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Abstract

We consider goodness-of-fit tests with i.i.d. samples generated from a categorical distri-
bution (p1,...,px). For a given (g1, ..., qx), we test the null hypothesis whether p; = ¢ (5
for some label permutation 7. The uncertainty of label permutation implies that the null
hypothesis is composite instead of being singular. In this paper, we construct a testing
procedure using statistics that are defined as indefinite integrals of some symmetric poly-
nomials. This method is aimed directly at the invariance of the problem, and avoids the
need of matching the unknown labels. The asymptotic distribution of the testing statistic
is shown to be chi-squared, and its power is proved to be nearly optimal under a local
alternative hypothesis. Various degenerate structures of the null hypothesis are carefully
analyzed in the paper. A two-sample version of the test is also studied.

Keywords: hypothesis testing, elementary symmetric polynomials, Lagrange interpolat-
ing polynomials, Vandermonde matrix, minimax optimality

1. Introduction

Consider a categorical distribution parameterized by (p1, ..., pr). We have i.i.d. observations
X1, ..., X, that follow P(X; = j) = p;. A classical goodness-of-fit testing problem is to test
whether or not p; = g; for j € [k], where q1, ..., g are some given numbers. One solution is
given by the famous Pearson’s chi-squared test (Pearson, 1900). In this traditional formula-
tion, it is assumed that the labels (1, ...., k) of (p1, ..., px) correspond to those of (q1, ..., qk),
so that p; can be directly compared with g¢; for each j € [k]. However, this assumption is
not satisfied in some interesting applications. We give three examples below:

1. Clustering models. In a typical probabilistic setting of cluster analysis, the event
{X; = j} means that the ith item belongs to the jth cluster, and p; is the population
frequency of the jth cluster. Here, the cluster label j does not carry any real meaning,
and is present only for notational convenience. In a cluster analysis setting, the
underlying object of interest is the partition of the n items instead of the cluster
labels. In other words, what really matters to statisticians is the value of I{ X; = X;/}
(the indicator function of the event) for every pair i # /. Therefore, a clustering
model with population frequency (p1, ..., px) is equivalent to that with (pﬂ(l), ...,pw(k,))
with some permutation .
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2. Word frequency analysis. Consider two text corpora of two different languages. The
word frequencies are denoted by (p1,...,pr) and (qi, ..., qx), respectively. An interest-
ing problem in comparative linguistics is to study whether the two languages share
common features by comparing (p1, ..., px) with (g1, ..., gx). For languages that are not
necessarily etymologically related, the correspondence between words of the two lan-
guages are usually unclear or unknown. Therefore, a reasonable comparison of word
frequencies between two languages can be conducted through comparing (p1, ..., px)
with a reordered vector (qﬂ(l), - q,r(k)) for some permutation 7.

3. Simple substitution cipher. In cryptography, a simple substitution cypher changes
every character in a message to a different character systematically. Let {1,...,k} be
a finite alphabet of characters, and (Y71, ...,Y,) denote a message to be encrypted. A
simple substitution cypher is defined by a permutation o on the alphabet {1,...,k}.
This results in the encrypted message (X7, ..., X,) with X; = o(Y;) for each i € [n].
Suppose each Y; is independently distributed by P(Y; = j) = ¢;. Then, each X;
independently follows P(X; = j) = p;, where p; = gr(;) with 7 = o~ L. If only the
encrypted message is observed, inference of the probability vector (qi, ..., qx) is only
possible up to an unknown permutation.

Inspired by the above examples, in this paper, we consider a twist of the traditional
formulation of the hypothesis testing problem. We consider the following null hypothesis:

Hy : pj = qr(;), for some m € Sk, (1)

where (qi, ...,qr) is a known vector and Sy is the set of all permutations of [k]. This null
hypothesis implies that the labels 1, ..., k do not have any meaning. For example, the vectors
(%, %, %) and (%, i, %) are considered equivalent. Given i.i.d. observations Xy, ..., X, one
can immediately define summary statistics n; = » " | I{X; = j} for j € [k], which are
sufficient. Since the labels of nq,...,n; are irrelevant, these sufficient statistics result in a
random partition of the integer n. There are two ways to code such a random partition
(Pitman, 1995): (i) by the order statistics n(;) > ng@) > ... > n,; (ii) by the numbers of
terms of various sizes m; = Z§:1 I{n; =1} for | € [n]. It is easy to see that Y ;" my =k
and Y, ; lm; = n. These two representations are equivalent because one can be derived
from the other.

Inference of the probability vector (pi,...,px) up to a label permutation using random
partitions have been extensively studied in Bayesian statistics. The problem serves as a
foundation for random partition models, cluster analysis and species distribution modeling.
Priors that induce various exchangeable properties have been developed for the equiva-
lent class {(pr(1), - Pr(ky) © ™ € Sk}. See Ewens (1972); Pitman (1995); Miiller et al.
(2013); Crane (2016); Gnedin and Pitman (2006); De Blasi et al. (2015); Kingman (1975);
Pitman (1996) and references therein. In this paper, we take a frequentist point of view
that is complementary to the Bayesian literature, and we do not treat the equivalent class
{(Pr(1)> -+ Pr(k)) : ™ € Sk} as random. The theory of hypothesis testing is developed within
a frequentist decision-theoretic framework.

With the unknown permutation 7 in the null hypothesis, the classical chi-squared test
by Pearson does not work anymore. Our idea of the test is based on the following class of
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statistics:

k
> flny):feFy, (2)

Jj=1

where F is the class of all measurable functions. For each f € F, the distribution of
Z?zl f(n;) is identical for p; = gr(;) with any 7 € Si. This is because (2) is a class of statis-

tics that are invariant to the label permutation 7. That is, Z?Zl f(n;) = Zle f(ng () for
any 7 € Si. Moreover, it is easy to see that these statistics are all functions of the random
partition because Z?:l f(n;) = Z§:1 f(ng)-

Choosing an appropriate class of f’s is important. We propose to use k functions
f1, ..., fr that satisfy the identifiability and the orthogonality conditions. The identifiability
condition requires that the k equations Z?Zl filpy) = Z?Zl fi(gj) for I € [k] hold if and only
if pj = qr(j) for some 7 € Sy.. With this condition, testing whether the null hypothesis holds
is equivalent to testing whether the k equations hold. The orthogonality condition requires
that the k vectors (f/(q1), ..., f{(qr))T for | € [k] are orthogonal to each other. Intuitively
speaking, this condition ensures that the information carried by the k statistics Z?Zl fi(nj)
for | € [k] are mutually exclusive, which is a key ingredient that leads to optimal power
under a local alternative.

In this paper, we choose f1, ..., fr to be indefinite integrals of Lagrange interpolation
polynomials. The choice of these polynomials satisfies the above-mentioned identifiability
and orthogonality conditions. We prove that the testing statistic constructed from the k
functions is asymptotically distributed by a chi-squared distribution. Moreover, we show
that the power of the test is nearly optimal under a local alternative hypothesis within a
decision-theoretic framework.

Our approach that uses symmetric polynomials bypasses the problem of unknown per-
mutation 7. It falls into the general umbrella of methods of moments, which are commonly
used for problems that impose equivalence relations to the signals through the action of a
group of transformations. For example, various method-of-moments techniques have been
applied to problems including Gaussian mixture models (Hsu and Kakade, 2013), mixed
membership models (Anandkumar et al., 2013), dictionary learning (Arora et al., 2014),
topic models (Anandkumar et al., 2012; Arabshahi and Anandkumar, 2016) and multi-
reference alignment (Perry et al., 2017). Recently, this idea was also applied to the problems
of network testing by Gao and Lafferty (2017); Banerjee and Ma (2017), where the group
action there is row and column permutations of the adjacency matrix of a random network.

The rest of the paper is organized as follows. In Section 2, we introduce definitions of
some useful symmetric polynomials and the related Vandermonde matrix. Before getting
into the testing problem for random partitions, we first solve an easier version of the problem
with Gaussian observations in Section 3 and Section 4. The test using random partitions
is given in Section 5. The optimality of our test is discussed in Section 6. In Section 8,
we consider a two-sample version of the problem. Numerical experiments of the proposed
testing procedures are given in Section 7. Finally, Section 9 is a discussion section, where
we briefly analyze the property of the test on the boundary of degeneracy and discuss some
open problems. The proofs of all results in the paper are given in Section 10.

We close this section by introducing the notation used in the paper. For a,b € R, let
aV b= max(a,b) and a A b = min(a,b). For an integer m, [m| denotes the set {1,2,...,m}.
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Given a set S, |S| denotes its cardinality, and Ig is the associated indicator function. We
use P and E to denote generic probability and expectation whose distribution is determined
from the context. The noncentral chi-squared distribution with degrees of freedom k& and
noncentrality parameter 62 is denoted as XZ, s2- We will also use Xi, 52 for the associated
random variables.

2. Symmetric Polynomials and Vandermonde Matrix

Define a polynomial with roots ui, ..., ux € R by
k
£ =TTt - ).
j=1
It can be organized as

k
1)k-
= (=D Tep_j(pur, oo i)t (3)
7=0
The coefficient before 7 is (—1)* ey (u1, ..., ik ), and eg—;(yi1, ..., 1) is called the elemen-
tary symmetric polynomial. For [ € {1,...,k}, the [th elementary symmetric polynomial
is
(i, i) = D gy
1< <-<5i<k
When [ = 0, we use the convention eg(p1, ..., ux) = 1.
The elementary symmetric polynomials can be efficiently calculated through Newton’s
identities. Define the Ith power sum

:ulv' 7/’Lk Z’uj (4)

Newton’s identities can be summarized through the formula

el(ﬂlw ’,Ufk:

N‘H

l
Z el —J :U’lv' '7Nk)pj(ul""’ru’k)’ (5)

forl=1,..., k.

Finally, we introduce an interesting relation between elementary symmetric polynomials
and Vandermonde matrix (see Chapter 0.9.11 of Horn and Johnson (2012)). Given puy1, ..., g
that take k distinct values, define a matrix E(u1, ..., u) € R¥F whose (j,1)th entry is

i— ek—'(:ub-"Hul—lalul-‘rlv"'vﬂk)
(-1 == : (6)
[ enp oy (s — 1)

The Vandermonde matrix V (u1, ..., ug) € RF¥** has ué-_l on its (7,/)th entry. Interestingly,
we have

E(pys s )V (pas oo ) = V(pits ooy i) E(pas -os i) = I (7)
This relation implies a formula for the determinant of E(u1, ..., ux):
1 1

det(E(p1y ooy pii)) = (8)

det(V(p1, o i) Thicjeran(tn — 1)



GOODNESS-OF-F1T TESTS FOR RANDOM PARTITIONS

3. The Gaussian Case

Before working with categorical distributions, we first study data generated from a Gaussian
distribution. This allows us to grasp the mathematical essence of the problem without
dealing with the dependence and heteroskedasticity of categorical distributions. We consider
a Gaussian random vector X ~ N (6,n~'I;). The mean vector § € R” consists of k¥ numbers
01, ...,0;. Throughout the paper, we assume k > 2 and it is a constant that does not vary
with n. We would like to test whether the k numbers are identical to puq, ..., 4 after some
permutation of labels. To be rigorous, introduce a distance between two vectors 6 and p,

where Sy, is the set of all permutations on [k]. Then, the hypothesis testing problem is
Hy:0(0,u) =0, Hp:0,u)>0.

Throughout this section, we assume minj; [p; — | > 0. The case minj4 |p; — | = 0 is
degenerate and will be studied in the next section.

We use the notation i to denote a k-dimensional vector whose jth entry is (). Then,
the null hypothesis can also be written as

GG{MW:WES]{}.

In other words, there is an equivalent class of probability distributions {N (pr,n"'I;) : 7 €
Sk}. Thus, it is natural to consider summary statistics whose distributions are invariant
under this equivalent class. This leads to the class of summary statistics

k
Y HXy):feFy,
j=1

where F is the set of all measurable functions. For X ~ N(6,n~11}), it is easy to see that the
distribution of Z?:l f(X;) only depends on the equivalent class {N (0, n"11}) : 7 € Si}.
This fact holds for an arbitrary f € F.

Since the degree of freedom of the null hypothesis is k, our strategy is to construct a

testing procedure based on {Z?Zl fi(X;):le [k:]} In other words, we need to choose the

k functions f1(-), ..., fx(+). The following two conditions are proposed:

1. Identifiability. Assume min; |p; — p7| > 0. Then the equations

k k

Zfl(aj):Zfl(lu’j)a l=1,..k, (9)

j=1 7j=1

hold, if and only if ¢(6, 1) = 0.
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2. Orthogonality. Assume min; |4; — | > 0. Then for any [, h € [h],
k
1, I=h
Zf M fh 145) { , ’
Pt 0, 1+h.

We give a few remarks regarding the two conditions. The first condition of identifiability
is natural. It is required by the structure of the problem, and is necessary for the test
to have power under the alternative hypothesis. The second condition implies information
independence among the k summary statistics.

The k functions we propose to satisfy the two conditions are

ST epp (€ — 15)
Hje[k}\{l}(:ul - Mj) ’

filt) = I=1,.. k. (10)

) s
The derivatives f](t) = % are called Lagrange interpolating polynomials, and
Jje

it is easy to check that the second condition of orthogonality holds. Now we check the first
condition of identifiability. By (3), we have

k-1
H (t — uy) :Z VT 1 (1 ooy =15 1 s p1)E
JERNG Jj=0
This implies
zk: i ek (B, oo 15 g1y ey k) ¥ e (1)
1 Wiepn (e —rg)

Jj=
Therefore, the equations (9) can be written as

k

Z(—l)kfj ek_j(,ul, coey M1—15 HI+1,5 ...,Mk)Aj =0, l=1,..k.
I cpp oy (10 — 115)

j=1

where Aj; = % 22:1 0{1 - % 22:1 ui. In view of the definition of the matrix F(u1, ..., ux) in
(6), we have a compact organization of the equations

E(Mla muk‘)A = 0.

When the assumption min; |u; — | > 0 holds, the matrix E(p1, ..., pix) has full rank and
is invertible according to (7) and (8), which immediately implies A = 0. Equivalently,

pj(917 ,Hk) :pj(,ul, ...,/Lk), j = 1, ,k

The definition of the power sum p;(---) is given in (4). By Newton’s identities (5), we have

ej(91, ,Qk) = ej(ul,...,,uk), j = 1,...,]@‘.

Finally, the relation between elementary symmetric polynomials and roots in (3) implies
that H?Zl(t — 6;) and H;?:l(t — ;) are the same polynomials. Hence, we obtain the
conclusion £(6, ) = 0. The other direction trivially holds. This verifies the condition of
identifiability for the functions fi, ..., fx.
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Remark 1 The computation of the statistic Z?:l fi(X;) for each | € [k] is straightforward,
thanks to the formula (11). According to (11), we can write

k k k 7

_*61@4(#1,---,sz1,m+1,---,uk) Zj:lXj

X)) =) (~)F —7
2, ; e oy (b = a) J

J=1

In other words, Z?Zl fi(X;) is a linear combination of empirical moments {Z?Zl XJ’: (1€
[k]}. To compute the elementary symmetric polynomial eg_;(f1, .oy l—1, i1, -y fi) 0 the
coefficient, one can recursively apply Newton’s identities (5). The overall complexity of
computing Z?Zl fi(X;) requires O(k?) products.

We propose the testing statistic

2

k k
T=nY | D AX) =Y filw) | - (12)

=1 \j=1 j=1

When the value of T is large, the equations (9) are unlikely to hold. Thus, the null hypothesis
will be rejected when T exceeds some threshold. The asymptotic distribution of T' can be
derived under the null hypothesis.

Condition A 1 Assume 1, ..., i are k different numbers that do not vary with n.
Some possible extensions beyond Condition A will be discussed in Section 6.
Theorem 2 Under Condition A, T ~ X% as n — oo under the null hypothesis.

For a chi-squared random variable x2, define a number x2(a) such that

P (Xi < xi(@) =1 -
Then, a testing function is
¢ =1{T > xi(a)}.

By Theorem 2, its asymptotic Type-1 error is a. The next result characterizes the regime
where the asymptotic power of the test tends to 1. It is a consequence of the fact that the
functions fi, ..., fi satisfy the identifiability condition.

Theorem 3 Under Condition A, the following two statements are equivalent
1. limy, 00 v/1(0, 1) = 00;
2. lim,, 00 P (T > X%(a)) =1, for any constant o € (0,1),

where the probability Py denotes N(6,n~11}).

Theorem 3 shows that lim,_,~, /n(f, 1) = oo is the necessary and sufficient condition for
the asymptotic power of the test to be one. For a local alternative such that /nf(6, u) =
O(1), the test will have a non-trivial power between 0 and 1. This contiguous regime will
be studied in Section 6.
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4. Degeneracy of the Problem

In the last section, we construct a chi-squared test under the assumption that min;; p; —
| > 0. When minj [u; — | = 0, the identifiability condition of the functions fi, ..., fx
defined in (10) does not hold. We need to construct summary statistics based on new
functions in this degenerate case.

Assume there is a partition of the set [k]. That is, for some d < k, we have U¢_,C;, = [k],
and for any g, h € [d] such that g # h, C; N C, = @. We assume

pj = vp, for all j € Cy.

Moreover, we require that mingp, [vg —vp| > 0. To motivate the appropriate functions that
we will propose, we consider two extreme cases. The first case is when d = k. Then, the
condition min; |pj — | > 0 still holds, and we can still use the functions fi, ..., fi defined
in (10). The second case is when d = 1. This implies p; = ug = -+ = ux = v1. Then, we
can use the function

glt) = (t = )*. (13)

This leads to an obvious chi-squared statistic Ty, = n Z?Zl 9(X;).
For a general d, we need to borrow ideas from both extreme cases. We define functions
fi, .., fa that are modifications from (10). Define

_ I Moeapmy (t —v)

fult) ey n —vg)

h=1,...d. (14)

We also need another function to ensure identifiability. Define

ngl(t - Vg)2
y .
2 g=1 Hnepan gy (¢ = vn)?
The function ¢(t) is well defined when d > 2. When d = 1, we use the definition given

by (13). The following proposition shows that the functions fi,..., f4,g together ensure
identifiability via the equations

g(t) = (15)

k k
th(ej) :th(uj)) h=1,..,d, (16)
j=1 j=1

and
k k

> gu). (17)

J=1 J=1

Q
—~
Q%
~—
I

Proposition 4 Assume ming.y, [vy — vy > 0. We have the following conclusions.
1. When d =1, the equation (17) holds if and only if (0, u) = 0.
2. When 2 <d <k —1, the equations (16) and (17) hold if and only if £(0, u) = 0.
3. When d =k, the equation (16) holds if and only if £(0, ) = 0.
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The first conclusion of the above proposition is obvious. The last conclusion is proved
in Section 3. Here we show the second conclusion. Using a similar argument that we used
in Section 3, the equations (16) can be written as

E(vy,...,vg)A =0,

where A € R? is a vector with the hth entry being A;, = 3 Z] 1 ] -3 Zj 1 ,u] In other

words, we have
k k
h h
Sor=>"ph forh=1,..d
j=1 j=1

The equation (17) immediately implies that each 6; only takes value in the set {v1, ..., v4}.
Therefore, there exists a partition [k] = U;illeh such that D, N Dy, = @ for all g # h, and
0; = v, for all j € Dy. This leads to

Dgll/g.

HM&

We also have
k d
h h
D ouy = [Colvy.
j=1 g=1

Hence, we obtain the equations

d d
Z \Dg|yg = Z |Cglyg, for h=0,1,...,d — 1.
g=1 g=1

The equation for A = 0 holds because 2321 |Dy| = 22:1 |Cy| = k. Again, with matrix
notation, these equations can be written as V(vy,...,vg)r = 0, where V(vy,...,14) is the
Vandermonde matrix, and 7 € R? is a vector with its gth entry being r, = |Dy| — |C,|.
When ming.p, vy — v4| > 0 holds, V(v1, ..., ) has full rank, which leads to |Dgy| = |Cy| for
all g =1,...,d. Finally, we can conclude that ¢(6, ) = 0. The other direction is obvious.

The above proof actually shows that the function f; is not needed when d < k — 1.
The equation with h = d in (16) is redundant for identifiability. The second conclusion of
Proposition 4 would still hold without it. However, we still keep it for the convenience of
analyzing the proposed test.

We propose two testing statistics. Define

2

d k k
Tp=n) |Clh| S X)) =D falw) | (18)
h=1 Jj=1 Jj=1
and
k
T, =0 g(X,). (19)
j=1

We present asymptotic distributions of T and 7},. Since the case d = 1 is trivial, we only
present results for d > 2.
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Figure 1: histograms of testing statistics with u = (1, 3,3,3,5,5), k = 6, d = 3 and n = 200.

Condition B 1 Assume pi1, ..., i, are k numbers that do not vary with n. Moreover, pu; =
vy, for all j € Cp, h € [d].

Theorem 5 Under Condition B, T ~ Xfl, Ty ~ xi and Ty —Ty ~ xifd as n — oo under
the null hypothesis.

Interestingly, Theorem 5 exhibits an analysis-of-variance type of result. The three statis-
tics all exhibit asymptotic chi-square distributions (see Figure 1). The statistic 7, dominates
T in probability under the null hypothesis. An analogous analysis-of-variance type of result
continues to hold under a local alternative (see Theorem 23). We define the testing function
as

¢a =Ty > xG(e)} VI{T, > xi(a)},

where we use the notation a V b for max(a,b). Since under the null hypothesis, T, > T in
probability, the asymptotic Type-1 error is just the probability of the event {T, > x2(a)},
which tends to a as n — oco. In fact, as we will show later in Section 6, the behavior of the
testing function mainly depends on the statistic Ty in the contiguous neighborhood of the
null hypothesis. The statistic T helps to ensure that the testing function has asymptotic
power 1 as soon as \/nl(f,u) — oo. Without T, the identifiability property of the test
established in Proposition 4 would break down, and the test would lose power outside of the
contiguous neighborhood of the null hypothesis. The next theorem rigorously establishes
this fact.

Theorem 6 Under Condition B, the following two statements are equivalent

1. limy, 00 v/1l(0, 1) = 00;
2. limy, o0 Py (Tf > Xg(oz) or Ty, > X%(a)) =1, for any constant o € (0, 1),

where the probability Py denotes N(6,n 11I}).

10
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5. The Case of Categorical Distribution

Now we are ready to transfer our wisdom from Gaussian distribution to categorical distri-
bution. Consider i.i.d. observations Xj, ..., X,, from a categorical distribution (pi, ..., px)-
To be specific, for each i € [n] and j € [k], P(X; = j) = p;. Throughout this section, we
use PP, to denote the probability distribution of Xi,..., X,,. We would like to test whether
the k numbers p1, ..., pr are identical to some given qi,...q; after a permutation of labels.
Introduce a distance between the two vectors p and g,

k

Up,q) = min 2, [ > (VBj — \/Tr(3)* (20)

TESK =
The hypothesis testing problem is
Ho: l(p,q) =0, Hi:{(p,q)>0.

For each j € [k], define
.1 .
pj = gZH{Xi =Jj}
=1
(Pi—q;)*
j
asymptotically distributed as X%_l when p = ¢q. However, this test only works when the

null hypothesis is simple. Here, our null hypothesis is composite, and there is uncertainty
from the underlying permutation of the labels.

Our idea is to borrow the solution for the Gaussian case in Section 3. Intuitively,
the vector (p1,...,Px) is asymptotically Gaussian after some normalization. However, the
normalization step brings extra difficulty for this problem. In the definition of Pearson’s chi-
squared test, each p; is normalized by ,/q; because of the heteroskedasticity and dependence
structure of the vector (pi, ..., o). This normalization does not work in our setting because
the underlying label is not given, and we do not know which ,/g; to use. To overcome this
issue, we adopt the technique of variance-stabilizing transformation (Anscombe, 1948), and
directly work with \/ﬁ? .

This leads to a modification of the definition of the function f;(-), and the new definition
is given by

Pearson’s chi-squared test (Pearson, 1900) is defined as x? = nzgc:l , which is

_ S e WE—va@) .

o Mo Wi —va)

ey kK (21)
The testing statistic is
k k k 2
T=dn> | Y filb) =D filgy) | - (22)
=1 \j=1 j=1

Similar to the discussion in Section 3, when the value of T is large, the equations (9) are
unlikely to hold. Thus, the null hypothesis will be rejected when T" exceeds some threshold.
The asymptotic distribution of T can be derived under the null hypothesis.

11
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Condition C 1 Assume qi, ..., qi are k different numbers in (0,1) that do not vary with n.
Some possible extensions beyond Condition C will be discussed in Section 6.
Theorem 7 Under Condition C, T ~ qu as n — oo under the null hypothesis.

For a chi-squared random variable Xi—p define a number Xz_1(04) such that

P (X%—l < X%—l(a)) =l-a
Then, a testing function is
¢ =I{T > x;_1(a)}.
By Theorem 7, its asymptotic Type-1 error is a. The next result characterizes the regime
where the asymptotic power of the test tends to 1. It is a consequence of the fact that

the functions fi, ..., fr satisfy the identifiability condition, though with slightly different
definitions.

Theorem 8 Under Condition C, the following two statements are equivalent
1. limy, 00 v/l(p, q) = 00;
2. limy, 00 P (T > qu(a)) =1, for any constant o € (0, 1),

where the probability P, is defined in the beginning of this section.

Next, we study the degenerate case where the k& numbers g1, ..., g, only take d values.
There is a partition [k] = Uﬁzlch such that for any g # h, C;NC, = @. We assume the
following condition.

Condition D 1 Asume qi, ..., qi are k numbers in (0,1) that do not vary with n. Moreover,
q; =rp for all j € Cp, h € [d].

The approach we take is similar to that in Section 4, assisted with the technique of variance-
stabilizing transformation. Define

_ I gean gy V2= V75)

C h=1,..d, 23
[geap gy (V7r = /T9) (23)

Ia(t)

and
[10_, (VE — \/7g)?
f) = . 24
o0 > =1 e gy (VE = V7n)? .

Then, define the testing statistics

2
d

k k
Ty = 4"2\61“ Y ) =Y falay) | (25)
j=1 j=1

h=1

and i
T, =4n)  g(p;). (26)
7j=1

The properties of Ty and T}, are given by the following theorem. Again, the case d = 1 is
trivial, and we only present results for d > 2.

12
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Theorem 9 Under Condition D, Ty ~~ X%-p Ty ~ X¢21—1 and Ty — T ~ Xz—d as n — oo
under the null hypothesis.

We define the testing function

$a =Ty > xg_1(a@)} VI{T; > xi_1(a)}.

By Theorem 9, the Type-1 error of this test converges to o. Though T is dominated by
T, under the null hypothesis, both are needed to ensure the power goes to 1 under the
alternative.

Theorem 10 Under Condition D, the following two statements are equivalent

1. limy,— 00 v/1(p, q) = 00;
2. limy, 00 P (Tf > x2 (@) or Ty > X%fl(a)) =1, for any constant o € (0, 1),

where the probability P, is defined in the beginning of this section.

6. Optimality of the Test

In this section, we study the optimality issue of the testing problem from a decision-theoretic
perspective. The goal is to understand the fundamental limit of the problem and establish
optimality results of the proposed testing procedures. We propose to study the setting
where a null hypothesis is tested against a local alternative. This leads to a nontrivial
power function and a precise asymptotic characterization of the minimax risk of the test.
Depending on whether the data generating process is Gaussian or categorical, and whether
the null hypothesis is degenerate or not, the optimality of the test will be studied in four
different cases.

6.1 Gaussian Distribution: Non-Degenerate Case

We first consider the non-degenerate situation. That is, we assume that pq, ..., ux are k
different numbers. In Section 3, we impose the assumption that the k numbers py, ..., pg
do not depend on n. This assumption can be made significantly weaker. For two indices j
and [ that are not equal, define

_ 1 M — B
T — H Wi — [
J helk\{j,} "7

It characterizes the relative difference between p; and p; in the background of the set
{ma, s g h

Condition M1 1 Assume lim, o max; % = 0.

To understand Condition M1, we can interpret |n;| 4 |n;;| as approximately the inverse
distance between f; and ;. Therefore, we allow the possibility that |u; — 1| converges to
0, but not as fast as n~1/2. Otherwise, the data cannot tell the difference between Wi 7

13
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and p; = gy, which is equivalent to the degenerate case. Recall that the number k is
assumed to be a constant that does not vary with n throughout the paper.
Consider the testing problem

Hy:0€09={0:40,u) =0}, H1:96@5:{9:€(0,,u):\jﬁ}. (27)

That is, we test the null hypothesis against its contiguous alternative. The choice of H;
ensures a non-trivial asymptotic power. We measure the testing error via the minimax risk
function

R,(k,0) = inf sup Pypo + sup Py(1 — .
(k) 0S¢§1{0€@I))0 o0t 8 g ¢)}

The probability symbol Py stands for N(6,n~11;,). Throughout the paper, we assume k and
0 are fixed constants independent of n.
We first present the lower bound.

Theorem 11 Under Condition M1, for sufficiently large n, we have
Ro(k,6) > inf (IP (OG> t) +P(xZ 5 < t)) .

Theorem 11 gives the benchmark of the problem. Using the proposed testing statistic
T defined in (12), we can achieve this benchmark.

Theorem 12 Consider the testing procedure ¢ = I{T > t*}, where T is defined in (12),
and

t* = argmin <IP’ (X >1) +P(x; s < t)) .
t>0 ’

Under Condition M1, we have

sup Poop + sup Py(1 — ¢) < (1 + o(1)) inf (IP’ (OG> 1) +POC 5 < t)) ,
I 005 t>0 ;

as n — oo.
Theorem 12 characterizes both Type-1 and Type-2 error of the test ¢ = I{T > t*}.
The conclusion holds for any local alternative with § € (0,00). It complements the result

of Theorem 3. Combining Theorem 11 and Theorem 12, we conclude that the minimax
testing error has the following asymptotic formula

Ra(k,8) = (1+o(1))inf (P (0} > t) + PO 2 < 1)),

and this error can be achieved by the test ¢ = I{T > ¢*} with some carefully chosen t* only
depending on k and §.

14
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6.2 Gaussian Distribution: Degenerate Case

Now we consider situations of degeneracy. In Section 4, it is assumed that puq, ..., g only
take d different values. This assumption can be relaxed. Here, we assume the & numbers
11, ..., bt can be approximately clustered into d groups. Given d different numbers v, ..., vy,
for any pair g # h, define

_ 1 vp — Y
— . 28
Tgh Vg — Un H Vg — 1y (28)
le[k\{g,h}

Condition M2 1 Assume lim, o maxg-p @"%‘ = 0 and there is a partition Cq,...,Cq of

[k], such that lim sup,, ., max;<g<qMaxjec, v/n|uj — vy = 0.

This condition says that puq, ..., 4 can be approximately clustered into d groups. The
within-group distance is of a smaller order than n~'/2, and the between-group distance is
of a larger order than n=1/2.

Consider the same local testing problem (27). The lower bound of the degenerate setting
is given by the following theorem.

Theorem 13 Under Condition M2, n — oo, we have
Ro(k, ) 2 (1+0(1)) inf (IP’ (3> 1) + P35 < t)) .

This lower bound can be achieved asymptotically using the testing statistics T’y and Ty,
defined in (18) and (19).

Theorem 14 Consider the testing procedure ¢ = I{Ty > t*} VI{T, > t*}, where Tt and
Ty are defined in (18) and (19), and

t* = argmin (IP’ (X% >t) + P(x3 52 < t)) :
t>0 ’

Under Condition My, we have

sup Pygo + sup Pp(1 — ¢) < (1 + o(1)) inf <1P’ (X >1) +P(x; s < t)) ,
[USSN) [ASCH t>0 )

as n — oQ.

Theorem 14 shows that the test ¢ = I{Ty > t*} V I{T, > t*} achieves the optimal
error asymptotically under a local alternative. As we will show in Theorem 23, T, > T
in probability under a local alternative that /nf(0,u) = § € (0,00). Therefore, the test
¢ =Ty >t} vVI{T, > t*} is asymptotically equivalent to I{7, > t*}, and the latter only
uses T,. Though the role of the statistic T is negligible for a local alternative, we have
already shown in Theorem 6 that as soon as v/nf(f, 1) — oo, the effect of using T starts
to kick in and it is necessary to use both Ty and Ty for the asymptotic power to approach
one.

15
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6.3 Categorical Distribution: Non-Degenerate Case

We study the fundamental limit of testing for the categorical distribution. In Section 5,
we assume ¢i, ..., g are k different numbers that do not depend on n. In this section, we
consider a condition that is significantly weaker. Define

Cii = 1 H \/(:Tl_ \/QTL
T VIV e VI VB

Similar to the definition of n;;, (j; characterizes the relative difference between /g; and /g
in the background of the set {\/q1, ..., /& }-

Condition M3 1 Assume lim;, o max; % =0 and min <<k ng;(1 — qj) = 0.

Compared with Condition M1, the extra requirement min;<;<xng;j(1 — ¢;) — oo in
Condition M3 ensures that each ¢; is bounded away from 0 and 1 with a gap at least of
order n~!. If this extra requirement does not hold, gj would be asymptotically equivalent
to 0 or 1, which results in a degenerate variance.

Consider the testing problem

Hy:pe€Po={p:Lp,q) =0}, lepepaz{prﬁ(nq) (29)

_ 9
=7l
Recall that the distance £(-,-) is defined in (20).

We present the lower bound.

Theorem 15 Under Condition M3, as n — oo, we have

Ry (k,6) > (1+0(1)) %28 (IP’ (Xi_1 >t) + o 52;;1&2_62}]}”()(%7175% +03 < t)) .
IS | 27

Theorem 15 gives the benchmark of the problem. Using the testing statistic T defined in
(22), we can achieve this benchmark.

Theorem 16 Consider the testing procedure ¢ = I{T > t*}, where T is defined in (22),
and

t* = argmin | P (X%—l >t) + sup ]P’(Xi_l 52T 2<t)|.
>0 {61,82:62402=62} ot
Under Condition M3, we have

sup Pyp+sup Py(1—¢) < (1+o(1))inf | P (xi_, > t) + sup P(Xi_l 52T 62<t)],
9€Po 0€Ps t>0 {61,62:62462=52} o

as n — oQ.

The upper bound given by Theorem 16 does not exactly match the lower bound given
by Theorem 15. The difference lies in the Type-2 error. For the lower bound, we get
inf 5, 5,:52463=62) ]P’(Xiim% +62 < t), while for the upper bound, it is SUD(, 5,:62 +62=52} P(Xzfmf"_
62 < t). These two quantities are close, because for any d; and dy that satisfy 67 + §35 = &2,
the expectation of xz_l 2t 62 is always k — 1 + 62, Therefore, the test using the statistic
T is nearly optimal. o

16
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6.4 Categorical Distribution: Degenerate Case

Finally, we study the categorical distribution with the presence of degeneracy. In Section 5,
we consider the situation where ¢, ..., i take d different values. Here, we propose a much
weaker condition. Given d different numbers ry, ...,74 € (0, 1), for any pair g # h, define

1 H VTh = VT
VT =V gy VT VT

ggh -

Condition M4 1 Assume lim, o max; % =0, minj<;j<kng;(1 — ¢;) = oo, and there

is a partition C1,...,Cq of [k], such that limsup,,_,. max;<y<qmaxjec, v/n|\/q — /Tg| = 0.

Condition M4 has the same interpretation as Condition M2. The extra requirement min; <<y ng;(1—
q;) — oo is also needed in Condition M3 to prevent the variance from being degenerate.
The lower bound of the local testing problem (29) is given by the next theorem.

Theorem 17 Under Condition M/, as n — oo, we have

. 2 . 2 2
02 1ol (P20 P 4850 )

For the matching upper bound, we can use the proposed testing statistics T and Ty
defined in (25) and (26).

Theorem 18 Consider the testing procedure ¢ = I{Ty > t*} VI{T, > t*}, where T} and
Ty are defined in (25) and (26), and

t* = argmin | P (Xz_l > t) + sup ]P’(Xi_1 52T 2<t)|.
>0 {61,02:62+52=52} o

Under Condition M4, we have

sup Pyp+sup Py(1—¢) < (14+o(1))inf | P (xi_, > t) + sup P(x; ;2 +03<t)],
0€Po 0€Ps t>0 {61,62:624+62=52} o

as n — o0.

7. Numerical Studies

In this section, we conduct numerical experiments to verify the theoretical properties of the
proposed testing procedures. In each of the following scenarios, we compute power functions
of a-level tests for o = 0.05 with various sample sizes.

Scenario 1. Consider X ~ N(0,n"'I;), and we test the null hypothesis £(6, ) = 0 with
w specified as p = (1,2,3,4,5).

Scenario 2. Consider X ~ N(,n7'I}), and we test the null hypothesis £(f, 1) = 0 with
w specified as p = (1,3,3,3,5,5).

17
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Figure 2: Power Curve of Scenario 1

Scenario 3. Consider Xy, ..., X;, ~ (p1,..., k), and we test the null hypothesis ¢(p,q) = 0
with ¢ specified as ¢ = (0.1,0.2,0.3,0.4).
Scenario 4. Consider Xi,..., X;, ~ (p1,...,pk), and we test the null hypothesis ¢(p,q) = 0
with ¢ specified as ¢ = (0.1,0.1,0.4,0.4).
Scenario 5. Consider X1, ..., X,, ~ (p1,...,px) and Y7, ..., Y, ~ (q1, ..., qx), and we test the
null hypothesis ¢(p,q) = 0. We set p = (0.1,0.1,0.4,0.4) and g to be local perturbations of
p in a O(n~Y?) neighborhood of p.

The numerical results of the five scenarios are summarized in Figures 2-6. The power
curves are plotted in the contiguous regimes where £(, ;1) = O(n=1/2) or £(p, q) = O(n~'/?).
The grey dashed lines correspond to the nominal 0.05 level of the tests.

In Scenario 1, we vary 6 in a local O(nil/ 2) neighborhood of the null hypothesis p. It
is clear that the power function is increasing with respect to \/nf(0, ). Moreover, with
different sample sizes, the curves match well with each other. This verifies the conclusion
of Theorem 3 that the magnitude of /nf(0, 1) asymptotically determines the power of the
test. We observe in Figure 2 that the power is very close to 1 when /nf(6,u) is greater
than 6. The value of the power at \/nf(6,u) = 0 corresponds to the Type-1 error in the
null hypothesis. The actually Type-1 error is slightly greater than the nominal 0.05 level,
but the approximations are reasonable for relatively large sample sizes.

Scenario 2 considers a harder null hypothesis with a degenerate u = (1,3,3,3,5,5).
A 0.05-level test studied in Section 4 requires both testing statistics 7y and T,. Similar
to what is observed in Scenario 1, Figure 3 shows that the power approaches 1 at about
V/nl(0, 1) = 7, which is predicted by Theorem 6. However, when /nf(6, u) = 0, the actual
Type-1 errors are consistently larger than the nominal level 0.05, especially when the sample
sizes are relatively small.
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Scenario 3 and Scenario 4 consider categorical distributions with a non-degenerate null
g = (0.1,0.2,0.3,0.4) and a degenerate null ¢ = (0.1,0.1,0.4,0.4), respectively. Again,
Theorem 8 and Theorem 10 are verified by Figure 4 and Figure 5. The actual Type-1 errors
are also larger than the nominal one, and are closer to 0.05 with larger sample sizes.

Finally in Scenario 5, we consider experiments of the two-sample test. According to the

definitions of the testing statistics in (30) and (31), it is y/ 2% ¢(p, q) that determines the

n+m
power function asymptotically. Figure 6 shows that different power curves well match each

other as functions of SiTnf(p, q). As is predicted by Theorem 20, the power is close to 1
at a reasonably large value of 4/ fbi’?’;ﬁ(p, q).

A common theme in the above numerical results is that the actual Type-1 errors are
always larger than the nominal one. We will give an explanation of this phenomenon in
Section 9. Roughly speaking, whenever the null exhibits an ambiguous clustering structure,
the asymptotic distribution of the testing statistic under the null is a noncentral chi-square
distribution. Though a larger sample size helps to make the noncentrality parameter vanish
(Figures 2-6), it still results in an estimate of Type-1 error that is too optimistic with a finite
sample size. There are potentially two ways to overcome this difficulty. One is to appeal to
a second-order correction, and the other is to estimate the noncentrality parameter in the
null distribution. We leave this interesting topic as a future project.

8. Two-Sample Test

Consider two categorical distributions (p1, ..., px) and (g1, ..., ¢x). Suppose we observe i.i.d.
observations X1, ..., X, from (pi,...,px) and i.i.d. observations Y1, ...,Y,, from (q1,...,qx).
We assume that X1, ..., X, are independent of Y7, ..., Y,,. The hypothesis testing problem
we study in this section is

Hy:l(p,q) =0, Hp:Ll(p,q) >0,

where the distance £(-,-) is defined in (20). The two-sample testing problem is harder than
the one-sample version that we have just studied. The major difficulty is that the definitions
of the functions (23) and (24) all depend on the values of (pi, ..., px) and (g1, ..., gx) under
the null hypothesis, which is not available anymore in the two-sample scenario.

Our idea is to estimate the unknown (p, ..., px) and (g1, ..., qx) from the data, and then
construct data-driven versions of (23) and (24).

For each j € [k], define p; = % Sor I{X; = j}. Next, we will apply a variable clustering
procedure to (p1, ..., px). The goal is to find a partition Cy, ...,C, of [k] according to

gt \/ﬁ|\/ﬁij_\/ﬁil|§)‘n'

Algorithmically, one can first sort the vector (py, ..., pr), and then find the partition sequen-
tially. There exists a permutation o € S, such that we can rank the empirical frequencies

as Po(1) < Po2) < o < Po(r)- Let 71 be the largest j such that VDo) = V/Pe)| < Ans
where )\, is some threshold to be specified later. Then, the first cluster is defined as

C, = {0(1),0(2), ...,J(j’l)}. Similarly, we can define the second cluster as Cy = {o(j1 +
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1),...,0(j2)}, where jo is the largest j such that \/n], /Po(j) = \/Po(iny| < An- We continue
this operation until we obtain a partition C;, ...,C; of [k]. Here, d is the number of clus-
ters estimated from the data. Now, for each g € [d], we find the center of the cluster by
[y = ﬁ Zjec \/Dj. With the numbers 7, ...,1,, we define
=9 =g -

_ e VE—vmy)
L0 = Mpewnim (Vo= vEg) ™ = 777

and

o) - — Mo Vim )
T Y henn (VE = vEn)?

We repeat the above procedure on the observations Yi,...,Y,,. For each j € [k:] define
g = % S I{Y; = j}. Then, apply the same variable clustermg procedure on (§; ,qk)
and we obtaln a partition Ci, ...,Cgz of [k]. For each g € [d], define /Ty = % Z sV

Analogous definitions of f , s and g are given by

= ey (VE— V/To)

= , h=1,..4d,
IO = T (V= /o)
and B
d _ T 2
4(t) = [T— (V= \/Ty)

g1 Macap i (VE— Vi

Now we can define testing statistics for this problem:

h=1 j=1
and
2nm k k
T, = N @)+ 96 |- (31)
n+m = =

The asymptotic distributions of the testing statistics under the null distribution are
given below.

Condition E 1 Asume q, ..., qi are k numbers in (0, 1) that do not vary with n. Moreover,
there exists a d > 2 and a partition [k] = US_,Cp, such that qj = ry, for all j € Cp, h € [d).
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Theorem 19 Assume A\, is a diverging sequence that satisfies A, = o(y/n) and we also
assume M—Lm — B € (0,1). Under Condition E, we have

1 1
Tg ~ 55-)(1 + 5(]— - 5)){2 + XSa

Ty ~  Aj,
1

1
T,~T; ~ 8% +5(1-B)A,

as n — oo under the null hypothesis, where X1, Xo and X3 are independent random variables
distributed as X%—d’ X%—d and Xfl_l, respectively.

Let X(a) be the number that satisfies P (18X + 3(1 — )Xo + X3 > X(a)) = a. We
define the testing function as

ba =I{Tr > X ()} VI{T,; > X(a)}.

Theorem 19 implies that this test has asymptotic Type-1 error a. The next result charac-
terizes the power behavior of the test.

Theorem 20 Assume \, is a diverging sequence that satisfies A, = o(y/n) and we also

nfm — B € (0,1). Under Condition E, the following two statements are equivalent

1. limy, 00 v/1l(p, q) = 00;

2. limy o0 Pp g (T5 > X () or Ty > X(a)) = 1, for any constant o € (0,1),

assume

where the probability Py, , stands for the joint distribution of X1, ..., X5, Y1,..., Y.

Theorem 20 assumes Condition E. That is, g1, ..., q; are fixed numbers do that depend
on n, and pq, ..., px are allowed to vary with n. One can also assume an analogous condition
for p1, ..., pr as fixed numbers that satisfy Condition E, and allow ¢, ..., g¢; to vary with n.

9. Discussion and Future Directions

The testing procedures that we propose and analyze in this paper critically depend on
the structure of null hypothesis. In Section 3, the mean vector (p1, ..., uz)" is assumed to
consist of k£ distinct numbers, and the testing statistic is constructed based on the functions
f1, ..y fr defined in (10). In Section 4, we assume (g1, ..., u)! consists of k numbers that
take values in {v1, ..., 4} for some d < k. For this degenerate setting, we use the functions
f1,---s fq and g defined in (14) and (15) to construct the testing statistics.

Much weaker assumptions are considered in Section 6. In Section 6.1, we allow |u; — 1]
to converge to 0, but require the difference should be of a larger order than n~'/2 for every
j # 1. This extends the assumption in Section 3 that i, ..., ug are k distinct numbers that
do not vary with n. In Section 6.2, we consider the setting where |v; —v},| is of a larger order
than n~'/2 for every g # h, and |u1; — vy| is of a smaller order than n~'/2 for every j € C.
This setting extends the assumption used in Section 4. It turns out that the asymptotic
distributions of the proposed testing statistics (Theorem 2 and Theorem 5) are still valid
under these more general conditions (see Theorem 22 and Theorem 23 in Section 10.1).
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However, the conditions in Section 6.1 and Section 6.2 still do not cover all situa-
tions. By requiring the within-cluster distance to be of a smaller order than n~2 and
the between-cluster distance to be of a larger order than n~'/2, the numbers j1, ..., s en-
joy an approximately exact clustering structure, because for each j # [, we either have
Vvnlpj — | = 0 or \/n|p; — | — oo, depending on whether j and [ are in the same cluster
or not. A possible situation v/n|p; — | < 1 is excluded.

In this section, we discuss a situation where the clustering structure of the numbers
U1, ..., g is ambiguous. Consider a partition Ci,...,Cq of [k]. Define vy, = ﬁZjecg -

Instead of assuming the within-cluster distance is of a smaller order than n~1/2, we consider

the situation where n 22:1 >icc, (1 —vp,)? is of a constant order. Moreover, we also assume

the between-cluster distance |vy, — vp| is of a larger order than n~1/2 for every g # h. This
is without loss of generality, because if there is some g # h, such that |vy —vp| = O(n=1/2),
then Cy and Cj, can be combined into a single cluster. Recall the definition of 7y, in (28),
we formalize this ambiguous clustering structure into the following condition.

Condition M2’ 1 For the partition C1, ...,Cq and clustering centers vy, ..., vy defined above,

. i : d
assume limy, o, maxg+p l%/%‘ =0, and 7% = limy 001 > h_; Zjech (1j — vn)? € 10,00).

Note that Condition M2 is a special case of Condition M2’ when 72 = 0. The next
theorem gives the asymptotic distribution of the testing statistics Ty and Ty defined in (18)
and (19) under the null hypothesis.

Theorem 21 Assume Condition M2’ holds. Then we have Ty ~~ Xi s, L~ X5 and
Ty — T~ X%—d .2 as n — oo under the null hypothesis X ~ N(u,n ).

It is interesting to see that the asymptotic distribution of T} is a noncentral chi-squared
distribution even under the null hypothesis. The noncentrality parameter 72 characterizes
the within-cluster distance of uq, ..., ur with respect to the partition Cy, ...,Cq. Theorem 21
is reduced to Theorem 5 when 72 = 0.

Define a number Xiﬁg(a) that satisfies P(Xz,ﬂ < Xzﬁg (a)) =1 — a. Then, an a-level
testing function is ¢, = I{T, > Xzﬂ(a)} vVI{Ty > Xiﬂ(a)}. Compared with the null
hypothesis where 72 = 0, a nonzero 72 requires a higher rejection level. This means the
test will have less power under a contiguous alternative, compared with the situation where
72 = 0. Suppose 72 = limy,_y00 nzgzl Zjech (0; — vp,)? € (0,00). Then, one can also show
that Ty ~ Xi%? under the alternative X ~ N(#,n"'I;). Therefore, the test ¢, starts to

have power when 72 exceeds 72. When 72 is close to or even smaller then 72, this test will

not have any power under the alternative. On the other hand, outside of the contiguous
regime where /nf(f, 1) — oo, we must have 72 = 0o, and then the test will have asymptotic
power 1.

From what we have just discussed, we can see that the structure of puq,..., ur plays a
critical role on the solution of the problem. The discussion also applies to the case of cate-
gorical distributions and we can obtain similar conclusions there. Theorem 21 characterizes
the asymptotic distribution of the testing statistics when gy, ..., ug exhibit an ambiguous
clustering structure, right on the edge of degeneracy. This results in a non-trivial behavior
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of the power function. Exact characterization of optimality of the testing problem (as what
we have done in Section 6) on the edge of degeneracy remains open, and we shall consider
this problem as a future project.

Finally, we discussed a list of open problems that can be viewed as natural extensions
of the results in the paper.

1. Growing or infinite support size. The paper focuses on the case where k is a fixed
integer that does not depend on n. The case with a growing k or even k = oo is of
potential importance in many high-dimensional data analysis situations. This requires
new techniques because for a probability vector p = (pi, ..., px) with a growing or an
infinite k, many p;’s have extremely small values.

2. Testing a parametric family with permutation invariance. An extension to the null
hypothesis (1) is

Hy :p(j) = fa(m(y)) for some X € A and some 7 € Sj.

Here, {f\(j)} is a discrete distribution with an unknown parameter A € A. An
example is Poisson(\). Without the permutation 7 € S, the null hypothesis becomes
p = f» for some A\ € A, which is a classical goodness-of-fit test of a parametric family
Kulperger and Singh (1982); Kocherlakota and Kocherlakota (1986).

3. Nomn-asymptotic study of minimax separation. This paper considers testing procedures
that enjoy asymptotic optimality (Section 6). An important theoretical problem is
to understand the minimax separation p* for which one can consistently test the
null 4(p,q) = 0 against the alternative ¢(p,q) > p if and only if p > p*. With the
permutation invariance, the null hypothesis is a non-convex set, which is in contrast
to a convex case that was recently studied by Blanchard et al. (2017).

4. Other group invariance. Permutation invariance is a special case of group invariance.
A more general question is to consider a null hypothesis that is invariant with respect
to other group actions. A recent work Perry et al. (2017) considered a group of cyclic
shifts. It would be interesting to understand the method of invariance in a general
group theoretic framework.

10. Proofs

In this section, we present the proofs of all results in the paper. In Section 10.1, we derive
the asymptotic distributions of the proposed testing statistics in various settings. These
results are used to derive Theorem 2, Theorem 5, Theorem 7, Theorem 9, Theorem 19 and
Theorem 21. Then, in Section 10.2, we analyze the powers of the proposed tests, which
include the proofs of Theorem 3, Theorem 6, Theorem 8, Theorem 10 and Theorem 20.
Finally, in Section 10.3, we give proofs of all results in Section 6.

10.1 Asymptotic Distribution of the Testing Statistics

We first present and prove four theorems of the proposed testing statistics in various settings.
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Theorem 22 In addition to Condition M1, assume
Jim Vnl(, 1) =6 € [0, 00).
Then, as n tends to infinity, T ~ X%,&‘Z'
Proof We first calculate the derivatives of fi(t). The first derivative is

[Licpp gy @ — 1)
jemp g (1 = H5)

fi(t) =

Therefore, f/(;) = 1. For any j # [, we give a bound for SUD|;_ | <n1/2¢ |f{(t)]. The
following inequality is useful.

1 My — b Hh — b 2
el =g =g\ L=t =) 2 s @2
JERIN{LR} 1 jelk\{L,h} J
Note that
|t — 14 t—
por = = =
I helk\{L.5}
|t — py I <t—uj +uj—ﬂh>
| — 5] helkivgy N (o
< ||t—ﬂj!’2k_2 I <f—uj) ATI <Mj—uh)
He—H helk\{1) T HR neli\{Lgy N HP
k-2 w1 (1| + 0l | + |0na k2
< 2672 — <J2] H ) F 2wl
he[k\{L,7}

Therefore, we have the bound

k—2
k1(€) = max su (1) < 272 | max (6‘77]”) + max <6|77jl|> . 33
l( ) g Itfuj|§5*1/2€ ’fl( )| = [ \/ﬁ ) \/ﬁ ( )

The above bound is useful for k > 3. For k = 2, it is easy to see

Kk1(€) = max su '(t)| < max <€mﬂ|> 34
) mmae s (0] < ma (7 (31)

The second derivative of f(t) is

1N 1 t— pn
) = Z ( H 1= ftn

sty ) e
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We give a bound for supj,_, |<,-1/2, | fi’(t)|. Similar calculation gives

k—2
Ko(€) = max su "(t)| < kmax |n;;| max <1—|—6|nﬂ‘> . 35
(9= s swp (O] < ke mae (1+ 2 (35)

Now we are ready to derive the asymptotic distribution of T'. We write the observation as
X; =0; +n~Y2Z;, with Z; ~ N(0,1) independently. The condition limy, o /nf(6, 1) = &
implies that there is some ng, such that for any n > ng, we have

(0, 1) < Crd?,

where C,, is an sequence that tends to infinity arbitrarily slowly. In particular, we require

3/2 X .
that C,, satisfies C,, — oo and %’Z’“W — 0. The existence of such sequence C,,
is guaranteed by the assumption %W — 0. Thus, there exists a m € Sj, possibly

depending on n, such that

6
2 n
02X (05 = pin()” < = —

Since k does not depend on n, maxj<j<g ZJ2 < C, with probability that goes to 1. By
triangle inequality,

VO, (1 4+ Vé?)

X, — g YIRS T VR

223 — e <

with probability that goes to 1. We use Taylor expansion. For j such that 7(j) = [, we
have

(36)

1
AG) = filia(i) = (X = (i) + 5 (€)X = (),
where we have used the fact that f/(y;) = 1. For j such that 7(j) # [, we have
J(X5) = filkay) = FED)(XG = Bagh))-

Therefore,

K k
Z filX;5) — Z Jilpg) — (Xg=10y — )
1 =1

IN

L o) (Xay = 1)+ Y IHEGDNIXG = -
J#ET1(1)

J
1
2

The number &j; is between X; and iz (;), which implies

x/CT(1+\/57)‘

T (37)

max €10 — Ha()| < Joax, X = by | <
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Using the bounds (33), (34), (35), (36) and (37), we have

k k
A =7 filug) = (Xemry — )
Jj=1 J=1
1 ” 1 2)2
< 50 ( Z‘/ﬂ - (\/cnu + x/ﬁ)) (38)
V(1 52
+(k — 1)K <\/Cn(1 + \/ﬁ)) (—Jr\ﬁ)
vn
Therefore,
k
T— nZ(Xﬁfl(l) — /1,1)2‘
=1
k k 2
< ). Z RG) =D filmy) | = (Xpmay = )’
1=1 j=1
k k
< 20 Xy — il Zfl )= > i) = (Xnm1qy — )
=1 j=1 j=1
k k k 2
+nz Z Z Jilwg) = (Xg—r0y — 1)
=1 |[j=1 7j=1
k k
< 2k /Co(1+ V) D AXG) = filig) — (Xemagy — )
j= j=1
k k 2
Z Z —1(1) = )
3/2 . .
By (38), the bound for )T nZz (X — w1)?| is of order On " masyzt gl _, Finally,
it is easy to see that
k
n Y (Xporq) = m)” ~ Xi g2
=1
where 62 = n|0 — pr||* = 62 Therefore, T' converges to X3 4 in distribution. [ |

Theorem 23 In addition to Condition M2, assume

lim /nl(0,u) =6 € [0,00).

n—o0

Then, as n tends to infinity, Ty ~ XZ 52, and Ty > Ty in probability. Moreover, if 5% =0,
we have Ty ~ X%, Ty ~ x§ and Ty — Ty ~~ X%—d'
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Proof The case d =1 is obvious We only prove the case d > 2. Similar to the inequality
(32), we have |gp| + |7ng| > By Condition M2, we have

1/—1/|

max; <g<d MaXjec, |1 — vyl

mingp, vy — vy

= o(1).

The observation is X; = 0; +n~'/2Z; with Z; ~ N(0,1) independently. Use the notation
L = maxi<4<q maxjecg f|,u] vg| = o(1). Under the assumption of the theorem, there

3/2 _
exists a sequence C,, that satisfies C,, — oo, C2L — 0 and %ﬁf“w — 0, such that

maxi<j<k ij < (), with probability tending to 1. Similar to the bound (36), the assumption
limy, 00 v/1(0, 1) = 6 < oo implies the existence of m € Sy such that

VG, (14 V52
EEvE

We first study the asymptotic distribution of Tj;. Note that

VC,(1+V82) + L

X; <
1205, 15~ s | 5

— <
R Xl < g 39
Together with Condition M2 and the choice of C),, we can immediately deduce
maxj<g<d MaxXjec, ’Xﬂ—l(j) - I/g‘ B Cn(l + \/(572) + L
. < max s ¥ —o(1).
mingp, [vg — v g#h N4
The function g(t) can be written as
-5
=1 (t —vy)?
For each j € C,4, we have
(Xﬂ'_l(j) _ Z Vg)Q
9(Xz —1<J>> o —1@ vh)?
Thus,
(XW—I(]-)_VQ)2
e 2
9Xr1() _i|< 2neld)o} (X)) Z ot vl )
(Xrl(j) - Vg) (Xp—1(5—va)?

7r -1 Vp, 2
1 + Zhe \{g} (X =IO Vh)2 \ (]) )

where the bound on the right hand side above can be bounded by

2Ky = v5)? VOV H L
2 1

< 4dmax
v — o) — 2Ky —on)? e on| T

held\{g}
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Together with (39), we have

19(Xr-1(4)) — (Xn-1() — vg)?]
9(Xr-15))
(wal(j) - V9)2

3
s 7,0 VO, (1+V82) + L

= (wal(j) — I/g)2 —1

IN

Therefore

d
Ty=n )Xoy —wa)?

h=1j€eCy

d
nY> > oK) = (X1 — vg)?|

h=1j€Cy

IN

) (\/07(1 +V82) + L)3
4kdr;lgg<!ngh\ Tn =o(1). (41)

IN

For each j € Cp,
| (Xe-1(g) = vn)? = (K1) — 15)°
n|vy — pil| Xa-1(5) = vh + Xp-15) —

L (2\/07(1 +32) + L) = o(1).

IN

IN

Thus,
d
Ty—n) > (Xeag) =) (42)
h=1j€eCy

has a bound that tends to 0. Observe that

d
”Z Z (Xa-1(j) — 1j)% ~ Xi,&gv

h=1j€Cy

where
k

0% = nZ(ej — pa(j)? ~ 02,
j=1

Thus, Ty ~ X% 52
Next we derive the asymptotic distribution of T'. Similar to (33), (34) and (35), we also
have

— d—2 _
k1(€) =max  su L(t)] < 2972 | max (dﬁgh’) + max <€’77gh‘> ’ 43
1(€) ey |t7ug|§5—1/26 [fr(®)] < o\ n nax v (43)
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for d > 3,
€|ﬁgh’
k1(e) = max sup ()] < max () , (44)
M Jt—vgl<n=1/2¢ i g#h \ /1
for d = 2, and
// E|77gh| -2
Kko(€) = max su t)| < dmax |7, max [ 1+ . 45
= s 0] S dmgl e (1) (1)

For any j € Cy,
fo(Xa=1¢5)) — fo(h5)
= fg(Xrl(j)) — fo(vg) + fo(vg) — fo(hj)
1 1 -

= f;(Vg)(Xrl(j) - Mj) + §f;/(§jg)(Xr1(j) - Vg)2 - if;,(ﬁjg)(ﬂj - Vg)Q-

For any j € Cp, with any h # g,
Fo(Xnmr() = fo(b5) = F1(Eig) (Xnmrj) — 15)-

By the fact that f; () = 1, we have

k
ng Z = > (K1) = 1)
j=1 Jj€Cy
5 Z ’f// (&g (X105 — vg) 2+ B Z ’f;/(gjg)‘(ﬂj - Vg)2
JECQ jeCy

S N RGN X1y — 4l

held\{g} 7€Ch

The number ;g is between X -1(;) and vy, the number £jq is between p; and v, and the

number éjg is between X -1(;) and ;. Thus,

V(1 +V52) + L
|§jg - Vg| < |X7r*1(j) - Vg| < NG )
_ L
(€59 — vgl < lnj— vyl < v
and /i
; VCn(1+V62)
€59 — 13l < [ Xpm1(y — 15l < — Jn
Using the bounds (43), (44) and (45), we can deduce
k
> o ng i) = D (Xemrgy = 1)
j=1 J€Cy

< VGl +T:F) + L) Ko (@(1 +V5?2) +L)

+kry (@(1 + @)) W.
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Similar to the proof of Theorem (32), we can show that

2
d

Ty =nY o | 2 ey =) (46)

32

has a bound of order L\;{#W — 0. Note that when §% = 0,

2

d
1
Zf > (X —mg) | ~Xa
=1

J€ECh

Thus, Tf ~ X?l'
Finally, we derive the asymptotic distribution for 7, — 7. The bounds for (42) and (46)
imply that

2

T Tf—nzz =1(5) [Lj +nz‘ h‘ Z X - 1(5) — ,uj)

h=1j€Cy JjE€Ch

has a bound that tends to zero. Thus, the asymptotic distribution of T;, — T is the same
as that of

2

"ZZ m1(j) ~ nZ| Chl Z (Xn-105) = 5)
h=1j€Cy, JECH
2

d
= ”ZZ Xr-1(j) — |ZXTF1 A |Z“J ’

h=17€Cs jecn jecy,

which is Xzfd when 62 = 0. Therefore, Ty —Tfp ~ X%—d' Without the condition §% = 0, we
can still claim Ty > T} in probability. |

Theorem 24 For m = argmin,cg, [/ — /x|, define

k
ff=4n) (1-p) (\/ITI - \/QW(Z))Qv (47)
=1
and .
83 = 4"2171 <\/171 - \/qﬂ(Z))Q- (48)

Assume limsup,,_,.. (67 + 05) < oo. Then, under Condition M3, T — 63 ~ ch La20 AS T
tends to infinity.
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Proof The proof is almost the same as that of Theorem 22, and therefore we will omit some

overlapping details. Largely speaking, we can replace the ¢, j1;,0;, X; by Vi, V@ \/Pis N/ Pis
and most parts in the proof of Theorem 22 will go through. Here are a few different details.
We write /p; = Vb, + n127;/2, with Z; = 2/n(\/pj — v/p;). Condition M3 implies
that maxj<;<g Z]2 = Op(1). Thus, the inequality (36) in the proof of Theorem 22 can be

replaced by maxi<j<k [v/Pj — /Tr(j)| < %\/ﬁ). Then, following the same argument in

the proof of Theorem 22, we have
k
T —4n) (Vb — \/a=)?| = 0p(1),
=1

and it is sufficient to study the asymptotic distribution of 4n Zle (VPi—/@x1)? Let Abea

vector with the Ith entry being 2v/n(v/p1 —/Gx(1))- Then, we have 4n S (Vpi— VD) =
|1Z + Al|2. Under Condition M3, Z ~ N(0,I; — /p\/p") by Lindeberg’s central limit
theorem together with an argument of delta’s method. Therefore, there exists a random
vector W that satisfies W ~ N(0, I) and Z = (I — \/py/p’ )W. This gives

1Z+ AP = (e = Voyp W + (I — VoV A + VP Al
= [k = vBVPOW + (I = vpVP DA + Ilvayve' A,

where ||(Iy — /p/D )W + (I, — /Dy/DL)A|? ~ Xi—m% and |/p/p’ Al2 = 62. |

Theorem 25 For m = argmin, g, [\/p — /=, define

k
(5% = 4n2(1 _pl) (\/ITI - \/QW(Z))27
=1
and .
5 =anY pi (VB — /i) -
=1

Assume limsup,,_,.(67 + 05) < oco. Then, under Condition M4, T, — 63 ~ Xifl 520 a8
01

n tends to infinity. Moreover, Ty > T} in probability. Furthermore, when 62 + 5% = 0,
Ty~ Xj—» T~ X5y and Ty — Ty ~ Xj_y-

Proof The proof is largely the same as that of Theorem 24. We only need to replace the

t, pj,05,vp, X; in the proof of Theorem 24 by Vi, Vs \/Pjs \/Th,/Dj- Then, by the same
argument, we have

d
Ty—4ny Y (\[brr) — V@)*| = or(1),

h=1 jECy,
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and

2

T, — Tf—4nzz Pr-1(5) — V@) +4”Z|ch| > (1) = V@) | | =op(D).

h=1jeCp J€Ch

The same argument in the proof of Theorem 24 implies that T, — 62 ~» X%—l s2- The
1
conclusion Ty, > Ty in probability can be deduced by

2

d
and Y (b - 4nZ |Ch| > (br1() = V)
h=1j€Ch jecy,
d 2
= 4nz Z Pr1() — VTG — \C ‘ Z Pr1(j) — V%) | =0.
h=1j€Cp,

Now we derive the results under the null distribution. Recall the definition of Z; in the
proof of Theorem 24. The asymptotic distributions of Ty, Ty and T; — T are the same of

those of
2

2
k d 1 k d 1
L7 L\ %) LB e (%)
j=1 h=1 JECH 7j=1 = JECH

respectively under the null hypothesis. According to the argument in the proof of Theorem
24, Z = (It — \/4\/q" )W with W ~~ N(0, Ik) Therefore, Y51 Z2 ~ X3 _,.
Define a k x d matrix @ with Q;, = ﬁ if j € C, and Q]h =0if j ¢ Cp. It is easy

to see that QQT is a projection matrix and Q7Q = I,. Define a vector v € R¢ whose hth
entry is v, = /|Cp|rs. It is easy to see that v is a unit vector. Moreover, we have \/q = Q7.
With the new notation, we get

2

d
Y| Xa) -l

h=1 JECH
The covariance of Q7 Z is

Q"I — vava' )Q = 1o — "
Therefore, QT Z||> ~ x3_,. Finally,

2

k d
IIEDD \cl\ Yo Zi| =12IP-1Q"Z|* = 2" (1 - QQT)Z = W (I — QQT)W.
j=1

h=1 jGCh

Therefore, its asymptotic distribution is Xi_ a |
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The results of Theorem 2, Theorem 5, Theorem 7 and Theorem 9 are special cases of

Theorem 22, Theorem 23, Theorem 24 and Theorem 25. Next, we give proofs of Theorem
19 and Theorem 21.
Proof [Proof of Theorem 19] Without loss of generality, we can assume that p; = ¢1 < ps =
g2 < ... < pr = qg. This is just to simplify the notation. In general, such a rearrangement
can always be done with extra notation of permutations. Then, Cq = {j,+1,74+2, ..., jg+1}
for g € [d]. According to the assumption, ming, minjec, miniee, v/nl\/pj — /01l = o(1).
Moreover, it is easy to see that max e v/nl\/p; — /Pjl = Op(1) and max;ep v/ml\/q; —
V@l = Op(1). This leads to the conclusion

P(gg:ég:cg forallge[dandd=d=d) —1
under Condition E.

From now on, the analysis is on the event {C, = Cy = C, for all g € [d] and d = d = d}.

Define Z; = 2y/n(\/p; — /pj) and Z;j = 2y/m(+/q;— \/q;) for j € [k]. The definition implies

that max;ecpy [Z,] = Op(1) and max;cp [Z;] = Op(1). The definitions of r, and 7, give

Vi(y/Ly = Tg) = \C | ZZJ and  2y/m(y/Tg = \/rg) = \C | 271
J€ECq JjeCy
Given that p] = q; = rq for all j € Cy, we have \/n|\/¢; — VTgl = Op(1) and Vnl\/p; —

Vgl = ) for all j € C5. We also have |\/§; — /7| = Op(1) and |\/p; — VTp| ' =
Op( )forall] €Cy andh;ég
We first analyze g(t). By its definition,

\Q
>

Il

:
ﬁ
>
\/

Thus, for any j € Cy,

V& —vm)l (V& — vrg)®
9(%) pefinggy (Vi — VIR

Similar to the argument in (40), we get
9(34;)

(\/ (27 - \/fg)z

With some rearragangements, we get

d
2N (45) — 2SS (g - i) = or (1),
n—+m n—+m

j€Elk] 9=1j€Cq

—1l <

A similar argument also gives

d
2nm > a(p)) - 2nm DD (Wi =T = or(1).
n+m - n—+m
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Therefore, we obtain the following approximation

Since

|
and (
|
|

J€Cq JjeCy Jj€Cy
we have
2
m Z 1 n i _ 1 _
Iy - Zj— 157 Zj| - I 0 Zj
2ntm) =, Gl je, 2n+m) I, Gl je,
d 1 m n ;
Z;— Z =op(1).
ng' ICy] - < m+n~"’ m-+n ]> or(1)
g=1 J€ECy
Next, we analyze f, (). By its definition,
df, () TlgenpmWt— i)
dv't ng Ny (VIR = V)
Therefore, we have
df (t) df, (t
max —9_ 1] =o0p(1) and  max L )‘ =op(1)
o) /i \ﬂ@ dv/t ol kY /i \ﬁ|<)\n vt
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Using Taylor expansion, we get

k k k
D 00B0) = D1 @) = (VB = Vi) +or () 301V = Vil

j=1 j=1 JeCy

2 2

d k k
S (S0~ | -S| S Va | | =erth
The same argument also leads to
mm <~ 1 L . b . : 2nm 1 - - ;
W;W ;fh(pj)—;fh(%) —n+mhz::1|ch| jezc:}l(\/@—\/aj) = op(1).

Hence, we have the following approximation,

Tf—gzi;ycg| cl > (\/: Z; \/: > =op(1). (50)

J€ECy

According to the argument in the proof of Theorem 24, Z = (I} — ﬁ\/ﬁT)w with
W~ N(0,I)). Similarly, we also have Z = (I — /q\/q" )W with W ~» N(0,1;). Note
that W is independent of W. Recall the definition of the matrix () and the vector v in the
proof of Theorem 25. Then,

d
1
ZZ Z]’—W Zj = ZT(Ik_QQT)Za
g=1jec, 91 jec,
g 2
_ 1 _ _r _
22\ %) = Z -z
g=1jeC, 9! jec,
d 1 m n i m n 2
— [ 7. = r Z— Z
;’C‘q‘ |Cg|j§< m+n~ 7 m+n J) HQ ( m+n— m+n >
- g

Furthermore, we have

ZT(Ik -QQ"z = J(Ik - Q"W
I—QQTi = W' (I - QQ"HW
2
T T
= ||(Ix — W
HQ< mn +n> H’“WQ< mont >
Therefore, the three terms above are asymptotically independent, and their asymptotic dis-
tributions are Xz— & X%_ g and X3—1 under the null, respectively. |
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Proof [Proof of Theorem 21| We will borrow notation and arguments used in the proof of
Theorem 23. For example, we keep using the notation L = max;<g<qmaxjcc, v/n|u; — Vgl.
However, under Condition M2’, we have L = O(1) instead of L = o(1). Let C, be a

3/2 _
Cn/ maXg—£p ‘nghl
In

same analysis in the proof of Theorem 23 that leads to (41) and (46). Note that the only
difference is L = O(1), and it will not affect the conclusions of (41) and (46). We still have

d
Ty—n> Y (Xe1y —vn)?| =op(1),

diverging sequence that satisfies C);, — oo and — 0. Then, we can use the

h=1j€eCp
and )
d
Ty —n Z D (Xergy —my) | | = or(D).
1 j€Ch

By the fact that

”ZZ =1(j) ~ Vh) _nZ,Ch, Z(XW 1) ~ Hj)

h=1j€Cy Jj€E€Ch
d d 2
2
R SN
h=1j€eCy h=1 j€Ch
d
Sy (e S Y]
h=1j€eCp ]EC

we also have
2

d
fofnZZ Xﬂ.—1(]) |Ch| ZXﬂ. 1 :OP(].).

h=1jeCy jeCy

Therefore, under the null hypothesis X ~ N(u,n~1I}), we have T, ~> X% oy Ty~ X3 and
Tg - Tf ~ X%—d,'ﬂ' .

10.2 Power Analysis

In this section, we give proofs of Theorem 3, Theorem 6, Theorem 8, Theorem 10 and
Theorem 20.

Proof [Proof of Theorem 3| We first assume n/(6, 1)> — oo and derive T — oo in proba-
bility. Note that for each m € S,

k

k k
nY (0 = ) <20 (X =07 +2n ) (X; — pin()*.
j=1 Jj=1

J=1
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Therefore,

B

Z >+ 2nl(X, p)?,

where Z; ~ N(0,1). The fact that 22?21 ZJ2 = Op(1) and the assumption né(f, u)? — oo
implies that nf(X, u)> — oo in probability. Suppose we can show T = Op(1) implies
nl(X, )2 = Op(1), then nf(X, 1)> — oo in probability must implies 7" — oo in probability.

Now we suppose a bound " < B = O(1), and it is sufficient to derive a bound
for nf(X,p)% For each j = 1,....k, we shorthand the power sums p;(Xi,..., Xx) and
P (1, ... i) by pj(X) and p;(p). Similarly, the elementary symmetric polynomials e; (X1, ..., X)
and e;(p1, ..., 1) are shorthanded by e;(X) and e;j(u). Define a vector A € R¥ with the jth
entry being A; = % ZZ:1 Xi - % 22:1 ui. Recall the definition of the matrix E(u1, ..., fi)-
Then,

T =n|E(u1, ..., u) Al

We use Apax(+) and Apin(+) to denote the largest and the smallest eigenvalues. By the fact
that V(p1, ..., i) E(pt1, -ooy piie) = Ig, we have

n|| Al

T > nAmin (B (s oo pi) T E (i1, ..., Al? > .
- ( (:u’l /’Lk) <:u1 Mk))H H - )‘max(v(ﬂlyuw,ufk)TV(,Ufla'-‘7Mk))

The bound T < B then leads to

T
||A”2 < Amax(v(lula-"nuk) V(:ulanuk))B -0 (B> )

- o (51)

Therefore, |p;(X) — p;(u)|*> = O (B/n) for each j € [k]. By Newton’s identities, we can
deduce |ej(X) — e;(u)|> = O (B/n) for each j € [k]. Define

k k
Ht—w foy=TJe-
j=1 j=1

The relation between the two polynomials and the elementary symmetric polynomials is
given in (3). Using (3), we give a bound for |f(X;)|.

k
[f(XD)| = [f(Xi < len3(X) = erj (| Xl
§=0
Since | X;|? < p2(X) < pa(p) + |p2(X) — p2(p)| = O(1), we have |f(X;)|> = O(B/n). The
following proposition is useful and will be proved in the end.

Proposition 26 For any u1, ..., i, we have

i —
SOl = min -l [T [P

1<5<k
1<j<I<k

39



GAO

By this inequality, we have

max min (X; — ;)2 :0@). (52)

1<I<k 1<5<k

Therefore, there exists a sequence o(1),...,0(k) such that

B
max (X; — ,ua(j))Q =0 <) .

1<j<k n
Since
i F k R B\ k2

[11t = ol <2 [T 1t = X1+ 25 [T 1) — oy = 2417 (0] + O ((n) ) 7

Jj=1 j=1 j=1
and

~ ~ k ) B
Gl = 1£ Ga) <D len—4(X %ﬂmmm=0<¢n>,
§=0

we have

f[lm 0( f)

which holds for every [ = 1,...,k. The fact that ui,..., u; are k different fixed number
implies o must be an element of Si. Hence, the bound (52) implies nf(X, u)? = O(B), and
the proof of one direction is complete.

For the other direction, it is sufficient to show that nf(6, u) = O(1) implies T' = Op(1).
This can be shown using the same argument in the proof of Theorem 22. |

Proof [Proof of Proposition 26| We first consider the case k = 2, where f(t) = (t — u1)(t —
p2). Suppose [t — pi| < |t — pgl, then [t — pa| > "“;2“2' Thus, |f(t)| > Lﬂminﬂt —
w1, [t — pe|}. The same argument also works when |t — py| > |t — p2|. When k& = 3,

M1 — M2 .
FO1 2 f— P2 smin gt — g e~ pol)
H1 — U2 .
b2 i (ot = sl £ — palt — ).

The inequality for £ = 2 can be used to lower bound both |t — p1||t — us| and |t — po||t — us|.
This gives the desired result for £k = 3. A standard mathematical induction argument leads
to inequality for all k. |

Proof [Proof of Theorem 6| According to the argument that we have used in the proof of
Theorem 3, we need to show T = Op(1) and T, = Op(1) imply nl(X, u)* = Op(1) for the
proof of the first direction.
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Suppose Ty < By = O(1) and Ty < By = O(1). It is sufficient to derive a bound for
nl(X, )2 We first derive an inequality for g(¢). Since

max H (t—vp) <Z H (t —uvp) Sdlmaé(d H (t —uvp)?,

== held\ (g} 9=1 held)\{g} =954 claioy

we have .

= min (t —vy)? < g(t) < —vy)%.

g 2in (t—vg)” < g(t) in [t =) (53)
Therefore, T, < By implies that Z§:1 ming<,<q(X;—vy)?* < dnﬁ. This implies the existence
of a sequence o(1), ..., 0(k) such that max;<j<x(X; — Vy(;))* < B2 — O(By/n). It further
implies maxj<p<qmaxi<j<i ]X —uh | = O(y/Bz/n). Define (f'g ={jelk]:0(j) =g} for
each g € [d]. Then

d—1

k d 2 By
h 5 |,k _
(X x-Xiem) —o(2).
h=1 \j=1 g=1
Using the same argument in deriving (51), we can also get the bound

d—1

th Z|c A —0(%).

h=1 \j=1

The inequalities in the last two displays, together with the equality Zgzl Gyl = 2321 ICql,
give

2
d—1 d d
5 By + By
> (Xiehs -S| —o (),
h=0 g=1

Define a vector € R?, with its gth entry being |Cy| — |C,|. Then,

2
d—1

> Z|c vl —Z\c Wi | =1V, v = Anin(V (01, o va) TV (01, o va) 7]

h=0 \g=1

When v, ..., v4 are d different numbers, we have Apin(V (v1, ..., vq) TV (v1, ..., vg)) > 0, and
thus ||7||*> = O (@). Since ||r||? is an integer, we must have |7||*> = 0, which gives
ICy| = |C,| for any g € [d]. From this we can deduce that nf(X, u)? = O(Ba).

For the other direction, it is sufficient to show that nf(6, u)*> = O(1) implies Ty = Op(1)
and T, = Op(1). This can be shown using the same argument in the proof of Theorem 23. W

Proof [Proofs of Theorem 8 and Theorem 10| The proofs are the same as those of Theorem
3 and Theorem 6. |
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Proof [Proof of Theorem 20| First of all, we have max ;e v/nly/q; — /Zj| = Op(1). This
gives that P(C;, = C, forall g € [d] and d = d) — 1. From now on, the analysis is on
the event {C; = Cy for all g € [d] and d = d}. Since we also have max;cp) v/n|y/pj —
V/Pjl = Op(1), the statement n{(p, q)? — oo is equivalent to né(p, q)> — oo in probability.
Therefore, we only need to establish the equivalence between nf(p, ¢)> — oo in probability
and the power of the test goes to one.

In the first direction of the proof, we suppose that 7y < By = Op(1) and Ty < By =
Op(1), and we will show nf(p,q)> = Op(1). The bound Ty, < By = Op(1) implies that

By the definition of g(-), we have g(t) > d~* mingeq (vt — \/T4)?. This implies the bound

k

min (\f \/>> M = Op(n™1).

= g€ld] nm

Since maxye (g v/1|y/Tg — \/Tgl = Op(1), we deduce

k
= Op(n1).
;Ien[gﬁ (Vs - ) p(n")
Then, there must exist o(1),...,0(k) such that max;cp|\/P;j — \/WP = Op(n71). It

further implies that maxeq) maxje[k] (/D))" (m)ﬂ = Op(n~'/?). Define C, = {j €
[k] : 0(j) = g} for each g € [d]. Then, we have

2

k d
> (WE)" =D 1l | =O0p(nh). (54)
g=1

1 \j=1

U

-1

h

Note that

h=1 J=1 7j=1
2
2nm i i() i()
> Faldi) = > Fald
d(n+m) =\ = h\’j e h\47
2
= M B(VFL VDA,

d(n+m)

where A is a d-dimensional vector with A, = %Ele( D) — %Zkzl(\/qj)h. Thus, the
bound Ty < By = Op(1) implies that

1BV, s VF)A|? = Op(n~Y).
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Since Apin(E(y/T15 - \/E)TE(\/TT, ..;4/Td)) is a positive constant that is bounded away
from 0, and

i (BT, oo, VEQ) T E(VFL oo, VTa)) = Amin (B(VPL ooy va) T BV ooy V/T0))| = 0P (1),

we have |A||? = Op(n~1), which further leads to

2

d
Z (V)" =[Gl ()" | = Op(n™h), (55)
g=1

h=1 \j=1

d—1

by using the fact that max;c) v/l Vi — V4| = Op(1) and Condition E. The two inequal-
ities (54) and (55), together with the fact that Zzzl Iyl = Z;lzl |Cyl, imply

2

Z\C (Vg Z!C (v | =0p(n™").

h=0 \g=1

d—1

The same argument used in the proof of Theorem 6 implies that |ég] = |C,y| for all g € [d].
Therefore, together with max;e ]\/157 — \/WP = Op(n~1), we obtain the conclusion

For the other direction, when n/(p, q)?> = O(1), the approximations (49) and (50) in the
proofs of Theorem 19 hold with bounds at the order of Op(1). This leads to Ty = Op(1)
and T, = Op(1). [ |

10.3 Minimax Upper and Lower Bounds

In this section, we prove all results in Section 6. We first give proofs for the lower bounds,
and then for the upper bounds.
Proof [Proof of Theorem 11] We first observe an inequality |n;;| + |7;] > Ti—;]» Which has

been derived in the proof of Theorem 22. Thus, Condition M1 implies \f ],u] | — oo
for any j # [. Consider the set

05 ={0: 10—l = -}

For each 0 € O, 16; — ,uj]2 < %, which implies p; is the closest element to 6; in the set

{p1, ...; .} Therefore, (6, ) = |0 — p|| = 6/+/n, which implies ©5 C ©s. This gives the
lower bound

R, (k,0) > inf {Pu¢+ sup Pp(1 — ¢)} .

0<¢<1 0cO;

Consider the uniform distribution IT on ©s. Then,

Ry (k,6) > inf {IP’H¢+/]P’9(1 —¢)dn(9)}.

0<¢<1
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By Neyman-Pearson lemma, the optimal testing function ¢ is given by

. {df}P’gdH(G) y 1}.

dP,
Using the property of 11, we have

d [ PydII(0) /dpgdﬂ(e)
P, dP,

= [exp (<510 = ul +0 (X — .0~ ) 110
6_62/2/8Xp (n (X — p,0 — p)) dII(6).

Let II be the uniform distribution on the unit sphere {6 : ||f|| = 1}, and then we have

/exp (n(X — p, 0 — p))dli(9) = /exp (6v/n (X — p,0)) dII(6).

k-3
2

Let f be the marginal density of the first coordinate of § ~ II. Then, f(t) o< (1 — t?)
The uniformity of II implies that

[ exp (V)X — pllt) (1 #2)"F dt
/eXp (B (X = 0] d0) = == Lo —e)=a ' (56)

Therefore, we can write the quantity in the above display as F'(y/n||X — p||). Since

1 6zt —buat St 1*152 @dt
F’(a;):fo(e fle( )2)(k3 )2 >0, for z > 0,
1—t4) 2 dt
—1
d [ PodII(6)

the testing statistic === is an increasing function of || X — u||?. This implies

¢={n|X —p|*>t},

for some t> 0. Note that n||X — pu|* ~ x7 under P,,, and n||X — u||* ~ Xiy under any Py
with 8 € ©5. Hence,

: 2 2
Ra(k,8) 2 inf {POE = ) + PG 2 < D)}

This completes the proof. |

Proof [Proof of Theorem 13| Since |7gn| + |7ng| > ﬁ’ it is implied by Condition M2
that v/n|vy — vy — oo for any g # h. Moreover, for any j € Cp,, |it; —va| = o(n™1/2). Under
these assumptions, for any 6 such that [|§ — p| = <=, there exists a 7 € Sy that depends

n7
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on 0 and |0, — pl| = €0, p) = %(1 + €g). Moreover, |ey] = o(1) uniformly over all § that

satisfies ||0 — p|| = % Define

0 =p+ (0 — p). (57)

1+ ¢

Then, [|0' — pu|| = 59 and £(0', n) = \/ﬁ, where &y = ﬁ We use the notation R to denote
the operator R : 9 .—> R(#) = 6’ defined by (57). By the definition, a useful property is

R(0)—p Consider the set

TRO)—ull — H9 M||
65 — {R(@) - ul = jﬁ}

This definition immediately implies ©5 C ©5. Note that each element in ©4 can be repre-
sented as

bp O—p
+— :
v |0 — pll

. . . o— . .
Since there is a one-to-one relation between M and a unit vector v, we can also write

R(0) =

each element in s as y+ %v. Consider a uniform probability measure IT on {v : ||v|| = 1}.
Then, by the same argument in the proof of Theorem 11,

0<p<1

R, (k,0) > inf {}P’#gb + /Pwrf/%u(l — d))dH(v)} ,
and the likelihood ratio is
L= / #JF‘F —— Y dl(v) = /exp (=02/2 + S/ (X — p,v)) dI(v).

Under the assumption, there exist _ and d4 such that d_ < 4, < d4 for all v and 6_/§ =
1+ o0(1) and 61 /6 =1+ o(1). We introduce the upper and lower brackets of £ as

L = min{/exp( 52 /2 4+ 5/ (X — ) diI(v),
/exp (=03/2 4 64v/n (X — pyv }
Ly = min{/exp( 6% /2 +6_vn (X — p,v)) dll(v),
/exp (=62 /2 + 6./ (X — ,0) dH(v)} .
The definitions imply £_ < £ < L. Define the function

B I exp (5at) (1 —12) "2 dt
Fs(z) = ) (58)
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By (56), we have

Lo = 2 min{Fs_(ValX — pll), Fs, (Vo X — ul)},
Ly = e Pmax{Fy (VallX - pl), B, (Va| X = )},

Define ¢ = {L > 1}, ¢ = {L_ > 1} and ¢, = [{L; > 1}. We have the inequality
¢- < ¢ < ¢q. For  =EX = p, ||[v/n(X — p)||* ~ x3. Thus, let Z ~ N(0,I)), and then we

have
P > P,(L->1)
= (e min{Fs_(120), F5, (121)) > 1)

~ P (6—52/2F5(qu) > 1) .
For the alternative § = p + %v € Os, [|[vVn(X — )| ~ Xk2,52, Where 62 € [0_,04]. Then,

Ps,(1-¢) > P s (Ly<1)

,qu(S—\/%v (

= P (2 max{Fs_(|Z +8,0]), Fs, (12 + 8,0)} < 1)

[
/Hr\/—%'u

> P (2 max{Fy_ (12 + 840]), Fs, (12 + 040])} < 1)

= P (e 2R(1Z + dull) < 1)

Note that P (e‘52/2F5(||Z—|-5U||) < 1) is independent of v. Therefore, by the fact that

Fs(x) is increasing on x > 0, we have

Rn(k,n) > IPM ([,_ > 1) + ||111T|1£1 Pu—&—%v (£+ < 1)

> (1+o0(1)) {P (6752/21?5(;\2”) > 1) + inf P (6752/2F5(HZ +oul|) < 1)}

> (L+o()inf {POG = ) + POG 5 <)}

The proof is complete. [ ]

Proof [Proof of Theorem 15] Note that Condition M3 implies v/n|,/q; — \/qi| — oo for any
j # 1. Consider the set

P = {pelvi- vl = 5= .

For each p € Ps, |, /Dj — A /q]-|2 < %, which implies ,/g; is the closest element to ,/p; in the

set {\/q1, ., \/ar}. Therefore, £(p,q) = ||/p — /4|l = 6/+/n, which implies Ps C Ps. This
gives the lower bound

Ry (k,8) > Ogildl)fSl {qub—i- sup Pp(1 — ¢)} :

PEPs
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Let II be the uniform distribution on the sphere {v : v — \/g|| = 6/y/n}. Then,

Ry (k,6) > inf {Pq¢+/Pp(1 - ¢)dl‘[(\/f))}.

0<¢<1

By Neyman-Pearson lemma, the optimal testing function ¢ is given by

5 {dfwzcgwm )

By the definition, we have

:W /exp anjlog——i—nZ log—j dIl(y/p),

where p; = 23" 1]I{X = j}. Note that log = log ( + %@). By Condition M3,
maxi<;<k Pi = 0(1). Therefore,

Pi  VPi—\G
Jos /5 "

max, ‘@7\/@ 5 = O(1), (59)
and
log /IZj VPi— \/@_i_ (Wi/ff>
max = O(1). (60)
1<j<k ‘\/ITJ'—\/‘TJ‘
Since i
D= VT 1 (P =G\
zthﬂ*[7<Vﬂ\ﬂ) = —|Ivp - vall.
' Vi 2 v

By (60), we have

qu log 1 = {1+ 0(1)2] 5~ vl

Under Condition M3, pj/pj =1+ op(1), and this implies p;/q; = 1+ op(1). Therefore,

k k
S5 = ) VP = a1 4 0p () S(VE - VB - va): (6]
j=1 Vi j=1
By (59), we have
k ) k
D (p; —ap)los ! =41+ 0p(1) 3(VB; ~ V) (V3 ~ V) (62)
j=1 J=1
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The approximations (61) and (62) imply the existence of J_ and ¢4 that satisfies i_ =
(I1+0(1))d, 6+ = (140(1))d. Moreover, on an event E with probability 1 —o(1) under both
null and alternative, the following inequalities hold:

k
—261 < anj log& < —262,
— q;
j=1

i@f‘%)k’g?gmw{gﬁ<f Vi e f> 45+<f Vi f>}

2 ; VB — vl Vb~ vl
and
- 45 VE— @\ 4 VP4
>0 0)os = min{ U2 (Vi Ve 2V ) v (Ve )
We introduce the upper and lower brackets of the £ as

L. = min{/exp( 267 +46_ \f<\/ Vv >)d (v), (63)

/exp (—251 + 45+ﬁ<\/]3 -V, v>) d(v )} ,
L, = max{/exp( 262 4 45_ \F<f N >>d (v), (64)

/exp (—253 + 45+\/ﬁ<\/§ - V4 u>) dI(v )} ,
where II is the uniform distribution on the unit sphere {v : ||v|| = 1}. By (56), we have

L. = 202 min{ Fys_ (2\/73“\/5 —al), Fst+<2\/ﬁH\/13 —val)}
Ly = e~ 202 maX{Fg(gf(Q\/ﬁH\/;B —-4l)), F25+(2ﬂ||\/1§ —Valh}

where Fs(z) is defined in (58). Note that 4n|v/p — /q||> ~ X3_, under the null and
An|Vp — allI> — 63 ~ Xi—m% , with 62 = 61(p)? and 62 = 62(p)? defined in (47) and (48),
under the alternative. Define ¢ = I{L > 1}, ¢_ = I[{L_ > 1}, ¢4 = [{L; > 1} and
¢* =T{L* > 1}. Then, we have the inequality ¢_Igp < ¢lp < ¢;Ig. For ¢ = p, we have

P,¢ Pyolg + Pyolge

IP)q(ﬁ—]IE
Py (L > 1) — Py(E)

= P, (e min{Fas @VAIVG ~ vl Fas, VAIVG — ValD} > 1) = By(E)

P (6_262F25 (\/K) > 1) .

AVARLYS

i
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For the alternative, we have

Pp(1 = ¢) Pp(1 = @)lg + Pp(l — ¢)lge

< Py(1— ¢y )lg +Py(E°)

< Pp(l—94) +Pp(E)

= B, (7 max{ Py VAIVE - val). Pas, (VAIVE - val)} < 1) + By ()
— P (6*252}725 (\/Xi‘*l,(sl(p)Q + 5g(p)2) < 1)

> inf ]P’(e_252F <\/27+(52)<1>
T {01,02:02+03=62) 2 \\f X152 %2) =

By the fact that Fs(z) is increasing on = > 0, we have

ik = o) (22 () )

. 2 . 2 2
2 (1 * 0(1)) %r>l(f) <P (inl - t) * {51752:61%1-{5%:52}P(Xk_l"sf T 62 < t>> )

The proof is complete. |

Proof [Proof of Theorem 17| It is implied by Condition M4 that \/nl,/ry — /7| — oo for
any g # h. Moreover, for any j € Cp, |\/qj — /Th| = o(n~1/2). Under these assumptions,
for any p such that ||\/p — \/q|| = %, there exists a m € S; that depends on p and

IvpPr =Vl = E(p, q) = \‘}(1 +€p). Moreover, |ey| = o(1) uniformly over all p that satisfies
lv/P — /4|l = <%= Define

1 2
v =(Vit oW VD) - (65)
+ €9
Then, ||\/p — 4l = % and {(p/,q) = %, where 0y = ﬁ. We use the notation R to
denote the operator R : p — R(p) defined by (65). By the definition, a useful property is

R(P)*\/ﬁ  VP—a
”\/}%*IH TvVep—vall- Consider the set

_ 0
=< R(p): — =—5.
Ps { (p) : VP — Vall Jn }
This definition immediately implies Ps C Ps. Note that each element in Ps can be repre-

sented as
b P - f)
Vi llve — vl
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Since there is a one-to-one relation between and a unit vector v, we can also

VP—V4
VPl
write each element in Pj as <\/§ + %v) . Consider a uniform probability measure IT on

{v : ||v|]| = 1}. Then, by the same argument in the proof of Theorem 11,

o(k,6) > inf {P P 1 — ¢)dii(v) b |
R, (k,9) Oglggl{ q¢+/ (ﬁ-s—%v)Q( ¢)d (U)}
and the likelihood ratio is
dIP(f+5 )2
q \/—%v _
= | ————Y" 7 _dII(v).
c / )

Using the same arguments in the proofs of Theorem 13 and Theorem 15, there exist §_ and
d4+, with which we can define £_ and £y as in (63) and (64) with the desired properties.
Then, the same argument in the proof of Theorem 15 leads to the desired result. |

Proof [Proof of Theorem 12| By studying the proof of Theorem 22, the only probabilistic
argument in approximation is that maxj<j<s ij < (), in probability. Since this event is
independent of 8, the in-probability argument can be made uniformly over 8 € Os and
0 € O. |

Proof [Proof of Theorem 14] By Theorem 23, T, > T} in probability. This implies that
Pop = Po(T, > t*) and Pp(1 — ¢) = Pp(T, < t*) under both null and alternative distri-
butions. Then, by the same argument in the proof of Theorem 12, we obtain the desired
conclusion. |

Proof [Proofs of Theorem 16 and Theorem 18] Similar to the argument used in the proof
of Theorem 12, the results directly follow the conclusions of Theorem 24 and Theorem 25. B
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