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Abstract

We propose a new class of semiparametric exponential family graphical models for the anal-
ysis of high dimensional mixed data. Different from the existing mixed graphical models, we
allow the nodewise conditional distributions to be semiparametric generalized linear models
with unspecified base measure functions. Thus, one advantage of our method is that it is
unnecessary to specify the type of each node and the method is more convenient to apply
in practice. Under the proposed model, we consider both problems of parameter estimation
and hypothesis testing in high dimensions. In particular, we propose a symmetric pairwise
score test for the presence of a single edge in the graph. Compared to the existing methods
for hypothesis tests, our approach takes into account of the symmetry of the parameters,
such that the inferential results are invariant with respect to the different parametrizations
of the same edge. Thorough numerical simulations and a real data example are provided
to back up our theoretical results.
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1. Introduction

Given a d-dimensional random vector X = (X1,..., Xy)7”, inferring the conditional inde-
pendence among X and quantifying its uncertainty are important tasks in statistics. We
propose a unified framework for modeling, estimation, and uncertainty assessment for a
new type of graphical model, named as semiparametric exponential family graphical model.
Let G = (V,E) be an undirected graph with node set V = {1,2,...,d} and edge set
E C {(4,k): 1 < j < k < d}. The semiparametric exponential family graphical model
specifies the joint distribution of X such that for each j € V, the conditional distribution
of Xj given X\; := (X1,..., X1, Xj41,... , X)) is of the form

p(xj | @y;) = exp[ni(x;) -z + fi(x;) — bi(ny, f7)], (1)
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where @\; = (T1,...,Tj-1,Tj+1, .- -, Ta), Mj(®\;) = j+ ;2 Bjray is the canonical param-
eter, f;j(-) is an unknown base measure function, and b;(-,-) is the log-partition function.
Besides, we assume (3, = S, for all j # k. By definition, the unknown parameter con-
tains {(o, Bjk, f5): 1 < j < k < d}. To make the model identifiable, we set o; = 0 and
absorb the term «jx; into fj(x;). By the Hammersley-Clifford theorem (Besag, 1974), we
have Bj;, # 0 if and only if X; and X}, are conditionally independent given {X,: ¢ # j, k}.
Therefore, we set (j, k) € E if and only if 8j;, # 0. The graph G thus characterizes the
conditional independence relationship among the high dimensional distribution of X. The
key feature of the proposed model is that (1) it is a general semiparametric model and (2)
it can be used to handle mixed data, which means that X may contain both continuous
and discrete random variables. Unlike the existing mixed graphical models, we allow the
nodewise conditional distributions to be semiparametric generalized linear models with un-
specified base measure functions. Thus, our method does not need to specify the type of
each node and is more convenient to apply in practice. In addition to the proposed new
model, our paper has the following two novel contributions.

First, for the purpose of estimating 3;,, we extend the multistage relaxation algorithm
(Zhang, 2010) and conduct a localized analysis for a more sophisticated loss function ob-
tained by a statistical chromatography method (Liang and Qin, 2000; Diao et al., 2012;
Chan, 2012; Ning et al., 2017b). The gradient and Hessian matrix of the loss function are
nonlinear U-statistics with unbounded kernel functions. This makes our technical analy-
sis more challenging than that in Zhang (2010). Under the assumption that the sparse
eigenvalue condition holds locally, we prove the same optimal statistical rates for parameter
estimation as in high dimensional linear models.

Second, we propose a symmetric pairwise score test for the null hypothesis Hy: 3, =
0. This is equivalent to testing whether X; and X} are conditionally independent given
{X¢: € # j,k}. Compared with Ning et al. (2017b), the novelty of our method is that
we consider a more sophisticated cross type inference which incorporates the symmetry
of the parameter, i.e., 8j; = (. By considering this unique structure of the graphical
model, our proposed method achieves the invariance property of the inferential results.
That means the same p-values are obtained for testing 3;, = 0 and 8;; = 0. In contrast,
the asymmetric method in Ning et al. (2017b) may lead to different conclusions for testing
these two equivalent null hypotheses.

1.1. Related Works

There is a huge literature on estimating undirected graphical models (Lauritzen, 1996;
Edwards, 2000; Whittaker, 2009). For modeling continuous data, the most commonly used
methods are Gaussian graphical models (Yuan and Lin, 2007; Banerjee et al., 2008; Friedman
et al., 2008; Ravikumar et al., 2011; Rothman et al., 2008; Lam and Fan, 2009; Shen et al.,
2012; Yuan, 2010; Cai et al., 2011; Sun and Zhang, 2013; Guo et al., 2011; Danaher et al.,
2014; Mohan et al., 2014; Meinshausen and Biithlmann, 2006; Peng et al., 2009; Friedman
et al., 2010). To relax the Gaussian assumption, Liu et al. (2009); Xue et al. (2012b); Liu
et al. (2012); Ning and Liu (2013) propose the Gaussian copula model and Voorman et al.
(2014) study the joint additive models for graph estimation. For modeling binary data,
the Ising graphical model is considered by Lee et al. (2006); Hofling and Tibshirani (2009);
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Ravikumar et al. (2010); Xue et al. (2012a); Cheng et al. (2014). In addition to binary
data, Allen and Liu (2012) and Yang et al. (2013b) consider the Poisson data and Guo
et al. (2015) consider the ordinal data. Moreover, Yang et al. (2013a) propose exponential
family graphical models, and Tan et al. (2014) propose a general framework for graphical
models with hubs.

Recently, modeling the mixed data attracts increasing interests (Lee and Hastie, 2015;
Fellinghauer et al., 2013; Cheng et al., 2017; Chen et al., 2015; Fan et al., 2017; Yang et al.,
2014). Compared with Lee and Hastie (2015); Cheng et al. (2017); Chen et al. (2015); Yang
et al. (2014), our model has the following two main advantages. First, it is a semiparametric
model, which does not need to specify the parametric conditional distribution for each node.
Therefore, it provides a more flexible modeling framework than the existing ones. Second,
under our proposed model, the estimation and inference methods are easier to implement.
Unlike these existing methods, we propose a unified estimation and inference procedure,
which does not need to distinguish whether the node satisfies the Gaussian distribution
or the Bernoulli distribution. In addition, our estimation and inference methods are more
efficient than the nonparametric approach in Fellinghauer et al. (2013). Finally, our method
is more convenient for modeling the count data than the latent Gaussian copula approach
in Fan et al. (2017).

Though significant progress has been made towards developing new graph estimation
procedures, the research on uncertainty assessment of the estimated graph lags behind.
In low dimensions, Drton et al. (2007); Drton and Perlman (2008) establish confidence
subgraph of Gaussian graphical models. In high dimensions, Ren et al. (2015); Jankova
and van de Geer (2015); Gu et al. (2015) study the confidence interval for a single edge
under Gaussian (copula) graphical models and Liu et al. (2013) study the false discovery
rate control. However, all these methods rely on the Gaussian or sub-Gaussian assumption
and cannot be easily applied to the discrete data and more generally the mixed data in high
dimensions.

1.2. Notation

We adopt the following notation throughout this paper. For any vector v = (v, ...,vq)7 €
R9, we define its support as supp(v) = {t: v; # 0}. We define its £p-norm, £,-norm, and £o.-
norm as [[vllo = [supp(v)|, [[vllp = (X ;e [ |P)V/P and ||v]eo = max;eq |v;], respectively,
where p > 1. Let v®2 = vvT be the Kronecker product of a vector v and itself. We write
vou= (viuy,...,vquq)" as the Hadamard product of two vectors u,v € R?. In addition,
we use [v| = (|v1], ..., |vg])T to denote the elementwise absolute value of vector v and define
[V|[min = minje(q |v;]- For any matrix A = [aj;] € R4*d2 et Ag, g, =[ajkljes, kes, be the
submatrix of A with indices in Sy x Sa; let Aj\; = [a;x]r;- Besides, let [[A|l2, [[A[l1, [[Allc,
|All, be the spectral norm, elementwise /1-norm, elementwise {o.-norm, and operator £,-
norm of A, respectively. Furthermore, for two matrices A; and As, we write A; < Ay if
Ao — A is positive semidefinite and write A; < A if every entry of A — A is nonnegative.
For a function f(x): R? — R, we write Vf(x), Vsf(x), V2f(x) and 0f(x) as the gradient
of f(x), the gradient of f(x) with respect to xg, the Hessian of f(x), and the subgradient of
f(x), respectively. Moreover, we write {1,2,...,d} as [d]. For a sequence of random vectors
{Y;}i>1 and a random vector Y, we write Y; ~ Y if {Y;};>1 converges to Y in distribution.
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Finally, for functions f(n) and g(n), we write f(n) < g(n) to denote that f(n)<cg(n) for a
universal constant c € (0,400) and we write f(n) < g(n) when f(n) < g(n) and g(n) S f(n

hold simultaneously.

1.3. Paper Organization

The rest of this paper is organized as follows. In §2 we introduce the semiparametric
exponential family graphical models. In §3 we present our methods for graph estimation
and uncertainty assessment. In §4 we lay out the assumptions and main theoretical results.
We study the finite-sample performance of our method on both simulated and real-world
datasets in §5 and conclude the paper in §6 with some discussion.

2. Semiparametric Exponential Family Graphical Models

The semiparametric exponential family graphical models are defined by specifying the con-
ditional distribution of each variable X; given the rest of the variables {Xj: k # j}.

Definition 1 (Semiparametric exponential family graphical model) A d-dimensional
random wvector X = (Xl,...,Xd)TE R? follows a semiparametric exponential graphical
model with graph G = (V, E) if for any node j € V, the conditional density of X; given X\ ;
satisfies

plajlay) = exple;(B] @) + fi(a;) — b (85, f)], (2)

where f;(-) is an unknown base measure function and bj(-,-) is a known log-partition func-
tion. In particular, (j,k) € E if and only if B, # 0.

This model is semiparametric since we treat both 8; = (8j1, ..., Bjj—1, Bjj+1, - - - Bja)’ €
R9~1 and the univariate function f;(-) as parameters, where 8; and f;(-) are the parametric
and nonparametric components, respectively. Because the model in Definition 1 is only
specified by the conditional distributions of each variable, it is important to understand
the conditions under which a valid joint distribution of X exists. This problem has been
addressed by Chen et al. (2015). As shown in their Proposition 1, one sufficient condition
for the existence of joint distribution of X is that, (i) Bj, = Bi; for 1 < j,k < d and (ii)
g(x) := exp [Zj<k BikrjT) + Z;lzl fi ({EJ)] is integrable.

Hereafter, we assume that the above two conditions hold. Thus, there exists a joint
probability distribution for the model defined in (2), whose density has the form of

= exp [Z Brexpze + Z fi(z) — A({Bi, fz}ze[d])] (3)

k<t

where S # 0 if and only if (k,¢) € E. Here A(-) is the log-partition function given by

A({Bi, fitiew) = 10g{/R exp [Zﬁk@xkﬂfﬁng j ] }a (4)

k<t

where v(+) is a product measure satisfying v(da) = [];¢(q vj(dz;), and each v; is either a
Lebesgue or a counting measure on the domain of X;, depending whether X is discrete or
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continuous. Since Sy = By for all pairs of nodes (k, ), in the sequel, we will use Bys and
Bex interchangeably for notational simplicity.

Furthermore, we remark that, without the knowledge of { f;} jeld)> estimating parameters
{ﬁj}je[d] is insufficient to learn the distribution of X. In this paper, we focus on the
statistical inference of the underlying conditional independence graph specified by {3;}¢(q-
In the next section, by adopting a loss function for {3;} jelq that is free of the base measures,
we obtain estimators of these parameters, which are used to construct an estimator of the
underlying graph. Moreover, by further considering the hypothesis testing problem for each
Bjk, we are able to assess the uncertainty of the estimated graph.

2.1. Examples

We provide some widely used parametric examples in the class of semiparametric exponen-
tial family graphical models.

Gaussian Graphical Models: The Gaussian graphical models assume that X € R¢
follows a multivariate Gaussian distribution N(0,®71), where ® € R%*? is the precision
matrix satisfying @;; = 1 for j € [d]. The conditional distribution of X; given X\ ; satisfies

X;j|X\j=aj X\j+¢ with ¢; ~N(0,1),
where aj = ©,; ;. The conditional density is given by
pzj|z\;) = /1/(27) exp[—mj(@irj,jm\j) —-1/2- sz —-1/2- (@r{j’jx\j)ﬂ.

Compared with (2), we obtain 3; = —©\; ;, fj(z) = —2?/2 and b;(8;, f;) = (,@jT:B\j)Q/Z +
log(2m) /2.
Ising Models: In an Ising model with no external field, X takes value in {0,1}¢ and the

joint probability mass function p(x) o exp(2j<k Ojkrjxy). Let 05 = (0j1,...,05-1,0j 41, -

The conditional distribution of X; given X ; is of the form

exp(D <o OkeTrie)
z;e{0,1} €XP (Zk<z Oreyy

plxj|m\;) = > ] = exp{acj (HJT:E\]-) — log[1+ exp(@fa:\j)] }
Therefore, in this case we have 3; = 0;, f;j(z) = 0 and b;(8;, f;) = log[1 + eXp(,BjTa:\j)].
Exponential Graphical Models: For exponential graphical models, X takes values in
[0, +-00)¢ and the joint probability density satisfies p(z) o< exp(— Z?Zl GTj—> ey Onexray).
In order to ensure that this probability distribution is normalizable, we require that ¢; >
0,0j; > 0 for all j,k € [d]. Then we obtain the following conditional probability density of
X;j given X ;:

d d
p(zj|my;) = eXp(— PRI 9k£$k$e> // exp ( > drwr— Y 9ke$kxe> da;
;20 k=1

k=1 k<t k<t
= exp[—x;(¢; + 0] x\;) —log(¢; + 0] x\;)].

Thus, we have 8; = —0;, fj(z) = —¢;x and b;(8;, f;) = log(ﬁjT:B\j + ¢;).
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Poisson Graphical Models: In a Poisson graphical model, every node X is a discrete
random variable taking values in N = {0,1,2,...}. The joint probability mass function is
given by

d d
p(x) o exp [Z i — Z log(x;!) + Z Gkga:kxg] .
j=1 j=1

k<t

Similar to the exponential graphical models, we also need to impose some restrictions on
the parameters so that the probability mass function is normalizable. Here we require that
6 < 0 for all j,k € [d]. By direct computation, the conditional probability mass function
of X; given X, ; is given by

p(xj|®\;) = explz; (8] x\;) + ¢jz; — log(x;!) — bi(8;, )],

where we have 8; = 6, fj(x) = ¢;x — log(z!) and b;(8;, f;) = log{zzozo exp [y(,BjTa:\j) +
fiw)]}-

3. Graph Estimation and Uncertainty Assessment

In this section, we lay out the procedures for graph estimation and uncertainty assessment.
Throughout our analysis, we use {8, f; }ic|q to denote the true parameters, and E(-) to
denote the expectation with respect to the joint density in (3) with the true parameters. We
first introduce a pseudo-likelihood loss function for the parametric components {3; };l:l that
is invariant to the nuisance parameters {f;};c|q. Based on such a loss function, we present
an Adaptive Multi-stage Convex Relaxation algorithm to estimate each B; by minimizing
the loss function regularized by a nonconvex penalty function. We then proceed to introduce
the inferential procedure for accessing the uncertainty of a given edge in the graph.

3.1. A Nuisance-Free Loss Function

For graph estimation, we treat 3; as the parameter of interest and the base measures f;(-)
as nuisance parameter. Let Xq,..., X, be n i.i.d. copies of X. Due to the presence of
fj(+), finding the conditional maximum likelihood estimator of 3; is intractable. To solve
this problem, we exploit a pseudo-likelihood loss function proposed in Ning et al. (2017b)
that is invariant to the nuisance parameters {f;};c[g- This pseudo-likelihood loss is based
on pairwise local order statistics, which have been previously studied in Liang and Qin
(2000); Diao et al. (2012); Chan (2012) for semiparametric regression models. More details
are presented as follows.

Let 1, ®o,..., 2, be n data points that are realizations of X1, Xo,..., X,. For any
1<i<i <n,let

ALy = {(Xijy Xug) = (wigy wag), Xy = Tinj Xinj = @in }

be the event that we observe X ; = x; ; and X\ ; = @\ ; and the order statistics of X;; and
Xi7j (but not the relative ranks of X;; and X;/;). More specifically, we denote max{X;;, X;/;}
and min{X;;, X;y;} by O1 and Oq, and let 0 and o0z be the observed values of O and Os.

Then A, can be equivalently written as {O1 = 01,02 = 02, X;\; = Tp\j, Xinj = Ty }-
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Let R € {(1,2),(2,1)} be the relative rank of X;; and Xy ;, and r be the observed value.
Then, by definition, we have

P(Xij = @ij, Xiry = v | Xij = Torj, Xing = @)
= P(Ol =01, 02 = 09 ‘ AX,L\‘7 = wl\],AX,L/\‘7 = wll\]) . IP)(R =T ‘ AZZ/)

Furthermore, we have

P(R:T|Agi,): 1+

S -1
P(Xij = @inj, Xirg = w5 | AL
P(Xij = wij, Xirj = zirj | Aly)

P(Xij = wij, Xivj = wij | Xonj = Tayj, Xinyg = T

1+

-1
)] -1
— = [1+ R}, (8)]
P(Xij = ij, Xij = 2y | Xong = Torj, Xinyg = i) ’
(5)

where Rgi, (Bj) = exp[—(xs — $i/j)BjT(:1:Z-\j — x;;)]. Based on the conditional likelihood
in (5), we construct the following pseudo-likelihood loss function for 8;:

2

n(n—1)

L;(B;) = > log[l+ RL(8))]. (6)

1<i<i’<n

Obviously, L;(-) only involves 3;. Since its form resembles the logistic loss, to find a
minimizer of this loss function, we could readily apply any logistic regression solver.

3.2. Adaptive Multi-stage Convex Relaxation Algorithm

Now we are ready to present the algorithm for parameter estimation. For high dimensional
sparse estimation, to promote sparsity, we minimize the sum of the loss functions L;(8;) and
some penalty function. Two of the most prevalent methods are the LASSO (¢;-penalization)
(Tibshirani, 1996) and the folded concave penalization (Fan et al., 2014). Although the /¢;-
penalization enjoys good computational properties as a convex optimization problem, it is
known to incur significant estimation bias for parameters with large absolute values (Zhang
and Huang, 2008). In contrast, nonconvex penalties such as smoothly clipped absolute
deviation (SCAD) penalty, minimax concave penalty (MCP) and capped-f; penalty can
eliminate such bias and attain improved rates of convergence. Therefore, we consider the
nonconvex optimization problem

@mmm{w@+zmwm} G
R~ k]

where A > 0 is a regularization parameter and py(-) : [0,+00) — [0,+00) is a penalty
function satisfying the following three conditions:

(C.1) The penalty function py(u) is continuously nondecreasing and concave with py(0) = 0.

(C.2) The right-hand derivative at u = 0 satisfies p, (0) = p)(0+) = A.
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(C.3) There exist constants ¢; € [0,1] and ¢z € (0,400) such that p)(u+) > 1A for u €
[0, c2 ]

Note that we only require the penalty function to be right-differentiable. In what follows, we
denote by p/\ (u) the right-hand derivative. By (C.1), p) (u) is nonincreasing and nonnegative
in [0, 00). It is easy to verify that SCAD, MCP and capped-¢; penalty all satisfy (C.1)—(C.3).

Due to the penalty term, the optimization problem in (7) is nonconvex and may have
multiple local solutions. To overcome such difficulty, we exploit the local linear approxima-
tion algorithm (Zou and Li, 2008; Fan et al., 2014) or equivalently, the multi-stage convex
relaxation (Zhang, 2010; Zhang et al., 2013; Fan et al., 2018) to attain an estimator of
ﬁ;. Compared with previous works that mainly focus on sparse linear regression, our loss
function L;(B;) is a U-statistics based logistic loss, which requires nontrivial extensions of
the existing theoretical analysis.

We present the proposed adaptive multi-stage convex relaxation method in Algorithm 1.
Our algorithm solves a sequence of convex optimization problems corresponding to finer and
finer convex relaxations of the original nonconvex optimization problem. More specifically,
for each j = 1,...,d, in the first iteration, step 4 of Algorithm 1 is equivalent to a #;-
regularized optimization problem and we obtain the first-step solution ,@](-1). Then, in each
subsequent iteration, we solve an adaptive f;-regularized optimization problem where the
weights of the penalty depend on the solution of the previous step. For example, in the
¢-th iteration, the regularization parameter )\;i_l) in (8) is updated using the (¢ — 1)-th
step estimator EJ(-E_D. Note that pf\(\ BJ(.QD is the right-hand derivative of py(u) evaluated
at u = |BY)].

Since the optimization problem in step 4 is convex, our method is computationally
efficient. Besides, note that (8) with ¢ = 1 corresponds to the ¢;-regularized problem.
Hence, our approach can be viewed as a refinement of LASSO. As we will show in §4.1,
the estimator Bj of B constructed by Algorithm 1 attains the optimal statistical rates of
convergence for parameter estimation.

Algorithm 1 Adaptive Multi-stage Convex Relaxation algorithm for parameter estimation

1: Tnitialize A'y) = A for 1 < j,k < d.
2: for j=1,2,...,d do

3: for /=1,2,..., until convergence do
4: Solve the convex optimization problem
(e . -1
8o - argmln{Lj(,@j) +3 A )|ﬁjk|}. (8)
R kg
5 Update )\E.Q by )\%g :p’)\(|§](f;)|) for 1 <k<dk+#j.
6 end for
7. Output 8;= B§Z), where ¢ is the number of iterations until convergence is attained.
8: end for
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3.3. Graph Inference: Composite Pairwise Score Test

For any given 1 < j < k < d, we are interested in testing if (j, k) € E, i.e., we consider
the hypothesis testing problem Hj : 5 5. = 0 versus Hj : 6;k = 0. To simplify the notation,

we write B\, = (le,...,ﬁjj_l,ﬁﬂﬂ,...,B]k_l,ﬁjkﬂ, -, Bja)T € R¥2 and denote the
parameters associated with node j and node k by By = (Bjk,ﬁ \k,ﬁk\j) € R2-3 In
addition, let H’ := ]E[V2 ([3*)] be the expected Hessian of L;(3;) evaluated at 3. We
define two submatrices H’ oy and H’ N\ of H/ as

[Ea%j (87) 9*L;(B5)

N i c R¥2 and H’ E—2 77 € R(@-2)x(d-2)
aﬁjkaﬁju]v i I\ [ 9Bju0Bjv

J .
ij J\k T

)

] uFk,v#£k

and we define H?k,k\j and H’g\jyk\j similarly. Furthermore, we define

. . . . .
Wik = H;’k,j\k[H;\k,j\k] and ij = H]k k\j[Hk\j k\]] : ©)

Following the general approach in Ning et al. (2017a); Neykov et al. (2018), the composite
pairwise score function for parameter 3;; is defined as

Sik(Bjvi) = VieLi(B;) + VirLi(Br) — Wi VieLi(8;) — wi ;" ViyLe(Be).  (10)

where we write V;xL;(8;) = 0L;j(B;)/0Bx and V. L;(Bj) = OL;(B;)/0Bj\x- Here, the
last two terms in (10) are constructed to reduce the effect of nuisance parameters 3;; and
Br\; on assessing the uncertainty of ,BJ*k, which is the parameter of interest. A key feature
of Sji(Bjvk) is that the symmetry of B;, and Bi; (i-e., Bjr = Bi;) is taken into account,
which is distinct from the existing works such as Ren et al. (2015); Jankova and van de
Geer (2015); Liu et al. (2013) for Gaussian graphical models and Ning et al. (2017b) in the
regression setup.

Note that both w & and wj j are computed from H, which is unknown. We estimate
them using the Dantmg—type estimators (Candés et al., 2007). Specifically, we define the
empirical versions of H;k’j\k and H;\k,j\k as

2L;(B)) )
m i and - Vi . Li(85) =

°L;(B;)

2 _
Vikinli(Bi) = 9B3u0Bjs

] u#k,v£k
We also define V

solving

]k K Li(Bx) and Vk\] i Ly (By) similarly. Then we estimate w7, by

Wjkx = argmin |wll; such that [|V% . L0, Bji) — W V2, 0w Li(0,B5)]| o < Abs
(11)

where Bj Is the estimator of B obtained from Algorithm 1 and A\p is a regularization
parameter. An estimator wy ; of wj ; can be similarly obtained. Based on Wj and Wy j,
we construct the composite pairwise score statistic for 6]’-‘k by

Sik = Vs L;i(0, Bjvi) + VirLe (0, Bry) = WiV (0, Bpi) = W5 Vi Li (0, Bry)-
(12)
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Compamng (10) and (12), we see that §]k is obtained by replacing 3; and B in (10) by
(0, ,Bj\k) and (0, ,Bk\]) respectively and replacing w7, and wj ; in (10) by W; and wy,;.

To obtain a valid hypothesis test, we need to establish the limiting distribution of §jk
under the null hypothesis. Note that §]k is a linear combination of entries of VL;(3;) and
V Li(Br), both of which are U-statistics. In the next section, we prove the asymptotic nor-
mality of Sjk More specifically, under the null hypothesis, we have \/n Sjk /2~ N(O0, o5 2,
where the limiting variance can be estimated consistently by & a] .. (More details will be ex-
plained in the following section). With a significance level a € (0,1), the test function
k() is defined as

Yir(a) = {1 . ’\FSJ’“/ )| > @71 - a/2)

if ‘fS]k/ Tjk ‘_<I> 11-a/2)’ (13)

where ®(t) is the cumulative distribution function of a standard normal random variable.

In sum, the composite pairwise score test for the null hypothesis Hy: ﬁ;‘k = 0 consists
of the following four steps: (i) Calculate 8; and Bj from Algorithm 1; (ii) Obtain w;
and wy, ; by solving two Dantzig-type problems defined in (11); (iii) Compute the limiting
variance 8]2'1& (iv) Evaluate the test function (13).

4. Theoretical Properties

In this section, we present our theoretical results. We first prove that the proposed procedure
attains the optimal rate of convergence for parameter estimation. Then, we provide theory
for the composite pairwise score test.

4.1. Theoretical Results for Parameter Estimation

We first establish the rates of convergence of the adaptive multi-stage convex relaxation
estimator. We begin by listing several required assumptions. The first is about moment
conditions of {X;} and the local smoothness of the log-partition function A(-) defined in
(4). This assumption also appears in Yang et al. (2013a) and Chen et al. (2015) as a pivotal
technical condition for theoretical analysis.

Assumption 2 For all j € [d], we assume that the first two moments of X; are bounded.
That is, there exist two constants kp and k, such that |E(X;)| < Ky, and IE(XJQ) < K-
Denote the true parameters by {87, f}jeia) and define d univariate functions Aj():R—R
as

A(u) = 1og{/R exp[uxj—i-Zﬁkgxkxg—i—Zfl xl]dy( )}, jeld.

k<t

We assume that there exists a constant kj, such that max,, |,<1 A;-’(u) < ky, for all j € [d].

Unlike the Ising graphical models, {Xj}e[q are not bounded in general for semipara-
metric exponential family graphical models. Instead, we impose mild conditions as in
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Assumption 2 to obtain a loose control of the tail behaviors of the distribution of X. As
shown in Yang et al. (2013a), Assumption 2 implies that for all j € [d],

max{log E[exp(X;)],log E[exp(—X;)]} < km + rn/2.
Markov inequality implies for any = > 0,
P(|1X;| > z) < 2exp(km + kn/2) - exp(—z). (14)

Thus, by setting © = C'logd in (14) with constant C sufficiently large, we have || X ||o <
C'logd with high probability. In addition to Assumption 2, we also impose conditions to
control the curvature of function L;(-).

Definition 3 (Sparse eigenvalue condition) For any j,s € [d]|, we define the s-sparse
eigenvalues of E[VQLj(B}‘)] as

pi(s) = sup {VIE[V2Li(B)]v: vl < s.[[vllo = L}:
vERA—1

pi-(s) = _inf {VIE[VZL;(B])]v: [Ivllo < s, [Ivlls = 1}.

Assumption 4 Let s* = max;c(q |3} [lo. We assume that for any j € [d], there exist an

integer k* > 2s* satisfying lim k*(log® d/n)Y/? =0 and a positive number p, such that the
n—oo

sparse eigenvalues of E[V?L; (B7)] satisfy

0 < ps < pj_(28"+2k") < pj (k") < +o0 and
p;_,_(k:*)/p;_(Qs*qL 2k*) <14 0.2k"/s* for any j € [d].

The condition p}'f+(k*)/pjf(23*+2k*) < 1+40.2k%/s™ requires the eigenvalue ratio p}, (k)/p;_(2k+
2s5*) to grow sub-linearly in k. Assumption 4 is commonly referred to as sparse eigenvalue
condition, which is standard for sparse estimation problems and has been studied by Bickel
et al. (2009); Raskutti et al. (2010); Zhang (2010); Negahban et al. (2012); Xiao and Zhang
(2013); Loh and Wainwright (2015) and Wang et al. (2014). Our assumption is similar to
that in Zhang (2010) and is weaker than the restricted isometry property (RIP) proposed
in Candés and Tao (2005). We claim that this assumption is true in general and will be
verified for Gaussian graphical models in the appendix.

Now we are ready to present the main theorem of this section. Recall that the penalty
function py (u) satisfies conditions (C.1)—(C.3) in §3.2. We use p) (u) to denote its right-hand
derivative. For convenience, we will set p) (u) =1 when u < 0.

Theorem 5 (/2- and /;-rates of convergence) For all j € [d], we define the support of
B as Sj:= {(G,k): e 70,k € [d]} and let s* = max;cq) 185 llo- Let px > 0 be defined in
Assumption 4. Under Assumptions 2 and 4, there exists an absolute constant K > 0 such

that [[VL;j(B7)|lec < Ky/logd/n,Vj € [d] with probability at least 1 — (2d)~t. Moreover,
the penalty function px(-) in (7) satisfies (C.1)-(C.3) listed in §3.2 with ¢; = 0.91 and
co > 24/p. for condition (C.3). We set the regulization parameter X = C'\/logd/n with

C > 25K. We denote constants o = ca(caps —11)7Y A = 220, Ay = 2.2¢o, By = 320,

11
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By =3.2co, v = llcy 'py! < 1, and define Yj:= 2 imyes, PAUBSK —ca\)?|V2. Then, with

probability at least 1—d~', we have the following statistical rates of convergence:

HBJ@ - B;HQ <A [HVS]'LJ(IB;)HQ + Tj] + 142\/87*)\')/Z and (15)
1B = B3I, < Bivs™[[| Vs, Ly (8))||, + Ty] + Bas™y", 5 € [d]. (16)

By Theorem 5, the statistical rates are dominated by the second term if p/ (| Bl —c2))
is not negligible. If the signal strength is large enough such that p)(8—c2A) = 0 where
B=minj p)e s | ﬁ;‘kl, after sufficient number of iterations, the statistical rates will be of the
order

H/é\g(‘e) _ﬂ;Hz = OP(“ijLj(’B;)"Q) and HBJ@ _’B;Hl = OIP(\/;*HVSJ'LJ'(/@;)HQ)'

However, if the signals are uniformly small such that p) (| Bl —ca\) >0 for all (j,k) € Sj,
the rates of convergence will be of the order

}|B§K) -8, = Op(Vs*A) and HBJ@ = Bi|l, = Op(s*N),

which are identical to the ¢o- and ¢;i-rates of the LASSO estimator, respectively (Ning
et al., 2017b). Thus co A can be viewed as the threshold of signal strength. Therefore, after
sufficient numbers of iterations, the final estimator Bj obtained by Algorithm 1 attains the
following more refined rates of convergence:

18; =B, = Oe (Vs Li (Bl +¥5) and 1B =85, = Or (V5" [[| Vs, Li (8, + Ts] )

These statistical rates of convergence are optimal in the sense that they cannot be improved
in terms of the order.

Finally, we comment that the sparsity level s* in (15) and (16) can be replaced by
the sparsity level of each B;. Let s = Hﬁ;”o be the sparsity level of B; and A; be the
regularization parameter for optimization problem (7) such that A; < [[VL;(8)[lec. The

statistical rates of convergence for each B](-E) can be improved to

HB\J@) - B;Hz = OP(\/;;)‘j) and HBJ(-@ - 5;”1 = Op(sj/\j).

We use the uniform sparsity level s* =max;cq s; and the same regularization parameter A
for simplicity, but the proof can be easily adapted to individual s7 and A; for each j& [d].

4.2. Theoretical Results for Composite Pairwise Score Test

In the composite pairwise score test for the null hypothesis Hy : ﬁ;k =0, we construct the
test statistic by combining the loss functions L;(-) and L(-) together because (;; appears
in both L;(3;) and Ly (B)) (recall that we use ;5 and Sj; interchangeably). In the sequel,
we present the theoretical results that guarantee the validity of the proposed inferential
method.

Recall that we define the pairwise score function S;;(B;v) and the pairwise score statis-

tic §jk in (10) and (12) respectively. According to a fixed pair of nodes (j, k), entries in
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B;j and By can be categorized into three types: (i) Bjk, (il) Bjx = (Bje; € # k)T, and (iii)
Brvi = (Bre; € # 7). Recall that we write Bjvx, = (Bjk, 5J-T\k7,3kT\j)T for notational simplicity.
Moreover, letting Ly, (,ijk) = L;(B;) + Li(B;), the entries of VL (ﬁjvk) are given by

VirLik(Bjve) = VirLi(B) + ViiLi(Be);  ViarLin(Bivk) = VjiL;i(B;), and
Vi Lik(Bjvk) = Vi L (Bk)-

Let ,@j and Bk be the estimators of 37 and 8; obtained from Algorithm 1. Note that we

can write the pairwise score function Sji () and the test statistic §jk as

Sik(Bjvi) = Ve Lk (Bjvr) — WieVakLik (Bjvi) — WZ,jTVk\ijk (Bjvk) and (17)
Sir = Vik Lk (Bjvr) = WinV je Lk (Bjur) = Wi Vi Lik (Bjvr) (18)

where we write ,8 = (0, ,Bj\k,ﬁk\j) , Wiy and wj  are defined in (9), W;x is obtained
from the Dantmg -type problem in (11), and Wy ; can be obtained similarly. To derive
the asymptotic distribution of §jk under the null hypothesis, we first show that \/ﬁ[gjk —
Sjk(ﬁ;vk)] = op(1). Then the problem is reduced to finding the limiting distribution of
Sjk(ﬁ;‘vk) under Hy. Thanks to its structure of being a U-statistics, we can characterize
the limiting distribution of Sj, (,8;-‘\/ ) using the method of Héjek projection (Van der Vaart,
2000), which approximates a U-statistic with a sum of independent random variables.
To begin with, we denote the kernel functions of VL;(8;), VLi(B;) and VL;i(Bjvk) as
hy, (), hﬁ (Bk) and h”, (Bjvi) respectively. It can be shown that E[hgi, B = E[h, (8;)] =

0; hence hJ (Bjy) is also centered. We define

gin(X,) = n/2- [VLji( ;Vk)|Xi] E[h)}(85,)|Xi] and (19)
i=1

Thus 2/n - gk (Xl) is the projection of VL (,@;vk) onto the o-filed generated by X; and

Uj, is the Héjek projection of VL (B*ka). Under mild conditions, Uy in (20) is a good

J
approximation of VL (,@jvk), which enables us to characterize the limiting distribution

of Sjk(ﬁ;vk). We present the following assumption that guarantees the non-degeneracy of
gjn(Xi).

Assumption 6 Under Assumption 2, for g;i.(X;) defined in (19), we denote the covariance
matriz of g;r(X;) as % = E[g;,(X;)gjx(X:)T]. We assume that there exists a constant
cs > 0 such that Apin(27%) > cx for all 1<j <k <d.

Assumption 6 requires the minimum eigenvalue of ¥7% to be bounded away from 0, which
implies Var(vI'Uj;,) > 4cy, for all v € R?*® with ||v||s = 1. Thus, this assumption guaran-
tees the asymptotic variance of /n.Sj( ij) is bounded away from 0. We also present the
following assumption that specifies the scaling of the Dantzig selector problem in (11).
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Assumption 7 We assume that H7 is invertible for all j € [d]. In addition, we assume that
there exist an integer si and a positive number wy such that [|[w7 [0 < s§—1 and [|[w7 |1 <

wg. Besides, the reqularization parameter Ap in (11) satisfies A\p =< max{l,wo}s*)\log2 d.
Moreover, we assume that

le (14wo+w?)s*Alog®d = 0, le (1+wo)sgAp =0, and le Vn(s*+s5)AAp = 0.
(21)

In addition, recall that we denote the s-sparse eigenvalues of E[V2Lj([3;f)] by pj_(s) and
p;f+(s). We further assume that there exist an integer ki > s; and a positive number vy
such that

. 1/2 . . ,
nh_}ngo k:(*)(logg d/n) /2 - 0, 0<wve<pj_(s5+hkg)<pjp(ky) < (1+0.5k4/s5)vs, 1< j <d.

If we can treat wp as a constant, and k* and £} is of the same order of s* and s,
respectively, Assumption 7 is reduced to A\p < s*Alog®d, siA\p = o(1), *)\log d = o(1),
and (s*+s*)A\\p = o(n'/?). Since A =< /log d/n we can choose A\p = Cs*(log® d/n)"/? with
a sufficiently large C, provided (s* + s5)(log” d/n)/? = o(1), s§s*(log® d/n)'/? = o(1), and
(5* 4 s8)s* log® d/n = o(n~/?). Hence this condition is fulfilled if

. *\2/9 * *
tog d = o min{ (Vi) ", (Vi /si) 2, (Vi /)3, (i fs"st) 1)),
Now we are ready to present the main theorem of composite pairwise score test.

Theorem 8 Under the Assumptions 2, 4, 6 and 7, it holds uniformly for all j # k and
J. k€ [d] that \/nSj, = /nSji (ﬂ;‘vk) + op(1). Furthermore, we let ﬁ]vk (0, 37 \k’ﬁk\])
and define $9% = n~1 S {(n—1)"1 Dt hjk( ]vk)}®2v where hii, (Bjvk) is the kernel
function of the second-order U-statistic VL;i(Bjvk). In addition, we define o, by

~2 . ik Sk o Sk o ~T Sk o ~T ik o
Ok = B~ 22 Wik = 28k g0 Wh T Wik Wik T W g Wh-
Then, under the null hypothesis Ho: 87, = 0, we have \/ﬁgjk/(QEjk) ~ N(0,1).

By Theorem 8, to test the null hypothesis Hy: ,B;fk = 0 against the alternative hy-
pothesis Hl‘[i’* # 0, we reject Hy if the studentized test statistic fgjk/ (2051) is too
extreme. Recall that the test function of the composite pairwise score test with s1gn1ﬁ—
cance level « is deboted by 1i(a) in (13). The associated p-value is defined as pd) =

2[1 - @(‘\/ﬁgjk/ﬂﬁjk)’)]. By Theorem 8, under Hy, we have
HILH;OP(@Z)jk(a) =1|Hp) =a and pzpk ~ Unif[0, 1] under Hy,

where Unif]0, 1] is the uniform distribution over [0, 1].

We note that our inferential approach is still valid if we replace B vi in (18) by other
estimators of ,ijk, provided such an estimator converges to ,B;ka at an appropriate statis-
tical rate. Our theory still holds after simple modification on the proof when controlling
the order of the remainder terms.
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Remark 9 There are a number of recent works on the uncertainty assessment for high di-
mensional linear models or generalized linear models with (1-penalty; see Lee et al. (2016);
Lockhart et al. (2014); Belloni et al. (2012, 2015); Zhang and Zhang (2014); Javanmard
and Montanari (2014); van de Geer et al. (2014). These works utilize the convexity and
the Karush-Kuhn-Tuker conditions of the LASSO problem. Compared with these works,
our pairwise score test is constructed using a nonconvex penalty function and is applicable
to a larger model class. Ning et al. (2017b) consider the score test for {1-penalized semi-
parametric generalized linear models in the regression setting. Compared with this work, we
adopt a composite score test with a nonconvex penalty and relax many technical assump-
tions including the bounded covariate assumption. For nonconvex penalizations, Fan and Lv
(2011); Bradic et al. (2011) establish the asymptotic normality for the low dimensional and
nonzero parameters in high dimensional models based on the oracle properties. However,
their approach depends on the minimal signal strength assumption, which is not needed in
our approach.

5. Numerical Results

In this section we study the finite-sample performance of the proposed graph inference
methods on both simulated and real-world datasets.

5.1. Simulation Studies

We first examine the numerical performance of the proposed pairwise score tests for the
null hypothesis Hp: B;‘k = 0. We simulate data from the following three settings:

(i) Gaussian graphical model. We set n = 100 and d = 200. The graph structure is
a 4-nearest-neighbor graph, that is, for j,k € [d], j # k, node j is connected with
node k if |[j — k| = 1,2,d — 2,d — 1. More specifically, we sample Xi,...,X,, from a
Gaussian distribution Ny(0, X). For the precision matrix @ = 71, we set ©;; = 1,
|©k| = p €[0,0.25) for |[j — k| = 1,2,d—2,d—1 and ©;;,=0 for 2<|j — k[<d — 2.
Note that p denotes the signal strength of the graph inference problem and p < 0.25
ensures that © is diagonal dominant and invertible.

(ii) Ising graphical model. We set n = 100 and d = 200. The graph structure is a
10 x 20 grid with the sparsity level s* = 4. We use Markov Chain Monte Carlo
method (MCMC) to simulate n data from an Ising model with joint distribution
p(x) x exp(Z#k B;ka:ja:k) (using the package IsingSampler (Epskamp, 2015)). We
set | Bj*k\ = p € [0, 1] if there exists an edge connecting node j and node k, and B =0
otherwise.

(iii) Mixed graphical model. We set n = 100 and d = 200. The graph structure is a
10x10x 2 grid with the sparsity level s* = 5. We set the nodes in the first layer to
be binomial and nodes in the second layer to be Gaussian. We set 37| = p € [0, 1] if
there exists an edge connecting node j and node k, and B;‘k = 0 otherwise. We refer
to Lee and Hastie (2015) for details.

We denote the true parameters of the graphical models as { ;‘k, j # k}. We also denote
B; = ( EYRERT ;*d)T. For the Gaussian graphical model, we have B;.‘k = ©;,. We first
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obtain a point estimate of 37 by solving (7) using Algorithm 1 with the capped-f; penalty
pa(u) = Amin{u, A}. The parameter A is chosen by 10-fold cross validation as suggested by
Ning et al. (2017Db).

Recall that the form of the loss function L;(/3;) is exactly the loss function for logis-
tic regression, where we use Rademacher random variables y;;» as response and y;(x;; —
a:l-/j)B]T(xi\j — x;n\j) as covariates, Algorithm 1 can be easily implemented by using the
¢1-regularized logistic regression such as the PICASSO package (Ge et al., 2017). In particu-
lar, the algorithm converges quickly after a few iterations, indicating that it attains a good
balance between computational efficiency and statistical accuracy. Once Bj is obtained, we
solve the Dantzig-type problem (11) using ﬁj as input. We set the regularization parameter
Ap to be 1. In practice, the performance of the proposed method is not very sensitive to
the choice of A\p.

To examine the performance of our semiparametric modeling approach, we compare
the pairwise score test with the desparsity method in van de Geer et al. (2014). Although
this method is proposed for hypothesis tests in generalized linear models (GLMs), it can
be adapted for graphical models by performing nodewise regression, assuming the base
measures { f;};c[q are correctly specified. When testing Hp: Bix = 0 with j <k, we apply
the desparsity method with X; and X\; being the response and covariates, respectively.
Furthermore, to show that combining both L;(3;) and Ly(B) is beneficial for inferring
ﬁ;‘k, we also compare our method with the asymmetric score test, which constructs a score
test statistic similar to that in (12) based solely on L;(3;).

To examine the validity of our method, we test Hy: ﬁ;k = 0 versus Hi: ﬂ;k # 0 for
all (j,k). Recall that B;k = u when there is an edge. Here, we let p increase from 0 to a
sufficiently large number. We calculate the type I errors and powers as

the number of rejected hypotheses when there is no edge

T I =
ype I error d(d —1)/2 — the total number of edges 7

the number of rejected hypotheses when there is an edge

P -
ower the total number of edges

We report the type I errors and powers of the hypothesis tests at the 0.05 significance level
in Figure 1 and Figure 2, respectively. The simulation is repeated 100 times. As revealed
in Figure 1, both the asymmetric and the pairwise score test achieve accurate type I errors,
which is comparable to the desparsity method. Moreover, in terms of the power of the test,
in Figure 2, the two score tests based on the loss function defined in (6) are less powerful
than the desparsity method, which shows the loss of efficiency by only considering the
relative rank. However, as shown in Figure 2-(b) and (c), the two score tests are nearly as
powerful as the desparsity method in the Ising and mixed graphical models. In addition, we
emphasize that for mixed graphical models the desparsity method needs to know the type
(or distribution) of each nodes as a priori. Such phenomenon suggests that we may sacrifice
little efficiency for model generality /robustness. Furthermore, comparing the performances
of these two score tests, we see that the pairwise score test achieves uniformly higher power
than the asymmetric one, which perfectly illustrates that taking into consideration of the
symmetry of ﬁ;k, and 3 ; may improve the inference accuracy.
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Figure 1: Type-I errors of the composite pairwise score test, asymmetric score test, and the
desparsity method for the three graphical models at the 0.05 significance level.
These figures are based on 100 independent simulations.
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Figure 2: Powers of the composite pairwise score test, asymmetric score test, and the
desparsity method for the three graphical models at the 0.05 significance level.
These figures are based on 100 independent simulations.

5.2. Real Data Analysis

We then apply the proposed methods to analyze a publicly available dataset named Computer
Audition Lab 500-Song (CAL500) dataset (Turnbull et al., 2008). The data can be ob-
tained from the Mulan database (Tsoumakas et al., 2011). The CAL500 dataset consists
of 502 popular music tracks each of which is annotated by at least three listeners. The
attributes of this dataset include two subsets: (i) continuous numerical features extracted
from the time series of the audio signal and (ii) discrete binary labels assigned by human
listeners to give semantic descriptions of the song. For each music track, short time Fourier
transform is implemented for a sequence of half-overlapping 23ms time windows over the
song’s digital audio file. This procedure generates four types of continuous features: spectral
centroids, spectral flux, zero crossings and a time series of Mel-frequency cepstral coefficient
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(MFCC). For the MFCC vectors, every consecutive 502 short time windows are grouped
together as a block window to produce the following four types of features: (i) overall mean
of MFCC vectors in each block window, (ii) mean of standard deviations of MFCC vec-
tors in each block window, (iii) standard deviation of the means of MFCC vectors in each
block window, and (iv) standard deviation of the standard deviations of MFCC vectors
in each block window. More details on the feature extraction can be found in Tzanetakis
and Cook (2002). In addition to these continuous variables, binary variables in the CAL500
dataset include a 174-dimensional array indicating the existence of each annotation. These
174 annotations can be grouped into six categories: emotions (36 variables), instruments
(33), usages (15), genres (47), song characteristics (27) and vocal types (16). Our goal is
to infer the association between these different types of variables using graphical models.
This dataset has been analyzed in Cheng et al. (2017) where they exploit a nodewise group-
LASSO regression to estimate the graph structure. In what follows, we use the proposed
pairwise score test to examine the graph structure.

Similar to Turnbull et al. (2008) and Cheng et al. (2017), we only keep the MFCC
features because they can be interpreted as the amplitude of the audio signal and the other
continuous features are not readily interpretable. Unlike Cheng et al. (2017), we keep all
the binary labels. Thus the processed dataset has n = 502 data points of dimension d = 226
with 52 continuous variables and 174 binary variables. We apply the pairwise score test to
each pair of variables to determine the presence of an edge between them. The p-values
for the null hypothesis that two variables are conditionally independence given the rest of
variables are calculated. We then apply the Bonferroni correction to control the familywise
error rate at 0.05. We set the nonconvex penalty function in optimization problem (7) to
be capped-£; penalty py(u) = Amin{u, \} with the regularization parameter A selected by
10-fold cross-validation as in the previous section.

We compare the pairwise score test with the desparsity method and the asymmetric score
test, which are constructed in the same way as in the simulation. We present the fitted
graphs obtained by these three methods in Figure 3-(a)—(c), where we plot the connected
components and omit the singletons. Moreover, in Figure 3-(d), we plot the intersection of
these three graphs. To better display the graphical structure, we use a square to represent
each type of 13 MFCC features respectively. If a node is connected to any node within the
group of variables in a MFCC node, then we draw an edge. We use circles to represent the
binary variables and use different colors to indicate their categories. The obtained graphs
have some interesting properties. While all three tests create different graphs, the graphs
obtained by the pairwise score test and the asymmetric score test have more common edges,
which agrees with our simulation results. Indeed, our test can correct the inconsistency of
the asymmetric score test, in the sense that the asymmetric score tests for J*k = 0 and
B ;= 0 may yield different test results. To show this inconsistency problem, we also plot
the graph obtained by the asymmetric score test based on the loss function Ly (8%) in Figure
4 in the appendix. Comparing with Figure 3-(b), we can see that the asymmetric score test
indeed leads to many contradictory edges.

In Figure 3, both the pairwise score test and this asymmetric score test discover that
songs that are danceable (circle 92) are suited for parties (circle 93), but such a connection
is not found by the desparsity method. This is also true for the connection between the
rapping vocals (circle 119) and the rap genre (circle 48) and the edge between strong vocals
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(circle 122) and songs with strong emotions (circle 19). Moreover, in all three graphs, the
continuous features are densely connected within themselves, which is similar to the results
in Cheng et al. (2017). All three tests find that the noisiness of the music (square 4) is
connected with the quality of songs (circle 85). Furthermore, the common edges connecting
two binary variables also display interesting patterns. For instance, we find that awakening
emotions (circle 6) are connected with soothing emotions (circle 8); laid-back emotions
(circle 14) are connected with songs with high energy (circle 32); sad emotions (circle 20)
are connected with songs with positive feelings (circle 84); songs with female lead vocals
(circle 62) are connected with those with male lead vocals (circle 66). In addition, songs
using drum sets (circle 59) are connected with the electronica genre (circle 46), which is
also connected with the acoustic texture (circle 88). All these edges have fairly intuitive
explanations.

In summary, the proposed method reveals some interesting associations between these
variables and can be used as a useful complement to analyze high dimensional datasets with
more complex distributions.

6. Conclusion

We propose an integrated framework for uncertainty assessment of a new semiparametric
exponential family graphical model. The novelty of our model is that the base measures of
each nodewise conditional distribution are treated as unknown nuisance functions. Towards
the goal of uncertainty assessment, we first adopt the adaptive multi-stage relaxation algo-
rithm to perform the parameter estimation. Then we propose a composite pairwise score
test of the graph structure. Our method provides a rigorous justification for the uncertainty
assessment, and is further supported by extensive numerical results. In a followup paper
(Tan et al., 2016), the proposed model is further extended to account for the unobserved
latent variables in the graphical model.
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(c). Desparsity method. (d). The common edges.

3: Estimated graphs in the CAL500 dataset inferred by the pairwise score test, asym-
metric score test, and the desparsity method. We plot the connected components
of the estimated graph. In (a)-(c) we plot the graphs obtained by these three ap-
proaches, respectively, and plot the common edges in (d). For better illustration,
we only plot the connected components, combine the same type of continuous
variables, display them as a square and draw each binary variable as a circle.
The edges of the estimated graph show the association between these variables.
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Appendix A. Proof of the Main Results

In this appendix we lay out the proof of the main results. In §A.1 we prove the result of
parameter estimation. The proof is based an induction argument that Algorithm 1 keeps
penalizing most of the irrelevant features and gradually reduces the bias in relevant features.

A.1. Proof of Theorem 5

Proof We only need to prove the theorem for one node j € [d], the proof is identical for
the rest. To begin with, we first define a few index sets that play a significant role in our
analysis. For all j € [d], we let S; := {(j, k): B, # 0,k € [d]} be the support of 3;. For
the number of iterations ¢ = 1,2,..., let G4 = {(j,k) & S;: A" > ph(cah), k € [d]}.
By condition (C.3) of the penalty function py(u) (see §3.2), we have p)(c2A) > 0.91\. In

3(0)

addition, we let Jf be the largest k* components of [Bj ] ¢ 1n absolute value where £*
J

is defined in Assumption 4. In addition, we let I f = (Gf)C U Jf. Moreover, for notational
simplicity, we denote [,Bj] Gt [ﬁj} ct and [Bj} 7 as ,BG;;, J6] gt and ,Bljg respectively when no
ambiguity arises.

The key point of the proof is to show that the complement of Gﬁ» is not too large. To be
more specific, we show that |(G§)C} < 2s* for £ > 1. Since S; C (G?)C, (G;)c < 2s* implies
|(G§)C - Sj| < s*. Note that G§ is the set of irrelevant features that are heavily penalized
in the ¢-th iteration of the algorithm, (Gﬁ)C — S being a small set indicates that the most of

the irrelevant features are heavily penalized in each step. We show that |(G£)C‘ < 2s* for

each £ > 1 by induction.

For ¢ =1, we have Gjl- = S5 because )\ﬂ) = A for all j, k € [d]. Hence ‘(G;)C’ < s*. Now
we assume that |(G§)cl < 2s* for some integer £ and our goal is to prove that |(G§+1)C| < 2s*.
Our proof is based on three technical lemmas. The first lemma shows that the regularization

parameter A in (7) is of the same order as [[VL;(8])]|co-

Lemma 10 Under Assumptions 2 and 4, there exists a positive constants K such that, it
holds with probability at least 1 — (2d)~" that

IVL; (87|, < K+/logd/n, Vj € [d]. (22)
Proof See §C.1 for a proof. |

By this lemma, we conclude that the regularization parameter A > 25HVLj (,Bj)HOO with

high probability. The following lemma bounds the ¢;- and f2-norms of BJ@ —Bj by the
norms of its subvector under the induction assumption that ‘(Gﬁ)c‘ < 2s*.

Lemma 11 Letting the index sets S’j,Gg, Jf and If be defined as above, we denote éﬁ =

(G;)c. Under the assumption that |G§\ < 2s*, we have
18 = Bll, < 22187 — Bpll, and 1B - Bl <22[18 - Bz ll,-  23)
Proof See §C.2 for a detailed proof. |
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The next lemma guarantees that ,@]@ stays in the ¢1-ball centered at B; with radius r for
£ > 1 where r appears in Assumption 4. Moreover, by showing this property of Algorithm
1, we obtain a crude rate for parameter estimation. We summarized this result in the next
lemma.

Lemma 12 For ¢ > 1 and j € [d], we denote )\gj) = ()\g.e), (j, k) € S;)T. Assuming that
|(G§)c} < 2s*, it holds with probability at least 1 — d~' that, for all j € [d], the estimators
B](-f) obtained in each iteration of Algorithm 1 satisfy

185 = B3l < 1002 [V Ly (B, + A V1) G5 =@ (2
This implies the following crude rates of convergence for BJ@:
185 = B3|, < 24p'Vsx and [|B) — B3], < 330,157, (25)

Proof See §C.3 for a detailed proof. |

Now we show that GZJrl (GZH) satisfies |é§+1| < 2s*, which concludes our induction.
Letting A := (Gﬁ“) S], by the definition of G;H, (4, k) € A implies that E]; k) ¢ S;
ﬁ](k)‘ Z 02)\.

and p’/\(‘@(i)b < p\(c2A). Hence by the concavity of py(-), for any (j, k)
Therefore we have

VIAL < 1BY [,/ (e2)) = ||BY = Bil,/ (c2)) < 24p7'V5" fea < Vs, (26)

where the first inequality follows from |A] < 37 ¢ A‘BJ(.? ‘2 /(c2A)?. Note that (26) implies
that ‘(G?Jrl)c‘ < 2s*. Therefore by induction, ‘(Gﬁ)c‘ < 2s* for any £ > 1.

Now we have shown that for £ > 1 and j € [d], ’(Gﬁ)‘ﬂ < 2s5* and the crude statistical
rates (25) hold. In what follows, we derive the more refined rates (15) and (16).

A refined bound for HBJ@ — B;-‘HQ and HB\(@ 5*”1' For notional simplicity, we let
60 = ,é\](-@ — ,8; and omit subscript j in S ,GE ], Jf and I;. ¢. We also denote G¥ := (GZ) We
first derive a recursive bound that links H5 Hg to Hé% 11 |2. Note that by (23), [|6©], <
2. 2||6 ||1 < 2. 2\/@”5 )||2 Hence we only need to control ||5 )||2 to obtain the statistical

rates of convergence for ﬁj . By triangle inequality,

Ve Li@B))ll, < [VsLiB)ll, + VIG = SIIVL; (8]

Since A > 25HVLj(ﬂ;‘-‘)HOO, (26) implies that

Ve LiB)ll, < [1VsL (B, + 1857,/ (25e2), (27)
where A := (G*)¢ — S C I*. Thus (27) can be written as
VLB, < [IVsLi B, + (|65 l,/(25¢2). (28)
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Also notice that V3;;, € R, if |81, — ﬁj*k\ > o,

PAUBjR]) < A < [Bjk — Bl /c2;

otherwise we have |57, — 8| < [Bjx — B, < c2A and thus p\(|8x]) < P)(|Bjy|—c2)) by
the concavity of py(-). Hence the following inequality always holds:

PAUBik]) < PA(185k] —c2X) + 1Bk — Bkl /ca- (29)
Applying (29) to B](-Z_l) we have

1/2 1/2
LR PRI R P

(4,k)eS (4,k)eS

which leads to

AN, < [ S0 08— 18 e (30)

(4,k)es

By (24), (28) and (30) we obtain
1821, < 1002 [1V L85 [, + 5] + 187 2

where v = 11(c2p,)~! and we define Y; := [Z(;k)esp/)\“ﬁ;ﬂ —62)\)2] Y2 for notational
simplicity. Note that since ¢y > 24p; !, we have v < 1. By recursion we obtain

1851, < 100[[| Vs L (B8], + 5] + 268, (31)

I¢ HQ

where ¢ 1= p;t- (1 —7)7t = ea(caps — 11)71. Using HB\J(E) N ’6;“2 = QIQHB\%) - ZZHT e
can bound HBJ@ - B;Hz by

182~ 8ill, < 220195, E5(8), + T] + 229 |57,
Note that for £ = 1, by (24) we have
Hé I, < 100, Vs A+ V2| VL (8] L] < 1105 Vs A = eon/s™ A (32)
then we establish the following bound for |8\ — 8],
187 = 8 l, < 220[[| Vs, Li (8]l + ] +2:262v/5% A", (33)

Similarly, by H,@ ) ,6'*H1 < 2.24/2s* Hﬁﬂ — , we obtain a bound on H,B(E B}‘Hl:

187 - Bl < 32\/87‘@[HVstj(ﬁ;f)H2 +15) H2y Vs8], (3)

23



YANG, NING, AND Liu

By (32) we have 2.2v/25||6%;
bounded by

I H2 < 3.2¢9vs* A, then the right-hand side of (34) can be

1B — B2, < 32V o[|| Vs, Li (BN, + 5] + 3.2c28" M. (35)

Therefore (15) and (16) can be implied by (33) and (35) respectively. Moreover, by Lemma
12, we conclude that the statistical rates (33) and (35) hold for all j € [d] with probability
at least 1 — d 1. |

A.2. Proof of Theorem 8
Proof We first remind the reader that, for 1 < j # k < d, we denote

T _ md—2
Bivk=(Bj1, - Bij—1, Bjja1s - - 5 Bjk—1, Bjkw1, - - -, Bja)” € R,

Bjvk = (ﬁ]k,,@]\k,ﬁk\j)T € R%4-3 and 5’4 = (0, B\j\k,ﬁk\j)T. In addition, we define O'Q-k =
*szk

Jjk Jk Jk Tsvjk
Eﬂmk 28 kJ\kWJk 22]’6 k\kaJ + W* k2 I\k, J\kw kT W E\j,k\j

theorem our goal is to prove the following two arguments

ij To prove the
nh_}rrolor;zax \f‘S]k Sik(Bivk )| =0 and nh_)m rjngx|a]k —oji| = 0. (36)

Note that by Lemma 14, aj .. is the asymptotic variance of \/n/ 2-Sjk([3;ka). Thus combining
(36) and Slutsky’s theorem yields the theorem. By the the expression of Sjk(,ﬁ;vk) and

§jk in (17) and (18), under null hypothesis, for a fixed pair of nodes j and k, we have
Sjk—Sjk(B;ka)zllj+12j+11k+12k where I; and Iy; are defined as
L = [VeLi(B)) = VirLi(B7)] = W, [VirLi(B)) — VkL;(8;)] and
Inj o= (Wi — W) VL (85);
whereas I and Iy, are defined by interchanging j and k in I1; and Ia;:
I = [VigLe(BY) — Vi La(BD) — W [Vis Lu(B) — Vs Lu(B7)] and
Ik o= (Wi — Wi ) Vi L (B5)-
We first bound ;. Recall that ,@’ (0, Bj\k) - Note that under the null hypothesis, 57, = 0,

by the Mean-Value Theorem, there exists a 6;\19 € R%2 in the line segment between Bj\k
and ,Bj\k such that

Ilj = [Kij\k - V/ijjk:xj\k»]\k’] (B\]\k o ’Bj\k)7

where A := VQLj(O,Ej\k). We let § := ,@; — fB; and denote VQL]-(B;-) and Vz(ﬁ;‘) as A and
A* respectively. From the definition of Dantzig selector we obtain

1T15] < 1Ak — W Apg g llool8nllt + I A ek — Mgk ik lloc |60kl

I11 112

+ W (Aj g g — j\j\k,j\k)fsj\kﬂoo :

I3
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Theorem 5 implies that ||§]|; < C's*A with probability tending to 1 for some constant C' > 0.
Then by the definition of Dantzig selector, I1; < C's*AAp. with high probability. Moreover,
the constant C' is the same for all (j, k). By assumption 7, I;; = o(n~/?) with probability
tending to one.

For term I;o, Holder’s inequality implies that

Lo < | Ak e — Ajr kool 9k ll1- (37)
By Lemma 26 we obtain
1A = Alloo < [|A = A[|oo + A" = Al < 2Cs*Alog® d. (38)
Therefore combining (37) and (38) we have
Iy < 205**A%1log?d < s*A\p  uniformly for 1 < j < k < d.
Similarly by Holder’s inequality, we have
Lz < |[W;sll A = Allool8]1- (39)

Notice that by the optimality of W;y, |[W;xll1 < [[W},[[1 < wo. Combining (39) and (38)
we have

Lz < Cwps*?A?log? d < s*AXp  uniformly for 1 < j < k < d.

> max{1,wp}s*Alog® d. Therefore we conclude that for
all j € [d], |I1j| < s*A\p = op(n~1/2). For Ip;, Holder’s inequality implies that |I5;| <
W5, — v/\\/j7k||1HVLj(,8;)HOO. To control [|w}, — W;|[1, we need to the following lemma to
obtain the estimation error of the Dantzig selector w; .

where we use the fact that \p >

Lemma 13 For 1 < j # k < d, let W, be the solution of the Dantzig-type optimization
problen.@’ (11) cmd let Wiy = Hj.k,j\k(H
probability tending to one, we have

;\k j\k)f Under Assumptions 2, 4, 6 and 7, with

W — Wikl < 37w, siAp forall 1<j#k<d.

Proof See §D.2 for a detailed proof. |

Now combining Lemma 13 and Theorem 10 we obtain that
\I;| < 37Tv; KisiApy/logd/n =< siAAp = o(n~1/%).

Therefore we have shown that I1; + Iz; = o(n_l/ 2) with high probability. Similarly, we also
have Iyj, + Io, = o(n~/2) with high probability. Moreover, since the bounds for |I1;| and
|I5;] is independent of the choice of (j, k) € {(j,k): 1 < j # k < d}, we conclude that

\/ﬁ[gjk — Sjk(ﬁ;vk)] =op(1) uniformly for 1 <j <k <d.

Our next lemma characterizes the limiting distribution of VL (ﬁ;vk) and is pivotal for
establishing the validity of the composite pairwise score test.
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Lemma 14 For any b € R??=3 with ||blla=1 and |b|lo <5, if h_)m 5/n=0, we have
n—oo

Vn/2- bV L (Biyi) ~ N(0,b727%Db). (40)
By Lemma 14 we obtain

Vi/2-S(B5ui) = VisLin(Bjui) = WiV Lk (Bivr) = wigViwLi (Bjur) ~> N(0,03,),
where the asymptotic variance szk is given by

Jk jk jk
= e — 22X Wik — QEJkk\JWkJ+ij2]\k]\kwjk+ijzk\yk\g ;

. . -~ *
For a more accurate estimation of Sj; — S, (,ijk), we have

\f}sjk Jk( ]\/k)| < \f(ul‘ =+ ’IQD S \f(s +30))‘/\D (41)

Finally, the following lemma, whose proof is deferred to the supplementary material, shows
that 7, is a consistent estimator of ojy.

Lemma 15 For 1 < j # k < d, we denote the asymptotic variance of \/n/2 - Sjk(ﬁ;kvk) as
o2,. Under Assumptions 2, 4, 6 and 7, the estimator ;1 satisfies lim max |0k — ok = 0.
ik J 00 jek 0 J

Proof See §D.3 for a proof. |

Since 0y, is consistent for o, by Lemma 15 and o, is bounded away from zero by Assump-
tion 6, Slutsky’s theorem implies that \/nS;i/(26,;) ~» N(0,1). |

Appendix B. Additional Estimation Results

We present the additional results of parameter estimation. In §B.1 we verify the sparse
eigenvalue condition for Gaussian graphical models, which justifies Assumption 4 in our
paper. In §B.2 we derive a more refined statistical rates of convergence for the iterates of
Algorithm 1.

B.1. Verify the Sparse Eigenvalue Condition for Gaussian Graphical Models

In this subsection, we verify the sparse eigenvalue condition for Gaussian graphical models.
Moreover, we show that such condition holds uniformly over a ¢;-ball centered at the true
parameter ,8;.

Proposition 16 Suppose X ~ N(0,X) is a Gaussian graphical model and let @ = X1
be the precision matriz. For all j € [d], the conditional distribution of X; given X\ is a
normal distribution with mean ,B;fTX\j and variance @)j_jl, where ,6; =0;\;. Let Lj(-) be
the loss function defined in (6). We assume that there exist positive constants D, cy and
C such that [|Zlec < D and cx < Anin(E) < Amax(E) < Cy. We let s* =max;c(q) |50
and also assume that there exists a constant Cg > 0 such that ||B}]l2 < Cps for all j € [d].
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Suppose r > 0 is a real number such that r = O(1/+/s*). Then, there exist py, p* > 0 such
that for all j € [d], and s =1,...,d — 1,

pe < p-(E[VZL;], Bji5,7) < pi (B[VZLy], B3 5,7) < p

Proof We prove this lemma in two steps. For any 3; € R?~! such that ||3; — Bilh <r

and any v € R?"! such that ||v|s = 1, we first give a lower bound for vI'E[V2L;(8;)]v by
truncation. Then we give an upper bound in the second step.

Step (i): Lower Bound of vI'E[V?L;(8;)]v. We denote B;(r) := {8 € R": || —
Billh < 7"} For two truncation levels 7 > 0 and R > 0, we denote .A”/ = {|XZ]] < 7'} N
{]X”] <7}, Bi= {‘Xz\j/63| < R,VB; € Bj(r)} and By := {}X,\JB*‘ < R,VB; € B;(r)}.
The values of R and 7 will be determined later. By the definition of L;(-), for any 8; € B;(r)
and any v € R with ||v|s = 1, we have

201 (R, T)

n(n—1) > (i = Xig)*[(Xiy — Xing) VI IBIT(By)I(Aw). (42)

<3/

vIV2L;(B))v >

where C1(R,7) := exp(—4R7)[1 + exp(—4R7)] % For notational simplicity, we denote the
right-hand side of (42) as C1(R,7)vT Av. By the properties of Gaussian graphical models,
the conditional density of X;; given Z; := {Xi\j = mi\j} N B; is

(xZJ‘I p(xi|B; // (zi|B;)dw;; = (xij’xi\j)7
where we use the fact that p(z;|B;) = p(x;)/P(B;) and that P(B5;) is a constant. Recall that
(i Xaj) = \/ O35/ (27) exp[—05/2(wi; — X (;8;)°] where 8] = 0.
Thus the conditional expectation of (X;; — X;;)2I(A;;) given Z; and Z; is
E|(Xij — Xiri)*T(Asi)

=©;;/(2m) / / (wij — 2i5)° eXP{—@jj/ 2((wij — B @;)* + (wirj — B] in;)°] }diijdl’z"r

7N z]

Note that on event Z;, | ﬁ]TXi\j\ < R, hence the expression above can be lower-bounded by

E|(Xij — Xij) 1 (As)

Z ﬂIy]
> ('-)jj/(27r)/ / (xij — xi/j)Qexp{—@jj/Q[:c?j + xz%j +2R? + 2R (25| + |mir5])] }dxijdxi/j.

The last expression is positive and we denote it as Ca(R, 7) for simplicity. Thus by the law
of total expectation we obtain

2

VIE(A)v = v'E[E(A| N}, T))]v > Ca(R, T)E{ (X — Xin)TV] I(Bi)I(Bj)}.
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By Cauchy-Schwarz inequality we have

E{[(Xa, — X)) V][~ IB)I ()] } < \BI(X, — X)) Tv] BB UBS). (43)

Note that for Gaussian graphical model, the marginal distribution of X\; is N (0, X\ ; ;).
If we denote X\ ;\; as X1, we have (X;;— X ;)'v ~ N(0,07), Z\]IB* ~ N(0,0%) and

z\ng N(0,02) where 02 =2vI'Sv, 0? = B*TZ B and o3 = B] X18;. Hence we have
E[( N — /\j) } = 302, Because the maximum eigenvalue of X is upper bounded by

C), we have 02 < C)\C’2 and o2 < 2C). Note that o53—07 —,BTELBJ—B*TEhB;, the following
lemma in linear algebra bounds this type of error.

Lemma 17 Let M € R%*4 pe g symmetric matriz and vectors vi and vo € Rd, then
Vi Mvi = vi Mva| < [[M|lo[[vi — valli + 2[[Mva|lco|lvi — Va1

Proof Note that V{le — VQTMVQ = (vi—v2)TM(vi—va) + QVgM(vl —vy), Holder’s
inequality implies
‘vl Mv; — vy MVQ‘ < ‘ V1—V2)TM(V1—V2 ‘ + 2‘V2 M( V1—V2)‘
< Moo llvi = vallf + 2[IMvelso|[vi — vall1.
Hence, we conclude the proof of Lemma 17. |

By Lemma 17, we have
* 2 * *
o3 — 0t < [|Z1llecllBy = B} + 212185 o ll8; — Bl (44)

By Hoélder’s inequality and the relation between ¢;-norm and fo-norm of a vector, we have
12185 loo < 1/l lIBf 11 < V's*CgD. Therefore the right-hand side of (44) can be bounded
by

03 —0? <r’D + 2\/(9»*7“C’5D,
which shows that o3 is also bounded because r = O(1/+/s*). In addition, by the bound

1 — ®(x) < exp(—2?%/2)/(xv/27) for the standard normal distribution function, we obtain
that

P(B) < P(X1.8; > R) + P(XL.6; > R)
< coy exp[—R?/(201)] /R + coaexp[—R?/(203)] /R,

where the constant ¢ = 1/v/27w. We denote the last expression as C3(R), then the right-

hand side of (43) can be upper-bounded by /3c./2C5(R) < 2,/6C3(R)C). Hence we
can choose a sufficiently large R such that 2,/6C3(R)C\ = Amin(2) and we denote this

particular choice of R as Ry.
Now we have

E{ [(Xi; = Xin,)'V]*[1 = I(B)I(B)] } < Ain(Z)
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Note that E{[(Xi\j - Xz"\j)TV]Z} =

Vv

> 2A\min(X), we obtain that
vIE[V2L;(B))]v > C1(Ro, 7)C2(Ro, ) Amin(E) for all 7 € R.
Therefore we conclude that for all 8; € R4~! such that ||3; — Bl <,

VTE [VQLJ‘(,BJ')]V Z I;leaﬁ({cl(Ro, )CZ RO) })\mm (45)

Step (ii): Upper Bound of v/ E[V?L;(8;)]v. For any 8; € R?~! such that 18 =851 <
r and for any v € R?~! with ||v||2 = 1, by the definition of V2L;(3;) we have

2
Notice that conditioning on X ;, Xij ~ N ( A\ @ ) hence
£12 _
E[(Xij — Xiry)*| Xag, Xing] = [(Xayy — Xny) " 85]” + 267 (47)

Combining (46) and (47) we obtain
E[V'V2L;(8))v] < E{E[(Xy; = Xi)*| Xis, Xin] - [(Xins = Xiny)v]* |
< 207 'E((Xi; — Xing) V)" + E{ [(Xaj = Xin))TB]* [(Xay — Xin)) V)" ). (48)

Because X ; ~ N(0,31) where X; := X\, and also note that the maximum eigenvalue
of 3; is upper bounded by C, we have

E[(X’L\j — Xi/\j)TV]Z = 2VT21V S 20)\.
Moreover, by inequality 2ab < a? + b?> we obtain
QE{ [(Xig = Xing) " 8717 [(Xing = Xing) ' V] } <SE[(Xa; — Xing)' 8] +E[(Xa; — Xing) V]

Since (X;\; — Xin;)'v ~ N(0,07) and (X;\; — X0 ;)" 85 ~ N(0,207) where o7 and of are
defined as 2v'¥ v and ﬂ;‘-‘TELB;f respectively, we obtain

Therefore we can bound the right-hand side of (48) by
E[V'V2L;(B;)v] <407 C\ + 6C5 + 6C\C3. (49)
Combining (45) and (49) we conclude that Proposition 16 holds with

P = @gﬁc{cl(}zo, 7)C2(Ro,7) PAmin(8) and p* = 407! Cy + 6C3 + 6CAC3.

Therefore, we conclude the proof of Proposition 16. [ ]
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B.2. Refined Statistical Rates of Parameter Estimation

In this subsection we show more refined statistical rates of convergence for the proposed
estimators. In specific, we consider the case where ﬁ;‘ contains nonzero elements with both
strong and week magnitudes.

Theorem 18 (Refined statistical rates of convergence) Under Assumptions 2 and 4,
we let K1 and Ko be the constants defined in Theorem 10 and also let p, >0 and r >0 be
defined in Assumption 4. For all j € [d], we define the support of B} as S; ={(j,k): ;k #*
0,k € [d]} and let s* = max;cq) |B][lo. The penalty function px(u):[0,+00) — [0, +00) in
(7) satisfies regularity conditions (C.1), (C.2) and (C.8) listed in §3.2 with ¢; =0.91 and
co >24/py for condition (C.8). We set the regularity parameter A = Cy/logd/n such that
C>25K,. Moreover, we assume that the penalty function py(u) satisfies an extra condition
(C.4): there exists a constant cz > 0 such that p\(u) =0 for ue [03)\, +oo) Suppose that the
support of B can be partitioned into Sj=S1; U Sa; where Si; = {(j, k): ]ﬁ;k\ > (02—1—63))\}
and So; = S;—S1;. We denote constants Ay = 220, Ay = 2.2¢c5, By = 320, By = 3.2¢a,
0 = calcape—11)"L y=1lc; ' p; 1 <1 and a=1.04; we let s1;=151;| and s3;=1S2;|. With
probability at least 1—d~', we have the following more refined rates of convergence:

HB\J@) - ,3;H2 < AI{HVSULJ‘(,B;)HQ +a 8’2‘]-)\} + AoVs* M\ and (50)
HBJ@ - /B;Hl < Bl{HvSle]‘(ﬁ;)Hz +a sgj/\} + Bys* M\, V5 e [d). (51)

Proof Let S; = {(j,k): Bj, # 0,k€[d]} be the support of 37 and let index set G?, Jf and

1 f be the same as defined in the proof of Theorem 5. For notational simplicity, we omit the
subscript j in these index sets which stands for the j-th node of the graph; we simply write

them as GY, J¢ and I‘. Moreover, we let §(©) = B\j@) — 5}‘, it is shown in Lemma 12 that
) -1 * =D Y. ot — (e
16821, < 1007 (I[V e Li (B, + A&, )i G = (@), (52)
In the proof of Theorem 5, we show that |G| < 2s* for all j € [d] and £ > 1. Because

Sj = Slj U SQJ' where Slj = {(], k‘): ‘B;k‘ Z (C2 + 03))\} and ng = Sj—Slj, then by triangle
inequality we have

“VSij(’B;)“Q S HvsleJ‘(ﬁ;)Hz + Y, ngHvS%Lj(ﬁ;)Hoo'
Since A > 25HVLJ- (ﬁj)”oo with high probability, by (28), we further have
Ve LiB)l, < Vs, LiB)), + \f3,0/25 + 1|65, / (252). (53)

Note that by the definition of Sy;, for any (j, k) € S1;, p) (|8jk| —c2A) < ph(csA) = 0, then
we have

1Al S s -] Al X s -en?] <

(Jk)€S; (4,k)€S2;
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Therefore (30) is reduced to

H)‘g] ! HZ <T;+ H‘sﬂ 1 H /C2 < \/%A+ H(S]e 1 H /62 (54)
Combining (52), (53) and (54) we obtain

8321l < 1007 {11751, 25 (8, + .04 [0 + 1050, ez

Then by recursion, we obtain the following estimation error:
18521, < 106{ [V, 258, + 1.04 53,7} + |37

where v 1= 11051p;1 and ¢ := ca(caps — 11)71. Note that we assume cy > 24p; !, for k =1
by (32) we have

2.2(|6V|, < 2.2c09Vs* A and 2.2v257||61)|, < 3.2ea7s" .

Therefore, using the original notation, we obtain the refined rates of convergence by (23):
2 * * *
1B = 8, < 220{[| Vs, L5(8}) ], + 1.04 [s5,A } + 2209/ V/5"A and
1B = 85, < 320V5 { V51, Ly (8|, + 1.04, [s5,0} + 3.2¢57/5"A,

where sgj = |S2;]. Moreover, it is easy to see that, with probability at least 1—d~ !, these
convergence rates hold for all j € [d]. [ |

Appendix C. Proof of the Auxiliary Results for Estimation

In this appendix, we prove the main results for estimation results presented in §4.1. In this
appendix, we prove the auxiliary results for estimation. In specific, we give detailed proofs
of Lemmas 10, 11, and 12, which are pivotal for the proof of Theorem5. We first prove
Lemmas 10, which gives an upper bound for ||V L;(87)/lcc-

C.1. Proof of Lemma 10
Proof By definition, VL;(3;) is a centered second-order U-statistic with kernel function
hl, (B7) € €R9"! whose entries are given by
RY, (B1)(Xij = Xirg) (X = Xirg)
L+ R (87) |

[0, (8)] ;, =

By the tail probability bound in (14), for any ¢ € [n] and j € [d], we have

P(|Xy| >z Vien,Vicld)< > P(Xyl > )
i€[n],j€ld]
< 2exp(km + kn/2) exp(—z +logd +logn).  (55)
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By setting « = C'logd for some constant C, we conclude that event £ = {]|X;;| <
Clogd,Vi € [n],Vj € [d]} holds with probability at least 1 — (4d)~!. Following from
the same argument as in Ning et al. (2017b), it is easy to show that, conditioning on &,
hgl., (B7) is also centered. Note that conditioning on event &, Hhil, (ﬁ;‘)Hoo < Clog?d for
some generic constant C' and for all ¢,7' € [d] and j € [d]. The following Bernstein’s in-
equality for U-statistics, presented in Arcones (1995), gives an upper bound for the tail
probability of VLj(Bj’f).

Lemma 19 (Bernstein’s inequality for U-statistics) Given n i.i.d. random variables
Z1, ... Zy taking values in a measurable space (S, B) and a symmetric and measurable kernel
function h: S™ — R, we define the U-statistics with kernel h as

U= (Z)l N WZiy,-. ).

11<. <y

2
in) | Z]}" =0, and ||h]jo < b for
some positive o and b. There exists an absolute constant K(m) > 0 that only depends on
m such that

Suppose that E[h(Z;,, ..., Z;,)] = 0, E{E[h(Z;,, ..., Z

P(|U| > t) < 4exp{—nt*/[2m*c® + K(m)bt]}, Vt > 0. (56)

Note that by (14), the fourth moment of X is bounded, which implies that E[hgi,(ﬁ;)P
is uniformly bounded by an absolute constant for all j € [d]. By Lemma 19, setting
b= Clog?d in (56) yields that

P(|VjeLi(8))| > t[€) < dexp|—nt?/(Cy + Calog?d - 1)] (57)

for some generic constants C7 and C. Taking a union bound over {(j,k): j, k € [d],k # j}
we obtain

?é?j]({P(HVLJ('@;)Hoo > t|5)} < d® - exp[—nt?/(Cy + Calog® d - t)]. (58)

Under Assumption 4 and conditioning on &, by setting ¢ = Kj+/logd/n for a sufficiently
large K1 > 0, it holds probability greater than 1 — (4d)~! that

IVL;(8))]|.. < K1v/logd/n Vj € [d].

Note that &€ holds with probability at least 1—(4d)~!, we conclude the proof of Lemma 10. B

C.2. Proof of Lemma 11

Proof In what follows, for notational simplicity and readability, we omit j in the subscript
and £ in the superscript by simply writing S}, G?, Jf and [ f as S, G, J an I respectively. By

the definition of G, | )\(é;l)Hmin > p\(0) > 0.91\ > 22.75(|V L;(B7) || oo We prove this lemma
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in two steps. In the first step we show that H,@J@) — 6}‘“1 < 2.2H,§KGC — Bge

that ,@j@ is the solution in the /-th iteration and we denote V;,L;(8;) = 8Lj(,8j)/8ﬂjk,
the Karush-Kuhn-Tucker condition implies that

|- Suppose

2 £—1) . Nt . ~(¢
VL (BY) + M Vsign(B) =0 if B +0;
(€ l— l 4 . >
VL (B + N Vel =0, ) el-1,1) if B =
The above Karush-Kuhn-Tuker condition can be written in a compact form as

VL (B + Ao gl = o, (59)

where £ €9||B1” | and ALY = ATV, ALY N AT e mi-L,
0

For notational simplicity, we let 6 = 8;” — B} € R4 and omit the superscript ¢ and
subscript j in both )\y—l) and Ej@ by writing them as A and £. By definition, I = G° U J.
Note that we denote the support of ,8;‘ as S; we define H := G°—S, then S, H and G is a
partition of {(j,k): k€ [d],k#5}.

By the Mean-Value theorem, there exists an a € [0, 1] such that Bj ::aﬂ}‘—i—(l — a)BJ@) €
R~ satisfies R N

VLi(B)) = VLi(B;) = V>L;(8;)9.

Then (59) implies that

0<6"V2L;(B))d = — (8. X0 &) — (VL;(B).6). (60)

For term (ii) in (60), Holder’s inequality implies that
> —[[VL;(8)) | NIl (61)

For term (i) in (60), recall that we denote |v| as the vector that takes entrywise absolute
value for v. By the fact that & kﬁjk = |Bjk |, we have €5 0 0 = |0g| and €y o 0y = |0p]|.

Since dgc = ,BSC. Holder’s inequality implies that

(8,X0&) = (85, (A0 &)s)+ (|6u], Ar) + (|6c], Ac)
> — sl Asloc + [[0G 11 IAG lmin + [[ 811 | X e [[mmin- (62)

Combining (60), (61) and (62) we have
~[18sl11Asloo + 11 [ AG min + 18z 11X [lmin — [[VL5(87)| ISl < 0. (63)

By the definition of G, we have || Ag|lmin > P)(c2A) > 0.91\. Rearranging terms in (63) we
have

pr(e2NlIdcll < lldcllilAclmin < [[VL;(87)[| 811 + 105l Xs ] oo-
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Using the decomposability of the £;-norm, we have
[Ph(e) = [IVL; (Bl o 166111 < |IAslloe + VL5 (8l | 191 (64)
Recall that A > 25“VLj(,6;f)|‘oo and p) (6) > 0.91), (64) implies

A+ (VL8|
o < T
18¢ll, < Ph(e2h) — [[VL; (8]l

10ce 1 < 1.2([6ell1, (65)

where we use the fact that

/>‘+HVLJ'(ﬁj)HOO _ A0 o
ph(c2)) = ||VL;(87)]| . ~ 0-91A —0.04A

Going back to the original notation, (65) is equivalent to
187 = 85I, < 221185 - 85,

Now we show in the second step that HB]@ — ,8;“2 < 2.2“3%) — ;IZHQ' Recall that J
j j

is the largest k* components of Bg) in absolute value where we omit the subscript ;7 and
superscript £ in the sets Gﬁ, Jf and [ f. By the definition of .J we obtain that

I8¢ lloo < 18,111 /" < 1811 /K", where & =B — 37,
By inequality (65) and the fact that G¢ C I, we further have
H51C||oo < 1.2/l€* . ||5GcH1 < 1.2/k* . H51||1 (66)
Then by Hélder’ inequality and (66) we obtain that
167¢[12 < (107117 loo) ' < (1.2/K*) 2 (|18 ]11 8¢ 1) 2. (67)

By the definition of index sets G and I, we have I¢ C G and G¢ C I. Then by (65) and (67)
we obtain

167ellz < (1.2/k) 2 (1 1 186l11) 7 < 1218621 /VE".
By the norm inequality between ¢1-norm and f3-norm, we have
182¢ll2 < 1.2]|8ell1/VE* < 1.2¢/25%/k*||8¢e |2 < 1.2]|81]]2,

where we use £* > 2s* and the induction assumption that |G| < 2s*. Then triangle inequal-
ity for fo-norm yields that

10]l2 < [|07ell2 + [[61]]2 < 2.2[|01]|2- (68)
Note that (65) and (68) are equivalent to

18 = 85I, < 22(181 — B, and [1B}° - 851, <2215 - B

17

where éﬁ = (Gﬁ)c, which concludes the proof. [ ]
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C.3. Proof of Lemma 12

Proof We first show that B](-Z) stays in the {;-ball centered at B with radius r =
Cys*y/logd/n, where C, > 33p; 1. For notational simplicity, we denote § = B](-e) — Bj
and write .S;, Gf, Jf and [ f as S,G,J an [ respectively We prove by contradiction. Sup-
pose that [|d]|; > r, then we define ,BJ B + t(B - B € € R4 with ¢ € [0,1] such that
HEJ — B;‘Hl < r. Letting 5= ﬁj — Bj, by (68) we obtain

1612 = t]18]l2 < 2.2¢]181]l2 = 2:2[161]]- (69)
Moreover, by Lemma (11) and the relation between ¢;- and f3-norms we have
181 = ¢]18]11 < 2.2t 8ce |1 < 2.2v/25 1], (70)

where we use the fact that G° C I and the induction assumption that |GC| < 2s*. By
Mean-Value theorem, there exists a v € [0,1] such that VL;(3;) — VL; i(B7) = VZL;(81)d,

where 31 = v8; + (1 — V)Bj € R, In what follows we will derive an upper bound for

1672 from gTVQLj(Bl)g. Before doing that, we present two lemmas. The first one shows
that the restricted correlation coefficients defined as follows are closely related to the sparse
eigenvalues. This lemma also appear in Zhang (2010) and Zhang et al. (2013) for ¢s-loss.

Lemma 20 (Local sparse eigenvalues and restricted correlation coefficients) Let m be a
positive integer and M(-): R™ — S™ be a mapping from R™ to the space of mxm symmetric
matrices. We define the s-sparse eigenvalues of M(-) over the £1-ball centered at uy € R™
with radius r as

p+ (M, ug; s,7) = SUE {(VIM@)v: [[v]o < s, [[vl2 =1, Ju—uo|1 < 7};
v,ucR™

p-(Miugis,r) = inf {vIM(uv: [vlo < s[lvllz = 1, JJu—wolp < r}.

In addition, we define the restricted correlation coefficients of M over the £1-ball centered
at ug with radius r as

V?M(u)w‘]HvIH2

77(1\/[, ug; s, k, r):: sup {

v,w,ucRm

VIM(a)v[[w] INJ=0,|I<s, |J|§k7Hu_uOH1ST}‘

Suppose that the local sparse eigenvalue p_ (M, ug; s+k, r) > 0, then we have the following
upper bound on the restricted correlation coefficient w(M,ug; s, k):

(M uo,sk:r <— p+Mu0,k:r/,o Mu0,5+kr)

Proof See §E.1.1 for a detailed proof. [ |
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We denote the restricted correlation coefficients of V2L;(+) over the ¢1-ball centered at
f)';f with radius r as m;(s1,s2) = W(VQLj,,@;;sl,SQ,T) and denote the s-sparse eigenval-
ues p_ (VQLj, ;f;s,r) and py (VQLJ-, ;;s,r) as pj—(s) and p;4(s) respectively. Applying
Lemma 20 to 7;(2s*+k*, k*) we obtain

(25 k" k) < RV2 /2 [ (k) pj—(257H2k7) — L. (71)

By the law of large numbers, if the sample size n is sufficiently large such that VQLJ- is close
to its expectation E[VZLJ-]. When g, is close to B}‘, by Assumption 4, we expect that the

sparse eigenvalue condition also holds for V2Lj (Bj) with high probability. The following
lemma justifies this intuition.

Lemma 21 Recall that we define the sparse eigenvalues ofE[V2Lj(B;f)} in Definition 3.
Under Assumptions 2 and 4, if n is sufficiently large such that p, > k*log? d, with proba-
bility at least 1—(2d)™Y, for all j € [d], there exists a constant C, > 33p; ' such that

pj—(25™4+2k") — 0.05p, < pj—(25™4+-2k") < pjs (k™) < pj (k") +0.05p., and
pi+ (k") /pj—(2s"+2k*) < 1+ 0.27k* /5",
where we denote the local sparse eigenvalues p_ (VQL]-, ;; S,T) and p4 (V2L]~, ;7; S,r) with
r = Cpyy/logd/n as pj—(s) and p;(s), respectively.
Proof See §E.1.2 for a detailed proof. [ |
Thus by Lemma 21 we have

(25" +k*, k*) < 0.51/0.27k*? /s*. (72)

By (65), (72) and G¢ C I we obtain
1= 2 (25 k% KR Bl 1872 > 1 — 1.2V05 = sy, (73)

where we genote k1 :=1-1.2v0.54 > 0.11. Now we use the~second lemma to get an lower
bound of 87 V2L;(/31)d, which implies an upper bound for ||d7]|z.

Lemma 22 Let M: R™ — S™ be a mapping from R™ to the space of m X m-symmetric
matrices. Suppose that the sparse eigenvalue p_ (M,uo;s—i—k,r) > 0, let the restricted
correlation coefficients of M(+) be defined in Lemma 20. We denote the restricted correlation
coefficients W(M,uo;s,k,r) and s-sparse eigenvalue p_ (M,ug;s,r) as w(s,k) and p_(s)
respectively for notational simplicity. For any v € RY, let F' be any index set such that
|F€| < s, let J be the set of indices of the largest k entries of vy in absolute value and
let I = FCU.J. For any u € R? such that |[u — wgll2 < r and any v € R? satisfying
1 —27(s+k,k)||[ve|i/l|vill2 > 0 we have

VIM(u)v > p_(s+k)[[ville — 2n(s+k, k) [Vl /& 1vi 2.
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Proof See §E.1.3 for a detailed proof. |

Now applying Lemma 22 to V2L;(-) with F=G, s=2s* and k=k* we obtain
8TV2L;(81)d > pj— (25 +K*)||0r||2[|107]l2 — 2mj (2™ +K*, k%) /K[| 0 1] (74)
Then by (73), the right-hand side of (74) can be lower bounded by
S"V(B1)S = ripj— (25™+K") 81113 > 0.95k1 .17 ][5 = rap. ]| 8113, (75)

where we let ko := 0.95k1 > 0.1. Now we derive an upper bound for STVQLj(Bl)g. We
define the symmetric Bregman divergence of L;(3;) as D;(81, 82) := <,81 B2, VL;(B1) —

VL; (,62)> where 31, 82 € R%L. Then by definition, 5TV2€(ﬁ1)5 D; (/Bjaﬁ*) The follow-
ing lemma relates D; ([5’],,3 ) with D, (/Bjuﬁ )-

Lemma 23 Let D;(81,82) := (B1 — B2, VL;j(B1) — VL(B2)), B(t) = B1 + t(B2 — B1),

€ (0,1) be any point on the line segment between B1 and B2. Then we have

D;(B(t), B1) < tD;(B2,B1)

Proof See §E.1.4 for a detailed proof. |
By Lemma 23 and (60),

(@) (i)
For term (7) in (76), by Holder’s inequality we have
—t(VL;(8)),8) < t||VaeLi(B)|,l0cell2 + t]|VaL;(B))| I8¢l
< ||VgeLj( [3j 100012 + Ve Li (8] ldcll, (77)

where the inequality follows from G¢ C I. For term (ii) in (76), by (62) and Holder’s
inequality we have

—t(8,Xj0&;) < —(85. (Nj 0 &)s) — (18], Ac) < [Asl2lldrll2 — PA(c2 M0, (78)

where we use the Holder’s inequality and the definition of G. Combining (75),(77) and (78)
we obtain that

rapul|81]l5 < (Ve LB, + IXsl2) 18712 + [[|VL;(87)]| . = Ph(e2V)] 110G
< (Ve LB, + Ixsl2) (|01,

where the second inequality follows from p) (co\) > HVLj (B7) HOO From the inequality above
and the induction assumption |G¢| < 2s* we obtain that

107, < 1007 (||[Vae LB, + IXs]l2) < 1007 Vs (V2| VLB .+ X)) (79)

I
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Thus (70), (79) and the the fact that 25HVL]-(B;)HOO < X imply that

16]11 < 22v2p7 (14 v/2/25)s* A < 33p; 's* A <, (80)

where the last inequality follows from the definition of A. Notice that (80) contradicts our
assumption that ||8]|; = r, the reason for this contradiction is because we assume that
HB\(@ ,6*H1 > r, hence HB(Z) B*Hl <rand BJ B\(E). This means that Ej@ stays in the
{1-ball centered at 37 with radius r in each iteration.

Moreover, by (68) and (79), we obtain the following upper bound for ||d||2:

1912 < 2207 ([ VaeLi B, + I As ) < 24 V™,

where we use the condition that A > 25HVLJ- (B5) Hoo In addition, by(65) and (79) we obtain
the following bound on |4

18111 < 22086l < 223255, (| Vae Ly (8]l + [Asll2) < 330,52 (81)

Therefore going back to the original notations, note that ko > 0.1, we establish the following
crude rates of convergence for £ > 1:

18 — Bl < 24p7"Vs™x and [|B — 85|, < 33p. 5"\, (82)

And (79) is equivalent to
189 Bl < 1007 (196 LB o+ IS VL), G @ (s

Note that we use Lemmas 10 and 21, hence (83) and (83) hold with probability at least
1—d~! forall j € [d]. [ |

Appendix D. Proof of Auxiliary Results for Asymptotic Inference

We prove the auxiliary results for asymptotic inference. More specifically, we first prove
Lemma 14, which is pivotal for deriving the limiting distribution of the pairwise score
statistic. Then we prove the lemmas presented in the proof of Theorem 8.

D.1. Proof of Lemma 14
Proof Beforfa proving this lemma, we first let VQij (,ijk) be the Hessian of L (ijk)
and define H/¥ := E[VQij( ;vk)] We also define

>k = Elgn(Xi)gn(X:)"] and @7 := E[hl;(8")hl(8%)"].

Under Assumption 2, we first show that there exists a positive constant D such that for
any j,k ed, j #k, maX{HEJkHOO, H]kHoo, H@J’“Hoo} < D. The reason is as follows.
Note that Holder’s inequality imply

HH]’“H < Héi[%XE|Xw - X”|4 < m&[u]cE|X ;|* for any j,k € [d], ] # k.
J
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Similarly, for ®7% we also have H@ijm < mf[ig](E|Xj‘4. By (14) we have
Jj€

o oo
E|X;[* = /0 P(|X4)* > t)dt < /0 cexp(—t"/M)dt = 24¢, ¢ = 2exp(km + kn/2).

Moreover, note that by the law of total variance, the diagonal elements of ¥/ are no
larger than the corresponding diagonal elements of @7%; then by Cauchy-Schwarz inequality,
27|00 < ||®7%||o0. Therefore there exists a constant D that does not depend on (s*,n, d)
such that

max { [|H* oo, [ 27¥ |0, 07|} < D, 1< j<k<d. (84)

Now we are ready to prove the lemma. Recall that VL (ijk) is a U-statistic with ker-
nel function hgi]f(ﬁjvk). Because hfzkf( ;vk:) is centered, the law of total expectation implies
that E[gjk(Xi)] = 0. Note that the left-hand side of (40) can be written as

\FbTVLJk(ﬂjvk) \FbTU]k+£bT[VL]k(ﬂ]vk) U]

Z b gk (Xi) + ibT [VLjk(Bjvk) — Ujk] -

Ip)

I

Notice that I is a weighted sum of i.i.d. random variables with the mean and variance
given by .
E[b"gx(X;)] =0 and Var[b'g;,(X;)] = b’ =/*b.
Central limit theorem implies that Iy ~» N (0,b”27*b). In what follows we use hyy and
h;;|; to denote hgf( ;vk) and E[h]k( gvk) ‘XZ] = g;x(X;). Thus we can write I as
1

IQ = m ; bTXii/, Where Xii! = (h“/ — h7,7/|7, — h“/‘ll)

Then E(I2) can be expanded as

E(I3) = Z b E(xii X1y )b- (85)

n(n N 1)2 1<i/ ,s<s’

By the definition of x;;/, we have

E(xiiXte) = E(hihl,) — E(hiphl, ) — E(hiihl, ) — E(hyhl)
+ E<hii/|lhss’|s) + E(hu’\lhss/|s ) E<hn/|z/h ) + E(hu’\z’h + E(hll/|l/hss/|s ) (86)

ss’\s)

Therefore, for i # s, s’ and i’ # s, s, law of total expectation implies that E(x;x’,) = 0.
Similarly, if exactly one of 4,4 is identical to one of s, s, say i = s, then (86) becomes

E(X“/XZ;//) = E(h”/hz;//) — (h“/hu”|z) — E(h“/hhz;//) + }E(h“/lz Zl”‘l) Z#Z #Z”

39



YANG, NING, AND Liu

Note that by the law of total expectation, for each term in (86) we have
E(hiiyhfy) = E(hghf;) = E(hyhf) = E(hyyhf,).

Therefore, E(x;ix%5,) = 0. Finally, if i = s and i/ = &/, by the law of total expectation,
(86) can be further reduced to E(x;ix%) = E(h;hl,) — E(hii/”hg,li) - E(hu’\l’hu'h ) =
©7% — 237k Thus by triangle inequality we have

HE 1!

B (i) o T 1B i) | + B h,)|, < 3D,

where the last inequality follows from Assumption 6. Then equation (85) can be reduced
to

1 1
2y T T\ T T
E(l3) = nn—1)2 Z /b E(XiirXss)b = nln— 1) Zb E (X X ) b-
1<1’,5<s 1<1
By Holder’s inequality we obtain
1
E(I3) < ﬁ”leHE(XWXZ/)bHOO
1 3D
< ———IbIPE(xGr x5 < =————] /b2 87

Since ||bllp < 5, by the relationship between ¢;-norm and /¢3-norm, we can further bound
the right-hand side of (87) by E(12) < 1.55D/(n — 1) — 0, where we use the condition that

lim s/n = 0. Therefore, we conclude the proof of Lemma 14. |
n—oo

D.2. Proof of Lemma 13
Proof By the/\deﬁnltlon of w  We have H]k]\k W;?I;Hg\k,j\kz‘ We let B; = (O,Hj\k‘) and
enote i(O5) an i(B7) as an respectively. In addition, we write , W
d V2L;(B] dVQL];‘ A and A* respectively. In additi ite H/, w’
and w;; as H, w* and w respectively for notational simplicity. Triangle inequality implies
that
T T
A\ =W Ajrvklloo < I e j\e = A ik lloo H W (HLj g vk — Ak ivi) oo
Hoélder’s inequality implies that
T
[ Ak =W Ajgpklloo < TA=Hlloo (1 + [[W5l1). (88)

Under null hypothesis, 85, = 0. By Lemma 26, we have [[A—H]||
right-hand side of (88) is bounded by

< s*Alog? d. Then the

~

1A k=W T A il S (wo + 1)s*Alog? d.

Therefore, by the assumption that Ap 2 max{1, wo}s”‘)\log2 d we can ensure that w* is in
the feasible region of the Dantzig selector problem (11), hence we have ||[w]|; < |[|[w*||1 < wo
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by the optimality of w. Let J be the support set of w*, that is, J := {(j,¢): [W;’k]jg #+
0,¢€[d), £+ j}; the optimality of w* is equivalent to ||W se|[1 + |Ws|li < ||w¥]|1. By triangle
inequality, we have

[Wre=wielli = [Welly < [Iwi =Wl < [ws=wjll, (89)

where J¢ := {(4,¢): (4,€) ¢ J,j fixed}. Letting @ = w — w*, inequality (89) is equivalent
to [|@ye||1 < ||@s]l1. Moreover, triangle inequality yields that

A\ &\ kD00 < AR e — Aj\k i\ kW lloo + [ Ak vk — Aj\kj\ kW [loo < 2D,

where the last inequality follows from that both w* and w are feasible for the Dantzig
selector problem (11). Then triangle inequality implies that

(T Ak 1 @] < BT A B+ e Age x|

A Az
By Holder’s inequality and inequality between ¢1-norm and fs-norms, we obtain that
A1 <2Xp||@s|li £ 24/s5Ap||@sll2 and A < 2Apl|@ye|li < 2Apl|@sll1 £ 2/ s5AD]|@]|2-

Hence we conclude that [T Ay, 1 x@| < 44/s§Ap||@]|2-

We let J; be the set of indices of the largest kfj component of &je in absolute value
and let I = Ji U J, then |I| < s§ + k. Under the null hypothesis, |8} -85l = |18, —
B;\kHl < 33p;'s*A. We denote the s-sparse eigenvalue of V?\k,j\ij(/@j) over the ¢1-ball
centered at 37 with radius r as p/; (s) and p;_(s) respectively and denote the corresponding

restricted correlation coefficients as 7r§-(31, s2). And we denote these quantities of VQLJ»(,B;)

as pj—(s),pj+(s) and m;(s1,s2). By definition, we immediately have p;_(s) < p; (s) <

i (5) < 0+ (5).
By Lemma 22 we have

]QTAj\k,j\km > p;-, (K*+s*)[ll@rl2 — 2713-(5*4—16(*), so)|@ell1/E*] @1 l2- (90)
The following lemma relates the sparse eigenvalues of V2L;((3;) to those of EVQLJ'([B;).

Lemma 24 Under Assumptions 2, 4 and 7, if n is sufficiently large such that p, 2

~

s*Mlog? d, with probability at least 1-(2d) ™Y, for all j € [d], there exists a constant C, > 33p; !
such that

pj—(255+2k5) — 0.050. < pj—(255+2k5) < pjt(kg) < pjy(kg) +0.0504, and
i+ (K5) s (255 2K8) < 1+ 058K /55

where we denote the local sparse eigenvalues p— (VQLj, ;; s,r) and p4 (V2Lj, ;-“; s,r) with
r = Cyy/logd/n as pj—(s) and p;(s), respectively.

Proof The proof is similar to that of Lemma 3, hence is omitted here. |
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By [|@eli < [|[@s]1 < \/shl|@s|l2 and Lemma 24, the right-hand side of (90) can be
reduced to

& A k@] = 0.950 (||@r 12 — 27 (G, 8™ 18 112/55/K5) @1 2. (91)
Using Lemma 20 we obtain
2 ik K6 )/56/ K < \J 56/ K5\ ol (k) /0 (si-2k5) — 1
< \Jsb/K i (8) oy (st 208) — 1 < \ s/ b J0.58K3 /s < 0.76.

Thus the right-hand side of (91) can be reduced to

&7 Ay @] > 0,950 (1 — 0.76]@y /111 ]12) 181113 > w12 (92)
where k = 0.22. This inequality holds because J C I. By (92) we have
vek|| @113 < 4y/s5Mal| @2 < 44/s5Aal|@r]l2, which implies [|@7]|2 < 4vy sl /s5AD.
Therefore the estimation error of W;j can be bounded by
@1 < 2(|@s]l1 < 2Vs*(|@y]l2 < 8v, 'k siAp < 3Ty, tsiAp.

Returning to the original notations, we conclude that [|[w;, — wj,[[1 < 37 LsgAp for all
(4, k) such that j,ke[d], j # k. [ |

D.3. Proof of Lemma 15

Proof We only need to show that E?k is a consistent estimator of ‘7]2‘1@7 which is equivalent
to showing that lim |6%, — 0%, | = 0. To begin with, triangle inequality implies that
n—oo  J J

~2 9 jk ik «I'sjk ST vk oy
|75k o-jk‘<’2]k]k Ejk,jk’+2‘wjk2]\k]k jyk‘zj\k,jk|+‘Wj,kzj\k,j\kwﬂvk kazj\kzj\k gk
I I I3
+2|wf, = I WS W — WS ]
kg k\jjk k\j.jk kg kNG ke\j T Fod L AV AL
Iog I3,

where Sk = ik (,6 \/k) and 3k (ijk) is defined as

n ®2

Sk (Bjvr) = ! Z{n_ 1 Zh (Bjvk) } : (93)

i

To prove the consistency of &\?k, we need the following theorem to show that Sk is a

consistent estimator of 7% in the sense that Hﬁﬂ k_ ijHoo is negligible.
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Lemma 25 For 1< j<k<d, let Sk (,ijk) be defined as (93). Suppose ,@j and B\k are the
estimators of B and By, obtained from Algorithm 1 and we denote ijk = (Bjk, 5;‘<F\k, ﬁ;‘:\j)T.

Then f]jk(ﬁjvk) is a consistent estimator of 9%, There exists a constant Cyx, that does not
depend on (j, k) such that, with probability tending to one,

125 (Bjui) — B9F|| < Css*Alog?d for 1< j<k< d.
Proof See §E.2.1 for a detailed proof. |
In the rest of the proof, we will omit the superscripts in both $7% and 29 for notational
simplicity. By Lemma 25,
I < ||E ~ 2| < Op(s*Alog?d). (94)
By triangle inequality, we have the following inequality for I5 :

Lo < [(Wk =W 0" (v Zikan) |+ | (%56 = W50 Sivee] + W5 (Eiese — i) -

I T2 Ia3

By Holder’s inequality, Lemma 25 and the estimation error of w;;, we obtain an upper-
bound for I5; as follows:

Iy < W5 =W i1 [ Z =300 = Op(s*s5ApAlog? d). (95)
Similarly, for Iz, Holder’s inequality implies that
Ing < |[Wje—w; i l[11Z]lee = Op(s5AnD), (96)

where the constant D appears in (84). For I3, by Holder’s inequality and 25 we obtain

Iz < ||}y, 1H§ —¥Y|lo = (’)]1:>(11J03*/\10g2 d). (97)
Combining (95), (96) and (97) we have
In; S (wo + seAp)s*Alog?d + sAp. (98)

For I3;, by triangle inequality we have

,AT’\ o = ST oy s Kk
I3; < \Wj,k(zj\k,j\k Ej\k,j\k)wj,k\ + |wj,kzj\kd\kwjvk Wj,kza\k,a\kwj,k\-

I3 I32
For term I31, Holder’s inequality and the optimality of w implies that
Iy < W5l E 12500k jiklloe < Crwfs™Alog? d. (99)
For term I3, Lemma 17 implies that
Iy < |25 g j\lloo W50 = WENT + 11200\ 6 Wi loo Wik — Wk lln

< (DwosgAp + Dsy?AD), (100)
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where we use Holder’s inequality |3z j\x W} plloc < [[W] [[1[|Z]lcc < Dwo. By (99), (100)
and A\p > wos*Alog?d, we obtain

I3; Swis*Mog? d + (DwosiAp + Dsg*A\). (101)

Therefore combining (94), (98) and (101) we obtain Iy + Is; + I3; = op(1). We can show

similarly that o + I3, = op(1). Thus lim max‘&zk — 2‘19‘ = 0 with probability converging
n—oo j<k ' J J

to one. |

Appendix E. Proof of Technical Lemmas

Finally, we prove the technical lemmas in this appendix. Specifically, we prove the lemmas
introduced to derive the auxiliary results.

E.1. Proof of Technical Lemmas in §C

In this subsection we prove the technical lemmas we use to prove the auxiliary results of
estimation. These lemmas are standard for high-dimensional linear regression, but proving
them for our logistic-type loss function needs nontrivial extensions.

E.1.1. Proor orF LEMMA 20

Proof Let I and J be two index sets with INJ =0, |I| < s,|J| < k, for any u € R? with
[u—ugllz < r and any v,w € R? let @ = v; + aw; with some « € R, then by definition,
|0]lo < s+ k. For notational simplicity, we denote s-sparse eigenvalues p4 (M, up; s,r) and
p— (M, ug; s, ) as p_(s) and p4(s) respectively. By definition, we have

p_(s+k)|0]3 < 6TM(1)0 = vIM(u)v; +2aviM(u)w; +o® wiM(u)w; . (102)
o A2 A3

Since [|0]]3 = ||v1]|3 + o?||ws||3. Rearranging the terms in (102) we have
[Ag*p,(SJrk)HWJHg] o? 4+ 240 + [Alfp,(s+k)\|v1|]%} >0 for all @ € R. (103)

Note that the left-hand side (103) is a univariate quadratic function in «, thus (103) implies
that

[A1—p_(s+R)Ivi13] [As—p_(sk) [wo13] > 43, (104)
Therefore by multiplying 4/ v;[|3° /(A%||ws||3) to both sides of (104) we have

AA||vill3 _ Allvall3 {Alp(sﬂf)\

2
v
A2\l w2~ Adllwl3 A, | HQ][A?’—p—(SﬂLk)!wJH%}. (105)
1 2

By the inequality of arithmetic and geometric means, we have

p—(s+k)|[vil3 [ Ar—p_(s+k)|lv3 <1
A1 Al 4
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Then the right-hand side of (104) can be bounded by

ABIVIB _ As—p(sHR)Iwl3 _ pe(k)
RBlwsl3 = o thlwsB T (sHR)

where the last inequality follows from As < p, (k)||w,|3. Note that by the relationship
between fo- and £, norm, we have ||w ||z < VE||W||oo, which further implies that

viMw|villzs _ VEvIM(u)w,llvi]2 \/%A2||VIH2
< - <
VviM)vr|[willo = viM(u)vr||wyll Arllwyll2 —

—(s+k)—1

Taking supremum over v, w € R? finally yields Lemma 20. |

E.1.2. PROOF OF LEMMA 21

Proof Under Assumption 4, for any 3; € R such that 1B; —ﬁ;Hg < rand any v € R%1
with v < 2s*+ 2k*, we denote V2L;(8;) — VQLj(,@;‘) and V2L;(8;) — E[V2Lj(,8;‘)} as
Ay and Aj respectively. Our goal is to show that both |[vI'A;v| and |[v? Ayv| are negligi-
ble. Hélder’s inequality implies that [v7Agv| < [[v]1[|A2v]ec < [[V][}]|A2]lcc. We use the
following lemma to control |v' A;v| and ||Az||so.

Lemma 26 We denote s* =max;c(q |8} |lo. Let m1(s*,n,d) > 0 be a real number depend-

ing on s*, n, and d that satisfy 1i_>m ri(s*n,d)log?d = 0. We define Bj(r1) = {ﬂj
n—oo

RA-1. H,@—,@;Hl <ri(s*,n, d)} as the £1-ball centered at ,8;7 with radius r1(s*,n,d). Under

Assumptions 2 and 4, there exist absolute constants Cp,Cy > 0 such that, with probability

at least 1 — (2d)~1, for all j € [d], Bj € B;(r1) and v € R%, it holds that,

|V2L;(87) — [ V3L, ﬁ;f ]H < Cp/logd/n, (106)

V2L;(8;) H < Cpri(s*,m,d) - log?d, (107)

v [V%(@) - mj BIV] < Cori(s7,md) - V3. (108)

Proof See §E.3 for a detailed proof. |

Lemma 26 implies that ||Az|l < Chy/logd/n with probability at least 1 — (2d)~!. By
the relation between £1- and f»-norms, we have

|VTA2V‘ < (25" 2K ||V]3||Allo < (25*+ 2K*)Cy1/log d/n.
Moreover, setting 7 = C,s*\/logd/n with C, > 33p; ! | we have
vIAv| < C.C,|Iv]E < ChC,(25™+ 2K*)\/log d/n.

By Assumption 4, if n is large enough such that (2s*+2k*)(C,C, + Cy)+/log d/n] < 0.05p.,
then we have

0.95px < p;_(25"+ 2k") — 0.05px < pj—(25™+ 2K7) < pj1 (k") < pj o (K*) + 0.05p,
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where we denote the s-sparse eigenvalues p_ (VQLJ, ;'S 7“) and py (V LJ, ) as pj—(s)
and pj4(s) respectively. Under Assumption 4, p7 ( k* /pjf (2s*+ 2k*) < 1 —|— 0 2k*/s* and
k* > 2s*, simple computation yields that

pi+ (k) < P4 (k") +0.05p, < P4+ (k%) +0.0507_(25™+ 2k™)
pj—(2s*+ 2k*) — pi_(2s*+ 2k*) — 0.05p, — 0.95p7_(2s*+ 2k*)

<14 0.27k* /s*.

Thus, we conclude the proof of Lemma 26. [ |

E.1.3. PROOF OF LEMMA 22

Proof For v = (v1,...,v9)7 € R without loss of generality, we assume that F° = [s1]
where s1 =[F°| < s. In addition, we assume that when j > s1, v; is arranged in descending
order of |v;|. That is, we rearrange the components of v such that |v;| > |vj41] for all
j > s1. Let Jy = [s1] and J; = {s1+ (i — 1)k+1,...,min(s; + ik,d)}. By definition, we
have J = J; and I = Jy U Jy. Moreover, we have ||vj,|loc < |[vy,_,|l1/k when i > 2 because
by the definition of J;, we have > ;-4 [V, |loo < ||vF|l1/k. Note that by the definition of

index sets I and J;, |J;| < k and |I| = k+s; < k+s. We denote the restricted correlation
coefficients (M, ug; s, k,r) as m(s, k), then by the definition of 7(s+k, k) we have

[ViM(u)v,|< m(s+k, k) [vi M(u)v] [V ]loo/ [ Vi]2-

Thus we have the following upper bound for |V}FM(u)v Iel:

VIM(u)vre| <) |viM(u) w(s+k, ) villy ' [vIM@)vi] D [l
i>2 i>2
< w(s+k k)| vilyt [vi M(u)vy]|[vel /. (109)

Because vI M(u)v > vIM(u)v; + 2vIM(u)vye, by (109) we have
VTM( WV > vy M( Wi — 27r(s+k,/<:)\|v1H2_1 [V?M(U)V[] HVFH1/k
= [VI M(u)vj] [1 — 27 (s+k, k)HV[”Q_l”Vle/k]

Thus we can bound the right-hand side of the last formula using the sparse eigenvalue
condition

vIM(u)v > p(s+k)[1 = 2n(s+k, )k~ il Iveld] vel3, (110)

where we denote s-sparse eigenvalue p_ (M, up; s, ) as p—(s + k) for the simplicity of nota-
tions. Inequality (110) concludes the proof of Lemma 22. |

E.1.4. PrROOF OF LEMMA 23

Proof Let F(t) = Lj(B(t)) — Lj(B1) — (VL;(B1),8(t) — B1). Since the derivative of
L;(B(t)) with respect to ¢ is (VL; ( (t)), B2 — B1), the derivative of F is given by

F'(t) =(VL;(B(t)) = VL;(B1), 82 — B1)-
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Therefore the Bregman divergence D; (,B(t), 51) can be written as
D;(B(t),81) = (VL;[B(t)] = VL;(B1),t(B2 — Br)) = tF'(t).

By definition, it is easy to see that F'(1) = D;(B2,81). To derive Lemma 23, it suffices to
show that F(t) is convex, which implies that F’(t) is non-decreasing and D;(8(t), 1) =
tF'(t) < tF'(1) = tD;(B2, Br).

For Vt1,to € Ry,t1 +t2 = 1,z,y € (0,1), by the linearity of B3(t), B(t1z + toy) =
t18(x) + t28(y). Then we have

(VL;(B1), B(tix + tay) — B1) = t1{VL;(B1), B(z) — B1) + t2(VL;(B1),B(y) — B1). (111)

In addition, by convexity of function L;(-), we obtain
Li(B(tiz + tay)) < t1L;(B(z)) + t2L; (B(y))- (112)
Adding (111) and (112) we obtain
F(tiz + tyy) < t1F(x) + t2F(y).

Therefore F'(t) is convex, thus we have D;(8(t), 81) < tD;(B2,81). [ |

E.2. Proof of Technical Lemmas in §D

Now we prove the lemmas that supports the auxiliary inferential results. We first prove
Lemma 25, which implies that the 832% is a consistent estimator of the asymptotic variance
of o ik

J

E.2.1. PROOF OF LEMMA 25

Proof Recall that we denote Bjvi = (Bjk, Bj\k> Br\j) and Lj (,ijk) (,BJ)+Lk(ﬁk) We
denote the kernel function of the second-order U-statistic VL, (,ijk) as hy,;, (,ijk) where

the subscrlpts i, 1nd1cate that hj (-) depends on X; and X;;. We define V”,Z,, (Bjvi) ==
hl; (,ijk) S (,ijk) . Then by definition, Sk (,Bj\k)can be written as

(ﬂ]\/k) n 2 Z Z sz 14 B]Vk
1=1 ' #i,3" #i
Note that =7 (8;,4) — = = 5% (8;,1,) — SF(B1y,) + 2% (BLvr) — 2F.
L I
We first consider /5. For notational simplicity, we use h;;» and hyy); to denote h’ k( ]V]C)
and h'® ( j\/k) = E[hjk( vk )| X] respectively. As shown in §D.1, for i # i’ # ",

i’ |e

E(h;yhl,) = E(h;h],

we can write Iy as
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-1

L2 :Z - i { (Z) _12 [Viirir —E(Virir)] } T i 1 { (Z) D Vi —E(Viirs)] } t— (@F—=k),

i</ <i" i<

121 122

where we use V;;» to denote V“,Z// (B;ka). Observing that I is a centered third order

U-statistic, for « large enough such that z*> HE[Vijk ]Vk ]H and for any (a,b), (c,d) €
{(p.q): p.q € {j,k}} we have

P([VZ., (Bivi)] apeq > 22%) < P[(Xia — Xia) (Xt — Xing) (Xie — Xine) (Xia — Xima) > ']

1

< 8exp(2km + ki) exp(—x).

Thus there exist constants ¢; and C; that does not depend on n or d or (j, k) such that for
any x € R, any 4,4,i" € [n] and any j, k € [d],

P([lef o (Bivi)labed > ) < C1 exp(crz/?). (113)

21

This implies that there exists some generic constant C' such that [|[VZ5.,( i) llo < C log* d

1

for all j,k € [d] and 4,7 € [n] with probablhty tending to one. Similar to the method we
use in §E.3, we define &£ = {||V pin (Bivi)lloe < Clog*d,Vi,i,i" € [n],j, k € [d]}. By

211
Bernstein’s inequality for U-statistics (Lemma 19) with b = Clog4d in (56), for some

generic constants C, it holds with high probability that
-1
<Z> Z [Vii’i’ _E<V22’Z"€)] < C V 10g d/nv VJ, ke [d]7 2‘7 7:/7 Z.// € [TL] (114)
1</
Moreover, by (113), we have
E{ 3’1’ ]Vk ab cd|g} E{ u’z” j\/k)]ab,cd}

o0
g/ P{|[V m,z,, ]Vk)]ab’cd‘ >z} < c1log®d - exp(—cologd) (115)
Clogd

for some absolute constant ¢; and co. Since (115) holds uniformly, we have
-1
n
<2> Z[ (Vigr|€) — E(V ”/Z//)] <log®d - exp(—czlogd) < +/logd/n. (116)
1<’
Combining (114) and (116) we obtain that

1121 ]|oc = Op(y/logd/n) uniformly for 1 < j <k < n. (117)

For the second part I3, noting that it is a U-statistic of order 2, because (113) also holds
for Vi (ﬁ;\/k), applying the same technique, we have ||I21 |0 = (’)[p(\/log d/ n) uniformly
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for 1 < j < k <n. Combining with (117), we conclude that, for some absolute constant C,
we have

IS (B0) - B, < CViogdn, V1<) <k<n (1)

Now we turn to I;. For any ,Bj,ﬁk € R¥! such that ||B; — Billn < r(s*,n,d) and
|8k — BZHI < r(s*,n,d), we denote w?, = exp[—(Xi; — Xi;)(B; — ﬂ;)T(Xi\j — X;n;)] and
denote w¥, similarly. Recall that we denote RJ (B;) = exp[—(zi; — xi/j),@jT(mi\j —xn ;)]
Hence by definition we have R 4 (B)) = wj R] (B7)- As shown in §E.3, we have

ik ik
mln{l zz” n’}hzz’ (ﬁjvk) < hzz’ (B]Vk) < max{l wzz”wn }hj ( jvk) (119)

where the 1nequahty is taken elementwisely. We denote b := max; jic[n];je(d] r(s*,n,d) H
Xiri) (X —Xin) H Note that when ||8;—8; 1 < r(s*,n,d) and ||Bx—B|l1 < r(s n, d)

we have w’. wk, € [exp(—b), exp(b)]. Therefore by (119) and the definition of VZZ i (Bj\k)»

i’
we obtain the following elementwise inequality

eXp( 2b>vzz’z" ('Bj\k) < sz’z” (Bj\k) < eXp(Qb)VZZ/%" (Bj\k)’

which implies that
IS4 (Byu0) — 9 (8ju0). < mace{1 - exp(—20), exp(2h) — 1} [$4(85,0) .. (120

As we show in §E.3, b < Cr(s*,n,d) log? d with high probability for some absolute constant
C > 0. Since lim 7(s*,n,d)log*d = 0, by (120) we have
n—oo

9 (B6) ~ 59 (83 oo 187 (B3 ol o < VIS (Biir) — B + 1D

Note that we show || I2]|cc = Hf]ﬂk( jvk) - EijOO = Op(y/logd/n), which converges to
zero asymptotically. Thus we conclude that

1275 (Bvi) — Z%(B1ui) || . = Or(r(s*, 1, d) log? d). (121)
Combining (118) and (121), we have the following error bound for Sk (ijk) :
1% (Bun) — =7F|| . = op( (s*,n,d)log?d + /log d/n) for all (j, k). (122)

Finally, by the fact that max;cq || ,@j —Bjll1 < s*A, we conclude the proof of Lemma 25 by
setting r = C's* . [ |

E.3. Proof of Lemma 26

Now we turn to the last unproven result, namely Lemma 26, which characterizes the per-
turbation of V2L;(3;).
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Proof Note that V2L;(8;) is a second-order U-statistic. Hence V2L;(8;) — E[VZL;(8;)]
is a centered U-statistic. We denote its kernel as T (,3]-), then

2Lj(18j) - [ (IBJ = n(n ZTZZ 16_7

l<’L

Note that HE[Tn’/ (B5)] HOO is bounded for all 3; € R4~! because

o0
< o < 4 /Ay g
ugﬁ@XlHE i 'BJ)]H %?j}ime X' < fﬁ%}e{[n E|X;;] /0 cexp(—t/%)dt = 24e,

where ¢ = 2 exp(km, + k1 /2). Here the last inequality follows from (14). Let V?kyﬂLj(Bj) =
82L-(ﬂj)/(8ﬁjk0,6’jg) and let [T}i/ ('Bj)]ké be the corresponding kernel function. That is,
Jkﬂ Li(Bj)=(5)" 1ZZ~<Z~, [T;i(B))] - For « > 0 such that 2* > 24c and k, £ # j, we have

P{|[Tii (8;)]ke| > 20} < P[(Xy5 — X)) (Xir — Xirg) (Xie — Xirg) > 2]
< P(|X¢j — Xi’j| > .CI?) + ]P)(‘Xlk — Xi’k’ > iL') + P(|Xig — Xi/g’ > iL') (123)

As a direct implication of Assumption 2, we have ]P’(\Xij - Xii| > :c) < 2exp(2km +
ki) exp(—x) for all j € [d]. Then we can bound the right-hand side of (123) by

P{|[T; (ﬂ;)]kd > 2x4} < 6 exp(2km + k1) exp(—z) when z* > 48 exp (ki + K1 /2).
Letting Cr = Inax{6 exp(26m + K), exp{ [48 exp (K, + /{h/Q)]l/4}}, it holds that

P{|[Tsi (B))lke| > 2} < Crexp(—27*2/1)  for all z > 0. (124)

Thus by a union bound, we conclude that there exists some generic constant C' such that
T (87|l < Clog"d for all j € [d] and 4,i € [n] with probability at least 1 — (8d)~*

We define an event & := {HT“/(B]*)HOO < Clog*d,Vi,i € [n],j € [d]}. By (124), it is easy

to see that T (,6;) is {>-integrable. By Bernstein’s inequality for U-statistics (Lemma 19)
with b = C'log" d in (56), for some generic constants C; and Cy, we obtain that

P(V%(@) —E[V°L;(B;)] > t\g) <dexp[-nt®/(Cy + Calog* t)], Vje[d. (125)

Here we use E1[VZL;(8;)] to denote E[V?L;(8;)|€]. Thus under Assumption 4 we obtain
that, conditioning on event &,

|V2L;(8;) — Ea[V2L;(8))] ||, < CVlogd/n, Vj€ | (126)
with probability at least 1 — (8d)~!. Moreover, by (124) we obtain that

E{[Tiir (8; )| €} —E{ [Tasr (8] )re } < /(Jojg‘ldP{HTW(/B;”M‘ > 1} < ¢ log® d-exp(—cz log d)

for some absolute constant ¢; and co. Therefore we have

|E1[VZL;(85)] —E[V°L;(B))] ||, < log®d - exp(—calogd) < /logd/n. (127)
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Combining (126) and (127) we show that, with probability at least 1 — (4d)~*, || V2L; (B7)—

E[V2L;i(B7)]]|, < Chy/logd/n for all j € [d].

For the second argument (107), let A = 3; — ﬁ; where 3; € R4 lies in the ¢;-ball
centered at 3} with radius r1(s*,n,d), that is, H,Bj—ﬁj H1 < ry1(s* n,d). By the independence
between X; and X;/, Assumption 2 implies that

max{logE[exp(Xij — Xyj)],Jog E[exp(Xij — Xij)] } < 2K + K,
which further implies that for any = > 0
IP’(‘(XZ-- - Xij)| > :z:) < 2exp(26m + kp) exp(—z), Vj € [d].
Hence for any x > 0 and j, k € [d], a union bound implies that

P[|( X5 — Xirg)(Xar — Xow)| > 2%] < P[|(Xij — Xirj)| > 2] +P[|(Xix — Xiw)| > 2]
< 4exp(26m, + ki) exp(—z). (128)

Taking a union bound over 1< j<k< d and 1 < i < i’ < n we obtain that

IPL,%”éELi?E[d] H(XU — Xi/j)(Xi\j — Xi’\j)Hoo > 372] < n?d? exp(—x).

If we denote b := max; jcm);je(q T1(5™, N, d)H(Xij — X)) (X5 — Xi’\j)Hoo7 then we obtain
that b < Cr1(s*,n,d)log?d with probability at least 1 — (4d)~! for some constant C' > 0.
Denoting w;; 1= exp{—(XZ—' — X,-/j)AT(Xi\j — Xi/\j)}, by definition,

RY,(B) = exp{—(Xij — Xi;)(A + BT (Xij — Xinj)} = wir R, (B)).

Thus we can write V2L;(3;) as:

V2L (8:) — ii / J J i .
](/Bj) n(n — 1) ; (1 + Rgi/(ﬂ*)f (1 +wii/Rgi/(ﬂ*))2
(129)

If Wi Z ]_, then (wii/)_Q S (1 + Ril/(ﬁ*))z/(l —l— w“/sz,(,@*))Q

1< (1+RL,(8)%/ (1 +wi R, (8Y)*

< 1; otherwise we have

< (w;)~2. This observation implies

- 7 (8))>
min{w;;, 1/wiy } < (uf:_(:r }]:j“ (g))))z < max{w;ir, 1/wi }. (130)

By the definition of w;;, Hélder’s inequality implies that !(Xij —XZ-/]-)AT(XZ»\]- —Xi/\j)’ <b,
thus we have

exp(—b) < min{wiill/wii/} < max{wii/, 1/(,@)”‘/} < €Xp(b) (131)
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Combining (129),(130) and (131) we obtain
exp(~b)V2L;(85) < V2L;(B)) < exp(b)V>L;(B;). (132)

Then by (132), since lim 71(s*,n,d)log?d = 0, we have

IV2L;(8)) — V2L;(87) | ., < max{1 — exp(=b), exp(b) — 1}||VZL;(8))]| . < 0lIVZL;(8))]|,

Notice that under Assumption 2, as shown in §D.1, we can assume that HIE[VQLJ- (,6;*)] HOO <
D where D appears in (84). By triangle inequality,

19228, < V2Ls(8) - B *L,(85) o+ [EIVL,(8)] ., < D+Ch/logd/n < 2D

with probability at least 1 — (4d)~!, where the last inequality follows from the fact that
(log9 d/ n) 12 tends to zero as n goes to infinity. Then we obtain that

|V2L;(8;) — VL;(8])| ., < Crri(s*,n,d)log®d

holds for some absolute constant C, > 0 and uniformly for all j € [d] and B; € B;(r1) with
probability at least 1 — (2d)7!.
Finally, for the last argument (108), for any v € R4™!, by (132) we have

exp(—b)vI V2L, (Bj)v < vIVAL;(B))v < exp(b)vTVQLj(ﬁ;)v.
Thus we have
VEIV2L(85) = V2L (B))]v] < b[v! V2L (B)v] < blIVIE[[ V2L (8))]

which implies (108). [ |
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