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Abstract

We present upper and lower bounds for the prediction error of the Lasso. For the case
of random Gaussian design, we show that under mild conditions the prediction error of
the Lasso is up to smaller order terms dominated by the prediction error of its noiseless
counterpart. We then provide exact expressions for the prediction error of the latter, in
terms of compatibility constants. Here, we assume the active components of the underlying
regression function satisfy some “betamin” condition. For the case of fixed design, we
provide upper and lower bounds, again in terms of compatibility constants. As an example,
we give an up to a logarithmic term tight bound for the least squares estimator with total
variation penalty.
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1. Introduction

Let X € R™P? be an input matrix and 3° € RP a vector of unknown coefficients. Consider
an n-vector of noisy observations
Y =X8"+¢

where the noise € € R™ is a vector of i.i.d. standard Gaussians independent of X. The Lasso
estimator [ is

B € argmin{|Y—Xb||%+2)\||b|1} (1)
beRP

with A > 0 a regularization parameter (Tibshirani (1996)). Its prediction error is || X (3 —
B)||3. Main aim of this paper is to provide lower bounds for this prediction error, bounds
which show that compatibility constants necessarily enter into the picture.

The results of this paper can be summarized as follows. Firstly, suppose the design is
random and that ¥y :=EX” X/n exists. Let 8* be the noiseless Lasso for random design

B e arbggin{nnzé”(b C 3+ 2A||bul}. @)
e P

For the case where the rows of X are i.i.d N(0,%g), we compare ||X (83 — °)|2 with
\/ﬁ||2(1)/ 2 (8* — BY)]]2 in Theorem 11. We assume here some mild condition on the growth
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of the compatibility constants as n increases. The theorem has as an important corollary
that || X (3 — 8°)]|2 is up to lower order terms equal to \/ﬁ]|2(1]/2(6* — B%)||2 whenever (after
normalizing the co-variance matrix ¥o to having bounded entries) the largest eigenvalue
A2, of ¥ is of small order logn, see Corollary 12. Secondly, we provide in Theorem 14
exact expressions for the prediction error of the noiseless Lasso in terms of compatibility
constants. We require here “betamin” conditions, which roughly say that the non-zero coef-
ficients of 4" should have the appropriate signs and remain above the noise level in absolute
value. Thirdly, for the case of fixed design, we present upper and lower bounds for the
prediction error || X (8 — 4°)||2 in terms of weighted compatibility constants. Theorem 17
states the lower bounds, assuming again certain betamin conditions. The upper bounds we
present are similar to those obtained the literature and presented for completeness. They
are stated as a consequence of Theorem 18 in Corollary 19. Another application of The-
orem 18 is given in Corollary 20. It presents an upper bound for || X (B — B%)||2 where *
is now the counterpart of (2) for the fixed design case. As an illustration we consider least
squares estimation with a (one-dimensional) total variation penalty. For this case we arrive
in Corollary 22 at lower and upper bounds that are the same up to a logarithmic term.

There are general upper bounds in the literature, in particular sharp oracle bounds as
in Koltchinskii et al. (2011) (see also Giraud, 2014, Theorem 4.1 or van de Geer, 2016,
Theorem 2.2). The oracle bounds involve a compatibility constant, and an improved version
of this constant has been developed in Sun and Zhang (2012), Belloni and Wang (2014) and
Dalalyan et al. (2017).

Main theme of this paper is to gain further insight into the role of the compatibility constant
when applying the Lasso and to see how it occurs in lower bounds. In Zhang et al. (2014)
it is shown that for a given sparsity level, there is a design and a lower bound for the
mean prediction error in the noisy case, that holds for any polynomial time algorithm. This
lower bound is close to the known upper bounds and in particular shows that compatibility
conditions or restricted eigenvalue conditions cannot be avoided. This has also been shown
by Bellec (2017), where a choice of the particular vector of regression coefficients 3° leads to
a lower bound matching the upper bound. We further elaborate on this issue, and provide
lower bounds that hold for a large class of vectors (°.

To get an idea of the flavour of the type of bounds we are after, we present in Theorem 1
the case of random design. Details of its proof can be found in Subsection 11.9. We provide
more explicit statements in Theorem 11.

Throughout the paper, the active set of 3° is denoted by Sp := {j : B;-) # 0}. Its size is
denoted by sy := |Sg|. Our betamin condition is as follows (its meaning should become
more clear after looking at Section 3 where compatibility constants are defined).
Betamin condition Let

b e argmin{||zé/2b||2 DEDSEE 1}

JE€So J¢So
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and for j € So let 2 be the sign of by. We say that BY satisfies the betamin condition for
the noiseless case with random design if

ST

S0 2 e S, (3)
1/2
=5/ 2012 7

* 20
i Pj

We will make asymptotic statements with the sample size n tending to infinity and apply
(stochastic) order symbols. All quantities in the paper are allowed to depend on n unless
otherwise stated.

Theorem 1 Let the rows of X be i.i.d. N(0,%0), let |Zo|loc be the mazimal entry in the

co-variance matriz Yo and A2, be its largest eigenvalue. For S C {1,...,p}, let k*(S) be

the compatibility constant defined in Definition 2. Suppose that

Adase/ |1 50lloc = o(log(2p)),

and

max{<||§zg§°)log(2;’”5| L Sc{l,....p} IS < (?2%55)450} = o(1).

For some t > 0, take the tuning parameter X to satisfy

3150]l L2 (mnaog@p) 1) + 2(l0g(2p) + t)) <A= 0(% 1501 o (2p) ).

Then, under condition (3) (the betamin condition for the noiseless case with random design),
we have

A2 /n

I1X(B— O3 = —L2
L3

(1+op(1)) +Op(1)

(where in fact soHE(l)/Qb*H% = rk%(Sp)).

2. Organization of the Paper

In Section 3 the definition of compatibility constants is given and also some of their proper-
ties are discussed. Section 4 shows that for the case of random design the squared “bias” of
the Lasso dominates its “variance”. Section 5 then gives expressions for this “bias”, i.e. for
the noiseless Lasso. Here, we examine fixed design but the results carry over immediately
to random design. In Section 6 the result of Section 5 is illustrated with the total variation
penalty (in one dimension). Section 7 presents lower bounds for the noisy case with fixed
design, and Section 8 presents some upper bounds. Corollary 19 is essentially as in the
papers Sun and Zhang (2012), Belloni and Wang (2014) and Dalalyan et al. (2017), albeit
that do not consider the approximately sparse case to avoid digressions. Section 9 has upper
and lower bounds for the least squares estimator with total variation penalty in the noisy
case. Section 10 concludes. Section 11 contains the proofs.
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3. Compatibility Constants

We introduce some notation in order to be able to define the compatibility constants. This
notation will also be helpful at other places. For S C {1,...,p} and a vector b € RP let
bs € RP be the vector with entries bj g := b;l{j € S}, j = 1,...,p. We apply the same
notation for the |S|-dimensional vector {b;};cs. We moreover write b_g := bge where S is
the the complement of the set S.

3.1. Theoretical Compatibility Constants

The population version of the compatibility constant will be used for the case of random
design X. We call the population version the theoretical compatibility constant.

Definition 2 Let 3o :=EXT X/n (assumed to exist). Let S C {1,...,p} be a set of indices
and u > 0 be a constant. The theoretical compatibility constant is

. 1/2
2, 5) = mind SIS0 - sl ~ ul-slh = 1}.

For w =1 we write (1, 5) =: k(5).

3.2. Empirical Compatibility Constants

For a vector w we let W := diag(w) be the diagonal matrix with w on the diagonal.

Definition 3 (Belloni and Wang, 2014, Dalalyan et al., 2017) Let S C {1,...,p} be a set
of indices and w € RP~I5I be a vector of non-negative weights. The (empirical) compatibility
constant 1s s

R (w, 5) = min{rS|||Xbu§/n: sl — [Wb_s] = 1}.

For the case where w = 1 where 1 denotes a wvector with all entries equal to one, put

R2(S) == i#2(1, ).

3.3. Some Properties of Compatibility Constants

One readily sees that the theoretical and empirical compatibility constants differ only in
terms of the matrix used in the quadratic form (which is ¥y in the theoretical case and
the Gram matrix 3 := X7 X /n in the empirical case). Thus, when discussing their basic
properties it suffices to deal with only one of the two. In this section, we therefore restrict
attention to the empirical version #(w,S). Note that we have generalized the empirical
version as compared to the theoretical one, by considering general weight vectors, not just
constant vectors. With some abuse of notation, we write #(u,S) = &(ul,S) when the
weights are the constant vector ul (it should be clear from the context what is meant).
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The empirical compatibility constant as given in Definition 3 is from Belloni and Wang
(2014) or Dalalyan et al. (2017). Another version, from for instance van de Geer (2007) or
van de Geer (2016) and its references, is presented in the next definition.

Definition 4 Let S C {1,...,p} be a set of indices and u > 0 be a constant. The (older)
compatibility constant is

P (u, ) = min{\qubu%/n: sl = 1, [b-s]h < 1/u}.

Let ¢2(S) := ¢2(1, ) be the compatibility constant for the case u = 1.

The constant ¢(u, S) compares, for b’s satisfying a “cone condition” ||b_g||1 < ||bs||1/u, the
ly-norm || Xbl||2 with the ¢1-norm ||bs|;. The constant #(u,.S) is similar, but takes in the
comparison more advantage of a “cone condition” ||bgl||1 — u|[b_g||1 > 0. When A2(S) > 0
the null space property holds (Donoho and Tanner, 2005). We will need throughout that
the compatibility constant is strictly positive at Sy (if it is zero our results cease to be of
any interest). This means that we implicitly require throughout

Invertibility condition

The matriz Xg:OXSO is invertible. (4)

Here, for any S C {1,...,p} the matrix Xg = {X;};es is the n x |S| matrix consisting of
the columns of X corresponding to the set S.

The newer version &(u, S) is an improvement over ¢(u,S) in the sense that &(u, S) is the
larger of the two.

Lemma 5 For all u > 0 it is true that
2 (u, 8) > ¢*(u, S).
Let now for some v > 0
b* € argmin{HXb\%/n :lbs|l = vljb=s|l = 1}.
Then by definition

R2 (v, 8) = | S[IIXb"13/n.

The restriction ||bg|[1 —v||/b—s||1 = 1 does not put any bound on the £;-norm of b¢. However,
if there is a little room to spare, its £1-norm is bounded. This will be useful to understand
the betamin conditions (conditions (3) and (8)). For simplicity we examine only the value
v=1.

Lemma 6 Let
v € argumin X003/ sl = -5l = 1}

Then for 0 <u <1
R(S) — uk(u, S)
(1 —w)k(u,S)

15[l <

5



VAN DE GEER

3.4. Comparing Empirical and Theoretical and Compatibility

Having random quadratic forms in mind, the fact that ||bg||s — |[b—s|l1 = 1 gives no bound
on the ¢1-norm can be a problem. Again, if there is a little room to spare in the value of
u in the compatibility constant, one does get a bound on the ¢;-norm. We show this in
Lemma 7, and with this tool in hand we lower bound the empirical compatibility constant
in terms of the theoretical one in Lemma 8.

Lemma 7 Letv > u > 0. Then

R(,5) > min{\SH!XbH%/n sl — wlboslh = 1, bl < 1+ (1+w)/(o— u)}.

The following lemma will be applied when bounding the prediction error of 3 in terms of
that of the noiseless Lasso 8*. The lemma may also be of interest in itself with applications
elsewhere.

Lemma 8 Suppose the rows of X are i.i.d. N(0,%0). Let [|Xo||cc be the largest entry in
the matriz Xo. For v >u, (14+u)/(v—u)=0O(1) and

Yolleo \ slog(2
(i) 2 =t

it 1s true with probability tending to one that
R2(v,8) > (1= n)*w*(u, S).

where n = o(1).

4. Comparison With the Noiseless Lasso When the Design is Random

In this section we assume that the rows of X are i.i.d. copies of a Gaussian row vector with
mean zero and co-variance matrix Xo. We denote the largest eigenvalue of ¥y by A2, and
let || Xo]|oo be its largest entry. We define a noiseless version 5* of the Lasso where also the
random design is replaced by its population counterpart:

8" € arg mm{nuzé/?(b _ B+ wwh}.
beRP

The normalization with n is to put things on the scale of the empirical version, as EXT X =
n¥o. One may think of | X (8* — 8°)||2 as “bias” and || X (3 — 8*)||3 as “variance”. We first
investigate in some detail the “variance” part in Theorems 9 and 10. Then we apply the
triangle inequality as a way to establish that the squared “bias” dominates the
see Theorem 11.

‘variance”,

Theorem 9 Suppose that
2 HEO”OO log(2p)\S] A%nax
: N 1 e < 4 = 1 .
P max{( HZQ(S) n S« { , ,p}, |S] HQ(S()) S0 o(1)

6
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Take for somet >0

A > 3502 (mn(log@p) T+ 2(log(2p) + t))
and define
¥ 1= (2Amax)V1/ A+ (2/]Z0]133) A/ v/ og(2p).

Then we have for all x > 0 with probability at least 1 — 4 exp[—t] — exp[—z]| — o(1) that
1X(3 = 7)o < v/l 5 (8" = B°)ll> + V2.

Using concentration of measure, one can remove the dependency of the confidence level on
the value of ¢. This value appears in the choice of the tuning parameter A. We make some
rather arbitrary choices for the constants.

Theorem 10 With the conditions and notations of Theorem 9, and assuming in addition
that 4exp|—t] < 1/8 (say), for n large enough and for all x > 0, with probability at least
1 — 2exp[—z],

1X(8 = 82 < Wl 25" (8" = 8°)|2 + 41/ log 2 + v 2z
We can now make a type of bias-variance decomposition. The triangle inequality tells us
that
1X (53 = 8%z = 1X(B8* = 8 l2| < 1IX(8 = 8 l2.

We then approximate the empirical “bias” ||X(8* — 8°)[|l2 by the theoretical “bias”

\/HHZ(I)/ 2(8* = Bo)||2 (which is easy as 8* and 8° are non-random vectors), and use Theorem
9 or 10 to bound the “variance” || X (58 — 5*)||3.

Theorem 11 With the conditions and notations of Theorem 10, we have for n sufficiently
large, for all x > 0 with probability at least 1 — 2 exp[—x]

1X (B — 8%)l2 — Vall=t*(8* = B|la

< (v +o()ValSy* (8" — 8012 + 4y/log2 + V.
Corollary 12 Recall that we defined v as

¥ 1= 2Ama) VA + (2/[Z0l|5%) pA/ /nlog (2p).
Therefore, with the conditions and notations of Theorem 11, and assuming in addition

- A2/ %0 lloe = 0(log(2p)),
and

- A= o(y/[[¥ollen log(2p)) /.
we get with probability at least 1 — 2 exp[—x]

1X (B = BYl2 — Vall=s*(8* = 8%)ll2| = o(v/nl|Sg/* (8" — B l2) + 41/10g 2 + V2.

In words: the squared “bias” dominates the “variance”.
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Remark 13 With the help qf Lemma 45, one may also prove bounds for \/ﬁHZO(B — 892
to complete those for of | X (58— B%)|l2. We refrain from doing this here to avoid digressions.

5. The Noiseless Case with Fixed Design

In this section we study fixed design X and the noiseless Lasso
€ argmin{ |0~ 3 + 2 bl . 6
beRP

In principle the noiseless Lasso considered here differs from (2), although one can say that
for fixed design S =ES =: %, with & := XTX/n being the Gram matrix. In what follows
in this section, we do not use any specific properties of S and the theory goes through
for any positive semi-definite matrix, > say. In the upcoming illustration on functions of
bounded variation, the fixed design setup is the natural one.

Note that we supplied the tuning parameter \* with a supscript *. This is because in
Theorem 18 we consider a case with different tuning parameters for the noisy and the
noiseless case, say A and \*.

The Karush-Kuhn-Tucker (KKT) conditions for the noiseless Lasso read
XTX(B* =B+ N ¢* =0, ¢* €98, (6)

where 0||b||; denotes the sub-differential of b — ||b]|1:

ol = {= € %+ b= bl el < 1}.

Recall that
R2(S) = | S| Xb*||5/n

where

v € argyain{ 100+ sl — Ib-sls =1}, ()

Note that b* given in (7) is not unique, for example we can flip the signs of b* (i.e., replace
b* by —b*).

In Theorem 14 below we give a tight result for the noiseless case under the condition that the
active coefficients in 3° are sufficiently large in absolute value: Condition 8. Here sufficiently
large depends on the magnitude of the entries of a solution b* of (7) with S = Sy. Therefore,
it is of interest to know how large b* is. Lemma 6 considers its ¢;-norm, and in view of this
lemma we conclude that if there is a little room to spare, the ¢1-norm of ||b%||1 is bounded,
or - in other words - {b7|S|};es is bounded “on average”.

For the next condition it is useful to know that we show in Lemma 28 that for b* given in
(7), each coefficient b7 with j € S is nonzero (provided &2(S) > 0).



BOUNDS FOR THE LASSO

Betamin condition Suppose #2(Sp) > 0. Let b* satisfy (7) with S = Sy. Denote, for

j €8y, the sign of b;f as z]*. We say that B9 satisfies the betamin condition for the noiseless

case with fized design if

* 00 Z;b;fS() A" -
3 — Vv So. 8
Z]J>,%2(So)n J €90 (8)

Here is the main theorem for the noiseless case.

Theorem 14 Suppose #2(Sy) > 0. Let b* satisfy (7) with S = So. If B° satisfies condition
(8) (the betamin condition for the noiseless case with fized design), then there exists a
solution * of the KKT conditions (6) such that

* 0N[12 50 )‘*2
H)((ﬁ _’B )HZ'_ E§C§ajgﬁf'

6. The Total Variation Penalty in the Noiseless Case

In this section Theorem 14 is illustrated with the total variation penalty. For a vector
f € R™ its total variation is defined as

TV(f) = > |fi— fi-1l.
=2

Fix a vector f0 € R” and let f* € R" is the least squares approximation of f* with total
variation penalty:

fre argmm{uf Sy 2A*Tv<f>}. (9)
feER™

Theorem 15 presents an explicit expression for the compatibility constant #2(Sg) where Sy
is the set consisting of the locations of the jumps of f°. Invoking Theorem 14 one then
arrives at an explicit expression for ||f* — f°||3 provided the jumps of fO are sufficiently
large, see Corollary 16.

First, we need to rewrite problem (9) as a (noiseless) Lasso problem. Indeed, for j =1...,n,

n

fi =Y (fi = fid){j = i} = (Xb);,

=1

where X;; =1{j > i} and b; = f; — fi_1, with fo := 0. Hence we can say that 0 = X3°
and f* = Xp* with

B* = argmin{HX(b — 893 + 2X* Z ]bz|}
beRn pars

Note that the first coefficient by is not penalized. It is therefore typically active, and we
consider the active set as the location of the jumps augmented with the index {1}. We
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slightly adjust the definition of the compatibility constant to deal with the a coefficient
without penalty: we set for S C {2,...,n}

ﬁ2(5)3=:Hﬂn{|5LJ{1}HLXbH§5Hbs\l‘—\b—(su{u)\lzzl}‘ (10)

Let now S := {dy + 1,di +da + 1,...,d1 +--- + ds + 1} for some {d;};_; C {2,...,n}
satisfying ijl d; +2 < n. The set S represents locations of jumps, d; is the location of
the first jump and {d;}7_, are the distances between jumps. Let dsi1 :=n — Z;Zl d; the
distance between the last jump and the end point. For simplicity we assume that d; is even
for all j € {2,...,s}.

Theorem 15 The compatibility constant &2(S) is, up the constant 4 and the scaling by
1/n, the harmonic mean of of the distances between jumps, including the distance between
starting point and first jump and last jump and endpoint:

"9 s+1
K (S): £+ZS 4771_’_ n_°
di J=2 d; dsy1

In fact
R2(S) = (s +1)|| X0"[|3/n

where by =0 for all j € S and b* = b/||b||1 with

~ n 2n

bg,+1 = a + &

~ 2n  2n
bgo1 = — <d2 + d?)>,

- 2n n
by, = (—1)t! < + >
ds ( ) ds ds+1

Corollary 16 Suppose fO jumps at So := S = {d1 + 1,dy +do +1,...,dy + - +ds+ 1},
with s = sg. Assume f9 alternates between jumps up and jumps down. Suppose moreover

that
0 0 n 2n\ \*
|fa, 01— fa,l = <d1+d2>’

n
2n  2n\ \*

0 0

‘fd2+1_fd2‘ > <d2+d3>n7

. 2n n A"
T I Q+ ).

S0 d80+1 n

Then by Theorem 14 combined with Theorem 15

. n >0, 4n, no o\ A*?
I ==+ + .
dq = d;

dsp+1)

10
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At this point it may be helpful to look how this normalizes. Say we choose A* = \/nlogn.
Suppose maxi<j<sy+1n/dj = O(so + 1). Then the jumps of f° are required to be of order

at least (sg + 1)\/logn/n. We then obtain

1= rl5 = O((So + 1)2logn>.

7. A Lower Bound in the Noisy Case with Fixed Design

We now turn to the Lasso B in the noisy case, given by

Be argmm{yy — Xb|3 + 2)\\|b]1}
beRP

where
Y =X8° +e

We investigate the case of fixed design X. Recall that we assume throughout i.i.d. standard
Gaussian noise.

7.1. Towards Betamin Conditions

Consider some vector v € RP™° with 0 < ¥; < 1 for all j. This vector represents the “noise”
that is to be overruled by the penalty. Define the collection of weights

W(@) = {U} € RP~%0 . 1_{)]' S’w]’ < 1+T}j V]}
Let for W := diag(1 + v)
b*(v) € argmin{HXbH% : b ll1 — IWh_s, |1 = 1}, 27 (0) = sign(b;(0)), j € So.

Then by definition #%(1 + ©,Sp) = so||Xb*(9)||3/n. We remark here that by a slight ad-
justment of Lemma 28, the assumption #(1 + v,5p) > 0 ensures that b(v) # 0 for all
j € 50.

For w € W(v) we define the convex problem with linear and convex constraints

bw) € argmind X0 ¢ 251 (0)bs, — [Wb-s, |1 > 1.

Finally, define
b;(v) := max |b; Xb 2, i € S0.
J(U) wel/z\l/(ﬂ) | J(w)|/|| (w)l|z, Jj 0

11
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7.2. Projections

We denote the projection of X_g, on the space spanned by the columns of Xg, by X_g,PXg,.
The projection is always defined but as it is implicitly assumed that XgOX s, s invertible
(condition (4)), we can clarify what we mean by projection by writing

X_5,PXs, = Xgo(X& Xs,) ' X X s,
The anti-projection is denoted by
X_5,AXs, = X_g5, — X_5,PXg,.

We define the matrix
T
V—So,—So = <X—SOAXSO> <X—SOAXSO>
= X7 <I - Xs, (Xgoxso)—lxgo> X s,

and let {sz }i¢s, be the diagonal elements of this matrix.

7.3. A Lower Bound

The main result for the noisy case is presented in the next theorem. Here, we use the
notations and definitions of the previous two subsections.

Theorem 17 Take for some t > 0,

A > Jlv_sylloev/2(log(2p) + 1) (11)
Define
05 :=v;j/2(log(2p) +t) /A, 7 & So
and

uj = ujy/2(log(2p) +t)/X, j € So.

where {u;j}jes, are the diagonal elements of the matriz (XgOXSO)*l. Assume that (1 +
0,50) > 0 and that the following betamin condition holds:

1871 > A(b; () +ay), sign(5]) = 2} (v) Vj € So.

Then for all x > 0 with probability at least 1 — exp[—t] — exp|—x]| there is a solution B of
the KKT conditions such that

IXG - P2 [\ - v - VB (12

Note that for j € Sp, the quantity u; is the variance of the ordinary least squares estimator
of B? for the case Sy is known. Thus the betamin condition of Theorem 17 needs that
the magnitude of the active coefficients should exceed the noise level of the ordinary least
squares estimator for known Sp.

12
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8. Comparison with the Noiseless Lasso when the Design is Fixed

This section studies the case of fixed design and compares the noisy Lasso

= in< [|Y — Xb||2 + 2)|b
B arg%r;{ll [+ 2A] ||1}
with the noiseless Lasso
B* = arg min{HX(b — BO)H% + 2)\*Hb||1}
beERP

where \* < A, We let Sy be active set of 5* and its cardinality s. := |S|. We investigate
the error || X (3 — 8*)|l2 in Theorem 18. For A* = 0 we see that 5* = 3% and then Theorem
18 gives a bound for | X (3 — %)|2. This is elaborated upon in Corollary 19. The case
A* = ) is detailed in Corollary 20. The error || X (3 — 5*)||3 can then seen as “variance” and
1X(B* — B2 as “bias”.

8.1. Projections

We now introduce some notations and definitions similar to the ones in Subsections 7.2,
now for general S instead of just S = Sp. The projection of X_g on the space spanned by
the columns of Xg is denoted by X_gPXg. Recall that such projections are defined, also
if Xg does not have full column rank. The anti-projection is

X_sAXg:=X_g—X_gPXg.
Define the matrix

T
Vo _g = <X5AXS> <XSAXS>

and let {(UJS )2}j¢ s be the diagonal elements of this matrix.

8.2. Upper Bound

Recall the KKT conditions for f* as given in (6), involving the vector ¢* in the sub-
differential 9||3*||;.

Theorem 18 Fix a set S with cardinality |S| = s. Assume that that for some t > 0
A > [[0Z5]l00 v/2(log(2p) + 1) (13)

and write
o5 =07 \/2(log(2p) +t)/A, j & S. (14)

Suppose that
NIGIA<1—0] ¥V j¢ S

13
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Define

g L=T7 = /A

wf - )\*/)\ » J ¢ S.
We have for all x with probability at least 1 — exp[—t] — exp|—x]

1X (3 — 5% Mz < /= SS\/A A) +\f+\/ﬁ (15)

Corollary 19 If we take the tuning parameter A* of the noiseless Lasso equal to zero,
Theorem 18 gives the following: with probability at least 1 — exp|—t] — exp[—z]

IX (B = B2 < V/'s0/&2(1 — ©,S0)v/A2/n + /50 + V2z.

This result is comparable to results in Sun and Zhang (2012), Belloni and Wang (2014) and
Dalalyan et al. (2017), albeit that we do not deal with the extension to the approximately
sparse case. One may check that the the combined conclusions of this corollary with that of
Theorem 17 also hold with probability at least 1 — exp[—t] — exp[—z].

Corollary 20 We can also take \* = X in Theorem 18. We then formally put u_JjS = oo for
all j ¢ S and we put k(W) = 0o as well. Let S with |S| = s. Assume that

Gl<1-v7Vj¢s (16)
(this implies S D S, ). We have with probability at least 1 — exp[—t] — exp|—x]
IX(B = B7)ll2 < Vs + V2.

This result is as in van de Geer (2016), Problem 2.4.

Corollary 20 is of interest only when \/E is small enough This is the case if Y= XTX /n
has a well behaved maximal eigenvalue Amax Indeed, one can show in the same way as in
Lemma 24 (where 3 is replaced by 2g) that

A2
o< (o) sl X6 - Ol

Thus if A2 aX/(||EHOO(1 — 17%]l0)?) = o(log(2p)), then s = o([| X (8* — £%)||2). However,
for the case of fixed design, one might not want to impose such eigenvalue conditions.
Alternatively, one may want to resort to irrepresentable conditions. To this end, fix a set
S D Sp. Let for j ¢ S, the projection of the j* column X; on Xg be denoted by

XjPXS = XS’YS,]'-

Then it is not difficult to see that for j ¢ S |(F| < [|vs,;[1- In other words, a sufficient
condition for (16) to hold is the irrepresentable condition

1vs,j

We conclude that under irrepresentable conditions the squared “bias” || X (3* — 8%)||3 dom-
inates the “variance” || X (3 — 8*)||3.

14
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9. The Total Variation Penalty in the Noisy Case

We continue with the total variation penalty of Section 6, but now in a noisy setting:
Y =f%+¢,

where f0 € R" is an unknown vector. The least squares estimator with total variation
penalty is

fe argmin{HY —flI3+ 2)\TV(f)}. (17)
feR?

As has become clear from the previous sections, to assess the prediction error in the noisy
case one needs to evaluate the compatibility constant &(w, S) with weights w; # 1 for j ¢ S.
For the upper bound on the prediction error, we need lower bounds on #(w, S). These are
derived in Dalalyan et al. (2017), Proposition 2. We re-derive (and slightly improve) their
result using a different proof (the proof in Dalalyan et al., 2017 applies a probabilistic
argument).

Suppose as in Section 6 that the locations of the jumps are S := {d1+1,dy +d2+1,...,d1+
-+ ds + 1} for some {d;}5_; C {2,...,n} satisfying >°%_;d; +2 < n. Let ds1 =
n— Z§:1 dj. Assume again for simplicity that d; is even for all j € {2,...,s}.

Lemma 21 Let wy,...,w, be non-negative weights. We have

s+ 1 NZED i
< i 1)2
ww,S) = |w]loo 7(9) + n;g(wz wi-1)%,

where as in Theorem 15

Corollary 22 Using the notation of Section 8 suppose that A satisfies (13) with and let
v = 9% be given in (14), both with S := Sy. Define v; = 0 for all i € Sy. We then have
with w; :=1—0;, 7 ¢ SoU{1}, w1 =wa and w; =1, i € Sy that

|’LUZ‘ - ’LU1;1| S ‘Ui — UZ‘71|/||U||OO, 1= {2, e ,n}.

In Dalalyan et al. (2017) it is shown in their Proposition 3 that

n

S @i = vi-1)?/[oll% < (s0 + Dlogn/n.

=2

Hence one obtains from Lemma 21 with S = Sy, combined with Corollary 19,

vso+1 < so+1
A(L—=0,8) =\ &(S0)

++/(s0 + 1) logn

15
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where as before

so+1 n + 4£ n n
AQ(SO) dl ]:2 d.] d50+1
Thus, with probability at least 1 — exp — exp[—z]
N 0 (so+1) (so+1) logn
1F = 7l <2t + VotV

Theorem 15 tmplies that
(140, 80) < /().

Recall that for the combined conclusion of Theorem 17 and Corollary 19 we do not have to
change the confidence level (which is 1 — exp[—t] — exp[—x]). We therefore obtain that if
the jumps of fO are sufficiently large in absolute value, as given in Theorem 17, then with
probability at least 1 — exp[—t] — exp|—x]

S0 +1
n/<52( 0)

80+

A nA2(50)

—Vso—v2z < |f =l <A + /50 + V2
W

n

+ A

10. Conclusion

This paper establishes that in a sense the squared “bias” of the Lasso dominates the “vari-
ance”. Moreover, lower bounds for the prediction error are given. These lower bounds often
match up to constants or logarithmic factors the upper bounds, or are in fact tight up to
smaller order terms. The bounds show that compatibility constants necessarily enter into
the picture. The lower bounds require “betamin” conditions, and - for the case of random
design - also certain sparsity conditions. It is as yet unclear what can be said when betamin
conditions fail to hold. In combination with this, it would also be of great interest to know
what happens when the regression coefficients are not (approximately) sparse. The question
to what extent the Lasso will have large prediction error when sparseness assumptions are
violated (i.e. when the Lasso is used in a scenario not meant for it) still has some open
ends.

11. Proofs

11.1. Proofs of the Lemmas in Section 3

A~

Proof of Lemma 5. We have to show that #2(u,S) > ¢?(u, S). Write
A= {o: sl < s /u. s >0

16
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and
B = {b: HbSHl - u||b_5||1 > 0}.
Then
B C A.
Thus
R Xbl|2
¢*(u,S) = min{W: beA}
1051
Xb||2
< min{’S’H H22/n: be B}
”bsHl
= i#*(u,S).

O

Proof of Lemma 6. This lemma bounds the /1-norm of the minimizer b* if there is a little
room to spare. We have

[05]l1 —ullbZglli < V/[S]/nl X0%(|2/&(u, S)
= &(S)/A(u, S).

On the other hand

1651 = ullbZslls = lbsl = [1bZsll + (1 = w)[[bZ 5]l
= 1+ -u)[osl-

Thus
021 < (

yielding

1651 =1+ [IbZg[l <
O

Proof of Lemma 7. This lemma shows that one has a bound for the ¢1-norm in the “cone
condition” if there is a little room to spare. Consider a vector b € RP satisfying

1bs]lx = vl[b—s][1 = 1.

Since
[bsll1 — vllo—sll1 = llbslly — ullb—sllr — (v —u)[|b-s]l1

we obtain
(v —u)|[b—sll1 = [[bs|l1 — ullb-slls =1 < lbslly — ullb-s]|.

Moreover, clearly
[bslls — ullb—sl[r = (v —u)[b-slls +1 = 1.

17
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It follows that
nﬂn{wwa:\wsm-—vasulzl}

zmm@mwb:w—quﬂhSWMh—mwsh,Mﬂh—mwsmz1}
Suppose now that for some ¢ > 1

(v = w)l[b—sllr < [lbs[ls = ullb—sll1, [[bslls = ul[b-s]ls = c.

Define _
b:=b/c.
Then
(0 = w)[b-sllr <1, [Ibs]lr — ullb-s]r = 1.
Moreover
1Xb]l2 = €] Xbll2 > || XDl
Therefore

mm%XMb:@—uwhﬂhﬁwﬂh—wwﬁh,Wﬂh—MW&MZl}
_ mm@Xﬂb:@—uwkﬂhéLH%m—Mwﬁm=l}

But if (v —u)||b_g|li <1 and ||bg||1 — u||b_g|l1 = 1 we see that

162 1bslly + 1o-slls =1+ (1 + w)[[b-s]h

<
< 1+ 4u)/(v—u).

O

Proof of Lemma 8. This lemma lower bounds the empirical compatibility constant by
the theoretical one. Here is a proof. If ||bg||1 — ul[b_g||1 = 1 we know that

1< 12/ %0ll2v/5/ K (u, ).
It therefore follows from Lemma 7 that

&%maZ{WMM%ﬁuumm—umsmzlmwhSMWww%”w*

where

M (u,v) = (1+ (1 +u)/(v = w)Vs/k(u, S) = o(v/n/(|[Zolloc log(2p))).

In view of Lemma 45 we know that when M = o(y/n/(||S0]|cc log(2p))), then with proba-
bility tending to one

Xbl|2/n
1/2 ” 1/H22/2 >(1- nM)Q
ol <M1= bll2 |2 70l15

18
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for suitable s = o(1). Hence with probability tending to one

. 1/2
mm{HXbH%/n  Noslls — alloslh = 1, I8l < Mu,0)|ZY bu2}

> (1 nM(u,v)Vmin{nzé/?bn% : bl — ullb-s|i = 1} = (1 — apuny) w2 (u, S).

11.2. Proof of Theorem 9

The proof is organized as follows. We first present a bound for ||¥¢(5* — fBo)||2 in Lemma
23. This will be used to bound later the number of active variables s, of 5*, or rather some
extended version of it involving sub-differential calculus, see Lemma 24. We then establish
in Lemma 25 a deterministic bound assuming we are on some subset of the underlying
probability space. Then in Lemma 26 we show that this subset has large probability.

The noiseless Lasso 5* given in (2) satisfies the KKT conditions
nXo(B* — 8°) + A" =0, ¢* € 9|5, (18)

where 0||b||; is the sub-differential of b +— ||b]]1:

0l = {=+ Iell < 1. 7= bl .
This will be used in Lemma 24 and again in Lemma 25. In the latter we also invoke the

KKT conditions for /3
XTX(B = 8% +A¢=XTe, C€0|Alh (19)

11.2.1. A BOUND FOR THE NUMBER OF ACTIVE VARIABLES OF (*

First we bound the prediction error of 5*.
Lemma 23 Suppose k2(Sy) > 0. Then
S0 )\2

k2(Sp) n

nl|=y(8* — BO)II3 <

Proof of Lemma 23. This follows from results in the literature and also from a slight
adjustment of Theorem 18 in this paper. Let us present a self-contained proof as well. By
the KKT conditions (18)

—(8" = BT < NB%h = 18* 1 < 1185, — Bl — 18, I

So if ||E(1)/2 (B* — B3 > 0 we obtain by the definition of the compatibility constant x2(Sp)
that
1/2 os 1/2 px
nl| 25 (8" = 8) 3 < A/5oll Sy (8" — 8 l2/w(S0)-

19
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This yields the result of the lemma. O

Consider the set S, := {B]* # 0} of active coefficients of 5*. We bound the size of this set.
In fact we look at bound for the size of a potentially larger set, namely the set S, (v) := {j :
|G| = 1 — v} where 0 < v < 1 is arbitrary. Note that indeed S, C Si(v). We pin down
the value of v to ¥ = 1/2 but the argument goes through for other values if one adjusts
the constants accordingly. We still keep the symbol v at places to facilitate tracking the
constants.

Lemma 24 We have that
A2

max S0

(1 =»)? k2(S0)

AQ

_ ~Tmax n

( )2 >\2

1S, (v)| < =828 = BO)|I3 <

Proof of Lemma 24. Since

15713 > 1G5, I3 > (1 = 1)?1S.(v)]

it follows from the KKT conditions (18) that

(1= 280 < IS0l - BBy < A2l EY2(8" — 3.

The proof is completed by applying the upper bound of Lemma 23

_s0 X
K2(So) n?”

I=5/(8" — 8O3 <
11.2.2. PROJECTIONS
Let S := Si(v), s :==|S| (where v = 1/2). Set
U(S) :=||ePXs]|2

where eP Xg is the projection of € on the space spanned by the columns of Xg. Denote the
anti-projection of X_g on this space by

X_gAXg:=X_g— X_gPXs.

11.2.3. CHOICE OF A

Recall we take for some ¢t > 0
32 3150142 (V20820 + 1)+ 200g(29) +1)).

20
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11.2.4. THE SETS 71, 72 AND T3

Write

v 1= yzongg?( 2n(log(2p) + t) + 2(log(2p) + t)>/A-

We now define a suitable subset of the underlying probability space, on which we can derive
the searched for inequality. This subset will be the intersection of the following sets:

T = {H(XSAX@TeHOO < Ao, U(S) < 5 + @}
R R U NEPY

T - {fs?((v - 8)/8,8) > (1 n>%2<s>},

where x > 0 is arbitrary, 0 := ||E(1]/2(ﬁ* — %]|2, and where i € (0,1) is arbitrary. We pin

down 71 to n = 1/2 like we did with v. We require that v — vg — 2§ > 0. Since v = 1/2 and
vo < 1/3 this is the case for § < 1/(12). In view of Lemma 23, Theorem 9 is about the case
d =o0(1), so § <1/(12) will be true for n sufficiently large.

11.2.5. DETERMINISTIC PART

Lemma 25 On 71 N7 N T3 it holds that

1X(3 - 811> < < — vy e @_An)n> N Er

Proof of Lemma 25. The KKT conditions (18) and (19), for 5* and B respectively, are
XTX(B* = 8% + X" = 2,
with Z := (XTX — nX)(8* — 8°), and
XTX(B— % 4+ X = XTe.
So subtracting the first from the second
XTXB =B+ X =X =XTe— 2.
Multiplying with 3 — 8* yields
IX(6 =B84+ A3 =5~ ¢) = (8- 8 (XTe-2). (20)
We write (as in the proof of Theorem 18 ahead) with S := S, (v), s := |9,

Xsbs := Xs(Bs — 8%) + (X_sPXs)5_s.
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Since [(;| <1—v <1forall j ¢ S, it must be true that 3* 3 = 0. Therefore

X(B —[%) = Xsi)s + (X_sAXS),@_S.

So
(BB XTe=bExEe+ BTo(X_sAXg) e,
We use that (on 77)
b§xfe < U(S)HXSZESHQ
< UE)IXE -6l
< (Vs +V22)|IX(B - 52

and
BLo(X_sAXs) e < [|B-slh[(X—sAXs) €]|oe < Mol B-s]|1-

Moreover (on 73)
—(B-8"Z < 1B =B 1111Zlls < A5||B — B*I1.

Then

B¢ =BT+ 877¢ - B7¢
BTC = 18Il + B¢ — 1Bl
1Bslly — 1851 + 18511 — 1851
BLs¢* s — 11Bslih

BTs¢ s — lIBsll

(1 —v)|IB=sllr — 1B=sllx
—v[|B-s]1.

(B-89"(¢ =)

+ IA

I IA

Inserting these bounds in (20) gives

1X(8 = B3 + A —vo = 8)[|B-sllr < (Vs + V22)| X (B — 57)l|2 + Ad]| Bs — 551

If
IX(B = B9z < (Vs + V2z)

we are done as by Lemma 24, /s < Apaxon/((1 —v)A). If

IX(3 =82 > (Vs + V2u)

we get,
(v —vo = )[|B-sllr < 6[lBs — Bslh
or

1Bs = B[lx = ((v = vo — 6)/8) | B-sllx > .
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But (on 73)
135 = B3l — (=20 8)/8)|I8-sl
_ VEIXGB -8
~ Vnk((v — v —6)/6),9)
VSIIX (B = 8)ll2
Vne(S)(1—n)
This gives

IX(B = B2 < Vs + V2z + A6v/s/(vnr(S)(1 — n)).
Again, by Lemma 24, /s < Apaxdn/((1 —v)A). We see that

5 * Amax \/ﬁ \/g A
G -8 < (2 s v,

11.2.6. RANDOM PART

We apply the tools of Section 12.
Lemma 26 It holds that

IP<7'1 NTaN 75,) > 1 — 4exp[—t] — exp[—z] — o(1).

Proof of Lemma 26 . We first show that IP(77) > 1—2exp[—t] —exp[—z]|. One component
of this is to show that with probability at least 1 — 2 exp[—t]

||(X*SAXS)T€||OO < Avg.

For a square matrix B, let diag(B) be its diagonal. By Lemma 41 we know that with
probability at least 1 — exp[—t]

I(X—5AX5) elloo < [[ding((X-sAXs)" (X_sAXs))||5*v/2(log(2p) + 1).

But
[diag((X_sAXs)T(X_sAXs))lso < [diag(XTX)]|oo-
Moreover in view of Lemma 42, and using the union bound, with probability at least

1 — exp[—t]

Idiag (X7 X) |42 — /it diag(So) | 42

< [|120|2£%v/2(log (2p) + t).

So with probability at least 1 — 2 exp[—t]
[(X_sAXs) el < HEOH%Q<\/2n(Iog(2p) + 1) + 2(log(2p) + t)) < Avg.
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The second component is to show that
P(U(S) < Vs + V2zx) < exp[—z],

but this follows immediately from Lemma 42.

Next we show that IP(73) < 2exp[—t]. Set Z := (XTX —nY)(8* — BY). Clearly X(3*—3°)
is a Gaussian vector with i.i.d. entries with mean zero and variance ||E(1)/ 2 (8*—B%)||3. Hence,
applying Lemma 43 with 02 < ||Z¢]00, 02 = HZ(l]/Q(ﬁ* — 89|13 and using the union bound,
we obtain that with probability at least 1 — 2 exp[—t]

121 < 3Dl L2155 (5 — 80l (v/En(og(2p) + ¢+ lou(2p) + ).
Finally, the result IP(73) = 1 — o(1) follows from Lemma 8. O

11.2.7. COLLECTING THE PIECES

Combining Lemma 25 with Lemma 26 completes the proof of Theorem 9.

11.3. Proof of Theorems 10 and 11

We use concentration of measure, Lemma 44.

Proof of Theorem 10. Let m* := E(||X (8 — 5*)||2|X). Then we have (by Lemma 44)
that with probability at least 1 —1/8 —3/4 —o(1)

IX (8= 5|2 > m* —2y/log2

as well as (by Theorem 9),

1X (B = Bl < A/nllSg* (8 — 8|2 + 21/10g 2.

Thus
m* < /|| 538 = 8|2 + 4y/Iog 2.

Applying again Lemma 44 we see that

P(I!X(B— B = ARS8 — B)a + 4v/log2 + m)
< P(IX(5 - 5)] 2w + V32 ) < 2expl-a]

Proof of Theorem 11. By the triangle inequality

\HX(B — B = 1X(8* = 8| < 13 = 891
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By Lemma 42, with with probability at least 1 —2/n

< (v2logn) |25 (8" = %)=

So, invoking Theoerem 9, with probability at least 1 — 4 exp[—t] — exp[—z] — o(1) — 2/n
(subtracting the term 2/n to follow the argument, as of course it can be included in the
o(1) term)

‘HX(B* Bl — VRISV (8 80

'IIX(B = s — VRS2 (8 — 8o < (v + VIR m)VRISYA(B* — 8Os + V3.

Let m® :=E(]| X (8 — 8°)||2]X). Using the same arguments as in Theorem 10, we arrive at

m® —2\/log2 < (1 +7 + v/2logn/n)v/nl[Sy* (8" — 8°) |2 + 2\/log 2
and
(1=~ — v2logn/n)Val|=y*(8* — )2 — 2¢/log 2 < m® + 24/log 2,

or
m0 — R|E2 (8 (w\/zlogn/n)mz” 8* — 892 + 4/log2.

Thus, inserting the triangle inequality,

1X(3 = 8%)l2 — vallZg 2 (8* — 8%|a

< |IX (B = 8%l — m°

; ]mﬂ I~ Bl
+ (v + V2 logn/n)Val|Zy 2 (8" — 8%)lz + 4/log 2.

Apply Lemma 44 again to finalize the result. a

< |IX(B = B%)ll2 —m°

11.4. Proof of Theorem 14

To establish Theorem 14, we first need to study the minimizer b* in (7). The minimization

min{nXbH% ol = b-slh = 1}

has non-convex constraints. If we fix the signs within S of a possible solution b, one can
reformulate it as a convex problem with convex constraints. This is done in Lemma 27. We
then show that b7 # 0 for all j € S in Lemma 28. This is important because given the signs
within S of a potential solution b, we want the restrictions on these signs to be non-active
so that the Lagrangian formulation is of a similar form as the KKT conditions (6) for the
noiseless Lasso. This Lagrangian form is then given in Lemma 31 with Lemma 30 serving
as a preparation. The Lagrangian form of Lemma 31 with S = S in a sense resembles the
KKT conditions (6) when the active coefficients in the vector Bg have appropriate signs and
| B?| is for 5 € Sy large enough. This allows one to find a solution 5* of the KKT conditions
(6) with the prescribed prediction error.
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11.4.1. NON-SPARSENESS WITHIN S

Our first step is to ascertain that a solution
b* e i Xbl||2: ||bs|l1 — ||b= =1
arggglg{” 2+ [[bsll1 = [|b-s]lx }

can be found by searching over (at most) 215 convex problems with convex constraints. This
is done in the next lemma, where we also show that the equality constraint ||bg|[1 —||b—s|l1 =
1 can be replaced by an inequality constraint ||bg||; — ||b—s|[1 > 1.

Lemma 27 We have
min{nXbu% : Yoslh — lo_slh = 1}
_ mm{||Xng : Ybslh — lo_slh > 1}

= . . XbQ; Tb—b_ > 1 b.>0ViesS\.
Zsel?inll}\sl IIlblIl{H 5: zgbs — |lb_s|li > 1, zjb; > § }

Proof of Lemma 27. To show that the equality constraint can be turned into an inequality
constraint let us consider some b € RP for which it holds that |[bs|l1 — [|b-s|l1 = ¢, where ¢
is a constant bigger than 1. Let b := b/c. Then

sl — 5slls = <||bs|1 - Ib—sHl)/C Y

Moreover ~
| Xbll2 = [[Xbll2/c < | X2

Thus the first equality of the lemma must be true.

We now show the second equality of the lemma. If for some zg € {£1} it holds that
zjb; > 0 for all j € S, we have zLbg = ||bs||1. Conversely, if we define for j € S with b; # 0,
zj := bj/|b;| as the sign of b;, and define z; € {£1} arbitrarily for j € S with b; = 0, then
we have z;b; > 0 for all j € S. Thus
{b ol = llo—slh > 1} - uzse{ﬂ}ls{b: B — bl > 1, b, > 0}
O

We establish in the next lemma that sign constraints on b3 are not active: by is so to speak
maximally non-sparse. We assume that #2(S) > 0, so for S = Sy we implicitly assume
Condition 4.

Lemma 28 Suppose that #(S) # 0. Then for any minimizer b* of the problem

min{\ana : Ybslh — lb_slls = 1}

it holds that b> # 0 for all j € S.
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Remark 29 A (very) special case of Lemma 28 is the minimization problem
b € argmind [0s[3 + ol =1}

Clearly the solution has |bj| = 1/|S| # 0 for all j € S. More generally, for the case

without “b_g-part” one can apply a geometric argument to show that whenever X;;CXS 18
non-singular
bg € argmin{[|Xbs|[2 : [[bs[l1 =1}

must have all its components in S nonzero.

Proof of Lemma 28. We use the representation of Lemma 27. Let zg € {£1}5] satisfy
25"bg = [|bg]l1 and z5b% > 0 for all j € S. Then b* is a solution of the convex minimization
problem with (linear and) convex constraints

min{HXbH% c 28 bg — |[b_g|1 > 1,25b; >0, Vje S}.

Note that in the minimization, one may replace the inequality constraint 25 bg—||b_g|; > 1
by an inequality constraint z5' bg — ||b_g|[1 = 1. This follows from the same arguments as
used in the proof of Lemma 27. A reason to replace the equality constraint by an inequality
constraint is that the restrictions become convex.

The solution of the convex problem with convex constraints can be found using Lagrange
multipliers A and pg, where A > 0 and where pg is an |S|-vector with non-negative entries.
The Lagrangian formulation is

mm{HXng + 2&(\\19_5\\1 — 25T bg — 1) -2 Zu%sz;bj}.

jes

Because the inequality constraint can be replaced by an equality constraint, we know that
in fact A > 0. The Lagrangian formulation has has KKT conditions

XTX0* = \2* + diag(us) 2%,
where z* ¢ is an element of the sub-differential
o1t sl = {a-s lle-sll < 1 bty =—[0 s |

It follows that for j € S
bj;éO :>/~Lj,S:0'

Let N':={j € S: b7 = 0}. Then we have by the above argument
(XTXD) _pr = A2ty
(XTXb*) v = Aziy + diag(pn) 2x-
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The tangent plane of {b: ||Xb|l2 = || Xb*[|2} at b* is
U:={u=>b"+v: oI XTXb* = 0}.

The idea of the proof is now to take an element v = b* 4+ tv in this tangent plane with ¢ > 0
and with v; # 0 for at least one j € A and such that v; # 0 has the same sign as bj for all
j e S\W. For j ¢ S we take v; = 0. Then b := b* + tv has ||bg||1 — [|[b_s|[1 > 1 and this
leads for a suitable scale ¢ to
X 5||~2
1bs][1 = [1o—s]l

< [1Xb7|2-

Let us now work out this idea. It cannot be true that b7 = 0 for all j € S as [[b51 > 1.
Hence S\ # . Take (for example) v; = 2 for all j € S\N. Then

VawZew = Zon e = IS\W.

Now A > 0 and the entries of pnr are all positive as well (since p; = 0 for some j € N would
imply b7 = 0 for this j, which is not possible by the definition of N). Therefore we can
choose 3 3

ol (e + diag(iun)2k) = —AS\N

Then at least one entry of vz has to be non-zero and moreover

T XTXb* = Swg\Nzg\N + vk (Azk + diag(un)zir)
= AS\W|=AS\W]
= 0.

We thus have for all ¢ > 0

X0+ )5 = [IXb*]5 + (| X0|3.
Moreover
165+ tvslli = [[bg\wllt + tloswwlls + tllowll
= [|bgllr + t[lv]1-
Therefore
165 + tuslli — [0Zsllh = [[b5[l — IbZgll + tllv]l
= 1+t[v].

It follows that
| X (b* + tv) I3
([Ib + tvslls — ([0 gll1)?
| Xb* 13 + ]| X3
(1 +t[vlr)?
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Define

A= |IXO + )X olf3 — [ XOMI3(1 + tv]l1)
= ] X0l — 26| X" [3[lvll — 2] X0 3]lv]1?
(|| X oll3 — [ X065 13][0]17) — 2t X0 I3]0

We will show that for suitable ¢ > 0 the constant A is strictly negative. This means
10" +t0)[13 < [ X0*[3(1b% + tvslh — [1bZs]11)?
and so we arrive at a contradiction. To show A < 0 we distinguish two cases. If
2 201,112
[ Xvllz < | X0*|I5][v]ly

then A < 0 for all £ > 0. If
1 X013 > |Xb*|5]v13

then A < 0 for all ¢ satisfying

2] X6 |3 ]lvlI?
IX0l3 = [ Xe* (3]0}

0<t<

Here we used the assumption that || Xb*[|3 > 0 so that the above right hand side is indeed
strictly positive. O

11.4.2. LAGRANGIAN FORM

We now present the Lagrangian form given the signs within the set S and given that within
the set S the solution has non-zero entries. Let for each zg € {£1}I°l

b*(zg) € argmin{HXb]% t zkbs — ||b_g|l1 > 1,25b; >0, V j € S}.

Define
Zg = {25 e {-1,1}5 zjbi(zs5) >0V j € S}.
Lemma 30 We have for all zg € Zg
XTXb*(z5) = 2" (29) | Xb*(25) 13

where 25(2s) = zg and z* ¢(z5) € —0||b* g(2s)]|1-

Proof of Lemma 30. To prove this result it is useful to repeat some arguments of the
proof of Lemma 28. The convex minimization problem with (linear and) convex constraints

min{HXng : 2Lbs — ||b_s|l1 > 1,2b; >0, V j € S}
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can be solved using Lagrange multipliers A and s, where A > 0 and ws is an |S|-vector
with non-negative entries. The Lagrangian formulation is

min{HXng + 25\<Hb—5H1 — 2Ebg — 1) -2 Zﬂj,szjbj}-
jeSs

This has KKT conditions
XTXb*(z5) = A2* + diag(us)zs,

where 25 = zg and 2" ¢ = 2* ¢(2g) depends on zg and is an element of the sub-differential

ol g(zs)ll = {zs eslloo < 1, £Tgb o(z5) = ||bis||1}.

It follows that for j € S
b;(zS) #0= Wi = 0.

The assumption that zg € Zg thus gives ug = 0. The KKT conditions then read
XTXb*(z5) = Az*.
One sees that
1= 2T0%(25) = b7 (25) XTXb*(25) /X = || X*(25)[13/ M.

This gives
A= X6 ()3 -

We apply the above lemma with zg := 0||b%||1. This gives the following result.
Lemma 31 Suppose #(S) # 0. Let

b e argmin{ran% : Ybslh — lo_slls = 1}

Then
XTXb* = 2*|| Xb*||3.
where 2z = 0||b¢ |1 and 2* g € —0||b* ¢|1.

Proof of Lemma 31. By Lemma 28, for each
v € argumind X015 ¢ sl [o-s1h =1}

it holds that b7 # 0 for all j € S. We can therefore define 27 := b}/[b7| for all j € S and

then 25 = 0||b5]|1 € Zs. The result now follows from Lemma 30. O
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11.4.3. FINALIZING THE PROOF OF THEOREM 14

With the help of Lemma 31 we are now in the position to prove Theorem 14.
Proof of Theorem 14. Let b* and z* be as in Lemma 31, with S = Sy. Define
b*so A"

/0
B_B I%Z(So)n

Then
_ )\*XTXb*so
nk?(So)
M XT X b*
1 X613

= —\"z*

Xtx@ -p8% =

Let Sy :={j: b;f # 0}. Then by Lemma 28, Sy C S,. Furthermore

2389 = A0 /|IXb3 >0 j e So
2iB; = § —A* 2501 /|| X053 > 0 j € S\So -
0 j ¢S,

It follows that z* € 9||8||;. Thus, 8/ =: 8* is a solution of the KKT conditions (6) with
¢* = z*. It holds moreover that

)\*2||Xb*||2 /\*280
IX(5° = )18 = = = wes

11.5. Proof of Theorem 15

The proof of Theorem 15 consists of several steps. First we note that, given the sizes of its
jumps, the total variation of a function is the smallest when this function is decreasing or
increasing. This is stated in Lemma 32 as a trivial fact. As a consequence, if one subtracts
from an arbitrary function value - or minus this value - the total variation, the result will
be at most the average of the absolute values. This is shown in Lemma 33. Lemma 33 is
then applied at each jump separately, as ||bs|[1 — [|b_sugi3//1 in this example amounts to
subtracting at each jump some total variation to the left or to the right of this jump. Lemma
34 shows how this works for one jump. Then Theorem 15 is in part proved by applying this
lemma to each jump. This leads to a lower bound for #%(S). The proof is completed by
showing that this lower bound is achieved by the vector b* as given in Theorem 15.

For f € R™ we define the ordered vector

with arbitrary ordering within ties.
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Lemma 32 [t holds that
V(f) = fm) — foy
with equality if f is increasing or decreasing.

Proof of Lemma 32. Trivial. O
Lemma 33 It holds for any j € {1,...,n} that

fi = TV(f Z il

and

—fj = TV(f) < =fm) < Zm

Proof of Lemma 33. We have from Lemma 32 that TV(f) > f,) — f). Moreover,
fj < f(n) Thus

fi = TV(f) fi — (fmy — fy)
foy — (F) — )

= fay

if fr1y < 0 obviously f(1) < %Z?Zl | fil.
if f(1) > 0 then f; > 0 for all ¢ and then

y <Y fi/n =Y Ifil/n.
=1 =1

<
<

In the same way

—f;i = TV(f) —fi = (fm) — f»))
—fay = (fm) — )

= —fn

if fn) > 0 then — fi) < & 320, 1il-
if f(n) < 0 then f; <0 for all i and then

= filn=>_Ifil/n.
=1 =1

VANVAN

O

Lemma 34 Let f € R" with total variation TV(f) = Y " 5 |fi — fi—1] and g € R™ with
total variation TV(g9) = > "5 |9i — gi—1|. Then for any j € {1,...,n} and k € {1,...,m}

n

i =gl = TV() = TV(0) < -3 Il + -3 ol
=1

i=1
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Proof of Lemma 34. Suppose without loss of generality that f; > gr. Then by Lemma
33

i =gkl =TV(f) =TV(g) = (fi =TV(f)+ (=g —TV(9))
<SSl S lgil/m

1 & 1 —
- Z |fil + Z |9i-
=1 =1

IN

O

Proof of Theorem 15. Let for j = 2,...,s, u; € Nsatisfy 1 <u; < d; —1. We may write
for f = Xb,

165t — [[b—(sufip

d1 di4us2
= |fasr = fal = D_Ifi— fical = D Ifi = il
i=2 i=d1+2
di+ds di+d2+us
+ N fardotr = faranl = Y Mfi=fial= DD fi— fial
i=d1+u2+1 i=d1+da2+2
+  farttder+1 = Jartetdo |
di++ds—1 di+-+ds—1+us
- Z |fi = fia| = Z |fi — fial
i=dy++ds—o2+tus—1+1 t=di+--+ds_1+2
+ |far+tdet1 — far+td,|
di+---+ds n
- Z |fi = fimal = Z |fi — fiz1l
i=d1++ds_1+us+1 i=d1++ds+2
dy d1+u2
1 1
< d*Z’fz"JF* Z | fil
1% ug .
=1 i=di+1
1 di+d2 1 di+d2+us
+ >ooAkl+— > Il
2 — U2 . us .
i=d14uz+1 i=d1+d2+1
di+-+ds—1 di+-+ds—1+us

1 1
R S— ) |fil + > |fil
s—1 S7L iyt s atus_1+1 S i=dy+-tds_141
d1++ds n

) DRVIRE S SR

i=di+-+ds—1+tus+1 s+l i=dy+--+ds+1

1
ds — Ug
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where in the first inequality we applied Lemma 34 and the second one follows from the
Cauchy-Schwarz inequality. The assumption that for all j € {2,...,s} d; is even allows us
to take uj; = d;/2 to arrive at

s+1

n s 4n n_°
o T2 j—d tan

K3(S) >

Now for the reverse inequality, let b be given as in the theorem and and f := Xb. Then f
is equal to

—d—"l i=1,...,d;
(QTZ t1=di+1,...,d1 +do
fi=1: .
(—1)°2 P=3Tdi 41, d
(1)t i=30di+ 1. n
By the definition of f = Xb,
- 5. - n 2n
b = X — X = —_— —_—
CIEDWIMEIARS S5
n 2n  2n
dy  d3
n 2n n 2n
dsfl ds
o,
ds ds+1
n *4n n
= — 4+ — + ,
d JZ:; dj  dsy1

and also

i=1
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Note also that

15— (suqip e
dy ~ ~ do ~ ~ n ~ ~
= Y Ifi—fial+ D Nfi-fial++ D i fiul
=2 i=d1+2 i=d1+---+ds+2
It follows that
(s + D)|IXb|3/n _ Sy f2/n
bslli — b 2 s s - \?
([[bsll1 = b= (sugy i) <Zj1\fdj+1—fdj|>

s+1
n S in n_
E+Zj:2d7j+ dsy1

11.6. Proof of Theorem 17

To prove Theorem 17, we first establish the Lagrangian form of the minimization problem
where we have the convex constraint zgg(@)bgo — ||Wb_g,|[i > 1. Then we recall the
projections and we introduce a subset T of the underlying probability space where the
lower bound of Theorem 17 holds. The latter is shown in Lemma 36. Finally, we show that
the subset 7 has large probability.

11.6.1. LAGRANGIAN FORM

Recall for w € W(v) the convex problem with linear and convex constraints
bw) € argmin{ 1X0IR + 53] (@), ~ W05 = 1,

Note that here we do not require the positivity constraint z;-‘T(T})bj >0 for all j € Sy. The
next lemma gives its Lagrangian form. This form plays in the proof of Theorem 17 the
same role as in the proof of Theorem 14 for the noiseless version. We also show that for
w € W(v) the minimum || Xb(w)]||3 is not larger than || Xb*(9)||3 (recall that by definition

A2(1 4, 50) = sol| XV*(0)[[5/n)-
Lemma 35 We have
XTXb(w) = [|Xb(w) [3W2(w),
with
250 (W) = 25,(0), 2-sy(w) € =0b—s (w)]l1-

Moreover, for w € W(v)
sol| Xb(w)||3/n < &2(1 + 1, Sp).
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Proof of Lemma 35. The problem

min{quH% 2T (@)bsy — [Wh_s, |1 > 1}

has Lagrangian 3
XTXb(w) = AW z(w)

with zg,(w) = 25, () and 2_g,(w) € =0||b—g,(w)[]1. Moreover
1Xb(w)|3 = Ao(w) W z(w) = 25 (0)bs, — [|Wh_s, |1 = 1
because the minimum is reached at the boundary. So
A= || Xb(w)|3.

To obtain the second statement of the lemma, we use similar arguments as in the proof of
Lemma 5. We have

. [ X0]l2 T~
Xb(w szln{ — 1 28 (0)bg, — ||[W_s,b_5,|l1 > 0
H ( )” beRP Zféf(v)bso — HW—Sob—Soul So ( ) 0 H 0 0”

But for w € W and w := 1 + v, we know

Wh_soll1 < [IWb—s, 1

and so B
25 (0)bs, — [Wh_s,lly > 25 (0)bs, — [[Wb_g,]I1-
Let
A= {b: 25l (0)bs, — [[Wh_sl1 > o}
and

B:= {b: 25l (0)bs, — [[Wh_gl1 > 0}-

Then B C A. Hence

_ Xb
IXb()lz = min—p— L2
beA 2g! (0)bs, — [[Wb_s,|I1
< min ||Xb”2
= *T [~
beB 25 (V)bs, — [Wh_s, 11
< min HXbH2
= *T (> 1
beB 25 (V)bs, — [Wh_s, 1
= || Xb*(0)||2

/50
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11.6.2. PROJECTIONS

Recall the notation of Subsection 7.2 and that moreover the diagonal elements of the matrix

(XSQ:OXSO)*1 are denoted by {u?}jego. We write
N T 15T
is, = (Xg,Xs,) " Xg, €
We denote the projection of € on the space spanned by the columns of Xg, by
._ T 1T _ N
ePXg, = Xg,(X5,Xs,) Xg,€ = Xsylis,

and write

U(So) = [|eP X5, -

11.6.3. CHOICE OF \

Recall that we require that for some ¢ > 0

A > [[v-splloov/2(log(2p) + 7).

11.6.4. THE SET T

Recall

uj := ujy/2(log(2p) +t) /A, j € So, v; := v;v/2(log(2p) +t)/A, j ¢ So.

Let 7 be the set
T = {|ﬁ]’§)\u] VjESo}
N {|@j|§wj vmso}m{U(So)g\/%Jr\/%}.

We show in Subsection 11.6.6 that IP(7) > 1 — exp|[—t] — exp[—=x].

11.6.5. DETERMINISTIC PART

(21)

The idea is now to incorporate the noisy part of the KKT conditions for the noisy Lasso
into a weighted sub-differential, creating in that way KKT conditions of the same for as the
noiseless KKT conditions (see (22) in the proof). To do so, we first put part of the noise
in the vector 4% without adding additional non-zeros. This makes it possible not to change
the sub-differential at Syp. The rewriting of the KKT conditions make them resemble the

Lagrangian form of Lemma 35.

A~

We will use the KKT conditions (19) for 3:

~XT(Y = XB) = -X(, ¢ €0||Blh
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Lemma 36 Suppose we are on the set T defined in Subsection 11.6.4.

conditions of Theorem 17

. AV/50

Proof of Lemma 36. Set
ﬁgo = 8% + Us,, ,6’950 = 0.
Then

Y = XB%+¢
= Xsoﬂgvo + XSOfLSO + 6AX50
= XB°+eAXs,.

The KKT conditions (19) are

—XT(v — Xp) = =XC.

We have
Y - X =-X(6-p3") —eAXg,.
Therefore
~XT(y —Xp3) = XTX( - % — XT(eAXs,).
But
XE, (eAXs,) =0,
and

XTg (eAXs,) = XTg —XTg Xgo(XE,Xs,) ' X e
= (X_g,AXg,) e

Hence the KKT conditions read
XTX(B—=B% ==+,

where
bs, =0, 1_g, = (X_5,AXg,) €.

Set S :={j: B; # 0} and define for all j € S\Sy

by =140/ (A())-

Then under the

By assumption (since we are on T) [0;] < A5j. so w; > 1 — @ for all j € S\Sp. For

j ¢ SUSy we define
ﬁ)j = max{\l +@j/)\|, 1-— T)j}.
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Then for j ¢ SU Sg
MG+ = A+ 05/ Alsign(C; + 9;/A)
{%Sign(éy +9;/A), |G +05/A =1 — 9,

Vi /A 2 ~ _
JMS%U(CJ +0;/A) |G +05/A <1 —9;

= iy,
where . N
: sign(¢; + /), G+ 05/A[ 21—,
P B g (G 4 0/0) [G i/ <11y

One readily verifies that (on 7) w; < 1+ v; for all j ¢ Sp. Taking 5]- = C}- for j € SUSy
we arrive at the KKT conditions

XTX(B— 8% = -AW¢(, Cedllblh (22)

and where W = diag(

Sy ={j€S50: z;(ﬁ)bj(lb) < 0}. Take

)
z.
-+
=
S
m
-
&
=)
Q
&
n

+
|

—~—
<
m
&

25 (0)bj(w) > 0} and

B = B = Xbj(@)/ ]| Xb(w)|3.

[Case 1]|Let j € So. By the condition on 3° we know that |89] > A|b; ()| /|| Xb(w)||3+ s,
SO |B§)] > |6JQ\ — ltig,| > Albj(w)|/|| X b(w)]|3. If 2% (v) =1 and b;(w) > 0, then /6’? > 0 and

B = 1571 = Albj (@)|/ | Xb(@)||3 > 0.
If 27(v) = 1 and b;(w) < 0, then B? > 0 and we have
8 = 1301+ Albs (@)1 1 Xb(@) |3 > 0.
If 23 (v) = —1 and b;(w) <0, thenﬂ0<0and
B = =183 + Alb;(@)|/[| Xb() |13 < 0.
If z;(v) = —1 and b;(w) > 0, then B? < 0 and
—1B5] = Alb;(@)|/ | Xb(@)[|3 < 0.
Let now j ¢ Sp. Then
B = —bj (@) /|| Xb()| 3,

2j(W) ) = —Az;j ()b (w) /| Xb(w)|[3 > 0.
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Thus
z(w) € || ||1.-

Furthermore, by the first part of Lemma 35,
XTX(B' = 3%) = =AXTXb(@) /[ Xb()]l2 = ~AW ().
So 8’ =: 3 satisfies the KKT conditions with ¢ = z(w). We further have

IX(6 =83 = A" (@)Wz(@)/|| Xb(w@)|I3
N2/ X b(w)|?
)\280/(71/%2(1 + @, So))

v

where in the last step we used the second part of Lemma 35. Finally, by the triangle
inequality

IXB=8%2 > [X(B—p5"2—U(S)
W
2 e +o.8y W)

W
VR

V

11.6.6. RANDOM PART

In Lemma 36, we showed that the conclusion (12) of Theorem 17 holds on the set 7. This
subsection obtains that IP(7) > 1 — exp[—t] + exp[—z].

Lemma 37 It holds that

P(T) > 1 — exp[—t] — exp[—z].

Proof of Lemma 37. Apply Lemma 41 with Z; = 4;/u; for j € Sy and Z; = 0;/v; for
Jj ¢ So to find that with probability at least 1 — exp[—t]

‘ﬂ]‘ < )\ﬂj Vj € Sy, |@]’ < )\@j Vj ¢ So.

Furthermore, the random variable U?(Sy) has a chi-squared distribution with sy degrees of
freedom. Lemma 42 gives that with probability at least 1 — exp[—x],

U(So) < /50 + V2z.

11.6.7. COLLECTING THE PIECES

Combining Lemma 36 with Lemma 37 completes the proof of Theorem 17.
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11.7. Proof of Theorem 18

The proof is along the lines of Theorem 9.

11.7.1. CoMPARING THE KKT CONDITIONS

We compare the KKT conditions for the noisy Lasso with those for the noiseless Lasso.
Lemma 38 It holds that
IX (B = B3 + MBI — X BTz < (B—B9)"XTe+ (A= N[5

Proof of Lemma 38. The KKT conditions (19) for /3 can be written as
XTX(B =%+ X =X"e
where ¢ € 9||8]|1. By the KKT conditions (6) for 3*
XTXx(p* = B% + A\ ¢*=0.
Hence, taking the difference
XTX(B—pB )+ A=\ =XTe
Multiply by (B — 897 to find
1X (8= B3+ AB = )¢ = M (B - B¢ = (B— )T Xe.
But
AB =BT = X (B - )¢
= MBIl = ABTC + X871 = ABTE
= MBIl = XBTC + N8| = ABTC = (A= XI5
> MBI = A BT = (A= X)18 [
where we used that
18*(I: = B7¢ > 0.

Therefore

1X(8 = B3 + MBI = A872* < (8= B XTe+ (A= X) 5"

11.7.2. PROJECTIONS

Recall the notation of Subsection 8.1. We let moreover 9_g, be the vector
g = (X_gAXg)Te.

As before, we denote the projection of € on the space spanned by the columns of Xg by
ePXgs and write
U(S) = ||ePXs]|2.
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11.7.3. CHOICE OF \

Recall that we require that for some ¢ > 0

A > [ glloo/2(log(2p) + 1)

11.7.4. THE SET T°

Recall
v% := v \/2(log(2p) +1)/X, j ¢ S.
Let
TS = {liy] < Ao, ¥ j ¢ S} N {U(S) < V5 + V2a}.

11.7.5. DETERMINISTIC PART

Lemma 39 On the set T° it holds that

IX(B = B2 < Vs + V2z + (A = \*)y/s/n/k(w", S).

Proof of Lemma 39. Since S, C S
X(B - %) = Xgbs + X_sAXsf_s

where
Xsbs = Xs(Bs — Bs) + (X_sPXs)5_s.

In view of Lemma 38,
1X (B = B3 + Al — A6 ="

T
< ngg:E + |:X—SAXS,BS:| €+ ()\ — )\*)H/B*”l
By the Cauchy-Schwarz inequality and since we are on 72
b§XGe <U(9)[|Xbslla < (Vs + V22) | Xbsll2 < (Vs + V22)| X (8 = 5|

where in the last inequality we used Pythagoras rule. Moreover, by the definition of % g
and since we are on the set 7

T
[X—SAXsﬂ—s} e=pTg0%s <A 051B).
j¢s
On the other hand,

AlBsllt = N¢Bs > A (1= NI/ NG|

JEs
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and
A= M)IB* [l = AllBsll + A2 TBs < (A= A)[IBs — B5ll1-

If || X (68— 8*)||2 < v/5++/2x we are done. Suppose therefore that || X (68— B*|j2 > /s + /2.
Then we see that

1X(B = B3 - (V3 + VER) | X (B — 5
— IX(5- 5*)!@(1)«8 Y= i \@)

> 0.
But then
AZ(l — 05 — A*lg;‘l/A)Ile < (A= \)Bs — 81
¢S
or
18s — Bl — [W5B_sllL > 0.
Then

18s = B5lh = IWB-s]ls < (Vs/m)|| X (B = B)l2/R(@®, 5).

We thus arrive at

X3 - B2
< (Vo Va0 XTI )IX G - )l

or

IX (B = B%)ll2 < Vs + V2x + (A = X)y/s/n/i(@,5).

O
11.7.6. RANDOM PART
Lemma 40 We have
P(7T%) > 1 — exp[—t] — exp[—z].
Proof of Lemma 40. This follows from Lemma 41 and Lemma 42. O

11.7.7. FINALIZING THE PROOF OF THEOREM 18

Combine Lemma 39 with Lemma 40.
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11.8. Proof of the Lemma in Section 9

Proof of Lemma 21. Write g; := w;f;, i = 1,...,n and u; :=d;/2, j = 2,...,
we have

s—1 djp n
Z\gd +1—gd|—Z\gz 9171|—Z Z —gi—1| — Z |9 — gi-1]
J=2i=d;+1 i=ds+1
1 dq 1 di+u2
< LS+ 2 S
1 & uy | 4
1=1 i=di1+1
dy+do di+da+us3
1 1
T T T w > lgil + > il
2 2 i=d1+u2+1 t=d1+d2+1
di+-+ds—1 di+-+ds—1+us

1 1
+ do — ey Z ‘gi|+u7 Z |9i

i=d1++ds—2tus—1+1 S i=di+Fds_1+1
d1++ds n

+ dsiu Z |9¢\+% Z |9i]

i=dy+-tds—1+us+1 ST iy oty +1

1i=1 2 i=dy+1
di+ds di+d2+us
1 2 1 2
T I o
(dy —ug)?
i=d14uz+1 t=d1+d2+1
di++ds—1 di++ds—1+us

1 2 2
+ (dg—1 — Us—1)2 Z wy + ug Z W

i=dij+-+ds—2+us—1+1 i=dy++ds—1+1

. di 4 tds . n 1/2
2 2
J— w; - w3
= I AT
i=dy+-+ds—1+us+1 5+ j=dy +tds+1
n 1/2
“(22)
i—1
< J=4+2 L L L
- ug  do — us de—1 —us—1  us ds—us dep1
X Z’fiP/n
i—1
X[Jw/[ oo
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Moreover
s dy
> wayalfar1 — fal = Y wil fi = fical
j=1 =2
s—1 d]+1
= >3 wilfi— fial - Z wilfi = fial
Jj=2i=d;+1 i=ds+1
s—1 djt1 n
< Z’ngrl gd\—Z!gz gl =Y > lgi—gial— > lgi—gi1l
J=2i=d;+1 i=ds+1

+ Z lw; — wi—1]| fi—1l,
i=2

and

n n
S wi—wiallfial <D (wi—wi)? | D2
i=2 i 1=2

1=2
n n
< Do — w2 | DO f7
i=2 i=1
Thus we conclude
S
> way41lfa 1 — fa)]
j=1
s—1 dj+1
szm fial =D > wilfi— fial - Z wilfi = fi-1
J=2i=d;+1 i=ds+1

n
< | wlo +Z 7 nz —wis)? | ([ 2/
i=1

s+l

11.9. Proof of Theorem 1

This follows from Corollary 12 combined with Theorem 14, where in the latter we replace
> := X7 X/n by the population version ¥g. This works because we replaced condition (8)
by its population counterpart condition (3).
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12. Tools from Probability Theory

We first present three standard lemmas for Gaussian random variables, Lemmas 41, 42 and
43. These three lemmas are followed by a concentration of measure result and a result for
Gaussian quadratic forms.

Lemma 41 Let Zi,...,Z, be standard normal random variables. Then it holds for all
t > 0 that

]P( max |Z;| > v/2(log(2p) + t)) < exp[—t].
1<5<p
Proof of Lemma 41. For each t > 0

P(|Z1] > v2t) < 2exp[—t].

So by the union bound, for any ¢ > 0,

P (e 12> VEIoRE@) T0) < (21| > o8 +1)
< 2pexp[—(log(2p +t)] = exp[—t].
O
Lemma 42 Let Z := (Z1,..., Z7)T be a vector with i.i.d. standard Gaussian entries. Then

it holds for all x > 0 that
]P<”Z”2 > VT + \/2:E) < exp[—z]

and

P (1121~ V] 2 V22 ) < 2expl-a.

Proof of Lemma 42. This follows from concentration of measure (Borell, 1975, Giné and
Nickl, 2015, Theorem 2.5.7) because the map Z +— ||Z||2 is Lipschitz. Alternatively, one
may apply Lemma 1 in Laurent and Massart (2000). O

Lemma 43 Let (U, V) € R™? have i.i.d Gaussian rows with mean zero and covariance

matric
()
Ouw 03 ’
Then for all t > 0, with probability at least 1 — 4 exp[—t]

ULV — noy,| < 30,0, (\/ 2nt + t) )

Proof of Lemma 43. By standard arguments (see van de Geer (2017) for tracking down
some constants) one can derive that with probability at least 1 — 4 exp[—t]

]UTV — Noyy| < (0u0y + 2|ouw|)V20L + (0yoy + 2|owe])t.
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We simplify this to: with probability at least 1 — 4 exp[—t]

|UTV — Noyw| < 3oy0, (\/ 2nt + t> .

This is the concentration of measure lemma that we use in Section 4.

Lemma 44 For any b € RP and all x > 0, we have
]P(HX(B —b)|l2 > my + \/2x> < exp|—z]

and

(|13 - 0l —

> m) < 2exp[—7]

where my :==E(|| X (6 — b)|]2| X).

Proof of Lemma 44. This follows from concentration of measure see e.g. Borell (1975),
or Giné and Nickl (2015), Theorem 2.5.7, as the map € + || X (3 — b)||? is Lipschitz, see also
van de Geer and Wainwright (2017). O

Finally, we give a result for Gaussian quadratic forms.

Lemma 45 Let X have i.i.d. N(0,%)-distributed rows and let M be a (sequence of)
constant(s) such that

M2 = o /(0] ox(20)) )
Then, for a suitable sequence ny; = o(1), with probability tending to one

Xbl|2/n
bl <MIsg bll2 [ 20" D13

Proof of Lemma 45. See for example Chapter 16 in van de Geer (2016) and its references,
or van de Geer and Muro (2014). O
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