substituting the bounds (21a) and (21b) into our original inequality (20), we find that

ElYit1 | Fi] = E[Arpqinyle<e | Fol + E[Ar a1y lese | ] + (2T — (4 1)) <¢077 Ga + M12()>

< Arpele<e + (1= np/4)Araelrse + <¢ o Ga + 77M120> + 2T - (t+1)) <¢077 Ga + 77N120>
(iv)

< Arpe+ (27— 1) <¢077 Go + 77M120>

:)/%7

where step (iv) follows from the inequality nuA;,; > 0. We have thus verified the super-
martingale property.

Finally, applying Doob’s maximal inequality for super-martingales (see, e.g. Durrett,
2010) yields

&=

Pr{max Y; > v} < [¥o)
te[2T] v

1 don’ €
_V<A0+2T{ G2+nu120})
1
14

%) (20 + glog(120A0 /).

—~

where step (v) follows from the substitutions 7" = l g(120A¢/€), and n < 5 40; o, As

long as ¢ is sufficiently small so as to ensure that e (120A0/6) < 5Ay, setting v = 1()A0
completes the proof.

4.1.1. PROOF OF LEMMA 13

Recall that the domain of the function f is X C R% For a scalar r > 0, the smoothed
version f,(x) is given by f.(z) : = E[f(x + rv)], where the expectation above is taken with
respect to the randomness in v, and v has uniform distribution on a d-dimensional ball B¢
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of unit radius. The estimate g of the gradient Vf, at x is given by

o) = F(x +ru,§) gu if operating in one-point setting
[F(z+ru,§) — F(z —ru,§)] %u if operating in two-point setting,

where u has a uniform distribution on the shell of the sphere S¢~! of unit radius, and ¢ is
sampled at random from D. The following result summarizes some useful properties of the
smoothed version of f, and relates it to the gradient estimate g.

Lemma 14 The smoothed version f. of f with smoothing radius r has the following prop-
erties:

(a) Vfr(z) = E[g()].
(b) [IVfr(x) = V()2 < gor.

Versions of these properties have appeared in past work (Flaxman et al., 2005; Agarwal
et al., 2010; Shamir, 2017), but we provide proofs in Appendix C for completeness.

Taking Lemma 14 as given, we now prove Lemma 13. Let F; denote the sigma field
generated by the randomness up to iteration ¢, and E denote the total expectation operator.
We define E! := E[- | 7] as the expectation operator conditioned on the sigma field F;.
Recall that the function f is smooth with smoothness parameter ¢g, and we have

B (o) — (o] < B (VF(@0), e~ 20) + Dleer — 2l

' 2
O (0. V() + LB (a2

(@) 2 don* )
= =l VF(@)llz +n¢orl|V f(ze)ll2 + ——E [lgCzo)l3] -

Steps (i) and (ii) above follow from parts (a) and (b), respectively, of Lemma 14. Now make
the observation that

E' [llg(zo)|I3] = var(g(ze)) + ||V fr(z0) |3
< var(g(zy)) + 2|V f(@)|3 + 2|V fr(e) — V() I3
< Ga + 2|V fae) |13 + 2(dor)?.

In addition, since the function is locally smooth at the point x;, we have

(1)
(1)

flxe =0V f(24))

(60— 6%¢0/2)|IV f ()5 <
< fz®),

f —
f —

Tt
Tt

for some parameter # chosen small enough such that the relation 6|V f(z;)|l2 < po holds.

We may thus set § = 6y = min {ﬁ, %} and recall the notation Ay = f(zy) — f(z*) to
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obtain

E'[Anp1 — Ay < 77||Vf(3?t)||2+77¢0 A2+ %n =Gz + ¢on” (IIVf(@0)3 + (dor)?)

(i) r

< ——At 77@95((]) Atm + %%Gz + o (gor)?,

(iv) 2 2

< —n—MAt - MAt + 477(3;2) + ¢0277 Ga + don*(dor)?,
0

where step (iii) follows from applying the PL inequality and using the fact that n < ﬁ,

and step (iv) from the inequality 2ab < a? + b? which holds for any pair of scalars (a, b).
Recall the assumed bounds on our parameters, namely

. €L 1 1 . e 1 Jeu
< - d r<—— Oopiy | —, — | L4
”—mm{240¢0’2¢0}’ an T—2¢0mm{°“ 240° by 30}

Using these bounds, we have

€
Ef [App1 — A < At + ¢077 Ga + 77/1@

Finally, rearranging yields

E! [At+1] (1 — 7>At + QSOT] G +77M120

which completes the proof of Lemma 13.

4.2. Proof of Corollary 9

Recall the properties of the LQR cost function Cinity that were established in Lemmas 4
through 6. Taking these properties as given (see Appendix A for the proofs of the lemmas),
the only remaining detail is to establish the bounds

D 2 D
GQ S C (rCmCinit’n/(K())> and Gco S C?Cmcinit;y(KO)- (23)

In fact, it suffices to prove the second bound in equation (23), since we have Go < G2..
Given a unit vector u, the norm of the gradient estimate can be bounded as

D
gtll2 = ?Cinit,y(Kt + ru; Sp)

7
= ?SS—PKSO

—~
=

D
< —lsollzl Pxcll2

(i7) D
< Cm?cinit,'y(Kt +ru),
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where step (i) follows from the relation (26), and step (ii) from the relation (27), since Px
is a PSD matrix. Finally, since r < piqr, the local Lipschitz property of the function Cinit
yields

Cinity (K¢ + 7u) < Ciniey (Kp) + 1Ak
< Cinit;y(Kt) + T)‘Iqr

(iid)

< 10Cinit,(Ko) + 10Cinit,~(Ko),

where step (iii) uses the fact that K; € G'9" so that Cinit ., (K¢) < 10Cinit+(Ko), and the upper
bound r < w

lgr

. Putting together the pieces completes the proof.

4.3. Proof of Corollary 10

As before, establishing Corollary 10 requires bounds on the values of the pair (G2, Gw),
since the remaining properties are established in Lemmas 4 through 6.

In particular, let us establish bounds on these quantities for general optimization of
a function with a two-point gradient estimate. The following computations closely follow
those of Shamir (2017).

Second moment control: Using the law of iterated expectations, we have

E[HdF(x—Fru,f) — F(x —ru,f)u 2} :E[E[“dF(x+ru’§) — F(z —ru,f)u
2r 9 2r

2

q)

2

Define the placeholder variable ¢ and now evaluate:

E[HdF(w +ru, &) — F(x — ru,ﬁ)u
2r

2

2
(] = LE |+ ) - Pl — i) uiBe].
(i) d? 2
Y E[(F(x +ru, &) — F(z —ru,§)) 5}
2
= :iQE[(F(:U +ru, &) — q — F(x —ru, €) + q)* 4
(@) 2

42
< 2r2]E|:(F(x +ru, &) — q)* + (F(z —ru, &) — q)?

2

i

where equality (i) follows from the fact that u is a unit vector and inequality (ii) follows
from the inequality (a — b)? < 2(a? 4 b?). We further simplify this to obtain:
i

]E[HdF(x +ru§) — Flx —rug) 2
E[(F(az +ru, &) — q)t

4 2
] < G|+ rug) - 0?

2r 9

i

where inequality (i) follows from the symmetry of the uniform distribution on the sphere,
and inequality (ii) follows from Jensen’s inequality. For a fixed £, we now define ¢ =
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E[F(x 4 ru, £)|£]. Substituting this expression yields

2

E[HdF(x—i—ru,ﬁ)—F(x—ru,ﬁ)u
2r

r2

6] < CF\/E[(F(JJ +ru,§) = E[F(z +ru, §)[¢])*

d

2

(@) d? (\r)?
< -
—r2

= d\?,

where inequality (i) follows directly from Lemma 9 in Shamir (2017). The lemma can be
applied since we are conditioning on &, and all the randomness lies in the selection of u. We
have thus established the claim in part (c).

Gradient estimates are bounded: Note that smoothing radius r satisfies r < pg, where
po is the radius within which the function is Lipschitz. Consequently, the local Lipschitz
property of F' implies that

F(xe +rug, &) — F(ze — Tuta‘ft)u
¢

= ||d
el i | - 2
< dF(xt + rug; &) — F (x4 ft)ut n dF(l"t; &) — F(xy — Tut;ft)ut
2r 9 2r 9
2
< aag Alrudlz _ gy

r

4.4. Proof of Corollary 11

As in Section 4.2, we establish bounds on the values G2 and G, for the noisy LQR dynamics
model. In particular, we derive a bound on G, and use the fact that Gy < Ggo to establish
the bound on G3. For deriving these bounds, we use properties of the cost function Cqyn ~
and its connections with Ciyjt 4 Which are established in Lemma 7 and Lemma 19; the proofs
of these are deferred to Appendix B.

In particular, we establish the bounds

D 209l + ”|Rm2)‘l2qr:y)cm ’ 20Cqyn(Ko) (1 —7~ 5
G2§(r' 1-.A4 < e (O) < S >) , and
G < D 20Ql RN, )Crn <200dyn77(1(0) <1 _ ,y>>3/2'
7 L=v7 Cun(@) \ 7

For any unit vector u, we have,

D
lgellz = 7Cdynn(Kt +ru; 2)

D 2(1Ql2 + I RI2AR, ) Crm . (Cdy,w(Kt + ru) (1 _ 7)>3/2
ST 1= \/"7 Umin(Q) Y ’

where (i) follows from using the bound in Lemma 19, as well as the explicit choice of Ajgr 5
made using Lemma 17. Finally, using Lemma 7 and since r < pjqr , the local Lipschitz
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property of the function Cini, yields

2

Cdyn,'y(Kt + Tu) < 17 : Cinit,'y(Kt + TU)

T Cinieo (Ke) + 72k 5)

IN
= || |
-2 -2

& 1—v (Cinity (Kt) + 1 Nigr )

i

< T
=14

where step (i) uses the fact that K; € G'9 so that Cinit,y (K¢) < 10Cinit - (Ko), and the upper

bound r < 10Cinit,~ (Ko)
- lgr,y

—~
=

- (10Cinit,y (Ko) + 10Cinit, (Ko)) , (24)

. Putting together the pieces completes the proof.

5. Discussion

In this paper, we studied the model-free control problem over linear policies through the
lens of derivative-free optimization. We derived quantitative convergence rates for various
zero-order methods when applied to learn optimal policies based on data from noisy linear
systems with quadratic costs. In particular, we showed that one-point and two-point vari-
ants of a canonical derivative-free optimization method achieve fast rates of convergence
for the non-convex LQR problem. Notably, our proof deals directly with some additional
difficulties that are specific to this problem and do not arise in the analysis of typical
optimization algorithms. More precisely, our proof involves careful control of both the (po-
tentially) unbounded nature of the cost function, and the non-convexity of the underlying
domain. Interestingly, our proof only relies on certain local properties of the function that
can be guaranteed over a bounded set; for this reason, the optimization-theoretic result in
this paper (stated as Theorem 8) is more broadly applicable beyond the RL setting.

While this paper analyzes a canonical zero-order optimization algorithm for model-
free control of linear quadratic systems, many open questions remain. One such question
concerns lower bounds for LQR problems in the model-free setting, thereby showing quan-
titative gaps between such a setting and that of model-based control. While we conjecture
that the convergence bounds of Corollaries 9, 10, and 11 are sharp in terms of their de-
pendence on the error tolerance €, establishing this rigorously will require ideas from the
extensive literature on lower bounds in zero-order optimization (Shamir, 2013). Another
important direction is establish the sharpness (or otherwise) of our bounds in terms of the
dimension of the problem, as well as to obtain tight characterizations of the local curvature
parameters of the problem around a particular policy K in terms of the cost at K.

We also mention that our sharp characterizations of the cost function are likely to be
useful in sharpening analyses” of the natural gradient algorithm (Fazel et al., 2018) as well
as in analyzing the popular REINFORCE algorithm as aplied to the LQR problem. We
leave these interesting questions to future work.

In the broader context of model-free reinforcement learning as well, there are many open
questions. First, a derivative-free algorithm over linear policies is reasonable even in other

9. Here again, the techniques of Fazel et al. (2018) yield a bound of the order 4] (6_4), but we conjecture
that this bound should be improvable at least to 4] (672).
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systems; can we establish provable guarantees over larger classes of problems? Second, there
is no need to restrict ourselves to linear policies; in practical RL systems, derivative-free
algorithms are run for policies that parametrized in a much more complex fashion. How
does the sample complexity of the problem change with the class of policies over which we
are optimizing?
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Appendix A. Properties of the randomly initialized LQR problem

In this section, we establish some fundamental properties of the cost function Cinj, and
provide proofs of Lemmas 4 and 5. As part of these proofs, we provide explicit bounds
for the local curvature parameters (Aigr, Aigrs Pigrs @iqrs Mqr)- We make frequent use of results
established by Fazel et al. (2018), and as mentioned before, Lemmas 4 and 5 are refinements
of their results.

Notation: In this section, we introduce some shorthand to reduce notational overhead.
Throughout, we assume that v = 1; the general case is straightforward to obtain with the
substitutions

A— \/yA, and B — /vB.

We also use the shorthand C(K) : = Cinit,y(K) for this section. Much (but not all) of the
notation we use overlaps with the notation used in Fazel et al. (2018).
We define the matrix Px as the solution to the following fixed point equation:

Px =Q+ K'"RK + (A - BK)" Px(A — BK),

and we define the state correlation matrix Y i as:

Y =E

o
Z ststT] such that s, = (A — BK)s;_1. (25)
t=0

It is straightforward to see that we have
C(K) = Elsg Pxsol, (26)

and we make frequent use of this representation in the sequel.
Recall that we have E[sgs] | = I, so that

C(K) = tr(Py). (27)
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Moreover, under this assumption, the cost function C satisfies the PL inequality with PL

constant H‘EK*(EH;), see Lemma 3 in the paper by Fazel et al. (2018).

Also define the natural gradient of the cost function as

Ex:=2R+ B"PxB)K — B' PgA,

so that we have VC(K) = ExX k. For any symmetric matrix X, the perturbation operators
Tk () and Fg(+) are defined as

i A—BK)'X[(A-BK)"]'!, and Fg(X)=(A—-BK)X(A-BK)'.
t=0

Finally, the operator norms of the operators Tk (-) and Fx(-) are defined as

1T (Xl
Tk |2 = sup ——~—— and
I7x1 IXT
1P (Xl
Frllo = sup ——-——-.
1751 IXT

USEFUL CONSTANTS:

We now define several polynomials of C(K'), which are useful in various proofs in this section.

o cxy = 5 (VIR + IBIEC(K))(C(K) — C(K™)) + | Bll2[| Al2C (X))

Om LTL

o cx, = max{z L\ /([R]2 + [BIFC(K)) (C(K) — C(K¥)), ey}

. —4((,%(@)QOQ|||B|||2<|MA|||2+|||Br||2cm 0
o ey =890 ) Cex PIRIN Bl + 1 Blacr, + 1

I
TR E

o cx; =/ (IRl + [ BIEC(K))(C(K) — C(K*))
o cio = Rl +IBIR (e, +1)(ery +ers +excy) HIBIRCE) +I Bl All2(cx, +excs k)

cky + DRl

o cir = Sery s L 1 deys, WQ)> IBR2(1Al2 + IBlack,) + e,

® Cxy = Cm(CK2 + Ccr, + CK4).

— 3 Omin Q)
® CKo = mm{ WCE)BL (Al HIBl2cx, +1)° 1}

With these definitions at hand, we are now in a position to establish Lemmas 4 and 5.
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A.1. Proof of Lemma 4

Let us restate a precise version of the lemma for convenience.

Lemma 15 For any pair (K', K) such that |K' — K||r < ¢k,, we have

()~ €] < (G- ) exol &'~ Kl and
(€K, 50) — C(K, 50)] < exg 1K'~ K

Comparing Lemma 15 with the statement of Lemma 4, we have therefore established that

CK = CKy,
Aj = <gjn> CKy, and
XK = CKg-

are valid choices for the local radius and Lipschitz constants respectively. Note that we
have A\ < Ak, since m < C,. Let us now prove Lemma 15.
Proof We have

IC(K") — C(K)| = tr(Pgr) — tr(Pk)
< m||Pgs — Pr|l2-
Moreover, the sample cost satisfies the relation
IC(K',s0) — C(K,s0)| = |58—PK/50 — SS—PK80|
= | tr(sg (Prr — Px)so)|
< [|Pxr = Pxll2 lls0ll3
< ||Pxr — P ||2Cm. (28)

Hence, it remains to bound ||Pxs — Pg||2. To this end, substituting the definition of the
linear operator Tx, we have

I P — Prllz = | T (Q + (K') TRK') — T (Q + K " RK)|2
= (T — Te)(Q + (K') ' RK') = Tk (K" RK — (K') " RK")||2
< (T = T&)Qll2 + |(Txr — Tr) (K') T RK")||

+ | Tk ll2| KT RK — (K') T RK'||>. (29)
We provide upper bounds for the three terms above as follows:

I(Trer = Te) (K')TRK) |2 < eres |1 K = K (30a)
(7w = Ti)Qll2 < creo |1 K — K|l (30b)
I Twll2 1K T RE — (K')T RK[|2 < e, | K = K[J2. (30c)

Taking the above bounds as given at the moment, we have from equation (29) that
IPxr — Pill2 < (ck, + cxy + eI K" = K2, (31)
Putting together the pieces completes the proof of Lemma 4. |

It remains to prove the upper bounds (30a)- (30c).
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Auxiliary bounds: Proofs of the bounds (30a) through (30c) are based on the following
intermediate bounds:

I(&)TRE' ~ KTRE|> < (ex, + DIRILIE - K (320)
1P = Ficllo <20 Bla(lAl + |Bllcx, + DIK = Kl (320)
C(K)
T2 < —=< 32¢
ITicl < -~ (320
IKTRE]: < &, Rl (320)

We prove these bounds at the end, but let us complete the rest of the proofs assuming these
auxiliary bounds.

Proof of the bound (30a): The proof of this upper bound is based on Lemma 20 from
the paper by Fazel et al. (2018). Accordingly, we start by verifying the following condition
for Lemma 20:

175 = Frerllll(K7) " RE |2 < (33)

N =

Note that |K|l2 < ck, (see Lemma 22 in the paper by Fazel et al., 2018). Also, observe
that our assumption ||K’ — K¢ < ck,, satisfies the assumption of Lemma 10 in the paper
by Fazel et al. (2018), whence we have

B K - K < IB
IBRAE" = K2 < 15l ey B, (TAL + [Blaer, + 1

~ AC(K)([[A - BK]l2+1)
(iii) 1

< Z

<3 (34)

where step (i) follows by substituting the value of cg,, and step (ii) follows since ||A —
BKl|l2 < ||All2 + || Bll2ck, +1 (since || K|l2 < ck,, see Lemma 22 in the paper by Fazel et al.,
2018). Step (iii) above follows since C(K) > 0min(Q). Combining the inequality (34) with
Lemma 19 in the paper by Fazel et al. (2018) yields

I1Fi = Fllz < 2014 = BE[l2[IBl2ll K" — Kll2 + I BISIE' — K3
(i)
< 2[Bll2(1A - BK|l2 + DK — K]l

where step (iv) follows from the bound (34) we derived above. Finally, invoking Lemma 14

from the paper by Fazel et al. (2018) guarantees that || Tk |2 < szﬁ)@, and we deduce that
TiclallFi = Fclls <~ o1 Bla(JA - BEJs + DK - K
Il Frer = Frell < — @) I Bll2(ll ll2+ DI Il2
1
< 5
-2

where the last inequality follows from the assumption ||K' — K||r < ¢k, -
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Now that we have verified that condition 33, invoking Lemma 20 in the paper by Fazel
et al. (2018) yields

I(Tir = Ti)(K') T RE |2 < 20 T 31 Fx — Frerl2ll ()T RK |12
< 2| T l3IFx — Frell2lK T RK |2
+ 2 Tk I3 Fx — Freoll2|(K') " RE" — KT RK |2
< e | K = K2,
where the last step above follows by substituting the bounds (32a)- (32d).

Proof of the bounds (30b) and (30c): The proof of the bound (30b) is similar to the
part (30a) and is based on Lemma 20 from the paper by Fazel et al. (2018). More concretely,
we have

I(Txr = Ti)@Qll2 < 2Tk 317k = Frl2lQll2 < cx, |1 K = K'll2

where the last step above follows from the bounds (32b) and (32c). The proof of the
bound (30c) is a direct consequence of the bounds (32a) and (32c).

A.1.1. PROOFS OF THE AUXILIARY BOUNDS

In this section we prove the auxiliary bounds (32a) through to (32d).

Bound (32a): Observe that

IK"RK — (K')"RK|l2 = (K’ — K)'R(K' — K) + (K')'RK + K" R(K') — 2K " RK|)>

< CIRINK NN E — Kll2 + [RI0 K — KI3)
(4)
< ClK2 + DIRINE - KJl2
(i1)
< (2cr, + DIRIE" = K-

where step (i) follows since ||[K — K'|]2 < 1 by assumption, and step (ii) follows since
IK|l2 < ¢k, (see Lemma 22 in the paper by Fazel et al., 2018). This completes the proof
of bound (32a).

Bound (32b): In order to prove bound (32b), we invoke Lemma 19 in the paper by Fazel
et al. (2018) to obtain

1P = Ficll2 < 2014 = BE[2| Bll2IK” = Kll2 + I BIFI K" — K1I3

(i) 1
< 204 - BE[l2| Bll2|1 K" = Kll2 + JI1Bll21 K* = Kl
< 2||Bll2(1Allz + I Bll2cx, + DK’ — K|z

where step (iii) above follows from the upper bound (34). This completes the proof of the
bound (32b).
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Bound (32c) and (32d): The bound (32c¢) above follows from Lemma 17 in the paper

by Fazel et al. (2018), whereas the bound (32c) follows from the fact that |K|2 < ck,
(see Lemma 22 in the paper by Fazel et al., 2018).
Having established all of our auxiliary bounds, let us now proceed to a proof of Lemma 5.

A.2. Proof of Lemma 5
Lemma 5 is a consequence of the following result.
Lemma 16 If |K' — K||» < ck,, then
IVC(K') = VC(E)||r < e | K = K|
Indeed, comparing Lemmas 16 and 5, we have that
Br =ck, and  ¢p = cky,

are valid choices for the local radius and smoothness constant respectively.

Let us now prove Lemma 16.
Proof We start by noting that from Lemma 4 we have that the cost function C(K) is
locally Lipschitz in a ball of {,, around the point K. Before moving into the main argument,
we mention a few auxiliary results that are helpful in the sequel. We start by invoking
Lemma 13 from the paper by Fazel et al. (2018), whence we have

C(K
1Pl <C(K) and Skl < )
Umm(Q)
We also have
(3)
IA = BKll2 < [[All2 + I Bll2llKll2 < | Allz + | Bll2ck, and (35a)
12wl < ISkl + Ik — Siclls € 65— (35D)
Umzn(Q)
Step (i) above follows since || K |2 < ¢k, (see Lemma 22 in the paper by Fazel et al., 2018),

whereas step (ii) follows since |X g — X x|l < 406_(1(()@ (see Lemma 16 in the paper by Fazel

et al., 2018).
Recalling the gradient expression VC(K) = Ex¥g. Let K’ be a policy such that
|IK"— K|le < ck,. We have

IVC(K") = VC(K)|le = (Ex — Ex)Zkr + Ex (Sx — k) [le
<(Exr = Ex)llelZr ll2 + 1 Exllel (Crr — X )2

< — 7 K -
< sery By~ K,
C(K) \?IIBll2(IAllz + I Bll2cky) 1o
4 K — Kl|g.
* CKs Umm(Q)) O'min(z()) m ”’F
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The upper bound in step (iii) on the term ||(Fx' — Ex)|l¢ |2k ||2 follows from equation (35b)
and from the following upper bound which we prove later:

IEx — Exlle < eIl K" — K]l provided | K" — Kl < cx,. (36)

The upper bound on the term ||Ex|r|(Xx — Xx)||2 in step (iii) follows from the fact that
IEk|lr < ¢k, (see Lemma 11 in the paper by Fazel et al., 2018) and from the fact that

(@) C(K) \?IBl2(lA- BKl2+ 1), .,
;) — < —
I - sl < 4o ) IPRIA= ARt Dy gy,
© [ C(K) >2 IBl2(IAN2 + IBll2cr, +1)
< 4 K — K||g,

where step (iv) follows from Lemma 16 in the paper by Fazel et al. (2018), and step (v)
follows from inequality (35a).

Putting together the pieces, we conclude that the function VC(K) is Lipschitz with constant
¢, where ¢, is given by

2
60 = Sercy -t Lt e (S0 ) NBRIAR: + UBlack, + 1) = o

It remains to prove inequality (36).

Proof of inequality (36): From the definition of Ex, we have
|Ex: — Exlle = 2|(R + B P B)K' — B" PiwA — (R+ B' Px B)K + B' P Al
=2|R(K' = K) + B" (P — Px)BK' + B' PxB(K' — K) — B" (P — Pi)A|x
< 2||R||s[| K" — Kl + 2| BT (Pxr — Pi) BK'|Je
+2||B" PkB(K' — K)|lr + 2I|B" (Pxr — Pr)Allr (37)
We provide upper bounds for the three terms above as follows. First, we have
IBT (Pxr — Pc) BK'lle < IBIZ (e, + 1)(erey + crey + ey ) IE — K,

which follows from the bound (31), since ||[K' — K|lr < ck,, and the relation |K'|l2 <
IKl2 + | K — K|l2 < ¢k, + 1. The same reasoning also yields the bound

IB (P — Pr)Alle < IBlel All2(cx, + cry + eri) 1K — K,
Finally, since ||Pk|2 < C(K), we have
IBT Pk B(K' = K)lls < IBIFC(K)|I K" — K-
Combining the above upper bounds with the upper bound (37) we conclude that
IEx = Exlle < el K" = K,
where cg, is given by

cx = 2 [IRlle + I BllellAll2(cxcy + cxes + cxey) + IBIE ((cxe, + 1)(exe, + excs + exc,) + CK))] -
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A.3. Explicit choices for the parameters (piqrs Aigrs Piqr)

In order to ease notation, we define constants ¢k, Cx, and ¢k, by replacing the scalar C(K)
by 10C(Ky) — 9C(K™) in the definitions of ck-, ¢k, and cg, respectively (see Section A).

Lemma 17 The parameters piqr, Aigr; @iqr can be picked as follows
Plgr = 6};7 (lslqr = é?(_; and )\Iqr = EE;-

Proof Observe that from the definition of the set G'9 we have that for all K € g'q', the
function value C(K) is upper bounded as C(K) < 10C(Kp) —9C(K*). Consequently, for any
K € G'9 and any K’ such that |[K’ — K|z < cx,, we can use Lemma 5 and Lemma 4 respec-
tively to show that the cost function C(K') has locally Lipschitz gradients with parameter
¢k and the function C(K) has locally Lipschitz function values parameter cg,. Combin-
ing the last observation with the definitions of piqr, Aigr and ¢iqr we have that pgr > cky,
bigr < CK; and Ajgr < ¢k, This completes the proof. [ |

Appendix B. Properties of the LQR problem with noisy dynamics

Recall that we consider the infinite horizon discounted LQR problem where the cost function
Cdyn, (K 2) and the state transition dynamics are given by

Cayny (K 2) i = Z’yt (s:Qst + atTRat>

>0 (39)

st =(A—BK)s;—1+ 2z, where sp=0 and z i Dadd>

where 7 € (0, 1) denotes the discount factor. Also recall that the distribution D44 has zero
mean, identity covariance, and obeys the relation sup ||z||3 < C,,, almost surely.

The goal of this section is two-fold: to prove Lemma 7 that relates the cost functions
Cinit,y and Cqyn ~, and to establish properties of the gradient estimate in the noisy dynamics
setting required to prove Corollary 11. In particular, our main results are stated below,
with Lemma 7 reproduced for convenience.

Lemma 18 (Equivalence of population costs up to scaling) For any policy K, we
have

i
Cayn~(K) = ﬁcinitn(K)-

Lemma 19 For any policy K, we have the uniform bound

2(|Ql2 + I Rll2¢%, )Crm  ( Cayna(K) (1 =7\
1*\ﬁ ‘<Umin(Q) ( Y >> .

Before moving to the proofs of these lemmas, let us now define some additional notation
to facilitate the proofs. Let

Cdyn,’y(K; Z) <

.
M:=Q+K'RK, G:=(A—BK) and ¢j:=+/ ( )y Giizi) M( I Gjizi).
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Also define the cumulative cost up to time t by C! = Z;Zl ¢j, so that a simple computation
yields the relation Cgyn (K; Z) = limy_,o C*.

Additionally, define the matrix X via its partition into ¢* blocks X7, e R™™ for
each pair (7, ) € [t] x [t], as

1,1 1,2 1,t
X é(’lt X [2(5 o0 X Ig(it
XK7,t le,t .. XK7,t
XK= .
t1 t,2 tt
XK,t XK,t .. XK,t

Each sub-block X}"(jt of Xk is given by

t
X, = ARG MG if >
o
. (40)
X2 =Y " AHG)TMGH it j <.
k=i

Using this matrix notation, a simple computation yields
Ct= Z ziTXﬁgjtzj.

i€[t]
JE[]

Finally, define the discounted state correlation matrix as

o0

Skq =Y (VIA = VIBE) (V1A = yABE))T,

k=0

and note that this matrix is equal to X from equation (25) in Appendix A with the pair
of matrices (A, B) replaced by (,/7A, /yB). For ease in notation define G, = \/7G.
The following technical lemma is required for the argument.

Lemma 20 For any policy K and discount factor v € (0,1), we have

= Cayn~(K) (1 —
trBies] = | AT < ena ) (120), (11)
> 712 Cdyn,'y(K) <1 - 7) d b
%”|G7|||2 S @\ ) (41b)
00 o » 1/2
> IV < (tﬂ —K% ' (41c)
=0

See Section B.3 for the proof of this auxiliary claim.
With this set-up, we are now equipped to prove Lemmas 7 and 19.
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B.1. Proof of Lemma 7

Working with the cumulative cost, we have

Ztr KtZ] 1

i€[t]
JE[t]

t
=2 (X;ét) ’
1=1

where we have used the fact that E[z;z, ] = L;—;1.
Substituting the definition of the matrix X}’ ,, we have

_ Zt [ivk(Gk_i)TMGk_ﬂ
- Zv tr [Z G@TMG@,].
k=0

Now for each fixed summand above, taking ¢ — oo yields
tr [Z(G,’j)TMGﬂ =tr[MYk ],
k=0

where we have used the cyclic property of the trace.
Putting together the pieces, we have

Cdyn,'y (K) = Z ’Yi tr [MEK,’Y]
1=1

( 7 )tr[MEKV]

-y

= <1_77> + Cinit, (K),

thereby establishing Lemma 7.

B.2. Proof of Lemma 19

As before, let us begin by analyzing the cumulative cost up to time ¢, and write

¢ = S X L SN = G [ S 1N+ S Y IX L |

i€]t] i€]t] i=1 j>i j=11i>j
Jjelt] Jjelt]
(42)
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where in step (i), we have used the fact that ||z;]|2]|2j|l2 < Cm.
Bounding the first term on the RHS of equation (42), we have

ZZIHX |||2—ZZ|||ZW (G5 T MG,

i=1 j>1i i=1 j=i =j
< ZZIIIV”G” o - H!ka NG T MG,
=1 j=i
= ZZ [eRe Py H!Z (G T MG
=1 j=i

By symmetry, an identical argument bounds the second term of equation (42) to yield the
uniform bound

t t t—j
C' <20, Y Y WG o | Z G5 MGl

i=1 j—i

< 20 ZZWGJ o - tr (i (G*) TMG’f)
k=0

=1 j=1

2 (tr[zK{y]) ) Cayny(K) (1 -~
2(1Qll + 1Rl2ck, ) ( ) ) (Fema (227))

@) 2(IQlz + 1R12%, )Cm (Cdym(K) (1 - v))g/ i
- 1-— \/’7 Umin(Q) Y ’

where in step (ii), we have used the PSD nature of the matrices being summed, and steps
(iii) and (iv) follow from inequalities (41a) and (41c) of Lemma 20, respectively. Since the
above relation holds for all ¢, we can take the limit ¢ — 400 on the left-hand side so as to
obtain the claim of Lemma 19.

B.3. Proof of Lemma 20
In this section we prove the auxiliary bounds (41a) through (41c).

Proof of the bound (41a): Following the proof of Lemma 7, we have

Capnry(K) = < 2 7) tr [MEK v]
= <1 - 7) fr {(Q + KTRK)EKV}
2 (15 )@tz

where (i) follows from Von Neumann’s trace inequality. Multiplying both sides above by
1= ) completes the proof.

'Y'Umin(
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Proof of the bound (41b): Observe that for any j, there exists some unit vector v; such
that |G} [l2 = ||G%vjl2. Using this fact, we have

Z IG13 = Z Gl = St (62T G ]

Jj=

0

(i

<> 6 [(@)76] o]
0

J

=

W tr [2x]

where step (i) follows from Von Neumann’s trace inequality and (ii) follows from the defi-
nition of Xk . Applying the bound from equation (41a) completes the proof.

Proof of the bound (41c): Similar to the proof of (41b), observe that,
> > . . 1/2
S G = A (b () TGy ])
J=0 Jj=0
> . 1N\ 1/2
<Y (@) ed))
j=0

H12 (tr [Sg )Y

INZ
8

Il
o

J
 (tr[Sg)"?
o

where step (i) follows from using tr [(GJ )TG]} <> otr [(GJ )TGJ} = tr ¥k ).

Appendix C. Proof of Lemma 14

We now provide the proof of Lemma 14, splitting our analysis into the two separate claims.

C.1. Proof of part (a)

Unwrapping the definition of V f,.(z) yields

Vir(@) L Bl +

— i(E[f(x + ru)u] + E[f (z + ru)u])

2r
@ %(E[f(x +ru)u] — E[f(x — ru)u])
= %E[f(x +ru)u — f(z — ru)ul,
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where equality (i) follows from Lemma 1 in Flaxman et al. (2005), and equality (ii) follows
from the symmetry of the uniform distribution on the shell S*~!. Now observe that

E[F(x 4 ru,&)u — F(x —ru,§)u] = E[E[F(m +ru,§) — F(x — ru,f)u|u]]

=

i

—EP@HWMu—ﬂx—mW}

—~

where equality (i) follows from the assumption that f(z) = E¢up[F(z,£)]. Putting the
equations together establishes the claim in part (a). [ |

Proof of Lemma 14, part (b) Observe that

IVfr(2) = V@)l = IVE[f(z + rv)] = V()]
= [[E[VIf(z +rv) = VI (@)l

(4)
< E[|V[f(z +1v) = V()]

(i7)

8

< ¢or,
where inequality (i) above follows from Jensen’s inequality, whereas step (ii) follows since
r < p and V f is locally Lipschitz continuous with parameter ¢g. |

Appendix D. Experimental Details & Additional Experiments

For each LQR problem used, the initial Ky was picked by randomly perturbing the entries
of K*. The step size was tuned manually and the smoothing radius was always chosen to
be the minimum of /€ and the largest value required to ensure stability. The rollout length
was also tuned manually until the cost from a rollout converged arbitrarily close to the true
value.

D.1. Details of Experiments from Section 3

To generate the plot in Figure 1 (a), we used the following one dimensional LQR problem:
A=5 B=033 Q=1 R=1,

where we operated in the one-point random initialization setting, the initial state was
sampled uniformly at random from the set {4,5,6}, and the discount factor was set to
1.

To generate the plots in Figure 1 (b), Figure 2 (b) and Figure 3 (a), we used the following
LQR problem:

1 0 -10 1 —-10 0 2 -1 0 5 -3 0
A=|-11 0|, B=]|0 1 0, @=1|-1 2 -1, R=1|-3 5 =2/,
0 0 1 -1 0 1 0o -1 2 0o -2 5

where we operated in the two-point random initialization setting, the initial state was
sampled uniformly at random from the canonical basis vectors, and the discount factor was
set to 1.
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To generate the plots in Figure 2 (a) and 2 (c), we used the following LQR problem:
A=01x1 B=001xI @Q=100xI R=100x 1,

where I represents the 3 x 3 identity matrix. For Figure 2 (a) we operated in the random
initialization setting, and used initial states which were sampled uniformly at random from
the rows of the matrix ‘2/—55 x I. For Figure 2 (c), we operated in the one-point additive
noise setting. Here the initial state was set to the zero vector, and we used additive noise at
each timestep sampled from a zero mean Gaussian with covariance matrix % x I. In both
settings, the discount factor was set to 0.9. For this example, the population level costs in
the two settings are equal up to a constant scaling factor.
To generate the plot in Figure 3 (b), we used the following LQR problem:

A=01x1I B=001xI @Q=25x1 R=25x1,

where I represents the 3 x 3 identity matrix. We operated in the one-point additive noise
setting. The initial state was set to the zero vector, and we used additive noise at each
timestep sampled from a zero mean Gaussian with covariance matrix % X I. The discount
factor was set to 0.9.

D.2. Additional Experiments

In the two point random initialization setting, we performed experiments on several addi-
tional LQR instances to test the robustness of the behavior observed in Figures 1 and 3. For
ease in notation, we use C to denote the population cost for the remainder of this section.
Note that for all figures shown in this section, each dotted line represents the line of best
fit for its corresponding data points, as in Figures 2 and 3. Using the same example used
to generate the plots in Figure 2 (b) and Figure 3 (a), we tested the performance of our
two-point algorithm with different values of € and C(Kj).

z ey ey
g TTTTT T T T TTTT] T T 17 'g TTTT] T T T TTTT] T T 1T g TTTT] T T T TTTT] T T 17
9 71 PR, s | @ L b < - .
= 10 s o ® 2, 107 | PRt ] & 17| o7 .‘,,‘0""*
O e @ Foe S lole”
i e N i 104 I ® N 5 104 e |
"g i + Batch Size = 500 "8 o + Batch Size = 500 "% + Batch Size = 500
5 Batch Size = 50 5 Batch Size = 50 5 Batch Size = 50
o @ Batch Size =1 o @ Batch Size =1 o @ Batch Size =1
é—)* 101 L] T TTTTII [T T TTI 23 101 L] T  ——— ] é}‘ 101 L1l T TTTIT e s o
N 10t 102 N 10! 102 N 10t 102

C(Ko) C(Ko) C(Ko)

(a)

(b)

()

Figure 4. Scaling of complexity vs. C(Ky) while using minibatches of size 1, 50 and 500, to
achieve an error tolerance of (a) e = 0.1, (b) € = 0.05 and (c) € = 0.01. Due to the prohibitive
complexity when using batches of size 50 and 500, we omit data points for large values of

C(Ko)

In Figure 4 (a) (b) and (c), we plot the scaling of the zero-order complexity with C(Kj)
for different values of the tolerance ¢, and each figure additionally contains plots for different
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values of the batch-size. We observe that the scaling of our algorithm with respect to C(Kj)
is approximately on the order of O(C(Ky)?), suggesting that our bounds for the Lipschitz
and smoothness constants are not sharp in this respect. The same plots also demonstrate
that using larger batch sizes is often suboptimal: while the step size can be increased with
increasing batch-size, it eventually plateaus due to stability considerations, leading to higher
overall zero-order complexity.

We also ran our algorithm on the following problem introduced by Dean et al. (2017),
who used this example in their study of model based control methods for the LQR problem.
Consider the LQR problem defined by:

1.01 0.01 0
A=10.01 1.01 001|, B=1I, Q=103x1, R=1I.
0 0.01 1.01

For three different values of C(Kj), we picked 8 evenly spaced (logarithmic scale) values
of e in the interval (0.005,1). The initial state was sampled uniformly at random from
{[5,0,0],[5,5,5],[0,0,5]}. The cost of the optimal policy in our example was C(K*) = 2.36.
We then measured the total zero order complexity required to attain e convergence. These
results are plotted in Figure 5.
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Figure 5. Scaling of complexity vs. € Figure 6. Scaling of complexity vs. e !

in LQR instance from Dean et al. (2017) in randomly generated 8 x 8 example.

Finally, we also obtained data for the scaling with respect to € on an example in slightly
higher dimensions, to empirically verify the fact that our algorithm can be used for LQR
problems larger than 3 x 3. We randomly generated A, B, Q and R as 8 X 8 matrices.
Each entry of A was independently sampled from the Gaussian distribution N(2,1), and
each entry of B was independently sampled from the Gaussian distribution N (0,1). To
generate each of () and R, we generated a matrix where each entry was independently
sampled from the Gaussian distribution N(5, 1), then symmetrized the matrix by adding it
to its transpose, finally adding 10/ to ensure positive definiteness. The initial states were
sampled uniformly at random from the columns of the 8 x 8 identity matrix. For three
different values of C(Kj), we picked 8 evenly spaced (logarithmic scale) values of € in the
interval (0.005,1). We then measured the total zero order complexity required to attain e
convergence. These results are plotted in Figure 6.
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Appendix E. Improved analysis of minibatching algorithm from Fazel
et al. (2018)

At the suggestion of an anonymous reviewer, we now use our techniques to analyze the
minibatching algorithm that was proposed by Fazel et al. (2018). In this analysis, each
“iteration” involves averaging a large number of one-point zero-order evaluations in order
to obtain a (low-variance) estimate of the gradient at that point, followed by taking a step
along the estimated gradient.

More precisely, for a given point x, consider the k-sample minibatched gradient estimate

>

1 k
g(x) = Zgi(x), (43)

where each g; is an i.i.d. copy of the random variable g!(z,u, &) defined in equation (12a).
This introduces yet another hyperparameter k within the procedure, in addition to the tuple
(r,n,T). Note that the total number of zero-order evaluations made by this algorithm when
run for T iterations is k- T'.

The following theorem holds under the same setup as in Section 3.2.

Theorem 21 Given an error tolerance € in the interval (O, min{1, i, pg}%}), suppose that
the step size and smoothing radius are chosen such that

) 1 00 1 . { e 1 e,u}
<min{l,—,——— >, and r< —min<¥f — — =7,
= { 860 ‘3{§+¢0+A0} 860 LV 2407 60\ 30

2
and we use the minibatch size k = <f(10f(xo) + %) log(?)) 1024 * Then running the

e

algorithm for T = % log(%) iterations yields an output x7 such that

flar) —fr<e
with probability at least 1 —T.

Note that, as before, we require a smoothing radius r ~ /€, but now, the step-size can be
chosen to be an e-independent constant. The number of zero-order evaluations needed to
obtain an e-approximate solution with probability %—ignoring parameters not dependent
on ¢—is then given by

k-T ~ ¢ ?log(1/e) - loglog(1/e),

where the doubly logarithmic term arises from setting § ~ 77'. Such a guarantee is
thus essentially the same as that provided by Theorem 8 for the high-variance zero-order
algorithm.

In this setting, it is straightforward to obtain a high probability guarantee. Indeed,
suppose that we set § = T for some &' € (0,1), and note that the number of zero-
order evaluations required to obtain an e-approximate solution with probability 1 — ¢’ is
of the order e 2log(1/¢) - loglog(1/e) - log(1/8"). As will be clear from the proof, this is a
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consequence of the fact that stability—meaning that the algorithm stays within the bounded
set GY—acan be guaranteed with exponentially high probability. Such a guarantee was not
possible for the high-variance analogue of the algorithm.

As a corollary of Theorem 21, we have the following guarantee on LQR control with
one-point feedback.

Corollary 22 Given an error tolerance € in the interval (O7 min{1, #%,p?qr}%), suppose
qr
that the step size and smoothing radius are chosen such that

Plgr 1 . € 1 €lgr
d < 0 \ == \/
} , an r= 8¢Iqr mln{ Iqr tigr 240’ ¢Iqr 30

n <min« 1, , ——
{ 8¢Iqr % + ¢Iqr + )\Iqr
2
and that we use a minibatch size k = (?(10Cin;m(Ko)+"") log(?)> 1024 Then running

A
Plgr Hiqr€
the algorithm for T = % log(%) iterations yields an estimate Kp such that
qr

Cinit,'y(KT) - Cinit,'y(K*> <€

with probability exceeding 1 —T9.

Thus, the algorithm of Fazel et al. (2018) also enjoys the same O (6_2) convergence rate—
measured in the number of total zero-order evaluations—as the canonical zero-order algo-
rithm. At this juncture, we stress that this is a consequence of the sharpened bounds that
we establish for this problem; the analysis of Fazel et al.—as mentioned in footnote 2—only
certifies an O (6_4) convergence rate.

The corollary is an immediate consequence of the theorem. We therefore dedicate the
rest of this section to a proof of Theorem 21.

E.1. Proof of Theorem 21

We begin with an elementary lemma that guarantees exponential concentration of the av-
eraged gradient estimate g around its mean.

Lemma 23 For anyr € (0, po), the k-sample minibatch gradient estimate (43) satisfies the

bound
lg@) = Viu()s < —= - 2 (f@:) N 23) log (2?)

with probability at least 1 — 4.

Proof This lemma is an immediate application of Corollary 7 in Jin et al. (2019) on
concentration for i.i.d. bounded random vectors. To verify the required assumptions, note
that for a value of smoothing radius r < pg, we have f(z +ru) < f(z) + % by the locally-
Lipschitz property of the function. So each gradient estimate satisfies the bound

D D A
i)l = -+ ruulle < () + 22
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almost surely, thus satisfying the norm sub-Gaussian condition discussed in Jin et al. (2019).
In addition, applying part (a) of Lemma 14 yields E[g;(z)] = Vf,(z). Applying Corollary
7 of Jin et al. (2019) then yields the claim. |

We are now ready to prove Theorem 21. First, recall the notation A; = f(z;) — f* and
assume that the point x satisfies f(z) — f* < 10Ag. Suppose that we use a minibatch of

2
size k = %(f(xt)) + %) log(?)> % to estimate the gradient. Lemma 23 then ensures
that
/e
le(x) = Vfr(2)ll2 < “55- (44)

with probability 1 —§. Conditioned on this event, we have the following sequence of bounds

Ing(@)ll2 = nllg(x) = Vir(z) + Vir(z) = V(z) + V()2
<nllg(z) = Vir(@)ll2 +nllVfi(z) = V()2 + 0l Vf(@)]2

@) \/pe
< L 0V @) — V@) + 0Vl

(? n (W + ¢ov/e + >\0>

32
(i)
< n(\:{2ﬁ+¢o+/\o>,

where step (i) follows from equation (44), step (ii) follows from part (b) of Lemma 14
and step (iii) follows from our assumption on the error tolerance ¢ < 1. Now recall our

-1
assumption 1 < pg (% + ¢o + /\0) , which ensures that the RHS is further bounded by

po- In effect, this ensures that the “size” of the step ng(x) is always smaller that the radius
po within which our Lipschitz and smoothness properties hold.
Since the function f is smooth with smoothness parameter ¢g, we have

Fleesn) = fen) < VA0, 2o — 20 + Dt — il
Pon’

K
2
= (9 (1), ) = Vo)) — 0V H ), Vo)) + 5 e B

— —(V f (1), gze)) + 225 () |13

2
< IV F ) llswn) — Vil — 09 £, V() + 22 ()|

(@) 2
< IV f(@l2llg(ze) = V(@2 = nllVF (@) 3+ nor |V £ (ze)ll2 + M\Ig(ﬂft)llg-

2

Here step (i) follows from part (b) of Lemma 14. Now applying the AM-GM Inequality to
the first term of the RHS, we find that

2
Flaen) = 1) < D9 7@+ Dlsn) — Vfow) 1§ — a1 @3 + néor| V7ol + 22 (a0

=_7 241 _ 2 ¢on’ 2
= 5 IVF@)lz + S llgl@e) = V(o) 2 +ngor [V F(ze)ll2 + =5 llg(ze)ll2
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We now turn our attention to bounding the last term on the RHS:

O (el = P2 leter) - Vo) + Vo)l
< Y ol ar) = Ve + 20l

= gon*llg(@s) = Vfr(xo)l3 + oIV fr(we) = VF (e) + V f(20)[I3

< g0’ llg(xe) — V(213 + 2000° (IV fr(2e) = Vf(20) |3 + |V f(22)3)
()
< don’llg(xe) — V fr(@e)|[3 + 200n* (9512 + |V £ (22)3)

where step (i) follows from part (b) of Lemma 14. Putting together the pieces, we have
n
F@ee) = flae) < (=3 +2000%) VS @3 + (5 + 60m°) lls(ae) = V(@) |3 + noor| [V (@) 2 + 2030
In addition, since the function is locally smooth at the point x;, we have

(0 — 0%p0/2)IV f(ze)lI3 < flze) = flxe — OV f(z))
< flag) = f(z7),
for some parameter 6 chosen small enough such that the relation 6||V f(z:)||2 < po holds.

We may thus set 0 = 0y = min{2¢ ,f\—o} and recall the notation A; = f(z;) — f(z*) to
obtain

E' [Apy1 — Ay < (—5 + 200m°) IV f ()15 + 77¢07’* AP 4 (g + gon?)lg(ze) — V (o) |l + 20507

(423)

LN +2"j° A2 4 pllg(a) — Y fulwo) |3 + 208022,

(iv) r)?

< —@At+ M, 4 g1(007) +nllg(ze) — Ve (22) |13 + 265072,

8 po?

where step (iii) follows from applying the PL inequality and using the fact that n < %,

and step (iv) from the inequality 2ab < a? 4 b? which holds for any pair of scalars (a, b).
Recall the assumed bounds on our parameters, namely

. 1 1 e 1 Jeu
< 1, — d r<— Oopiy/ == —+/ == ¢ -
n_mln{,8¢0}, an r_8¢0m1n{ ol 510" o 30}

Using these bounds, we have

Nk 2 p
A — A < ——A -V —
ny
— A+ nllg(ze) — Vel + o
8 60
In conjunction with equation (44), we now have the key inequality
A < (1= ") A+t (45)
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In order to complete the proof, we now demonstrate how to unroll this recursion using
strong induction. For each time step ¢ = 1,2,...,T, denote by &; the event that A; < 104,

and A; < (1 — %) A1+ 17’1%. We claim that for each t € N, we have

Pr{ni_,&} >1- 6t
Let us establish this claim via induction.

Base case: Applying Lemma 23 and equation (45), we obtain with probability 1— 6 the
inequality Ay < (1 — %)A¢ + nfs. Further, by our assumption e < min{1, th} T, we have
A1 < 104y, so we have shown the base case that event £ holds with probability exceeding
1—0.

Induction step: Fix an integer ¢, and assume, by the induction hypothesis, that the
event N'_;&; holds with probability exceeding 1 — 6¢. Let us condition on this event. In
addition, applying Lemma 23 and equation (45) yields, with probability 1—4, the inequality

o< (1-2) et

(1) s -
(1_@> A0+Z1—71“6

nlut-i-l €
RTINS
( 8 0" 3

Once again, by our assumption ¢ < min{1, } 10> we have Ay < 104A¢. Putting together

the pieces with a union bound then 1mphes that the event ﬂtHE holds with probability
exceeding 1 — d(t + 1), thereby establishing the induction hypothe81s

Finally, at time T', we condition on the event ﬁZT:l&, thereby obtaining the bound

ATg(l—%) A0+%.

We complete the proof by by substituting our choice of the tuple (n,T).
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