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Abstract

We propose a new iteratively reweighted least squares (IRLS) algorithm for the recovery
of a matrix X € C%*9 of rank r « min(dy, dy) from incomplete linear observations, solv-
ing a sequence of low complexity linear problems. The easily implementable algorithm,
which we call harmonic mean iteratively reweighted least squares (HM-IRLS), optimizes a
non-convex Schatten-p quasi-norm penalization to promote low-rankness and carries three
major strengths, in particular for the matrix completion setting. First, we observe a re-
markable global convergence behavior of the algorithm’s iterates to the low-rank matrix
for relevant, interesting cases, for which any other state-of-the-art optimization approach
fails the recovery. Secondly, HM-IRLS exhibits an empirical recovery probability close to 1
even for a number of measurements very close to the theoretical lower bound r(d; +ds — 1),
i.e., already for significantly fewer linear observations than any other tractable approach in
the literature. Thirdly, HM-IRLS exhibits a locally superlinear rate of convergence (of order
2 — p) if the linear observations fulfill a suitable null space property. While for the first
two properties we have so far only strong empirical evidence, we prove the third property
as our main theoretical result.

Keywords: [Iteratively Reweighted Least Squares, Low-Rank Matrix Recovery, Matrix
Completion, Non-Convex Optimization

1. Introduction

The problem of recovering a low-rank matrix from incomplete linear measurements or ob-
servations has gained considerable attention in the last few years due to the omnipresence
of low-rank models in different areas of science and applied mathematics. Low-rank models
arise in a variety of areas such as system identification (Liu et al., 2013; Liu and Vanden-
berghe, 2010), signal processing (Ahmed and Romberg, 2015), quantum tomography (Gross
et al., 2010; Gross, 2011) and phase retrieval (Candes et al., 2013; Candeés et al., 2013; Gross
et al., 2015). An instance of this problem of particular importance, e.g., in recommender
systems (Srebro et al., 2005; Goldberg et al., 1992; Candes and Recht, 2009), is the matriz
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completion problem, where the measurements correspond to entries of the matrix to be
recovered.

Although the low-rank matrix recovery problem is NP-hard in general, several tractable
algorithms have been proposed that allow for provable recovery in many important cases.
The nuclear norm minimization (NNM) approach (Fazel, 2002; Candes and Recht, 2009),
which solves a surrogate semidefinite program, is particularly well-understood. For NNM,
recovery guarantees have been shown for a number of measurements on the order of the
information theoretical lower bound r(dy + dy — r), if r denotes the rank of a d; x da-
matrix (Recht et al., 2010; Candes and Recht, 2009); i.e., for a number of measurements
m = pr(dy + dg —r) with some oversampling constant p > 1. Even though NNM is solvable in
polynomial time, it can be computationally very demanding if the problem dimensions are
large, which is the case in many potential applications. Another issue is that although the
number of measurements necessary for successful recovery by nuclear norm minimization
is of optimal order, it is not optimal. More precisely, it turns out that the oversampling
factor p of nuclear norm minimization needs to be much larger than the oversampling factor
of some other, non-convex algorithmic approaches (Zheng and Lafferty, 2015; Tanner and
Wei, 2013).

These limitations of convex relaxation approaches have led to a rapidly growing line
of research discussing the advantages of non-convex optimization for the low-rank matrix
recovery problem (Jain et al., 2010; Tanner and Wei, 2013; Haldar and Hernando, 2009;
Jain et al., 2013; Wen et al., 2012; Tanner and Wei, 2016; Vandereycken, 2013; Wei et al.,
2016; Tu et al., 2016). For several of these non-convex algorithmic approaches, recovery
guarantees comparable to those of NNM have been derived (Candes et al., 2015; Tu et al.,
2016; Zheng and Lafferty, 2015; Sun and Luo, 2016). Their advantage is a higher empirical
recovery rate and an often more efficient implementation. While there are some results
about global convergence of first-order methods minimizing a non-convex objective (Ge
et al., 2016; Bhojanapalli et al., 2016) so that a success of the method might not depend on
a particular initialization, the assumptions of these results are not always optimal, e.g., in
the scaling of the numbers of measurements m in the rank r (Ge et al., 2016, Theorem 5.3).
In general, the success of many non-convex optimization approaches relies on a distinct,
possibly expensive initialization step.

1.1 Contribution of this paper

In this spirit, we propose a new iteratively reweighted least squares (IRLS) algorithm for the
low-rank matrix recovery problem! that strives to minimize a non-convex objective function
based on the Schatten-p quasi-norm

H}}H HXng subject to ®(X) =Y, (1)
for 0 < p < 1, where ® : C%*92 _, C™ is the linear measurement operator and Y € C™ is the

data vector defining the problem. The overall strategy of the proposed IRLS algorithm is
to mimic this minimization by a sequence of weighted least squares problems. This strategy

1. The algorithm and partial results were presented at the 12th International Conference on Sampling
Theory and Applications in Tallinn, Estonia, July 3-7, 2017. The corresponding conference paper has
been published in its proceedings (Kiimmerle and Sigl, 2017).
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is shared by the related previous algorithms of (Fornasier et al., 2011; Mohan and Fazel,
2012) which minimize (1) by defining iterates as

1
X+ min W2 X |2 subject to ®(X) =, (2)

where Wén) ~ (X (n) x (")*)% is a so-called weight matriz which reweights the quadratic
penalty by operating on the column space of the matrix variable. Thus, we call this column-
reweighting type of IRLS algorithms IRLS-col. Due to the inherent symmetry, it is evident
to conceive, still in the spirit of (Fornasier et al., 2011; Mohan and Fazel, 2012), the algo-
rithm IRLS-row

1
X+ — n}}n HW};”X*H% subject to ®(X) =Y (3)

with Wén) ~ (XX (”))%, which reweights the quadratic penalty by acting on the row
space of the matrix variable. We note that even for square dimensions d; = dy, IRLS-col
and IRLS-row do not coincide.

In this paper, as an important innovation, we propose the use of a different type of
weight matrices, which can be interpreted as the harmonic mean of the matrices Wén) and

W}(%n) above. This motivates the name harmonic mean iteratively reweighted least squares
(HM-IRLS) for the corresponding algorithm. The harmonic mean of the weight matrices of
IRLS-col and of IRLS-row in HM-IRLS is able to use the information in both the column
and the row space of the iterates, and it also gives rise to a qualitatively better behavior than
the use of more obvious symmetrizations as, e.g., the arithmetic mean of weight matrices
would allow for both in theory and in practice.

We argue that the choice of harmonic mean weight matrices as in HM-IRLS leads to
an efficient algorithm for the low-rank matrix recovery problem with fast convergence and
superior performance in terms of sample complexity, also compared to algorithms based on
strategies different from IRLS.

On the one hand, we show that the accumulation points of the iterates of HM-IRLS con-
verge to stationary points of a smoothed Schatten-p functional under the linear constraint,
as it is known for, e.g., IRLS-col, c.f. (Fornasier et al., 2011; Mohan and Fazel, 2012).
On the other hand, we extend the theoretical guarantees which are based on a Schatten-p
null space property (NSP) of the measurement operator (Oymak et al., 2011; Foucart and
Rauhut, 2013) to HM-IRLS.

Our main theoretical result is that HM-IRLS exhibits a locally superlinear convergence
rate of order 2—p in the neighborhood of a low-rank matrix for the non-convexity parameter
0 < p < 1 connected to the Schatten-p quasi-norm, if the measurement operator fulfills the
mentioned NSP of sufficient order. For p « 1, this means that the convergence rate is almost
quadratic.

Although parts of our theoretical results, as in the case of the IRLS algorithms algo-
rithms of Fornasier et al. (2011) and Mohan and Fazel (2012), do not apply to the matrix
completion setting, due to the popularity of the problem and for reasons of comparability
with other algorithms, we conduct numerical experiments to explore the empirical perfor-
mance of HM-IRLS also for this setting. Surprisingly enough we observe that the theoretical
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results comply with our numerical experiments also for matrix completion. In particu-
lar, the theoretically predicted local convergence rate of order 2 — p can be observed very
precisely for this important measurement model as well (see Figures 3 to 5).

This local superlinear convergence rate of HM-IRLS is unprecedented by previous IRLS
variants such as IRLS-col or those that use the arithmetic mean of the one-sided weight
matrices: this means that neither can a superlinear rate be verified numerically, nor is it
possible to show such a rate by our proof techniques for any other previsouly considered
IRLS variant designed for the low-rank matrix recovery problem.

To the best of our knowledge, HM-IRLS is the first algorithm for low-rank matrix recovery
which achieves superlinear rate of convergence for low complexity measurements as well as
for larger problems.

Additionally, we conduct extensive numerical experiments comparing the efficiency of
HM-IRLS with previous IRLS algorithms as IRLS-col, Riemannian optimization techniques
(Vandereycken, 2013), alternating minimization approaches (Haldar and Hernando, 2009;
Tanner and Wei, 2016), algorithms based on iterative hard thresholding (Kyrillidis and
Cevher, 2014; Blanchard et al., 2015), and others (Park et al., 2016), in terms of sample
complexity, again for the important case of matriz completion.

The experiments lead to the following observation: HM-IRLS recovers low-rank matrices
systematically with an optimal number of measurements that is very close to the theoret-
ical lower bound on the number of measurements that is necessary for recovery with high
empirical probability. We consider this result to be remarkable, as it means that for prob-
lems of moderate dimensionality (matrices of ~ 107 variables, e.g. (d; x do)-matrices with
d1 ~ dy ~ 3-103) the proposed algorithm needs fewer measurements for the recovery of a
low rank matrixz than all the state-of-the-art algorithms we included in our experiments (see
Figure 6).

An important practical observation of HM-IRLS is that its performance is very robust
to the choice of the initialization and that it can be used as a stand-alone algorithm to
recover low-rank matrices also starting from a trivial initialization. This is suggested by our
numerical experiments since even for random or adversary initializations, HM-IRLS converges
to the low-rank matrix, even though it is based on an objective function which is highly non-
convex. While a complete theoretical understanding of this behavior is not yet achieved, we
regard the empirical evidence in a variety of interesting cases as strong. In this context, we
consider a proof of the global convergence of HM-IRLS for non-convex penalizations under
appropriate assumptions as an interesting open problem.

1.2 Organization of the paper

We proceed in the paper as follows. In Section 2, we introduce some notation to be used
and provide some background about different reformulations of the Schatten-p quasi-norm
in terms of weighted #o-norms. This leads to the derivation of the harmonic mean iteratively
reweighted least squares (HM-IRLS) algorithm in Section 3. We present our main theoretical
results, the convergence guarantees and the locally superlinear convergence rate for the
algorithm in Section 4. Numerical experiments and comparisons to state-of-the-art methods
for low-rank matrix recovery are carried out in Section 5. In Section 6, we interpret the
algorithm’s different steps as minimizations of an auxililary functional with respect to its
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arguments and show theoretical guarantees for HM-IRLS extending similar guarantees for
IRLS-col. After this, we detail the proof of the locally superlinear convergence rate under
appropriate assumptions on the null space of the measurement operator.

In Appendix A, we provide a short overview about Kronecker and Hadamard products,
and end with some deferred proofs in Appendix B and Appendix C.

2. Notation and background
2.1 General notation, Schatten-p and weighted norms

In this section, we explain some of the notation we use in the course of this paper.
The set of matrices X € C¥*% is denoted by Mg, xd,. Unless stated otherwise, vec-
tors € C% are considered as column vectors. We also use the vectorized form Xyee =

[Xf, . ,X]T, . ,XC%;]T e C1% of a matrix X € My, x4, With columns X, j € {1,...,da}.
The reverse recast of a vector z € C%% into a matrix of dimension d; x ds is denoted
by Tmat(dy,de) = [Xl, e ,Xj, e ,XdQ], where Xj = [I(dl,l).]qu, cee 7$(d171)-j+d1]T7 j =
1,...,ds are column vectors, or Xy,a¢ if the dimensions are clear from the context. Obvi-
ously, it holds that X = (Xyec)mat-

The identity matrix in dimension d x d is denoted by I;. With 04, x4, € Mg, x4, and
14, xdy € Mg, x4, we denote the matrices with only 0- or 1-entries respectively. The set of
Hermitian matrices is denoted by Hyxg := {X € Myxq | X = X*}. We write X € My, xd,
for the Moore-Penrose inverse of the matrix X € My, «4,.

Let Uy = {U € C™*%, UU* = 1,4} denote the set of unitary matrices. Then the singular
value decomposition of a matrix X € My, «q, can be written as X = UXV™* with U € Uy, ,
V e Uy, and ¥ € My, «q,, where ¥ is diagonal and contains the singular values of X such
that ¥ = 0;(X) = 0forie {1,...,min(dy,dz)}. We define the Schatten-p (quasi-)norm of
X e My, xa, as

rank(X), for p =0,
X — min(dl,dg) D 1/17 4
1X1s, := [Zj:1 ; (X)] , for 0 < p < oo, (4)
Omax(X), for p = oo.

Note that for p = 1, the Schatten-p norm is also called nuclear norm, written as || X |, :=
| X|s,- The trace tr[X] of a matrix X € Mg, x4, is defined by the sum of its diagonal

elements, tr[X] = Z;n:h;(dl’dz)
norm coincides with | X | = tr [(X*X)P/2]. The Schatten-2 norm is also called Frobenius
norm and has the property that it is induced by the Frobenius scalar product (X,Y)p =
tr [X*Y], ie., |X|r = |X|s, = V/{X,X)r. We define the weighted Frobenius scalar
product of two matrices X,Y € My, «4, weighted by the the positive definite weight matrix

W e Hyyxay as (X, Y)pawy := WX, Y)p = (X,WY)p. This scalar product induces the
weighted Frobenius norm | X||puwy = /<X, XD)pawy = A/tr[(WX)*X]. Tt is clear that the

Frobenius norm of a matrix X coincides with the fo-norm of its vectorization Xyec, i.€.,

HXHF = HXVeCH£2‘

Xj;. It can be seen that the p-th power of the Schatten-p
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Similar to weighted Frobenius norms, we define the weighted ¢s-scalar product of vectors
z,y € C? weighted by the positive definite weight matrix W € Hyyq as (z, Y, w) =Wy =
y*Wz and its induced weighted £2-norm as |z, ) = vVo*Wz. We use the notation X > 0
for a positive definite matrix X € Hyxg. Furthermore, we denote the range of a linear map
® : Mg, x4, — C™ by Ran(®) = {Y € C™; there is X € My, x4, such that Y = ®(X)} and
its null space by NV (®) = {X € My, xq,; ®(X) = 0}.

2.2 Problem setting and characterization of S,- and reweighted Frobenius
norm minimizers

Given a linear map ® : My, x4, — C" such that m « d;da, we want to uniquely identify and
reconstruct an unknown matrix Xy from its linear image Y := ®(X) € C™. However, basic
linear algebra tells us that this is not possible without further assumptions, since ® is not
injective if m < dyds. Indeed, there is a (didy — m)-dimensional affine space {Xo} + N (®)
fulfilling the linear constraint

o(X)=Y.

Nevertheless, under the additional assumption that the matrix Xo € My, x4, has rank
r < min(dy, d2) and under appropriate assumptions on the map ®, the recovery of Xj is
possible by solving the affine rank minimization problem

min rank(X) subject to ®(X) =Y. (5)

The unique solvability of (5) is given with high probability if, for example, ® is a linear
map whose matrix representation has i.i.d. Gaussian entries (Eldar et al., 2012) and m =
Q(r(dy + d2)). Unfortunately, solving (5) is intractable in general, but the works (Candes
and Recht, 2009; Recht et al., 2010; Candeés and Plan, 2011) suggest solving the tractable
convex optimization program

min | X||g, subject to ®(X) =Y, (6)

also called nuclear norm minimization (NNM), as a proxy.

As discussed in the introduction, there are empirical as well as theoretical results (e.g., in
(Daubechies et al., 2010; Chartrand, 2007)) coming from the related sparse vector recovery
problem that suggest alternative relaxation approaches. These results indicate that it might
be even more advantageous to solve the non-convex problem

min F?(X) := [ X|§ subject to ®(X) =Y, (7)

for 0 < p < 1, i.e., minimizing the p-th power of the Schatten-p quasi-norms under the
affine constraint. Heuristically, the choice of p < 1 relatively small can be motivated by the
observation that by the definition (4) of the Schatten-p quasi-norm

—0
| X[, == rank(X) =: | X|s,-

The above consideration suggests that the solution of (7) might be closer to (5) than (6)
for small p. On the other hand, again, it is in general computationally intractable to find
a global minimum of the non-convex optimization problem (7) if p < 1. Therefore it is a
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natural and very relevant question to ask which optimization algorithm to use to find global
minimizers of (7).

In this paper, we discuss an algorithm striving to solve (7) that is based on the following
observations: Assume for the moment that we are given a square matrix X € My, x4, with
d1 = do of full rank. Then, we can rewrite the p-th power of its Schatten-p quasi-norm as
a squared weighted Frobenius norm, or, using Kronecker product notiation as explained in
Appendix A, as a squared weighted ¢o-norm (if we use the vectorized notation Xyec): It
turns out that

() 1XI5 = t[(XX")}] = (XX (XX*)] = (WL XX7) = [W7 X[%

1
= | XIEw,) = 1 ® WL)2 XeelZ, = | Xvecl 1, owy )

p—2

where Wy, is the symmetric weight matrix (X X*) 2 in My, x4, and I, ® Wy, is the
block diagonal weight matrix in Mg, 4, 4,4, With do instances of Wy, on the diagonal
blocks, but also that

(i) [X]% = te[(X*X)] = e (X*X)(X*X)"7] = te(X* X Wr) = [ XW3[%

1
= ”X*H%(WR) = |[(Wr®14,)> vecnzg = HXVG:CH?Q(WR@Idl)’

where Wpg is the symmetric weight matrix (X*X )¥ in Mg,xq,. It follows from the
definition of the Kronecker product that the weight matrix Wr ® 14, € Mg, dyxd,do
is a block matrix of diagonal blocks of the type diag ((WR)ij, ce (WR)z‘j) € My, xdy

i,j € [da].

R 1 e ————————————— ds

d ~ AN
Wy

Wi

Wy

dy Wy | do

(a) Id2 ® Wt (b) WR ® Id1
Figure 1: Sparsity structure of the weight matrices € My, 4, xd, d,

The sparsity structures of I;, ® Wy, and Wr ® I, are illustrated in Fig. 1. Note that a
representation of | X ng by squares of Frobenius norms can be achieved by multiplying X

by WL% from the left in (i), or by Wé from the right in (ii).

The above calculations are not well-defined if X is not of full rank or if d; # do, since
in these cases at least one of the matrices X X* € My, x4, or X*X € Mgy, 4, is singular,
prohibiting the definition of the matrices Wgr = (X*X)¥ or Wy, = (XX*)% for p < 2.
However, these issues can be overcome by introducing a smoothing parameter ¢ > 0 and
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smoothed weight matrices Wi (X, €) € My, x4, and Wg(X, €) € Mg, x4, defined by

WL(X,€) i= (XX* + ¢21,,)"7, (8)
Wa(X, €)= (X*X + 2y,) "7 . (9)

Remark 1 The weight matrices Wi (X, €) and Wr(X,€) are symmetric and positive defi-
nite.

The possibility to rewrite the p-th power of the Schatten-p of a matrix as a squared weighted
Frobenius norm gives rise to the general strategy of IRLS algorithms for low-rank matrix
recovery: Weighted least squares problems of the type

min || X|? or min || X*|?

n X ) Xl X [ wp)
B(X)=Y B(X)=Y

are solved and weight matrices W, are updated alternatingly, leading to the algorithms

column-reweighting IRLS-col and row-reweighting IRLS-row, respectively (Mohan and

Fazel, 2012; Fornasier et al., 2011).

2.3 Averaging of weight matrices

While the algorithms IRLS-col and IRLS-row provide a tractable local minimization strat-
egy of smoothed Schatten-p functionals under the linear constraint, we argue that it is
suboptimal to follow either one of the two approaches as they do not exploit the symmetry
of the problem in an optimal way: They either use low-rank information in the column
space or in the row space.

A first intuitive approach towards a symmetric exploitation of the low-rank structure
is inspired by the following identity, by combing the calculations (i) and (ii) carried out in
Section 2.2.

Lemma 2 Let 0 < p <2 and X € My, x4, with d = dy = da be a matriz of full rank. Then

1 2
1 i 3 Wi @ Wg\?2
IX15, = 5 (||W5X|% - |XW7 |%> - H (2) Xoo| = Poeclryny
12
where ) W@ W
5 (Id2 QW + Wg ®Id1) -t 9 L =: W(arith)

is the arithmetic mean matriz of the symmetric and positive definite weight matrices I, QW7
2 —2
and W @1y, Wi := (XX*)"2 , and Wg := (X*X)"z .

Unfortunately, the introduction of arithmetic mean weight matrices does not prove to
be particularly advantageous compared to one-sided reweighting strategies. Convincing
improvements could be noted neither in numerical experiments nor in the theoretical inves-
tigations for the convergence rate of IRLS for low-rank matrix recovery, cf. also Section 5.2
and Remark 22.
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In contrast, we want to promote the usage of the harmonic mean of the weight matrices
I, ® Wi, and Wr ®1,,, i.e., weight matrices of the type 2 (ng Iy +15,® WEl)_l =
2 (WL_ g Wy 1) R Wharm)- In the remaining parts of the paper, we explain why Wiyarm)
is able to significantly outperform other weighting variants both theoretically and practi-
cally.

The following lemma verifies that the harmonic mean Wy,,m) of the weight matrices
I;,, ® W, and Wr ® I, leads to a legitimate reformulation of the Schatten-p quasi-norm
power, as it we already saw for the arithmetic mean Wain)-

Lemma 3 Let 0 <p<2and X € Chxd2 yyith d = dy = dy be a full rank matriz. Then

2
_1
HM&=4W§@M$2XW

2
= H XVeC H lo (W(hm“m)) ’
1%

where . .

2(Wg' ®Ta + 10, @ W, ') =2(W @ Wg') " = Wiharm)
15 the harmonic mean matriz of the symmetric and positive definite weight matrices I, W7,
and Wr®1g4,, Wi, 1= (XX*) 2 = and Wk = (X*X)7 :

Proof Let X = UXV* = Z?zl oiuiv} € Mgyxq be the singular value decomposition of X.
Therefore for the vectorized version, Xyec = (V ® U)Xyec holds true. By the definitions of
W, and Wg, we can write W, ' = Z?Zl Jffpuiuf and ngl = Zf L0 2 “Pyv¥. Using the
Kronecker sum inversion formula of Lemma 23 in Appendix A, we obtaln

2
1
2 2 -1 —1\—3
e B W) = IV ey el = 2 (W @ W51) 7% X
1)
_ _1y—1 *
mat
= Zdl Zdl zdl $’U'v*vku2u-u* zdl o)
= 2 2= i iU
i=1j=1k=1%; Ptoi? =1
=2 — | = 1X13,,
2=
o207 "
which finishes the proof. |

3. Harmonic mean iteratively reweighted least squares algorithm

In this section, we use this idea to formulate a new iteratively reweighted least squares
algorithm for low-rank matrix recovery. The so-called harmonic mean iteratively reweighted
least squares algorithm (HM-IRLS) solves a sequence of weighted least squares problems to
recover a low-rank matrix Xo € My, 4, from few linear measurements ®(Xy) € C™. The
weight matrices appearing in the least squares problems can be seen as the harmonic mean
of the weight matrices in (8) and (9), i.e., the ones used by IRLS-col and IRLS-row.
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More precisely, for 0 < p < 1 and d = min(dy,ds2), D = max(dy,d2), given a non-
increasing sequence of non-negative real numbers (e(”));‘le and the sequence of iterates

(X (”))OC produced by the algorithm, we update our weight matrices such that

n=1

~ _ _ -1
wm =9 [U(n)(zgf))Q—pU(n)* @ V(n)(ggz))%pv(n)*] ’ (10)
with the diagonal matrices ESZ) € Mg, «q, for dy = {dy,d2} such that

sy _ [@(XE)2 42y i<, ”

(%, it = 0 ifd<i<D, (11)
and the matrices U™ € Uy, and V™ € Uy, containing the left and right singular vectors of
X () in its columns, respectively.

We note that this definition of W™ can be seen as a stabilized version of the harmonic
mean weight matrix Wy,ammy,) of Lemma 3. This stabilization is necessary as W™ becomes
very ill-conditioned as soon as some of the singular values of X (™ approach zero and, related
to that, (X(”)X(”)*)? @ (X(”)*X(”))% would even be singular as soon as X ™ is not of
full rank.

Additionally, for the formulation of the algorithm it is convenient to define the linear
operator (VNV/(”))_1 : Mgy xd, = Mg, xd, for any n € N such that

(W("))_I(X) — % [U(n)(iglb))Q—pU(n)*X + Xv(n)(iéz))2—pv(n)*] ’ (12)

describing the operation of the inverse of W™ on Mg, xds,-
Finally, HM-IRLS can be formulated in pseudo code as follows.

Algorithm 1 Harmonic Mean IRLS for low-rank matrix recovery (HM-IRLS)

Input: A linear map ® : My, x4, — C™, image Y = ®(Xp) of the ground truth matrix
Xo € Mg, xd,, rank estimate 7, non-convexity parameter 0 < p < 1.

Output: Sequence (X(”))ZO:1 < My, wd,-

Initialize n = 0, € = 1 and W© =TIy, 4, € My, dyxdyds-

repeat

XY = arg min | Xyec? (W) (@* (@ o (W) 0 %) (¥))), (13)

B(X)=Y 2 (Wm)
() _ g <E(n)’ UFH(X(nH))) 7 (14)
W+ — 9 [U(n+1)@EZH))Q—pU(nH)* ® V(n+1)(ig;wl))Q—Pv(n—i-l)*]*1 ’ (15)

where U™+ € U4y, and V(**1 e Uy, are matrices containing the left and right singular

vectors of X (n+1) )

(11).

in its columns, and the ngrl are defined for ¢ € {1,2} according to

n=n+1,

until stopping criterion is met.
Set ng = n.

10
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From a practical point of view, it is beneficial that the explicit calculation of the very
large weight matrices Wm e Hi dyxdid, (cf. (15)) is not necessary in implementations
of Algorithm 1. As suggested by formulas (12) and (13), it can be seen that just the
operation of its inverse (f/[V/("))*1 is needed, which can be implemented by matrix-matrix
multiplications on the space My, «4,: For matrices X, Xe Mg, «d,, we have that WN/(")XVQC =
Xyec if and only if Xyec = (W(”))_l)?vec, which can be written in matrix variables as

1 o(n — oy o o(n —
X=3 [UW(zgl))? Py X 4 Xy (5i)? pV(")*] .

The last equivalence is due to the definitions of W™ and the Kronecker sum, cf. (15) and
Appendix A.

Note that the smoothing parameters €™ are chosen in dependence on a rank estimate 7
here, which will be an important ingredient for the theoretical analysis of the algorithm. In
practice, however, other choices of non-increasing sequences of non-negative real numbers
(eM)%_, are possible and can as well lead to (a maybe even faster) convergence when tuned

appropriately.

We refer to Section 5.4 for a further discussion of implementation details.

Example With a simple example, we illustrate the versatility of HM-IRLS: Let d; = d2 =
4, and assume that we want to reconstruct the rank-1 matrix

1 1 2 3 4
. |10 |10 20 30 40
X = wo* = s (1 2 3 4)= o 4 6 s
0.1 0.1 0.2 03 0.4

from m = dy = r(di + d2 —r) = 7 sampled entries ®(Xy), where ® is the linear map
P M4><4 - (C7, <I>(X) = (X271, X471, X372, XV4727 X473, XV1747 X274). Since the linear
map ® samples some entries of matrices in Myx4 and does not see the others, this is an
instance of the problem that is called matrixz completion.

In general, reconstructing a (d; x d2) rank-r matrix from m = r(d; + d2 — r) entries is
a hard problem, as it is known that if m < r(d; + d2 — r), there is always more than one
matrix X such that ®(X) = ®(Xj), and even for equality, the property that ® is invertible
on (most) rank-r matrices might be hard to verify (Kiraly et al., 2015).

It can be argued that the specific matrix completion problem we consider is in some sense

a hard one, since, e.g., the deterministic sufficient condition for unique completability of
(Pimentel-Alarcén et al., 2016, Theorem 2) is not fulfilled (less then 2 observed entries in the

*,.(12
third column), and since the classical coherence parameters p(u) = d; max ”uTruHe‘sz ~ 3.81
<< 2

vu¥es |2
and p(v) = da max | jHQ
i<i<a vl

completion algorithms (Candés and Recht, 2009; Jain et al., 2013) are quite large, with p(u)
being quite close to the maximal value of 4.

~ 2.13 that are used to analyze the behavior of many matrix

11
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On the other hand, as the problem is small and Xy has rank r» = 1, it is possible to
impute the missing values of

* % * 4
10 = x40
x —4 % *

0.1 0.2 03 =

by solving very simple linear equations, since, for example, X4 = uqvy, Xo1 = ugvy,

Xo4 = uguy, and X471 = ugvq, and therefore Xy 4 = X4),(12X12,4 = 0.4. This shows that the

only rank-1 matrix compatible with ®(Xj) is Xj.

It turns out that—without using the combinatorial simplicity of the problem—the clas-
sical NNM does not solve the problem, as the nuclear norm minimizer (solution of (6) for
Y = ®(Xj)) produced by the semidefinite program of the convex optimization package CVX
(Grant and Boyd, 2014) converges to

1 0.023 0.041 4
7 N 10 0.232 0.411 40
nuclear ~ —0.056 —4 —0.200 —0.226 |’
01 02 03  0.400

a matrix with 45.74 ~ | Xpuelearlls; < [ Xols, = 01(Xo) ~ 56.13 and a relative Frobenius

error of W = 0.661.

On the other hand, HM-IRLS is able to solve the problem—if p is chosen small enough—
with very high precision already after few iterations, for example, up to a relative error of
4.18 - 10713 after 24 iterations if p = 0.1. This is in contrast to the behavior of IRLS-col,
IRLS-row and also to the behavior of AM-IRLS, the IRLS variant that uses weight matrices
derived from the arithmetic mean of the weights of IRLS-col and IRLS-row, cf. Lemma 2.
The iterates X (™ for iteration n = 2000 of these algorithms exhibit relative errors of 0.240,
0.489 and 0.401, respectively, for the choice of p = 0.1. Furthermore, there is no choice of
p that would lead to a convergence to Xj.

To understand this very different behavior, we note that the n-th iterate of any of the
four IRLS variants can be written, using Appendix A, in a concise way as

X0 = argmin (Xee, W™ Xyeo, (16)
d(X)=Y
where
<Xvecvw(n)XV6C> = <Xv U(n) [H( ) (U( )*XV *>F = Z ] |<U , 'Uﬁn)>|2
4,j=1
(17)
with X = genmyms = 524 500,000 peing the SVD of XM, and
_ 2
2[((o1™)2 + (¢)2) 2" + ((aj(-”))2 +(em)2)) 77" for HM-TRLS,
—2
H(n) _ (( z(n)) + (e (n))2)pT2 for IRLS-col,
5 p—2
! (( j(n)) + (€ (n))2) 2 for IRLS-row, and

05 (0 + (7)) 5 + (o) + (™)) F']  for au-zrus,
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for i, j € {1,2,3,4} and ™ = min(c{", (=),
The values of the matrix H) of weight coefficients after the first iteration in the above
example are visualized in Figure 2, for each of the four IRLS versions above.

0.07
0.06
0.05
0.04
0.03
0.02
0.01
1 2 3 4

1 2 3 4 1 2 3 4

Column j

(a) HM-IRLS (b) IRLS-col (¢) IRLS-row (d) AM-IRLS

Figure 2: Values of the matrix H) of "weight coefficients” corresponding to the orthonor-

(1) (1)*)4
J

mal basis (u; v, i1 after the first iteration in the example

The intuition for the superior behavior of HM-IRLS is now the following: Since large
entries of H™ penalize the corresponding parts of the space My, xd, = span{ugn)v](.n)*,i €
[d1],7 € [d2]} in the minimization problem (16), large areas of blue and dark blue in Figure 2
indicate a benign optimization landscape where the minimizer X ™1 of (16) is able to
improve considerably on the previous iterate X (n),

In particular, it can be seen that in the case of HM-IRLS, the penalties on the whole
direct sum of column and row space of the best rank-r approzimation of X ™

() ;={(u§”>, uﬁn)) ZE + 7o (u§”), v£”>)*;ZleMdIX,,ZzeMdzxr},

are small compared to the other penalites, since the coefficients of H®) corresponding to 7))
are exactly the ones in the first row and first column of the (4 x 4) matrices in Figure 2—a
contrast that becomes more and more pronounced as X approaches the rank-r ground
truth Xy (with 7 = 1 in the example).

On the other hand, IRLS-col, IRLS-row and AM-IRLS only have small coefficients on
smaller parts of T, which, from a global perspective, explains why their usage might lead
to non-global minima of the Schatten-p objective.

We note that the space T plays also an important role in Riemannian optimization
approaches for matrix recovery problems (see Vandereycken, 2013), since it is also the
tang?n)t space of the smooth manifold of rank-r matrices at the best rank-r approximation
of X\,

4. Convergence results

In the following part, we state our main theoretical results about convergence properties
of the algorithm HM-IRLS. Furthermore, their relation to existing results for IRLS-col and
IRLS-row is discussed.

13
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It cannot be expected that a low-rank matrix recovery algorithm like HM-IRLS succeeds
to converge to a low-rank matrix without any assumptions on the measurement operator
® that defines the recovery problem (5). For the purpose of the convergence analysis of
HM-IRLS, we introduce the following strong Schatten-p null space property (Fornasier et al.,
2011; Oymak et al., 2011; Foucart and Rauhut, 2013).

Definition 4 (Strong Schatten-p null space property) Let 0 < p < 1. We say that a
linear map ® : My, «a, — C™ fulfills the strong Schatten-p null space property (Schatten-p
NSP) of order r with constant 0 < 7, <1 if

<§af(X))p/2 <

L (i o7(0)) (18)

Tl =r+1
for all X € N(®)\{0}.

Intuitively explained, if a map ® fulfills the strong Schatten-p null space property of order
r, there are no rank-r matrices in the null space and all the elements of the null space must
not have a quickly decaying spectrum.

Null space properties have already been used to guarantee the success of nuclear norm
minimization (6), or Schatten-1 minimization in our terminology, for solving the low-rank
matrix recovery problem (Recht et al., 2011).

We note that the definitions of Schatten-p null space properties are quite analogous
to the £,-null space property in classical compressed sensing (Foucart and Rauhut, 2013,
Theorem 4.9), applied to the vector of singular values. In particular, (18) implies that

r d
dol(x)< D of(X) for all X € NV(®)\{0}, (19)
i=1 i=r+1

since | X|s, < r'/P=Y2|X|g, for X that is rank-r. This, in turn, ensures the existence of
unique solutions to (7) if Y = ®(Xy) are the measurements of a low-rank matrix Xj.

Proposition 5 (Foucart (2018)) Let ® : My, xa, — C™ be a linear map, let 0 < p < 1
and r € N. Then every matriz Xo € Mg, x4, such that rank(Xg) <r and ®(Xy) =Y e C™
is the unique solution of Schatten-p minimization (7) if and only if ® fulfills (19).

Remark 6 The sufficiency of the Schatten-p NSP (19) in Proposition 5 has already been
pointed out by Oymak et al. (2011). The necessity as stated in the theorem, however, is
due to a recent gemeralization of Mirsky’s singular value inequalities to concave functions
(Audenaert, 2014; Foucart, 2018).

It can be seen that the (weak) Schatten-p NSP of (19) is a stronger property for larger p in
the sense that if 0 < p’ < p < 1, the Schatten-p property implies the Schatten-p’ property.
Very related to this, it can be seen that for any 0 < p < 1, the strong Schatten-p null space
property is implied by a sufficiently small rank restricted isometry constant é,, which is a
classical tool in the analysis of low-rank matrix recovery algorithms (Recht et al., 2010;
Candes and Plan, 2011).

14
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Definition 7 (Restricted isometry property (RIP)) The restricted isometry constant
0 > 0 of order r of the linear map ® : My, x4, — C™ is defined as the smallest number
such that

(1 =0 X|F < [@(X)Z, < (1 +6)| X%

for all matrices X € My, x4, of rank at most r.

Indeed, it follows from the proof of Chavez-Dominguez and Kutzarova (2015, Theorem 4.1)

that a restricted isometry constant of order 2r such that do. < ﬁ ~ 0.4531 implies the

strong Schatten-p NSP of order r with a constant ~, < 1 for any 0 < p < 1. More precisely,
it can be seen that d2, < ﬁ implies that the strong Schatten-p NSP (18) of order r holds
with the constant v, = (\/52;1)19 (1_5(% Iz

Linear maps that are instances drawn from certain random models are known to ful-
fill the restricted isometry property with high probability if the number of measurements
is sufficiently large (Davenport and Romberg, 2016), and, a fortiori, the Schatten-p null
space property. In particular, this is true for (sub-)Gaussian linear measurement maps

® : My, x4, — C™ whose matrix representation is such that

1 ~ ~
——® e C™* %2 where ® has ii.d. standard (sub-)Gaussian entries, (20)

A/m
as it is summarized in the following lemma.

Lemma 8 For any 0 < p < 1, 0 < v < 1 and any (sub-)Gaussian random operator
D My, xq, — C™ (e.g. as defined in (20)), there exist constants C; > 1, Cy > 0 such that
if m = Cyr(dy +dz), the strong Schatten-p null space property (18) of order r with constant
e < 7y is fulfilled with probability at least 1 — e~ C2™,

4.1 Local convergence for p < 1

In this section, we provide a convergence analysis for HM-IRLS covering several aspects.
We show that the algorithm converges to stationary points of a smoothed Schatten-p func-
tional ¢g¥ as in (21) without any additional assumptions on the measurement map ®. Such
guarantees have already been obtained for IRLS algorithms with one-sided reweighting as
IRLS-col and IRLS-row, in particular for p = 1 by Fornasier et al. (2011) and for 0 < p < 1
by Mohan and Fazel (2012).

Beyond that, assuming the measurement operator fulfills an appropriate Schatten-p null
space property as defined in Definition 4, we show the a-posteriori exact recovery statement
that HM-IRLS converges to the low-rank matrix X if nlgxgo €n, = 0, which only was shown

for one-sided IRLS for the case p = 1 by Fornasier et al. (2011).

Moreover, we provide a local convergence guarantee stating that HM-IRLS recovers the
low-rank matrix X if we obtain an iterate X (M) that is close enough to Xy, which is novel
for IRLS algorithms.

Let 0 < p <1 and € > 0. To state the theorem, we introduce the e-perturbed Schatten-p
functional g¥ : Mg, w4, — R=o such that

d
X)) = (0:(X)* + ), (21)
=1
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where (X ) € R? denotes the vector of singular values of X € My, xa,.

Theorem 9 Let ® : My, x4, — C™ be a linear operator and Y € Ran(®) a vector in its
range. Let (X),>1 and (),=1 be the sequences produced by Algorithm 1 for input
parameters ®,Y,r and 0 < p < 1, let € = lim,,_,o0 €.

(1)

(i)

(iii)

If e = 0 and if © fulfills the strong Schatten-p NSP (18) of order r with constant
0 < <1, then the sequence (X(”))n>1 converges to a matrix X € Mg, xa, of rank
at most r that is the unique minimizer of the Schatten-p minimization problem (7).
Moreover, there exists an absolute constant C > 0 such that for any X with o(X)=Y
and any ¥ < r, it holds that

~

_ C
X = Xl < 5805,

2p+1,y71*17/2

where €' = ==

of X, i.e.,

and B+(X)s, is the best rank-r Schatten-p approxzimation error

Br(X)s, := inf {|X — X|& , X € My, xa, has rank 7}. (22)

If € > 0, then each accumulation point X of (X("))n>1 s a stationary point of the
e-perturbed Schatten-p functional g¢ of (21) under the linear constraint ®(X) =Y.
If additionally p = 1, then X is the unique global minimizer of g¥.

Assume that there exists a matriz Xo € Mg, x4, with ®(Xo) =Y such that rank(Xy) =

min(dy,d2)
2

r < , a constant 0 < ¢ < 1 and an iteration n € N such that

| X — Xos,, < Coy(Xo)

and €" = o..1(X™). If ® fulfills the strong Schatten-p NSP of order 2r with o, < 1

and if the condition number k = gigg; of Xo and ¢ are sufficiently small (see condition

(25) and formula (26)), then

XM 5 Xy forn — .

It is important to note that by using Lemma 8, it follows that the assertions of Theo-
rem 9(i) and (iii) hold for (sub-)Gaussian operators (20) with high probability in the regime
of measurements of optimal sample complexity order. In particular, there exist constant
oversampling factors pj,p2 = 1 such that the assertions of (i) and (iii) hold with high
probability if m > pgr(di + d2), k € {1,2}, respectively.

Remark 10 However, if m < didsa, null space property-type assumptions as (18) or (19)
do not hold for the important case of matrixz completion-type measurements (Candés and
Recht, 2009), where ®(X) is given as m sample entries

@(X)Z:Xig,jga = 1,...,777,, (23)
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and (ig, jo) € [d1] % [d2] for all € € [m], of the matriz X € My, «q4,, which also were considered
in the example of Section 5.

This means that parts (i) and (iii) of Theorem 9 do, unfortunately, not apply for matrix
completion measurements, which define a very relevant class of low-rank matrix recovery
problems. This problem is shared by any existing theory for IRLS algorithms for low-rank
matrix recovery (Fornasier et al., 2011; Mohan and Fazel, 2012). However, in Section 5,
we provide strong numerical evidence that HM-IRLS exhibits properties as predicted by (i)
and (iii) of Theorem 9 even for the matriz completion setting. We leave the extension of
the theory of HM-IRLS to matriz completion measurements as an open problem to be tackled
by techniques different from uniform null space properties (Davenport and Romberg, 2016,
Section V).

4.2 Locally superlinear convergence rate for p <1

Next, we state the second main theoretical result of this paper, Theorem 11. It shows that
in a neighborhood of a low-rank matrix X that is compatible with the measurement vector
Y, the algorithm HM-IRLS converges to Xg with a convergence rate that is superlinear of
the order 2 — p, if the operator ® fulfills an appropriate Schatten-p null space property.

Theorem 11 (Locally Superlinear Convergence Rate) Assume that the linear map
® : Mg, wa, — C™ fulfills the strong Schatten-p NSP of order 2r with constant va, < 1 and

that there exists a matriz Xo € Mg, x4, with rank(Xp) = r < w such that ®(Xp) =Y,

let ,Y,r and 0 < p < 1 be the input parameters of Algorithm 1. Moreover, let k = Ziggg

be the condition number of X¢ and 77(”) = XM — X, be the error matrices of the n-th
output of Algorithm 1 for n e N.
Assume that there exists an iteration n € N and a constant 0 < { < 1 such that

175, < o (Xo) (24)

and €™ = O'r+1(X(ﬁ)). If additionally the condition number x and { are small enough, or
more precisely, if

™5 <1 (25)

with the constant

s e (B )\ A=y (KD
=2 (1+72r)< (1= 2) ) ( " ) r o K (26)
then
2—p 2 p

" Ol < p (s, )" and Vs, <t (s,
for alln > n.

We think that the result of Theorem 11 is remarkable, since there are only few low-
rank recovery algorithms which exhibit either theoretically or practically verifiable super-
linear convergence rates. In particular, although the algorithms of Mishra et al. (2013)
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and NewtonSLRA of Schost and Spaenlehauer (2016) do show superlinear convergence rates,
the first is not competitive to HM-IRLS in terms of sample complexity and the second has
neither applicable theoretical guarantees for most of the interesting problems nor the ability
of solving medium size problems.

Remark 12 It is interesting to compare Theorem 11 with a related result for an IRLS al-
gorithm for the sparse vector recovery problem in Daubechies et al. (2010, Theorem 7.9).
We observe that while the statement describes the observed rates of convergence very accu-
rately (cf. Section 5.2), the assumption (25) on the neighborhood that enables convergence
of a rate 2 — p is more pessimistic than our numerical experiments suggest. Our experi-
ments confirm that the local convergence rate of order 2—p also holds for matriz completion
measurements, where the assumption of a Schatten-p null space property fails to hold, cf.
Section 5.

4.3 Discussion and comparison with existing IRLS algorithms

Optimally, we would like to have a statement in Theorem 9 about the accumulation points
X being global minimizers of gf, instead of mere stationary points (Fornasier et al., 2011,
Theorem 6.11), (Daubechies et al., 2010, Theorem 5.3). A statement that strong is, unfortu-
nately, difficult to achieve due to the non-convexity of the Schatten-p quasi-norm and of the
e-perturbed version g¥. Nevertheless, our theorems can be seen as analogues of Daubechies
et al. (2010, Theorem 7.7), which discusses the convergence properties of an IRLS algorithm
for sparse recovery based on /,-minimization with p < 1.

As already mentioned in previous sections, Fornasier et al. (2011) and Mohan and Fazel
(2012) proposed IRLS algorithms for low-rank matrix recovery and analysed their conver-
gence properties. The algorithm of Fornasier et al. (2011) corresponds (almost) to IRLS-col
with p = 1 as explained in Section 3. In this context, Theorem 9 recovers the results of
Fornasier et al. (2011, Theorem 6.11(i-ii)) for p = 1 and generalize them, with weaker con-
clusions due to the non-convexity, to the cases 0 < p < 1. The algorithm IRLS-p of Mohan
and Fazel (2012) is similar to the former, but differs in the choice of the e-smoothing and
also covers non-convex choices 0 < p < 1. However, we note that in the non-convex case,
its convergence result (Mohan and Fazel, 2012, Theorem 5.1) corresponds to Theorem 9(ii),
but does not provide statements similar to (i) and (iii) of Theorem 9.

Theorem 11 with its analysis of the convergence rate is new in the sense that to the best
of our knowledge, there are no convergence rate proofs for IRLS algorithms for the low-rank
matrix recovery problem in the literature. Indeed, we refer to Remark 22 in Section 6.3
for an explanation why the variants of Fornasier et al. (2011) and Mohan and Fazel (2012)
cannot exhibit superlinear convergence rates, unlike HM-IRLS.

We also note that there is a close connection between the statements of Theorems 9
and 11 and results that were obtained for an IRLS algorithm dedicated to the sparse vector
recovery problem in Daubechies et al. (2010, Theorems 7.7 and 7.9).

5. Numerical experiments

In this section, we demonstrate first that the superlinear convergence rate that was proven
theoretically for Algorithm 1 (HM-IRLS) in Theorem 11 can indeed be accurately verified in
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numerical experiments, even beyond measurement operators fulfilling the strong null space
property, and compare its performance to other variants of IRLS.

In Section 5.3, we then examine the recovery performance of HM-IRLS for the matrix
completion setting with the performance of other state-of-the-art algorithms comparing
the measurement complexities that are needed for successful recovery for many random
instances.

The numerical experiments are conducted on Linux and Mac systems with MATLAB
R2017b. An implementation of HM-IRLS for matrix completion including code reproducing
many conducted experiments is available at https://github.com/ckuemmerle/hm irls.

5.1 Experimental setup

In the experiments, we sample (d; x dg) dimensional ground truth matrices Xy of rank r
such that Xo = USV*, where U € R1*" and V € R%*" are independent matrices with i.i.d.
standard Gaussian entries and ¥ € R™*" is a diagonal matrix with i.i.d. standard Gaussian
diagonal entries, independent from U and V.

We recall that a rank-r matrix X € My, «q, has df = r(di + d2 — ) degrees of freedom,
which is the theoretical lower bound on the number of measurements that are necessary for
exact reconstruction (Candes and Plan, 2011). The random measurement setting we use in
the experiments can be described as follows: We take measurements of matrix completion
type, sampling m = |pdy| entries of Xy uniformly over its d;dy indices to obtain Y = ®(Xj).
Here, p is such that d}iﬁ > p = 1 and parametrizes the difficulty of the reconstruction
problem, from very hard problems for p &~ 1 to easier problems for larger p.

However, this uniform sampling of ® could yield instances of measurement operators
whose information content is not large enough to ensure well-posedness of the corresponding
low-rank matrix recovery problem, even if p > 1. More precisely, it is impossible to recover
a matrix exactly if the number of revealed entries in any row or column is smaller than its
rank r, which is explained and shown in the context of the proof of Pimentel-Alarcon et al.
(2016, Theorem 1).

Thus, in order to provide for a sensible measurement model for small p, we exclude
operators ® that sample fewer than r entries in any row or column. Therefore, we adapt
the uniform sampling model such that operators ® are discarded and sampled again until
the requirement of at least r entries per column and row is met and recovery can be achieved
from a theoretical point of view.

We note that the described phenomenon is very related to the fact that matrix comple-
tion recovery guarantees for the uniform sampling model require at least one additional log
factor, i.e., they require at least m > log(max(dy,ds2))ds sampled entries (Davenport and
Romberg, 2016, Section V).

While we detail the experiments for the matrix completion measurement setting just
described in the remaining section, we add that Gaussian measurement models also lead to
very similar results in experiments.

5.2 Convergence rate comparison with other IRLS algorithms

In this subsection, we vary the Schatten-p parameter between 0 and 1 and compare the
corresponding convergence behavior of HM-IRLS with the IRLS variant IRLS-col, which
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Figure 3: Relative Frobenius errors as a function of the iteration n for oversampling factor
p = 2 (easy problem).

performs the reweighting just in the column space, and with the arithmetic mean variant
AM-IRLS. The latter two coincide with Algorithm 1 except that the weight matrices are
chosen as described in Equation (17) in Section 3.

We note that IRLS-col is very similar to the IRLS algorithms of Fornasier et al. (2011)
and Mohan and Fazel (2012) and differs from them basically just in the choice of the e-
smoothing. We present the experiments with IRLS-col to isolate the influence of the weight
matrix type, but very similar results can be observed for the algorithms of Fornasier et al.
(2011) and Mohan and Fazel (2012).2

In the matrix completion setup of Section 5.1, we choose di = dy = 40, r = 10 and
distinguish easy, hard and very hard problems corresponding to oversampling factors p of
2.0, 1.2 and 1.0, respectively. The algorithms are provided with the ground truth rank r and
are stopped whenever the relative change of Frobenius norm | X ™ — X =1 /| x (=1
drops below the threshold of 10719 or a maximal iteration of iterations nmax is reached.

5.2.1 CONVERGENCE RATES

First, we study the behavior of the three IRLS algorithms for the easy setting of an over-
sampling factor of p = 2, which means that W = (0.875 of the entries are sampled,
and parameters p € {0.1,0.5,0.8,1}.

In Figure 3, we observe that for p = 1, HM-IRLS, AM-IRLS and IRLS-col have a quite

similar behavior, as the relative Frobenius errors || X ™ — Xo| #/|| Xo|| decrease only slowly,

2. Implementations of the mentioned authors’ algorithms were downloaded from https://faculty.
washington.edu/mfazel/ and https://github.com/rward314/IRLSM, respectively.
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Figure 4: Relative Frobenius errors as a function of the iteration n for oversampling fac-
tor p = 1.2 (hard problem). Left column: y-range [10719;10°]. Right column:
Enlarged section of left column corresponding to y-range of [10~2;10°].

i.e., even a linear rate is hardly identifiable. For choices p < 1 that correspond to non-
convex objectives, we observe a very fast, superlinear convergence of HM-IRLS, as the iterates
X (™) converge up to a relative error of less than 10~'2 within fewer than 20 iterations for
p € {0.8,0.5,0.1}. Precise calculations verify that the rate of convergences are indeed of
order 2 — p, the order predicted by Theorem 11. We note that this fast convergence rate
not only kicks in locally, but starting from the very first iteration.

On the other hand, it is easy to see that AM-IRLS and IRLS-col converge linearly, but
not superlinearly to the ground truth Xy for p € {0.8,0.5,0.1}. The linear rate of AM~IRLS is
slightly better than the one of IRLS-col, but the numerical stability of AM~IRLS deteriorates
for p = 0.1 close to the ground truth (after iteration 43). This is due to a bad conditioning of
the quadratic problems as the X (™ are close to rank-r matrices. In contrast, no numerical
instability issues can be observed for HM-IRLS.

For the hard matrix completion problems with oversampling factor of p = 1.2, we observe
that for p = 0.8, the three algorithms typically do not converge to ground truth. This can
be seen in the example that is shown in Figure 4, where HM-IRLS, AM-IRLS and IRLS-col
all exhibit a relative error of 0.27 after 100 iterations. We do not visualize the result for
p = 1, as the iterates of the three algorithms do not converge to the ground truth either,
which is to be expected: In some sense, they implement nuclear norm minimization, which
is typically not able to recover a low-rank matrix from measurements with an oversampling
factor as small as p = 1.2 (Donoho et al., 2013). The dramatic difference in behavior
between HM-IRLS and the other approaches becomes very apparent for more non-convex
choices of p € {0.01,0.25,0.5}, where the former converges up to a relative Frobenius error
of less than 10719 within 15 to 35 iterations, while the others do not reach a relative error of
1072 even after 100 iterations. For HM-IRLS, the convergence of order 2 — p can be very well
locally observed also here, it just takes some iterations until the superlinear convergence
begins, which is due to the increased difficulty of the recovery problem.
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Finally, we see in the example shown in Figure 5 that even for the very hard problems
where p = 1, which means that the number of sampled entries corresponds exactly to the
degrees of freedom 7(d; + da — r), HM-IRLS can be successful to recover the rank-r matrix
if the parameter p is chosen small enough (here: p < 0.25). This is not the case for the
algorithms AM-IRLS and IRLS-col.

5.2.2 HM-IRLS AS THE BEST EXTENSION OF IRLS FOR SPARSE RECOVERY

We summarize that among the three variants HM-IRLS, AM-IRLS and IRLS-col, only HM-IRLS
is able to solve the low-rank matrix recovery problem for very low sample complexities corre-
sponding to p ~ 1. Furthermore, it is the only IRLS algorithm for low-rank matrix recovery
that exhibits a superlinear rate of convergence at all.

It is worthwhile to compare the properties of HM-IRLS with the behavior of the IRLS
algorithm of Daubechies et al. (2010) designed to solve the sparse vector recovery problem
by mimicking ¢,-minimization for 0 < p < 1. While neither IRLS-col nor AM-IRLS are
able to generalize the superlinear convergence behavior of Daubechies et al. (2010) (which
is illustrated in Figure 8.3 of the same paper) to the low-rank matrix recovery problem,
HM-IRLS is, as can be seen in Figures 3 to 5.

Taking the theoretical guarantees as well as the numerical evidence into account, we
claim that HM-IRLS is the presently best extension of IRLS for vector recovery in Daubechies
et al. (2010) to the low-rank matrix recovery setting, providing a substantial improvement
over the reweighting strategies of Fornasier et al. (2011) and Mohan and Fazel (2012).

Moreover, we mention two observations which suggest that HM-IRLS has in some sense
even more favorable properties than the algorithm of Daubechies et al. (2010): First, the
discussion of Daubechies et al. (2010, Section 8) states that a superlinear convergence can
only be observed locally after a considerable amount of iterations with just a linear error
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decay. In contrast to that, HM-IRLS exhibits a superlinear error decay quite early (i.e., for
example as early as after two iterations), at least if the sample complexity is large enough,
cf. Figure 3.

Secondly, it can be observed that the convergence of the algorithm of Daubechies et al.
(2010) to a sparse vector often breaks down if p is smaller than 0.5 (Daubechies et al., 2010,
Section 8). In contrast to that, we observe that HM-IRLS does not suffer from this loss of
global convergence for p « 0.5. Thus, a choice of very small parameters p ~ 0.1 or smaller
is suggested as such a choice is accompanied by a very fast convergence.

5.3 Recovery performance compared to state-of-the-art algorithms

After comparing the performance of HM-IRLS with other IRLS variants, we now conduct
experiments to compare the empirical performance of HM-IRLS also to that of low-rank
matrix recovery algorithms different from IRLS.

To obtain a comprehensive picture, we consider not only the IRLS variants AM-IRLS and
IRLS-col, but a variety of state-of-the-art methods in the experiments, as the Riemannian
optimization technique Riemann Opt (Vandereycken, 2013), the alternating minimization
approaches AltMin (Haldar and Hernando, 2009), ASD (Tanner and Wei, 2016) and BFGD
(Park et al., 2016), and finally the algorithms Matrix ALPS II (Kyrillidis and Cevher, 2014)
and CGIHT Matrix (Blanchard et al., 2015), which are based on iterative hard thresholding.
As the TRLS variants we consider, all these algorthms use knowledge about the actual
ground truth rank 7.

In the experiments, we examine the empirical recovery probabilities of the different
algorithms systematically for varying oversampling factors p, determining the difficulty of
the low-rank recovery problem as the sample complexity fulfills m = [pd|. We recall that
a large parameter p corresponds to an easy reconstruction problem, while a small p, e.g.,
p ~ 1, defines a very hard problem.

We choose d; = ds = 100 and the r = 8 as parameter of the experimental setting, con-
ducting the experiments to recover rank-8 matrices Xo € R!?9*190 We remain in the matrix
completion measurement setting described in Section 5.1, but sample now 150 random in-
stances of Xy and ® for different numbers of measurements varying between mp, = 1500
t0 Mmax = 4000. This means that the oversampling factor p increases from ppin = 0.975 to
Pmax = 2.60. For each algorithm, a successful recovery of X is defined as a relative Frobe-
nius error | X% — Xg|g/|Xo|F of the matrix X° returned by the algorithm of smaller
than 1073. The algorithms are run until stagnation of the iterates or until the maximal
number of iterations ny.x = 3000 is reached. The number ny,x is chosen large enough to
ensure that a recovery failure is not due to a lack of iterations.

In the experiments, except for A1tMin, for which we used our own implementation, we
used implementations provided by the authors of the corresponding papers for the respective
algorithms, using default input parameters provided by the authors. The respective code
sources can be found in the references.

5.3.1 BEYOND THE STATE-OF-THE-ART PERFORMANCE OF HM-IRLS

The results of the experiment can be seen in Figure 6. We observe that HM-IRLS exhibits
a very high empirical recovery probability for p = 0.1 and p = 0.5 as soon as the sample
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Figure 6: Comparison of empirical success rates of state-of-the-art algorithms, as a function
of the oversampling factor p

complexity parameter p is slightly larger than 1.0, which means that m = |pr(d; + d2 — r)]|
measurements suffice to recover (d; x dg)-dimensional rank-r matrices with p close to 1.
This is very close to the information theoretical lower bound of d¢ = r(dy 4+ d2 — ). Very
interestingly, it can be observed that the empirical recovery probability reaches almost 1
already for an oversampling factor of p &~ 1.1, and remains at exactly 1 starting from p ~ 1.2.

Relatively good success rates can also be observed for the algorithms AM-IRLS and
IRLS-col for non-convex parameter choices p € {0.1,0.5}, reaching an empirical success
probability of almost 100% at around p = 1.5. AM-IRLS performs only marginally better
than the classical IRLS strategy IRLS-col, which are both outperformed considerably by
HM-IRLS. It is important to note that in accordance to what was observed in Section 5.2,
in the successful instances, the error threshold that defines successful recovery is achieved
already after a few dozen iterations for HM-IRLS, while typically only after several or many
hundreds for AM-IRLS and IRLS-col. Furthermore, it is interesting to observe that the
algorithm IRLS-MF, which corresponds to the variant studied and implemented by Mohan
and Fazel (2012) and differs from IRLS-col mainly only in the choice of the e-smoothing
(14), has a considerably worse performance than the other IRLS methods. This is plausible
since the smoothing influences severely the optimization landscape of the objective to be
minimized.

The strong performance of HM-IRLS is in stark contrast to the behavior of all the al-
gorithms that are based on different approaches than IRLS and that we considered in our
experiments. They basically never recover any rank-r matrix if p < 1.2, and most of the
algorithms need a sample complexity parameter of p > 1.7 to exceed a empirical recovery
probability of a mere 0.5. A success rate of close to 0.8 is reached not before raising p above
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2.0 in our experimental setting, and also only for a subset of the comparison algorithms,
in particular for Matrix ALPS II, ASD, AltMin. The empirical probability of 1 is only
reached for some of the IRLS methods, and not for any competing method in our experi-
mental setting, even for rather large oversampling factors such as p = 2.5. While we do not
rule out that a possible parameter tuning could improve the performance of any of the al-
gorithms slightly, we conclude that for hard matrix completion problems, the experimental
evidence for the vast differences in the recovery performance of HM-IRLS compared to other
methods is very apparent.

Thus, our observation is that the proposed HM-IRLS algorithm recovers low-rank matri-
ces systematically with nearly the optimal number of measurements and needs fewer mea-
surements than all the state-of-the-art algorithms we included in our experiments, if the
non-convexity parameter p is chosen such that p « 1.

We also note that the very sharp phase transition between failure and success that can
be observed in Figure 6 for HM-IRLS indicates that the sample complexity parameter p is
indeed the major variable determining the success of HM-IRLS. In contrast, the wider phase
transitions for the other algorithms suggest that they might depend more on other factors,
as the realizations of the random sampling model and the interplay of measurement operator
® and ground truth matrix Xj.

Another conclusion that can be drawn from the empirical recovery probability of 1 is
that, despite the severe non-convexity of the underlying Schatten-p quasi-norm for, e.g.,
p = 0.1, HM-IRLS with the initialization of X(!) as the Frobenius norm minimizer does not
get stuck in stationary points if the oversampling factor is large enough. Further experiments
conducted with random initializations as well as severely adversary initializations, e.g., with
starting points chosen in the orthogonal complement of the spaces spanned by the singular
vectors of the ground truth matrix Xg, lead to comparable results. Therefore, we claim
that HM-IRLS exhibits a global convergence behavior in interesting application cases and
for oversampling factor ranges for which competing non-convex low-rank matrix recovery
algorithms fail to succeed. We consider a theoretical investigation of such behavior as an
interesting open problem to explore.

5.4 Computational complexity

While the harmonic mean weight matrix W(”), cf. (15), is an inverse of a (dijda X dydz)-
matrix and therefore in general a dense (dida X dydy)-matrix, it is important to note that it
never has to be computed explicitly in an implementation of HM-IRLS; neither is it necessary
to compute its inverse (I/IN/("))_1 =3 (U(”)(i(”))Q_pU(”)* &) V(”)(i(”))Q_pV(”)*) explicitly.

Indeed, as it can be seen in (13) and by the definition of the Kronecker sum (55), the
harmonic mean weight matrix appears just as the linear operator (V\/("))*1 on the space
of matrices My, xq4,, whose action consists of a left- and right-sided matrix multiplication,
cf. (12). Therefore, the application of (W™)~1 is O(dyda(d; + d2)) by the naive matrix
multiplication algorithm, and can be easily parallelized.

While this useful observation is helpful for the implementation of HM-IRLS, it is not true
for AM-IRLS, as the action of (W((;)ith)
at iteration n, is not representable as a sum of left- and right-sided matrix multiplication.

)~1, the inverse of the arithmetic mean weight matrix
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This means that even the execution of a fixed number of iterations of HM-IRLS is faster
than computational advantage over AM-IRLS.

The cost to compute @ o w1 o d* ¢ M, «m depends on the linear measurement
operator ®. In the matrix completion setting (23), no additional arithmetic operations
have to be perfo;ined, as @ is a just a selection operator in this case, and for HM-IRLS, this
means that ® o W™ ~1 o &* is a sparse matrix.

Thus, the algorithm HM-IRLS consists of basically of two computational steps per it-
eration: The computation of the SVD of the di X do-matrix X (") and the solution of
the linearly constrained least squares problem in (13). The first is of time complexity
O(dyde min(dy, d2)). The time complexity of the second depends on ®, but is dominated
by the inversion of a symmetric, m X m sparse linear system in the matrix completion
setting, if m is the number of given entries. This has a worst case time complexity of
O(max(dy, d2)3r3) if p is just a constant oversampling factor.

For the matrix completion case, this allows us to recover low-rank matrices up to, e.g.,
d1 = d2 = 3000 on a single machine given very few entries with HM-IRLS.

ACCELERATION POSSIBILITIES AND EXTENSIONS

To tackle higher dimensionalities in reasonable runtimes, a key strategy could be to address
the computational bottleneck of HM-IRLS, the solution of the m x m linear system in (13),
by using iterative methods. For IRLS algorithms designed for the related sparse recovery
problem, the usage of conjugate gradient (CG) methods is discussed in Fornasier et al.
(2016). By coupling the accuracy of the CG solutions to the outer IRLS iteration and
using appropriate preconditioning, the authors obtain a competitive solver for the sparse
recovery problem, also providing a convergence analysis. Similar ideas could be used for an
acceleration of HM-IRLS.

It is interesting to see if further computational improvements can be achieved by combin-
ing the ideas of HM-IRLS with the usage of truncated and randomized SVDs (Halko et al.,
2011), replacing the full SVDs of the X that are needed to define the linear operator
(W) =1in Algorithm 1.

6. Theoretical analysis

For the theoretical analysis of HM-IRLS, we introduce the following auxiliary functional 7,
leading to a variational interpretation of the algorithm. In the whole section, we denote
d = min(dy, d2) and D = max(dy, ds).

Definition 13 Let 0 < p < 1. Given a full rank matrizc Z € Mg, «q,, let

~

—1
W(2) =2, ® (22*)}][(22°) @ (2*2)% | [(2°2)% ® L, € Hurdoxaras
be the harmonic mean matrix W associated to Z.
We define the auxiliary functional J, : Mg, xd, X Rz0 XMy, x4y — Rx0 as

d d
0i(Z) + 52 ai(Z)ﬁ if rank(Z) = d,
=1 =1

PIxX. 12 ep
Tp(X,€,2) := 2 VeCHfz(W(Z))—i_ 2, ;

2 1

+0 if rank(Z) < d.
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We note that the matrix W of Deﬁnltlon 13 is just the harmonic mean of the matrlces
Wy = I, ® (ZZ*)2 and Wy = (Zz*Z )2 ®14,, as 1ntroduced in Sectlon 2.3, if (ZZ*)2 and
(Z*Z)% are positive definite. Indeed, in this case, (ZZ*) 2 @(Z*Z) 2 = W, + Wy is invertible
and as (A~! + B71)~! = A(A + B)~!B for any positive definite matrices A and B of the
same dimensions,

W (Z) = 2Wy (W + Wa) ™ Wy = 2(W, 1 + Wy 1)L, (27)

We use the more general definition W (Z) as it is well-defined for any full-rank Z € Mg, xd,
and as it allows to handle the case of non-square matrices, i.e., the case dj#do, as in thls
case (Z Z *)2 or (Z*Z ) has to be s1ngular Using the Moore- Penrose pseudo inverse W1
and W2 of the matrices Wy and W, we can rewrite W( ) from Definition 13 as

W(Z) = 2W1 (Wl + WQ)_1W2 = Q(WI—F + W;)_l

With the auxiliary functional 7, at hand, we can interpret Algorithm 1 as an alternating
minimization of the functional J,(X, €, Z) with respect to its arguments X, € and Z.

In the following, we derive the formula (15) for the weight matrix W+ as the evalu-
ation W(n+1) = W(Z("H)) of W from Definition 13 at the minimizer

Z0 ) = argmin J,(XHD (4D 7y, (28)
ZeMay xdy

with the minimizer being unique. Similarly, formula (13) can be interpreted as

X0 = argmin | Xveel, g gy = argmin Jp(X, e, 7). (29)
XGMdlxdz ( )) XGMdlde
o(X)=Y e(X)=Y

These observations constitute the starting point of the convergence analysis of Algo-
rithm 1, which is detailed subsequently after the verification of the optimization steps.

6.1 Optimization of J, with respect to Z and X

We fix X € My, x4, with singular value decomposition X = Z?:l ouiv’, where u; € Cch
v; € C® are the left and right singular vectors respectively and o; = = 0;(X) denote its
singular values for i € [d].

Our objective in the following is the justification of formula (15). To yield the building

blocks of the weight matrix W(”H), we consider the minimization problem

argmin J,(X, €, 2) (30)
ZEMdl xdg

for e > 0.

Lemma 14 The unique minimizer of (30) is given by

d

-2
Zopy = 2 ,(0i(X)? + )2 uyu}.
i=1
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Furthermore, the value of J, at the minimizer Zypy 18

d
jp(Xa €, Zopt) = Z(UZ(X)2 + 62)

i=1

p
2

=: g¢(X) (31)

forp > 0.

The proof of Lemma 14 is detailed in Appendix B.

Remark 15 We note that the value of Jp(X,€, Zopt) can be interpreted as a smooth e-
perturbation of a p-th power of a Schatten-p quasi-norm of the matrix X. In fact, for e = 0
we have

Tp(X,0, Zopt) = [ X[, = g5(X).

Now, we show that our definition rule (13) of X+ in Algorithm 1 can be interpreted as
a minimization of the auxiliary functional [, with respect to the variable X. Additionally,
this minimization step can be formulated as the solution of a weighted least squares problem
with weight matrix W (™. This is summarized in the following lemma.

Lemma 16 Let0 < p < 1. Given a full-rank matriz Z € Mg, x4, , let W(Z) = 2([(ZZ*)%]+@
[(Z*Z)%]Jr)_1 € Hy,dyxdyd, be the matriz from Definition 15 and W™t 1 My, x4, — My, xd,
the linear operator of its inverse

W (X) = % ([(z2*)37 X + X[(2°2)71].
Then the matrix
Xopt = W o@* 0 (@oW o @*) 1) (Y) € My, xa,
18 the unique minimizer of the optimization problems

argmin J,(X, €, Z) = argmin | Xyec|| (32)
(X

2
B(X)=Y (X)=Y (W)’

Moreover, a matriz Xop, € Mg, xd, is a minimizer of the minimization problem (32) if and
only if it fulfills the property
(W (Z)(Xopt)veer Huee)ty = 0 for all He N (®) and ®(Xopi) = Y. (33)

In Appendix B, the interested reader can find a sketch of the proof of this lemma.

6.2 Basic properties of the algorithm and convergence results

In the following subsection, we will have a closer look at Algorithm 1 and point out some of
its properties, in particular, the boundedness of the iterates (X ("))neN and the fact that two
consecutive iterates are getting arbitrarily close as n — c0. These results will be used to
show convergence and to determine the rate of convergence of Algorithm 1 under conditions
determined along the way.

28



HARMONIC MEAN ITERATIVELY REWEIGHTED LEAST SQUARES

Lemma 17 Let (X(”),e(”))neN be the sequence of iterates and smoothing parameters of
Algorithm 1. Let X(™ = Zd (n)u(»n)vgn)* be the SVD of the n-th iterate X™. Let

i=10 7
(Z") e e a corresponding sequence such that

d
200 = 3 (M2 4 012y 52 (0
i=1

for n e N. Then the following properties hold:
(a) j( n) 6 ) ) j ( (n+1 (n+1)7z(n+1)) fOT' alln > 17
(b) | X Hp < Tp(XW O 700 = 7,4 for alln > 1

(c) The iterates X0 XD come arbitrarily close as n — o, i.e.,
lim, (X~ X000 [2, = 0.

n—o0

At this point we notice that, assuming X — X and €™ — € for n — oo with the
limit point (X, €) € My, xa, x R>p, it would follow that

Tp(X e, 2y - g2 (X)

for n — o by equation (31).
Now, let € > 0, a measurement vector Y € C” and the linear operator ® be given and
consider the optimization problem

i P(X 34
e 9P (X) (34)
d(X)=Y

with ¢?(X) = Z?:I(O'Z‘(X>2 + €)% and o;(X) being the i-th singular value of X, cf. (31).
If g?(X) is non-convex, which is the case for p < 1, one might practically only be able to
find critical points of the problem.

Lemma 18 Let X € My, x4, be a matriz with the SVD such that X =
Ef L oiuvl, let € > 0. If we define

d d -1

2—p 2—p

|:< Z O' + 6 2 umf) @ (Z(O’ZQ + 62) 2 Uﬂ);‘)} € Hd1d2><d1d27
i=1 i=1

then W(X("), ey = W with W™ defined as in Algorithm 1, cf. (10).
Furthermore, X is a cmtzcal point of the optimization problem (34) if and only if

(W (X, €)Xyee, Hyec)t, = 0 for all He N (®) and ®(X) =Y. (35)

In the case that gt is convez, i.e., if p =1, (35) implies that X is the unique minimizer of
(34).

Now, we have some basic properties of the algorithm at hand that allow us, together
with the strong nullspace property in Definition 4 to carry out the proof of the convergence
result in Theorem 9. The proof is sketched in Appendix C using the results above.
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6.3 Locally superlinear convergence

In the proof of Theorem 11 we use the following bound on perturbations of the singular
value decomposition, which is originally due to Wedin (1972). It bounds the alignment of
the subspaces spanned by the singular vectors of two matrices by their norm distance, given
a gap between the first singular values of the one matrix and the last singular values of the
other matrix that is sufficiently pronounced.

Lemma 19 (Wedin’s bound (Stewart, 2006)) Let X and X be two matrices of the
same size and their singular value decompositions

Y 0 [V _ 0\ [V
X = (U Uz)(ol 22> (vi) and D = (U U2)<01 22> <V;>

where the submatrices have the sizes of corresponding dimensions. Suppose that d, « satis-
fying 0 < 6 < « are such that o < opin(X1) and opmax(X2) < a —§. Then

_ X-X _ X-X
03Ul < V22 g v, < val X RS (36)

As a first step towards the proof of Theorem 11, we show the following lemma.

Lemma 20 Let (X(”)) be the output sequence of Algorithm 1 for parameters ®,Y,r and
0<p<1, and Xog € Mg, «xa, be a matriz such that ®(Xy) =Y.

(i) Let nénﬂ) be the best rank-2r approzimation of n( ™Y = X+l _ X Then
(n+1) 2 d AN 2
n — P
[+ — g£<22p< Z](d%XWU+eW”V> e 15 my
t=r+1
where W™ denotes the harmonic mean weight matriz from (10).

(i) Assume that the linear map ® : Mg, xq, — C™ fulfills the strong Schatten-p NSP of
order 2r with constant yo, < 1. Then

2—p d 2=
n 2 (Y x(n m2)5
In™ DI, < 283 < (o7 (X)) + ¢l )2)2> Imiee Vs gy (3T

2—p
r
t=r+1

(iii) Under the same assumption as for (ii), it holds that

d 2-p
n 2 - n " E o
DI < (14 70,)227 p< :§;1(03()(<>)4-e<>2)2> In%ed 15 oy

Proof (i) Let the X (n) — g nm 7 (* he the (full) singular value decomposition of X
i.e., U™ e Uy, and V(™ € Uy, are unitary matrices and £ = diag(o (X™), ..., 0.(XM)) €
Mg, x4, We define U}n) € Mg, x, as the matrix of the first r columns of U™ and U}?) €
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Mg, x(d,—r) as the matrix of its last d; — 7 columns, so that Un = <U}”) U}n)), and
similarly VT(n) and VT(ZL).
As Ig, = USIUS* 1 U0 and 1y, = VIOV 4 VIV we note that

U%)Ug)*n(nH)VT(:z)VT(?)* _ n(n+1) _ U}”)U}”)* (n+1) | U( )U(c) 77("+1)VT(")V:ﬁn)*’

while U( )U( n)* nn ) 4 U( )U:(F ) 77("+1)V( )VT(,”)* has a rank of at most 2r. This implies
that

n n 1 n n n n
™D — S Vs, < U UR OV VI g = Ui e v o (38)

Using the definitions of U™ and YN/(”), we write the harmonic mean weight matrices of the
n-th iteration (10) as

W =2V g U™) (g&rfﬂ—p @ 222)2—19)—1(‘7(71) @UM™)Y*, (39)

where i‘,((i?) € Mg, xq, and ifg) € Mg, a4, are the diagonal matrices with the smoothed sin-
gular values of X from (11), but filled up with zeros if necessary. Using the abbreviation

Q= (P @ Iy gl e s (40)

we rewrite

77\(;2;1) MN/(n)*%W(n)%n\(fggl) _ 271/2(‘7(71)@[7(71))( ( )2— p(—DE( n)2— P)l/QQ
(41
— 9 1/2( ()®U(n))[(1d2®2()2 )DL+( ()2 ®Id1)DR]Q )

with the diagonal matrices Dy, Dr € Mg, 4,xd,d, Such that

O'.
(DL)i.t,_(j—l)dLi-‘r(j—l)dl - (1 + ( j2

and

_ <<012(X(n)) + G(n)2)22p N 1) —1/2

(DR)it(j—1)ds i+ (j—1)ds o2(X (M) + ()2

for i € [d1] and j € [da]. This can be seen from the definitions of the Kronecker product ®
and the Kronecker sum @ (cf. Appendix A), as

$(n)2—p (n)2 p\1/2 _ 1/2
5 P — (s + 5
<( ) >z+(jfl)d1,z'+(j71)d1 (S %)
Si

= si(si+85) Y2 4 55(ss + 8;) V2 = 821+ )12 4 }/2(7

+1)"12
Si Sj

if sy denotes the ¢-th diagonal entry of ig;p_p and f]g:p_p for £ € [max(dy,ds)].
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—(n)2=2
If we write X d??Tf € M4, —ryx(d,—r) for the diagonal matrix containing the d; —r

2—p

last diagonal elements of i(np_p nd ién)TQ € M4, —ryx(d,—r) for the diagonal matrix

containing the ds — r last diagonal elements of Z(n)2 P it follows from (41) that

OV 28

AR U(”)[E(n) (DLQ>mat+(DRQ)matz( e :|‘7(n)* i 2

p
Sp

() %52

_ () 222
2*% EEZJTCQ [(DLQ)mat] + H[(DRQ)mat]T&TCEdQ,TC

p
ToTe| g,

with the notation that M7, 7, denotes the submatrix of M which contains the intersection
of the last di — r rows of M with its last ds — r columns.

Now, Hoélder’s inequality for Schatten-p quasi-norms (e.g., Gohberg et al. (2000, Theo-
rem 11.2)) can be used to see that

3 p =(n) 32 p
55 (DLl | <[54 (DLl . - (42)
P 2p 2
2—p
Inserting the definition
= (n) 252 ||P Lo, (n)y . .(n)2) BEE) = S () 4 (n)2\5 e
HETC ’ s —( Z (0F (X)) + e )<2p)4) —< Z(‘%‘(X )+e€ )2>
2L Ni=r+l i=r+1

allows us to rewrite the first factor, while the second factor can be bounded by

IDe Dl 11, < 1Ds D, < 9l = 17 ST Tl VI,

— W2 DL, = ol V[P

VeC

L (Wm)?
as the matrix Dy, € My, d,xdyd, from (41) fulfills | Dy, [LS@ < 1 since its entries are bounded
by 1; we also recall the definition (40) of Q and that V(™ and U™ are unitary.

—(n)2=P n n .
The term H [(DRQ)mat]Tc T EIQ)T2 I; in the bound of HU:(F )*77(”“)‘/} )ng can be esti-
s+c s LC D c c

mated analogously. Combining this with (38), we obtain

d 2—
I =g < (a3 () ) B Y

1=r+1

concluding the proof of statement (i).
(ii) Using the strong Schatten-p null space property (18) of order 2r and that n(
N (®), we estimate

n+l) ¢

2/p, . 2/p=1
2 ntl +1) Yor T 7 2 \”
I O = s ™= V1, (B e ™ = VR, )

2—p D 2—p
_ Do (2r +1) () D20 < op_Tor

H (n+1) n+1)H
ST @r)zr 92-py2p!"
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where we use in the second inequality a version of Stechkin’s lemma (Kabanava et al., 2016,
Lemma 3.1), which leads to the estimate

n 1’L ‘s n
[+ — D2 el ™D — S < D |lt) D)2
S, S (2r)2—p ()Q/p—l Sp*

(n+1) H

Combining the estimate for |n ZZ with statement (i), this results in

d 2-p
2p ’Y L 2
e <o (5 20+ ) e
i=r+1
which shows statement (ii).
(iii) For the third statement, we use the strong Schatten-p NSP (18) to see that

+1) +1 +1)
IO, = e V1, + I =g U, < ()Y

and combine this with statement (i). [ ]

Lemma 21 Let (X( )) be the output sequence of Algorithm 1 with parameters ®,Y,r and

0<p<1l, and W® be the harmonic mean weight matriz matriz (10) for n € N. Let

Xo € Mg, xa, be a rank-r matriz such that ®(Xo) =Y with condition number k := giggg

(i) If (24) is fulfilled for iteration n, then n(™+t1) = X — Xq fulfills

(n+1) 2p < 4Prp/2 (XO) Ii Hn(n H2p p H (n+1)”p
Thee ey ST (1= ¢ ()27
(i) Under the same assumption as for (i), it holds that
("H)HZP _ 7P D)2 ma’x(r’d_T)p/2UT(XO)p(p_1),<; In n)H2p »° in (n+1)Hp
Ve gy (i my (1-¢)2r (e(m))2p—? :

Proof (i) Recall that X"+ — argmm HXVGCH
o(X)=Y

least squares problem with weight matrix WM. As p+1) — x(+1D) _ X is in the null
space of the measurement map @, it follows from Lemma 16 that

() is the minimizer of the weighted

0 = <W vgc+1 777\(/Telc+1 > <W ( n+1) + XO)VGCa 7752?”%
which is equivalent to

(n+1)|?

77vec EQ(MN/(")) = <W( )nsz(jrl)?nsz;l > - _<W (XO)V8C777\(/ZC+1)>'
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Using Holder’s inequality, we can therefore estimate

2
1
ninrt)

— (X W (Xo)vee lnag, 0D
ZQ(W(TL)) <W ( 0)V8C777vec >€2 <[ ( O)V ] t’n >F (43)

< H [V[N/(n) (XO)veC] (+1) Is,-

matHSg ”77

To bound the first factor, we first rewrite the action of W™ on Xp in the matrix space as

(W X0)ee| = 2(VP@TO) (S5 P@ 1) ™ (V@ T (X0)secmat =
- U(n)( H™ o (UM*x, v )))V( )*

using (39) and Lemma 20 about the action of inverses of Kronecker sums, with the notation
that H"™) € My, .4, such that

-1

n n n)2y =2 n n)2y 2=P
Hz'(j) =2 []l{isd}(UiZ(X( )+ em2)T" 4+ Ljcay (o] (X™) + €m2) 2p]

for i € [d1], j € [d2], where ;<4 = 1if i < d and 1<y = 0 otherwise. This enables us to
estimate

H [WN/(n) (XO)veC] 2 ‘ [“‘](n) (H(n)o (ﬁ(n)*XO‘N/(n))) ‘7‘(71)* z — HH(TL)O ([Nj(n)*XOf/"(n)) 2
2

Sa

mat

Sa

o (S0, v

‘ +HHT”} o (U Vi)

So

‘SQ

)

Sa

+‘ ), (U}”) X, VT(”)

[, + [ o 0 xovi |

using the notation from the proof of Lemma 20. To bound the first summand, we calculate

(o U X0V | < | Hpe U X OWVEN | | HLo (-0 V)|
<|Ef} o=+ |EE) o W Vi)
2 Sa

T 2(x(n) 1/2 r n n n
(X o ) IO,

i=1 (Uf(X( )) + f(n)2) b=l

=2 n n n

< Vro?t (XM 4 (o <X<”>> (™25 U My g,
< VroP (X)) 4 o2 (X ww)n&ﬁ = Vro? (XN [0 (XM + ™5, ],

denoting Zg? ) = diag(o;(X™))7_, and that the matrices U}n) and ngn) contain the first r
left resp. right singular vectors of X (") in the second inequality, together with the estimates
1 Xlsy < /7| X|s, <7||X|s, for (r x r)-matrices X.
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With the notations s¥ := 0,.(Xp) and s := o1(Xp), we note that
o (X™) > (1 ¢),
as the assumption (24) implies that
s = ov(Xo) = o (X™ — ™) < 0, (XT) + o1 (n™) < o (X V) + (s,

using Bernstein (2009, Proposition 9.6.8) in the first inequality.
Therefore, we can bound the first summand of (44) such that

[H{E o U X V()

o SV (=P 2 sp (1= O+ Csy] = V()P (1= ()72 (45)

2

2

, similar arguments and
Sa

For the second summand in the estimate of H[WN/(”) (Xo)vec]mat

again assumption (24) are used to compute

=0
HH%%CO(U§”)*X0VT("))H ., H H), o (U XMy ot
|H{, o (U )V("))‘SQ < max HD O v,
je{r+1,...,da} (46)

2\|UT")*n Vil
[( )2 4 e(m2)*3" ]
< 2v/r(s <1 P2 ™ s, < 203/r(s2P (1 = Q)P

< 20, (X2 Uiy |,

From exactly the same arguments it follows that also

< 20V/r(s))P 1= Q)P (47)

o @)

It remains to bound the last summand HH%)TC o (U:(FZL)*XOV}ZL))

2
. We see that
Sa

HH@TCO(U}?*XOVT@) < max_ ]H">]HU¥C‘ * XV s,

So ZE{’V‘+1
Je{r+1,.. 7d2}
< (€MP2U* X0V s, < (€M 2US T s, 1515, | VRV | s, (48)
_ 2Hn s V2™ g o o1
g(n)p2\f w 0 w _ (n) )2 p—2(1 _ 2/.0\—151
<6 ) (1 _ C)89 \/;81 (1 _ C)89 \an H ( ) ( C) (Sr) 89’

where Holder’s inequality for Schatten norms was used in the third inequality. In the fourth
inequality, Wedin’s singular value perturbation bound of Lemma 19 is used with the choice
Z=2Xy,Z=X" o= s¥ and § = (1 — ¢)s?, and finally € < ¢sY in the last inequality,
which is implied by the rule (14) for €™ together with assumption (24).
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Summarizing the estimates (45)-(48), we conclude that

2 2210—2 H77 H4OO ) i ) o
M[1+8C2+4(C*§2p(6( ))2p 4(39) 2 (25) }

0y2p—2 7™ ¢ el VO AN
_r(sh) i [(1+8g2)( oy +4< (n))f - (59)2}97 (:%) ]

(1=¢)
D)2 In™]s, 2 13r(s2)2P 2 '
(())4 2p<—2p 2:|< (1—C)4 [(())4 2p/€:|7

H [VNV(H) (X0)vec]

mat

4-2
(s, Is,.”

(1-¢)*

X

[9+4

as 0 < ¢ <1, €™ <o, (X)) = HXO:)HSOO < [7™| s, and using the assumption (24) in
the second 1nequahty. This concludes the proof of Lemma 21(i) together with inequality
(43) as 137/2 < 167/2 = 4P,

(ii) For the second statement of Lemma 21, we proceed similarly as before, but note
that by Holder’s inequality, also

(n+1)|?

T(n)
Nvec 52(1/’\‘7(”)) < H[W (XO)VeC]

s (49)

matHSlHn
cf. (43). Furthermore

7 (X0)wee] e |5, < [HS © O Xo V)

|+ [E, e oy

L (50)

+ HHTZL)T ° (Ug)*XoVT(n))

o e o)

‘51'

The four Schatten-1 norms can then be estimated by max(r, (d — r))"/? times the corre-

sponding Schatten-2 norms. Using then again inequalities (45)-(48), we conclude the proof
of (ii). [ ]

We proceed now to the proof of Theorem 11.
Proof First we note that

d 2-p )
( > (P ™)+ 6(”)2)5) <2 (A= P P (XD ()
i=r+1

as €™ < g, (X™*D) due to the choice of €™ in (14). We proceed by induction over
n = n. Theorem 20(ii) and Theorem 21(ii) imply together with (51) that for n = 7,

(n+1)p Hn(nJrl H%’Z D~ 2—D p—ﬁ d—r 27p/27prp(89)p(p—1) P ) |12p— p?
I OIG, < e < 2952 () e Ll 8
= ™+, r (1= (52)
_prd —rN\2-p/27P(s0)P(P—1) (2
< 95p 2—p D p(2—p)
727" ( r ) (1 C) K H77 H

as 0,11(X™) = ™ by assumption for n = 7.
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Similarly, by Lemma 20(iii), Lemma 21(ii) and (51), the error in the Schatten-p quasi-
norm fulfills

9 p Tp/2(59)p(p—1)
e e

for n = n. Using the strong Schatten-p null space property of order 2r for the operator &,
we see with the arguments of the proof of Lemma 20(ii) that

nt1) 2 24249 n)|P(2=p) |, (n+1
D < (1 4+ 99,2224 (d — Wl L, (09)

_1.1-p/2
op 1727"27

In™I%,, <lIn™l, < w\\n(n)\\p

op—1 1'7;;/2
(DG, < 22— In" D

and also |n s, Inserting this in (53) and dividing by |

(n+1) Hp ,
. p
we obtain

d— T)pr rP/2(50)p(p=1)

2— 1
D < 2701+ )23 g I I,

r

Under the assumption that (25) holds, it follows from this and (52) that
In™ DN, < In™|, and [n® VG < 0™, (54)

for n = n, which also entails the statement of Theorem 11 for this iteration.

Let now n’ > i such that (54) is true for all n with n’ > n > n.

If 0,41 (X™)) < =1 then ¢) = g,,1(X™)) and the arguments from above show
(54) also in the case n = n'.

Otherwise o,41(X™)) > €= and there exists n’ > n” > 7 such that ¢™) = ") =
or11(X ™). Then

d 2 x () 22D ,.p/2 _ p\P/2
n'+1) 7 ) £ rP/“ max(r,d —r) ) 1p(2—p)
™V, <1403 { Z( 1) } (s0)p(1=p) (1 — ()20 &g

i=r+1

and we compute

d 2(y(n) p72-p d P x () 2
o (X)) 2 7 (X))
L2 G )] <[ 2 R e
I 13, 7l o
< |: T LA (d — 7")] < |:€(n”)p + (d — 7‘)]
) {2(1 + ) | X212 » (d_r)rp _ (3+’V2r>2p(d—r)2p
T (1= ) S\l |

using that X is a matrix of rank at most r in the second inequality, the inductive hypothesis
in the third inequality and an analogue of (61) for a Schatten-p quasi-norm on the left hand
side (cf. Kabanava et al. (2016, Lemma 3.2) for the corresponding result for p = 1) in the
last inequality. The latter argument uses the assumption on the null space property. This

shows that
(n’+1) ”p (n") HP(Z—P)

In < pfn
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for

o2 (B4 1) (d = r)\2p (0D
=2 zrp< (1 — o) > 1— ()

and Hn(an)ng < Hn(nl)ng under the assumption (25) of Theorem 11, as i < p with u as
n (26). Indeed, it holds that i < p since

d—

xP max <2p(d )%, (1 + 7o) ) )

d— 7")2*11/2 »

max (2(d — 1), (1+72,)°) T)H’rp/? <2147 .

The same argument shows that Hn("”rl)”gp < ™R » which finishes the proof. [ |

Remark 22 We note that the weight matrices of the previous IRLS approaches IRLS-col
and IRLS-row Fornasier et al. (2011); Mohan and Fazel (2012) at iteration n could be
expressed in our notation as

L, @ Wy = 1, @ UM (E)r-2pm*

and
Wy @1y, == VOEPP- 2y g,

respectively, cf. Section 2.2, if X" = ymxmy )= — U}n)Eg?)VT(n)* + UQ(C)Z%)VQ({L)* 18
the SVD of the iterate X ™ with Ui(pn) and VT(n) containing the v first left- and right singular
vectors.
Now let
T = (U ZF + ZoVV* : Z1 € My, xr, Zo € Mayir}

be the tangent space of the smooth manifold of rank-r matrices at the best rank-r approz-
imation U(n)E(n) T(n)* of X or, put differently, the direct sum of the row and column
spaces of UT gfl)VT(,n)*.

The fact that left- or right-sided weight matrices do not lead to algorithms with super-
linear convergence rates for p < 1 can be explained by noting that there are always parts of
the space T that are equipped with too large weights if X () = gnmy®)x (al)ready
n

approzimately low-rank. In particular, proceeding as in (44), we obtain for Iz, @ W}

H [Ts, ® Wén) (X0)vec]

:H (z@)p—?U;")*Xov(

oo,

mat So

H v

_ _ n n 2
g [k 2U§c)*X0VT<,C)
2

2

if ig}) denotes the diagonal matrix with the first v non-zero entries of igz) and i%) the
one of the remaining entries.

Here, the third of the four summands would become too large for p < 1 to allow for
a superlinear convergence when the last d — r singular values of X ™ approach zero. An
analogous argument can be used for the right-sided weight matrix W](%n) ® 14, and, notably,

also for arithmetic mean weight matrices W((;?ith) = Iy, ®W£n) + Wl(%n) ®Ig,, cf. Section 2.5.
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Appendix A. Kronecker and Hadamard products

For two matrices A = (aij)ie[d,],je[ds] € Ch>*ds and B e C¥*%  we call the matrix repre-
sentation of their tensor product with respect to the standard bases the Kronecker product
A® B € Ctad2xdsds By its definition, A® B is a block matrix of ds x d4 blocks whose block
of index (i,7) € [d1] x [d3] is the matrix a;; B € R%*%_ This implies, e.g., for A € C41*4
with di = 2 and dg = 3 that

ail a2 @13 a11B | a19B | a13B ]
A®B = B= _
®© [ a1 @ a3 ] ® [ as B ‘ ass B ‘ as3 B

The Kronecker product is useful for the elegant formulation of matrix equations involving
left and right matrix multiplications with the variable X, as

AXB*=Y ifand only if (B® A)Xyee = Yvec-

We define the Hadamard product A o B € CM*% of two matrices A € C4*% and
B e Ch*% g their entry-wise product

(A O B)ZJ = Ai,jBi,j

with ¢ € [d1] and j € [d2]. The Hadamard product is also known as Schur product in the
literature.

Furthermore, if di = d3 and do = d4, we define the Kronecker sum A® B € Chrdzxdidp
of two matrices A € C**% and B e C®*% a5 the matrix

A®B=(13,®A)+ (B®I). (55)
Note that equations of the form AX + X B* =Y can be rewritten as
(A (‘B B)Xvec = Yvec;

using again the vectorizations of X and Y. An explicit formula that expresses the inverse
(A® B)_1 of the Kronecker sum A @ B is provided by the following lemma.
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Lemma 23 (Jameson (1968)) Let A€ Hy, x4, and B € Hy,vq,, where one of the matri-
ces s positive definite and the other positive semidefinite. If we denote the singular vectors
of A by u; € CU, i€ [dy], its singular values by oy, i € [di] and the singular vectors resp.
values of B by vj € C® resp. p;, j € [da], then

(A@® B)~ iiv’v O uiuy . (56)

1=175=1 O-Z+M]

Furthermore, the action of (A® B)™! on the matriz space Mg, x4, can be written as

[(A® B) ' Zyee| . =U(H o (U*ZV))V*. (57)

mat

for Z € My, xa,, U = [u1,...,uq ], and V = [v1,...,va,] and the matriz H € Mg, x4, with
the entries H; j = (0; + p;) "1, i € [di], j € [da].

Appendix B. Proofs of preliminary statements in Section 6

B.1 Proof of Lemma 14: Main part
First, we define the function

d d v .
BIXveel?, sy + P B oi2) + 5 X )T rank(2) = d,

i=1 i=1

+00 if rank(Z) < d,

fgj(,e(Z) = (X, €6,2) =

for X € My, xq4,, € > 0 fixed and with Z € My, «q, as its only argument. We note that the
set of minimizers of f% (Z) does not contain an instance Z with rank smaller than d as

the value of f% (Z) is infinite at such points and, therefore, it is sufficient to search for
minimizers on the set Q = {Z € My, x4,|rank(Z) = d} of matrices with rank d. We observe
that the set ) is an open set and that we have that

(a) f% (Z)islower semi-continuous, which means that any sequence (Z F)ken with ZF oy
Z fulfills liminf f% (2%) > f% (2),

(b) fﬁ,e(Z) > « for all Z € My, «q4, for some constant «,

(c) f%.(Z) is coercive, i.e., for any sequence (Z*)eny with |Z%|p "% %, we have

5 (2F) =% o0

Property (a) is true as f% (Z))|q is a concatenation of an indicator function of an open
set, which is lower semi-continuous and a sum of continuous functions on 2. Property (b)
is obviously true for the choice o« = 0.

d
To justify point (c), we note that f% (Z) > 627’) > 0i(Z) = 62TPHZHS1 > 62710|\ZHF and
: ]

therefore, coercivity is clear from its definition. As a consequence from (a) and (c), it is
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also true that the level sets Lo = {Z € Mdlxd2|f§(,e(z) < C} are closed and bounded and,
therefore, compact.

Via the direct method of the calculus of variations, we conclude from the properties

(a)—(c) that f; (Z) has at least one global minimizer belonging to the set of critical points
of f% (Z) (Dacorogna, 1989, Theorem 1).
To characterize the set of critical points of f;e(Z), its derivative with respect to Z is
calculated explicitly and equated with zero in Subsection B.2. The solution of the resulting
equation reveals that Zon, = Z‘j (02(X) + €2) = vl =: Zf 1 Oiuvf is the only critical
point and consequently the unique global minimizer of f§ (Z). We define the matrices
VVOLPt = Z?:1 giu;u} and W(ff,t = Zle givivy, and note that W(Zopt) = ((W(ff)t) )
(I/VOLpt)*l)f1 with Definition 13. To verify the second part of the theorem, we simply plug
the optimal solution Z,p; into the functional 7, and compute using (56) that

62p d 2 — P d _pP_
o ~p—2
TplX, & Zop) = ”XV‘*C”f (W Zew)) T 2 Zl ity Z; af
i= i=
d d2 dl £ oy 9 d d
_D 2 Uy, @ VU5 pd . 2-pd
22[01( )(uf @ )2 ( o (u; ® v;) +TZUZ+TZUZP
i=1 k=1j=1 %k . ~ =
p d 2 — p d _pP_
= 9 Z(Uf(X) + 52)01 + 5 Z 5;’72
=1 i=1
= D3 0HX) + )X + )T+ 2D Y (o2 (X) + )

Il
—
.
Il
—

(02(X) + €2)2.

I
g

~
Il
—

B.2 Proof of Lemma 14: Critical points of ff(e

Let us without loss of generality consider the case d = dy = do and define
QO ={Z € Mjyxgst. rank(Z) =d}.
As already mentioned in (27), the harmonic mean matrix I/IN/'(Z ) can then be rewritten as
W (Z) = 2W, (W + Wa) " W = 2(W; L + Wy 1)~

for Z € Q with the definitions Wy = I, ® (ZZ*)2 and W, = (Z*Z)2 @ I;. For Z € Q, we
reformulate the auxiliary functional such that

2p & d
D _ o b 2 p —p P
fX,e(Z) —jp(X,e,Z) = §HXvecH[2(W 7? 5 ;UZ(Z)@ 2)
= 21 Xeecl?, Gz + SN EZ* D) 2N + 52N (27 2) D |

To identify the set of critical points of f% (Z) located in €2, we compute its derivative with
respect to Z using the derivative rules (7), (12), (13), (15), (16), (18), (20) in Chapter 8.2

41



KUMMERLE AND SIGL

and Theorem 3 in Chapter 8.4 of (Magnus and Neudecker, 1999) in the following. Using
the notation of Magnus and Neudecker (1999), we calculate

o (Z) = —itr (X* Waw- 1WXVGC> pj (tr (Z(Z*Z)*%az*) +tr((Z*Z)*%Z*6Z))

vec

7% (tr (Z(Z*Z)%(?Z*> + tr((Z*Z)%Z*aZ»
where
oW1 = %a [(ZZ*)—% o (Z*Z)—%] —_ i [((Z*Z)—%Z*az + aZ*Z(Z*Z)—%) ®Id1]
= % (1@ (02(22%) 3 2% + (22%) 5 z02*) |

(58)

We can reformulate the first term as follows using the cyclicity of the trace,

L (T ) = 2 [ (e

+tr<( Z)"3

+ tr (Z* (Zz*) % (WXvec)mat(WXveC)mataZ>

) at(ﬁ?Xvec)mat(Z*Z)_%Z*aZ)
(WXVGC)mat(WXvec)mataZ*>

0 (W X oo )mat (W Xvee) (2 2%) 2 2027 |

To determine the critical points of f% (Z), we summarize the calculations above, rear-
range the terms and equate the derivative with zero, such that

afg(,e(z) = gtr ([(MN/XveC)mat(WXveC)mat(Z Z)_§Z* + Z*(ZZ*) %(WXveC)mat(WXveC);at
126X(Z* 2) 5 7 — 27 7) 2D Z*] az)
+§ tr ([Z<Z* )7%(WXveC)mat(WXveC)mat + (WXveC)mat(WXveC>mat(ZZ*) Z

+2622(Z2*Z) "2 — 22(2* 7

~—

iz

= Pir(a07) + gtr (A*0z%) = Ltr (A@ A)02) = o,

[l

where

A= [(WXvec)mat(WXvec)mat(Z*Z)_%Z* v ZHZ2%)"

3~
2 (WXvec)mat<WXveC)mat
(59)

12EX(Z* 2) 5 7 — 27 7) 2D Z*] .
and hence an easy calculation as in (Duchi) gives

0% (2)  Pu((A®A)0Z) p B
e - o = S(4@4) =0.

Now we have to find Z such that A® A = 0. This implies that all eigenvalues of
APDA=ARI;+1;® A are equal to zero. The eigenvalues of the Kronecker sum of two
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matrices A; and A with eigenvalues A; and p; with s,t € [d] are the sum of the eigenvalues
As + t4¢- As in our case A = A} = Ay this means that all eigenvalues of A itself have to be
zero. This is only possible if A is the zero matrix.

Let Z = UXV* € Myyxq with U,V € Uy and ¥ € Myygy, where ¥ = diag(o) is a

diagonal matrix with ascending entries. We define the matrix H = H;; = # for

i=1,...,d,7=1,...,d corresponding to the result of reshaping the diagonal olf 2(2% DY)
into a d x d-matrix. Using (57), we can express (I/IN/XVGC)mat = U(H o (U*XV))V* and
denote B := H o (U*XV).

Plugging the decomposition Z = UXV™* into (59), we can therefore calculate

A =0« (UBVH*(UBV*)(VS2V*)32(USV*)* + (USV*)*(UL2U*)*) 3 2(UBV*)(UBV*)*
42 (VERVH) T V2(US V) — 2(VERVH) s (USVH)* = 0
< VB*BS2U* + VS 2BB*U* + 22VI,U* — 2VSr2U* = 0

o B*BY 2 4+ X 2BB* + 281, — 252 = 0.

(60)

We now note that 262Id—22P%2 is diagonal and therefore, B* BX~24+ Y "2BB* is diagonal
as well. Moreover, observe that B*B + X 2BB*%? is again a diagonal matrix and has a
symmetric first summand B*B. As the sum or difference of symmetric matrices is again
symmetric also the second summand Y ~2BB*¥? has to be symmetric, i.e., Y 2BB*%? =
(X72BB*¥?)* = X2BB*%~2. We conclude that it has to hold that BB*%* = ¥*BB* and
hence ¥4 and BB* commute.

This is only possible if either ¥ is a multiple of the identity or if BB* is diagonal.
Assuming the first case, (60) would imply that also BB* and B*B have to be a multiple of
the identity. Therefore, this first case, where X is a multiple of the identity is a special case
of the second possible scenario, where BB* is diagonal. Hence, it suffices to further consider
the more general second case. (Considerations for B* B can be carried out analogously.)

Diagonality of BB* only occurs if B is either orthonormal or diagonal. Assuming
orthonormality would lead to contradictions with the equations in (60). Hence B = H o
(U*XV) can only be diagonal.

Let now be X = USV* the singular value decomposition of X. As H has no zero entries
due to the full rank of W, this implies the diagonality of U*USV*V. Consequently, U and
V can only be chosen such that P = [U*U]yxq and P* = [V*V]4xq for a permutation
matrix P € Uy. The reshuffled indexing corresponding to P is denoted by p(i) € [d] for
i € [d]. Bearing in mind that H;; = o; for i € [d], we obtain

(H o (PSP*))*(H o (PSP*))S"2 + S72(H o (PSP*))(H o (PSP*))* + 2621, — 2577 = 0
_2
= 251%(1') +2¢% = 207" for all i € [d]

& o= (512:(1‘) + EQ)LEQ for all i € [d].

As the diagonal of ¥ was assumed to have ascending entries and the diagonal of S has
descending entries, the permutation matrix P has to be equal to the identity matrix. From

P =1, it follows that U = U and V = V and hence ¥ = (S? + eQId)¥.
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We summarize our calculations by stating that
Zops = USV* = U(8% + €21,) 2 V*

is the only critical point of f% _ on the domain Q.
The results extend for the case d; # da, where the definition of WN/(Z ) is adapted by
introducing the Moore-Penrose pseudo inverse of (ZZ*)!/2

W(Z) = 2W1 (Wl + WQ)_IWQ = 2(W1+ + W{l)il

The corresponding derivative rule as pointed out in Theorem 5 in Chapter 8.4 of Magnus
and Neudecker (1999) can be used for the calculation in (58).

B.3 Proof of Lemma 16

The equality of the optimization problems (32) can easily be seen by the fact that only
the first summand of J,(X, €, Z) depends on X. Now, it is important to show first that
W(Z) = 2([(Z”‘Z)%]+ @ [(ZZ*)%]ﬂ’l is positive definite as minimizing J,(X, €, Z) then
reduces to minimizing a quadratic form. Let Z = 2?21 oju;v;, where wu;, v; for i € [d] are
the left and right singular vector respectively and o; for i € [d] are the singular values of Z.
Since Z*Z = Zz L02v0F > 0, also the generalized inverse root fulfills [(ZZ*)2 ]+ > 0 and
for ZZ* = Zf 1 fuzu > 0, it follows that [(ZZ*)2 ]+ > 0. We stress that at least one of

the matrices (Z Z*)2 and (Z* )2 is positive definite and hence also W( ) > 0. With the

fact that I/IN/(Z ) > 0, the statement can be proven analogously to the results in (Fornasier
et al., 2011, Lemma 5.1).

B.4 Proof of Lemma 17

(a) With the minimization property that defines X ™+1) in (29), the inequality e +1) < (™)
and the minimization property that defines Z (n+1) i (28) and Lemma 14, the monotonicity
follows from

jp(X(n), 6(n) ) jp( (n+1) ’6(11)7 Z(n)) > L7})(){(714-1)7 6(n-&-l)7 Z(n))
> jp(X(n+1)’€(n+1)7Z(n+1)

).
(b) Using Theorem 14 and the monotonicity property of (a) for all n € N, we see that
[ X < g, (X)) = Fp(X ™, e, 20) < Z,(Xx W, e, 20,

(c) The proof follows analogously to (Fornasier et al., 2011, Proposition 6.1) where only the
technical calculation to bound of ((WN/("))*l) requires to take into account that the spectrum
of a Kronecker sum A@® B consists of the pairwise sum of the spectra of A and B (Bernstein,
2009, Proposition 7.2.3).

B.5 Proof of Lemma 18

The first statement f/IV/(X(”), ) = W™ is clear from the definition of W(X, €) and (10).
To show the necessity of (35), let X € My, x4, be a critical point of (34). Without loss
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of generality, let us assume that dy < da. In this case, a short calculation shows that
gE(X) = tr [(XX* + €1, )P/ ?]. It follows from the matrix derivative rules of Magnus and
Neudecker (1999, (7),(15),(18),(20) of Chapter 8.2) that

d
VP (X) =p(XX* + 621d1)¥X = 102(01-2 + 62)172;20'1‘1%1)*

)
=1

using the singular value decomposition X = Zle o;uvf in the last equality. Using the
Kronecker sum inversion formula (56), we see that Vg?(X) = p[W(X, e)XveC]mat. The
proof can be continued analogously to (Daubechies et al., 2010, Lemma 5.2).

Appendix C. Proof of Theorem 9

For statement (i) of the convergence result of Algorithm 1, we use the following reverse
triangle inequalities implied by the strong Schatten-p NSP: Let X, X’ € My, x4, such that
®(X — X’) =0. Then

. » Qp,yrlfp/Q 1 ' )

X' = Xl < = o (1K1, = 1XT5, + 26:(X)s, ) (61)
where 3,(X)s, is defined in (22). This inequality can be proven using an adaptation of the
proof of the corresponding result for £,-minimization in (Gao et al., 2015, Theorem 13) and
the generalization of Mirksy’s singular value inequality to concave functions (Audenaert,
2014; Foucart, 2018). Furthermore, the proof of the similar statement in (Kabanava et al.,
2016, Theorem 12) can be adapted to show (61).

The further part of the proof of (i) as well as (ii) follow analogously to (Fornasier et al.,
2011, Theorem 6.11) and (Daubechies et al., 2010, Theorem 5.3) using the preliminary
results deduced in Section 6.

Statement (iii) is a direct consequence of Theorem 11, which is proven in Section 6.3.
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