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Abstract

We consider the problem of streaming kernel regression, when the observations arrive se-
quentially and the goal is to recover the underlying mean function, assumed to belong to
an RKHS. The variance of the noise is not assumed to be known. In this context, we tackle
the problem of tuning the regularization parameter adaptively at each time step, while
maintaining tight confidence bounds estimates on the value of the mean function at each
point. To this end, we first generalize existing results for finite-dimensional linear regres-
sion with fixed regularization and known variance to the kernel setup with a regularization
parameter allowed to be a measurable function of past observations. Then, using appropri-
ate self-normalized inequalities we build upper and lower bound estimates for the variance,
leading to Bernstein-like concentration bounds. The latter is used in order to define the
adaptive regularization. The bounds resulting from our technique are valid uniformly over
all observation points and all time steps, and are compared against the literature with
numerical experiments. Finally, the potential of these tools is illustrated by an application
to kernelized bandits, where we revisit the Kernel UCB and Kernel Thompson Sampling
procedures, and show the benefits of the novel adaptive kernel tuning strategy.
Keywords: kernel, regression, online learning, adaptive tuning, bandits

1. Introduction

Many applications require solving an online optimization problem for an unknown, noisy,
function defined over a possibly large domain space. Kernel regression methods can learn
such possibly non-linear functions by sharing information gathered across observations.
These techniques are being used in many fields where they serve a variety of applications
like hyperparameters optimization (Snoek et al., 2012), active preference learning (Brochu
et al., 2008), and reinforcement learning (Marchant and Ramos, 2014; Wilson et al., 2014).
The idea is generally to rely on kernel regression to estimate a function that can be used
for decision making and selecting the next observation point. Algorithmically speaking,
standard kernel regression involves a regularization parameter that accounts for both the
complexity of the unknown target function, and the variance of the noise. While most
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theoretical approaches rely on a fixed regularization parameter, in practice, people have
often used heuristics in order to tune this parameter adaptively with time.

This however comes at the price of loosing theoretical guarantees. Indeed, in or-
der for theoretical guarantees (based on concentration inequalities) to hold, existing ap-
proaches (Srinivas et al., 2010; Valko et al., 2013) require the regularization parameter
in the kernel regression to be a fixed quantity. Further, they assume a prior and tight
knowledge of the variance of the noise, which is unrealistic in practice. The reason for this
cumbersome assumption is to adjust the regularization parameter in the kernel regression
based on this deterministic quantity, as such a choice of regularization conveys a natural
Bayesian interpretation (Rasmussen and Williams, 2006). Following this intuition, given
an empirical estimate of the function noise based on gathered observations, one should be
able to tune the regularization automatically. This is however non-trivial, first due to the
streaming nature of the data, that allows the noise to be a measurable function of the past
observations, second because concentration bounds on the empirical variance are currently
unknown in such a general kernel setup, and finally because all existing theoretical bounds
require the regularization parameter to be a deterministic constant, while we require here
a parameterization that explicitly depends on past observations. The goal of this work is
to provide the rigorous tools for performing an online tuning of the kernel regularization
while preserving theoretical guarantees and confidence intervals in the context of stream-
ing kernel regression with unknown noise. We thus hope to provide a sound method for
adaptive tuning that is both interesting from a practical perspective and retains theoretical
guarantees.

We gently start our contributions by Theorem 1 that generalizes existing concentration
results (such as in Abbasi-Yadkori et al. (2011); Wang and de Freitas (2014)), and is explic-
itly stated for a regularization parameter that may differ from the noise. This result paves
the way to an even more general result (Theorem 2) that holds when the regularization is
tuned online at each step. Afterwards, we introduce a streaming variance estimator (The-
orem 3) that yields empirical upper- and lower-bounds on the function noise. Plugging-in
the resulting estimates leads to empirical Bernstein-like concentration results (Corollary 1)
for the kernel regression, where we use the variance estimates in order to tune the regu-
larization parameter. Section 4 presents an application to kernelized bandits, where regret
bounds for Kernel UCB and Kernel Thompson Sampling procedures are derived. Section 5
discusses our results and compares them against other approaches. Finally, Section 6 shows
the potential of all the previously introduced results while comparing them to existing al-
ternatives through different numerical experiments. We postpone most of the proofs to the
appendix.

2. Kernel streaming regression with a predictable noise process

Let us consider a sequential regression problem. At each time step t € N, a learner picks a
point z; € X C R? and gets the observation

Y = fulay) + &,

where f, is an unknown function assumed to belong to some function space F, and & is a
random noise. In the following, we assume a sub-Gaussian streaming predictable model:
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Assumption 1 (Predictability) The process generating the observations is predictable
in the sense that there is a filtration H = (H)ien such that x; is Hi—1-measurable and y,
is Hi-measurable. Such an example is given by Hy = o (L1, ., Te41, Y1y - - Yt)-

Assumption 2 (Sub-Gaussian streaming model) In the sub-Gaussian streaming pre-
dictable model, for some non-negative constant o2, the following holds
1202

2

Vi € N,¥y € R, 1nE[exp(fygt)‘Ht_1} <

Let k : X x X — R be a kernel function (that is continuous, symmetric positive definite)
on a compact set X equipped with a positive finite Borel measure, and denote K the
corresponding RKHS.

Information gain This quantity measures the information obtained about function f,
by sampling at points (x1,...,2¢). It is defined (Cover and Thomas, 1991) as the mutual
information between f, and the observations (yi,...,y):

I(yl)"'7yt;f*) :H(yla"'uyt)_H(ylv"‘7yt|f*)a

that is the difference between the marginal entropy and the conditional entropy of the
distributions of observations. The information gain thus quantifies the reduction of uncer-
tainty about f, following these observations. For a multidimensional Gaussian, we have
H(N(p, X)) = 3 In|27eX|, such that for A = o (Srinivas et al., 2010),

1 _
(0 =1y, ye; o) = g ndet(l; +o ’Ky),

where K; = (k(s,'))s.s<t- In the linear case when k(z,2’) = 2 "2’ for z € R?, the infor-
mation gain typically scales as v;(0?) = O(dInt) (Srinivas et al., 2010). The information
gain can be shown to scale with the effective dimensionality (Valko et al., 2013) instead of
the dimension, where effective dimensions correspond to the most informative ones. More
effective dimensions require more observations for a good space coverage, which increases
the information gain. We now extend the information gain to any regularization A.

Definition 1 (Information gain with unknown variance) We define the information
gain at time t for a regularization parameter \ to be

t
1) = 5 S (14 Thawoala, o)
t'=1

This generalization is natural in view of Theorem 1 below. The information gain is inversely
proportional to the regularization A. By controlling the flexibility of the regression model,
the regularization limits the impact of a new observation on the resulting model, therefore
limiting the information that can be gained out of it.
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Concentration We first provide a result bounding the prediction error of a standard
regularized kernel estimate, where the regularization is given by a fixed parameter A > 0.

Theorem 1 (Streaming kernel least-squares (Maillard, 2016)) Assume we are in the
sub-Gaussian streaming predictable model. For a parameter A € R, let us define the posterior
mean and variances after observing Y; = (y1,...,y;) | € R as

Ha(z) = k()" (K + M) ~'Y,
$3.(2) = Ghae(w,x) with ka2, 2) = k(z,2) — ky(2) T (Kq + M) hy(2) -

where ki(z) = (k(xz,zp))p<t is a t x 1 (column) vector and Ky = (k(xs,xs))ss'<t- Then
Vo €0, 1], with probability higher than 1—4, it holds simultaneously over all € X and t >0,

@)= ha) <\ IS VAL oy )+ 200

where the quantity — v(\) = %Zi,zlln (1+§k>\,t/,1(:vt/,xt/)) is the information gain.

Remark 1 This result should be considered as an extension of Abbasi- Yadkori et al. (2011,
Theorem 2) from finite-dimensional to possibly infinite dimensional function space. More
specifically, when considering the linear kernel, the result of Theorem 1 recovers exactly
Theorem 2 from Abbasi-Yadkori et al. (2011). The generalization is non trivial as the
Laplace method must be amended in order to be applied beyond the linear case.

Remark 2 This result holds uniformly over all x € X and most importantly over allt > 0,
thanks to a random stopping time construction (related to the occurrence of bad events)
and a self-normalized inequality handling this stopping time. This is in contrast with results
such as Wang and de Freitas (2014), that are only stated separately for each t.

The case when A = A, def

Panilz) = k’t(x)T(Kt + )\*It)_lyt
(@) = | fllike(z,2) with ky(z,2) = k(z, 2) — k(2) T (K¢ + M\ dy) ()

o2 /|| f«||% is of special interest, since we get on the one hand

and on the other hand

(@) = fra@)] < | fellev/Rea, ) |1+ v/2In(1/8) + 230 |-

2

In practice however, neither || f*H;2c nor o° may be known exactly. In this paper, we make

the following assumption on the former:

Assumption 3 (Bounded norm in RKHS) An upper bound C is given on || fi|[xc. This
essentially means that the kernel is well chosen for capturing f.. For more details, see Canu
et al. (2009); Loustau (2009); Wasserman (2017).

Then, we want to build an estimate of ¢? at each time ¢ in order to tune A. Using a
sequence of regularization parameters (\¢);>1 that is tuned adaptively based on the past
observations requires to modify the previous result (it is only valid for a deterministic \)
into the following more general statement:
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Theorem 2 (Streaming kernel least-squares with online tuning) Under the same as-
sumption as Theorem 1, let X = (M\¢)e=1 be a predictable positive sequence of parameters,
that is At is Hi—1-measurable for each t. Assume that for each t, Ay = Ax holds for a pos-
itive constant \.. Let us define the modified posterior mean and variances after observing
Y, € Rt as

i) = k(@) T (K + Mega )Y,
2 .
s%\’t(:z:) = —/\‘;1 kagsr t(@, ) with kyy(z, 2) =k(z, 2) —ki(2) "(Ky + M) ke (2),

where ky(x) = (k(z,zp))p<t, and Ky=(k(zs, 25))s,s<t- Then for all §€[0, 1], with probabil-
ity higher than 1 — 6, it holds simultaneously over all x € X andt >0

N e el VR A (SN

The proof is presented in Appendix A.

The regularization parameter A;y1 is therefore used in conjunction with previous data
up to time ¢ to provide the posterior regression model (mean and variance) that is used in
return to acquire the next observation g1 on point xsyq.

Remark 3 Since A is allowed to be Hi—1-measurable, this gives theoretical guarantees for
virtually any adaptive tuning procedure of the regularization parameter.

Remark 4 The assumption that Ay > A\ will be naturally satisfied for the choice of regu-
larization we consider.

3. Variance estimation

We now focus on the estimation of the variance parameter of the noise in the case when it
is unknown, or loosely known. Theorem 2 suggests to define the sequence (A¢)¢>1 by

At = 0_2“_1/02 with o4 =min{6y+,04, 1} and op9=o04, (1)

where o4 > o is an initial loose upper bound on ¢ and ¢4 ; is an upper-bound estimate
on o built from all observations gathered up to time ¢ (inclusively). This ensures that A
is H;_1 measurable for all ¢ and satisfies \; > A\, with high probability, where A\, = o2/C2.
The crux is now to define the upper-bound estimate o ; on ¢. In order to get a variance
estimate, one obviously requires more than the sub-Gaussian assumption, since the term o2
has no reason to be tight (the inequality remains valid when o2 is replaced with any larger
value). In order to convey the minimality of 02, we assume that the noise sequence is both
o-sub-Gaussian and second-order! o-sub-Gaussian, in the sense that

1
Vt,Vy < 292 lnE[exp(’y@z)

1
HH] <—5hn <1 . 2702) .

1. The term on the right-hand side corresponds to the cumulant generating function of the chi-squared
distribution with 1 degree of freedom. This assumption naturally holds for Gaussian variables.
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Remark 5 To avoid any technicality, one may assume that &|Hy—1 is exactly N'(0,0?), in
which case it is trivially second-order o-sub-Gaussian.

Now let 3§7T =7 ZtT:1 (ye—far(ze))?  denote the (slightly biased) variance estimate
for a regularization parameter .

Theorem 3 (Streaming kernel variance estimate) Assume we are in the predictable
second-order o-sub-Gaussian streaming regression model, with a predictable positive se-
quence X such that \y > A holds for all t. Let us introduce the following quantities

Cy(8) = In(e/8)[1 + In(72In(t) /6)/In(1/6)],  Dxs(6) = 2In(1/6) + 2v:()\)
and finally o = max (1 B \/ctl(:s') _ \/Ct((s/)-i-?f))\*,t((s/)’o) ‘

Then, let us introduce the following variance bounds, defined differently depending on whether
a deterministic upper bound o4 > o is known (case 1) or not (case 2).

B +U+< N \/ct<6'>+2tm*,t<6'>> IV PRI/ IR

0'+7t()\, )\*) = / 2
O}2<\/6A,ta N ||f*um/;DM,t<5 \/ £l ADMw)) (case 2)
~ 2C’t 1
Oag— 04 — [ fellxc \/ ( maxt/gt(uikw1(xt,,xt,))> (case 1)
o_t(\) =

-1
- o 1 2C(8")
|:O./\ ! Hf*H’C\/ <1 maxtlét(l—"_;k)\,t’1(mt”zt’))>:| <1 + t > (Case 2)

Then with probability higher than 1 — 38, it holds simultaneously for all t > 0
o_ (M) <o <o (A M)

The proof is presented in Appendix B.

Remark 6 The case when absolutely no bound is known on the noise o2 is challenging in

practice. In this case, it is intuitive that one should not be able to recover the noise with
too few samples. The bound stated in Theorem 3 (see Appendix B) supports this intuition,
as when the number of observations is too small, then o = 0 and the corresponding bound
becomes trivial (o < o0).

Remark 7 In the variance bounds of Theorem 6 the term || fi|x appears systematically
with the factor V'X. This suggests we need to choose X proportional to 1/| fi||%, which gives
further justification to the target A\, = 02/C?, where C is a known upper bound on ||fy]|.

Remark 8 In practice, we advice to choose the best of case 1 and case 2 bounds when
o4+ =2 0 18 known.
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Because A, is not known in practice, the quantity o4 (A, Ax) is not computable di-
rectly. However, we observe that o ;(A\;, Ax) scales with Dy, ; (directly and through «),
and that D), ; scales with the information gain 7;(A.). Recall that the information gain
scales inversely with the regularization. Hence we have that for any A_ < A\, we also have
o4 t(AAZ) = 04 4(A, Ay). Therefore, in order to estimate the upper bound o4 ¢(A, Ay), one
only needs a lower-bound on A,. Let us define

o_y=max{6_4,0_4 1} with o_g=0_, (2)

where 0 < o_ < o is a initial lower-bound on ¢ and 6_; is a lower-bound estimate on o
built from all observations gathered up to time ¢ (inclusively). Then, one way to proceed
is, at each time step ¢ > 1, to build an estimate 6_; = o_ ;(\), which in return can be
used to compute the lower quantity A\_ = (737t/C'2 < 02/C? = ), and obtain the estimate
Gt =044(AA2) = 04 (A, Ar). This “sandwich estimates” procedure allows us to build an
upper bound without prior knowledge of A4, and then compute the predictable sequence A
as described by Equation 1. Given Theorem 3, we have that o_ ;(\;) < o such that A_ < A\,
and o4 (A, A=) > o, hence A\; > A,, simultaneously for all ¢ > 0, with high probability.
Further replacing the variance o with its estimate o ; using a union bound in the result
of Theorem 2, we derive confidence bounds that are fully computable empirically in the
context where the regularization parameter is adaptively tuned and the function noise is
unknown. This is summarized in the following empirical Bernstein-style inequality:

Corollary 1 (Kernel empirical-Bernstein inequality) Assume that C > || f|lxc. Let
us define the following noise lower-bound for each t > 1

o_t=max{o_(M\-1),0- 11}

and define A\_ = J%yt/CQ as the corresponding lower bound on A\.. Then, let us define the
following noise upper bound for each t > 1

orp=min{oy 1(A—1, =), 04 -1}

Define the reqularization parameterizing the regression model used for acquiring observation
at time t to be \y = 017,5/02, according to Equation 1. Then with probability higher than
1 — 49, the following is valid simultaneously for all x € X and t > 0,

[fu(@) = Frou(2)| < W

B a(6) = VA C+01 /2 In(1/0) + 23 ) - (3)
Proof Let Ey denote the event that

1.0 = et € 2D R o IR0 42 00)

simultaneously for all z € X and ¢t > 0, and let F) denote the event that A; > A, holds for
all t. We can decompose

B, +(9) where

P[ES] < PIES N Ex] + PES N B3] < PES N Ex] + P[ES]
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By Theorem 2, we have that P[E'¢ N Ex] < J. We need to show that A\; > A, for all ¢ > 0 by
tuning A; with the proposed procedure. Let us look at what happens at each time ¢t. Using
the proposed procedure, we have \g = 0_2F /C? > \,. Then we have

o_1(N) <o Ll
or1(Mo,0-1(N)%3/CH >0 UL
— A =0 1(No,0-1(M0)?/CH?/C? = )\,
o_2(M\1) <o L2
oy2(M,0-2(M)*/C*H >0 U2
— X =019\, 0-1(\1)?/C?)?/C? = A,

such that F holds given that steps L1, Ul, L2, U2, ...hold simultaneously. Therefore,
P[ES] is bounded by the probability that these steps do not hold simultaneously. Following
Theorem 3, we have that P[ES] < 30 and thus P[E%] < 46. Naturally, under the event Ej,
we have o4 ; > o and A_ < A,. Therefore, given C > || fi||x, we have

Vsl flle + ov/210(1/8) + 29 (A) < VA1 C + 04 1/2In(1/6) + 27, (A-).

Remark 9 This result is especially interesting since it provides a fully empirical confidence
envelope function around f,. When an initial bound on the noise o4 is known and considered
to be tight, one may simply choose the constant deterministic sequence X = (\,...,\), in
which case the same result holds for \_ = X and 04 ; = 04.

We observe from Theorem 3 that the tightness of the noise estimates depends on the A
parameter that is used for computing 6_ ; and 74 ;. Since 02/C% < N\ < ai /C? holds with
high probability by construction, using such an adaptive A; should yield tighter bounds
than using a fixed ai /C2. This is supported by the numerical experiments of Section 6.2.

4. Application to kernelized bandits

Here is a direct application of our results in the framework of stochastic multi-armed bandits
with structured arms embedded in an RKHS (Srinivas et al., 2010; Valko et al., 2013). At
each time step ¢ > 1, a bandit algorithm recommends a point x; to sample from a compact
set X C X, and observes a noisy outcome y; = fi(x;) + &, where & ~ N(O,UQ). Let
T, = argmax,cx fx(x) denote the optimal arm. The goal of an algorithm is to pick a
sequence of points (z;);<r that minimizes the cumulative regret

T
Ry = Zf*(x*) - f*(xt)- (4)
t=1
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In this context, one needs to build tight confidence sets on the mean of each arm, and this will
be given by Corollary 1. We illustrate our technique on two main bandit strategies: Upper
Confidence Bound (UCB) (Auer et al., 2002) and Thompson Sampling (TS) (Thompson,
1933); both are adapted here to the kernel setting with unknown variance.

The following extension of Lemma 7 from Wang and de Freitas (2014) (see also Srinivas
et al. (2012)) to the case when the variance is estimated plays an important role in the
regret analysis of both algorithms.

Lemma 1 (From sum of variances to information gain) Let us assume that the ker-
nel is bounded by 1 in the sense that sup,cxy k(x,x) < 1. Let X be any sequence such
that VA € X\, \ > o2/C?%. For instance, this is satisfied with high probability when using
Equation 1. Then, it holds

1 202
ESM 1(2t) Z)\* Aet—1(Tg, @) < (1+—C2/G2)7T(02/C2).

In the sequel, it is useful to bound the confidence bound term B}, +(0) from Equation 3.

Lemma 2 (Deterministic bound on the confidence bound) Assume that we are given
a constant 0 < o_ < o, so that oy — > o_ holds for allt. Then for allt < T, the confidence
bound term is upper-bounded by the following deterministic quantity

B, 4(6) < oy (1 +/2In(1/8) + Q»yT(az/m)) .

Further, we have v(o7 _/C?) = y(02 /C?) + O(1/V/1).

Remark 10 The term o4 can be replaced with a more refined term o+ O(1/+/t) thanks to
the confidence bounds on the variance estimates.

Kernel UCB with unknown variance The upper bound on the error can be used
directly in order to build a UCB-style algorithm. Formally, the vanilla UCB algorithm (Auer
et al., 2002) corresponding to our setting picks at time ¢ the arm

kxt(z,
i € argmax i, (z)  where f,(x) = fau(a) + Fxi(z, 2)

. , , LUBG). )
zeX

Following the regret proof strategy of Abbasi-Yadkori et al. (2011), with some minor mod-
ifications, yields the following guarantee on the regret of this strategy:

Theorem 4 (Kernel UCB with unknown noise and adaptive regularization) With
probability higher than 1—49, the regret of Kernel UCB with adaptive reqularization and vari-
ance estimation satisfies for all T > 0 (recall that By, ¢(9) is defined in Equation 3):

< 2ZT: k?/\t,t—l(JUt,$t)B (5/4)
T X )\t Ae,t—1 .

In particular, we have

Rr < 2(’;(1+\/2111(4/5)+27T(03/02))C\/Tm'

9
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Remark 11 This result that holds simultaneously over all time horizon T extends that of
Abbasi- Yadkori et al. (2011) first to kernel regression and then to the case when the variance
of the noise is unknown. This should also be compared to Valko et al. (2013) that assumes
bounded observations, which implies a bounded noise (with known bound) and a bounded f,,
and Srinivas et al. (2010) that provides looser bounds.

Kernel TS with unknown variance Another application of our confidence bounds is in
the analysis of Thompson sampling in the kernel scenario. Before presenting the result, let
us say a few words about the design of TS algorithm in a kernel setting. Such an algorithm
requires sampling from a posterior distribution over the arms. It is natural to consider
a Gaussian posterior with posterior means and variances given by the kernel estimates.
However, it has been noted in a series of papers (Agrawal and Goyal, 2013; Abeille and
Lazaric, 2017) that, in order to obtain provable regret minimization guarantees, the posterior
variance should be inflated (although in practice, the vanilla version without inflation may
work better). Following these lines of research, and owing to our novel confidence bounds,

we derive the following TS algorithm using a posterior variance inflation factor v?.

Algorithm 1 Kernel TS with adaptive variance estimation and regularization tuning.

Input: discrete space X.

Parameters: regularization sequence X, variance inflation factor v? for each t¢.
1: for allt > 1 do
2. compute the posterior mean f;_1 = (Faet—1())zex

2
. . S o3 —
compute the posterior covariance X;_1 = +)’ft L (/@,\tyt,l(x, ac'))ac vex

3

4 sample f; = /\/‘(E—h vgit_l)
5. play oy = argmax,x fi(z)
6

7

observe outcome y; = fi(xt) + &
: end for

Remark 12 The algorithm does not know the variance o® of the noise, but uses an upper
estimate U«Qk,t—l-

Remark 13 We assume that the set of arms X is discrete. This is merely for practi-
cal reasons since otherwise updating the estimate of f. in a RKHS requires memory and
computational times that are unbounded with t. This also simplifies the analysis.

The following regret bound can then be obtained after some careful but easy adaptation
of Agrawal and Goyal (2013). We provide the proof of this result in Appendix C, which
can be of independent interest, being a more rigorous and somewhat simpler rewriting of
the original proof technique from Agrawal and Goyal (2013).

Theorem 5 (Regularized Kernel TS with variance estimate) Assume that the maz-
imal instantaneous pseudo-regret R = max,ex (f*(a:*) — f*(x)) is finite. Then, the regret of

Kernel TS (Algorithm 1) with v, = Bayt=10/4) after T episodes is O(C'\/T In(T|X|)yr(a?/C?))

04 t—1

10
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with probability 1 — 35. More precisely, with probability 1 — 39, the regret is bounded for all
T>0:

T
ko, oo
Nr < cLT(Z WB,\ht_l(é/él))+CQR\/Tln(1/6)+47reR5,

t=1

where Cy 1 = (4y/me + 1) <1 + \/2 In (W)) and Cy = \/87re(1 + dv4me)?.

Further, we have

2yr(0?/C?)

R < cl,T";(H¢21n<4/6>+2w<a%/c2>)c\/Tm(1+02/az)

+CoR\/T1n(1/6) + 4meR0 .

Remark 14 As our confidence intervals do not require a bounded noise, likewise we can
control the regret with high probability without requiring bounded observations, contrary to
earlier works such as Valko et al. (2013).

5. Discussion and related works

Concentration results Theorem 1 extends the self-normalized bounds of Abbasi-Yadkori
et al. (2011) from the setting of linear function spaces to that of an RKHS with sub-Gaussian
noise. Based on a nontrivial adaptation of the Laplace method, it yields self-normalized
inequalities in a setting of possibly infinite dimension. It generalizes the following result of
Wang and de Freitas (2014) to kernel regression with A\ # o2, which was already a gener-
alization of a previous result by Srinivas et al. (2010) for bounded noise. It is also more
general than the concentration result from Valko et al. (2013), for kernel regression with
\ # 02, which holds under the assumption of bounded observations.

Lemma 3 (Proposition 1 from Wang and de Freitas (2014)) Let f, denote a func-
tion in the RKHS K induced by kernel k and let us define the posterior mean and variances
with A = o2, for (arbitrary) data (zy)p<;. Assuming o-sub-Gaussian noise variables, then
for all &' € (0,1) we have that

P[3z € Xt |frelz) — ful@)] = boesr ()Y (@, 2)] <&, where

2 4 2
B0) = I+ /S5 () S+ 210 S8+ 20 () + 2010
and v (A) = %Zﬁ,zl In (1+ $kyy—1(zy,zyp)) is the information gain.
Remark 15 This results provides a bound that is valid for each t, with probability higher
than 1 — 6. In contrast, results from Abbasi-Yadkori et al. (2011), as well as Theorem 1

hold with probability higher than 1 — 8, uniformly for all t, and are thus much stronger in
this sense.

11
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Theorem 2 extends Theorem 1 to the case when the regularization is tuned online based
on gathered observations. To the best of our knowledge, no such result exists in the literature
at the time of writing this paper. Moreover, Theorem 3 provides variance estimates with
confidence bounds scaling with 1/+/¢, in the spirit of the results from Maurer and Pontil
(2009), that were provided in the i.i.d. case. Thus, Theorem 3 also appears to be new.
Finally, Corollary 1 further specifies Theorem 2 to the situation where the regularization
is tuned according to Theorem 3, yielding a fully adaptive regularization procedure with
explicit confidence bounds.

Bandits optimization When applied to the setting of multi-armed bandits, Theorems 5
and 4 respectively extend linear TS (Agrawal and Goyal, 2013; Abeille and Lazaric, 2017)
and UCB (Li et al., 2010; Chu et al., 2011) to the RKHS setting. Similar extensions have
been provided in the literature: GP-UCB (Srinivas et al., 2010) generalizes UCB from the
linear to the RKHS setting through the use of Gaussian processes; this corresponds to the
case when A = 0. The bounds they provide in the case when the target function belongs
to an RKHS is however quite loose. KernelUCB (Valko et al., 2013) also generalizes UCB
from the linear to the RKHS setting through the use of kernel regression. However the
analysis of this algorithm was out of reach of their proof technique (that requires indepen-
dence between arms) and they analyze instead the arguably less appealing variant called
SupKernelUCB. Also, the analysis of both GP-UCB and SupKernelUCB in the agnostic

setting are respectively limited to bounded noise and bounded observations.

6. Illustrative numerical experiments

In this section, we illustrate the results introduced in the previous Sections 2 and 3 on a
few examples. The first one is the concentration result on the mean from Theorem 1, the
second one is the variance estimate from Theorem 3, and the last one combines the formers
by using the noise estimate to tune A1 = 02/C? in Theorem 2, which corresponds to
Corollary 1. We finally show the performance of kernelized bandits techniques using the
provided variance estimates and adaptative regularization schemes.

We conduct the experiments using the function f, shown by Figure 1, which has norm
_ (z—z/)2

|| fellc = ||0x|l2 = 2.06 in the RKHS induced by a Gaussian kernel — k(z,2') =e  2°
with length scale p = 0.3. This function results from the linear product between features
o(z), explicited using a Taylor expansion?, and a randomly generated parameter vector 0,.
We consider the space X = [0, 1] and zero-centered Gaussian noise with o = 0.1. All further
experiments use the upper-bound C' =5 on || f,||x and the lower-bound o_ = 0.01 on o.

6.1 Kernel concentration bound with fixed regularization

The following experiments compare the concentration result given by Theorem 1 with the
kernel concentration bounds from Wang and de Freitas (2014) reported by Lemma 3. The
true noise o = 0.1 is assumed to be known and all observations are uniformly sampled from
X. In both cases, we use a fixed confidence level § = 0.1. Figure 2 shows that for A = o2, the

2. If z € R, the i-th feature of a Gaussian kernel p(z) = e 2 2l (Cotter et al., 2011).

Pt/ (i=1)!
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0.0 1
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X

Figure 1: Test function f, used in the following numerical experiments.
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Figure 2: Confidence interval of Theorem 1 and Lemma 3 (Wang and de Freitas, 2014).

result given by Theorem 1 recovers the confidence envelope of Wang and de Freitas (2014).
Note however that the confidence bound that we plot for Theorem 1 are valid uniformly
over all time steps, while the one derived from Wang and de Freitas (2014) is only valid
separately for each time. Further, Theorem 1 generalizes the latter result to the case where
\ # o2, For illustration, Figure 3 illustrates the confidence envelopes in the special case
where A = 02/C?, which also shows the potential benefit of such a tuning.

6.2 Empirical variance estimate

We now illustrate the convergence rate of the noise estimates o_ ; = max{o_+(\),0_;_1}
and o4 ; = min{oy (A, A_),04 1} computed using Theorem 3, where A\_ = o2 ,/C?

13
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5 observations 10 observations

01 \ 0 N
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Figure 3: Confidence interval of Theorem 1 for different A.
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Figure 4: Noise estimate from Theorem 3 with o for a) fixed A = 02 /C?; b) A = 0371571/02.
Dotted line indicates o.

and § = 0.1. All observations are uniformly sampled from X. Section 3 suggests that

A= Ui,tfl /C? should provide tighter bounds than a fixed A = 02 /C?%. Figure 4 shows

that this is indeed the case especially for large values of t. We also see that the adaptive
update of A converges to the same value, whatever the initial bound 4. This is especially

interesting when o is a loose initial upper bound on o.

In practice, the bound of Theorem 3 not using the knowledge of o, may be useful even
when o4 is known. This is illustrated by Figure 5a that plots the upper-bound variance

estimate o4 (A, A_) for A = O‘_2|_7t_1/02 in both cases. In practice, we suggest to use the

minimum of the bound using the knowledge of o4 (case 1) and of the agnostic one (case 2) to
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Figure 5: Variance estimate a) from Theorem 3, with and without o4 ; b) as minimum of
the bounds and o, for different upper-bounds. Dotted line indicates o.

set 04 ¢(A, A_) and the maximum for o_ (). Figure 5b shows the resulting noise estimate
envelopes for different o4 values (recall that o = 0.1).

6.3 Kernel concentration bound with adaptive regularization

We now combine the previous experiments and use the estimated noise in order to tune
the regularization. Recall that we consider 0_ g = 0_, 049 = 04, and Ay = o_% /C%. On
each time ¢ > 1, we estimate the noise lower-bound o_; = max{o_+(A\—1),0_+—1} using
Theorem 3 and set A\_ = 03775/02. We then compute the upper-bound noise estimate
o4 = min{oy ;(A—1,A_), 041} using Theorem 3 and set X, = 0% ;/C?. We are now
ready to compute the confidence interval given by Corollary 1. Note that § = 0.1 is used
everywhere and all observations are uniformely sampled from X. Figure 6 illustrates the
resulting confidence envelope of this fully empirical model for noise upper-bound o =1
(recall that the noise satisfies 0 = 0.1) plotted against the confidence envelope obtained with
Theorem 1 with fixed A = 02 /C2. We observe the improvement of the confidence intervals
with the number of observations. Recall that this setting is especially challenging since
the variance is unknown, the regularization parameter is tuned online, and the confidence
bounds are valid uniformly over all time steps.

6.4 Kernelized bandits optimization

In this section, we now evaluate the potential of kernelized bandits algorithms with variance
estimate. We consider X as the linearly discretized space X = [0, 1] into 100 arms. Recall
that the goal is to minimize the cumulative regret (Equation 4) and that we are optimizing
the function shown by Figure 1 with 0 = 0.1. We evaluate Kernel UCB (Equation 5) and
Kernel TS (Algorithm 1 with v, = By, +—1()/04 —1) with three different configurations:

a) the oracle, that is with fixed \; = 02/C?, assuming knowledge of o;

b) the fixed \; = ai /C?, that is the best one can do without prior knowledge of o?;

c¢) the adaptative regularization tuned with Corollary 1.
All configurations use C' = 5. Kernel UCB uses § = 0.1/4 and Kernel TS uses § = 0.1/12
such that their regret bounds respectively hold with probability 0.9. Recall that observations
are now sampled from X using the bandits algorithms (they are not i.i.d.). Configurations
b) and c¢) use o+ = 1, while the oracle a) uses o4 = 0. Figure 7 shows the cumulative regret
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Figure 6: Confidence interval using fixed (Theorem 1) and adaptive (Corollary 1) regular-

ization, for o4 =1 and § = 0.1.
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Figure 7: Averaged cumulative regret along episodes for a) Kernel UCB and b) Kernel TS.

averaged over 100 repetitions. Note that the oracle corresponds to the best performance that
could be expected by Kernel UCB and Kernel TS given knowledge of the noise. The plots
confirm that adaptively tuning the regularization using the variance estimates can lead to a
major improvement compared to using a fixed, non-accurate guess: after an initial burn-in
phase, the regret of the adaptively tuned algorithm increases at the same rate as that of
the oracle algorithm knowing the noise exactly. The fact that Kernel UCB outperforms
Kernel TS much implies that inflating the variance in Kernel TS, as suggested per the
theory presented previously, may not be optimal in practice. Further attention should be

given to this question.
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Figure 8: Averaged cumulative regret and one standard deviation along episodes for Kernel
TS oracle with Theorem 1 and Lemma 3 (Wang and de Freitas, 2014).

In order to evaluate the benefit of the concentration bound provided by Theorem 1, we
compare the Kernel TS (Algorithm 1) oracle using vy = By ;—1/0 and A = 02/C?, where
By t—1 is given by Theorem 1, against v; = ¢,(§) where ¢;(0) is given by Lemma 3 (Wang
and de Freitas, 2014) with § = 0.1. Figure 8 shows that the concentration bound given by
Theorem 1 improves the performance of Kernel TS compared with existing concentration
results (Wang and de Freitas, 2014). It highlights the relevance of expliciting the regular-
ization parameter, which allows us to take advantage of regularization rates that may be
better adapted.

7. Conclusion

This work addresses two problems: the online tuning of the regularization parameter in
streaming kernel regression and the online estimation of the noise variance. To this extent,
we introduce novel concentration bounds on the posterior mean estimate in streaming kernel
regression with fixed and explicit regularization (Theorem 1), which we then extend to the
setting where the regularization parameter is tuned (Theorem 2). We further introduce
upper- and lower-bound estimates of the noise variance (Theorem 3). Putting these tools
together, we show how the estimate of the noise variance can be used to tune the kernel
regularization in an online fashion (Corollary 1) while retaining theoretical guarantees. We
also show how to use the proposed results in order to derive kernelized variations of the
most common bandits algorithms UCB and Thompson sampling, for which regret bounds
are also provided (Theorems 4 and 5).

All the proposed results and tools are illustrated through numerical experiments. The
obtained results show the relevance of the introduced kernel regression concentration in-
tervals for explicit regularization, which hold when the regularization does not correspond
to the noise variance. The potential of the proposed regularization tuning procedure is
illustrated through the application to kernelized bandits, where the benefits of adaptive
regularization is undeniable when the noise variance is unknown (this is usually the case in
practice). Finally, one must note that a major strength of the tools proposed in this work is
to allow for an adaptively tuned regularization parameter while preserving theoretical guar-
antees, which is not the case when regularization is tuned for example by cross-validation.

17



DURAND, MAILLARD, AND PINEAU

Future work includes a natural extension of these techniques to obtain an empirical
estimate of the kernel length scales. This information is often assumed to be known, while
in practice it is often not available. Although some preliminary work has been done in
that direction (Wang and de Freitas, 2014), designing theoretically motivated algorithms
addressing these concerns would help to fill an important gap between theory and practice.
On a different matter, the current work gives the basis for performing Thompson sampling
in RKHS, and could be extended to the contextual setting in a near future, as was done
with CGP-UCB (Krause and Ong, 2011; Valko et al., 2013).

Acknowledgments

This work was supported through funding from the Natural Sciences and Engineering Re-
search Council of Canada (NSERC, Canada), the REPARTI strategic network (FRQ-NT,
Québec), MITACS, and E Machine Learning Inc. O.-A. M. acknowledges the support of the
French Agence Nationale de la Recherche (ANR), under grant ANR-16-CE40-0002 (project
BADASS), Inria Lille — Nord europe, CPER Nord-Pas de Calais/FEDER DATA Advanced
data science and technologies 2015-2020, and the French Ministry of Higher Education and
Research.

Appendix A. Laplace method for tuned kernel regression

In this section, we want to control the term |fy +(z) — fi(z)| simultaneously over all t < T'.
To this end, we resort to a version of the Laplace method carefully extended to the RKHS
setting.

Before proceeding, we note that since k£ : X x X — R is a kernel function (that is
continuous, symmetric positive definite) on a compact set X equipped with a positive finite
Borel measure p, then there is an at most countable sequence (o;,1;);en+ where o; > 0,
lim; 0 0; = 0 and {¢;} form an orthonormal basis of L ,(X), such that

> / 2 > <f7 wj)%g’u
Ka,y) = Yo @)eiy) and (LR =Y
j=1

j=1 J

Let ¢; = \/oit;. Note that |lw;|lL, = /04, |lwillk = 1. Further, if f = >, 60;p;, then
£l = >, 02 and ||f*|\2L2 = 3,620, In particular f belongs to the RKHS if and only
if >°,02 < co. For p(z) = (¢1(z),...) and § = (6y,...), we now denote 0" ¢(z) for
> ien bii(x), by analogy with the finite dimensional case. Note that k(z,y) = ¢(z) ¢ (y).

In the sequel, the following Martingale control will be a key component of the analysis.

Lemma 4 (Hilbert Martingale Control) Assume that the noise sequence {&}52 is
conditionally o-sub-Gaussian

Y o

Vt € N,Vy € R, InE[exp(v&)|Hi—1] < 5
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Let T be a stopping time with respect to the filtration {H:}7°, generated by the variables

x4, &2, For any q = (q1,qa, . ..) such that q" pi(x) =3, n ip(z) < 00, and determin-
=0 ¥ ieN &P
istic positive A, let us denote

B —a'ex),  o® - (apla)?
Msl%)\—exp<t:1 % gt—Qg \ >

Then, for all such q the quantity Mf/\ is well defined and satisfies
ImE[M]<0.

Proof The only difficulty in the proof is to handle the stopping time. Indeed, for all
m G N, thanks to the conditional R-sub-Gaussian property, it is immediate to show that
{M /\}m o 1s a non-negative super-martingale and actually satisfies InE[M2 |] < 0.

By the convergence theorem for nonnegative super-martingales, Ms, = hmmHoo Mg% N
is almost surely well-defined, and thus Mg)\ is well-defined (whether 7 < oo or not) as well.

In order to show that lnE[Mf)\] < 0, we introduce a stopped version Qy, = M9 5, of

min{r,m},

{M3 \}m. Now E[MZ,] = E[liminf,, 00 Qm] < liminfa, o E[Qm] < 1 by Fatou’s lemma,
Wthh concludes the proof. We refer to (Abbasi-Yadkori et al., 2011) for further details. W

We are now ready to prove the following result.
Proof of Theorem 2 (Streaming Kernel Least-Squares) We make use of the features
in an explicit way. Let A = M\11. For fi € K, we denote 6* its corresponding parameter
sequence. We let ®; = (¢(xy))r<; be a t x oo matrix built from the features and introduce
the bi-infinite matrix Vy; = I + %@;“I’t as well as the noise vector Fy = (£1,...,&). In
order to control the term |fx; — fi(z)|, we first decompose the estimation term. Indeed,
using the feature map, it holds that

f)‘7t(13) = ]{?t(ZL‘)T(Kt + )\It)il
= o) @] (®® + )"V,

)
= ox)"®] ( — )\<I>t()\I+<I>tT<I>t)_1<I>tT>)Q

= o(z)" (@] @+ \) '@/ (20" + Ey)
where in the third line, we used the Shermann-Morrison formula. From this, simple algebra
yields

(@) — f(z) = %cp(x)TVATtl(Qj Ey — \0%).

We then obtain, from a simple Holder inequality using the appropriate matrix norm, the
following decomposition, that is valid provided that all terms involved are finite.

rela) = F@I < =@y | 5180 By + VA1
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Now, we note that a simple application of the Shermann-Morrison formula yields
le(@)y, 1 = k(e 2).
On the other hand, the last term of the bound is controlled as ”9*”‘/;1 < ||6*||. Thus,
,t

1/2
k)\{t (x,x)

VA Ly /\t-l—

In order to control the remaining term, ﬁ”@; Et”V;l " for all ¢, we now want to
t+1>

[fai(z) = f@)] < H‘PTEtHVA;iM + VA [107l2

apply Lemma 4. However, the lemma does not apply since A\yy1 is Hi-measurable. Thus,
before proceeding, we upper-bound it by the similar expression involving A,:

o,/ P
E =t(I <I>Tq> 1=t

N TS ) ¢
= B ® (M +d®)'®E
< Bl e (I + @) @) 9, F,

1 T 2
XH@t Et”v)\*tl

where in the last line, we use the fact that the function f : A — u ' (A\[+A) " tu, for u = &, F;
and A = &/ ®, is non increasing (see Lemma 5 below). Thus, ﬁ”QIEtHVItL,t <

\/%j”(I’I*,tEtHVQt' Next, we introduce a random stopping time 7, to be defined later and
apply Lemma 4.

More precisely, let @ ~ N(0,I) be an infinite Gaussian random sequence which is
independent of all other random variables. We denote Q" ¢(z) = >, .y Qii(z). For all
z, k(z,2) = 3y @2 () < oo and thus V(QT¢(z)) < co. We define M, 5, = E[MSL WL
Clearly, we still have E[M), ;| = E[E[Mg’)\*] |Q] < 1. Since V), , = I—i—%(I)ICI)T, elementary
algebra gives

1
det(V)\*7T) = det(V,\ﬂT 1+

3, Pl )so(fvr)T)Zdet(VA*,T—l)(lJr ||80($T)||V*1 )

T—1

T

1
= det(V),,0) || (1—1—)\ H@(l‘t/)H%//\—ltl 1),
* x50 —

t'=1

where we used the fact that the eigenvalues of a matrix of the form I + za ' are all ones
except for the eigenvalue 1+ ||z|? corresponding to . Then, note that det(V}, o) = 1 and
thus

In(det(Vx, ) = Zln1+ wat/)\lv— R

t'=1

_ 72111 <1+ ko1 (zy, w))

t'=1

In particular, In(det(V), ;)) is finite. The only difficulty in the proof is now to handle the
possibly infinite dimension. To this end, it is enough to take a look at the approximations
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using the d first dimension of the sequence for each d. We note Qg, My, -, ®,4 and V, 4
the restriction of the corresponding quantities to the components {1,...,d}. Thus Qg is
Gaussian N (0, I;). Following the steps from Abbasi-Yadkori et al. (2011), we obtain that

1 1 T 2
e e B - .
det(V,\*7m7d)1/2 Xp (202)\* | m,d m||v)\*1,m,d>

Note also that E[M; 4,] < 1 for all d € N. Thus, we obtain by an application of Fatou’s
lemma that

My g n, =

ESEAEN sexp (sl BLE )
IP< lim ATl > 1) < E[ lim i i ]
d=00 952, log (det(vA*,T,d)l/2 /5) d—00 det(Va, r.4)
< 6 lim E[M.,-d)\*}g(;.
d—o0 T

We conclude by defining 7 following Abbasi-Yadkori et al. (2011), by
7(w) = min {t > 0w e st @B} > 207\ log (det(vA*,t)l/Q/cs)} .
Then 7 is a random stopping time and
P(Ht, |®/ Bill} 1, > 20°Alog (det(V,\ht)I/Q/é)) = P(r < 00) < 4.

Finally, combining this result with the previous remarks we obtain that with probability
higher than 1 — §, uniformly over z € X and t < T, it holds that

1/2

k , det(I + L+ ®,)1/2
|fA,tf*<x>|<W[\/2a2ln( AN o Vel

At41

Lemma 5 (Technical lemma) The function f: X+ u' (A + A)~ u, where A is a semi-
definite positive matriz and u is any vector, is non-decreasing on A\ € RT.

Proof Indeed, let h > 0. By the Sherman-Morrison formula, we obtain
FOFR) = FON) —hu' M+ A) YT +hON + A H YA+ A) L.
Thus, since AI + A is also semi-definite positive, we have

o TOA D) = FO)

— T -1 -1, <0.
lim - WTOM + A) XL+ A) <0
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Appendix B. Variance estimation

In this section, we give the proof of Theorem 3. To this end, we proceed in two steps. First,
we provide an upper bound and lower bound on the variance estimate in the next theorem.
Then, we use these bounds in order to derive the final statement.

Theorem 6 (Regularized variance estimate) Under the second-order sub-Gaussian pre-
dictable assumption, for any random stopping time T for the filtration of the past, with
probability higher than 1 — 36, it holds

~ 2C. (5) \f !
" < ol \/7 YL
\/%T,T U[ + - ] 1l T\/ max<r (1 + kx¢—1 (2, 1))

i > ofi- NEOR \/a(&)mm*ﬁ(a)]_¢20A1/2|rf*umﬁm,f<a>.

T T T

where we introduced for convenience the constants C;(8) = In(e/8) [1+In(7?In(7)/6)/In(1/6)]
and Dy, +(0) =2In(1/8) + >, ln(1+%*k>\*7t,1(xt,xt)).

Proof We use the feature maps and start with the following decomposition

Toinr = O (W — Far(@) =Y (e — (Orr o(0)))?
t=1 t=1
= (0" = 07) G (0" — Onr) + |- []° + 20" — 6x7) @] . (6)

where 0* — 0 ; = (I — G5 1G,)0* — G @] E; with Gy, = A\ + G, and G, = & ..
On the one hand, we can control the first term in (6) via
(0% — 05,) TG (0* — 05,)
= [ -G 160" — G L] BTG, (I - G5 1G)0" — G Lo] E;)
= M0 — @B G 1G-G L[N — D] E]
= -] BTG L - A\G 2Nt — @] E]
= @ Erll7- = AL E-Z 2 + (10717, — X[1607]]2,
AT AT AT A, T
* 11— —
—2X0* ' [G L — MG 2] E;
where we used the fact that I — Gy LG, = G, } and then that G 1G,Gy L = G, 1 =G, 2%,
Likewise, we control the third term in (6) via
20— 0r,) @B, = 2[(I -G,1G.)0" -G, 1@
= 20 -0 E ]G 1o B,

= 200 G Lo B, 20 B2 .
’ A, T

TE "0 E,

T
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Combining these two bounds, we have

T

D W — (O p(a))?

t=1
= ||ET”2 - ”(I)IETHZ -1 = /\H(I)‘:TET”Q -2
AT A, T

+22]6%|12 - 231642 2+ 220" TG 20 E,

2?2 A A2
< B+ —— 03 (1 - ——) +2 0* 2| E, || -
L wrd Ll :{ Chel wow Cerend e L LR
> B+ g W (- ) ~ i — e Bl
- ! Amax(Gar) 2 Amin(Gy, ;) Amin/2(G ) TG

A
elm (1)
@7 Bl (1+ 5

min(G)\,T)

Now, from Lemma 6, it holds on an event €2y of probability higher than 1 — §,

1 1

T T T

0 <07 Erl2 s = 10T Bl < T Erll2 0 < 02Dy (6).
5T T * *T

On the other hand, we control the second term | E,||?> by Lemma 6 below, and obtain
that with probability higher than 1 — 24,

< 10% 4 20%/27C(6) 4 20°C,(6)
|E 1?2 = 702 —20%/TC(5),

where C;(6) = In(e/d)(1 + ¢/ In(1/0)).
Thus, combining these two results with a union bound, we deduce that with probability
higher than 1 — 36 it holds that

20 (0) N 202C,(6)

Gar S 0t H20% =T -

o2

A2 A
+————16*|I5(1 - —2 16%[124/ D, ~ ()
7->‘rnin((}’>\’7.) 2 ( )‘maX(G)\J) > 7—)\mins/2 (Gx,7)
~ C:(9) A2 A
2 2 2 T * |2
o\, = 0°—=20 + 0 l——
A T TAmax(G/\,‘r) H H2< )‘min(GA,,-)>
No * O'QD)\* 7'(5) A
2T 07/ Da i (0) - TR (14 ).
min3/2(G ;) T min(Gy, ;)
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We can now derive a bound on , /8/2\ - Indeed,

202C,(6)\ 2 A2 A
oh, < = — o3 (1 - ——
0')\ T <U + - ) + T)\min(G)\ﬂ_) || ||2< AmaX(G)\,T)>
20.(6)\? o2 A
~2 > Y _ o
2. > <a " ) . (045) + Dy 0) (14 Amm(Gw))
2220

2T 16*|91/Dy. (6
TAnﬁn&Q(GAJ)H 24/ D, ,7(6)

Thus, using the inequality va + b < /a + Vb, on both inequalities, we get

26%(5) A6l

A
o2 < o+to 1-—
b A/ T mm (Gx,7) \/ )\max(GAﬂ')
A
\Jo:_ > o-—o0 20 - UJ o B (1+ Ami“(cx,f))
AT 7

T

TAmind/2(G )

. AJ 26102/ D 0)

Corollary 1 (Extension of Corollary 3.13 in Maillard (2016)) With probability higher
than 1 — 3¢, it holds simultaneously over all t > 0,

1(\/\/an*nlc\/m_’_\/\ﬁ||f*||lC\/m+’g‘)\ta>2
o2 2t 2t ’

) 2C,(0)\ "
o= |:O-)\t ||f*”’c\/ ( mathgt(l + ]{3)\7t/_1($t’7xt’))>:| <1 i t ) ’

where o = max <1 - \/Ct((sl) - \/Ct(a/)JriDA*’t(é/),O). Further, if an upper bound o+ > o

t

1s known, one can derive the following inequalities that hold with probability higher than
1-3¢,

V Glo) | ¢ Gi(¥) +2D,, t<5’)) + \/ 20 \1/2) . ey Dia (0

o<
U,\t—i—a < v P

26% = [I£« 1
>0t — )
At *lIKe  maxp (1 + Exp—1(zy, z4))
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Proof Using Theorem 6, it holds with high probability that

O [ R [k T ﬁ\/QﬁHf*llch\/m |

~ T T

A

C B

The inequality rewrites A > 0C — \/oB. Now, let y?> = . If C > 0, the inequality holds
provided that y > 0 and A + yB — Cy? > 0, that is when 0 < y < B+vB344C v]g’éHAC. We
conclude by choosing the stopping time 7 corresponding to the probability of bad events,
as in the proof of Theorem 2, then by remarking that ¢ — C;(¢’) is an increasing function. W

Lemma 6 (Lemma 5.10 from Maillard (2016)) Assume that T,, is a random stopping
time that satisfies T, < n almost surely, then

Tn
P[i;fg 2 02+202H21n](;/5)+202h1(;1/5)} < (ﬂn(n)ln(e/éﬂ)é,

]P’[;ngﬁf < o? - 207 ln(;qfé)] < (ﬂn(n) ln(e/éﬂ)é.

Further, for a random stopping time T, and if we introduce cr = In(n?1n?(T)/6), then

T
P[;Z€§>02+202\/21n(e/5)(1+CT/1n(1/(5)) 2021n(e/5)(1+CT/ln(1/5))} <.
=1

T + T

T
I, o wn(e/é)(l T or/n(1/9))
_ 2 <L — <o.

IP[T ;:1§Z <o 20 T <4

Appendix C. Application to stochastic multi-armed bandits

Proof of Lemma 1 Using the facts that min{r, a} < (a/In(14+«)) In(1+r) and minyex A >

o?/C?:

T
1
Z Si,t—1($t) = o’ Z )Ttk/\t,t—l(ﬁﬂt, Tt)
t=1

=1
T
o~ 7
<o Z ?kcﬂ/cq,tfl(l‘t’l‘t)
t=1

T
5 ) C2 CQ
=0 E min 72]{0.2/02715_1(1}, l't), )
) o g

202

< mWT(U2/C2)~
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In particular, we obtain by a Cauchy-Schwarz inequality,

k-1 (@, @) ﬂftﬂ?t \/ _2C%/0* yr(02/C2) .

In(1+ C2/02) )

Proof of Lemma 2 We want to control the quantity By, (). First of all, recall from
Equation 3 that

B, 4(6) = VAC+0y i7/2In(1/8) + 2v:(A)
<04 +041/21(1/0) + 27 (07 /C),

where we use the facts that A\; < 0% /C? and A\_ > 037/02. Then, using that crt%, >o_,
that 7¢(-) is non-increasing and non-decreasing with ¢, it comes

By a(8) < o + 0y [210(1/8) + 2yr(0? /C?).

Alternatively one may use Theorem 6 in order to control the random variables oy 1
and oy _ in a tighter way. For instance, by Theorem 6, we easily obtain that with high
probability, for all ¢,

, vz +vve - veerT e, o]

Vi L+ /2C(0)/t
\/20)‘1/2“f*H1C V D)\*,t((s) + C\F/\\/l - matht(l-‘rk’l)\,t—l(CEt,It))
V(1 4+ /2C(0)/1) ’

that is the estimate satisfies o > oy > o — O(1/v/t). This in turns implies that
V(02 /C?) < 7 (0?/C?) + O(1/+/t). Likewise, it can be shown that o < o044 < 0 +
O(1/+/t), which yields

Byu(0) < o1+ \/2In(1/6) + 29r(02/C?)) + o(1).

oczZ0y_ =2 O—

Proof of Theorem 4 (UCB algorithm for kernel bandits) Let r; denote the instan-
taneous regret at time ¢ and f1(x;) denote the optimistic value at the chosen point x, built
from the confidence set used by the UCB algorithm. The following holds with probability
higher than 1 — 46 for each time-step ¢

rihe) = ful@) = fulwe) < fiy () — fulze)
[fi (@) = Paee—1(@o)| + [ a1 (@) = ful)|

N

k}\t,t—l(xb $t)

2
At

N

By, +-1(9).
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Thus, we deduce that with probability higher than 1 — 44:

d d k‘At t—1($t> fUt)
Re = S or) <2yt 5).
t=1

A
=1 t

We then use Lemma 2 in order to control the term By, ; 1(4), and Lemma 1 in order to

control the sum of k“%t(xtm This yields the following bound on the regret:

Rr < 204 (1 + \/2 In(1/0) + 27T(0%/C2))\/Th1(12i’2ég;02)'w(02/02) .

Proof of Theorem 5 (TS algorithm for kernel bandits) We closely follow the proof
technique of Agrawal and Goyal (2013), while clarifying and simplifying some steps. The
general idea is to split the arms into two groups: saturated arms and unsaturated arms. The
former designates arms where samples ft have low probability of dominating f,(z4) while
the latter designates the other case. This is related to the optimism (Abeille and Lazaric,
2017), that is the possibility of sampling a value that is higher than the optimum. Let E,
and E; be the events that fr and ft are concentrated around their respective means. More
precisely, for a given confidence level §, we introduce

Bis = {Vo € X |fulx) = fraa(@)| < Cosa)}
Et,é = {Vz e X, [fr, i—1(x) — fi(z)| < ét,d(x)}

for some quantities ét,(;(a:), C () to be defined.

9

Controlling the event Etﬁ Choosing the confidence bound to be

k}\t,t—l (1‘" $)

ét7§($) = )\t

B)\t,tfl (5/4) )

then the event Et,é is controlled as ]P(Vt >0, Et,é) >1-9.

Controlling the event Etﬁ On the other hand, since ﬁ(m)]?—lt_l = N(fat—-1(x), Vi)
2

where we introduced the notation V; = v? U*jft’l (ks t—1(z,2'))p arex, then we have by a

simple union bound over x € X,

- 1 )
IED(E17§:75|7-[75*1) < Z We 23/2
X

zeX

C’t,(s(x)

U-Qd—t 1
vt S Fagt—1 (@)

provided that z, = > 1 for all x € X. This motivates the following

definition,

2
% O4i-1
Ct,&(fb“):ct,évt\/ J;\ kx, t—1(x, ),
t
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for a well-chosen sequence (c; 5);. The choice ¢; s = max{+/2In(t(t + 1)[X|/\/76), 1} ensures
that

B ‘X’ 762 /2 0
IP’(EIt 2 0 Ec(g’/Ht_l) < t,6 = -
" ; \F s ; crst(t +1)
t>0 t + 1

from which we obtain P(Vt >0, E‘t75> >1-9.

Summary By definition of the events, under Et’g and Em;, it thus holds that

Ve e X,

N

fula) - f&,tA(:c)\ + | frir(@) = fi@)|
< Cus(x) + Crs(z)

)

[k
— )\t’t 1 B)\tt 1 6/4 +Ct§’l)t0+t 1)
B (6/4) o
= sat—1( (At’t 1(0/4) + ¢t5v 7+; 1)-

gt(9)

ful) = fula)

Saturated arms It is now convenient to introduce the set of saturated times a time ¢

Sis = {a: € Xt fu(zy) — fulz) > sx,tl(a:)gt(é)} together with xs; = argminsy;_1(z).
z¢3t,5

We remark that by construction x ¢ S; 5 for all . Now, by the strategy of the Kernel TS
algorithm, 2; = argmax,cx f;(x). Thus, we deduce that on the event E, sNE;s

f*(ZC*) - f*(xt) = f*(ZL‘*) - f*(xS,t> + f*(xS,t) - f*($t)
sxi-1(25.0)900) + (Flwse) = Folws.))
+(Jlwsa) = filw)) + (Fulwe) = fulan)

-~

N

<

0
< 25x1-1(254)9:(0) + sxt—1(1)g:(0) .

Also, fi(zy) — fo(ze) < R, where R = maxgex f«(24) — fo(z) < co. We then remark that
by definition of x5, we have

Elsxt—1(ze)[Hi-1] Elsxt—1(ze){ze ¢ Sto}Hi1]

Elsxt—1(zs,)l{zs & St} He1]
sat—1(xs¢)P <$t ¢ Sis Ht—1> :

VoV
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Likewise,
E[min{2sx ¢—1(x¢)g:(0), R} Hi—1]
P(% ¢ S5 Ht—1)

Since on the other hand, (fi(zy) — fu(xe)){ar & Sist < sap—1(xe)ge(0){ze ¢ Sis}, we

~ ~

deduce that on the event F; s N E; 5 we have

min{sx;—1(7s,)g:(0), R} <

Je(wy) = fu(2e) < min {28,\,t—1(1‘8,t)gt(5) + sx—1(74)g:(9), R}H{xt € S5}
Foxi-1(2) gt (0){x & Seo}
< min {283 -1 (25.)9:(6), R [ Iz € Sig) + sxim1(x)au(d)
E[min{2sx -1 (2¢)g:(6), R} He1]
P(mt ¢ Sis ’Ht—1>

Lower bounding the denominator At this point, we note that on the event E‘t’g ﬁE~t55,
for all x € S 5,

Kz € S5} + sau—1(xe)ge(9) .

~X

ft(x) < f*(x) + S)\,t—l(x)gt((s) < f*(ZL'*) )

while on the other hand we have the inclusion ~ {Va € Si5, fi(zy) > fi(x)} C {x: & Si5}-
Thus, combining these two properties, we deduce that

{:ct € St,6} N Em; N Et,(;
c {3 e Sis flw) < f@) } 0 {vr € Sus, fulw) < Sl )
c {fwd) < e}
Further, using that ft(a:)]?-[t_l = N(fr1—1(x), Vi) yields
{xt € Stﬁ} N E\tﬁ N Etﬁ
C {Aim) = Pro (@) < fulwa) = fraa(@) } 0 By 0 By
- {]Ft(fv*) - f)\t,tfl(x*) < ét,&(w*)} - {‘ft(x*> - f)\t,tfl(x*” < 6t,6(x*)}7
from which we obtain

{1fi@0) = Proar@)] > Cos(@) } 0 Bus © Lo & Sys} U B

Thus, we have proved that

]P’(:ct ¢ Sis Ht_1> - P(Eg(;]%t_l)

HH) > P(\ﬁ<x*>—fAt,t1<x*>\ > Cro(w2), Brs

= P(‘ft(ﬂ?*) — Fani—1(z0)] > ét,é(w*) Ht—1>H{Et,5} - P<E§5’Ht—l> .
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Anti-concentration We now resort to an anti-concentration result for Gaussian vari-
ables (Abramowitz and Stegun, 1964). More precisely, the following inequality holds

]P’( Ht—l) = ! 6_22/2

2\/mz
where we introduced the H;_1-measurable random variable

Fi(@) = fai1(@)| > Crs(a)

&, s(x By,-1(6/4
I 1o () — Dt 1(6/4) , provided that z > 1.
kx, t—1(x,%) VtO 4 t—1
VtO 4 t—1 Y

By, ,t-1(0/4)

Taking v; = PPy T ) for constants oy, B such that 2ay4 In(8;) > 1 thus yields
P(’vft(w*) - f)\t t—]_(x*) > ét §($*) %t1> 2 pt d:ef /Bt_at .
’ ’ 2/m\/20: ()

Summary At this point of the proof, we have proved that

(ful(@s) = ful@))I{Ey 50 By s}
< Emin{2sx¢—1(2¢)9¢(9), R}[He—1]I{z: € St’é}ll{@t,aﬂEt,a}
tH{Et(S} P( .6 |Ht 1)

+sat—1(2¢)g:(6 )H{Em N Ey s}

P(Ef 5| Hi-1)

. 1
< E[mln{QS)\vt,ﬂﬂft)gt(é); R}‘Ht—l] ( + 2
Pt Py

) + sA,t,1(3?t)9t(5> s

where in the second inequality, we used the property ﬁ = l + = - D < % +

1%, for p > q.
Combining the bound on P(E¢ {5|Hi—1) and the definition of pt, we obtain

(ful(zs) — f*(xt))H{Et,E N Et,é}

< Emin{2sx—1(x¢)g:(6), R} Hi—1 <\/87Toztln Be) By

+sxt—1(¢)ge(5) -

87TC¥t In(B:) 5} 2ot
C ,5t(t + 1) )

Pseudo-regret Summing-up the previous terms over ¢ > 1, we obtain that the pseudo-
regret of the Kernel TS strategy satisfies, on the event ﬂt>1 E; 5 N E; s that holds with
probability higher than 1 — 24,

T

Rr < Z[E[min{Qs,\t_l(xt)gt(é), R}mt_l]\/mﬁgt(l N 5\/Wﬁft>
t=1 )

+sat—1(xe)ge ()|,
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where ¢; 5 = max{\/2In(¢(t + 1)|X|/\/75), 1}, and the constants oy, 3; must be such that
20 In(B;) = 1 and /8may In(B;) 5" > 1. Also, let us recall that

By, ;-1(6/4 _
g(0) = Pt BT 19/ )+Ct,§vt70+’t !
o o
_ BAt,t—1(5/4) <1 n Ct,5 > .
o 20@111(&)

In particular, the specific choice ay = 1/21n(5;) where 8; > 1 (which satisfies 1 > 1 and

Vdme > 1) yields

W

Bai-1(6/4)
< RS L N
%T = g (

E [min{23A7t_1(mt) 1+ Ct,&) ) R}‘”Htl} Nt + sx,—1(71)g¢(6)

-
Il

1

I
N

E[min {2s>\,t_1($t)gt(5), R} "Htfl} Nt + sx,i—1(x¢)g:(9)

-
Il

1

where we introduced the deterministic quantity 7 = v/ 47re<1 +90 o t%?jl)) .

Concentration In order to finish the proof, we now relate the sum of the terms
El[sx¢—1(x¢)|Hi—1] to the sum of the terms sy ;—1(x¢), for ¢ > 1. More precisely, let us
introduce the following random variable

X, = E[min {23>\7t,1(a;t)gt(5), R}"Ht_l] 7 — min {28)\775,1(1})‘%(5), R}m )

By construction, E[X;|H;—1] = 0 and |X;| < Rn;. Thus, by an application of Azuma-
hoeffding’s inequality for martingales, we obtain that for all 6 € (0,1), with probability
higher than 1 — ¢,

T
DX < |2) R In(1/6),
t=1

and thus that on an event of probability higher than 1 — 34,

T
Zmin {25x1-1(@t)ge(6), R}y + sxp—1(we) ge(6 2232 In(1/6).

Replacing 7; with its expression, that is

4me
"= \/R(l * 5max{\/2 In(t(t 4 1)|X[//70), 1}t(t + 1)>

Ve
< \/47<1+5(ti1))
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we deduce that with probability higher than 1 — 36,

T T
Rr < (4Yme+1) < > 5>\7t_1(xt)gt(5)) + Rédme + R, |8me > (1+ 5%‘?) )21n(1/6)
t=1 t=1

< (4yme+1) (ZS)\t 1(z1) ge( ))+R547re—|—\/87re(1+(5@)2R\/T1n(1/6)

N 1)(; Outtlontt) g, 60+ cm))

+Ré4me + \/ 8me(1 + 6v/4me)2R\/TIn(1/9).

This concludes the proof of the main result, since ¢;5 < c75.

Final bound Then, using Lemma 2 we can rewrite the regret as

T
Ry = (AVme+1)(1 +cm)a+(1+\/21n4/5)+2w /02)2\/m
t=1

+Ré4me + \/87re(1 + 0v4me)2R\/TIn(1/9) .

Using Lemma 1 together with a Cauchy-Schwarz inequality, we finally obtain

2TC?/o?

Rr = (@ve+ D1+ eng)os (1+/2n(4/9) + 292(02/C?)) w(i+g) "

(02/C?)

+Ré4me + \/87re(1 + 0v/4me)2R\/TIn(1/4).
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