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Abstract

We propose and analyze two new MCMC sampling algorithms, the Vaidya walk and the
John walk, for generating samples from the uniform distribution over a polytope. Both
random walks are sampling algorithms derived from interior point methods. The former
is based on volumetric-logarithmic barrier introduced by Vaidya whereas the latter uses
John’s ellipsoids. We show that the Vaidya walk mixes in significantly fewer steps than the
logarithmic-barrier based Dikin walk studied in past work. For a polytope in R? defined
by n > d linear constraints, we show that the mixing time from a warm start is bounded as
@) (n0'5d1'5), compared to the O (nd) mixing time bound for the Dikin walk. The cost of
each step of the Vaidya walk is of the same order as the Dikin walk, and at most twice as
large in terms of constant pre-factors. For the John walk, we prove an O (d2'5 . log4(n/ d))
bound on its mixing time and conjecture that an improved variant of it could achieve a
mixing time of O (d? - poly-log(n/d)). Additionally, we propose variants of the Vaidya and
John walks that mix in polynomial time from a deterministic starting point. The speed-up
of the Vaidya walk over the Dikin walk are illustrated in numerical examples.
Keywords: MCMC methods, interior point methods, polytopes, sampling from convex
sets

1. Introduction

Sampling from distributions is a core problem in statistics, probability, operations research,
and other areas involving stochastic models (Geman and Geman, 1984; Brémaud, 1991;
Ripley, 2009; Hastings, 1970). Sampling algorithms are a prerequisite for applying Monte
Carlo methods to order to approximate expectations and other integrals. Recent decades
have witnessed great success of Markov Chain Monte Carlo (MCMC) algorithms; for in-
stance, see the handbook by Brooks et al. (2011) and references therein. These methods are
based on constructing a Markov chain whose stationary distribution is equal to the target
distribution, and then drawing samples by simulating the chain for a certain number of
steps. An advantage of MCMC algorithms is that they only require knowledge of the target
density up to a proportionality constant. However, the theoretical understanding of MCMC
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algorithms used in practice is far from complete. In particular, a general challenge is to
bound the mizing time of a given MCMC algorithm, meaning the number of iterations—as
a function of the error tolerance d, problem dimension d and other parameters—for the
chain to arrive at a distribution within distance ¢ of the target.

In this paper, we study a certain class of MCMC algorithms designed for the prob-
lem of drawing samples from the uniform distribution over a polytope. The polytope is
specified in the form K := {z € R? | Az < b}, parameterized by the matrix-vector pair
(A,b) € R™¥4 x R™. Our goal is to understand the mixing time for obtaining d-accurate
samples, and how it grows as a function of the pair (n,d).

The problem of sampling uniformly from a polytope is important in various applications
and methodologies. For instance, it underlies various methods for computing randomized
approximations to polytope volumes. There is a long line of work on sampling methods
being used to obtain randomized approximations to the volumes of polytopes and other
convex bodies (see, e.g., Lovdsz and Simonovits, 1990; Lawrence, 1991; Bélisle et al., 1993;
Lovész, 1999; Cousins and Vempala, 2014). Polytope sampling is also useful in developing
fast randomized algorithms for convex optimization (Bertsimas and Vempala, 2004) and
sampling contingency tables (Kannan and Narayanan, 2012), as well as in randomized
methods for approximately solving mixed integer convex programs (Huang and Mehrotra,
2013, 2015). Sampling from polytopes is also related to simulations of the hard-disk model
in statistical physics (Kapfer and Krauth, 2013), as well as to simulations of error events
for linear programming in communication (Feldman et al., 2005).

Many MCMC algorithms have been studied for sampling from polytopes, and more
generally, from convex bodies. Some early examples include the Ball Walk (Lovasz and
Simonovits, 1990) and the hit-and-run algorithm (Bélisle et al., 1993; Lovész, 1999), which
apply to sampling from general convex bodies. Although these algorithms can be applied to
polytopes, they do not exploit any special structure of the problem. In contrast, the Dikin
walk introduced by Kannan and Narayanan (2012) is specialized to polytopes, and thus can
achieve faster convergence rates than generic algorithms. The Dikin walk was the first sam-
pling algorithm based on a connection to interior point methods for solving linear programs.
More specifically, as we discuss in detail below, it constructs proposal distributions based
on the standard logarithmic barrier for a polytope. In a later paper, Narayanan (2016)
extended the Dikin walk to general convex sets equipped with self-concordant barriers.

For a polytope defined by n constraints, Kannan and Narayanan (2012) proved an
upper bound on the mixing time of the Dikin walk that scales linearly with n. In many
applications, the number of constraints n can be much larger than the number of variables
d. For example, we could imagine one using many hyperplane constraints to approximate
complicated convex sets such as sphere or ellipsoid. For such problems, linear dependence
on the number of constraints is not desirable. Consequently, it is natural to ask if it is
possible to design a sampling algorithm whose mixing time scales in a sub-linear manner
with the number of constraints. Our main contribution is to investigate and answer this
question in affirmative—in particular, by designing and analyzing two sampling algorithms
with provably faster convergence rates than the the Dikin walk while retaining its advantages
over the ball walk and the hit-and-run methods.
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Our contributions: We introduce and analyze a new random walk, which we refer
to as the Vaidya walk since it is based on the wolumetric-logarithmic barrier introduced
by Vaidya (1989). We show that for a polytope in R? defined by n-constraints, the Vaidya
walk mixes in O (nl/ 243/ 2) steps, whereas the Dikin walk (Kannan and Narayanan, 2012)
has mixing time bounded as O (nd). So the Vaidya walk is better in the regime n > d. We
also propose the John walk, which is based on the John ellipsoidal algorithm in optimization.
We show that the John walk has a mixing time of O (4% - log*(n/d)) and conjecture that a
variant of it could achieve O (d2 - poly-log(n/ d)) mixing time. We show that when compared
to the Dikin walk, the per-iteration computational complexities of the Vaidya walk and the
John walk are within a constant factor and a poly-logarithmic in n/d factor respectively.
Thus, in the regime n > d, the overall upper bound on the complexity of generating an
approximately uniform sample follows the order Dikin walk > Vaidya walk > John walk.

The remainder of the paper is organized as follows. In Section 2, we discuss many
polynomial-time random walks on convex sets and polytopes, and motivate the starting
point for the new random walks. In Section 3, we introduce the new random walks and
state bounds on their rates of convergence and provide a sketch of the proof in Section 3.5.
We discuss the computational complexity of the different random walks and demonstrate
the contrast between the random walks for several illustrative examples in Section 4. We
present the proof of the mixing time for the Vaidya walk in Section 5 and defer the analysis
of the John walk to the appendix. We conclude with possible extensions of our work in
Section 6.

Notation: For two sequences a5 and by indexed by § € I C R, we say that as = O (by) if
there exists a universal constant C' > 0 such that as < Cbs for all § € I. For a set K C R,
the sets int (K) and K¢ denote the interior and complement of K respectively. We denote the
boundary of the set K by K. The Euclidean norm of a vector z € R? is denoted by ||z|,.
For any square matrix M, we use det(M) and trace(M) to denote the determinant and the
trace of the matrix M respectively. For two distributions P; and Py defined on the same
probability space (X, B(X)), their total-variation (TV) distance is denoted by ||P; — Pa||rv
and is defined as follows

||P1 — PZHTV = Ssup |P1(A) - PQ(A)‘ .
AEB(X)

Furthermore if P is absolutely continuous with respect to Ps, then the KullbackLeibler
divergence from Ps to P; is defined as

dPy
KL = 1 — | dPs.
(PillPe) = [ 1o (G5t ) apy

2. Background and problem set-up

In this section, we describe general MCMC algorithms and review the rates of convergence
of existing random walks on convex sets. After introducing several random walks studied
in past work, we introduce the Vaidya and John walks studied in this paper.
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2.1 Markov chains and mixing

Suppose that we are interested in drawing samples from a target distribution © supported
on a subset X of R%. A broad class of methods are based on first constructing a discrete-
time Markov chain that is irreducible and aperiodic, and whose stationary distribution is
equal to 7*, and then simulating this Markov chain for a certain number of steps k. As we
describe below, the number of steps k to be taken is determined by a mixing time analysis.

In this paper, we consider the class of Markov chains that are of the Metropolis-Hastings
type (Metropolis et al., 1953; Hastings, 1970); see the books by Robert (2004) and Brooks
et al. (2011), as well as references therein, for further background. Any such chain is
specified by an initial density 7° over the set X, and a proposal function p : X x X € R,
where p(z,-) is a density function for each x € X. At each time, given a current state x € X
of the chain, the algorithm first proposes a new vector z € X by sampling from the proposal
density p(x, ). It then accepts z € X’ as the new state of the Markov chain with probability

(1)

Otherwise, with probability equal to 1 — a(x, z), the chain stays at . Thus, the overall
transition kernel p for the Markov chain is defined by the function

q(x,2) == p(x, 2)alz,z)  for z 7z,

and a probability mass at = with weight 1 — [, ¢(x,2)dz. It should be noted that the
purpose of the Metropolis-Hastings correction (1) is that ensure that the target distribution
m* satisfies the detailed balanced condition, meaning that

q(y,2)m*(z) = q(z,y)7*(y) forall z,y € X. (2)

It is straightforward to verify that the detailed balance condition (2) implies that the target
density 7* is stationary for the Markov chain. Throughout this paper, we analyze the lazy
version of the Markov chain, defined as follows: when at state x with probability 1/2 the
walk stays at x and with probability 1/2 it makes a transition as per the original random
walk. Given that the Markov chains discussed in this paper are also irreducible, the laziness
ensures uniqueness of the stationary distribution.

Overall, this set-up defines an operator 7, on the space of probability distributions:
given an initial distribution pg with supp(ug) C supp(7*), it generates a new distribution
Tp(t0), corresponding to the distribution of the chain at the next step. Moreover, for any
positive integer k = 1,2, ..., the distribution u of the chain at time k is given by 7;’“(,u0),
where 7;’“ denotes the composition of 7, with itself £ times. Furthermore, the transition
distribution at any state x is given by 7,(6,) where ¢, denotes the dirac-delta distribution
with unit mass at x.

Given our assumptions and set-up, we are guaranteed that limy_, . Ek(ug) = m*—that
is, if we were to run the chain for an infinite number of steps, then we would draw a sample
from the target distribution 7*. In practice, however, any algorithm will be run only for a
finite number of steps, which suffices to ensure only that the distribution from which the
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sample has been drawn is “close” to the target 7*. In order to quantify the closeness, for a
given tolerance parameter ¢ € (0, 1), we define the §-mizing time as

binis (85 o) 1= min {k | |7 (o) = 7 |lew < 3, 3)

corresponding to the first time that the chain’s distribution is within § in TV norm of the
target distribution, given that it starts with distribution puyg.

In the analysis of Markov chains, it is convenient to have a rough measure of the distance
between the initial distribution pg and the stationary distribution. Warmness is one such
measure: For a finite scalar M, the initial distribution pg is said to be M-warm with respect
to the stationary distribution 7* if

S

sup Ho(5) < M, (Warm-Start)
s \m(5)

where the supremum is taken over all measurable sets S. A number of mixing time guar-

antees from past work (Lovasz, 1999; Vempala, 2005) are stated in terms of this notion of

M-warmness, and our results make use of it as well. In particular, we provide bounds on the

quantity  sup  kmix(9; o), where Py (7*) denotes the set of all distributions that are
Ko €P (%)
M-warm with respect to 7*. Naturally, as the value of M decreases, the task of generating

samples from the target distribution gets easier. However, access to a warm-start may not
be feasible for many applications and thus deriving bounds on mixing time of the Markov
chain from a non warm-start is also desirable. Consequently, we provide modifications of
our random walks which mix in polynomial time even from deterministic starting points.

2.2 Sampling from polytopes

In this paper, we consider the problem of drawing a sample uniformly from a polytope.
Given a full-rank matrix A € R"*¢ with n > d, we consider a polytope K in R? of the form

K:={z eR| Az < b}, 4)

where b € R” is a fixed vector. Since the uniform distribution on the polytope K is the
primary target distribution considered in the paper, in the sequel we use 7* exclusively
to denote the uniform distribution on the polytope K. There are various algorithms to
sample a vector from the uniform distribution over K, including the ball walk (Lovész
and Simonovits, 1990) and hit-and-run algorithms (Lovéasz, 1999). To be clear, these two
algorithms apply to the more general problem of sampling from a convex set; Table 1 shows
their complexity, when applied to the polytope K, relative to the Vaidya walk analyzed in
this paper. Most closely related to our paper is the Dikin walk proposed by Kannan and
Narayanan (2012), and a more general random walk on a Riemannian manifold studied by
Narayanan (2016). Both of these random walks, as with the Vaidya and John walks, can be
viewed as randomized versions of the interior point methods used to solve linear programs,
and more generally, convex programs equipped with suitable barrier functions.

In order to motivate the form of the Vaidya and John walks proposed in this paper, we
begin by discussing the ball walk and then the Dikin walk. For the sake of completeness, we
end the section with a brief description another popular sampling algorithm Hit-and-run.
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Ball walk: The ball walk of Lovasz and Simonovits (1990) is simple to describe: when at
a point z € K, it draws a new point u from a Euclidean ball of radius » > 0 centered at .
Here the radius r is a step size parameter in the algorithm. If the proposed point u belongs
to the polytope K, then the walk moves to u; otherwise, the walk stays at z. On the one
hand, unlike the walks analyzed in this paper, the ball walk applies to any convex set, but
on the other, its mixing time depends on the condition number v of the set I, given by

. Rout
e = inf

) C C .
ro it o UR | B(x,Rin) €K CB(y, Royt) for some z,y € IC} (5)

Mixing time of the ball walk has been improved greatly since it was introduced (Kannan
et al., 1997, 2006; Lee and Vempala, 2018b). Nonetheless, as shown in Table 1, the mixing
time of the ball walk gets slower when the condition of the set is large; for instance, it scales!
as d° for a set with condition number v = d?. One approach to tackle bad conditioning
is to use rounding as a pre-processing step, where the set is rounded to bring it in a near-
isotropic position, i.e., reduce the condition v, to near-constant before sampling from it.
Nonetheless, these algorithms are themselves based on several rounds of sampling algorithms
and the current best algorithm by Lovész and Vempala (2006b) puts a convex body into
approximately isotropic position, i.e., O*(v/d) rounding with a running time of O*(d*)
where we have omitted the dependence on log-factors. If one has more information about
the structure of the convex set (and not just oracle access as required by the ball walk), one
can potentially exploit it to design fast sampling algorithms which are unaffected by the
conditioning of the set thereby reducing the need of the (expensive) pre-processing step.
One such algorithm is the Dikin walk for polytopes which we describe next.

Dikin walk: The Dikin walk (Kannan and Narayanan, 2012) is similar in spirit to the
ball walk, except that it proposes a point drawn uniformly from a state-dependent ellipsoid
known as the Dikin ellipsoid (Dikin, 1967; Nesterov and Nemirovskii, 1994). It then applies
an accept-reject step to adjust for the difference in the volumes of these ellipsoids at different
states. The state-dependent choice of the ellipsoid allows the Dikin walk to adapt to the
boundary structure. A key property of the Dikin ellipsoid of unit radius—in contrast to
the Euclidean ball that underlies the ball walk—is that it is always contained within C, as
is known from classic results on interior point methods (Nesterov and Nemirovskii, 1994).
Furthermore, the Dikin walk is affine invariant, meaning that its behavior does not change
under linear transformations of the problem. As a consequence, the Dikin mixing time does
not depend on the condition number k. In a variant of this random walk (Narayanan,
2016), uniform proposals in the ellipsoid are replaced by Gaussian proposals with covariance
specified by the ellipsoid, and it is shown that with high probability, the proposal falls within
the polytope.

The Dikin walk is closely related to the interior point methods for solving linear pro-
grams. In order to understand the Vaidya and John walks, it is useful to understand this
connection in more detail. Suppose that our goal is to optimize a convex function over the
polytope K. A barrier method is based on converting this constrained optimization problem
to a sequence of unconstrained ones, in particular by using a barrier to enforce the linear

1. Although, very recently Lee and Vempala (2018b) improved the mixing time of the ball walk for isotropic
sets which have yx = O(V/d) improved from O (d*) to O (d*°).
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constraints defining the polytope. Letting a;r denote the i-th row vector of matrix A, the
logarithmic-barrier for the polytope K given by the function

F(z) :=— Z log(b; — al'z). (6)
i=1

For each i € [n], we define the scalar s;; = (b; — aiTx), and we refer to the vector
Sy = (Sp1,.-- ,sxvn)—r as the slackness at x.

Each step of an interior point algorithm (Boyd and Vandenberghe, 2004) involves (ap-
proximately) solving a linear system involving the Hessian of the barrier function, which is
given by

" a;a)
V2iF(z) = Z . (7)

=1 T,

In the Dikin walk (Kannan and Narayanan, 2012), given a current iterate x, the algorithm
chooses a point uniformly at random from the ellipsoid

{ue R? | (u— a:)TDx(u —z) < R}, (8)

where D, := V2F(z) is the Hessian of the log barrier function, and R > 0 is a user-defined
radius. In an alternative form of the Dikin walk (Narayanan, 2016; Sachdeva and Vishnoi,
2016), the proposal vector u € R? is drawn randomly from a Gaussian centered at z, and
with covariance equal to a scaled copy of (D,)~!. Note that in contrast to the ball walk,
the proposal distribution now depends on the current state.

Vaidya walk: For the Vaidya walk analyzed in this paper, we instead generate proposals
from the ellipsoids defined, for each z € int (K), by the positive definite matrix

n T
a;a;

Vy = Z (02, + Bv) ;2 L, where (9a)
i=1 i

. e (9b)
z,1

T
T 2F‘ -1 T 2F -1
By :=d/n and o, := (al (V2Fe) ™ an (V=Fz) an)

s s%yn
The entries of the the vector o, are known as the leverage scores assciated with the matrix
V2F, from equation (7), and are commonly used to measure the importance of rows in a
linear system (Mahoney, 2011). The matrix V, is related to the Hessian of the function
x — V, given by

V, = log det V2F, + By Fa. (10)

This particular combination of the volumetric barrier and the logarithmic barrier was in-
troduced by Vaidya (1989) and Vaidya and Atkinson (1993) in the context of interior point
methods, hence our name for the resulting random walk.
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John walk: We now describe the John walk. For any vector w € R", let W := diag(w)
denote the diagonal matrix with W;; = w; for each ¢ € [n]. Let S, = diag(s;) denote
the slackness matrix at z. It is easy to see that S, is positive semidefinite for all x € IC,
and strictly positive definite for all z € int (). The (scaled) inverse covariance matrix
underlying the John walk is given by

" aia;r
Ja; = ZC.Z‘,isTa (11)
i=1

x,0

where for each x € int (K), the weight vector ¢, € R™ is obtained by solving the convex
program

) n 1 3 B n
(o= argirel}l&{ ;wi o logdet(A" S, 'WS1A) - g, ;log wz}, (12)
with §; :=d/2n and «a; := 1 —1/log,(1/8;). Lee and Sidford (2014) proposed the convex
program (12) associated with the approximate John weights (., with the aim of searching
for the best member of a family of volumetric barrier functions. They analyzed the use of
the John weights in the context of speeding up interior point methods for solving linear
programs; here we consider them for improving the mixing time of a sampling algorithm.
The convex program (12) is closely related to the problem of finding the largest ellipsoid at
any interior point of the polytope, such that the ellipsoid is contained within the polytope.
This problem of finding the largest ellipsoid was first studied by John (1948) who showed
that each convex body in R? contains a unique ellipsoid of maximal volume. The convex
program (12) was used by Lee and Sidford (2014) to compute approximate John Ellipsoids
for solving linear programs. In a recent work, Gustafson and Narayanan (2018) make use of
the exact John ellipsoids and design a polynomial time sampling algorithm for polytopes.
See Table 1 for the associated guarantees.

Hit-and-run: We conclude with a brief discussion with another popular sampling algo-
rithm: Hit-and-run. It was introduced by Smith (1984) as a sampling algorithm for general
distributions and it was later shown to have polynomial mixing time for sampling from
convex sets (Lovasz, 1999; Lovasz and Vempala, 2003, 2006a). The algorithm proceeds as
follows: when at point z, it firsts draws a random line through x and then samples from
the one-dimensional marginal of the target distribution restricted to this line. For uniform
sampling from convex sets, the second step simplifies to drawing a uniform point from the
line restricted to the convex set. Mixing time bounds for this random walk are summarized
in Table 1.

2.3 Mixing time comparisons of walks

Table 1 provides a summary of the mixing time bounds and per step complexity and the
effective per sample complexity for various random walks, including the Vaidya and John
walks analyzed in this paper. In addition to the Ball Walk, Hit-and-Run, Dikin, Vaidya
and John walks, we also show scalings for the recently introduced Riemannian Hamiltonian
Monte Carlo (RHMC) on polytopes by Lee and Vempala (2016) and the John’s walk based
on exact John ellipsoids studied by Gustafson and Narayanan (2018). The details of per
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iteration cost for the new random walks is discussed in Section 4.1. We now compare and
contrast the complexities of these random walks.

Unlike the Ball Walk or hit-and-run which are useful for general convex sets, the Dikin,
Vaidya, John and RHMC walks are specialized for polytopes. These latter random walks
exploit the definition of the polytope in a particular way so that the transition probability
from a point x to y does not change under an affine transformation, i.e., T(z,y) = T(Ax, Ay)
where T denotes the transition kernel for the random walk. Consequently, the mixing time
bounds for these random walks have no dependence on the condition number of the set
vk (5). We can see from Table 1, that compared to the Ball walk and hit-and-run, Vaidya
walk mixes significantly faster if n < d’y,QC. The condition number ~x of polytopes with

polynomially many faces can not be O(d%_e) for any € > 0 but can be arbitrarily larger,
even exponential in dimension d (Kannan and Narayanan, 2012). For such polytopes,
Vaidya walk mixes faster as long as n < d* (and even for larger n when i is large). It
takes O(y/n/d) fewer steps compared to Dikin walk and thus provides a practical speed up
over all range of d.

From a warm start, the Riemannian Hamiltonian Monte Carlo on polytopes introduced
by Lee and Vempala (2016) has O (nd2/ 3) mixing time, and thus mixes faster (up to con-
stants) compared than the Vaidya walk (respectively the John walk) when the number of
constraints n is is bounded as n < d®/® (respectively n < d''/®). For larger numbers of
constraints, the Vaidya and John walks exhibit faster mixing. More generally, it is clear
that the rate of John walk has almost the best order across all the walks for reasonably
large values of n > d?.

Finally, let us compare the (exact) John walk due to Gustafson and Narayanan (2018)
with the (approximate) John walk studied in our paper. A notable feature of their random
walk is that its mixing time is independent of the number of constraints and the per iteration
cost also depends linearly on the number of constraints. Nonetheless, the dependence on
d, for both the mixing time (d”) and the per iteration cost (nd* 4 d®) is quite poor. In
contrast, the per iteration cost for our John walk is nd? and the mixing time has only a
poly-logarithmic dependence on n.

2.4 Visualization of three walks’ proposal distributions

In order to gain intuition about the three interior point based methods—namely, the Dikin,
Vaidya and John walks—it is helpful to discuss how their underlying proposal distributions
change as a function of the current point x. All three walks are based on Gaussian proposal
distributions with inverse covariance matrices of the general form

n
CLZ‘CLZ—-r
E wx,iSTy
=1

x,0

where w; ; > 0 corresponds to a state-dependent weight associated with the i-th constraint.
The Dikin walk uses the weights w, ; = 1; the Vaidya walk uses the weights w, ; = 0 ; + Bv;
and the John walk uses the weights w,; = (;;. For simplicity, we refer to these weights
as the Dikin, Vaidya and John weights. The i-th weight characterize the importance of
the i-th linear constraint in constructing the inverse covariance matrix. A larger value of
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Random walk Kpmix (95 po) Iteration cost Per sample cost
Ball walk? (Kannan et al. 2006) d?yE nd nd3~Z
Hit-and-Run (Lovédsz and Vempala. 2006a) d?y2 nd nd>~%

Dikin walk (Kannan and Narayanan 2012) nd nd? n2d®

RHMC walk (Lee and Vempala. 2018a) nd*3 nd? n2d*57

John’s walk' (Gustafson and Narayanan 2018) d’ nd* + d® nd'! + d*

Vaidya walk (this paper) nl/2q3/2 nd? nt5d35

John walk (this paper) a2 log* (%) nd?log’n nd®?

Improved John walk} (this paper) d? Kn,d nd?log®n nd*

Table 1. Upper bounds on computational complexity of random walks on the polytope
K = {z € R¥Ax < b} defined by the matrix-vector pair (4,b) € R"*4 x R" with a warm-
start. For simplicity, here we ignore the logarithmic dependence on the warmness parameter
and the tolerance §. The iteration cost terms of order nd? arise from linear system solving,
using standard and numerically stable algorithms, for n equations in d dimensions; algorithms
with best possible theoretical complexity nd* for w < 1.373 are not numerically stable enough
for practical use. #Mixing time of the Ball walk has been improved to O (d2'y;<) for near
isotropic convex bodies by Lee and Vempala (2018b) during the submission period of this
paper. While ball walk, Hit-and-run are affected by the condition number i of the set, the
Dikin and RHMC walks have quadratic dependence on the number of constraints n. fJohn’s
walk by Gustafson and Narayanan (2018) (based on the exact John ellipsoids) has linear
dependence on n but poor dependence on d. In contrast, the Vaidya walk has sub-quadratic
dependence on n and significantly better dependence on d. Furthermore, the John walk
(based on approximate John’s ellipsoids) analyzed in this paper has linear dependence with
reasonable dependence on the dimensions d. *The mixing time bound for the improved John
walk with poly-logarithmic factor x, 4 is conjectured.

the weight w, ; relative to the total weight > " | w, ; signifies more importance for the i-th
linear constraint for the point x.

Figure 1a illustrates the difference in three weights as we move points inside the polytope
[~1,1]2. When the point z is in the middle of the unit square formed by the four constraints,
all walks exhibit equal weight for every constraint. When the point « is closer to the bottom-
left boundary, the Vaidya and John weights assign larger weights to the bottom and the
left constraints, while the weights for top and right constraints decrease. Note that the
total sum of Vaidya weights and that of John weights remains constant independent of the
position of the point z.

In Figure 1b-2b, we demonstrate that the Vaidya walk and the John walk are better at
handling repeated constraints. Note that we can define the square [—1,1]? as

1,12 =z e R*}|Ax < b, A =

b= m . (13)

10
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Dikin Weights ~ Vaidya Weights  John Weights Dikin Weights ~ Vaidya Weights ~ John Weights
1.00 1.00 0.75 1.00 1.28 121
¢ ¢ ¢
1.00 ¢ 1.00; 1.00 ¢ 1.00 0.75 ¢ 0.75 1.00 1.00 0.51 1.49 0.25 1.25
1.00 1.00 0.75 1.00 0.72 0.29
1.00 9 1.50 ¥ 2508 4.00 1.28 1.22
L4 ¢ ¢
1.00 1.00] 0.50 1.50 0.25 1.25 4.00 4.00 0.51 1.49 0.25 1.25
1.00 0.50 0.25 4.00 0.72 0.28
1.00 0.53 0.25 32.00 1.28 1.23
¢ ¢ ¢
1.00 1.00] 1.50 0.50] 125 0.25 32.00 32.00] 0.51 1.49] 0.25 1.25)
* 100 P 147 * 195 32.00 0.72 0.27

(a) Weights for different locations and a fixed  (b) Effective weights for a fixed location and
number of constraints n. different number of constraints n

Figure 1. Visualization of the weights on the square with repeated constraints S,, /4 for
the different random walks. The number mentioned next to the boundary lines denotes the
effective weight for the location z (denoted by diamond) for the corresponding constraint.
(a) n =4 is common across rows and z = (0, 0) for the top row, (0.9,0.9) for the middle and
(=0.9,—0.7) for the bottom row. The Dikin weights are independent of z, the Vaidya and
the John weights for a constraint increase if the location z is closer to it. (b) x = (0.85,0.30)
is common across rows, and n=4 for the top row, n = 16 for the middle and n=128 for the
bottom row. The effective Dikin weight for each constraint increases linearly with n but for
the Vaidya and John walk adaptively, the weights get adjusted such that the sum of their
weights is always of the order of the dimension d.

Simply repeating the rows of the matrix A several times changes the mathematical for-
mulatiton of the polytope, but does not change the shape of the polytope. We define the
square with constraints repeated n/4 times S,, /4 as

A b
Sn/4 =Sz eR? An/4$ < bn/4a An/4 - abn/4 = ) (14)
x(n/4) x(n/4)

where A and b were defined above. We denote effective weight for each distinct constraint as
the sum of weights corresponding to the same constraint. Using this definition, the effective
Dikin weight, which is n/4, is thus affected by the repeating of constraints. Consequently,
the Dikin ellipsoid is much smaller for polytopes with repeated constraints. However, the
Vaidya and John weights do not change as observed in the Figure 1b. Such a property
of these two weights implies that the Vaidya and John ellipsoids are not too small even
for very large number of constraints. And we observe such a phenomenon in Figures 2a-
2b where the repetition of rows in the matrix A leads to very small Dikin ellipsoid but
large Vaidya and John ellipsoid. A few other numerical computations also suggest that the
Vaidya and John ellipsoids are moder adaptive when compared to Dikin ellipsoids when the

11
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number of constraints is large. Nonetheless, such a claim is only based on heuristics and
is presented simply to provide an intuition that the new ellipsoids are better behaved than
Dikin ellipsoids and thereby motivated the design of the new random walks.

1.0- ‘
[ Dikin
[ Vaidya
0.5 T770 John
0.0-
—0.5
—1.0

(a) n=32

1.0-

0.0-

[ Dikin
[ Vaidya

U220 John

(b) n = 2048

Figure 2. Visualization of the proposal distribution on the square with repeated constraints
8,74 for the different random walks. (a, b) Unit ellipsoids associated with the covariances
of the random walks at different states = on the square with repeated constraints S, /.
Clearly, all these ellipsoids adapt to the boundary but increasing n has a profound impact
on the volume of the Dikin ellipsoids and comparatively less impact on the Vaidya and John

ellipsoids.

3. Main results

With the basic background in place, we now describe the algorithms more precisely and
state upper bounds on the mixing time of the Vaidya and John walks. In Section 3.4, we
propose a variant of the John walk, known as the improved John walk, and conjecture that
it has a better mixing time bound than that of the John walk.

3.1 Vaidya and John walks

In this subsection, we formally define the Vaidya and John walks. In Algorithm 1 and
Algorithm 2, we summarize the steps of the Vaidya walk and the John walk.

Vaidya walk: The Vaidya walk with radius parameter » > 0, denoted by VW(r) for
short, is defined by a Gaussian proposal distribution denoted as Py: given a current state
x € int (K), it proposes a new point by sampling from the multivariate Gaussian distribution

12
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N (m, \/T%Vx_l). In analytic terms, the proposal density at x is given by

nd d/2 Vvnd
Pz (2) = Puaiaya(r) (7, 2) = V/det V; (271'7“2) €xp (‘273 (z—2) " Vo(z—=)|. (15)

As the target distribution for our walk is the uniform distribution on /C, the proposal step is
followed by an accept-reject step as described in Section 2.1 (equation 1). Thus the overall
transition distribution for the walk at state = is defined by a density given by
min{py(z),py(x)}, z€Kand z#=x
anidya(T‘) (aj7 Z) = ’ ‘ ’
0, z ¢ K,

and a probability mass at xz, given by 1 — fzeIC min {p.(2), p.(z)} dz. We use Ty,iaya(r) t0
denote the resulting transition operator for the Vaidya walk with parameter r.

Algorithm 1: Vaidya Walk with parameter » (VW(r))

Input: Parameter r and xg € int (K)
Output: Sequence z1,zo, ...

1 fori=0,1,...do

2 With probability % stay at the current state: z; 11 « x; % lazy step
3 With probability % perform the following update:

4 Proposal step: Draw 2,11 ~ N (331-, ﬁVgl)

5 Accept-reject step:

6 if ziy1 ¢ K then x;11 < x; % reject an infeasible proposal

7 else

8 compute a1 = min {1,p.,, (Tit1)/Paiss (2ig1) }

9 With probability «;11 accept the proposal: ;11 < 2z;11

10 With probability 1 — a;11 reject the proposal: z;11 < z;

11 end

John walk: The John walk is similar to the Vaidya walk except that the proposals at state

x € int (K) are generated from the multivariate Gaussian distribution N ( z, Wi(?n/d) Jx*1> 7
) 2

where the matrix J, is defined by equation (11), and r > 0 is a constant. The proposal

distribution at = € int (K) is denoted as PJ. The proposal step is then followed by an

accept-reject step similarly defined as in the Vaidya walk. We use 7, to denote the

resulting transition operator for the John walk with parameter r.

3.2 Mixing time bounds for warm start

We are now ready to state an upper bound on the mixing time of the Vaidya walk. In
this and other theorem statements, we use ¢ to denote a universal positive constant. Recall
that 7* denotes the uniform distribution on the polytope K, and, that 7y,4y.() denotes the
operator on distributions associated with the Vaidya walk.

13
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Algorithm 2: John Walk with parameter r (JW(r))

Input: Parameter r and xg € int (K)
Output: Sequence z1, s, ...

1 fori=0,1,...do

2 With probability % stay at the current state: x;11 < x; % lazy step
With probability % perform the following update:
a Proposal step: Draw z;11 ~ N (xl-, dg—ZJ;il) % this step is different than the Vaidya walk
5 Accept-reject step:
6 if zit1 ¢ K then z;4q + x; % reject an infeasible proposal
7 else
8 compute ;41 = min {1, pz, ., (Zi41)/Payy (2i41) }
9 With probability a;;41 accept the proposal: x; 1 ¢ 241
10 With probability 1 — ;41 reject the proposal: x;41 < x;
11 end

Theorem 1 Let ug be any distribution that is M-warm with respect to ™ as defined in
equation (Warm-Start). For any 6 € (0,1], the Vaidya walk with parameter ry = 1074
satisfies

177

() (H0) = Ty <6 for all k> en'/?d*? log (@) : (16)

The proof of Theorem 1 is provided in Section 5. Theorem 1 precisely quantifies the depen-
dence of mixing time of the Vaidya walk on many parameters of interest such as dimension
d, number of constraints n, the error tolerance § and the warmness M. The specific choice
rv = 107* is for theoretical purposes; in practice, we find that substantially larger values
can be used.? Our upper bound for the mixing time of the Vaidya walk has O(y/n/d)
improvement over the current best upper bound for the mixing time of the Dikin walk. In
Section 4.1, we show that the per iteration cost for the two walks is of the same order.
Since n > d for closed polytopes in R?, the effective cost until convergence (iteration com-
plexity multiplied by number of iterations required) for the Vaidya walk is at least of the
same order as of the Dikin walk, and significantly smaller when n > d. Comparing the
provable mixing time upper bounds, the Vaidya walk has an advantage over the Dikin walk
for the problems where the number of constraints is significantly larger than the number of
variables involved. Our simulations also confirm this theoretical finding.

Let us now state our result for the mixing time of the John walk:

2. A larger than optimal r leads to an undesirable high rejection rate. In practice, we can fine tune r
by performing a binary search over the interval [10™*, 1] and keeping track of the rejection rate of the
samples during the run of the Markov chain for a given choice of r. A choice of » > 1 is obviously bad
because then the Vaidya ellipsoid will have poor overlap with polytopes near the boundary, causing high
rejection rate and slow down of the chain.

14



FasT MCMC SAMPLING ALGORITHMS ON POLYTOPES

Theorem 2 Suppose that n < exp(\/a), and let pg be any distribution that is M-warm
with respect to w*. Then for any & € (0,1], the John walk with parameter r, = 107° satisfies

1TE iy (10) = 7oy <8 for all k > ¢ d>® log* (g) log (Vé\?) .
The proof of Theorem 2 is provided in Appendix D. Again the specific choice of r; = 107°
is for theoretical purpose; in practice larger choices are possible. Note that the mixing time
bound for the John walk depends only on the number of constraints n via a logarithmic
factor, and so is almost independent of n. Consequently, it has a mixing time that is
polynomial in d even if the number of constraints n scales exponentially in v/d. Further,
we show in Section 4.1 that the cost to execute one step of the John walk is of the same
order as of the Dikin walk up to a poly-logarithmic factor in n. Thus, using John walk, we
obtain improved mixing time bounds for the case when n > d2.

3.3 Mixing time bounds from deterministic start

The mixing time bounds in Theorem 1 and 2 depend on the warmness M of the initial
distribution. In some applications, it may not be easy to find an M-warm initial distribu-
tion. In such cases, we can consider starting the random walk from a deterministic point
xo € int (K) that is not too close to the boundary 9K. Indeed, such a point can be found
using standard optimization methods—e.g., using a Phase-I method for Newton’s algorithm
(see Boyd and Vandenberghe, 2004, Section 11.5.4).

Given such a deterministic initialization, our mixing time guarantees depend on the
distance of the starting point from the boundary. This dependence involves the following
notion of s-centrality:

Definition 3 A point = € int (K) is called s-central if for any chord ef with end points
e, f € OK passing through x, we have |e — x|y /|| f — x|y < s.

Assuming that it is started at an s-central point xg, the Dikin walk (Kannan and Narayanan,
2012, algorithm in section 2.1) has a polynomial mixing time. The authors showed that
when the walk moves to a new state for the first time, the distribution of the iterate is
O ((\/ﬁs)d)—warm with respect to the distribution® 7*. Since only constant number of steps
is required to get a warm start, for a deterministic start, we can just use the Dikin walk in
the beginning to provide a warm start to the Vaidya (or John) walk. This motivates us to
define the following hybrid walk.

Given an s-central point xg, simulate the Dikin walk until we observe a new state. Note
that due to laziness and the accept-reject step, the chain can stay at the starting point for
several steps before making the first move a new state. Let k; denote the (random) number
of steps taken to make the first move to a new state. After k; steps, we run the walk VW(r)
with zy, as the initial point. We call such a walk as s-central Dikin-start- Vaidya-walk with
parameter r. Let Tpikin denote the transition kernel of the Dikin walk stated above. Then,
we have the following mixing time bound for this hybrid walk.

3. Obtaining a warmness result for the Vaidya walk from a deterministic start from a central point is non-
trivial and it is quite possible that the warmness does not improve. As a result, we simply invoke the
established result for the Dikin walk.
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Corollary 4 Any s-central Dikin-start- Vaidya-walk with parameter r = 10™% satisfies

ns

1T ) (T (0s) ="l <6 for all k > en'/2a%/? log (52,

where ki is a geometric random variable with E [k1] < ¢, and ¢, > 0 are universal con-
stants.

The mixing rate is logarithmic in ns and has an extra factor of d compared to the bounds in
Theorem 1. However, guaranteeing a warm start for a general polytope is hard but obtaining
a central point involves only a few steps of optimization. Consequently, the hybrid walk and
the guarantees from Corollary 4 come in handy for all such cases. Once again we observe
that the upper bounds for mixing time are improved by a factor of O(y/n/d) when compared
to the Dikin walk from an s-central start (Kannan and Narayanan, 2012; Narayanan, 2016)
which had a mixing time of O (nd2). The proof follows immediately from Theorem 1 by
Kannan and Narayanan (2012) and Theorem 1 of this paper and is thereby omitted.

In a similar fashion, we can provide a polynomial time guarantee for a modified John
walk from a deterministic start. We can consider a hybrid random walk that starts at an
s-central point, simulates the Dikin walk until it makes the first move to a new state, and
from there onwards simulates the John walk. Such a chain would have a mixing time of
@) (d3'5poly—log(n, d, s)) For brevity, we omit a formal statement of this result.

3.4 Conjecture on improved John walk

From our analysis, we suspect that it is possible to improve the mixing time bound of
(@) (d2'5poly—log(n / d)) in Theorem 2 by considering a variant of the John walk. In particular,

we conjecture that a random walk with proposal distribution given by N/ (33, Wzg(n/d) Jx_l)

for a suitable choice of r has an O (d2poly—log(n/ d)) mixing time from a warm start. We
refer to this random walk as the improved John walk, and denote its transition operator by
Tionn+- Let us now give a formal statement of our conjecture on its mixing rate.

Conjecture 5 Let py be any M-warm distribution. Then for any 6 € (0, 1], the improved
John walk with parameter r = rq, satisfies the bound

2 M
[T e (10) = [y < 6 for all k > ¢ d? log§ <C’;> log (C) 7

where ro,c,c are universal constants.

Note that this conjecture involves quadratic (degree two) scaling in d; this exponent of
two matches the sum of exponents for d and n in the mixing time bounds for both the Dikin
and Vaidya walks from a warm-start. Consquently, the improved John walk would have
better performance than the Dikin, Vaidya and John walks for almost all ranges of (n,d),
apart from possible poly-logarithmic factors in the ratio n/d.

3.5 Proof sketch

In this subsection, we provide a high-level sketch of the main ingredients of the main proof.
It is well-known that mixing of a Markov chain is closely related to its conductance. Our
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main proof relies on the work by Lovasz (1999) that characterizes the conductance of Markov
chains on a convex set using Hilbert metric. Precisely, Lovédsz (1999) showed that a Markov
chain has good conductance if it makes jumps to regions with large overlaps from two nearby
points and the mixing time depends inversely on the maximum Hilbert metric between
such nearby points. Using this argument, it remains to make sure that the ellipsoid radius
is chosen properly such that the ellipsoids remain inside the polytope and the ellipsoids
corresponding to two different points x and y overlap a lot even if the points x and y are
relatively far apart.

The conductance-based argument has been used for analyzing the ball walk (Lovasz and
Simonovits, 1990, 1993), Hit-and-run (Lovasz, 1999; Lovéasz and Vempala, 2006a) and the
Dikin walk (Kannan and Narayanan, 2012; Narayanan, 2016; Sachdeva and Vishnoi, 2016).
We refer the reader to the survey by Vempala (2005) for a thorough discussion about the
relation between the conductance and mixing time for Markov chains. Our proof techniques
share a few features with the recent analyses of the Dikin walk by Kannan and Narayanan
(2012) and Sachdeva and Vishnoi (2016). However, new technical ideas are needed in order
to handle the state-dependent weights o, and (., as defined in equations (9b) and (12)
respectively, that underlie the proposal distributions for the Vaidya and John walks. Note
that these techniques are not present in the analysis of the Dikin walk, which is based on
constant weights.

Specifically, we present the proof of Theorem 1 on the mixing time of the Vaidya walk
in Section 5 and defer the intermediate technical results to Appendix A, B and C. We
present the proof of Theorem 2 (mixing time bound for the John walk) in Appendix D
and provide related auxiliary results and their proofs in Appendices E, F, G, H and 1. As
alluded to earlier, to keep the paper self-contained, we provide the proof of Lovasz’s Lemma
in Appendix J.

4. Numerical experiments

In this section, we first analyze the per-iteration cost to implement of three walks. We
show that while the Dikin walk has the best per-iteration cost, the per-iteration cost of
the Vaidya walk is only twice of that of Dikin walk and the per-iteration cost of the John
walk is only of order logy(2n/d) larger. Second, we demonstrate the speed-up gained by the
Vaidya walk over the Dikin walk for a warm start on different polytopes.

4.1 Per iteration cost

We now show that the per iteration cost of the Dikin, Vaidya and John walks is of the same
order. The proposal step of Vaidya walk requires matrix operations like matrix inversion,
matrix multiplication and singular value decomposition (SVD). The accept-reject step re-
quires computation of matrix determinants, besides a few matrix inverses and matrix-vector
products. The complexity of all aforementioned operations is O (nd2). Thus, per iteration
computational complexity for the Vaidya walk is O (nd2) A

4. In theory, the matrix computations for the Dikin walk can be carried out in time nd” for an exponent
v < 1.373, but such algorithms are not numerically stable enough for practical use.
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Both the Dikin and Vaidya walks requires an SVD computation for inverting the Hessian
of Dikin barrier V2F,. In addition for the Vaidya walk, we have to invert the matrix Vj,
which leads to almost twice the computation time of the Dikin walk per step. This difference
can be observed in practice.

For the John walk, we need to compute the weights (, at each point which involves
solving the program (12). Lee and Sidford (2014) argued that the convex program (12) for
obtaining John walk’s weights is strongly convex with a suitably chosen norm. They proved
that solving this program requires log? n number of gradient steps, where the computational
complexity of each gradient step is equivalent to that of solving an n X d linear system
(O (nd2) using a numerically stable routine). Thus, the overall cost for the John walk is of
the same order as of the Dikin walk up to a poly-logarithmic factor in the pair (n,d).

In practice, for the John walk, the combined effect of logarithmic factors in the number
of steps and the cost to implement each step cannot be ignored. This extra factor becomes a
bottleneck for the overall run time for the convergence of the Markov chain. Consequently,
the John walk is not suitable for polytopes with moderate values of n and d, and its mixing
time bounds are computationally superior to the Dikin and Vaidya walks only for the
polytopes with n > d > 1.

4.2 Simulations

We now present simulation results for the random walks in R? for d = 2,10 and 50 with
initial distribution pg = N (0, a?l I4) and target distribution being uniform, on the following
polytopes:

Set-up 1 : The set [—1,1]? defined by different number of constraints.

Set-up 2 : The set [—1,1]% for d € {2,3,4,5,6,7} for n = {2d,2d?,2d®} constraints.
Set-up 3 : Symmetric polytopes in R? with n-randomly-generated-constraints.
Set-up 4 : The interior of regular n-polygons on the unit circle.

Set-up 5 : Hyper cube [—1,1]¢ for d = 10 and 50.

We choose o4 such that the warmness parameter M is bounded by 100. We provide imple-
mentations of the Dikin, Vaidya and John walks in python and a jupyter notebook at the
github repository https://github.com/rzrsk/vaidya-walk.

We use the following three ways to compare the convergence rate of the Dikin and the
Vaidya walks: (1) comparing the approximate mixing time of a particular subset of the
polytope—smaller value is associated with a faster mixing chain; (2) comparing the plot
of the empirical distribution of samples from multiple runs of the Markov chain after k
steps—if it appears more uniform for smaller k, the chain is deemed to be faster; and (3)
contrasting the sequential plots of one dimensional projection of samples for a single long
run of the chain—Iless smooth plot is associated with effective and fast exploration leading
to a faster mixing (Yu and Mykland, 1998). Note that MCMC convergence diagnostics is
a hard problem, especially in high dimensions, and since the methods outlined above are
heuristic in nature we expect our experiments to not fully match our theoretical results.

In Set-up 1, we consider the polytope [—1,1]? which can be represented by exactly 4
linear constraints (see Section 2.4). Suppose that we repeat the rows of the matrix A, and
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then run the Dikin and Vaidya walks with the new A. Given the larger number of con-
straints, our theory predicts that the random walks should mix more slowly. In Figure 3c
and 3d, we plot the empirical distribution obtained by the Dikin walk and Vaidya walk,
starting from 200 i.i.d initial samples, for n = 64 and 2048. The empirical distribution plot
shows that having large n significantly slows the mixing rate of the Dikin walk, while the
effect on the Vaidya walk is much less. Further, we also plot the scaling of the approxi-
mate mixing time Enix (defined below) for this simulation as a function of the number of
constraints n in Figure 3b. For Set-up 2, we plot kmix as a function of the dimensions d
in Figures 3e-3g, for the random walks on [—1,1]¢ where the hypercube is parametrized by
different number of constraints n € {2d,2d?,2d?}. The approximate mixing time is defined
with respect to the set Sy = {x € RY||z;| > cq Vi € [d]} where cg is chosen such that
7*(S4) = 1/2. In particular, for a fixed value of n, let T* denote the empirical measure
after k-iterations across 2000 experiments. The approximate mixing time l;:mix is defined as

l;:mix := min {k:

A 1

T(8g) — TF(Sy) < = ¢, (17)
20

We choose such a set since the set covers the regions near to the boundary of the poly-

tope which are not covered well by the chosen initial distribution. We make the following

observations:

1. The slopes of the best-fit lines, for kmix versus n in the log-log plot in Figure 3b, are
0.88 and 0.45 for Dikin and Vaidya walks respectively. This observation reflects a
near-linear and sub-linear dependence on n for a fixed d for the mixing time of the
Dikin walk and the Vaidya walk respectively.

2. In Figures 3e-3g, once again we observe a more significant effect of increasing the
number of constraints on the approximate mixing time l;:mix. We list the slopes of
the best fit lines on these log-log plots in Table 2. These slopes correspond to the
exponents for d for the approximate mixing time. From the table, we can observe that
these experiments agree with the mixing time bounds of O (nd) for the Dikin walk
and O (n0'5d1'5) for the Vaidya walk.

No. of Constraints DW Theoretical VW Theoretical DW Experiments VW Experiments

n=2d 2.0 2.0 1.58 1.72
n = 2d? 3.0 2.5 2.80 2.48
n=2d3 4.0 3.0 3.84 2.75

Table 2. Value of the exponent of dimensions d for the theoretical bounds on mixing time
and the observed approximate mixing time of the Dikin walk (DW) and the Vaidya walk
(VW) for [—1,1]¢ described by n = 2d,2d?,2d> constraints. The theoretical exponents are
based on the mixing time bounds of O (nd) for the Dikin walk and O (n0'5d1'5) for the Vaidya
walk. The experimental exponents are based on the results from the simulations described
in Set-up 2 in Section 4.2. Clearly, the exponents observed in practice are in agreement
with the theoretical rates and imply the faster convergence of the Vaidya walk compared to
the Dikin walk for large number of constraints.

In Set-up 3, we compare the plots of the empirical distribution of 200 runs of the Dikin
walk and the Vaidya walk for different values of k, for symmetric polytopes in R? with n-
randomly-generated-constraints. We fix b; = 1. To generate a;, first we draw two uniform
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random variables from [0, 1] and then flip the sign of both of them with probability 1/2 and
assign these values to the vector a;. The resulting polytope is always a subset of the square
K = [~1,1]? and contains the diagonal line connecting the points (—1,1) and (1, —1). From
Figure 4a-4b, we observe that while there is no clear winner for the case n = 64, the Vaidya
walk mixes mixes significantly faster than the Dikin walk for the polytope defined by 2048
constraints.

In Set-up 4, the constraint set is the regular n-polygons inscribed in the unit circle. A
similar observation as in Set-up 3 can be made from Figure 4c-4d: the Vaidya walk mixes
at least as fast as the Dikin walk and mixes significantly faster for large n.

In Set-up 5, we examine the performance of the Dikin walk and the Vaidya walk on
hyper-cube [—1,1]¢ for d = 10,50. We plot the one dimensional projections onto a random
normal direction of all the samples from a single run up to 10,000 steps. The Vaidya
sequential plot looks more jagged than that of the Dikin walk for d = 10,n = 5120. For
other cases, we do not have a clear winner. Such an observation is consistent with the
O(y/n/d) speed up of the Vaidya walk which is apparent when the ratio n/d is large.

5. Proofs

We begin with auxiliary results in Section 5.1 which we use then to prove Theorem 1 in
Section 5.2. Proofs of the auxiliary results are in Sections 5.3 and 5.4, and we defer other
technical results to appendices.

5.1 Auxiliary results

Our proof proceeds by formally establishing the following property for the Vaidya walk: if
two points are close, then their one-step transition distribution are also close. Consequently,
we need to quantify the closeness between two points and the associated transition distri-
butions. We measure the distance between two points in terms of the cross ratio that we
define next. For a given pair of points z,y € I, let e(x),e(y) € IK denote the intersection
of the chord joining x and y with K such that e(x),z,y, e(y) are in order (see Figure 6a).
The cross-ratio di(x,y) is given by

le(@) — e)lly = — yll,
le(@) — [, le(y) — ylly (18)

dlC(x’ y) =

The ratio di(x,y) is related to the Hilbert metric on K, which is given by log (1 + di(z,v));
see the paper by Bushell (1973) for more details.

Consider a lazy reversible random walk on a bounded convex set K with transition
operator 7 defined via the mapping po — /2 + ’7~'(u0) /2 and stationary with respect
to the uniform distribution on K (denoted by 7*). (Recall that §, denote the dirac-delta
distribution with unit mass at z.) The following lemma gives a bound on the mixing-time
of the Markov chain.

Lemma 6 (Lovasz’s Lemma) Suppose that there exist scalars p, A € (0,1) such that

1T 0x) =T @) lrv <1—p  forall x,y € int (K) with dx(z,y) < A. (19a)
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Figure 3. Comparison of the Dikin and Vaidya walks on the polytope K = [~1,1]%. (a)
Samples from the initial distribution py = N(0,0.04I5) and the uniform distribution on
[-1,1]2. (b) Log-log plot of kmix (17) versus the number of constraints (n) for a fixed
dimension d = 2. (¢, d) Empirical distribution of the samples for the Dikin walk (blue/top
rows) and the Vaidya walk (red/bottom rows) for different values of n at iteration k =
10,100, 500 and 1000. (e, f, g) Log-log plot of Fmix vs the dimension d, for n € {2d,2d?,2d°}
for d € {2,3,4,5,6,7}. The exponents from these plots are summarized in Table 2. Note

that increasing the number of constraints n has more profound effect on the Dikin walk in
almost all the cases.

Then for every distribution g that is M -warm with respect to 7*, the lazy transition operator
T satisfies

2.2

% A
7% (o) — 7*|| 7 < VM exp <_k40§6> V k=1,2,.... (19Db)
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(c) n =64 (d) n = 2048

Figure 4. Empirical distribution of the samples from 200 runs for the Dikin walk (blue/top
rows) and the Vaidya walk (red/bottom rows) at different iterations k. The 2-dimensional
polytopes considered are: (a, b) random polytopes with n-constraints, and (c, d) regular
n-polygons inscribed in the unit circle. For both sets of cases, we observe that higher n slows
down the walks, with visibly more effect on the Dikin walk compared to the Vaidya walk.

k— 6000 s 0000 0 2000 000k —

(a) d =10 (b) d =50
Figure 5. Sequential plots of a one-dimensional random projection of the samples on the
hyperbox K = [~1,1]%, defined by n constraints. Each plot corresponds to one long run of

the Dikin and Vaidya walks, and the projection is taken in a direction chosen randomly
from the sphere. (a) Plots for d = 10 and n € {20,640,5120}. (b) Plots for d = 50 and
n € {100,400, 1600}. Relative to the Dikin walk, the Vaidya walk has a more jagged plot for
pairs (n, d) in which the ratio n/d is relatively large: for instance, see the plots corresponding
to (n,d) = (640, 10) and (5120, 10). The same claim cannot be made for pairs (n, d) for which
the ratio n/d is relatively small; e.g., the plot with (n,d) = (20,10). These observations are
consistent with our results that the Vaidya walk mixes more quickly by a factor of order
O(4/n/d) over the Dikin walk.
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Figure 6. Polytope K = {z € R¥ Az < b}. (a) The points e(x) and e(y) denote the
intersection points of the chord joining x and y with IC such that e(z), z,y, e(y) are in order.
(b) A geometric illustration of the argument (23). It is straightforward to observe that

lz = yllo/lle(x) = xlly = llu = ylly/Iu = vlly = |a (y — )|/ (b = o] z).

This result is implicit in the paper by Lovéasz (1999), though not explicitly stated. In order
to keep the paper self-contained, we provide a proof of this result in Appendix J.

Our proof of Theorem 1 is based on applying Lovész’s Lemma; the main challenge in our
work is to establish that our random walks satisfy the condition (19a) with suitable choices
of A and p. In order to proceed with the proof, we require a few additional notations. Recall
that the slackness at = was defined as s, := (b1 —a{ ,...,b, —a, ). For all z € int (K),
define the Vaidya local norm of v at x as

3

a v)2
Vi = | Y (owi + BV)(SZQ), (20a)
=1 T,

ol = |

and the Vaidya slack sensitivity at x as

Oy, = (

Similarly, we define the John local norm of v at x and the John slack sensitivity at x as

o\ T
) : (20c)
Ja

The following lemma provides useful properties of the leverage scores o, from equation (9b),
the weights ¢, obtained from solving the program (12), and the slack sensitivities 0y, and
0

pa

2

ai Qn

2\ T T —1 Ty -1 T
) :<“1Vg a Vs a”) . (20b)

2
Va Sz,1 Szn

b
Sz,1 ||y, Sx.n

2

ai an

vl 5, = ’ J;/QvH2 and 0j, = (

)
Sz,1 ] g, Sx.n

Lemma 7 For any x € int (K), the following properties hold:
(a) 05 € [0,1] for alli € [n],
(b) 32y 02 =d,
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(c) Oy, € [O, \/ni/d} for all i € [n],
(d) Coi € (B, 1+ B] for alli € [n],
(¢) >iey Gui = 3d/2, and
(f) 0, €1[0,4] for all i € [n].

We prove this lemma in Section 5.3.

Let Py to denote the proposal distribution of the random walk VW(r) at state z. Next,
we state a lemma that shows that if two points z,y € int (K) are close in Vaidya local norm
at x, then for a suitable choice of the parameter r, the proposal distributions P and 73;’
are close. In addition, we show that the proposals are accepted with high probability at
any point z € int (K). To establish the latter result, we now define the non-lazy transition
operator of the Vaidya walk. Since the Vaidya walk is lazy with probability 1/2, there exists
a valid (non-lazy) transition operator ﬁaidya(r) such that for any distribution pg, we have

7:/aidya(?”) (IU’O) = /’LO/2 + ﬁaidya(’l") (MO)/2

We call ﬁaidya the non-lazy transition operator for the Vaidya walk. Note that the one-step
non-lazy transition distribution ﬁaidya(r)(dz) denotes the distribution of proposals after the
accept-reject step if the chain was not lazy. Thus to establish that proposals are accepted
with high probability, it suffices to establish that the transition distribution ﬁ,aidya(r)(dm) at
any point « € K is close to the proposal distribution Py. We now state these two results
formally:

Lemma 8 There exists a continuous non-decreasing function f : [0,1/4] — Ry with
f(1/15) > 10~* such that for any e € (0,1/15], the random walk VW(r) with r € [0, f(e)]
satisfies

<_ T
~ 2(nd)t/4
H’i-\/aidya(r)((s«r) — P llrv < 5e ¥V x € int (K). (21b)

1Py = PJllrv<e Vaycint(K) st [z—yl, and  (21a)

See Section 5.4 for the proof of this lemma.

With these lemmas in hand, we are now equipped to prove Theorem 1. To simplify notation,
for the rest of this section, we adopt the shorthands T, = Tyaya(r)(z), P = P, and

v, = 1l

5.2 Proof of Theorem 1

In order to invoke Lovéasz’s Lemma for the random walk VW (10~), we need to verify the
condition (19a) for suitable choices of p and A. Doing so involves two main steps:

(A): First, we relate the cross-ratio di(x,y) to the local norm (20a) at .

(B): Second, we use Lemma 8 to show that if ,y € int (K) are close in local-norm, then
the transition distributions T, and T, are close in TV-distance.
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Step (A): We claim that for all x,y € int (), the cross-ratio can be lower bounded as

1
dic(z,y) > ——= ||z —yl|, - 22
(o) = <=l = 22
Note that we have
e(x T — (1 T — T —
beta) = L=l ol @ (ol e ol )
le@) =zl le(w) — vll, = z) =z, lle(y) =yl
(i7) _ —
g max{ Ha: yla Nz =yl }
z) —zlly” [le(y) — 2l
where step (i) follows from the inequality [le(z) — e(y)|ly > max {||e(y) — yll5, lle(x) — z||5};
and step (ii) follows from the inequality |e(x) — z[|, < H (y) — z||y. Furthermore, from
Figure 6b, we observe that
— — Ty —
max { H$ yH2 ’ Hx yHQ } = max a; (ﬂj‘ y) ' (23)
le(z) = xlly" le(y) =2l ) el [ sz4

This argument of equation (14) has also been used (Sachdeva and Vishnoi, 2016, lemma
9). Note that maximum of a set of non-negative numbers is greater than the mean of the
numbers. Combining this fact with properties (a) and (b) from Lemma 7, we find that

1 S (0 (—9)* _ |l=—yll,
d]c(x,y) 2 2?21 (O’m’i + /Bv) izl(o-m,l + ﬂ\/) Siﬂ; - \/ﬁ 9

thereby proving the claim (22).
Step (B): By the triangle inequality, we have

[Tz — Tyllrv < Tz = Pellvv + [Pe — Pyllry + [Py — Tyllvv-

Thus, for any (7, €) such that e € [0,1/15] and r < f(€), Lemma 8 implies that

re

Ty — Tyllrv < 116, Va,y € int (K) such that ||z —y|, < 2nd) /1
Consequently, the walk VW(r) satisfies the assumptions of Lovdsz’s Lemma with
_ L e
 V2d 2(nd)l/4
Since f(1/15) > 1074, we can set € = 1/15 and r = 10~%, whence

and p:=1-1le.

AZ)2 (1-11e)?¢** 42 1 1 L2 !
8dv/nd 152152108 dy/nd — dv'nd

Observing that A < 1 yields the claimed upper bound for the mixing time of Vaidya Walk.
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5.3 Proof of Lemma 7

In order to prove part (a), observe that for any z € int (K), the Hessian V2F, := Y1 | aiaT/siﬂ-

i
is a sum of rank one positive semidefinite (PSD) matrices. Also, we can write V2F, = AIAI
where

af /sz
A, = :

aZ/Sz,n
Since rank(A;) = d, we conclude that the matrix V2F, is invertible and thus, both the
matrices V2F, and (Vz}“x)_l are PSD. Since 0,; = a, (VQJ-})_1 ai/sii, we have g, ; > 0.

Further, the fact that aia;/sgﬂ- =< V2F, implies that 0zi < 1.
Turning to the proof of part (b), from the equality trace(AB) = trace(BA), we obtain

Y ol (V2F) i 5\~ N @50
;Ux,i = trace (Z 2 = trace | (V°F,) Z 5 | = trace(Iy) = d.

) S84 .
i=1 x,i i=1 Tt

Now we prove part (c). Using the fact that o, ; > 0, and an argument similar to part (a)

we find that that the matrices V, and V! are PSD. Since 0y, ; = aiTfolai/si’i, we have
Oy, > 0. It is straightforward to see that By V2F, =<V, which implies that Ov, i < 0z:/P.
Further, we also have (0, + Bv) a;galj =V, and whence 0y, ; < 1/ (04, + fv). Combining
the two inequalities yields the claim.

The other parts of the Lemma follow from Lemma 13, 14 and 15 by Lee and Sidford

(2014) and are thereby omitted here.

5.4 Proof of Lemma 8

We prove the lemma for the following function

1

Jl = miny o (14 V2108t () V18log(2/e) \/@’ 22/5/3xs "\ 50v/105x4

where x; = (2¢/k - log (él/e))k/2 for k =2,3 and 4. A numerical calculation shows that
f(1/15) > 1074
5.4.1 PROOF OF CLAIM (21a)

In order to bound the total variation distance ||P; — Pyl|rv, we apply Pinsker’s inequality,
which provides an upper bound on the TV-distance in terms of the KL divergence:

||Pz - 73y”Tv < \/ 2KL(PxHPy)-

For Gaussian distributions, the KL divergence has a closed form expression. In particular,
for two normal-distributions G; = N (u1,%1) and Go = N (u2, X2), the Kullback-Leibler
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divergence between the two is given by

1 _ _ _
KL(G1[162) = 5 (trace(z1 Y2y s ) —d—log det(S; 2505, ) + (1 — o) T 27 (m—m))-

Recall from equation (15) that the proposal distribution for Vaidya walk is Gaussian, i.e.,

P, =N (x, \/’;RV;l). Substituting G; = P, and G = P, into the above expression and

applying Pinsker’s inequality, we find that

- _ _ _ vnd
[P2 = Pylliv < 2KL(Py|[P) = trace(Vy 2V, V%) —d—log det (V" 2V, Vo 2) + == o=yl

d
:{Z <)\i—1+log/\1i>}+@]]x—y]]i, (25)

i=1
where A1, ..., \g > 0 denote the eigenvalues of the matrix V[l/ 2VyV{1/ 2, and we have used
the facts that det(%_l/z%Vx_l/Q) = H?Zl A; and trace(Vx_l/ZVsz_l/Q) = Z?:l Ai. The
following lemma is useful in bounding expression (25).
Lemma 9 For any scalart € [0,1/12] and any pair z,y € int (K) such that |z — y||, < t/(nd)'/4,
we have
8t 8t

1— — Iy =V, 2y, v 2 < (1+> Iy,
( w&)d— e 2\ T Va)

where X denotes ordering in the PSD cone, and I is the d-dimensional identity matriz.

See Appendix B for the proof of this lemma.

For e € (0,1/15] and r € [0,1/12], we have ¢t = er/2 < 1/12, whence the eigenvalues

{Ai, 1 € [d]} can be sandwiched as

1 der der

—<1l——< XN <14+— forallied. 26

2~ d~ Vd 2
We are now ready to bound the TV distance between P, and P,. Using the bound (25)
and the inequality logw < w — 1, valid for w > 0, we obtain

d

1 nd

1P =Pl < 3 (-2 ) + Y5l -2,
i=1 t

Using the assumption that ||z — y||, < er/ (2(nd)/*), and plugging in the bounds (26) for
the eigenvalues {\;, 7 € [d]}, we find that

d
1 \/nd 2 2 9 62

In asserting this inequality, we have used the facts that according to equation (26), for any

i€ ld],
1 (n—1)? der\?
24 — =TT g (D)
A N Al T (ﬂ)

Note that for any r € [0,1/12] we have that 32r2 < 1/2. Putting the pieces together yields
|Pe — Pyllrv < €, as claimed.
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5.4.2 PROOF OF CLAIM (21Db)

Note that

() = Pat) + [ (1 min {1,290 ) o) (27)

where K¢ denotes the complement of . Consequently, we find that

o= Tl = 3 (Tlah) + [tz = [min {1, 220, )ac)

o oo w5

e e iz} =

=: 5%

Consequently, it suffices to show that both S; and Ss are small, where the probability is
taken over the randomness in the proposal z. In particular, we show that S7 < e and Sy < 4e.

Bounding the term S;: Since z is multivariate Gaussian with mean x and covariance
2 .
"V ~1 we can write

vnd %

<nd7;1/4 Ve ', (29)

d
2=+

where £ ~ N (0,1;) and 2 denotes equality in distribution. Using equation (29) and defini-
tion (20b) of Oy, ;, we obtain the bound

(af (z—2)* 2
2

o2 2 ez o)
(nd)? etlitliz = g b2

a-TVx_l/Qf] o2
s

< T
(nd)?

Sz,

where step (i) follows from Cauchy-Schwarz inequality, and step (ii) from the bound on 6y, ;
from Lemma 7(c). Define the events

& = {:: €113 < 1} and & :={z€int(K)}.

Inequality (30) implies that £ C & and hence P[] > P [£]. Using a standard Gaussian tail
i I S i — ! —
bound and noting that r < s Ve obtain P[] > 1—e€ and whence P[£'] > 1—e.

Thus, we have shown that P[z ¢ K] < e which implies that S; < e.

Bounding the term S3: By Markov’s inequality, we have

pz()
pa(2)

E..p, [min {1, H > aP [p.(z) > apy(z)] for all a € (0,1]. (31)
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By definition (15) of p,, we obtain

: Vind 1
(@) _ o <—:f (Il = 2l12 = |2 = 2]12) + 5 (tog det V- — log det Vm)) .

The following lemma provides us with useful bounds on the two terms in this expression,
valid for any z € int (K).

Lemma 10 For any e € (0,1/15] and r € (0, f(€)], we have

P.p,

1 1
B logdet V, — B log det V,, > —e] >1—¢ and (32a)

r2
] >1—ce. (32b)
nd

P, |l =l - [~ < 2
See Appendix C for the proof of this claim.

Using Lemma 10, we now complete the proof. For r < f(e), we obtain

pz(z)

2(2)

with probability at least 1 — 2e. Substituting @ = 1 — 2¢ in inequality (31) yields that
Sy < 4e, as claimed.

>exp(—2¢) >1—2¢

3

6. Discussion

In this paper, we focused on improving mixing rate of MCMC sampling algorithms for
polytopes by building on the advancements in the field of interior point methods. We
proposed and analyzed two different barrier based MCMC sampling algorithms for polytopes
that outperforms the existing sampling algorithms like the ball walk, the hit-and-run and
the Dikin walk for a large class of polytopes. We provably demonstrated the fast mixing of
the Vaidya walk, O (n%°d'*) and the John walk, O (d*°poly-log(n/d)) from a warm start.
Our numerical experiments, albeit simple, corroborated with our theoretical claims: the
Vaidya walk mixes at least as fast the Dikin walk and significantly faster when the number
of constraints is quite large compared to the dimension of the underlying space. For the
John walk, the logarithmic factors were dominant in all our experiments and thereby we
deemed the result of importance only for set-ups with polytopes in very high dimensions
with number of constraints overwhelmingly larger than the dimensions. Besides, proving
the mixing time guarantees for the improved John walk (Conjecture 5) is still an open
question.

Narayanan (2016) analyzed a generalized version of the Dikin walk for arbitrary convex
sets equipped with self-concordant barrier. From his results, we were able to derive mixing
time bounds of O (nd*) and O (d°poly-log(n/d)) from a warm start for the Vaidya walk
and the John walk respectively. Our proof takes advantage of the specific structure of the
Vaidya and John walk, resulting a better mixing rate upper bound the the general analysis
provided by Narayanan (2016).
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While our paper has mainly focused on sampling algorithms on polytopes, the idea
of using logarithmic barrier to guide sampling can be extended to more general convex
sets. The self-concordance property of the logarithmic barrier for polytopes is extended by
Anstreicher (2000) to more general convex sets defined by semidefinite constraints, namely,
linear matrix inequality (LMI) constraints. Moreover, Narayanan (2016) showed that for
a convex set in R? defined by n LMI constraints and equipped with the log-determinant
barrier—the semidefinite analog of the logarithmic barrier for polytopes—the mixing time
of the Dikin walk from a warm start is O (nd2). It is possible that an appropriate Vaidya
walk on such sets would have a speed-up over the Dikin walk. Narayanan and Rakhlin
(2013) used the Dikin walk to generate samples from time varying log-concave distributions
with appropriate scaling of the radius for different class of distributions. We believe that
suitable adaptations of the Vaidya and John walks for such cases would provide significant
gains.
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Appendix A. Auxiliary results for the Vaidya walk
In this appendix, we first summarize a few notations used in the proofs related to Theorem 1,

and collect the auxiliary results for the later proofs.

A.1 Notation

We begin with introducing the notation. Recall A € R™*? is a matrix with al-T as its ¢-th
row. For any positive integer p and any vector v = (vy,...,v,) ", diag(v) = diag(vy, ..., vp)
denotes a p X p diagonal matrix with the i-th diagonal entry equal to v;. Recall the definition
of S,:

Sy = diag (sg,1,...,8zn) Where s;; = b; — a;raj for each i € [n]. (33)

Furthermore, define A, = S; ! A for all x € int (K), and let T, denote the projection matrix
for the column space of A, i.e.,

T, = AL (ATA)TA] = A, V2F 1AL (34)

Note that for the scores o, (9b), we have o, ; = (Y, )i for each i € [n]. Let ¥, beann xn
diagonal matrix defined as

Y, =diag(oz1,...,02n) - (35)
Let 04, := (Y4)ij, and let Tg) denote the Hadamard product of Y, with itself, i.e.,

ol V2F1q;)?
(YP)ij =02, = o 2 .sé 4 2 for all 4, € n]. (36)
z,i°x,]j

Using the shorthand 0, := 6y, , we define

. a! Vi, .
O, = diag (0:1,...,0zm) where 0,; = ——5—— for i€ [n], and
x,0
= 2 2 (az‘TVx_laj)Q -
Ep = (05,;) where 0y, = ~——5~—5—— fori,j € [n].
sw,i x,j

In our new notation, we can re-write the Vaidya matrix V, defined in equation (9a) as
Ve = Al (24 + ByI) Ay, where By = d/n.

A.2 Basic Properties

We begin by summarizing some key properties of various terms involved in our analysis.

Lemma 11 For any vector x € int (K), the following properties hold:
(a) 05; = Z?Zl Ug,i,j = Z;L,k:1 02,i.j0zjk0z ki for each i € [n],

(b) Sy = TP,
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(¢) 321105 (00i + Bv) = d,
(d) Yi e n], 0y, = Z?:l (025 + Bv) Hgﬂ-,j, for each i € [n],
(e) 0} (Sp+ BI) 0, =S, 932”- (02, + Bv) < Vnd, and
(f) By V2Fy 2 Ve 2 (14 By) V2 Fs.
where By = d/n was defined in equation (9b).
Proof We prove each property separately.
Part (a): Using I; = V2F, (VQ}'m)_l, we find that

T,
ajaj

of (V2F) VR, (VR e W (VQfx)“V?Z;Ll?(v?a)*lai n

J §
0':071' = = = g
82 ; 82

0 T 1,j=1

Applying a similar trick twice and performing some algebra, we obtain

UﬁE,i =

af (V2F,) 'V, (V2F,) ' V2, (V2F) e &

3 = Z 02,i,j0x,j,k0x,ki-
i ig,k=1
Part (b): From part (a), we have that X, — T is a symmetric and diagonally dominant
matrix with non-negative entries on the diagonal. Applying Gershgorin’s theorem (Bhatia,
2013; Horn and Johnson, 2012), we conclude that it is PSD.

S

Part (c): Since trace(AB) = trace(BA), we have

n

n T

_ a;a,;

o ) =t (V13 o) 2
i=1 i=1 1

) = trace (1) = d.

Part (d): An argument similar to part (a) implies that

.
Ty -1\ ) 4 Yyr—1,.
a] Vi,V tay, % Ve 2j=1 (0w + Bv) ey Ve ai - 2
Oz, = — 2 = 2 . = E (0 + Bv) 02,5-
i Sty ij=1

Part (e): Using part (¢) and Lemma 7(c) yields the claim.

Part (f): The left inequality is by the definition of V,,. The right inequality uses the fact
that >, < 1. |

We now prove an important result that relates the slackness s, and s, at two points, in
terms of ||z —yl|,.

Lemma 12 For all z,y € int (), we have

, 1
‘1 Py < <%> Nl —yll, for eachi € [n].

x,i
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Proof For any pair z,y € int () and index i € [n], we have

2 _1 1 2G) 1 1
(af @ =w) = ((Vm Ya;) V2 <x—y>) < Ve 2aill3 1V (= — v) I3
= af Vb lo — gl

= Ouisns o —yll;

@) [ ,
<\ [5 lel,

where step (i) follows from the Cauchy-Schwarz inequality, and step (ii) uses the bound 6, ;
from Lemma 7(c). Noting the fact that a; (z —y) = s, — 8.1, the claim follows after simple
algebra. n

Appendix B. Proof of Lemma 9

In this appendix section, we prove Lemma 9 using results from the previous appendix. As
a direct consequence of Lemma 12, we find that

‘1 — Zz < \;a, for any x,y € int (K) such that ||z — y||, < (ndt)l/‘l'
The Hessian VQJ:y is thus sandwiched in terms of the Hessian V2F, as
t\’ oo 2 t\’ oo
(1—\/&> VF, 2V F, = (1—1—\/&) VeFs.

By the definition of 0, ; and o, ;, we have

(1-5) (1+5)

7\/&20@1' <oy < 7\@2(%@ for all i € [n]. (37)

(e ()

Consequently, we find that

Note that

1— w2
%21—8{;} and

w)? L]
(1+w) '

1
7( + 1 <1+ 8w foranyouE[O,12
(1-w)

Applying this sandwiching pair of inequalities with w = t/v/d yields the claim.
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Appendix C. Proof of Lemma 10
We begin by defining

z,i i

Oz, + By
2

T,

1
forie[n], and V,:= B logdet V,,, for all z € int (K). (38)

Further, for any two points x and z, let Tz denote the set of points on the line segment joining
x and z. The proof of Lemma 10 is based on a Taylor series expansion, and so requires
careful handling of o, ¢, ¥ and their derivatives. At a high level, the proof involves the
following steps: (1) perform a Taylor series expansion around z and along the line segment
Tz; (2) transfer the bounds of terms involving some point y € TZ to terms involving only x
and z; and then (3) use concentration of Gaussian polynomials to obtain high probability
bounds.

C.1 Auxiliary results for the proof of Lemma 10

We now introduce some auxiliary results involved in these three steps. The following lemma
provides expressions for gradients of o, and ¥ and bounds for directional Hessian of ¢
and ¥. Let ¢; € R? denote a vector with 1 in the i-th position and 0 otherwise. For any
h € R? and z € int (K), define ;5 = 1 := a; h/sy,; for each i € [n].

Lemma 13 The following relations hold;

(a) Gradient of o: Vo, ; =2A] (S, — Tg))ei for each i € [n].

2
(b) Gradient of ¢: Vg = TAI [2Em + 8,1 — Tg)} e; for each i € [n];
s

x,0
(¢c) Gradient of U: VW, = A] (2 Yo+ BvI— T§f)> 0;
(d) Bound on V?p: siﬂ- |%hTV2<px,ih‘ <14 (04, + Bv) 7792671-—}—11 > i1 aiiyjn?c,j fori € [n];
(e) Bound on V2V : ‘%hT (V2\IJ$) h| <1330 (024 + Bv) 9;,;72-77312»—#177 szzl ag’i’jﬁx,mg’j.

See Section C.6 for the proof of this claim.

The following lemma that shows that for a random variable z ~ P,, the slackness s, ;
is close to s;; with high probability.

Lemma 14 For any € € (0,1/4],r € (0,1) and x € int (K), we have

P,p, [We [n],Vv € Tz, Soid ¢ (1—r(1+5),1+r(1—|—5))] >1—€/4,

Sv,i

where § = 21#54/6). Thus for any d > 1 and r <1/ [20 (1 +4/2log (%))}, we have

P, p, [\ﬁ € [n], Yo € 77, 2% € (0.95, 1.05)] >1—¢/4.

Su,i
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See Section C.4 for the proof which is based on combining the bound on % from Lemma 12
with standard Gaussian tail bounds. ’

This result comes in handy for transferring bounds for different expressions in Taylor
expansion involving an arbitrary y on Tz to bounds on terms involving simply x. The proof
follows from Lemma 12 and a simple application of the standard Gaussian tail bounds and
is thereby omitted. For brevity, we define the shorthand

1
Ay = 7‘/;1/2% for each i € [n]. (39)

Sz

In the following lemma, we state some tail bounds for particular Gaussian polynomials that
arise in our analysis.

Lemma 15 For any € € (0,1/15], define x, = (2¢/k-log (4/€))*'? for k =2,3 and 4.
Then for & ~ N(0,1;) and any xz € int (K) the following high probability bounds hold:

P [g et (31,6)" /B 215 faow
i i(a 4B )(&T.g)?’ <y \/ﬁ(nd)IM- >1- 6 (40b)
- T, \% x,i >~ X3 _ = 47

n A A NT \3
Bl U§g<<az+2%]> 5) < xaVIs ()t =12, (40¢)
1,j=1

’ [Z (i +80) (1,€) < xaV105 (nd) /2| 21— &, (40)

=1

See Section C.5 for the proof of these claims.
Now we summarize the final ingredients needed for our proofs. Recall that the Gaussian
proposal z is related to the current state x via the equation

d r —1/2

where £ ~ N (0,1;). We also use the following elementary inequalities:

Cauchy-Schwarz inequality: luT o] < Jlully o]l (C-S)
1
AM-GM inequality: vk < §(V2 + K2). (AM-GM)
1
Sum of squares inequality: 3 lla+ b5 < llallz + |10]3, (SSI)

Note that the sum-of-squares inequality is simply a vectorized version of the AM-GM in-
equality. With these tools, we turn to the proof of Lemma 10. We split our analysis into
parts.
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C.2 Proof of claim (32a)

Using the second degree Taylor expansion, we have
U, — W, =(z—2)" VU, + % (z—a:)TVQ\IJy(z—:U), for some y € TZ.
We claim that for r < f(e), we have
P, [(2 —2) VI, > —6/2} >1-¢/2, and (42a)

P, B (2= 2) V20, (2 — 2) > —6/2] > 11— /2. (42D)

Note that the claim (32a) is a consequence of these two auxiliary claims, which we now
prove.

C.2.1 PROOF OF BOUND (42a)

Equation (41) implies that (z — z)' V¥, ~ N (0 ( , \ﬁ VA ) We claim that
VUV IV, <9vVnd for all x € int (K) . (43)

We prove this inequality at the end of this subsection. Taking it as given for now, let
¢ ~ N(0,972). Then using inequality (43) and a standard Gaussian tail bound, we find
that

Pl(z—z) VI, > —w} >P[¢ > —w] >1—exp(—w?/(18r?)), valid for all w > 0.

Setting w = €¢/2 and noting that r < completes the claim.

181log(2/¢)

C.2.2 PROOF OF BOUND (42b)

T(se
Let 9, ; = & (= ,x) = —" 4] £ Using Lemma 13(e), we have
’ Sw,i (mn)% )
1 T 2 - xz 2 J 2
5(2_55) Vv \Py(z_$ < 132 in+/6v) Yyl :ch'i_i Z Uy,z,j Yyl ) A%,J
zg 1 Y3

[ >+ ) Ziii?ﬁi B

The last inequality comes from Lemma 7(c) and Lemma 11(a). Setting 7 = 1.05, we define
the events £ and &; as follows:

& = {Vi e [n], zy c2—r, T]} . and (45a)
& = {Vz’ € [n], Z;” € [0, (2i)2] } (45b)
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It is straightforward to see that & C & following a similar argument we used to obtain
equation (37) in the proof of Lemma 9. Since r < 1/ [20 (1 + \/Elogl/2 (%))}, Lemma 14

implies that P[] > 1 — €/4 whence P [£2] > 1 — €¢/4. Using these high probability bounds
and the setting 7 = 1.05, we obtain that with probability at least 1 —€/4

O'yz'f'ﬁv xz 2 o
\/>Z O-Cl?l—’_ﬁ\/ O'xl‘i’/Bv 2 77:[1 \/>Z O-LL‘Z—’_/BV 77;;”— d Z O-zl+/BV 1'7,5)

(46)
Applying the high probability bound Lemma 15 (40a) and the condition
€
47
86v/3x2 47)
we obtain that with probability at least 1 — €/2,

%(z —z)" V3, (2 — ) > —¢/2,

as claimed.

C.2.3 PROOF OF BOUND (43)

We now return to prove our earlier inequality (43). Using the expression for the gradient
VU, from Lemma 13(c), we have that for any vector u € R"

W VUV y = <u AT (2236 —T® 4 BV]I) ex>2
_ <Axu, (zzx Y@ 4 M) 9x>2

= (B0 + Be)? Agui, (% + BeD) ™ (22 = TP + Bl 9$>2

<uVou- 0] (25, — TR + BT) (S, + B (250 — T + A1) 6,
(48)

where the last step follows from the Cauchy-Schwarz inequality. As a consequence of
Lemma 11(b), the matrix ¥, — 1 is PSD. Thus, we have

0=2 — TP 4+ 81 < 3(S, + Byl).

Consequently, we find that

0= (3%, + 38072 (25, — T + BT) (3T, + 360/ < L.

=:L

We deduce that all eigenvalues of the matrix L lie in the interval [0, 1] and hence all the
eigenvalues of the matrix L? belong to the interval [0,1]. As a result, we have

(2235 Ty BVH) (35, + 36y1)" (22 Ty ﬁV]I) < (3%, + 361).
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Thus, we obtain
07 (220 = Y@ + BT (S + D) (25 = TP + Bel) 0, < 907 (5, + AT b (49)
Finally, applying Lemma 11 and combining bounds (48) and (49) yields the claim.

C.3 Proof of claim (32b)
The quantity of interest can be written as

n

2
2 2
Iz =2l =z =2l = Y (of (=) (P = 00a).

=1

We can write z = « 4+ au, where « is a scalar and w is a unit vector in R?. Then we have
2= 2l2 = 1z = ol = o’ Z (a7 )" (92— 00)

We apply a Taylor series expansion for > " ; (aiTu)2 (¢2,i — @a,;) around the point z, along
the line u. There exists a point y € Tz such that

i (a:u)Q (P2 — Pai) = i (a;u)2 <(z - x)T Vi + % (z — :n)T V2<py,z' (2 — :z:)> .
i=1 i=1

al (z—z)
Sx,i

Multiplying both sides by o2, and using the shorthand 7, ; = , we obtain

2 T
||Z—.%'||Z—||Z—ZCH anz zz Z .%' V@m‘i‘znm :522 .1‘) Vz@y,i(z_x)- (50)

Substituting the expression for Vi, ; from Lemma 13(b) in equation (50) and performing
some algebra, the first term on the RHS of equation (50) can be written as

n

1
anz Sy (z —z) VS%Z = 22( sz"‘ﬂ\/) 772,7;_ 3 Z Ui,z‘,j (nx,i+77x7j)3' (51)

ij=1
On the other hand, using Lemma 13 (d), we have
1 T 52 ; 2 52
732,1‘ (Z—l‘) VQ‘Py,i (Z—:L’)‘ < ;3,1 14 (0y1+/8V) xl 2 + 11 Zayzgnmj ;’]
Sy, Syz j=1 Y.J

(52)

Now, we use a fourth degree Gaussian polynomial to bound both the terms on the RHS of
inequality (52). To do so, we use high probability bound for s, ;/s, ;. In particular, we use
the high probability bounds for the events £ and & defined in equations (45a) and (45b).
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Multiplying both sides of inequality (52) by 7792m and summing over the index ¢, we obtain
that with probability at least 1 — /4, we have

n 82 52 .
an iSz,i (z — x) Vz@y,i (z —x) < 142 Uyz + Bv) 31“773;2 +11 Z Gz’i’jni’mz’j :;Z 920’]
=1 Z7J:1 yzsyj
(hpb.(45a)) -~ -
< [142 (g + Bv) g + 11 ) a;,-,jni,mi,j]
i—1 =1
(AM-GM) " 1 ¢
103 e s+ S s )
i—1 b=l
(Lem. 11(a)) "
< 2574 Z (0y,i + Bv) 77;1,1‘
i=1
(hpb.(4
S 502 Ozx,i +6V) 77:1: )00 <53)

=1

where “hpb” stands for high probability bound for events £ and &. In the last step, we
have used the fact that 76/(2 — 7)? < 2 for 7 = 1.05. Combining equations (50), (51) and
(53) and noting that 1, ; = ra, £/(nd)*/*, we find that

14 | 8 | v
||Z_$Hz = Z(Uﬂc,i‘i‘ﬁ\/) 772,1‘ +§ Z 3207273 ((nwz+77xj)/2 +38zaxz77xz
i—1 ij=1 i=1
14 73 - T A3 8 3 "o, (1 Rt
< 3 (nd)o /" ;(%,i‘f‘5V) (%,if) + 3 (nd)?/ Z_ O2,i,j (2(%71“"%4‘) f)
+50*Z Ufﬂl—i_ﬁv) (awz ) ’ (54)

where the last step follows from the fact that 0 < 0,4 < 04, + Byv. In order to show that

is bounded as O (1 /V nd) with high probability, it suffices to show
that with high probability, the third and fourth degree polynomials of &;if , that appear in
bound (54), are bounded by O ((nd)1/4) and O <\/ nd) respectively.

Applying the bounds (40b), (40c) and (40d) from Lemma 15, we have with probability
at least 1 — e,

2 2

2

||Z_$“z

3 (221
—lz—a)2 < = CH
vnd 3 vnd

r < min { 22\/7)(3 A / /105 X4} (55)

completes our proof of claim (32b).

(50x/ﬁx4) .

Using the condition
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C.4 Proof of Lemma 14

The proof is based on Lemma 12 and a simple application of the standard chi-square tail
bounds. According to Lemma 12, we have that for v € Tz,

< (Z)‘l‘ |z — ||, < (Z)‘l‘ lz — 2|, -

According to equation (41), the proposal follows Gaussian distribution

)1_5”4

T,

1
n\ 1 T
(%)l =2l = =75 Nl
where £ ~ N (0,1;). Using the standard chi-square tail bound we have that for 6 > 0,

P [IISHQ/\/& >1+ 5} < exp (—dd?/2).
Plugging in 6 = \/% log? (2) concludes the lemma.

C.5 Proof of Lemma 15

The proof relies on the classical fact that the tails of a polynomial in Gaussian random
variables decay exponentially independently of dimension. In particular, Theorem 6.7 by
Janson (1997) ensures that for any integers d, k > 1, any polynomial f : R* — R of degree
k, and any scalar t > (2€)*/2, we have

P [ir©12 ¢ (1(67)"| < e (- L), (56)

where £ ~ N(0,1,,) denotes a standard Gaussian vector in n dimensions. Also, the following
observations on the behavior of the vectors a,; defined in equation (39) are useful:

(i)
ai]|3 = 02 < \/Z for all i € [n], and (57a)
(G 00,) =02, foralli,j € [n], (57b)

where inequality (i) follows from Lemma 7 (c).

C.5.1 PROOF OF BOUND (40a)
We have

n 2 n
E (Z (00 + By) (a;igf) = 3 0w+ B) (0 + B0 E (a], )2 (al; )2
i=1 ij=1

_ A2 112 AT o )2
=) (0w + Bv) (00 + By) | awills laalls + 2 (@, i0a

1,7=1

= (0wi+BY) (00 + Bv) (0niba + 202, ;)
i,j=1
W 42 4 24

< 3d%,
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where step (i) follows from properties (c¢) and (d) from Lemma 11. Applying the bound (56)
with k =2,¢t = elog(%) yields the claim. We verify that for € € (0,1/15], t > 2e.

C.5.2 PROOF OF BOUND (40b)

Using Isserlis’ theorem (Isserlis, 1918) for Gaussian moments, we obtain

n 2 n
E (Z (02 + Bv) (CALIJ{)S) = Z (02 + Bv) (023 + Byv) E (dl,ﬁ)?’ (d;c,jf)g

i=1 ij=1

n
=93 (Oai + B) (g + B il w13 (3 s )

ij=1
=:N;
n 3
16 (00 + Bv) (00 + ) (&;iax,j) . (58)
ij=1

—=:No

We claim that the two terms in this sum are bounded as N; < vnd and No < vnd.
Assuming the claims as given, we now complete the proof. Plugglng in the bounds for Ny
and N» in equation (58) we find that E(ZZ 1 (02 + Bv) ( ) ) < 15v/nd. Applying

the bound (56) with k = 3,t = (%log(ll/e)) yields the clalm. We also verify that for
e €(0,1/15], t > (2¢)*%. We now turn to proving the bounds on Ny and No.

Bounding Ni: Let B be an n x d matrix with its i-th row given by /(0. + Bv)a, ;
Observe that

> (0wi+ By) bid), =V, (Z (0o + By) 2 = )V—1/2 VRV VoY =1, (59)

i=1 i=1

Thus we have B' B = I;, which implies that BB is an orthogonal projection matrix.
Letting v € R™ be a vector such that v; = /(04 + Bv) ||dx7ng, we then have

2 2 ()
=[BT, = 1013,
2

n

R 2 .
Z (Ux z+ﬁV)Haﬂc ZHQ 2, (O'I,j“‘ﬁv)naz,jnzar,j =

1,j=1

n

D (08 aw,ill3 e

=1

where inequality (i) follows from the fact that v Pv < HUH2 for any orthogonal projection
matrix P. Equation (57a) implies that v? = (04; + 8v) 02 ,. Using Lemma 11(e), we find
that

n

”UHS = Z (Ux,i + BV) 9323,2' < vnd.

i=1
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Bounding Ns: We see that

n 3 (C*S) n . .
Y it 8 @+ 8 (1) =Y e+ B O B (W)l gl
ij=1 ij=1
(eqns.(57a),(57b))
< Z (Um,i + Bv) (Ux,] + BV) x,i,j Hm,iez,j
=
(Lem. 7(c)) n n
< \/; Z (02 + By) (0z,5 + Bv) Gii,j-

4,5=1

We now apply Lemma 11(d) followed by Lemma 11(c) to obtain the claimed bound on Nj.

C.5.3 PROOF OF BOUND (40c)

(dm,i + &w,j)

Let ¢;; = 5 for i,j € [n]. Using Isserlis’ theorem for Gaussian moments, we
obtain
2
- - 2 2 T AT
E(> ol ( ,Jf) = 02§ T ket (Cz’,;f) (%lé)
ij=1 gk, d=1
n n 3
2 2 2 T
=9 02,002k, 5 (c Jckl) +6 E Uw,w mkl(cmckl>
i7j7k7l:1 Z?.]? 7l 1

= Cq =:C>

We claim that C; < v/nd and Cy < v/nd. Assuming the claims as given, the result follows
using similar arguments as in the previous part. We now bound C;, i = 1, 2, using arguments
similar to the ones used in Section C.5.2 to bound N;,i = 1,2, respectively. The following
bounds on ||61]H§ are used in the arguments that follow:

sst 1, A 1
leslly < 5 (laal3+1a503) = 5 O+ 629) (60a)
Lem. 7(c)

< %. (60Db)

Bounding Ci: Let B be the same n X d matrix as in the proof of previous part with
its i-th row given by /(04 + Bv)dli. Define the vector u € R? with entries given by
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up =301 02, i lleiglla/(0aq + By)'/?. We have

n n 2
2 2 T 2
> 020 lleiil lenalls (Ci,jck,l> < D a2 lleisls ey
i7j7kal:1 7‘).]:1 2
2 2
(SS1) 1 n A n )
< 5 > orijlleisllyan| + {2 02 leislls b
ij=1 ) ij=1 N
2
= |57,
@
< lulls,

where inequality (7) follows from the fact that v Pv < H’UH2 for any orthogonal projection
matrix P. It is left to bound the term u?. We see that

1 n (bnd. (60b)) [ 1 n
2 2 2 2 2 2 2 2
u; = Gni 1 By E 0 ik lciglls learlls < \/;%,i +5V E : 02,0, %k 1013

(Lem. 11(a)) Oui
<
e L MY
(bnd. 60a 9:}0 i + 9 J
R

Now, summing over ¢ and using symmetry of indices 4, j, we find that
(Lem. 11(a) (Lem. 11(c)
TEENE 9 LA S 1) WA T
=1 j=1

thereby implying that C; < vnd.

Bounding C3: Using the Cauchy-Schwarz inequality and the bound (60b), we find that

" 3 " 2
2 2 T 2 2 T
> oZisotea (chien) < D0 o2 ot (elent) llewals lenally

i,5.k,1=1 i3,k 1=1

\/> Z Gwz,] xkl(czjckl>

i,5,k,0=1

Using SSI and the symmetry of pairs of indices (4, 7) and (k,1), we obtain

E Ux,z,j x, k N (Cz jCk, l) E Uar,z,] x k N/ ( ) E 0z,i0zk (aa: zak)

i,5,k,l=1 i,7,k,l=1 i,k=1

The resulting expression can be bounded as follows:

n
T~ \2 (ean.(5
O02,i0zk | Oy iOk O0z,i0x, k0 w Ji,k

ik=1 ik=1

(Lem. ll(d) (Lem. 11( ))

E Uacz x,0 > n.

Putting the pieces together yields the claimed bound on Cs.
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C.5.4 PROOF OF BOUND (40d)

8
Observe that &Lé’ ~ N (0,60;;) and hence E (d;i ) =105 Gi,i. Thus we have

=
[

n 2 . , 5
E (; Oui (&:I,ig)Ll) Cés > 000 <IE (d;if)ég) (E (&L{) 8)

ij=1

n
= 105 ) 0400303 65 ;

ij=1
n 2
= 105 (Z Uwﬂg,z)
i=1
(Lem. 11(e))
< 105nd.

Applying the bound (56) with k = 4,t = (% log(ll/e))2 yields the result. We also verify that
for € € (0,1/15], we have t > (2¢)?

C.6 Proof of Lemma 13

We now derive the different expressions for derivatives and prove the bounds for Hessians
of x — @z, 7 € [n] and x — ¥,. In this section we use the simpler notation H, := V2 F,.

C.6.1 GRADIENT OF o

Using sy1ni = (bi —a, (x + h)) = 85, — a, h, we define the Hessian difference matrix

= 1 1
H _ - E ( T
Aa;,h = Hypp— Hy = a;a; ((Th)Q - 52) . (61)

i=1 Sz = 4 i

Up to second order terms, we have

1 1 2a]h  3(a'h)?
AL 2uh Seh) +0(IInl3). (62a)
Stthi Sz Sa,i St
n T T T1\2
aa; |2a; h 3(a; h
A, =y |20k 3 h) +0(Inl3) . (62b)
i=1 Sz,i Swﬂ S:mz'

ol Hylyoi = o] Hy 'y — ol H AR H g+ of B A HZ A g+ 0 ([0
(62¢)
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Collecting different first order terms in 0,45, ; — 04, we obtain

T T
T 71 n 99 a;j h 1,
a; H; <Zj:1 2 Hy

Trr—1 T Sz.j
a; H:): a; a; h z,j "I 2
Oopni— 0ni =2 g WU ; +0 (|Inl13)
x,0 Sa,i Sx,i
T n Th
a; h a;
_ et 2 7 2
N LD LA R (L)
x,0 = Sx,j

= 2[(% = T@)S; Al h+ O (I0]3)
Dividing both sides by h and letting h — 0 yields the claim.

C.6.2 GRADIENT OF ¢

Using the chain rule and the fact that Vs, ; = —a;, we find that

Vo Vs
V‘P:v i = 293 . 2 (Uz,i + /BV) 3$7Z
Sz,i Sm,i

2
= S ATS ! |28 + BT - T;Z’)] e,

as claimed.
C.6.3 GRADIENT OF ¥
For convenience, let us restate equations (39) and (59):
1 n
gy = ~ V, i, and > (0w + By) ety = 1a.

x,i -
’ =1

For a unit vector h, we have

.1 - (Ux Shyi T+ 5\/) PO “ ” oA
T +6h, T T
h'VlogdetV, = %1_1% 5 [trace log (Z )2 Ay il ; | — trace log Z (02, + Bv) Ay iGy ;|| -

i=1 (1 - 5“1'Th/5x,i i=1

(63)

Let log L denote the logarithm of the matrix L. Keeping track of the first order terms on
RHS of equation (63), we find that

" g ity ;
trace |log Z(%Mhﬂ"i‘ﬂv) ’

— trace [log (Z (02, + Bv) &w,z’d;i>]

i=1 (1 - 5a:h/3w,i)2 i=1
- T al h - A AT
= trace |log Z <O’x+5hﬂ' + By + 0h VUm) 1426 322 — trace |log Z (02, + Bv) gy, || +O (é
i=1 0 i=1

+ 0 (6?)

x,i

n T

i=1 T

n T
a; h
= trace [Za (2 (0 + Bv) 5 tha%i) g ;
=1
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where we have used the fact trace(logll) = 0. Letting § — 0 and substituting expression of
hTVo, from part (a), we obtain

hTVilogdetV, = AT (42,,0 28,1 — 2T§3>) O,h.

C.6.4 BOUND ON HESSIAN VZ2¢

In terms of the shorthand E;; = eieiT, we claim that for any h € Rd,

2
hTV2gnih = -hTA] [E (3% + BeI) + 7, — Sdiag(TPe,) ) B

1

+ diag(Ye;) (4T, — 30) diag(Txei)] Azh. (64)
Note that
T 1 T r7—1
H a; H -a; 1 1
h,
Pr+hi — Pxi = 4x+ i - = 4:“ ' + By 2 — 5 |- (65)
x—i—h,i Sz,i Sx—i—h,i Sac,i
?:4 =:Ao

The second order Taylor expansion of 1/ si,i is given by

1 1 4ah  10(a) h)?
LI [1 plah W@ g (1n13)
Sa:—f—h,i Sm,z Sz Sm,i

Let By and Bj denote the second order terms, i.e., the terms that are of order O (||h|]§),

in Taylor expansion of A; and Ao around x, respectively. Borrowing terms from equa-
tions (62a)-(62c) and simplifying we obtain

T2 Ty 7 no 2
a; h a; h alh g o Ol ha h
Blzloo'x,i(lz)_Sl > m?,m 3% “’J 4§:§: nh g, g T
Sx,i 81'77; j=1 sx,’i S"Evj j=1 Saj,i j=1 i1=1 S(EZ S(Ej sxl
aj h
and B2—3BV( )

Observing that the second order term in the Taylor expansion of ¢, ; around z, is exactly
%hTVZgox,ih yields the claim (64). We now turn to prove the bound on the directional

47



CHEN, DWIVEDI, WAINWRIGHT AND YU

Hessian. Recall 1, ; = ag—h/sm. We have

1
5th%pm,ih

2
Sy,i

n n

n
2 2 2 2 9
= 3(Uz,z"*‘/j\/)77x,z‘+7%,i77x,i—8E %,i,jna:,jnr,i—?’i Jz,i,jnx,j+4 E 02,i,j02,5,kOx,k,i"z,jMz,k
j=1 j=1 G k=1

n n
<10 (04, + Bv) 772,1' +38 Z Ug,z‘,j |M,iM,5| + 72 0'92:,1,;'773,]‘
= =1

< 10 (04, + Bv) 773,1' + 42 ngc,i,j (773201 + U;?:,j) + 72 Uﬁ,i,jn?c,j
j=1 Jj=1
@i1) 2 - 2 ~ 5 —~ 5
< 10(og,: + Bv) N+ 42 Oz,ilyg; + 42 Oijle T 72 Oij Mz, 5
j=1 j=1 j=1

(iv) n
< 14(04, + Bv) 7792m' +11 Z U:?:,i,jn?c,ja
=1

where step (i) follows from the fact that diag(Y,e;)Y, diag(Tye;) < diag(Yye;) diag(Yye;)
since T, is an orthogonal projection matrix; step (i¢) follows from AM-GM inequality; step
(i7) follows from the symmetry of indices ¢ and j and Lemma 11(a), and step (iv) from the
fact that o, ; < 05, + Bv.

C.6.5 BOUND ON HESSIAN V20

We have

a’xyiax,i

1hT (V2 log det Vx) h :1 lim 1 [trace log (Z

(Ootsni +0Bv) . T
) 2 50 62 =1 (1 — 5aiTh/8x,i)2

n
(Op—shi+Bv) . .
+ trace log <Z ad TZ v 2ax7iall-
i=1 (1 + da; h/Soc,i)

— 2tracelog <Z (02 + Bv) am,ia;i> ] : (66)

=1
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Up to second order terms, we have

& &x,id;cri
trace |log Z (Czton,i+ Bv) 7 3

i=1 (1 - 5a;h/sx,i)

- T Lo T2 aj h 2 Th AT
= trace |log Z 0zi+ Bv + 0h Vam-+§5 h' V<o, ih 1426 + 30 Qg ;

S S
=1 T, T,

n o T
= trace Ozi+ Bv + (5th0'$ i+ 52hTV201 ih 1+26—4— a; h + 342 h Az Z'dT-
Z

Sz Sw K

Th Th 2
— trace | = (O‘l« i+ Bv+ Sh'Vo, i+ (SQhTVZO’x Zh) 14+20—+— & + 352 ( ) Qg i .

—_

S S
=1 .0 T,

We can similarly obtain the second order expansion of the term trace log (Z?:l W
al h/ss,i

\_/ N—"
Q>
8
.
j=N
8
.
N————

-
Recall 1, = % Using part (a) to substitute hTVam, we obtain

n

1 " 1
§hT (V?logdet V) h = E 1 3 (0w + Bv) 1z +4 | 0wl — E 02 i iMeiNey | + §hTV2%,ih 0;
1=

j=1
n n
-2 [ Z (204, + Bv) (20,5 + Bv) nx,mx,jafc,i,j —2 Z (204, + Bv) Ui,j,kei,i,knx,mx,j
b=l ij.k=1
+ Z Ui,i,lUi,j,k‘gi,k,m%mﬂﬁ,j] : (67)
irj. ke l=1

We claim that the directional Hessian hTV2am~h is given by

hTV20,:h =207 A] [ E;i(3%, — Adiag(TPe;)) Ey; + diag(Toe;) (AT, — 310) diag(Yees)| Agh.
(68)

Assuming the claim at the moment we now bound |hTV2\IIIh}. To shorten the notation,

we drop the z-dependence of the terms 0, ;,04 0., and 1, ;. Since T, is an orthogonal
projection matrix, we have

diag(Txei)Tx diag(Tarei) = diag(Txei) diag(Tmei)'

Using this fact and substituting the expression for hTVZO'x’ih from equation (68) in equa-
tion (67), we obtain

‘th2

< Z { <Uz+5v>7h + 4(om; —|—Zo i) + 3oum? +4Za ininj —|—7Za jnj]é

Jj=1 Jj=1 Jj=1
n

n n
+ [8 Z (Ui + Bv) (Uj + ,3\/) 771‘77]'91-%- + 8 Z (Ui + BV) Uj2<7k9i2’k77¢77j + 2 Z UZZUJQ',kGI%,minj] .
5,5=1 1,5,k=1 1,5,k,1=1
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Rearranging terms, we find that

"

<

I

n n
10 (05 + By)mf +8) otmmy +T aﬁjn?] 0;

i=1 j=1 j=1

n n n
8 Z (05 + By) (0 + Bv) mim; 07 ; + 8 Z (0 + By) 05 k0 kmim; + 2 Z Uzlai,kez,zm??j]
ij=1 i k=1 i k=1

—~

i) = -
<y [10 (i + Bo)nf +4_ob; (F +13) + 7D of a1}

=1 7j=1 7j=1

0;

n
42(02 + BV) (U] +BV) (77@ +77] +4Z o +5V) jkel k(nz +77_7 + Z Uzl kekl(nz ‘H?])
ij=1 i,5,k=1 hjiki=1

where in step (i) we have used the AM-GM inequality. Simplifying further, we obtain

TL

(hTVQ\If h‘ [14 (07 + Bv) n? + 112%%
=1

0; +

212 oi + By) 0in? + Z 60”9177]]

=1 2,j=1

—262 oi + By) Oin? + 17 Z 0”9,%

t,5=1
Dividing both sides by two completes the proof.

Proof of claim (68): In order to compute the directional Hessian of = +— o, ;, we need
to track the second order terms in equations (62a)-(62c). Collecting the second order terms

(denoted by O'}(LQ)) in the expansion of 0,14 ; — 04,4, we obtain

4 1

Trr—1 n aJa a; Th _1

a; H - H - a;
@ _ g Hilai(a[h)? 0T (ZJ bk > v Talh
N =

2 2 2 4
sx,i S$,i Sz,i Sw,i
T (o TH)2
Trr—1 n aja; (a; h) -1
a; H; (Zj:l I Hy
_3 ; )
2
Sr,i
al ol T
T rr—1 n ajaj ajh aia) ah ]
T (S ) i (S e o
+4 4 .
T,1

We simply each term on the RHS one by one. Simplifying the first term, we obtain

TH*l . Th 2
3 % ; i (a’LQ ) = 30'3;,1'77;1 = hT3 AIE”ZxE“AI h.

T,1 z,0
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For the second term, we have

T T
Trr—1 n aja; ajh 1
ai Hx <Zj:1 $2 Hx

Sx,j

x,j @i CLTh TL 2
’ 1 — . .
2 = 400y E Ox,ij N,

SZE,i SIJ

4

j=1
The third term can be simplified as follows:

ajaT (aT )2

! 'h
Trr—1 2 :TL j J
a; Hw < j=1 52 52

-1
] > ‘H{L' ai n
x,j z,j - 2 2
3 =3 0rilk,
7j=1

2

Sm,i

=3h" A diag (T,e;) diag (T,e;) Azh
For the last term, we find that
AT AT T T
Trr—1 aja; a; h _1 aja] a h
a, H:B <Z;‘1—1 Sjij 8;]_) Hx <Z?—1 slill Slx,z > a; n
4 5 : =4 00 Oajd O i Mo N
Sz,i Gl=1

= 4h" Al diag (Tpe;) Yo diag (Ype;) Agh.

Putting together the pieces yields the expression (68).

Appendix D. Analysis of the John walk

We recap the key ideas of the John walk for convenience. We have designed a new proposal
distribution by making use of an optimal set of weights to define the new covariance structure
for the Gaussian proposals, where optimality is defined with respect to the convex program
defined below (69). The optimality condition is closely related to the problem of finding
the largest ellipsoid at any interior point of the polytope, such that the ellipsoid is contained
within the polytope. This problem of finding the largest ellipsoid was first studied by John
(1948) who showed that each convex body in R¢ contains a unique ellipsoid of maximal
volume. More recently, Lee and Sidford (2014) make use of approximate John Ellipsoids
to improve the convergence rate of interior point methods for linear programming. We
refer the readers to their paper for more discussion about the use of John Ellipsoids for
optimization problems. In this work, we make use of these ellipsoids for designing sampling
algorithms with better theoretical bounds on the mixing times.

The vector (; = ((z1,-- .,me)T defined in the John walk’s inverse covariance ma-
trix (11) is computed by solving the following optimization problem:

n n
. 1 _ _
Gz = arg min ¢, (w) := ;wi 0 log det (ATSx e s- 1A) — By ;log wi,  (69)
where the parameters ay, 8; are given by

1 d
- - d -
og, @nja) 4 A=

O[J::l
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and W denotes an n x n diagonal matrix with W;; = w; for each i € [n]. In particular, for
our proposal the inverse covariance matrix is proportional to J,, where

where £ = k4 = logy(2n/d) = (1 — a,) L.
Recall that for John walk with parameter m, the proposals at state x are drawn
from the multivariate Gaussian distribution given by N (x, (13572:41]; 1), which we denote

by PJ. In particular, the proposal density at point x € int (K) is given by

(A 3/2 d/2 (A 3/2
pz(2) :=p(x, 2) = \/det J, <2> exp (— (z—a) " Jp(z — x)) . (71)

2mr 22

Here we restate our result for the mixing time of the John walk.

Theorem 2 Let jig be any distribution that is M -warm with respect to 7 and let n < exp(v/d).
Then for any § € (0, 1], the John walk with parameter r,,,, = 107° satisfies

2n vM
T* y(to) = 7y <0 for all k > C d*® log; log .
John d 5

D.1 Auxiliary results

We begin by proving basic properties of the weights (, which are used throughout the paper.
For z € int (K) ,w € R" |, define the projection matrix Y, ,, as follows

Yo = W2 AL(ATWEA) L AT W2, (72)

where A, = S;'A and W is the n x n diagonal matrix with i-th diagonal entry given by
w;. Also, let

0= (Yaq,),; forxcint(K) andic [n]. (73)

Define the John slack sensitivity 0, as

.
T 7-1 T 7-1

0, =g (WS a  andy dn for all € int (K). (74)
* s2 1 S%n

Further, for any z € int (K), define the John local norm at x as

Il - (75)

We now collect some basic properties of the weights (, and the local sensitivity 6, and
restate parts of Lemma 7 for clarity here.
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Lemma 3 For any x € int (K), the following properties are true:
(a) (Implicit weight formula) Cy; = o4 + B, for all i € [n],
(b) (Uniformity) Czi € (85,14 B,] for alli € [n],
(¢c) (Total size) Y ;| (zi = 3d/2, and
(d) (Slack sensitivity) 6, ; € [0,4] for all i € [n].

Lemma 3 follows from Lemmas 14 and 15 by Lee and Sidford (2014) and thereby we omit
its proof.

Next, we state a key lemma that is crucial for proving the convergence rate of John
walk. In this lemma, we provide bounds on difference in total variation norm between the
proposal distributions of two nearby points.

Lemma 4 There exists a continuous non-decreasing function h : [0,1/30] — Ry with
h(1/30) > 1075, such that for any ¢ € (0,1/30], the John walk with v € [0, h(e)] satis-
fies

er

1Py —Pyllev <€, forall z,y € int (K) such that ||z —yl|; < 2 and
(76a)
T sonn(r) (0z) = Pyl vv < Be, for all z € int (K). (76b)

See Section D.3 for its proof.
With these lemmas in hand, we are now ready to prove Theorem 2.

D.2 Proof of Theorem 2

The proof is similar to the proof of Theorem 1, and relies on the Lovasz’s Lemma. Here
onwards, we use the following simplified notation

T = Tiotn(r) (0z), Pa = Py and [l = |-l

In order to invoke Lovdsz’s Lemma, we need to show that for any two points z,y € int (K)
with small cross-ratio di(x,y), the TV-distance || T; — Ty|/rv is also small.

We proceed with the proof in two steps: (A) first, we relate the cross-ratio di(z,y)
to the John local norm of x — y at x, and (B) we then use Lemma 4 to show that if
z,y € int (K) are close in the John local-norm, then the transition kernels T, and T, are
close in TV-distance.

Step (A): We claim that for all x,y € int (), the cross-ratio can be lower bounded as

1
3d/2

dic(z,y) = = yll, - (77)

—~

From the arguments in the proof of Theorem 1 (proof for the Vaidya Walk), we have

al

i(w—yw. (78)

Sxi

di(z,y) > max
i€[n]
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Using the fact that maximum of a set of non-negative numbers is greater than the weighted
mean of the numbers and Lemma 3, we find that

n

1 (a (@ =) _ llz—yll
d/C z,y) > n Cx,i ! = - )
R\ Dyayer Zl S V/3d/2

thereby proving the claim (77).
Step (B): By the triangle inequality, we have
1Tz = Tyllrv < ITe = Pellry + 1Pz = Pyllev + [Py — Tyllrv-

Using Lemma 4, we obtain that
er

ITe = Tyl <1le, ¥a,y € int (K) such that [lz - y]l, < 557
Consequently, the John walk satisfies the assumptions of Lovasz’s Lemma with
1
A= °r and p:=1-—1le.

= JBd2 2n2dh
Plugging in € = 1/30, r = 107°, we obtain the claimed upper bound of O (/{4d5/2) on the
mixing time of the random walk.

D.3 Proof of Lemma 4

We prove the lemma for the following function,

1 € € €
h(e) = min , 7 \/7’ ’
25\/1 + \/ilog(4/€) (2\/ 32X1,5) 386\/%)(2,5 5\/670)(376

€ € €
\/ 8v/1680x4,c’ \/ 40 (Y2.0x6.0v/24 ﬁ15120)1/2’ \/ 204800x2,cv/24 10g(32/¢)

where x1,. = log(2/€e)and xx. = (2¢/k - log (16/6))k/2 for k=2,3,4 and 6. A numerical
calculation shows that h(1/30) > 10~°.
We now prove the two parts (76a) (76b) of the Lemma separately.

D.3.1 PROOF OF CLAIM (76A)

Applying Pinsker’s inequality, and plugging in the closed formed expression for the KL
divergence between two Gaussian distributions we find that

443/2
1Pe = Pyl < 2KL(Py[Pr) = trace(J; /20, T, 1/2) —d—log det(J; /20, 1/2) + “—— =y}
d
1 4d3/2
=3 (h e om ) + S e, (79)
i=1 Ai "
where Aq,...,A\g > 0 denote the eigenvalues of the matrix Jx_l/szJx_l/z. To bound the

expression (79), we make use of the following lemma:
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Lemma 5 For any scalart € [0,1/64] and pair of points z,y € int (K) such that ||z — y||, < t/K?,
we have

(1— 48t + 4t*) Iy < J; V20,0712 < (1 + 48t + 4¢%)
where = denotes ordering in the PSD cone and Iy denotes the d-dimensional identity matriz.

See Section F for the proof of this lemma.
For € € (0,1/30] and r = 10~°, we have t = er/(2d®/*) < 1/64, whence the eigenvalues
{\i,i € [d]} can be sandwiched as

2er €212 2er €212

We are now ready to bound the TV distance between P, and P,. Using the bound (79)
and the inequality logw < w — 1, valid for w > 0, we obtain

d
1 KAd3/?
1P =Pl < 3 (M- 24 5 )+ T lle - .
i=1 ¢

Using the assumption that ||z —y||, < er/ (2H2d3/4), and plugging in the bounds (80) for
the eigenvalues {\;,i € [d]}, we find that

Ed: /\._2+i +’€4d3/2||x_ H2<M+i
i=1 l Ai r? Ylle = Vd 4

In asserting this inequality, we have used the facts that

1
<14 24w+ 1000w?, and —————— < 1— 24w+ 1000w® for all w € [0, 1&5].

1 — 24w + w? 1424w+ w? —

Note that for any r € [0,1/100], we have that 2000r2/v/d < 1/2. Putting the pieces together
yields [Py — Pyllrv < €, as claimed.

D.3.2 PROOF OF CLAIM (76B)

We have
3 2
1Py = Tallev < Po(KS) +1 — Eoop, [min {1, P=(@) H (81)
2 px(z)
=51 =: Sy

where K¢ denotes the complement of K. We now show that S7 < € and Sy < 4e, from which
the claim follows.

Bounding the term S;: Note that for z ~ N (z, #ﬁ,/y}gl), we can write

d r _
2=+ /{d3/4 Jz 1/2€7 (82)
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where £ ~ N (0,1;) and 2 denotes equality in distribution. Using equation (82) and defini-
tion (74) of 6, ;, we obtain the bound

472
2 2
2. R < Sapbedllelz = -l (83)

T,

(of z-2)* [aIJ;Wfr@ 2 @

Saxi

where step (i) follows from Cauchy-Schwarz inequality, and step (i7) from part (d) of
Lemma 3. Define the events

7"2 2 1 / .
5:—{d||fH2<4} and & :={zeint(K)}.

Inequality (83) implies that & C £ and hence P[£'] > P[€]. Using a standard Gaussian

tail bound and noting that r < — 2 we obtain P[] > 1 — ¢/2 and whence
14++4/2/dlog(2/€)

P[] > 1 — €/2. Thus, we have shown that P [z ¢ K] < €/2 which implies that S; < e.

Bounding the term Ss: By Markov’s inequality, we have

EZNPx

. pz(x)
min {1, 2) H > aPp.(z) > apz(z)] for all a € (0,1]. (84)

By definition (71) of p,, we obtain

. d3/2 4 1
() _ (_ 27«: <||z—a:\|2—|\z—z||i>—|—§(logdeth—logdetJm) .

The following lemma provides us with useful bounds on the two terms in this expression,
valid for any x € int (KC).

Lemma 6 For any € € (0, 1] and r € (0, h(e)], we have

1 1
P..p, [2 log det J, — ilog det J, > —e] >1—¢ and (85a)
2 2 r?

We provide the of this lemma in Section G.
Using Lemma 6, we now complete the proof of the Theorem 2. For r < h(e), we obtain

> exp(—2¢) >1—2¢

with probability at least 1 — 2e. Substituting @ = 1 — 2¢ in inequality (84) yields that
Sy < 4e, as claimed.
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Appendix E. Technical Lemmas for the John walk

We begin by summarizing a few key properties of various terms involved in our analysis.
Let 3, be an n x n diagonal matrix defined as

Yow = diag (02w, - -, Ozwn) Where og ¢ wi = (Yaw)ist € [n]. (86a)
Let TSEQ)U denote the hadamard product of T, ,, with itself. Further define
Apw = Eg — T3, (86h)

Lee and Sidford (2014) proved that the weight vector (, is the unique solution of the
following fixed point equation:

W; = Oz w,i + BJ,Z. S [TL] (873)

To simplify notation, we use the following shorthands:

0o =0uger To=Toe, TP =TC . So=%.c, A=Ay (87D
Thus, we have the following relation:
<1» :O'(LCI +5J1 :Ux+,BJ1 (87C)

E.1 Deterministic expressions and bounds

We now collect some properties of various terms defined above.

Lemma 7 For any x € int (K), the following properties hold:
(a) 05 = Z?Zl U:%,i,j = szzl 02,i,j0zjk0z ki for each i € [n],
(b) o = T,

(c) 2oiti Caiba = d,

(d) Opi =30y CN-H;Z-J, for each i € [n],
(e) 0]%.0, = Yoy mgm < 4d, and

(f) BsV2Fy 2 Jp 2 (1+B,) V2F,

The proof is based on the ideas similar to Lemma 5 in the proof of the Vaidya walk and is
thereby omitted.

The next lemma relates the change in slackness s;; = b; — az-Ta: to the John-local norm
at x.

Lemma 8 For all z,y € int (K), we have

1— ) <2l —yll,

Sx,i

max
i€[n]
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Proof For any pair z,y € int () and index i € [n], we have

2() 1 1 (42)
(af @=9))" = 120l 192 @ = 9)I3 = 052 llz =yl < 42, 2 —yll2,

where step (i) follows from the Cauchy-Schwarz inequality, and step (ii) uses the bound
6, from Lemma 3(d). Noting the fact that a;-r(ac — YY) = Sy — Sz, the claim follows after
simple algebra. [}

We now state various expressions and bounds for the first and second order derivatives
of the different terms. To lighten notation, we introduce some shorthand notation. For any
y € int (K) and h € R?, define the following terms:

+
_a; h

dy; = 5ys , 1 € [n] D, = diag(dy1,...,dyn), (88a)
V¢, i .
fyi= c —, 1€ [n] F, = diag(fy1,---, fyn)s (88b)
Y,
1 , .
by = §th2gy7ih/gy,i, i € [n] Ly, = diag(ly1, -, Lyn), (88c)
lya
py = (Gy—aly) | * |, (88d)
lym

where for brevity in our notation we have omitted the dependence on h. The choice of h is
specified as per the context. Further, we define for each z € int (K) and i € [n]

Oy = Cz’ , and U, = 5 log det J, (89)
gz, R
i 1= —, and by, = J2 AN, (G — alhy) e (90)
S$,i

Next, we state expressions for gradients of (,p and ¥ and bounds for directional Hessian
of o, ¢ and ¥ which are used in various Taylor series expansions and bounds in our proof.

Lemma 9 (Calculus) For any y € int (K) and h € R", the following relations hold;
(a) Gradient of C: (fy1s---» fyn)| =2(Gy —ahy,) " AyA h;
(b) Hessian of C:

n
loyll; < 5657 Z Cy,idf/,i- (91)
i=1

(¢) Gradient of ¥: V¥ Th =0, G, (]In +(Gy —ahy) ™t Ay) Ayh.
(d) Gradient of p: Vgolih = @y, (2dy; + fyi)-
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(e) Bound on V2W: L |hT(V2W)h| < 1 [Z?:l Cyi Oy [9 dfm + 4fy2’i} + >0 Gy Gy,l-ey,z»\]

(f) Bound on V?p:

n
<3 Cyady;+2 +

=1

. 1
> dyisyinh Vi ih
i=1

n n
3 2
=1 =1

The proof is provided in Section H.1.

Next, we state some results that would be useful to provide explicit bounds for various
terms like f,, ¢, and p, that appear in the statements of the previous lemma. Note that the
following results do not have a corresponding analog in our analysis of the Vaidya walk.

Lemma 10 For any c¢1,c2 > 0, y € int (K), we have
(cl]In + oAy (Gy — aAy)A) Gy (cllln +c2 (Gy — Osz)f1 Ay> < (c1 + 02)2 /<;2Gy,
where < denotes the ordering in the PSD cone.

Lemma 11 Let pi, denote the n x n matriz (G, — aA,) ™" Gy, and let pu,; ; denote its ij-th
entry. Then for each i € [n] and y € int (K), we have

tyii € 10,K],  and, (92a)
U <3, (92b)
Cy.j

j#i.3€[n]

Corollary 12 Let e; € R™ denote the unit vector along i-th azis. Then for any y € int (K),
we have

HGy (G, —alh,) e

< 3Vdi*?,  for alli € [n). (93)

Consequently, we also have || (Gy — ahy) ™" Gylleo < 3Vdr3/2.

See Section H.2, H.3 and H.4 for the proofs of Lemma 10, Lemma 11 and Corollary 12
respectively.

E.2 Tail Bounds

We now collect lemmas that provide us with useful tail bounds.

We start with a result that shows that for a random variable z ~ P,, the slackness s, ;
is close to s, ; with high probability and consequently the weights ¢ ; are also close to (; ;.
This result comes in handy for transferring the remainder terms in Taylor expansions to
the reference point (around which the series is being expanded).

L 13 F ' i < L
emma 13 For any point x € int (K) and r < PRV TRy TerVal we have

P.p, Vi€ [n]Vo e Tz, 2 € [0.99,1.01] and

Svi V,%

€[0.96,1.04]| >1—¢/4  (94a)
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See Section 1.1 for the proof of this lemma.

Next, we state high probability results for some Gaussian polynomials. These results are
useful to bound various polynomials of the form ) 7 ; nyidf;’i, where d,; = aZT(z —)/Sgi
and z is drawn from the transition distribution for the John walk at point x.

Lemma 14 (Gaussian moment bounds) To simplify notations, all subscripts on x are

omitted in the following statements. For any e € (0,1/30], define xj := Xk, = (2¢/k - log (16/6))k/2,
for k=2,3,4 and 6, then we have

P [Z G () < xovaia >1- & (950)
=1 i

P [i G (a] 5)3 < x3V60dY2| >1- & (95b)
=1 i

P [zn: G (aj )2 (8}5) <3 240/1d1/2_ >1- 5 (95¢)

i=1

i [Zn: G (a} 5)4 < xaV1680d| >1- 5 (95d)
=1 |

n 6 T
P [Z Gi (&;‘rﬁ) < x6V/15120d| > 1 — —. (95e)
i=1 _
See Section 1.2 for the proof.

Appendix F. Proof of Lemma 5

As a direct consequence of Lemma 8, for any z,y € int (K) such that ||z — y||, < t/k?, we
have

Sy.i 2t

1- 2| <=, 96
x|l - S %0)

Bounding the terms in V2F, one by one, we obtain

2\? _, ) 2\* _,
(1—’#>nyij$§<1+’£2>ny.
We claim that

log ¢, — log .|l < 16t. (97)

Assuming the claim as given at the moment, we now complete the proof. Putting the
result (97) in matrix form, we obtain that exp (—16¢t) I, < G;'G, < exp (16t) I,,, and hence

exXp (—16t) C:E,i < Cy,i < exp (16t) Cx,i- (98)
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Consequently, using the definition of J, we have,

2t \ 2t \ 2
1—? exp (—16t) J, < J, < 1+? exp (16t) Jy.

Vv
we Wy

Letting w = 2t, we obtain

(@) (#4)
we>(1—w)? exp(—8w) > 1—24w+w? and w, < (14+w)? exp(8w) < 1+ 24w +w?,

where inequalities (i) and (¢7) hold since w < 1/24. Putting the pieces together, we find
that

(1 — 48t +4t%) Jp = Jy = (1 — 48t +4t?) J,

for t € [0,1/48].

Now, we return to the proof of our earlier claim (97). We use an argument based on the
continuity of the function z +— log(,. (Such an argument appeared in a similar scenario
in Lee and Sidford (2014).) For A € [0,1], define uy = Ay + (1 — \) . Let

AT = sup {)\ € [0, 1]‘ ||llog Cuy —log Coll, < 1675} . (99)
It suffices to establish that AX™#* = 1. Note that A = 0 is feasible on the RHS of equation (99)

and hence A™** exists. Now for any A € [0, \"**] and 7 € {1,...,n}, there exists v on the
segment ux such that

|10g Cux,i - IOg Cx,z| =

T 1
(iﬁj) (ur— )| £

where in step (i) we have used the fact that uy —x = A(y —z) and A € [0,1]. We claim that

H(GU —ahy)! AmH < Jorl, + 262 HG}/QmHZ for any v € R™. (100)

We prove the claim at the end of this section. We now derive bounds for the two terms on
the RHS of the equation (100) for v; = A,(y — x). Note that

Sy,i — Sayi Syi— Swil|Sezil @ 2t (Z) 3t
k21 —2t/k?) T K

140 (y — 7)o = max = max

1

Su,i Sx,i Su,i

Inequality (7) uses bound (96) and inequality (i7) follows by plugging in ¢ < 1/64. Next, we
have

e, - e () o s e g s %

z,i Tt g CJ»’ ( Sz K

(i4) t2

— (1 + (16t) + (16t)?) (1 + ii)Q

(zzz) 1.5t

kA
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where step (i) follows from the definition of the local norm; step (i7) follows from bounds (96)
and (99) and the fact that e < 14 x + 22 for all x € [0,1/4]; and inequality (i7i) follows
by plugging in ¢ < 1/64. Putting the pieces together, we obtain

llog Cuy — log G|l < 2(k - 3t/K* +2k% - 1.5t /k") < 12t < 16t.

The strict inequality is valid for A = X™#*. Consequently, using the continuity of x — log (,,
we conclude that A™&* = 1.

It is left to prove claim (100). Let w := (G, — ozAv)f1 Ayv1. which implies (G, — aAy) w =
Ayv1. Plugging the expression of G, and A, we have

((1 — )% + Bl + arg2>> w = (z,, - T&”) vr.
Writing component wise, we find that for any i € [n], we have

2),,

T
€; Tv

(1 — @)ou, + B) wi| <«
(i)

< A0y

(i1)
< aoy;
D)
1/2
< aoyik HG“/ v1H2 + v, V1o + v,

eiTTq(;Q)w‘ + 0y v +

|

2|, + ovilvrll + o

w/],

2w+ oui o1l + 00

ctal,

G/

v

201”2’ (101)

where inequality (i¢) from the fact that ¥, < G, and inequality (i77) from Lemma 10 with
c¢1 = 0,c2 = 1. To assert inequality (i), observe the following

Zi/QwH2 ’

Zay,i,jwj < Zay,i,j lw;| < oy Z%J lw;| < UZMZ VOyi lwj| = oy,
j=1 j=1 j=1 j=1

where step (a) follows from the fact that 05 i < 0yi0yj, and step (b) from the fac that

29y,

oy € [0,1]. Dividing both sides of inequality (101) by ((1 — a)o,; + ;) and observing that
0vi/ (1 —a)oyi + B5) <k, and « € [0, 1], yields the claim.

Appendix G. Proof of Lemma 6

We prove Lemma 6 in two parts: claim (85a) in Section G.1 and claim (85b) in Section G.2.

G.1 Proof of claim (85a)

Using the second order Taylor expansion, we have
1
U, -0, =(z—2) VI, + 5 (Z—l‘)TV2\Ify(Z—ZE), for some y € Tz.
We claim that for r < h(e), we have
P [(z — )TV, > —6/2} >1—¢/2, and (102a)
1
P {2 (z — ) V20, (2 — ) > —6/2] >1—¢/2. (102b)

Note that the claim (85a) follows from the above two claims.
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G.1.1 PROOF OF BOUND (1024)

We observe that
2
(z—a) VI, ~ N <o, ZWJIJ;V%) .
RN

Let B, =1, + (Gy — OzAI)_1 A,. Substituting the expression of VW, from Lemma 9 (c)
and applying Cauchy-Schwarz inequality, we have that for any vector v € R?

VTV VT = (0] Gy By Agv)? < ( TATG,A v) : (aijEch;lEmeex). (103)
Observe that
G1/2E G—1/2 =L, + (I, — aG 1/2 G—1/2) (G;l/QAxG;UQ).

Now, using the intermediate bound (126) from the proof of Lemma 10, we obtain that

I, < GY2E,G;Y?% < 241,
and hence G, < GxEnglExGm < 4Kk%G,. Consequently, we have

0] GrE.G,; E,G 0, < 4r20) G0, = 4r* zn: (o,ibs; < 16K°d,
i=1

where the last step follows from Lemma 7. Putting the pieces together into equation (103),
we obtain VU, VW] < 16x2d.J, whence J; VW, VU] J; /? < 16x2dl,. Noting that the
matrix J;,;_l/QV\I/IV\I';CrJg[;_l/2 has rank one, we have

VU IV, = trace (J /29 g V\IlTJ_l/Q) < 16K2d.

Using standard Gaussian tail bound, we have P ((z — :C)T VU, > —+/ 32)(17“) > 1l—exp (—X%) .
Choosing x1 = log(2/€), and observing that

yields the claim.

G.1.2 PROOF OF BOUND (102B)

In the following proof, we use h = z—x for definitions (88a)-(88d). According to Lemma 9(e),
we have

(z — x)T V2 (z —x) i 0yily;

1
Z<y2 Yt |:2 yz+2fyz:| +
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We claim that

Z Cy,i by, [2 d?/,i + 2f5,i:| 5 Z Cy.i Oy,ily,i
i1 i1

Assuming the claim as given at the moment, we now complete the proof. Note that y is
some particular point on Tz and its dependence on z is hard to characterize. Consequently,
we transfer all the terms with dependence on y, to terms with dependence on = only. We
have

< 386Vdr" Y Cyudy ;. (105)
=1

2

n n

2 2 Cyi Sz,
D Cpidys =D Cads; 5
i=1 =1

! de Szi

Ty,i

We now invoke the following high probability bounds implied by Lemma 13 and Lemma 14 (95a)
respectively

P sup Ty < 1.1
YETZ,i€[n|

n 2
>1—¢/4, and, P [Z Coi (&Lé) < Xg\/ﬂd] >1—¢/16.
=1

(106)

2
Since h = z — x, we have that dgﬂ- = HL <d;§> . Consequently, for

€
r< ) ——, 107
=\ 386242 (107)

with probability at least 1 — €/2, we have

eqn. (105

) n hpb (106)
< 386VdR' ) (yudy €,
=1

1
‘2 (z—xz)" V30, (z — x)

which completes the proof.
We now turn to the proof of claim (105). First we observe the following relationship
between the terms dy; and f, ;:

n i (i7) n
> Gifyi (:’4hTAyTAy (Gy—ahy) " Gy (Gy—aly) ' AyAyh < 4r*hTA Gy Ah=4K" " (yady ;.
i=1 =1

(108)

where step (7) follows by plugging in the definition of f,; (88b) and step (i) by invoking
Lemma 10 with ¢; = 0 and ¢ = 1. Next, we relate the term on the LHS of equation (105)
involving ¢, ; to a polynomial in d, ;. Using Lemma 9, we find that

n
E Cyﬂ' 0y,i€y7i
i=1

= ((Gy —aly) Gy9y> (Gy — aly)

< |[(Gy = aAy)il Gy, (Gy —aly) by

U1

~~

[o¢] Py 1
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where the last step follows from the Holder’s inequality: for any two vectors u,v € R?, we
have that uTv < [Ju|| [|v]|;. Substituting the bound for the norm ||v;]| , from Corollary 12
and the bound on p,; from Lemma 9(b), we obtain that

n
Z Cy,i Oy,ily,i
i=1

where the last step follows from Lemma 7(a) and the bound (108). The claim now follows.

S 12\/5/4)3/2 Z [7Cy,zd§71+gcy,lf57z+z (13d§7]+6fy27]) Y, ]:| < 672\/>’%4 Z Cy ( y I3
=1 7=1

G.2 Proof of claim (85b)

Writing z = & + tu, where t is a scalar and u is a unit vector in R¢, we obtain

Iz = |2~ |1z ~ | —tQZ(a u) (pei— fai)

Now, we use a Taylor series expansion for )", (a;—u)2 (¢2,i — ¢a,i) around the point z,

along the line u. There exists a point y € z such that

z": (a?u)z (P2 — Pai) = Zn: (a?u)Q <(z —a)' Vg + % (z—2)" V2 0yi(z — x))

=1 1=

Note that the point gy in this discussion is not the same as the point y used in previous
proofs, in particular in Section G.1. Multiplying both sides by 2, and using the shorthand

a] (z—x)
dyi = S
z,7

, we obtain

1
HZ—ﬂﬁ”z—”Z—xH dez Sz Z :E Vgpwl—i_zdacz :vz2( _fL’)TV2<Py,i (Z—.’L‘). (109)

=1
We claim that for r < h(e), we have
T2
P, s de 2, ( T Vni < m| 21— €/2 and (110a)
n 1 T T'2
P, 11 lsgg (Z} di}is§’i§(z—x) V20, (z—:z)) < eW] >1—¢/2. (110D)

We now prove each claim separately.

G.2.1 PROOF OF BOUND (110A)

Using Lemma 9(d) and using h = z — z where z is given by the relation (82), we find that

demz z) V<pm—2cm (2da,i + fo,i)
=1
3 n A 3 92 3 n A 2,
:W;gx,i (al€) +d9/2/{6'z;gm (ali€) (i) (111)
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Using high probability bounds for the two terms in equation (111) from Lemma 14, part (95b)
and part (95¢), we obtain that

5v/60y 373 r2
Zdzz xz VQDQJZ — X <e

WBdT/A = A2’

with probability at least 1 — €¢/2. The last inequality uses the condition that

€
< : 112
= 5603 (112)

The claim now follows.

G.2.2 PROOF OF BOUND (110B)

Note that dg ;s:; = a;h = dy,;Sy,; for any h. Using this equality for h = z — x, we find that

Zda:z mz2h’Tv2 y, Zdyz yz th2S0y7h

ZCy,idiify,z ) (113)

i=1

yl

’L
L83 Gt 42
i=1

Cq Ca C3

where step (i) follows from Lemma 9(f). We can write C; as follows

n n n 4
Y Cuidyi =Y Coidy, Gidyi Zcm(a?g)“” Gy (114)
i=1 e i—1 MC d4 kS = o Cayi di,i

Now, we claim the following;:

4

2(,,; 42, 6(,,; do,
sz [Soe (1) 2] Lgcm(m) el s

C5 < 563713 <Z Cosi ( “5) Zz d2’ > max (&;i€>2

S (i) e
(115b)

Assuming the claims as given, we now complete the proof. Using Lemma 13, we have

Cyz Y,i
P|Sivl < 9] > 1 ¢/
[cmdgl >1-¢f

and consequently

n n 1/2
8C1+2C2+C5 < 45[ Zcm 06" +10- (Zcx,i(&l,i )”Zc‘x,i(&li )6>
+ 100 . ZC:U,Z (&a—;zg)2 : <max J: z§ Z <501 :r: 7,5 1/2>]
=1

(116)
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with probability at least 1 — €/4. Now, we observe that for all i € [n] and x € int (K), we
have

(a;g) ~N(0,055) and 0, < 4.

Invoking the standard tail bound for maximum of Gaussian random variables, we obtain

P [mzax ‘ (a;ig)‘ <8 (\/logn + \/log(32/e))] > 1 ¢/16.

Using the fact that 2cico > ¢1 + ¢o for all ¢1,co > 1, we obtain

P [mzax‘(d;’if)’ < 16 - y/logn - \/log(32/e)] >1—¢€/16.

Combining this bound with the tail bounds for various Gaussian polynomials (95a), (95d),
(95e) from Lemma 14, and substituting in inequality (116), we obtain that

th%y, h| <

65d3 [4 x4v/1680d + 10 (Xmﬁd v6V/15120 d)

IZ $’L2

1/2
+100 - x2v/24d - (256 logn - log(32/e) + <X4\/1680d) )]

with probability at least 1 — €/2. In the above expression, the terms y; are a function of e
as defined in Lemma 14. In particular, x; = x;.c = (2¢/i - log(16/¢))"/? for i € {2,3,4,6}.

Observing that 256 log(32/€) > (x4v/1680) 1/2, and that our choice of r satisfies

r2 < min ‘ ‘ < (117)
- 8v/1680x4 " 40 (x2x6v/24 Wuo)”y 204800x2v/2410g(32/€) |’

we obtain

< r? f+f+f logn+1
~kid32 12 4 8\ Vd '
Asserting the additional condition v/d > logn, yields the claim.
It is now left to prove the bounds (115a) and (115b). We prove these bounds separately.

hTV%y ih

.Z’Z .Z‘7/2

Bounding C5: Applying Cauchy-Schwarz inequality, we have

n n 1/2
< (Z il cy,z-df;,i)
=1 =1

3
dy,ifyai

Using the bound (108), we obtain

n n
2 2 o 2 2 Cy»l yZ
chzfyz <L G = ,-Zf“d“cmf |
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Substituting h = z — x where z is given by relation (82), we obtain that d,; = d3/4ﬁ “5,
and thereby

= 2 2 ¢ T 0 Cyi dos
Cyifyi < 4k Cai(y :€)7 2222

6+ gb .
Doing similar algebra, we obtain Y ;" ; Cw'dg,z‘ = dg/%m S Cai ( “5) gy”_ ¢+ Putting

@i Ay g

the pieces together yields the claim.

Bounding C3: Recall that p, = (G, — aA,)l, (Lemma 9) and pu, = (G, — adA,) ' G,
(Lemma 11). We have

= 1D2Gyl, = 1D2G,(Gy — ahy) ™" (G, — aly)ly .

—T p
7.Uy Yy

2
dyﬂgy)i

Using the definition of v, and u,, we obtain

Uy = eiTvy = eiT (Gy — al ) Gy D21 =e; MyD 1= ,uy,z,zalyZ + Z i Jd?

J€[nl.j#i
Consequently, we have
=:Cy =5
n n
iPyi| < Npyal - [aade s+ oyl - | D yagds ]
i=1 i=1 j€n).j#i

From Lemma 11, we have that p,;; € [0,]. Hence, we have Cy < ||pyll; - & - max;ey dzz
To bound Cs, we note that

1/2 i 1/2

(i) I
Z ‘,Uy,i,jd;j‘ = Z e Z Cy,jdjj = Z Gr,] i‘ﬂ CyJ y,] ,
Cy. Cog 44

JE[n],j#i JE[n],j#i

where step (i) follows from Cauchy-Schwarz inequality and step (i7) from Lemma 11.
Putting the pieces together, we obtain that

1/2
¢ d
Cyi| < llpylly - |5 maxd2 + K32 Z@w iJ 2L yj
i€ln] st Coj d?
Using the bound on prHl from Lemma 9, we have
1/2
? 5 2 3/2 d4 Sy dy
byl < (56/<a ;Cy,idy,i> K- rzré[ag}(d, + K3/ ZCx,J 2, d4

Substituting the expression for d, ; = m <dli ) yields the claim.
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Appendix H. Proofs of Lemmas from Section E.1

In this section we collect proofs of lemmas from Section E.1. Each lemma is proved in a
different subsection.

H.1 Proof of Lemma 9

Up to second order terms, we have

1 1 2al—,'—h 3(a?h)2 ,
87 i % b S, * Si,i +0 <Hh||2> ’ (118a)
1

Cy+hi = Cy,i + hTVCy,z' =+ ihTVQCy,Z-h +0 (thlg’) 7 (118h)

o o a— 1 ala—1) ,_ 2
fona =G iy (VG4 570G ) + G (1796) 0 (1),
(118c)

Further, let
o7
a;a

Jy = Ay Gy Ay = Zﬁyz (118d)

=1 y7
Using equations (118a) and (118c), and substituting d,; = a;'—h/syyi, fyi= hTVCy,i/Cy,i and
Cyi = ShTV2(, ih/Cy.i, we find that

n

jy+h:Z [1+afy,+a€yz+
i=1

a (o

—1) 2 7 ra QiG] 3
S| [+ 2y + 36 ] Gt + O (I3)
y?z

Note that d,; and f,; are first order terms in |||, and ¢, ; is a second order term in ||hl|,.

Thus we obtain
= = - aia;
Jysn = Jy = Z (2dy,i + afyi) Gy ;21

i=1 Yyl

v~

(1)
y,h

n _1 z T
+Z{Sdiﬁmdy,ify,ﬁafy,wO‘(O‘) 2| i vo (1nlg).

2 Y
Yt

—.A®
_'Ay,h

Let Ay p = Az(/l)z + A;})l Note that A(l) denotes the i-th order term in [|A||,. Finally, the
following expansion also comes in handy for our derivations:

al J-! rnGi = J az—aTJ 1Ath a; + a; J 1Ath 1Ath az—l—O(HhH ) (118e)

H.1.1 PROOF OF PART (A): GRADIENT OF WEIGHTS

The expression for the gradient V(, ; is derived in Lemma 14 of the paper (Lee and Sidford,
2014) and is thereby omitted.
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H.1.2 PROOF OF PART (B): HESSIAN OF WEIGHTS

We claim that

%hTVZCy,lh
py = (I—ah,G,") L = (2D, + aF,) TP (2D, + aF,)1
5h' Vo mh
+ (2= 1) 20Dy F, + 3D2 + 7aF2] 1
+diag (Y (2D, + aF,) Y, (2D, + aF,)Y,), (119)
where we have used diag(B) to denote the diagonal vector (B 1,..., By ) of the matrix

B. Deferring the proof of this expression for the moment, we now derive a bound on the ¢;
norm of p,. Expanding the i-th term of p,; from equation (119), we obtain

n

pyi = (2dyi+ afyi) > (2dy;+afy )Xo, + [20dyfyi+3ds i + Tafyi] 0y

j=1
n n
2 2 2
= > [2adyfy; +3dy  + Tafy ] Toag+ D 2y + afy ) (2dys + afy )Ty Ty Ty i
j=1 jl=1

Recall that & = 1 — 1/logy(2n/d). Since n > d for polytopes, we have o € [0,1] and
consequently |7,| = |a(a — 1)/2] € [0, 1]. Further note that Y, is an orthogonal projection
matrix, and hence we have

diag(Txei)Tz diag(T:cei) = diag(rzei) diag(chei)'

Combining these observations with the AM-GM inequality, we have

n
oyl < Toyidy; +30yify; + Y (13dy ;+6f5) Th, ).
j=1

Summing both sides over the index i, we find that

" (1) & (i) & (4i) "~
D louil < 3 200yidy; +90yiy < 3 20Gydyi +9Cyifys < 565 )  Cuady
i=1 i=1 i=1 =1
where step (i) follows from Lemma 7 (a), step (i7) from Lemma 3 (a) and step (éi7) from
the bound (108).
We now return to the proof of expression (119). Using equation (87¢), we find that

1 1
5th%y,ih = §hTV20y,ih for all i € [n]. (120)

Next, we derive the Taylor series expansion of o, ;. Using the definition of T (118d) in

: _ ra aTJy_lai
equation (72), we find that oy, = (;;=3-
Y,

. To compute the difference oy14; — 0y, we
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use the expansions (118a), (118c) and (118e). Letting 7o, = a(av — 1)/2, we have

TJ T h Qi
Oy = Gni—
y+hi
aTJijh 3
= Cy.i Sg , [L+ afyi+alyi +7afy;] [L+2dy; +3d);] + O <||h||2)
y7Z
n n
=0y + (2dy,; + afyi)oy: — Z(Qdyj + afyy) Yyirg + (2dy; + afyi) Z(zdyj +afy, J) Yyirj
J=1 J=1

n

+2ady; fyi0yi + [afw + Taf?ii + 3d§7i] Ty — Z [3(12 +2ady ;i fy; + alyj + TanyJ] Vi
j=1

+ Z (2dy,; + oufy,;)(2dys + afy )Ty, Ty 0 Ty + O <||h||g) .
=1

We identify the second order (in O <||h|]§)) terms in the previous expression. Using the

equation (120), these are indeed the terms that correspond to the terms %hTVQCy,ih, i€ [n].
Substituting £,; = $h' V2(, ih/(y.i, we have

1
ith%y,ih
o o hTVQCy, 2 2
= (2dy,; + afy) Z(Qd%j + ozfyd) i T 2adyify oy + 5 T + Tafyi +3dy ;| oy
j=1 *

& ahTV2¢
- Z [3d2 +2ady ;i fyj + 9 Ty] Taf;,j:| yig T Z 2dy,j + oufy ) (2dy + afy )Ty Ty 0Ty

j= ’ 7,l=1

Collecting the different terms and doing some algebra yields the result (119).

H.1.3 PROOF OF PART (C): GRADIENT OF LOGDET

For a unit vector h € R?, we have

h'" log det Jy = hm (logdetJ 12 y+ohdy 172 _ log det I)

m (log det Jy s, — logdet J,) = hm

=00

Let a,; = J 1/2az/sy7i for each i € [n]. Using the property logdet B = tracelog B, where

log B denotes the logarithm of the matrix and that logdetI; = 0, we obtain

n

! Cy+oh .
T . Y+ T
h' logdet J, = }1_1)1(1) 5 ltrace log (Zz: = 5aTh/Sy Z)ay,z v, Z)] )
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where we have substituted sy+5hZ = Sy; — 5a h. Keeping track of first order terms in §,
and noting that Y ;" | ¢, zawa = Iy, we find that

n n
Cutohi o AT - 2a] h T )
tracel : — tracel (G + 00TV G) {1+ +0(6
race log (; 1- 5a;rh/sy7i)ay Zayz race log 2 Cy,i Cy,i .y ay, iQy, ( )
2a,
= trace [Z(s < thgy,> ayia, ;| + 0O (6%)
n
2a] h
_Za( % th¢y1>eyl+o(52)
Sy.i
where in the last step we have used the fact that trace(dwd;i) = a; Gy = 0y ; for each
i € [n]. Substituting the expression for V(, from part (a), and rearranging the terms yields
the claimed expression in the limit 6 — 0.
H.1.4 PROOF OF PART (D): GRADIENT OF ¢
Using the chain rule and the fact that Vs, ; = —a;, yields the result.
H.1.5 PROOF OF PART (E)
We claim that
1
ithz\Pyh -5 Z Cy,it y7 3d2 + 2dy,i fy,i + Eyz - Z Cy,zgyj Y,i,5 2dy7i + fy,i) (de’ + fy,j)

3,j=1

The desired bound on ‘hTVQ\IJyh’ /2 now follows from an application of AM-GM inequality
with Lemma 7(d).

We now derive the claimed expression for the directional Hessian of the function ¥. We
have

1 1
§hT (V?logdet J,) h = lim 2—52(log det J; V2 Ty sn ;2 4 log det I, Y2, J, 2 — 21og det 1)

1 1 = Cy+oh R . Cy—oh aaT
li 1 Y i 1 - i@ :
s [“"ace o8 (Z (1—8al hfs,:) " ?“) racelog (Z (11 8a] hjs,;) i

i=1

Expanding the first term in the above expression, we find that

n

Cy+6h ) ~ AT
trace log (Z a 5aTh/sy 3 Ay, iy

=1

- T L aiTh 2(@ h) 3
= tracelog [ > ( ¢y + 0h Viyi+ 5 h V2 | | 14 20-— 436 ayia, ;| +O (6%).

i=1 Sysi Sy7

=:]Id+B
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Substituting the shorthand notation from equations (88a), (88b) and (88c), we have

B = Z Cyii [0Q2dy,i + fyi) + 02(Bd2 i + 2dy i fyi + Cy.i)] ayady; + O (5%) .

Now we make use of the following facts (1) tracelog(l;+ B) = trace [B - %2 +0 (HBH?’H ,

(2) for each i,j € [n], we have trace(dyvid;r) = a;/rzaj =0y, and (3) for each i € [n], we
have 0, ;; = 6, ;. Thus we obtain

trace log <Z ( Cy-+hi a ) Z Cyifyi [6(2dyi + fyi) + 52(3d§72~ + 2dy.i fyi + )]

1—6a]h/sy;) Oyilly

) Z Cy,iCy,jH;,i,jdz(zdy,i + fy,i)2dyj + fy ) + O (5%).

ij=1

Similarly, we can obtain an expression for trace log (EZ 1 %ay Zoz ) Putting the
Y,?

pieces together, we obtain

1 n
ihT (VQ log det Jy) h = Z Cy,iay,i(:)’dz,i + 2dyifyi + Lyi) — Z CyJCy,J Yyl (2dyi + fu,i)(2dy j + fy5)-
— by
(121)

H.1.6 PROOF OF PART (F)

We claim that

1

ithchw-h = @y,i (2dy,ifyi+3ds; +Ly) - (122)
The claim follows from a straightforward application of chain rule and substitution of the

expressions for V(,; and V2Cy ; in terms of the shorthand notation d, ;, f,; and £, ;. Mul-

tiplying both sides of equation (122) with dz ;5 and summing over index ¢, we find that

Zazylyl2 2h = Zdzymg, [Cy.i + 2dy.i fyi + 3d2,] Zd Gy [0y + 2dy i fyi + 3d2,]

<Zd Gy [lyi + fri+4d2,]

where in the last step we have used the AM-GM inequality. The claim follows.

H.2 Proof of Lemma 10
We claim that

0=G,'? <61]In + ol (Gy — aly)” ) GY? < (c1+ c2) Kl (123)
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The proof of the lemma is immediate from this claim, as for any PSD matrix H < cl,,, we
have H? < 1,.
We now prove claim (123). Note that

Gy (Gy = aly) ™ Gy = GPA G L — a0 GEYPA G T (124)
———
=By

Note that the RHS is equal to the matrix By (L, — a;B,)~" which is symmetric. Observe
the following ordering of the matrices in the PSD cone

Sy + By =Gy = By = Ay =%, = TP = 0.
For the last step we have used the fact that 3, — T;Q) is a diagonally dominant matrix with

non negative entries on the diagonal to conclude that it is a PSD matrix. Consequently, we
have

~1/2 ~1/2
By =G, 2A,G M2 <, (125)
Further, recall that a; = (1 — 1/k) < x = (1 — a;)~1. As s result, we obtain

0= (I, — yGy 20, G )™ < kL,

Multiplying both sides by B;/ 2 and using the relation (125), we obtain
0 = B,/*(I, — a,G, ? A, G, V?) 71 B2 < Kl (126)
Using the fact that B, commutes with (I, — B,)™!, we obtain By(I, — a,;By)™ < kI,.

Using observation (124) now completes the proof.

H.3 Proof of Lemma 11

Without loss of generality, we can first prove the result for ¢ = 1. Let v := ,u;rel denote the
first row of the matrix j,. Observe that

e1 = (Gy — aly) G;ly =v— aZyGy_ly + aTZ(IQ)Gglz/ (127)
We now prove bounds (92a) and (92b) separately.
Proof of bound (92a): Multiplying the equation (127) on the left by VTGZ;I, we obtain

gl_lm = VTG;11/ — aVTGglﬂnglu + owTG;lT(yQ)G;lV
> VTGgly - aVTG?leyGJIV (128)
> (gl_1 — aayvl/g%) V2,

Rearranging terms, we obtain

Gy (@)

0<1 < < kK, 129
T T Ga—aoyy 12

where inequality (i) follows from the facts that ¢, ; > 0, ; and (1 — o) = k.
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Proof of bound (92b): In our proof, we use the following improved lower bound for the
term ,uy,m = 1.

> AN (130)
Gyl —aoy1 +aoy

Deferring the proof of this claim at the moment, we now complete the proof.
We begin by deriving a weighted fo-norm bound for the vector 7 = (vs,...,1v,) . Equa-
tion (128) implies

(i (1 Cyl > zzuf(y—j —agyjayj) (1—a) ZCW

Jj=2

where step (i) follows from the fact that {,; > 0, ;. Now, we upper bound the expression
on the left hand side of the above inequality using the upper (129) and lower (130) bounds
on ry:

Cyl1 1(1 C >§ y’llggy,l (1—<l—aay’1> Cy.1 . )
y,1 y,l — 00y 1 Cy1 /) Gya —aoy1 +aoy
_ aoy
(Cy1 —agy,1) <Cy,1 —aoy1 + a0§,1>
< K2,

where in the last step we have used the facts that Cya > oy and (1 —a)~! = k. Putting
the pieces together, we obtain > " < k3, which is equivalent to our claim (92b) for
1= 1.

It remains to prove our earlier claim (130). Writing equation (127) separately for the
first coordinate and for the rest of the coordinates, we obtain

Jj=2 ]Cy]

n

1= (1 - aUy,le_,ll + aaiLle_j) v+ 04205717]- y_’;vj, and (131a)
j=2
V2 V2 T2
0= (T —aZy Gy ) | o | +ar@a | [ +agim | @ |, (131b)
Yn Yn Tyim

where G; (respectively E’ , T (2)) denotes the principal minor of G, (respectively ¥, Tl(,Q))

obtained by excluding the first column and the first row. Multiplying both sides of the
equation (131b) from the left by (1/2, e ,I/n) G/y_l, we obtain

vy

2
a0y \ o C1a(2) =1 | 4! 9y,
O—ch] < nyjj>yj +a (va, oo vn) Gy T;;( )Gz/»/ : +aiz yj,yj'

Cy,j

Un J=

Cy42
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Observing that « € [0,1] and ¢, ; > 0, ; for all y € int () and j € [n], we obtain ¢, ; > 0.
Further, note that G;‘lT;@)G;_l is a PSD matrix and hence we have that Cy, 2 > 0. Putting
the pieces together, we have

n 2
121 (o
y,1 j=2 SY

Combining this inequality with equation (131a) yields the claim.

H.4 Proof of Corollary 12

Without loss of generality, we can prove the result for ¢ = 1. Applying Cauchy-Schwarz
inequality, we have

n n VZ n
HVHIZV1—|—2|VJ" <+ ZT],'Z@J <K+ 672 .V1.5d < 3Vde?,
j=2 j=2 Y]

j=2
where to assert the last inequality we have used Lemma 11 and Lemma 3(c). The claim (93)
follows. Further, noting that the infinity norm of a matrix is the £;-norm of its transpose,
we obtain || (G — 04Ay)_1 Gyllso < 3Vdr3/? as claimed.
Appendix I. Proof of Lemmas from Section E.2

In this section, we collect proofs of auxiliary lemmas from Section E.2.

I.1 Proof of Lemma 13

Using Lemma 8, and the relation (82) we have

% T
<1 - Sx,i) < 4@5 3 (133)
where & ~ N (0,1;). Define
Sv,i
Ag:= max |1—— (134)
i€[n], vexTZ Sz

Using the standard Gaussian tail bound, we observe that Pea(o.1,) [§T§ >d(1+ 5)] <
1—¢€/4 for 6 = \/g . Plugging this bound in the inequality (133) and noting that for all

v € Tz we have [[v — z||; < ||z —z[; , we obtain that

2r2(1 4 /2/dlog(4/€)
A, < e

]PZNPI

] >1—€/4.

Setting

r< 1/(25\/1 +V2log(4/e)), (135)
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and noting that x*v/d > 1 implies the claim (94a). Hence, we obtain that A, < .005/x>
and consequently max;c(y) vezz Sz,i/5v,i € (0.99,1.01) with probability at least 1 — €/4.
We now claim that
max S € [1—24r2A,, 1+ 24k%A,],  If A, < L
i€[n],vETZ vai — 32k2
The result follows immediately from this claim. To prove the claim, note that equation (98)
implies that if Ag < 32%, then
ﬂ c (e—8n2A376852As)

Cm,i

for all ¢ € [n] and v € Tz,

which implies that

) 2 2
max S c (6_8” As o8 A5).
ie[n]zveH C‘U,i

Asserting the facts that e* <1+ 3z and e™* > 1 — 3z, for all = € [0, 1] yields the claim.

1.2 Proof of Lemma 14

The proof once again makes use of the classical tail bounds for polynomials in Gaussian
random variables. We restate the classical result stated in equation (136) for convenience.
For any d > 1, any polynomial P : R — R of degree k, and any t > (2€)*/2, we have

P [IP(s)\ >t (EP(&)QH < exp <_2";t2/k) : (136)

where £ ~ N(0,1,,) denotes a standard Gaussian vector in n dimensions.
Recall the notation from equation (90) and observe that
~2 AT oA
Ha,gm‘”2 = 99072‘, and amaw‘ = eaz,i,j' (137)

We also have

n n T
N N _ a;a; _
D Cnitinitgy =T Y Gt = a. (138)
i=1 i

=1 .0

Further, using Lemma 10 we obtain
D Caibribl; = Ty P Aeha (G — aly) 7 Gy (Go — ahy) T AL ATV = 46”1, (139)
i=1

Throughout this section, we consider a fixed point € int (). For brevity in our notation,
we drop the dependence on z for terms like (; ;, 654, G5, (etc.) and denote them simply by
G, 0;, a; respectively.
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We introduce some matrices and vectors that would come in handy for our proofs.

VGia] Vaib] Ve a3 Giaj by
B=| : |, By=| : |, v= : , and 0™ = :
Gy VGaby, VG llanll3 Gty bn
(140)
We claim that
BB' <1,, and BB/ =< 4rL,. (141a)

To see these claims, note that equation (138) implies that BT B = I; and consequently, BB "
is an orthogonal projection matrix and BB" =< I,. Next, note that from equation (139)
we have that Bl;r By < k%I, which implies that BbBbT =< k°I,. In asserting both these
arguments, we have used the fact that for any matrix B, the matrices BB' and B' B are
PSD and have same set of eigenvalues.

Next, we bound the ¢5 norm of the vectors v and v®:

n Lem. 7 (e)
3= ¢o? < 4d, and (141b)
=1
2 n A\ 2 n ~ |12 " ~ 112 eqn. (141a)
(UMQZEZQ@ﬁQ <SGl o], <4d" G |bi]| = atrace(B] B < 1687
i=1 i=1 =1

(141c)

We now prove the five claims of the lemma separately.

[.2.1 PROOF OF BOUND (95A)

Using Isserlis theorem (Isserlis, 1918) for fourth order Gaussian moments, we have

(et

where the last follows from Lemma 7. Applying the bound (136) with & = 2 and t =
elog(1%). Note that the bound is valid since t > (2e) for all e € (0,1/30].

2 n n
2
-3 (Hainéndjll%w (aa,) ) = 37 GG (00, +262,) < 24,
] 1

ij= i.j=1

[.2.2 PROOF OF BOUND (95B)

Applying Isserlis theorem for Gaussian moments, we obtain

n 2 n n
E (Z G (] 5)3> =0 3" G a2 lag 2 (a7 ay) +6 3 6y (alay)”
=1 1,7=1

1,j= ,7=1

=:N =:No

We claim that N1 < 4d and Ny < 4d. Assuming these claims as given at the moment, we
2
now complete the proof. We have E (Z?Zl i (dj§)3> < 60d. Applying the bound (136)
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with k = 3 and ¢ = (% log (12)) 3/2 , and verifying that ¢ > (26’)3/2 for € € (0,1/30] yields
the claim.
We now turn to prove the bounds on Ni and No. We have

n
T
=Y Glaillza ¢ llasl a

i,j=1

Z Gi [lailly &l

2 eqn. (141a) o edn. (141b)
= el s e

=[5™

Next, applying Cauchy-Schwarz inequality and using equation (137), we obtain
n (Lem. 3 ( (Lem. 7 (d)) ™
=3 a6 (afay) < S o Ny e, 42@ p = 4d.

,j=1 1,j=1 3,j=1

1.2.3 PROOF OF BOUND (95C)

Using Isserlis theorem for Gaussian moments, we have

n 2 n n
E (Z G (ale)’ (6£i£)> = > GG lail3 a3 (676) +4 > Gi¢; (alay) (albi) (a]5;)
=1

i,j=1 Lj=1
:=Nj3 =Ny
Y Gl (Ta,) (75) +2 3 a6 (a7a;)” (6755) +4 3 6 (a7 a) (a78,) (67 ay)
i,j=1 ij=1 ij=1
:=Ns :=Ne =Nr

We claim that all terms N, < 16x2d, k € {3,4,5,6,7}. Putting the pieces together, we have

n 2
(aTe) (T 24,
E (; G (az g) (bwg)) < 240K%d

Applying the bound (136) with £k = 3 and ¢t = (% log (1—66))3/2 yields the claim. Note that
for the given definition of ¢, we have ¢t > (26)3/2 for e € (0,1/30] so that the bound (136) is
valid.

It is now left to prove the bounds on Ny for k € {3,4,5,6,7}. We have

2
n ~ ~ ~ 2 eqn. (141a) eqn. (141b)
~ 112 ~ 12 ~ 12 2
No= 3 Glail3el ¢ a3 b; = | Yo Gllail3e) = [Blof) < a3 = < 16w,
ij*l 2
R R 2 eqn. (141a) 2  eqn. (141c)
Ny= Z G (alas) (aTbi) (a]s) = HBTv“b . < ”ang < 16x%d, and

7j_

- 3 Gl (i) (75) - () (572) 2 e,

4,j=1

HBbTsz < 16x2d.
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For the term Ng, we have
N = Zn: GG (a}aj)Z (675;) L % Z <<a:a]> ( b
ij=1 j=1
(symm:.in ,5) Z QCJ (&:&])2
',j—l

ZQ ’az,b
42@

16rx2d.

()

1)

2
b;

2

(eqn. 138

(Lem. 3(d))
<

(eqn. (141c))
<

The bound on the term N7 can be obtained in a similar fashion.

[.2.4 PROOF OF BOUND (95D)

Observe that a; & ~ N (0,6;) and hence E (a, 5) = 1056¢. Thus, we have

n 4 3 8 " 2
E (Z G (a]g) ) < Z e ( ( ) ) (E (a} ) ) — 105 Z GG0267 = 105 (Z Cﬁ?)
=1 2,7=1 7,7=1 =1
2
Now applying Lemma 7, we obtain that E (Z?Zl G (d]g)“) < 1680d?. Consequently,
applying the bound (136) with k = 4 and ¢t = (§log (%))2 and noting that ¢ > (2¢)? for
e € (0,1/30], yields the claim.
[.2.5 PROOF OF BOUND (95E)
Using the fact that E (d;é) 2 — 945 9? and an argument similar to the previous part yields
2
that E (S0, G (] €)°) < 1512002,

Finally, applying the bound (136) with £ = 6 and ¢ = (% log (%))3, and verifying that
t > (2e)® for e € (0,1/30], yields the claim.

Appendix J. Proof of Lovasz’s Lemma

We begin by formally defining the conductance (®) of a Markov chain on (I, B(K)) with
arbitrary transition operator 7 and stationary distribution 7*. We assume that the operator
T is lazy and thereby the stationary distribution 7* is unique. Let T, = 7 (J,) denote the
transition distribution at point x, then the conductance ® is defined as

P
o= Seig(f’c) W*((‘?) where ®(S) := /S’]I‘u(IC NS)dn*(u) for any S C K.
7*(8)e(0,1/2)
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The conductance denotes the measure of the flow from a set to its complement relative to
its own measure, when initialized in the stationary distribution. If the conductance is high,
the following result shows that the Markov chain mixes fast.

Lemma 15 (Lovdsz and Simonovits, 1993, Theorem 1.4) For any M-warm start ug, the
mizing time of the Markov chain with conductance ® is bounded as

2

I =<l 5 37 (1-5) < VBT (4

Note that this result holds for a general distribution 7* although we apply for uniform
7*. The result can be derived from Cheeger’s inequality for continuous-space discrete-time
Markov chain and elementary results in Calculus. See, e.g., Theorem 1.4 and Corollary 1.5
by Lovész and Simonovits (1993) for a proof. For ease in notation define K£\S := K N S°.
We now state a key isoperimetric inequality.

Lemma 16 (Lovdsz, 1999, Theorem 6) For any measurable sets S1,S2 C K, we have
vol(K\S1\S2) - vol(K) > dx (81, S2) - vol(Sy) - vol(Sa),
where dic(S1, S2) := inf,es, yes, dic(z,y).
Since 7* is the uniform measure on K, this lemma implies that
T (K\S1\S2) > dic(S1,S2) - 7°(S1) - m°(S2). (142)

In fact, such an inequality holds for an arbitrary log-concave distribution (Lovész and
Vempala, 2003). In words, the inequality says that for a bounded convex set any two
subsets which are far apart, can not have a large volume. Taking these lemmas as given,
we now complete the proof.

Proof of (Lovéasz’s) Lemma 6: We first bound the conductance of the Markov chain
using the assumptions of the lemma. From Lemma 15, we see that the Markov chain mixes
fast if all the sets S have a high conductance ®(S). We claim that

o8
- 64 )
from which the proof follows by applying Lemma 15. We now prove the claim (143) along
the lines of Theorem 11 in the paper by Lovasz (1999). In particular, we show that under
the assumptions in the lemma, the sets with bad conductance are far apart and thereby have
a small measure under 7*, whence the ratio ®(S)/7*(S) is not arbitrarily small. Consider
a partition S1,So of the set I such that §; and Sy are measurable. To prove claim (143),
it suffices to show that

o (143)

1
vol(K)

/ To(S)du > ’éﬁ min {7*(S1), 7 (S2)} (144)
S1

Define the sets

S{ = {uéSl

Ta(S2) < p}’ Sy = {v €Sy

77,(81)<g}, and S, = K\S)\SL.
(145)
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Case 1: If we have vol(S]) < vol(S1)/2 and consequently vol(K\S]) > vol(S1)/2, then

() 1 - (32) (73i) pA
/ Tol(So)du > / Tu(S)du > Lvol(S) = 2= - min {vol(Sy), vol(Ss)}
Si 2 51\81 4 4

which implies the inequality (144) since 7* is the uniform measure on K. In the above

sequence of inequalities, step () follows from the definition of the kernel T, step (i) follows
from the definition of the set 8] (145) and step (iii) from the fact that A < 1. Dividing
both sides by vol(K) yields the inequality (144) and we are done.

Case 2: It remains to establish the inequality (144) for the case when vol(S!) > vol(S;)/2
for each i € {1,2}. Now for any u € S} and v € S} we have

Hﬁ - ﬁHTv > Tu(81) = To(81) = 1 = Tu(S2) = Tu(S1) > 1 = p,

and hence by assumption we have di(S7,S5) > A. Applying Lemma 16 and the definition
of 8% (145) we find that

=~ >

vol(S3) - vol(K) > A - vol(S)) - vol(8h) > = - vol(Sy) - vol(Ss). (146)
Using this inequality and the fact that for any « € [0, 1] we have z(1—z) > min {x, (1 — z)} /2
we obtain that

a A
4 8

m(S83) = - (S1) - 7(S2) =

min {7*(81), 7 (S2) } . (147)
We claim that

/Tu(sQ)du: T (S1)dv. (148)
S1 So

Assuming the claim as given, we now complete the proof. Using the equation (148), we
have

1 1
S /S Tu(S2)dn = s (/S To(S2)du + /327:,(51)61@)
Q) 1 1 ~ 1 ~
2 5o T vol(KC) <2 /31\81 Tu(S2)du + 2/52\$§ 7;(52)6&)>
(Z) pvol(83)
— 8 vol(K)

(i) pA
> %—4min{7r*(51),7r*(32)}7

where step () follows from the definition of the kernel T, step (i7) follows from the definition
of the set 8§ (145) and step (ii¢) follows from the inequality (147). Putting together the
pieces yields the claim (143).
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It remains to prove the claim (148). We make use of the following result
®(S) = P(K\S) for any measurable S C K. (149)
Using equation (149) and noting that §; = K\S2, we have

1
vol(K) Js,

Tu(S2)du = /S Tu(S2)m* (u)du = ®(S1) = ¢(K\S1) = Voll(lC) /S To(S1)dv,

which yields equation (148).
Proof of result (149): Note that [, 7,(S)dn*(u) = 7*(S). Thus, we have

20\8) = [ T(S)ar ) = [ Tu(S)ar ) - [

To(S)dn* (u) = 7*(S) — / Ta(S)dr* (u).
K\S S

S
Using the fact that 1 — 7,(S) = Tu(K\S), we obtain

7ﬂa—énwWNw=Lmﬁw—anWﬂw=/nmeﬁw=w&

S
thereby yielding the claim (149).
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