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Abstract

As a model problem for clustering, we consider the densest k-disjoint-clique problem of
partitioning a weighted complete graph into k disjoint subgraphs such that the sum of the
densities of these subgraphs is maximized. We establish that such subgraphs can be recovered
from the solution of a particular semidefinite relaxation with high probability if the input
graph is sampled from a distribution of clusterable graphs. Specifically, the semidefinite
relaxation is exact if the graph consists of k large disjoint subgraphs, corresponding to
clusters, with weight concentrated within these subgraphs, plus a moderate number of
nodes not belonging to any cluster. Further, we establish that if noise is weakly obscuring
these clusters, i.e, the between-cluster edges are assigned very small weights, then we can
recover significantly smaller clusters. For example, we show that in approximately sparse
graphs, where the between-cluster weights tend to zero as the size n of the graph tends to
infinity, we can recover clusters of size polylogarithmic in n under certain conditions on the
distribution of edge weights. Empirical evidence from numerical simulations is also provided

to support these theoretical phase transitions to perfect recovery of the cluster structure.
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PIRINEN AND AMES

1. Introduction

Clustering is a fundamental problem in machine learning and statistics, focusing on the
identification and classification of groups, called clusters, of similar items in a given data set.
Clustering is ubiquitous, playing a prominent role in varied fields such as computational
biology, information retrieval, pattern recognition, image processing and computer vision,
and network analysis. This problem is inherently ill-posed, as the partition or clustering
of any given data set will depend heavily on how we quantify similarity between items in
the data set and how we characterize clusters; it is not outside the realm of possibility to
have two drastically different clusterings of the same data if two different similarity metrics
are used in the clustering process. Regardless of the similarity metric used, clustering is a
combinatorial optimization problem at its core: given data, identify a partition or labeling
of the data (approximately) maximizing some measure of quality of the clustering. Due
to the difficulties inherent with optimization over discrete sets, many popular approaches
for clustering involve the approximate solution of an NP-hard combinatorial optimization
problem; for example, the spectral clustering heuristic for the normalized cut problem
(Dhillon et al., 2004; Ng et al., 2002), the convex relaxation approaches for the correlation
clustering problem (Mathieu and Schudy, 2010), robust principal component analysis (Chen
et al., 2014a; Oymak and Hassibi, 2011), and the densest k-disjoint-clique problem (Ames
and Vavasis, 2014; Ames, 2014), among many others.

In spite of the inherent intractability of clustering, many recent analyses have established
that if data is sampled from some distribution of clusterable data, then one can efficiently
recover the underlying cluster structure using a variety of clustering algorithms. In particular,
the recent results of Abbe et al. (2016); Ailon et al. (2013); Ames and Vavasis (2014); Ames
(2014); Amini and Levina (2018); Cai and Li (2015); Chen et al. (2014a,b); Chen and Xu
(2014); Guédon and Vershynin (2015); Hajek et al. (2015); Lei and Rinaldo (2015); Mathieu
and Schudy (2010); Nellore and Ward (2015); Oymak and Hassibi (2011); Rohe et al. (2011);
Qin and Rohe (2013); Vinayak et al. (2014) all establish sufficient conditions under which we
can expect to identify the latent cluster structure efficiently. Most of these results assume
that the similarity structure of the data can be modeled as a graph sampled from some
generalization of the stochastic block model proposed by Holland et al. (1983). In this model,
the nodes of the graph, called the similarity graph of the data, are associated with the
items in the data set. An edge is drawn between two items with fixed probability p if the
corresponding items belong to the same cluster, and with fixed probability ¢ < p if the
corresponding items belong to different clusters. Under this block model, the analyses cited
above establish that the block structure of the data can be recovered in polynomial-time

with high probability provided that the smallest cluster in the data is sufficiently large,



ExXAcT CLUSTERING OF WEIGHTED GRAPHS VIA SEMIDEFINITE PROGRAMMING

typically larger than éy/n, where n denotes the number of items in the data (and nodes in

the similarity graph) and ¢ is a polylogarithmic factor in n depending on p — q.

Although valuable in establishing sufficient conditions for data to be clusterable, these
results are not immediately applicable to data sets seen in many applications, particularly
those arising from the analysis of social networks. For example, statistical analysis of social
networks suggests that communities, playing the role of clusters, tend to be limited in size to
several hundred users, while the networks themselves can contain thousands, if not millions
or even billions, of users (Leskovec et al., 2008, 2009). However, the recent analyses of Chen
et al. (2014a); Chen and Xu (2014); Guédon and Vershynin (2015); Jalali et al. (2015); Rohe
et al. (2014), among others, suggest that these clusterability results are overly conservative
with respect to the size of clusters we can expect to recover in polynomial-time. Specifically,
these analyses allow the edge probabilities p and ¢ to vary with n, and investigate how the
size of the smallest cluster that can be recovered depends on the relative scaling of p, ¢ and
n. In this case, the data is often assumed to be sampled from a sparse generalized stochastic
block model where the parameters p and g governing edge formation are functions depending
on the number of items n and one or both tends to 0 as n — oco. In the case where p tends
to 0 much more slowly than g, the noise obscuring the block structure is significantly weaker
than in the dense graph case (where p and ¢ are assumed fixed). Here, sparsity refers to the
fact that graphs generated according to the block model contain very few edges between
clusters with high probability when n is large, and not that the graph itself is sparse in the
sense that the nodes have small average degree. In this case, it has been shown that clusters
significantly smaller than \/n can be recovered efficiently; specifically, several methods have
been shown to recover clusters with size polylogarithmic in n under certain assumptions on
the probability functions p and ¢ (see Chen et al., 2014a; Chen and Xu, 2014; Guédon and
Vershynin, 2015; Rohe et al., 2014). We should note that these results provide evidence of a
computational limit for cluster recovery; that is, these results establish that clusters can be
recovered in a computationally efficient way if the underlying data satisfies certain sufficient
conditions. We should note further that the lower bounds on cluster size given by these
sufficient conditions typically do not match information-theoretic limits; it is well-known
that it is possible to identify clusters of size on the order of logn in certain settings, however,
no polynomial-time algorithms are known to do so (Chen and Xu 2014; Hajek et al. 2015
provide further details).

The primary contribution of this paper is an analysis establishing similar clusterability
results for a particular convex relaxation of the clustering problem. That is, we present an
analysis establishing the following theorem, which provides conditions for perfect recovery
of the underlying cluster structure from the solution of a particular semidefinite program.

As an immediate corollary, the theorem establishes that one may identify clusters as small
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as Q(logn), i.e., there exists constant ¢ such that the size of the smallest cluster recoverable
cluster is bounded below by clogn for sufficiently large n, with high probability if the data
is sampled from the sparse block model described above for particular choices of p and gq.
Here, we say that an event occurs with high probability (w.h.p.) if the event occurs with

probability tending polynomially to 1 as n — co.

Theorem 1 Suppose that the n-node graph G = (V, E) is sampled from the generalized
stochastic block model, with k disjoint blocks, in-cluster edge probability p, and between-cluster
edge probability q. Let A € R™"™ denote the adjacency matriz of G and let + and 7 denote
the cardinality of the smallest and largest clusters, respectively, in the block model for G.
Then there exists constants cy,co,c3 > 0 such that the columns of the optimal solution X*

of the semidefinite program

max {Tr(AX): Xe<e, Tr(X)=%k X >0}
Xexn

are scalar multiples of the characteristic vectors of the clusters in our underlying block model

with high probability if
{ [52logn logn}
p—q > C3 nax ~ ) ~ )
7 7

= max{p(l —p),q(1 —q)}, and

(p—q)f>a maX{\/q(l —q)n, \/logn} + co max {\/p(l —p)T, \/logn} :

where &2

Moreover, in this case, every characteristic vector of a cluster in the block model is a scalar

multiple of at least one column of X*.

Here, the characteristic vector of a set S C {1,2,...,n} is the vector € {0,1}" with

{1, ificsS
xTr; =

0, otherwise.

ith element

In Theorem 1, Tr(X) denotes the trace of the matrix X, e denotes the all-ones vector of
appropriate dimension, the notation X > 0 indicates that the entries of X are nonnegative,

and X! denotes the cone of n x n symmetric positive semidefinite matrices.

Note that if G is sampled from the dense block model, i.e., p, g are independent of n,
then Theorem 1 suggests that we have exact recovery if # > c¢y/n with high probability,
where ¢ is a constant depending on p, ¢; this bound matches that established by Ames
(2014) (among many others) up to constant terms. On the other hand, when G is sampled

from the sparse block model, we see that Theorem 1 suggests that we may have perfect
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recovery of significantly smaller clusters. For example, suppose that p = 1 is fixed and
q =logn/n. Then we have exact recovery with high probability if the smallest cluster has

size 7 = Q(log n); see the discussion following Theorem 3.

We will show that analogous phenomena occur in what we will call approzimately sparse
graphs. In many practical applications, the expectation that we have a binary labeling
indicating whether any pair of items in a given data set are similar or dissimilar is unrealistic.
However, it is often possible to describe the level of similarity between any two items using
some affinity function based on distance between the items in question. For example, we could
consider the discrepancy in pixel intensity and geographic location in image segmentation
applications or Kuclidean distance between two items represented as vectors in a Euclidean
space (or some other vector space with corresponding norm). In this case, we can summarize
the pairwise similarity relationships within our data using a weighted graph, called a weighted
similarity graph. Specifically, given a data set with affinity function f, the weighted similarity
graph is the weighted complete graph with nodes corresponding to the items in the data
set, and edge weight w;; between nodes i and j given by the value of f(i,j). Clearly, this
contains the similarity graphs discussed earlier as a special case where w;; = 1 if items ¢
and j are known to be similar and w;; = 0 otherwise; note that we assume that we have an

undirected graph with symmetric adjacency matrix.

We can generalize the stochastic block model in an identical fashion. We assume that
items in the same cluster are significantly more similar than pairs of items in different
clusters. This corresponds to edge weights within clusters being larger, on average, than
edge weights between clusters. This motivates the following random graph model, which we
will call the planted cluster model. Let G = (V, W) be the weighted complete graph whose
node set represents the items in some data set containing k clusters and (potentially) some
nodes that will not be assigned to a cluster. For each pair of nodes u, v in the same cluster
Cy, € {1,2,...,k}, we randomly sample edge weight w,,, > 0, and w,, by symmetry, from
some probability distribution €, with mean ay > a > 0. If uw € C;, v € C}, where i # j, i.e.,
u, v do not belong to the same cluster, we sample Wy, = Wy, > 0 from a different probability
distribution Q;; with mean 3;; < 8 € [0,a). Note that this model contains the generalized
stochastic block model discussed earlier as a special case when 2, and €2;; are Bernoulli

distributions with probabilities of success p; = p and ¢;; = g, respectively.

It was shown by Ames (2014) that if G = (V, W) is sampled from the planted cluster
model with minimum cluster size at least ¢y/n in the homogeneous case where all within-
cluster edges are i.i.d. with mean o and all between-cluster edges are i.i.d. with mean 3,

where ¢ is a constant depending on « and 3, then we can recover the clusters from the
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optimal solution of the semidefinite program

fiy {Tr(WX) ' Xe<eT(X)=k X > 0} (1)
with high probability, where k is the number of clusters in the graph. We will show that these
results can be strengthened to establish that much smaller clusters can be recovered in the
presence of approrimately sparse noise. That is, we will see that if the between-cluster edge
weights have expectation § and variance ag approaching zero sufficiently quickly as n — oo,
then we may recover clusters containing as few as Q(logn) nodes with high probability. We
will derive the semidefinite program (1) as a relaxation of a particular model problem for
clustering in Section 2.1 and formally state our recovery guarantees in Section 2.2; we will see
that these results immediately specialize to those stated in Theorem 1 for the semidefinite

program (1).

2. Semidefinite Relaxations of the Densest k-Disjoint Clique Problem

In this section, we derive a semidefinite relaxation for the densest k-disjoint clique problem
and present an analysis illustrating a sufficient condition ensuring that this relaxation is
exact. This problem will act as a model problem for clustering and we will see that we
should expect to accurately recover the underlying cluster structure if the given data satisfies

this sufficient condition.

2.1. The Densest k-disjoint Clique Problem

We begin by deriving a heuristic for the clustering problem based on semidefinite relaxation
of the densest disjoint clique problem. A similar discussion motivating the relaxation was
originally presented by Ames (2014); we repeat it here for completeness. Let K,, = (V, W)
be a weighted complete graph with vertex set V' = {1,2,...,n} and nonnegative edge weights
w;j € [0,1] for all 4, j € V. Given a subgraph H of K, the density dy of H is the average

edge weight incident at a vertex in H:

W= 2 )

ij€E(H)

If we assume that K, is the similarity graph of some data set consisting of k disjoint
clusters and that weight is concentrated more heavily on within-cluster edges than between-
cluster edges, then we may cluster this data set by finding the set of k disjoint subgraphs,
corresponding to these clusters, with maximum density; we call this problem the densest

k-partition problem. Peng and Wei (2007) established that the densest k-partition problem is
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NP-hard. Moreover, this partition model excludes the case where some items in the data set
do not naturally associate with any of the clusters in the data. To simultaneously motivate
a convex relaxation of the densest k-partition problem and address the inclusion of nodes

that do not naturally belong to clusters, we consider the densest k-disjoint clique problem.

Given a graph G = (V, E), a clique of G is a pairwise adjacent subset of V. That is,
C C Visaclique of G if ij € FE for every pair of nodes ¢, j € C or, equivalently, the subgraph
G(C) induced by C' is complete. We say that H is a k-disjoint-clique subgraph of K, if
V(H) consists of k disjoint cliques, i.e., H is the union of k disjoint complete subgraphs of
K,,. The densest k-disjoint-clique problem seeks a k-disjoint-clique subgraph H* maximizing
the sum of the densities of the disjoint complete subgraphs comprising H*. Note that if we
add the additional constraint that each node in K,, belongs to exactly one k-disjoint-clique
subgraph in K,,, then the densest k-disjoint-clique problem becomes the densest k-partition
problem. However, in general, the densest k-disjoint-clique problem allows an assignment
of nodes to clusters, represented by the disjoint cliques, which excludes some nodes. For
example, if such nodes are present in the data, they would not be assigned to a cluster by

the optimal k-disjoint-clique subgraph.

The complexity of the densest k-disjoint-clique problem is unknown; in particular, no
polynomial-time algorithm for its solution is known. To address this potential intractability,
we will attempt to approximately solve the k-disjoint-clique problem by convex relaxation.
Suppose that v1, ..., v, are the characteristic vectors of a set of disjoint cliques C1, Cs, ..., Cy
forming a k-disjoint-clique subgraph of K,,. Using this notation, the density of the complete
subgraph induced by C; is equal to

Z Wy viTin
|Cz| ’UZT’Ui '

da(cy) =
u,veC;
If we let P be the n x k matrix with ith column equal to v;/||v;||, where ||-|| = || - || denotes

the standard Euclidean norm, then it is easy to see that

k

Y dge,) = Te(PTWP).
i=1

We call such a matrix P a normalized k-cluster matriz and denote the set of normalized k-

cluster matrices of the vertex set V' by nem(V, k). It follows that the densest k-disjoint-clique

problem may be formulated as
max {Tr(PTWP) : P enem(V,k)}. (2)

Again, the complexity of (2) is unknown, however, the maximization of quadratic functions

subject to combinatorial constraints is known to be NP-hard.
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A process for relaxation of (2) using matrix lifting is described by Ames (2014); a
similar relaxation technique was applied by Ames and Vavasis (2011, 2014) and Ames (2015).
In particular, each proposed cluster C;, with characteristic vector v;, corresponds to the

rank-one symmetric matrix
T

) _ vl
’UZT’Ui

It is easy to see that the density of G(C;) is equal to
- 'UZTin

da(cy) = =Tr(WX®).

’U,LT’UZ‘
Moreover, each of the matrices X () has row and column sums equal to either 0 or 1,
and trace equal to 1. Finally, for each proposed clustering C1, ..., C}y, the corresponding
rank-one matrices are orthogonal in the trace inner product, due to the orthogonality of the

characteristic vectors of the corresponding disjoint clusters. Thus, the matrix

k ' k ’U"UT
x=yxt=y i @
i=1 =1 Vi Vi

has rank equal to k. This suggests that we may relax (2) as the rank-constrained semidefinite
program

Inax {Tr(WX): Xe<e,rankX =k, TrX =k X >0}. (4)
ex}

The relaxation (4) can be relaxed further to a semidefinite program by omitting the nonconvex
rank constraint:

max {Tr(WX): Xe<e,TrX =k, X >0}. (5)
Xexn

We should note that the semidefinite program (5) is remarkably similar to the semidefinite
relaxation of the minimum sum of squared distance partition of Peng and Wei (2007) and
the semidefinite relaxation of the maximum likelihood estimate of the stochastic block model
considered by Amini and Levina (2018), among others, although our relaxation approach

differs slightly from that used in these two papers.

2.2. Block Models and Recovery Guarantees

Given a set of clusterable data or, more accurately, a clusterable graph representation of
data, Ames (2014) established that one can recover the underlying cluster structure from the
optimal solution of the semidefinite program (5). Specifically, it is assumed that data with
strong cluster structure should correspond to similarity graphs with heavy weight assigned

to edges within clusters, relative to that between cluster edges. This corresponds to pairs of
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items within clusters being significantly more similar than pairs of items in different clusters.

This motivates the following block model.

Let H* be a k-disjoint-clique subgraph of K,, = (V, W) with vertex set composed of the
disjoint cliques C1, ...,k and let X" denote the set of all n x n symmetric matrices. We
consider weight matrices W = [w;;] € £" with entries sampled independently from one of

two probability distributions €21, Qs as follows.

e For each i =1,...,k and each u,v € C;, we sample Wy, = Wy, from a distribution
such that
E[wuv] = E[wvu] = Q, 0 < wyy < 1,

for fixed a € (0,1].

e For each remaining edge uv, u € Cj,v € C}, we sample the edge weight wy, = wy,

from a second distribution 29 such that

E[wuv] = E[wvu} = 57 0 <wyy < 1,

for fixed f € [0,a) if 1 <4,j <kori=j=k+1, and Elw,,] = §/2 otherwise.

We should note that the assumption that the entries of W are bounded between 0 and 1
is made for simplicity in the statement and proof of our main result; analogous recovery
guarantees hold if we assume that random variables sampled according to €2; and €29 are
bounded and nonnegative with high probability. We say that such random matrices W are
sampled from the planted cluster model. Note that if W is sampled from the planted cluster
model, then weight is concentrated on within-cluster edges (in expectation). This provides a
natural generalization of the stochastic block model. Indeed, the stochastic block model
corresponds to the planted cluster model in the special case that ; and €9 are Bernoulli
distributions with probabilities of success p and g, respectively. Ames (2014) established
the following theorem, ensuring recovery of the planted cliques C1, ..., Cy from the optimal

solution of (5) under the planted cluster model (see Ames, 2014, Theorem 2.1).

Theorem 2 Suppose that the vertex sets Cy,...,Cy define a k-disjoint-clique subgraph H*
of the n-node weighted complete graph K,(V, W) and let Cyy1 := V' \ (U5 C;). Letr; :== |Cj
foralli=1,...,k+1 and let # = min;—y ;7. Let W € X" be a random symmetric matriz
sampled from the planted cluster model according to distributions 01 and 2o with means «

and 3, respectively, satisfying

7:7(0571877,) ::CM—/B>O‘
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Let X* be the feasible solution of (5) corresponding to Cy,...,Cy defined by (3). Then there

exist scalars c1,co,c3 > 0 such that if

Cl\/ﬁ + con/krgs1 + c3rpe1 < AT

then X* is the unique optimal solution of (5), and H* is the unique maximum density

k-disjoint-clique subgraph of K, with probability tending exponentially to 1 as ¥ — oo.

In contrast to Theorem 1, the result of Theorem 2 implies that we can have perfect
recovery if the graph contains a small number of nodes that shouldn’t be assigned to any
of the planted clusters. Each potential edge from each of these nodes to any other node is
added independently to the graph with probability g, so that each node in Cj4; has roughly
the same number of neighbours in each cluster block. This implies that such a node is not
assigned to any of the planted clusters because it is weakly associated with all of the planted
clusters. It is important to note that this edge assignment is performed randomly and
not deterministically by an adversary attempting to obscure the cluster structure present
in the graph. We present a new analysis that improves upon the recovery guarantee of
Theorem 2 in two ways. First, the hypothesis of Theorem 2 assumes that between-cluster
and within-cluster edge weights are i.i.d. We consider the more general heterogeneous case

constructed as follows:

e For each u € C;, v € C}, we sample the edge weight wy, = wy, from distribution );;
with
E[wyy] = Elwy] = pij, Var[wy,] = Var[wy,] = afj, 0 < wypy < 1.

This forces weights within the same block to be i.i.d., but weight may not be identically
distributed in different blocks.

Second, the analysis leading to Theorem 2 assumes that the expectations of 21, in
the planted cluster model are fixed and that the variances are bounded by 1. We improve
upon the recovery guarantee of Theorem 2 by considering the case where the parameters «
and 8 depend on the number of nodes n in the graph. In particular, our recovery guarantees
explicitly depend on the variances of the distributions €2;;, and their scaling with n, which

will expand the set of graphs known to be clusterable by (5). We have the following theorem.

Theorem 3 Suppose that the vertex sets Cy,...,Cy define a k-disjoint-clique subgraph K*
of the weighted complete graph K, = (V, W) on n vertices and let Cy1 =V \ (UleCi). Let
ri = |Cy| foralli=1,... k+1 and let 7 = min;—y 7. Let W € X" be a random symmetric

matriz sampled from the heterogeneous planted cluster model according to distributions {€2;;}

10
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. o - 2 _ 9 -
with expected values pi; = pij(n) and variances o5 = aij(n). Let 6 := maxg 045 and

0 :=max, 04q. Let X™ be the feasible solution to (5) corresponding to C4,...,Cy defined by
(3). Let

T B e T Haol

q7s

Then there exists scalar ¢ > 0 such that if

P > cmax {\/527% V&2ilogn, \/62krgi1, \V/krki110gn/P, Wkt ke1 1, 108 n}7 (6)

then X* is the unique optimal solution for (5), and K* is the unique maximum density

k-disjoint-clique subgraph of K, with high probability.

The weak assortativity condition (6) implies that we have perfect recovery provided that
the gap between the cluster block expectation ji4, and the largest between-cluster block
expectation fig, is sufficiently large for all clusters Cy, ¢ = 1,. .., k, relative to the minimum
cluster size, number of unassigned nodes 741, number of clusters, and edge weight variances.
In the Bernoulli case, i.e., within-cluster and between-cluster edges are added independently
with probabilities p and ¢, respectively, Theorem 3 and, in particular, (6) establish that we

can recover the planted clusters provided that

(r—a)® _ (» — ) _q (g)
G2 max{p(1 - p),q(1 - q)} i
This result agrees with the Easy Regime for cluster recovery proposed by Chen and Xu
(2014), where a polynomial-time algorithm exists for exact recovery of the planted clusters,
in this case, the solution of the semidefinite relaxation (5). One distinct advantage of
this result over similar recovery guarantees is that our model and phase transition are
largely parameter free. For example, Amini and Levina (2018) present an analysis of
three semidefinite relaxations that obtain nearly identical conditions on {€;;} guaranteeing
recovery but restrict their analysis to the case where the clusters are identical in size or
otherwise known and when {€2;;} are Bernoulli distributions; we should note that Amini and
Levina (2018) consider heterogeneous Bernoulli distributions where the within-cluster and
between-cluster probabilities of adding an edge vary across clusters. Similarly, Chen and Xu
(2014) and Jalali et al. (2015) give identical conditions for recovery (up to constants and
logarithmic terms) in the Bernoulli case to those in Theorem 3 for semidefinite relaxations
that require the sizes of the clusters to be used as input parameters (or all clusters to
have identical size), neither of which are realistic assumptions in practice. In contrast, our
approach achieves this recovery guarantee using only the desired number of clusters as a

parameter. Further, our guarantee extends to the general weighted case where the vast

11
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majority of existing recovery guarantees for stochastic block models are restricted to the

Bernoulli case.

It is important to note that tighter recovery guarantees than those provided by Theorem 3
are known for specific problem settings. This is a natural consequence of the more general
framework of our analysis. For example, Yan et al. (2017) studies a convex relaxation
for cluster recovery in the Bernoulli (unweighted) case. The main theorem of this article
establishes conditions for perfect recovery that allow larger clusters to have higher variance,
although specialized for the unweighted case. Moreover, Yan et al. (2017) consider the use
of a tuning parameter to allow recovery without knowledge of the number of clusters k. On
the other hand, the results of Amini and Levina (2018); Jalali et al. (2015) also provide
tighter recovery guarantees but require knowledge of cluster sizes. The key contribution
of this work is the presentation of a recovery guarantee that extends to the weighted case
without strict assumptions regarding input parameters, as well as the first-order method for

solution of (1) discussed in detail in Section 4.

To further illustrate the consequences of Theorem 3, we consider several examples. In
each, we assume that the graph is generated in the homogeneous setting where within-cluster
weights are i.i.d. according to €; with mean a and variance o7, and between-cluster weights

are i.i.d. according to 2 with mean 8 < a and variance o73.

2.2.1. THE DENSE CASE

When «, 8 are fixed, we obtain the same recovery guarantee as before, up to constants and
logarithmic terms: we have exact recovery w.h.p. if # > ¢14/n and # > o1y for some
constants ¢; and ¢ depending on £2; and €2s. Indeed, each of the pointwise maximums in
the first three terms of (6) is bounded above by O(y/n) since 7 < n, and kriy; = O(n) if
rpr1 = O(7).

2.2.2. THE SPARSE CASE

On the other hand, if noise in the form of between-cluster edge-weight is small, then we
should expect to be able recover much smaller clusters. For example, suppose that 29 is
the Bernoulli distribution with probability of adding an edge ¢ and that 2 is the Bernoulli
distribution with probability of adding an edge p = 1 (the assumption that p = 1 is for the
sake of simplicity in this example and we can expect analogous recovery guarantees for any
p tending slowly enough to 0). Assume further that ¢(1 — q) < logn/n. Finally, again for

simplicity, assume that we have k equally sized clusters of size 7 = n/k and (1441 = 0). In

12
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this case, (6) holds if

7log®n

~7 > clogn = cmax < \/logn, , logn » > cmax{\/62n, V&2rlogn, logn},

since &2

= max{p(l — p),q(1 — q)} = q(1 — q) < logn/n and the terms involving 7y
and 1 — p are equal to zero. This implies that we have exact recovery of the planted
clusters w.h.p. provided 7 = Q(logn). This exceeds the state of the art recovery bound of
7 = Q(y/logn) established in Jalali et al. (2015) by a factor of y/logn. However, the convex
relaxation proposed by Jalali et al. (2015) requires knowledge of Zle r?, which is often an
unrealistic expectation in practice; in contrast, our approach only requires knowledge of the
number of clusters k present in the data. Further, the requirement 7 = Q(logn) is enforced
by the gap inequality (6), which itself is a consequence of the use of the Bernstein inequality
to establish certain dual variables are nonnegative in the proof of Theorem 3 (see Section 3.1
for more details). It may be possible to improve this bound to # = Q(y/logn) with improved

concentration inequalities but it is unclear what form these improvements may take.

2.2.3. THE PLANTED CLIQUE AND SPARSEST SUBGRAPH

In the special case when £ = 1 and 7 and €y are Bernoulli distributions, the planted
cluster model specializes to the planted clique model considered in Ames and Vavasis (2011)
and Ames (2015). In this case, (6) suggests that we can recover a planted clique (in the
dense case) of size 11 = Q (max {\/n,r2}) = Q (max {y/n,n — r1}). This recovery guarantee
is far more conservative than those provided by Ames and Vavasis (2011) and Ames (2015),
among others, which establish that a planted clique of size Q(y/n) can be recovered from the

optimal solution of a particular nuclear norm relaxation of the maximum clique problem.

Unfortunately, it appears that this lower bound restricting the size of a recoverable
planted clique to a constant multiple of the number of nonclique vertices is tight. For
example, let p and ¢ be the probabilities of adding an edge given by € and 25. Then the

expected value of the proposed solution X* in (5) is equal to

B(WX) =2 Y 3 Bluy] = pr.
1€Cy jeCh

On the other hand, the solution %eeT is also feasible for (5) with expected objective value
1 T .
E|—Tr(Wee" )| > éqn,
n

for some constant ¢. This implies that the proposed solution is suboptimal if pr < égn, which

holds unless 7 > ¢(q/p)n. We will see that the realized values of these sums are concentrated
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near their expectations and thus we cannot reasonably expect to recover planted clusters
with unassigned nodes significantly outnumbering the smallest cluster. This implies that we
cannot recover planted cliques of size w(n) by maximizing density of a complete subgraph
because the planted clique is not the index set of the densest such graph; in this case,
the entire graph is a denser complete subgraph, as measured by average vertex degree, in

expectation.

3. Derivation of the Recovery Guarantee

In this section, we show that if the hypothesis of Theorem 3 is satisfied then the solution
X™* constructed according to (3) is optimal for (5) and the corresponding k-disjoint-clique
subgraph has maximum density. In particular, we will show that X* satisfies the following
sufficient condition for optimality of a feasible solution of (5) (see Ames, 2014, Theorem
4.1).

Theorem 4 Let X be feasible for (5) and suppose that there exist some T € R, A € R,
EecRY" and S € X7} such that

W4l +eXT —E4+71=8 (7)
AM(Xe—-e)=0 (8)

Tr(XE) =0 (9)

Tr(XS) =0 (10)

Then X is optimal for (5).

Theorem 4 is a restriction of the Karush-Kuhn-Tucker optimality conditions to the
semidefinite program (5) (see, for example, Boyd and Vandenberghe, 2004, Section 5.5.3).
The goal of this section is to establish that we can construct dual variables 7 € R, A € R",
2 € R and S € ¥ which satisfy the hypothesis of Theorem 4 with high probability
if the weight matrix W' is sampled from a distribution of clusterable block models. To
motivate our proposed choice of dual variables, we note that the complementary slackness
condition Tr(XS) = 0 holds if and only if XS = 0 under the assumption that both X and
S are positive semidefinite. Therefore, the block structure of X implies that each block of

S corresponding to a cluster block in W must sum to zero.

Before we continue with the construction of our dual variables, let us first remind ourselves
of the notation of Theorem 3. Let K* be a k-disjoint-clique subgraph of K,, with vertex set

composed of the disjoint cliques C1, ..., Cy of sizes r1, ..., 7, and let X™* be the corresponding

14
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feasible solution of (5) defined by (3). Let Cjy1 := V' \ (UX_,C;) and 7441 :=n — Ele r;
be the size of Cj41. Moreover, let # := min;—; _;r; and 7 := max;—y,__;7; be the size of
the smallest and largest clusters, respectively. Let W € ¥" be a random symmetric matrix
sampled from the planted cluster model with planted clusters C1,...,C) and remaining

nodes Cj41 according to the distributions {€;;} with means {4;;} and variances {JZQJ}

We now propose a choice of dual variables satisfying the complementary slackness
condition X § = 0. Restricting this condition to the blocks X ¢, ¢, and S¢, ¢, of X and §
with rows and columns indexed by Cy, ¢ € {1,2,...,k}, we see that X*S = 0 holds if and
only if

T
0= SCque =Te+ qucq + ()\qu)e — WCq,qua

by the block structure of X™; note that E¢, ¢, = 0 is chosen to satisfy the complementary
slackness condition (9). Solving this linear system for A¢, using the Sherman-Morrison-
Woodbury Formula (Golub and Van Loan, 2013, Equation (2.1.4)) gives

1 1 e'We, c,e
)\Cq = — (Wc{bcqe -3 <7‘ + qq) e) . (11)

Tq Tq

On the other hand, we choose A¢, ,, = 0 to satisfy the complementary slackness condition

(8). Next, we use this choice of A to construct the remaining dual variables.

Fix ¢,5 € {1,2,...,k + 1} such that ¢ # s. We will choose E¢, ¢, so that S¢,c,e =0

and S¢, ¢,e = 0. In particular, we choose

= 1-6, 4 1=64 4
=0q,Cs = ( gt (qu - i) + 5 (Mss - i) - ,Uq8> ee’ +yriel +e(27%)T, (12)

where the vectors y?* and 2%* are unknown vectors parametrizing the entries of E¢, c,;
here 9; ; is the Kronecker delta function defined by ¢; ; = 1 if ¢ = j and 0 otherwise. That is,
we choose E¢, ¢, to be the expected value of A¢, el + e/\(T;S — W, o, plus the parametrizing
term y?%e” + e(z9*)T; the vectors y%* and z%* are chosen to be solutions of the systems
of linear equations given by the complementary slackness conditions S¢,c,e = 0 and

Sc,,c,e = 0. It is reasonably straight-forward to show that we may choose

1 bl e 1 bl e
Yy = — (bq,s - e> 298 = — (bS,q - —4 e> ) (13)
Ts Tq + 7y Tq Tq + g
where
bys = (Ac,e” +eXt, —We, o, —E[Ac,e’ +eXi, —We, o) e. (14)

Indeed, we must choose y = y%° and z = z%° to be solutions of the system

oI T 0 b?*
rsl + ee . Yy 7 (15)
0 rod + ee z bs.q
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to ensure that the complementary slackness conditions are satisfied. Note that taking the

inner product of each side of (15) with the vector (e; —e) yields
(rg + Ts)(eTy — eTz) — eTp1s — b1 =,

by the symmetry of W. This establishes that the solution (y; z) of (15) is also a solution of

the (singular) system of equations,

() ()0
eel rod z bs 4 ’

imposed by the complementary slackness conditions S¢, c,e =0 and S¢, ¢, = 0. Solv-
ing (15) for y and z using the Sherman-Morrison-Woodbury Formula yields the formula for
y and z given by (13). We set the remaining block E¢, , ¢, , = 0. Ames (2014, Section 4.2)

provides further details.

Finally, we choose

T = q781i1i71.1“7 {1tqq — 1hgs} € =: yer, (16)

q#s
where € > 0 is a parameter to be chosen later. In particular, the analysis provided in
Sections 3.1, 3.2, and 3.3 establishes that a suitable choice of € exists if the hypothesis of

Theorem 3 is satisfied.

The entries of S are chosen according to the stationarity condition (7), but we will also
define an auxiliary variable S € X" as the following (k + 1) x (k + 1) block matrix:

pg.seel — We,c., ifgse{l,... k},
SCq,Cs = pq7k+1eeT — ch7ck+1 + (Acq — E[Acq])eT, ifs=k+ 1, (17)
,uk+1,seeT — WCkH,Cs + e()\os — E[ACS])T, if q= k-+1.

We next provide the following theorem, first stated by Ames (2014, Theorem 4.2), which

characterizes when the proposed dual variables satisfy the hypothesis of Theorem 4.

Theorem 5 Suppose that the vertex sets Ch, ..., Cy define a k-disjoint-clique subgraph K*
of the weighted complete graph K,, = (V, W), where W € X" is a random symmetric matriz
sampled from the planted cluster model according to the distributions {Q;;} with means {5}
and variances {afj} Let rq,...,r541, and 7 be defined as in Theorem 3. Let X™ be the
feasible solution for (5) corresponding to C1,...,Cy defined by (3). Let T € R, A € R",
and E € R™™ be chosen according to (16), (11), and (12), respectively, and let S be chosen
according to (17). Suppose that the entries of X and E are nonnegative. Then X* is optimal
for (5), and K* is the mazimum density k-disjoint-clique subgraph of K, corresponding to
W, if

151 < err. (18)
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Moreover, if (18) is satisfied and
rseTWCq7cqe > rquWqucSe, (19)

forall q,s € {1,...,k} such that q # s, then X™ is the unique optimal solution of (5) and

K* is the unique mazximum density k-disjoint-clique subgraph of K.

The proof of Theorem 5 is nearly identical to that by Ames (2014, Theorem 4.2), and
is omitted. Theorem 5 provides a clear roadmap for the remainder of the proof; if we can
show that if W is sampled from the planted cluster model satisfying (6) then A and = are
nonnegative and HS’ || < ey with high probability, then we will have established that we can
recover the underlying block structure with high probability in this case. We establish the

necessary bounds on A, Z, and ||| in the following sections.

3.1. Nonnegativity of A and =

We first establish that the entries of E, as constructed according to (12), are nonnegative
with high probability. To do so, we will make repeated use of the following specialization of
the Bernstein inequality which provides a bound on the tail of a sum of bounded independent
random variables; see Boucheron et al. (2013, Section 2.8), for more details regarding the

Bernstein inequality.

Theorem 6 Let x1,...,x,, be independent identically distributed (i.i.d.) wvariables with

mean p and variance o Let S=x1+ -+ x,. Then

Pr (|S — pm| > 6Inax{\/02mlogT,logT}) <2775, (20)

for all'T > 1.

The following bound on the parametrizing vectors y%° and z%° in the choice of the

(Cy, Cs) block of 2 defined by (12) is an immediate consequence of Theorem 6.

Lemma 7 There exists constant ¢ > 0 such that

g2logn logn
”yq,s‘|oo_|_qu,SHOOScmax{m, i }7

w.h.p., where ¢ := max{oy; : i,j = 1,2,...,k+ 1}, for all ¢,s € {1,...,k + 1} such that
qFs.
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For ¢,s € {1,...,k + 1} such that ¢ # s, we define y?° and z%* as in (13). To bound
the absolute values of the entries of y?° and z%*®, we must estimate the sums eTch,qu,
eTWcS,CSe and eTWCq,CSe; applying Theorem 6 to bound the tails of these sums yields
Lemma 7. See Appendix A for the full argument.

We have the following bound on the entries of 2 as an immediate consequence of

Lemma 7.

Proposition 8 Suppose that {j;;} satisfy (6). Then there exists constant ¢ > 0 such that

each entry of B is nonnegative w.h.p. if € satisfies

[521 1
0<6§1—cmax{ g E)gn’ O%n}. (21)
v 7 7

Proof Fix ¢,s € {1,...,k} such that ¢ # s. By construction, we have

Eo,c. = E [)\cqu + e)\TS ~We, o] + yiel +e(z0%)7

1 T 1 T T T T

Using (16) and Lemma 7, we see that

—_ 1 1
Zij > 5 (1tag = 7€) + 5 (tos = 76) = pag = 15" oo = 2% o

521 1
> (1—e>v—cmax{\/“ = O‘?”},
7 7

for all ©: € Cy, j € Cs w.h.p., where c is the constant appearing in Lemma 7. Note that the

right-hand side of this inequality is nonnegative if and only if

/621 1
egl—cmax{ g ?gn’ O% }
¥ 7 7

The argument for the case when one of ¢ or s is equal to k + 1 follows analogously. Applying

the union bound over all blocks of Z shows that each entry of E is nonnegative w.h.p. if €
satisfies (21). [

We have an analogous result ensuring that the entries of A are nonnegative with high

probability; we present the proof of this result in Appendix B.
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Proposition 9 Suppose {115} satisfy (6). Then there exists constant ¢ > 0 such that each

entry of A is nonnegative w.h.p. if € satisfies

1 o2, logn logn
O<6§27(uqq—c'max{wtmrq, T ) (22)

forallqe{l,... k}.

We conclude this section with a result ensuring that the uniqueness condition (19) of
Theorem 5 is satisfied for all ¢,s € {1,...,k} such that ¢ # s; we provide a proof in
Appendix C.

Proposition 10 Suppose that

[52logn logn
v > 12 max { 22 (- (23)

Then rseTWcque > rquWC%CSe for all q,s € {1,...,k} such that ¢ # s with high
probability.

3.2. A Bound on S

It remains to establish the following bound on the spectral norm of the matrix S.

Proposition 11 There exists scalars C,C" > 0 such that

_ 1 1/2
IIS|| < C'max {&\/ﬁ, v/ log n} + ' (max {&2, Oin} k?‘k+1> + Mkt k11711, (24)

where 62 = maXg—1,.. k {agq}, with high probability.

The proof of Proposition 11 follows the same structure as that of Ames (2014, Lemma 4.5).
In particular, we decompose Sas§=8+8,+ 5'3, where

S, =E[W]|-W, (25)
(Ac, —E[Ag,]) e, ifs=k+1,
[Salcc. = e(Ae, —Ee )T, ifq=k+1, (26)
0, otherwise,

T .
- — ee’, ifg=s=k+1,
_ Hk+1,k+1 q (27)
0, otherwise.

Note that ||Ss|| = pri1ri1]lee”] = Hi+1,k+17k+1- LThe following lemmas provide the

necessary bounds on ||S1|| and ||Sz]|.
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Lemma 12 Suppose that S is constructed according to (25) for some W € X" sampled

from the heterogeneous planted cluster model. Then there exists constant C > 0 such that
181 < C max {&\/ﬁ,\/logn}, (28)

with high probability.

Lemma 13 Suppose that S, is constructed according to (26) for some W € X" sampled

rom the heterogeneous planted cluster model. Then there exists constant C' > 0 such that
J g p

- , logn 172
|S2| < C" | max {67, P krigsq ,

with high probability, where 6 := maxy—1, .k 0qq-

We delay the proof of Lemmas 12 and 13 until Appendix D and Appendix E, respectively.
Combining the three bounds on ||S1|, ||S2||, and ||S3| and applying the triangle inequality
one last time shows that (24) holds with high probability.

3.3. The Conclusion of the Proof

According to Theorem 5, it suffices to prove that HS’ || < eyr is satisfied with high probability

in order to prove Theorem 3. According to Proposition 11, if

1/2
vei > C max {G/n, Iogn} + C’ (max {&2, 10%} k‘?“k+1> + k41 k+1Tk+1, (29)

then ||S|| < ey# holds with high probability. Hence, we have three conditions, (21), (22) and
(29), on € > 0 that need to be satisfied simultaneously; choosing any € > 0 satisfying all three
establishes the desired recovery guarantee. We see that (21) and (29) can be simultaneously
fulfilled if

1 — 2 max {\/ Flogn, @} > (C max {G+/n, /Iogn} + C’ (maX {&2, Ioi;"} ka+1)1/2 + Nk+1,k+17"k+1>7
which holds if and only if

i (7 ~ cmax {\/I &D > Cmax {5/, VIogw} + € (max {62, 282 k)" 4 g psarin. (30)
Next, we see that (29) and (22) are simultaneously fulfilled if
% (qu — ¢ max { V qui&’ 10%}) 2 717 (C max {Gy/n,logn} + C' (maX {‘52, 1°%”} ka+1>1/2 + Mk+1,k+17‘k+1>a

which holds if and only if

o 3 1/2
7 <qu — ¢ max {1/% log"}) >2 <C max {&+/n,/Iogn} + C’ (max {&2, b%f"} krkH) + ﬂk+11k+17'k+1> . (31)

k)
Tqq
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Finally, suppose that we choose the parameter ¢4 > max{c, ¢, 12} so that gap condition (23)

521 1
v > max{c, ¢, 12} maX{ 7 E)gn7 O%n} .
7 7

Then there exist constants ¢y, 2, c3, depending on ¢4, such that (30) and (31) are satisfied,

is satisfied and

i.e., there exists € satisfying (21), (22) and (29) simultaneously, if

R 5 logn 1/2
P > 1 max {U\/ﬁ V1og n} +c2 (maX {0-%7 i} krk+1> + C3 1 k1T 1

This concludes the proof of Theorem 3.

4. Numerical Methods and Simulations

We conclude with a discussion of an algorithm for solution of (5) based on the alternating
direction method of multipliers (ADMM), and provide the results of a series of experiments
that empirically verify the phase transitions predicted in Section 2.2. In particular, we
randomly sample graphs G = (V, W) from the planted cluster model and compare the
optimal solution of (5) with the planted partition.

4.1. Alternating Direction Method of Multipliers for the Densest k-Disjoint
Clique Problem

We solve (5) iteratively using the algorithm proposed by Ames (2014). Specifically, we split

the decision variable X to obtain the equivalent formulation
max {Tr(WY): X -Y =0,Xe<e, X >0, 'Y =k, Y e £Y }.
We then apply an approximate dual ascent scheme to maximize the augmented Lagrangian
L(X,Y,Z)=Te(WY) - Te(Z(X - Y)) + gHX _Y|2,

where p > 0 is a penalty parameter for violation of the linear equality constraint X —Y = 0.
In particular, we minimize L, with respect to Y and X successively, and then update

Z =7 — p(X —Y) using approximate gradient ascent.

We update Y as the minimizer of the subproblem

2

Yt = argmin { HY — (Xt -

W + Zt>
Yesy

p

TrY =k 3,
F

where (Xt Y?, Z?) is the current iterate after ¢ iterations. That is, Y™ is the projection
of the matrix U* := X' — (W + Z")/p onto the intersection of the positive semidefinite
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cone and the set of matrices with trace equal to zero. Such a projection can be computed
explicitly by projecting the vector of eigenvalues X' of U? onto the nonnegative simplex
{y € R":ely =k, y > 0}. Zhang and Lu (2011, Proposition 2.6) and Van Den Berg and
Friedlander (2008) can be consulted for further details.

We update X! as the optimal solution of

X! = argmin {HX - (Yt + Zt/p)H? : X >0, Xe< 6}- (32)
XeRnxn

Applying strong duality, we know that the optimal solution of (32) is given by

PG [(YtJrl +Zp) - z'e + e(z*)T] ’
+

2

where the operator [-]; is the projection onto the symmetric nonnegative cone X' N RKXV
given by [[Z]1];j = max{0, Z;;} for all Z € XV, and 2* is the optimal solution of the dual
problem of (32) given by

1 7|12
in H {(ym L 2t)p) - ZGW]
+

1
T t4+1 ty 12
+z e Y +Z"/p|%-
2>0 2 2 P 2” /plr (33)

The objective function of the dual problem (33) is differentiable and coercive in z, so it
can be solved efficiently by applying the spectral projected gradient method of Birgin et al.
(2000). We complete each iteration by performing an approximate dual ascent step to update
the dual variable Z!*!. We stop the projected gradient method when the relative duality
gap, given by |v;,(,t) - v((it)] / max{vét), 1}, and primal constraint violation are both smaller
than a desired error tolerance. We summarize the algorithm as Algorithm 1. Please see the

work of Ames (2014, Section 6) for further implementation details.

4.2. Empirical Verification of Exact Recovery

We perform two sets of experiments, one to illustrate the recovery guarantee for dense
graphs sampled from the heterogeneous planted cluster model and another to illustrate the
guarantee when the noise is sparse. For the dense graph experiments, we fix n = 1000,
and sample 10 graphs from the heterogeneous planted cluster model corresponding to the

Bernoulli distributions €2;; = Bern(p;;) with probabilities of success p;; given by
(1—(%%)Qp, ifi=j,
pij == NPT e
<1 - (%) mln{z,g}) q, ifi 7é Js

for ¢ = 0.25 and each p = {0.25,0.275,0.3,...,0.975,1} and 7 € {20,40,...,500}. We

choose the number of clusters k = |n/7| and distribute the remaining n — k7 nodes evenly
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Algorithm 1 ADMM for (1)

Input: Initial iterates X° = Y? = Z% = 0, augmented Lagrangian parameter p > 0, and
stopping tolerance € > 0.
Output: Approximate solution (X*, Y™, Z*) of (1).
For t =0,1,2... until converged
Compute spectral decomposition V*!DiagA! (V)T = U = X' — (W + Z1)/p.
Project A onto the nonnegative simplex {yeR": ely=k, y> 0} to obtain X
Update Y = V'DiagX"(V!)T.
Compute approximate optimal solution z* of the dual subproblem (33) using spectral

projected gradient method of Birgin et al. (2000).

Update Xt+1 — |:(Yts+1 + Zt/p) _ z*e+§(z*)T]+ '

Update Z'*! using approximate dual ascent
Zt+1 — Zt . IO(Xt+1 o Yt-‘rl).
Compute primal feasibilty gap

pfeas = min {Ir%}nYig,min (e — Yte)} :

Compute estimates of primal and dual objective values (note that UC(IHI) is not neces-
sarily a lower bound on the optimal dual value, but is asymptotically converging to

the optimal dual value):

VD = Te (WYY oY = kA (W + 2071 — Tr(X ! 20,

Calculate relative duality gap

‘Uz()tﬂ) _ U§t+1)’

max {\UI(,tH)L 1} .

relgap =

Declare sequence of iterates to have converged if relgap < € and pfeas > —e.
End For

among k — 1 clusters to ensure that at least one cluster has minimum size. Under this choice

of p;; the smallest gap between the in-cluster and between-cluster means occurs when ¢ = 1

_(y_035kN
= r+1)P ¢
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Figure 1: Empirical recovery rate for n-node graph with k planted cliques of size at least
7 and W generated according to the planted heterogeneous cluster model with
distributions Q;; = Bern(p;;). Brighter colors indicate higher rates of recovery,
with black corresponding to 0 recoveries and white corresponding to 10 recoveries
(out of 10 trials). The dashed curves indicate the phase transition to perfect

recovery predicted by Theorem 3.

For each graph G, we call the ADMM algorithm sketched above to solve (5); in the
algorithm, we use penalty parameter p = min {max {5n/k,80},500} /2, stopping tolerance
¢ = 107, and maximum number of iterations 100. We declare the block structure of G
to be recovered if || X* — Xo||%/|| Xo[/% < 1073, where X* is the solution returned by the
ADMM algorithm and X is the proposed solution given by (3). Note that Theorem 3
implies that we should expect exact recovery (w.h.p.) provided that v7 = Q (\/ﬁ) )
Figure 1(a) illustrates the empirical success rate for each choice of # and p, as well as the
curve p = ((k + 1)/(0.65k + 1)) (g + 3+/n), where we use the upper bound 6% < 1/4 to

estimate the constant term in (6).

We perform identical experiments for graphs sampled from the homogeneous planted
cluster model with sparse noise. In particular, we fix n = 1000 and set ¢ = 1/y/n. We then
sample 10 graphs from the planted cluster model corresponding to the Bernoulli distributions
Q; = Bern(p) if i = j and Q;; = Bern(q) if i # j for each 7 € {20,60,...,440,500}
and p = tq for 10 equally spaced scaling factors t between 2 and [/n|. As before, we set
k = |n/7] and distribute the remaining nodes equally amongst the clusters so that the
smallest has size # and ry+1 = 0. For each graph G, we call the ADMM algorithm to solve
(5) (with the same parameters as before) and declare the block structure of G recovered if
| X* — Xo||%/|| X0l|% < 1073. Theorem 3 suggests that we should expect recovery of the

24



ExXAcT CLUSTERING OF WEIGHTED GRAPHS VIA SEMIDEFINITE PROGRAMMING

cluster structure in the case that

0 1 n1/4

> —_

p Jn + Rk

for this particular choice of p and ¢. Note that this implies that we have perfect recovery
(w.h.p.) for # = Q(n'/4), rather than Q(y/n) (as observed in the dense case). Figure 1(b)
provides the empirical success rate for each choice of 7 and p, as well as the curve p =

1/y/n+nt/* /. Tt is clear that we are able to recover significantly smaller clusters under

sparse noise than under dense noise, in accordance with (6).

5. Conclusions

We have established theoretical guarantees for graph clustering via a semidefinite relaxation
of the densest k-disjoint problem. These results add to the growing corpus of evidence that
clustering, while intractable in general, is possible if we seek to cluster clusterable data, i.e.,
data consisting of well-defined and well-separated groups of similar items. Moreover, our
results provide further evidence that the w(y/n) barrier can be broken for perfect cluster
recovery in approximately sparse graphs and, specifically, that the size of recoverable clusters
scales logarithmically with n at worst in the special case that all clusters are roughly the
same size. Finally, our semidefinite relaxation requires only an estimate of the number of

clusters present in the data as input.

Our results suggest several areas of further research. The numerical simulations suggest
that our theoretical guarantees may be overly conservative, especially in the dense noise
case; further investigation is needed to determine if tighter estimates on the minimum
size of clusters efficiently recoverable exist. Moreover, our model assumes clusters are
disjoint. This is clearly not met in many practical applications; for example, returning to
the social networking realm, users may belong to several overlapping communities. It would
be worthwhile to see how our model and recovery guarantees can be modified to address
overlapping clusters. Finally, our algorithm for graph clustering requires the solution of
a semidefinite program, which may be impractical for even moderately large graphs. For
example, the proposed algorithm, based on the ADMM, has per-iteration cost of O(n?)
flops per iteration, primarily to compute the spectral decomposition needed to update Y.
Classical methods based on interior-point methods will scale even more poorly. Efficient,
scalable methods for solving this semidefinite relaxation, and semidefinite programming in

general, are needed.
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Appendix A. Proof of Lemma 7

We give the full proof of Lemma 7 in this appendix.

Proof We fix ¢,s € {1,...,k} such that ¢ # s and assume without loss of generality that
rq < rs. By the definition (13) of y := y?° and the triangle inequality, we have

1 bl e
1Ylloo < (Hbq,slloo + q’s> :

s Tq+7Ts

For simplicity, let by := by s and by := b, 4. It follows from (14) and our choice of A that the
ith element of by, denoted b}, is given by

1 1
bz‘l =Ts <)\i - ?(qurq - T)> + (ATSG - 5(#337"5 - T)> - Z Wij — HgsTs
q

Jjels

It follows from the definition (11) of A¢, that

1
T T
Ao.e=5—(e"Wo,ce—ri7),
S

which implies that

1 1
)\Tse — §(MSSTS —7)| = 5 ‘eTWC c.e— ussr§| :

Applying (20) with T' = n to the right-hand side in the equation above shows that
T W, c.e — pssr?| < 6max{/o%r2logn,logn}, (34)

88" S

with high probability, which in turn implies that

1
< 3max{\/agslogn, ogn}’
,

1
)\ae — 5(#357"5 —T)

S

with high probability. Similarly, applying (20) with 7" = n to the sum

Z Wij — HqsT's < 6 max {\/Ugs%Tgn, logn} )

J€Cs

jec, Wij shows that
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for all i € C,, with high probability. Finally, we note that

1

Ai — Trq(ﬂqqrq —7)

1 1
T 2
< " § : Wij — fqqTq| + 92 e We,c.e— qurq‘ .
1 |jeCy a

We bound the first term in the sum using (20) with 7" = n, which establishes that
Z Wij — PgqTq| < 6 max {1 [o2,rqlogn,log n} ,
J€Cq

w.h.p., and note that the second term has upper bound

’eTch,qu - qurcﬂ < 6 max {, [o2r2logn,log n} ,

w.h.p., by a calculation identical to that used to obtain (34). Applying these bounds using

the triangle inequality and the union bound over all 7 € Cy, we conclude that

+ Z Wij — HqsT's

j€Cs

6 1
< rg ( max{\/agqrqlogn,logn} +3max{1/agq10gn, Ogn}>
Tq Tq
logn
+ 3max ¢ y/o2 logn, +6max{\/agsr5 logn,logn}
T

s

~2
:O(rsmax{\/g l;)gn’loi;n}>’ (35)

with high probability.

1
Agse — —(pssrs — T)

1610 < 7 5

+

1
Ai — QTﬂq(quTq —7)

We next bound ’br{e}. We have

1 1
ble=r, <X‘£~qe —5 (tgqrq — 7')) + 74 ()\gse —5 (pssTs — 7‘)> + (pgsrsrq — €' We, c.€) .

Applying (20) to bound the sum of the entries of W, ¢, and the above concentration

inequalities for )\gqe and )\gse we have

1 1
’\gqe — 5 (MgqTqg — 7) )\gse — = (pssTs — T)| + }#qsrsrq - eTWCq,Cse

2 2

1 1
< 3rsmax{1/0§qlogn,0gn} +3rqmax{\/agslogn, ogn}
T r

q S

+ 6 max {\ [o2rqrslogn,log n}

=0 (rs max{V&Q logn, loin}> , (36)

‘blTe} <rg + 1y
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w.h.p. Finally, we bound ||y||~ using (35) and (36):

s 1 b c2logn logn
97l < - (Il + 1222 ) —o<max{F, : })
T's Tq+Ts 7 7

w.h.p. Since this holds for any ¢,s € {1,...,k} such that ¢ # s, we conclude that

[=2
Iyl = O <max{ o I(A)gn7log_§n}> ’
7 7

w.h.p. An identical argument shows that

52 1 1
125 = O (max{\/ — g"}) ,

w.h.p. We conclude that

o2logn logn
|ryqvS||oo+uzq’suoozo(Hlax{v )

w.h.p.

Appendix B. Proof of Proposition 9

We next prove Proposition 9.

Proof We follow the proof of Lemma 4.3 given by Ames (2014). Fix ¢ € {1, ...

1€ Cq. It follows from (11) that
)\ = E Wi 4 —e€ ;i Cq,Cq€
a ’I” e 2’
jeCyq

for each i € Cy. Applying (20) with S = )" w;; and T' = n yields

J€C,
Z Wij > fgqTq — 6 max {1 [o2,rqlogn,log n} ,
J€Cq

w.h.p. Moreover, by a similar argument, we have

1 7 1 logn
2—rqe We, c,e < 3 (,uqqrq + 6max{\/ , logn, " }) ,

q

w.h.p. Combining the above inequalities shows that

[o2 logn 1
)\i 2 Tq (ng €y — O (max{ M7 Ogn}>> )
T'q T'q
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w.h.p. Since v > 0 by (6), this implies that there exists constant ¢ > 0 such that if

1 o2 logn |
6§<yqq—cmax{“qqg,0gn}), (37)
2y Tq Tq

then \; > 0 w.h.p. Applying the union bound over all ¢ = 1,2,...,k and i € C,; shows that
each entry of A¢, is nonnegative w.h.p. if € is chosen to satisfy (37) for all q. |

Appendix C. Proof of Proposition 10

Our proof of Proposition 10 follows a similar structure to that of Ames (2014, Lemma 4.4).

Proof Fix q # s with ¢ € 1,...,k. Applying (34) and (20) with S = eTWCq,CSe and

T = n, we have

T T
rs€ ch,cqe —T4€e chpse

> (pigq — uqs)rsrg — 67y max{, o2 rZlogn,log n} — 6ry max {1 [o2rsrqlogn,log n}
{621 1
> 7"37"5 (*y 12max{ g Ac;gn’ Oin}> ,
7 7

w.h.p. This implies that rseTWcmcqe > rquch,CSe w.h.p. if (23) is satisfied. [ |

Appendix D. Proof of Lemma 12

We next prove Lemma 12.

Proof We will make repeated use of the following lemma, which specializes the concentration
inequality on the spectral norm of a random symmetric matrix with i.i.d. mean zero entries
given by Bandeira and van Handel (2016, Corollary 3.12).

Lemma 14 Let A = [a;5] € X" be a random symmetric matriz with i.i.d. mean zero entries
a;; having variance at most o? and satisfying la;j| < 1. Then there exists constant C' > 0
such that

Pr{||AH >C’max{\/027n,\/f}} <nT~" (38)

for all'T > 0.
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Proof (of Lemma 14) Corollary 3.12 of Bandeira and van Handel (2016) establishes
that for each t > 0 there exists ¢ = ¢(t) > 0 such that

Pr{| 4] > 3Vomn +t} <ne=. (39)

Here we have substituted the upper bound o?n > &2, in place of & := max; Zj E[XZZJ] in
the original statement of Corollary 3.12. Let ¢t = (C — 3) max{Vo?n, log T} where C is
chosen large enough that &C' — 3)2 > 7. In this case, (39) specializes to

Pr {HAH > Cmax{*/azn, /logn}} < ne—?max{ﬁn,logn} < ne—?logn —nT 7.

This completes the proof. |

Before we continue with the derivation of the desired bound on |51, we note that the
entries [S1];; of Sy all satisfy |[[S1];;] < 1 if we assume that w;; € [0,1] for all 4, j; note that
an identical argument establishes the result if we make the weaker assumption that the
entries of W are bounded with high probability. On the other hand, note that the entries of
S are not identically distributed (but are independent) since each w;; is sampled according
to €4s, where ¢ € Cy, j € Cs. However, we know that 038 < &2 by our definition of &2.
Moreover, E[[S1];;] = E[ugs — wij] = 0. Thus, we can apply Lemma 14 to place a bound on

|S1]|. Doing so establishes that (28) holds w.h.p. [ ]

Appendix E. Proof of Lemma 13

We conclude with the following proof of Lemma 13.
Proof Note that ||Sa|| < |A — E[A]||/Fes1. Thus, it remains to bound |A — E[A]||. To do
so, fix ¢ € {1,2,...,k}. Recall that

1
ACq - E[Acq] = (chacqe - ,uqqrqe) - ﬁ(eTWqucqe - qurg)e'

1
Tq p

Applying (38) with T' = n establishes that

HWCq,qu - qurqe” < ||WCq,Cq - ,uqqeeTHHeH

< C\frqmax{0o4q\/Tq, V1ogn},

w.h.p. On the other hand, Bernstein’s inequality establishes that

|eTWCq,qu — uqqr§| < 6 max {1 /o2, rqlogn,log n} ,
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w.h.p. Combining these two inequalities using the triangle inequality establishes that

llogn o2, logn logn
[Ac, — E[A¢, ][ <Cmax {quv . } + 6 max {W’ 3/2
q q Tq
1
=0 (max {aqq, ogn}) )
Vo7

w.h.p. Finally, applying the union bound over all choices of ¢ shows that

k
logn
A~ BN = 3~ [Ac, - Blac,I? = 0 (kmax (o, 2" 1),
qg=1
w.h.p. This establishes that

- logn
||S2H2 =0 (k:r;H_l max{o*gq, % }) ,

7

w.h.p., as required. [ |
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