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Abstract

Learning DAG or Bayesian network models is an important problem in multi-variate causal
inference. However, a number of challenges arises in learning large-scale DAG models
including model identifiability and computational complexity since the space of directed
graphs is huge. In this paper, we address these issues in a number of steps for a broad
class of DAG models where the noise or variance is signal-dependent. Firstly we introduce
a new class of identifiable DAG models, where each node has a distribution where the
variance is a quadratic function of the mean (QVF DAG models). Our QVF DAG models
include many interesting classes of distributions such as Poisson, Binomial, Geometric,
Exponential, Gamma and many other distributions in which the noise variance depends on
the mean. We prove that this class of QVF DAG models is identifiable, and introduce a new
algorithm, the OverDispersion Scoring (ODS) algorithm, for learning large-scale QVF DAG
models. Our algorithm is based on firstly learning the moralized or undirected graphical
model representation of the DAG to reduce the DAG search-space, and then exploiting
the quadratic variance property to learn the ordering. We show through theoretical results
and simulations that our algorithm is statistically consistent in the high-dimensional p > n
setting provided that the degree of the moralized graph is bounded and performs well
compared to state-of-the-art DAG-learning algorithms. We also demonstrate through a
real data example involving multi-variate count data, that our ODS algorithm is well-
suited to estimating DAG models for count data in comparison to other methods used for
discrete data.

Keywords: Bayesian Networks, Directed Acyclic Graph, Identifiability, Multi-variate
Count Distribution, Overdispersion

1. Introduction

Probabilistic directed acyclic graphical (DAG) models or Bayesian networks provide a widely
used framework for representing causal or directional dependence relationships amongst
multiple variables. DAG models have applications in various areas including genomics,
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neuroimaging, statistical physics, spatial statistics and many others (see e.g., Doya 2007;
Friedman et al. 2000; Kephart and White 1991). One of the fundamental problems as-
sociated with DAG models or Bayesian networks is structure learning from observational
data.

If the number of variables is large, a number of challenges arise that make learning
large-scale DAG models extremely difficult even when variables have a natural causal or
directional structure. These challenges include: (1) identifiability since inferring causal
directions from only observational data is in general not possible in the absence of additional
assumptions; (2) computational complexity since it is NP-hard to search over the space of
DAGs (Chickering, 1996); (3) providing sample size guarantee in the setting where the
number of nodes p is large. In this paper we develop a general framework and algorithm
for learning large-scale DAG models that addresses these challenges in a number of steps:
Firstly, we introduce a new class of provably identifiable DAG models where each node has
a conditional distribution where the variance is a quadratic function of the mean, which we
refer to as QVF (quadratic variance function) distributions; secondly, we introduce a general
OverDispersion Scoring (ODS) algorithm for learning large-scale QVF DAG models; thirdly,
we provide theoretical guarantees for our ODS algorithm which proves that our algorithm
is consistent in the high-dimensional setting p > n provided that the moralized graph of the
DAG is sparse; and finally, we show through a simulation study that our ODS algorithm
supports our theoretical result has favorable performance to a number of state-of-the-art
algorithms for learning both low-dimensional and high-dimensional DAG models.

Our algorithm is based on combining two ideas: overdispersion and moralization. Overdis-
persion is a property of Poisson and other random variables where the variance depends on
the mean and we use overdispersion to address the identifiability issue. While overdisper-
sion is a known phenomena used and exploited in many applications (see e.g., Dean 1992;
Zheng et al. 2006), overdispersion has never been exploited for learning DAG models aside
from our prior work (Park and Raskutti, 2015) which focuses on Poisson DAG models. In
this paper, we show that overdispersion applies much more broadly and is used to prove
identifiability for a broad class of DAG models. To provide a scalable algorithm with statis-
tical guarantees, even in the high-dimensional setting, we exploit the moralized graph, that
is the undirected representation of the DAG. Learning the moralized graph allows us to
exploit sparsity and considerably reduces the DAG search-space which has both computa-
tional and statistical benefits. Furthermore, moralization allows us to use existing scalable
algorithms and theoretical guarantees for learning large-scale undirected graphical models
(e.g., Friedman et al. 2009; Yang et al. 2012).

A number of approaches have been used to address the identifiability challenge by impos-
ing additional assumptions. For example ICA-based methods for learning ordering requires
independent noise and non-Gaussianity (see e.g., Shimizu et al. 2006), structural equa-
tion models with Gaussian noise with equal or known variances (Peters et al., 2012), and
non-parametric structural equation models with independent noise (see e.g., Peters and
Biithlmann 2013). These approaches are summarized elegantly in an information-theoretic
framework in Janzing and Scholkopf (2010). Our approach is along similar lines in that we
impose overdispersion as an additional assumption which induces asymmetry and guaran-
tees identifiability. However by exploiting overdispersion, our approach applies when the
noise distribution of each node depends on its mean whereas prior approaches apply when
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the additive noise variance is independent of the mean. Additionally, we exploit graph spar-
sity which has also been exploited in prior work by Loh and Biihlmann (2014); Raskutti
and Uhler (2013); van de Geer and Biithlmann (2013) for various DAG models with inde-
pendent additive noise components. Furthermore, sparsity allows us to develop a tractable
algorithm where we reduce the DAG space by learning the moralized graph, an idea which
has been used in prior work in Tsamardinos and Aliferis (2003).

1.1 Our Contributions

We summarize the major contributions of the paper as follows:

e We introduce the class of QVF DAG models, that include many interesting classes of
multi-variate distributions and provide conditions under which QVF DAG models are
identifiable.

e Using QVF DAG models, we develop the reliable and scalable generalized ODS algo-
rithm which learns any large-scale QVF DAG model. Our algorithm combines two key
ideas, moralization and overdispersion. Moralization significantly reduces computa-
tional complexity by exploiting sparsity of the moralized graph, while overdispersion
exploits properties of QVF DAG models to estimate the causal ordering. The gener-
alized ODS algorithm adapts the algorithm developed in Park and Raskutti (2015) to
general QVF DAG models whilst the algorithm in Park and Raskutti (2015) focuses
exclusively on Poisson DAG models.

e We provide statistical guarantees to show that our ODS algorithm is consistent for
learning QVF DAG models, even in the high-dimensional p > n setting, provided
that the degree of the moralized graph is bounded. To the best of our knowledge,
this is the only theoretical result that applies to the high-dimensional setting when
the variables at each node model counts.

e We demonstrate through simulation studies and a real data application involving
multi-variate count data that our ODS algorithm performs favorably compared to the
state-of-the-art GES and MMHC algorithms. In our simulation study, we consider
both the low-dimensional and high-dimensional setting. Our real data example in-
volving NBA player statistics for 2009/10 season shows that our ODS algorithm is
applicable to multi-variate count data while the GES and MMHC algorithms tend to
select very few edges when variables represent counts.

The remainder of the paper is organized as follows: In Section 2, we define QVF DAG
models and prove identifiability for this class of models. In Section 3, we introduce our
polynomial-time DAG learning algorithm which we refer to as the generalized OverDisper-
sion Scoring (ODS). Statistical guarantees for learning QVF DAG models using our ODS
algorithm are provided in Section 3.2, and we provide numerical experiments on both small
DAGs and large-scale DAGs with node-size up to 5000 nodes in Section 4. Our theoretical
guarantees in Section 3.2 prove that even in the setting where the number of nodes p is
larger than the sample size n, it is possible to learn the DAG structure under the assumption
that the degree d of the so-called moralized graph of the DAG is small. Our numerical ex-
periments in Section 4 support the theoretical results and show that our algorithm performs
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well compared to other state-of-the-art DAG learning methods. Our numerical experiments
confirm that our algorithm is one of the few DAG-learning algorithms that performs well
in terms of statistical and computational complexity in high-dimensional p > n settings,
provided that the degree of the moralized graph d is bounded. Finally in Section 5 we show
that our ODS algorithm performs well in terms of the eye test compared to state-of-the-art
algorithms for a multi-variate count data set that involves basketball statistics.

2. Quadratic Variance Function (QVF) DAG Models and Identifiability

A DAG G = (V, E) consists of a set of nodes V' and a set of directed edges E € V x V where
each e € F is an ordered pair of distinct nodes. Hence our graphs are simple, i.e., there are
no directed cycles or multiple edges between any pair of nodes. A directed edge from node
Jj to k is denoted by (j, k) or j — k. The set of parents of node k denoted by pa(k) consists
of all nodes j such that (j, k) € E. If there is a directed path j — --- — k, then k is called
a descendant of j and j is an ancestor of k. The set de(k) denotes the set of all descendants
of node k. The non-descendants of node k are nd(k) := V' \ ({k} Ude(k)). An important
property of DAGs is that there exists an (possibly non-unique) ordering 7* of a directed
graph that represents directions of edges such that for every directed edge (j,k) € E, j
comes before k in the ordering. Without loss of generality, we set V = {1,2,--- ,p} and
assume the true ordering is 7* = (1,2,--- ,p).

We consider a set of random variables X := (Xj),j € V with probability distribution P
taking values in probability space &, over the nodes in G. Suppose that a random vector
X has joint probability density function fi(X). For any subset S of V, let Xg:= {X;:s €
S Cc V}and X(S5) := xjesd]. For j € V, f;(X; | Xg) denotes the conditional distribution
of a random variable X, given a random vector Xg. Then, a probabilistic DAG model has
the following factorization (Lauritzen, 1996):

f(;(X) = H fj(Xj ’ Xpa(j))» (1)
JjeVv
where f;(X; | Xpa(j)) refers to the conditional distribution of a random variable X; in
terms of its parents Xpa(j) = {Xs : s € pa(j)}-.

A core concept in this paper is identifiability for a family of probability distributions
defined by the DAG factorization provided above. Intuitively identifiability addresses the
question of what assumption we make on the conditional distributions f;(X; | Xpa(j))
allows us to uniquely determine the structure of that DAG G given the joint PDF fq(X).

To define identifiability precisely, let P denote the set of conditional distributions f;(X; |
Xpa(j)) for all j € V. Further for a graph G = (V, E), define the class of joint distributions
with respect to graph G and class of distributions P by

F(G;P) = {fa(X) =[] £;(X; | Xpaj) ; where f;(X; | Xpag;)) € PVj €V}
JjeEV

Next let G, denote the set of p-node directed acyclic graphs. Now we define identifiability
for the class P over the space of DAGs G,.
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Definition 1 (Identifiability) A class of conditional distributions P is identifiable over
Gp if G # G’ where G,G" € Gy, there exists no fg € F(G;P) and for € F(G';P) such that
fe=fer-

Prior work has addressed the question of identifiability for different classes of P. For
example ICA-based methods make the assumption that P are independent error with non-
Gaussian components (Shimizu et al., 2006) and prove that this class is identifiable as well
as P corresponding to a non-parametric model with additive independent noise (Peters and
Biithlmann, 2013), P represents structural linear equation models with Gaussian errors with
equal or known variances (Peters et al., 2012). On the other hand, if P represents structural
linear equation models with Gaussian errors with general variance is not identifiable and
only the Markov equivalence class of DAG models is identifiable (Heckerman et al., 1995).

The main results of our paper give another class of identifiable graphical models. In
our setting, P is a setting where the variance is a linear function of the mean so we deal
with signal-dependent noise or variance, and more importantly is applicable for discrete
distributions. We define P more precisely in the next section.

2.1 Quadratic Variance Function (QVF) DAG Models

Now we define quadratic variance function (QVF) DAG models. For QVF DAG models
each node has a conditional distribution P given its parents with the property that the
variance is a quadratic function of the mean. More precisely,

Definition 2 (QVF DAG models) Quadratic variance function (QVF) DAG models are
DAG models where conditional distribution of each node given its parents satisfies the
quadratic variance function property: for all j € V, there exist Bjo, Bj1 € R such that

Var(X; | Xpagj)) = BioB(X; | Xpagy)) + BnB(X; | Xpagi)®- (2)

To the best of our knowledge, quadratic variance function (QVF) probability distribu-
tions were first introduced in the context of natural parameter exponential families (NEF)
(Morris, 1982) which include Poisson, Binomial, Negative Binomial and Gamma distribu-
tions. In the directed graphical model framework, each node distribution is influenced
by its parents. Hence for natural exponential families with quadratic variance functions
(NEF-QVF), we provide an explicit form of joint distributions for DAG models.

For NEF-QVF, the conditional distribution of each node given its parents takes the
simple form:

P(X; | Xpag)) = exp | 05X+ Y 0pXpX; — Bi(X;) — A; [0+ > OuXy
(k.j)eE (k.j)eE
where A;(-) is the log-partition function, Bj(-) is determined by a chosen exponential family,

and 60;, € R is a parameter corresponding to a node j. By the factorization property (1),
the joint distribution of a NEF-QVF DAG model takes the following form:

P(X):exp Zeijj—{- Z ijXka—ZBj(Xj)—ZA]’ 9jj+ Z eijk
jev (k,j)EE JjEV JjeVv (k.j)EE

3)
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Figure 1: Directed graphical models of M1, M3 and Mg

From Equation (3), we provide examples of classes of NEF-QVF DAG models. For Pois-
son DAG models studied in Park and Raskutti (2015) the log-partition function A;(-) =
exp(-), and Bj(-) = log(:!). Similarly, Binomial DAG models can be derived as an ex-
ample of QVF DAG models where the conditional distribution for each node is binomial
with known parameter NN; and the log-partition function A;(-) = N;log(1l + exp(-)), and

B;(-) = —log (NJ ). Another interesting instance is Exponential DAG models where each
node conditional distribution given its parents is Exponential. Then, A;(-) = —log(—-) and
B;() =0.

Our framework also naturally extends to mixed DAG models, where the conditional dis-
tributions have different distributions which incorporates different data types. In addition,
our models extend to nonlinear and nonparametric DAG models depending on the data as
long as the node distribution P satisfies the QVF property in Equation (2). This means
our model is identifiable without information on how a node and its parents are related. In
Section 4, we will provide numerical experiments on Poisson and Binomial DAG models.

2.2 Identifiability of QVF DAG Models

In this section we prove that QVF DAG models are identifiable. To provide intuition, we
prove identifiability for the two-node Poisson DAG model in Park and Raskutti (2015). Con-
sider all three models illustrated in Figure 1: M : X; ~ Poisson(A1), Xo ~ Poisson()\z),
where X and X are independent; My : X; ~ Poisson(A;) and Xs | X; ~ Poisson(g2(X1));
and M3 : X9 ~ Poisson(\y) and X; | Xo ~ Poisson(g;(X2)) for arbitrary positive functions
91,92 : NU {0} — RT. Our goal is to determine whether the underlying DAG model is
M1, Mg or Ms.

We exploit the equidispersion property that for a Poisson random variable X, Var(X) =
E(X), while for a distribution which is conditionally Poisson, the marginal variance is
overdispersed relative to the marginal expectation, Var(X) > E(X). Hence for My,
Var(X;) = E(X;) and Var(Xs) = E(X3). For Mg, Var(X;) = E(X;), while

Var(Xg) = E(Var(XQ | Xl)) +Var(IE(X2 | Xl)) = E(E(XQ | Xl)) + Var(gg(Xl)) > E(XQ),

as long as Var(g2(X1)) > 0. The first equality follows from the total variance decomposition
and the second equality follows from the equidispersion property of Poisson distribution.

Similarly under M3, Var(Xs) = E(X2) and Var(X;) > E(X;) as long as Var(g1(X2)) >
0. Hence we can distinguish models M;, My, and M3 by testing whether the variance is
greater than or equal to the expectation. With finite samples, the quantities E(-) and Var(-)
can be estimated from data and we describe this more precisely in Sections 3 and 3.2.

For general QVF DAG models, the variance for each node distribution is not neces-
sarily equal to the mean. Hence we introduce a linear transformation 7}(X;) such that
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Distribution P o B w
. . : 1 N
Binomial Bin(N, p) 1 —% Neu

Poisson Poi(\) 1 0 1
Geometric Geo(p) 1 1 ﬁ
. . . 1 R
Negative Binomial NB(R,p) L' % ®
Exponential Exp()) 0 1 %
Gamma Gamma(a, 3) | 0 é n

Table 1: Examples of distributions for QVF DAG models with £y, 51 and w where p is its
expectation

Var(T;(X;) | Xpag)) = E(Tj(X;) | Xpa()) in Proposition 3. This transformation en-
ables us to use the notion of overdispersion for recovering QVF DAG models. We present
examples of distributions P for QVF DAG models with the triple (5p, 1,w) in Table 1.

Proposition 3 Let X = (X, Xo, -+, X,) be a random vector associated with a QVF DAG
model with quadratic variance coefficients (ﬁjg,ﬁj1)§:1 specified in Equation (2). Then,
there exists a transformation Tj(X;) = w; X; for any node j € V where w; = (Bjo+Bj1E(X; |
Xpa(j)))_l such that

Var(T;(X;5) | Xpa() = E(T5(X;5) | Xpa))-
Proof For any node j € V,
Var(w; X | Xpag)) = WJQ‘VM(XJ' | Xpag))

W} (Bi0E(X; | Xpa(y) + BAE(X; | Xpa)?)

w;E(X; | Xpa(j))
E(w; X | Xpa(j))-

—
S
N

—
=
=

Equality (a) follows from the quadratic variance property (2), and (b) follows from the
definition of w;. ]

Now we extend to general p-variate QVF DAG models. The key idea to extending
identifiability from the bivariate to multivariate scenario involves conditioning on parents
of each node, and then testing overdispersion.

Assumption 4 For all j € V and any pay(j) C pa(j) where pag(j) # 0 and S C nd(j) \
pag(j):

(a) Var(E(X; | Xpa(j)) | Xg) >0, and

() Bjo+ BrE(X; | Xs) # 0.
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Figure 2: Moralized graph G™ for DAG G

Assumption 4(a) ensures that all parents of node j contribute to its variability, hence a
conditional variance is bigger than the conditional expectation. Assumption 4(b) rules out
the extremely skewed distributions. For example, Binomial distribution with a parameter
N has fy =1 and 1 = —%. Then, the assumption is satisfied as long as the conditional
expectation is less than N. Similarly Exponential distribution has Sy = 0 and ; = 1,
hence the assumption is satisfied as long as the conditional expectation is positive. Poisson
distribution has By = 1 and ;1 = 0, so the assumption is always satisfied.

Theorem 5 (Identifiability for p-variate QVF DAG models) Consider the class of
QVF DAG models (1) with quadratic variance coefficients (B;o, ﬁj1)§:1 (2). If forallj €V,
Bj1 > —1 and Assumption 4 is satisfied, then the class of QVF DAG models is identifiable
according to Def. 1.

The proof is provided in Appendix A. Theorem 5 shows that any QVF DAG model
is identifiable under the assumption that all parents of node j contribute to its variability.
The condition 3;1 > —1 rules out DAG models with Bernoulli and multinomial distributions
which are known to be non-identifiable (Heckerman et al., 1995) with 8;; = —1.

3. OverDispersion Scoring (ODS) Algorithm

In this section, we present our generalized OverDispersion Scoring (ODS) algorithm. The
ODS algorithm is introduced by Park and Raskutti (2015) for Poisson DAG models, however
it does not cover other QVF distributions. In this paper, we generalize the ODS algorithm
for recovering QVF DAG models. An important concept we need to introduce for the
generalized ODS algorithm is the moral graph or undirected graphical model representation
of a DAG (see e.g., Cowell et al. 1999). The moralized graph G™ for a DAG G = (V, E) is
an undirected graph where G™ = (V, E™) where E™ includes the edge set E for the DAG
G with directions removed plus edges between any nodes that are parents of a common
child. Figure 2 represents the moralized graph for a simple 3-node example where F =
{(1,3),(2,3)} for the DAG G. Since nodes 1 and 2 are parents with a common child 3,
the additional edge (1,2) arises, and therefore E™ = {(1,2),(1,3),(2,3)}. Finally, the
neighborhood for a node j refers to the adjacent nodes to j in the moralized graph, and is
denoted by N(j) :={k €V | (j, k) or (k,j) € E™}.

Our generalized ODS algorithm (Algorithm 1) has three main steps: 1) estimate the
moralized graph G™ for the DAG G} 2) estimate the ordering of the DAG G using overdis-
persion scoring based on the moralized graph from step 1); and 3) estimate the DAG struc-
ture, given the ordering from step 2). Although Steps 2) and 3) are sufficient to recover
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Algorithm 1: Generalized OverDispersion Scoring (ODS)

Input :n iid. samples from a QVF-DAG model R
Output: Estimated ordering 7 € NP and an edge structure, £ € V x V

Step 1: Estimate the undirected edges Em = Ujev Ukeﬁ(j) (j, k) where J\A/(]) is
estimated neighborhood set of a node j in the moralized graph;

Step 2: Estimate the ordering using overdispersion scores;

for j € {1,2,--- ,p} do
‘ Calculate overdispersion scores S (1,7) using Equation (4);

end

~

The first element of the ordering 7y = argmin; S(1, j);
for m={2,3,--- ,p—1} do
for j e {1,2,--- ,p} \ {71, 72, -+ ,Tm—1} do
Find candidate parents set émj = /\7(]) N AT, T2y 0y -1}
Calculate overdispersion scores S (m, j) using Equation (5);
end
The m!" element of an ordering 7, = arg min, S(m, j);
Step 3: Estimate the directed edges toward 7,,, denoted by lA?m;
end
The last element of the ordering 71, = {1,2,--- ,p} \ {71, T2, - -+ , Tp—1};
The directed edges toward 7p, denoted by ﬁp ={(4,m) | Jj€ N () };

Return: 7 = (71,72, - ,7p), and E = U,,—(a3... n D

DAG structures, Step 1) is performed because it reduces both computational and sample
complexity by exploiting the sparsity of the moralized graph for the DAG.

The main purpose of Step 1) is to reduce the search-space by exploiting sparsity of
the moralized graph. The moralized graph provides a candidate parents set for each node.
Similar ideas of reducing the search-space by utilizing the moralized graph or different
undirected graphs are applied in existing algorithms (e.g., Tsamardinos and Aliferis 2003;
Friedman et al. 1999; Loh and Biihlmann 2014). The concept of candidate parents set
exploits two properties; (i) the neighborhood of a node is a superset of its parents, and (ii)
a node should appear later than its parents in the ordering. Hence, the candidate parents
set for a given node j is the intersection of its neighborhood and elements of the ordering
which appear before that node j, and is denoted by Ch,; := N (j) N{m1, 72, ..., Tpm—1} where
mt" element of the ordering is j (i.e., m, = j). The estimated candidate parents set is
émj = /\A/'(]) N {71, T2, ..., Tm—1} that is also specified in Algorithm 1.

This candidate parents set is used as a conditioning set for the overdispersion score
in Step 2). In principle, the size of the conditioning set for an overdispersion score could
be p — 1 if the moralized graph is not used. Since Step 2) requires computation of a
conditional mean and variance, both the computational complexity and sample complexity
depend significantly on the number of variables we condition on as illustrated in Sections 3.1
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and 3.2. Therefore by making the conditioning set for the overdispersion score of each node
as small as possible, we gain significant computational and statistical improvements.

A number of choices are available for estimation of the moralized graph. Since the
moralized graph is an undirected graph, standard undirected graph learning algorithms such
as HITON (Aliferis et al., 2003) and MMPC algorithms (Tsamardinos and Aliferis, 2003)
as well as ¢1-penalized likelihood regression for generalized linear models (GLM) (Friedman
et al., 2009). In addition, standard DAG learning algorithms such as PC (Spirtes et al.,
2000), GES (Chickering, 2003) and MMHC algorithms (Tsamardinos and Aliferis, 2003)
can be applied to estimate the Markov equivalence class and then the moralized graph is
generated from the Markov equivalence class.

Step 2) of the generalized ODS algorithm involves learning the ordering by comparing
overdispersion scores of nodes using Equations (4) and (5). The basic idea is to determine
which nodes are overdispersed based on the sample conditional mean and conditional vari-
ance after the transformation in Proposition 3. The ordering is determined one node at a
time by selecting the node with the smallest overdispersion score which is representative of
a node that is least likely to be overdispersed.

Regarding the overdispersion scores, suppose that there are n ii.d. samples X" :=
(X, where X := (XY;),XS), e ,XI(,i)) is a p-variate random vector drawn from an
underlying QVF DAG model with quadratic variance coefficients (5;o, 5j1)§:1- We use the

notation = to denote an estimate based on X . In addition, we use n(zg) := > 1, 1(Xg) =
zg) for zg € X(S) to denote the conditional sample size, and ng := >, n(zs)l(n(zs) >
¢ -mn) for an arbitrary ¢y € (0,1) to denote a truncated conditional sample size. We discuss
the choice of ¢y shortly.

More precisely the overdispersion scores in Step 2) of Algorithm 1 involves the following
equations:

S(1.j) = &% Var(X;) —@; - E(X;) where &;:= (B10+ SuE(X;) 7}, (4)
S(m,j) = ZE‘”) [@mj(xf@(xj | X, =) - Gy (2)E(X; | X, = x)] (5)
reXH Cmj

where W, (z) := (B0 + ﬁjlﬁ(Xj ] X5 = x))~L. émj is the estimated candidate parents
mj
set of node j for the m‘" element of the ordering and Xg ={zg € X(Cnj) n(zg )=
mj mj

¢p - n} to ensure we have enough samples for each element of an overdispersion score. ]co is
a tuning parameter of our algorithm that we specify in Theorem 14 and our numerical ex-
periments. @y,j(x) is an empirical version of the transformation in Proposition 3 assuming
émj is the parents of a node j. Since there are many conditional distributions, our overdis-
persion score is the weighted average of differences between conditional sample means and
variances after the estimated transformation &, ;(x). Then, the score is a measure of the
level of overdispersion. As demonstrated in Section 2.2, the correct elements of an ordering
achieve zero overdispersion score, otherwise positive in population.

Finding the set of parents of a node j boils down to selecting the parents out of all
elements before a node j in the ordering. Hence given the estimated ordering from Step 2),

10
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Step 3) can be reduced to p neighborhood selection problems which can be performed using
¢1-penalized likelihood regression for GLMs (Friedman et al., 2009) as well as standard
DAG learning algorithms such as the PC (Spirtes et al., 2000), GES (Chickering, 2003),
and MMHC algorithms (Tsamardinos and Aliferis, 2003).

3.1 Computational Complexity

For Steps 1) and 3) of the generalized ODS algorithm, we use off-the-shelf algorithms and
the computational complexity depends on the choice of algorithm. For example, if we use
the neighborhood selection ¢1-penalized likelihood regression for GLMs (Friedman et al.,
2009) as is used in Yang et al. (2012), the worst-case complexity is O(min(n,p)np) for a
single ¢1-penalized likelihood regression, but since there are p nodes, the total worst-case
complexity is O(min(n,p)np?). Similarly, if we use ¢1-penalized likelihood regression for
Step 3) the worst-case complexity is also O(min(n, p)np?) but maybe less if the degree d of
the moralized graph is small.

For Step 2) where we estimate the ordering, there are (p—1) iterations and each iteration
has a number of overdispersion scores S(m, j) to be computed which is bounded by O(p).
Hence the total number of overdispersion scores that need to be computed is O(p?). Since
the time for calculating each overdispersion score is proportional to the sample size n, the
complexity is O(np?).

Hence, Step 1) is the main computational bottleneck of the generalized ODS algorithm.
The addition of Step 2) which estimates the ordering does not significantly add to the
computational bottleneck. Consequently, the generalized ODS algorithm, which is designed
for learning DAGs is almost as computationally efficient as standard methods for learning
undirected graphical models. As we show in numerical experiments, the ODS algorithm
using ¢1-penalized likelihood regression for GLMs in both Steps 1) and 3) is faster than the
state-of-the-art GES algorithm.

3.2 Statistical Guarantees

In this section, we provide theoretical guarantees for our generalized ODS algorithm. We
provide sample complexity guarantees for the algorithm in the high-dimensional setting in
three steps, by proving consistency of Steps 1), 2) and 3) in Sections 3.2.1, 3.2.2 and 3.2.3,
respectively. All three main results are expressed in terms of the triple (n, p, d).

Although any off-the-shelf algorithms can be used in Steps 1) and 3), our theoretical
guarantees focus on the case when we use the R package glmnet (Friedman et al., 2009) for
neighborhood selection. We focus on glmnet since there exist provable theoretical guarantees
for neighborhood selection for graphical model learning in the high-dimensional setting (see
e.g., Yang et al. 2012; Ravikumar et al. 2010) and performs well in our simulation study.
The glmnet package involves minimizing the ¢;-penalized generalized linear model loss.

Without loss of generality, assume that (1,2,---,p) is the true ordering and for ease of
notation let [-]; and [-]s denotes parameter(s) corresponding to the variable X and random
vector Xg, respectively. Suppose that H*D]_ € Op, denotes the solution of the following GLM
problem where Op, := {0 € RP : [0]; = 0 for k ¢ pa(j)}.

0p, := arg min E (=X;([6]; + ((Blpa): Xpa(i)) + 45 (6); + (Plpag) Xpa))»  (6)

E@Dj

11
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where A;(-) is the log-partition function determined by the GLM family (3), and (:,-)
represents the inner product. In the special case where X; has an NEF-QVF distribution (3)
with log-partition function A;(-), H*D corresponds exactly to the set of true parameters, that
is 0% k18 the coefficient k € pa(y) Wthh represents the influence of node k£ on node j. However
our results apply more generally and we do not require that X; belongs to an NEF-QVF
DAG model.

Similar definitions are required for parameters associated with the moralized graph G™.

Define OM_ € Oy, as the solution of the following GLM problem for a node j over its
neighbors where © 7, := {6 € RP : [0, = 0 for k ¢ N(5)}.

O, = arg eénéﬁ E (—X;([0]5 + (Oagy X)) + A (1015 + (Bl X)) - (7)

We impose the following identifiability assumptions on 67, and 63, for ensuring each
parents and each neighbor has non-zero influence on a node j, respectlvely

Assumption 6 (a) For any node j € V and k € pa(j),
Cov(Xj, Xi) # Cov( Xk, VA;([0p,]; + (0D, ] paciyk: Xpaing)))-
(b) For any node j € V and k € N(j),
Cov(X;, X)) # Cov( Xy, VA;([0hr,]5 + {[0ar, v e Xnvng))-

Assumption 6 can be understood as a notion of restricted faithfulness only for neighbors
and parents for each node. To provide intuition consider the special case of Gaussian
DAG models. The log-partition function is A;(n) = 2, so that \yA4;(n) = 1. Then,
the condition boils down to Cov(X;, Xy) # Zmepa \k[Q JmCov (X, X,,), meaning the
directed path from Xj to X; does not exactly cancel the sum of paths from other parents
of Xj. For general exponential families, the right-hand side involves non-linear functions of
the variables of X corresponding to sets of measure 0. Under Assumption 6, the following
result holds.

Lemma 7 (a) Under Assumption 6(a), for all1 < j <p, supp(ij)j) = pa(j).

(b) Under Assumption 6(b), for all1 < j <p, supp(H}"\/[j) = N(j).

Using the parameters (63, ) _y and (0} )}—; and their relationships to pa(j) and N (j)
respectively, we provide conswtency guarantees for Steps 1) and 3) respectively.

3.2.1 STEP 1): RECOVERY OF THE MORALIZED GRAPH VIA /1-PENALIZED LIKELIHOOD
REGRESSION FOR GLMS

We first focus on the theoretical guarantee for recovering the moralized graph G™. As
we mentioned earlier, we approach this problem by solving an empirical version of the
¢1-penalized likelihood regression. Given n i.i.d. samples X'" = (X (Z))Z”:1 where X =

12
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(X fi), Xéi) e ,X}f)) is a p-variate random vector drawn from the underlying DAG model,
we define the conditional negative log-likelihood for a variable X;:

n

000X = =57 (X0 + (B XE) + A6+ (v X)) ®)
=1

where § € RP and A;(-) is the log-partition function determined based on the chosen GLM

family (3).
We analyze the ¢1-penalized log-likelihood for each node j € V:

éMj = arg;g}i@ 0(0; X1 + Anll 0]l 9)

where A\, > 0 is the regularization parameter. Based on éMj, the estimated neighborhood
of node j is N'(j) := {k € V\j : [0m]s # 0}. Based on Lemma 7, supp (6. = N(j) where
0}‘\4], is defined by (7). Hence if for each j, éMj in (9) is sufficiently close to 9}‘\/[j, we conclude
that N'(j) = N(j).

We begin by discussing the assumptions we impose on the DAG G. Since we apply the
neighborhood selection strategy in Steps 1) and 3), we will present assumptions for both
steps here. Most of the assumptions are similar to those imposed in Yang et al. (2012)
where neighborhood selection is used for graphical model learning. Important quantities
are the Hessian matrices of the negative conditional log-likelihood of a variable X; given
either the rest of the nodes Q™ = 72¢; (0}% ; X1™), and the nodes before j in the ordering

QPi = v%f(&}‘jj;le) which we discuss in Section 3.2.3. Let Agg be the |S| x |S]| sub-
matrix of the matrix A; corresponding to variables Xg.

Assumption 8 (Dependence assumption) There ezists a constant pmin > 0 such that

min min (Amin (@) Ao @iy pay)) = i

Moreover, there exists a constant pmax < 00 such that

LS @ (@ 7
rjnea‘vf (Amax (n ZlXN(J) (X/\/(])) < Pmax
1=
where Amin(A) and Amax(A) are the smallest and largest eigenvalues of the matriz A, re-
spectively.
Assumption 9 (Incoherence assumption) There erists a constant a € (0,1] such that

Mj Mj -1 Dj Dj -1 _
The dependence assumption 8 can be interpreted as ensuring that the variables in both
N (j) and pa(j) are not too dependent. In addition, the incoherence assumption 9 en-
sures that variables that are not in the set of true variables are not highly correlated with
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variables in the true variable set. These two assumptions are standard in all neighbor-
hood regression approaches for variable selection involving f;-based methods and these
conditions have imposed in proper work both for high-dimensional regression and graphical
model learning (Yang et al., 2012; Meinshausen and Biihlmann, 2006; Wainwright et al.,
2006; Ravikumar et al., 2011).

To ensure suitable concentration bounds hold, we impose two further technical assump-
tions. Firstly we require a boundedness assumption on the moment generating function to
control the tail behavior.

Assumption 10 (Concentration bound assumption) There exists a constant M > 0
such that

max E(eap(| ;) < M.
JeV

We also require conditions on the first and third derivatives on the log-partition functions
A;j(.) for 1 < j < p in Equations (8) and (10). Let A’(.) and A7’(.) are the first and third
derivatives of A;(.) respectively.

Assumption 11 (Log-partition assumption) For the log-partition functions A;(-) in
Equation (8) or (10), there exist constants k1 and kg such that max;jey{|A%(a)l, |47 (a)[} <
n"2 for a € [0, k1 max{log(n),log(p)}), k1 > 6 max (|03, (11, 107, 1) and r2 € [0,1/4].

Prior work in Yang et al. (2012); Ravikumar et al. (2011); Jalali et al. (2011) impose
similar technical conditions that control the tail behavior of (X j)?:l‘ It is important to
note that there exist many distributions and associated parameters that satisfy these as-
sumptions. For example the Binomial, Multinomial or Exponential distributions, the log-
partition assumption 11 is satisfied with k2 = 0 because the log-partition function A;(-) is
bounded. For the Poisson distribution which has one of the steepest log-partition function,

. . . . 1 .
A;(4) 1: exp(+). Hence, in order to satisfy Assumption 11, we require ||9}‘VIJ_ I < 4801%)210 with

R = R

Putting together Assumptions 8 9, 10, and 11, we have the following main result that
the moralized graph can be recovered via f¢i-penalized likelihood regression for GLMs in
high-dimensional settings.

Theorem 12 (Learning the moralized graph) Consider the DAG model (1) satisfying

the QVF property (2) and d is the mazimum degree of the moralized graph. Suppose that

Assumptions 6(b), 8, 9, 10 and 11 are satisfied. Assume On; is any solution to the optimiza-
2

. 9 10g2 (max{n,p}) Pmin
tion problem (9) and - npae <A < 30n~2 log(max{n,p})dpmax
10

and minjey mingepr(;) [[03)e] > 10_\/d\,. Then for any constant ¢ > 0, there exists a

Pmin

for some a € (2k2,1/2),

1
positive constant C. such that if n > Ce(dlog® max{n,p})*—=2,

P(supp(rr;) = N(j)) > 1 — ¢,

foralljeV.
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We defer the proof to Appendix C. The key technique for the proof is that standard
primal-dual witness method used in Wainwright et al. (2006); Ravikumar et al. (2011); Jalali
et al. (2011); and Yang et al. (2012). Theorem 12 shows that the moralized graph G"" can be

1

recovered via ¢1-penalized likelihood regression if sample size n = Q((dlog®(max{n,p}))*+2)
with high probability.

3.2.2 STEP 2): RECOVERING THE ORDERING USING OVERDISPERSION SCORES

In this section, we provide theoretical guarantees for recovering the ordering for the DAG G
via our generalized ODS algorithm. The first required condition is a stronger version of the
identifiability assumption (Assumption 4) since we move from the population distribution
to the finite sample setting.

Assumption 13 For all j € V and any pag(j) C pa(j) where pag(j) # 0 and S C nd(j) \
pag(j):

(a) There exists an Mpyin > 0 such that Var(E(X; | X

pa(s)) | X5) > Munin.

(b) There exists an wmin > 0 such that |Bjo + Bj1E(X; | Xg)| > wmin-

Assumption 10 is required since the overdispersion score is sensitive to the accuracy of
the sample conditional mean and conditional variance. Since the true ordering 7* may not
be unique, we use £(7*) to denote the set of all the orderings that are consistent with the
true DAG G.

Theorem 14 (Recovery of the ordering) Consider the DAG model (1) satisfying the
QVF property (2) with co-efficients (5;‘0,/8]‘1)?:1 and d is the mazimum degree of the mor-
alized graph. Suppose that Sj1 > —1 for all j € V, and the structure of the moralized
graph G™ is known. Suppose also that Assumptions 10 and 13 are satisfied. Then for
any € > 0 and ¢g > log?(max{n,p}), there exists a positive constant K. such that for
n > K. log®*(max{n,p}),

Pre&(r™)>1—e

The detail of the proof is provided in Appendix D. The proof is novel and involves the
combination of the transformation and overdispersion property exploited in Theorem 5.
Intuitively, the estimated overdispersion scores Si (m, 7) converge to the true overdispersion
scores S(m, j) as the sample size n increases which is where we exploit Assumption 10.
This allows us to recover a true ordering for the DAG G. Assuming the moralized graph
G™ is known is essential to exploiting the degree condition on the moralized graph and
emphasizes the importance of Step 1) and Theorem 12.

Theorem 14 claims that if the triple (n,d, p) satisfies n = Q(log , our generalized
ODS algorithm correctly estimates the true ordering. Therefore if the moralized graph is
sparse (i.e., d = Q(logp)), our generalized ODS algorithm recovers the true casual ordering
in the high-dimensional settings. Note that if the moralized graph is not sparse and d =
Q(p), the generalized ODS algorithm requires an extremely large sample size. Prior work
on DAG learning algorithms in the high-dimensional setting has been based on learning
the Markov equivalence class in settings with additive independent noise (see e.g., Loh and
Bithlmann 2014; van de Geer and Biihlmann 2013).

5+d p)
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3.2.3 STEP 3): RECOVERY OF THE DAG VIA {1-PENALIZED LIKELIHOOD REGRESSION

Similar to Step 1), we provide a theoretical guarantee for Step 3) using ¢1-penalized likeli-
hood regression where we estimate the parents of each node pa(j). Importantly, we assume
that Step 2) of the ODS algorithm has occurred and using Theorem 14, a true order-
ing has been learned. Recall that we impose the assumption that the true ordering is

™ = (1,2,---,p). Then, we estimate the parents of a node j over the possible parents
1,2, ,5—1}.
For notational convenience, we use Xi.; = (X1, X2,---,X;). Then for any variable X},

the conditional negative log-likelihood for a given GLM is as follows:

n

(P8 X) = S (X0 + (g1, XE)00) + A6 + By, X)) (10)
=1

where 6 € R/, and A;(-) is the log-partition function determined by a chosen GLM family.
We solve the negative conditional log-likelihood with ¢; norm penalty for each variable

in
Op, == arggrelg}ﬂ?w; )+ A 10)1:5-1 ] (11)

Recall that under Assumption 6(a), Lemma 7(a) shows that supp(H*Dj) = pa(j). Hence
if the solution of Equation (11) for each node j € V is close to 9})]_ in Equation (6), ;-
penalized likelihood regression successfully recovers the parents of node j.

Theorem 15 (Learning DAG structure) Consider the DAG model (1) satisfying the
QVF property (2) and d is the mazimum degree of the moralized graph. Suppose that As-

sumptions 6(a), 8, 9, 10 and 11 are satisfied. Assume éDj s any solution to the optimization
2 2
problem (11) and W < AP < 30773 10g(nfg;{i}in o for some a € (2k2,1/2), and

minjey minge ;) [[0pe] > prlTOm\/g)‘”' Then for any € > 0, there exists a positive constant
1

C. such that if n > Cc(dlog®(max{n,p}))arz,

A~

P(supp(0p,) = pa(j)) = 1 — €,
foralljeV.

The details of the proof are provided in Appendix E. The proof technique is again based
on the primal-dual technique as is used for the proof of Theorem 12. Theorem 15 shows
that ¢;-penalized likelihood regression successfully recovers the structure of G if the sample
size is n = Q((dlogg(max{n,p}))ﬁ) given the true ordering. Note once again that we
exploit the sparsity d of the moralized graph.

So far, we have provided sample complexity guarantees for all three steps of the gener-
alized ODS algorithm. Combining Theorems 12, 14, and 15, we reach our final main result
that the generalized ODS algorithm successfully recovers the true structure of a QVF DAG
with high probability. Furthermore if G is sparse (i.e., d = Q(logp)), the generalized ODS
algorithm recovers the structure of QVF DAG models in the high-dimensional setting.
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Corollary 16 (Learning QVF DAG models) Consider the DAG model (1) satisfying
the QVF property (2) and d is the mazimum degree of the moralized graph. Suppose that
Assumptions 6, 8, 9, 10 and 11 are satisfied and all other conditions of Theorems 12, 14,

and 15 are satisfied and G is the output of the ODS algorithm. Then for any € > 0, there

1
exists a positive constant C. such that if n > C. max(dlog®(max{n, p}))s=+z,log?*?p),

PG=G)>1—c

Concretely, we apply Corollary 16 to popular examples for our class of QVF DAG
models. As we discussed earlier, Poisson DAG models have (8o, 3j1) = (1,0), the steepest
log-partition function A;(-) = exp(-), and ky = l if {|63,. ”1 = 8log 1;iZ{n R Then, our
generalized ODS algorlthm recovers P01sson DAG models with hig probablhty if n =

Q(max{(dlog® p)*,log""¥p}) and a = 2. Binomial DAG models have (8y;, 51;) = (0, —%)
where NNV is a binomial distribution parameter, the log-partition function A;(-) = N log(1 +
exp(+)), k2 = 0. Then, the generalized ODS algorithm recover Binomial DAG models with

high probability if n = Q(max{(dlog?p)?,log®*?p}) and a = 3.

4. Simulation Experiments

In this section, we support our theoretical guarantees with numerical experiments and
show that our generalized ODS algorithm 1 performs favorably compared to state-of-the-
art DAG learning algorithms when applied to QVF DAG models. In order to validate
Theorems 12, 14, and 15, we conduct a simulation study using 50 realizations of p-node
Poisson and Binomial DAG models (3). That is, the conditional distribution for each node
given its parents is either Poisson and Binomial. For all our simulation results, we generate
DAG models (see Figure 3) that ensure a unique ordering 7* = (1,2,---,p) with edges
randomly generated while respecting the desired maximum number of parents constraints
for the DAG. In our experiments, we always set the number of parents to two (the number
of neighbors of each node is at least three, and therefore d € [3,p — 1]).

The set of parameters (6;;,) for our GLM DAG models (3) encodes the DAG structure as
follows: if there is no directed edge from node k to j, 8, = 0, otherwise 6,5, # 0. Non-zero
parameters 6, € E were generated uniformly at random in the range 6;, € [-1,—0.5] for
Poisson DAG models and 6, € [0.5,1] for Binomial DAG models. In addition, we fixed
parameters Ny, Na,---, N, = 4 for Binomial DAG models. These parameter values were
chosen to ensure Assumptions 10 and 11 are satisfied and most importantly, the count values
do not blow up. Lastly, we set the thresholding constant for computing the ODS score to
co = 0.005 although any value below 0.01 seems to work well in practice. We consider more
general parameter choices but for brevity, focus on these parameter settings.

To validate Theorems 12 and 14, we plot the proportion (out of 50) of simulations in
which our generalized ODS algorithm recovers the correct ordering to validate 7* in Figure 4.
We plot the accuracy rates in recovering the true ordering 1(7 = 7*) as a function of the
sample size (n € {100,500, 1000, 2500, 5000, 10000}) for different node sizes (p = 10 for
(a) and (c), and p = 100 for (b) and (d)) and different distributions (Poisson for (a) and
(b) and Binomial for (¢) and (d)). In each sub-figure, two different choices for off-the-shelf
algorithms for Step 1) are used; (i) ¢; penalized likelihood regression (Friedman et al., 2009)

where we chose the regularization parameter \ = log(mgw for Poisson DAG models and
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Figure 3: Structure of the DAG we used in numerical experiments. Solid directed edges
are always present and dotted directed edges are randomly chosen based on the
given number of parents of each node constraints
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Figure 4: Probability of recovering the ordering of a DAG via our generalized ODS algo-
rithm using two different algorithms (¢1-penalized likelihood regression and GES
algorithm) in Step 1)

A= m for Binomial DAG models; and (ii) the GES algorithm (Chickering, 2003)
is applied for Step 1) where we used the mBDe (modified Bayesian Dirichlet equivalent,
Heckerman et al. 1995) score and then the moralized graph is generated by moralizing the
estimated DAG.

Figure 4 shows that our generalized ODS algorithm recovers the true ordering 7* well if
the sample size is large, which supports our theoretical results. In addition, we can see that
the ¢1-penalized based generalized ODS algorithm seems to perform substantially better
than the GES-based ODS algorithm. Furthermore, since ¢;-penalized likelihood regression
is the only algorithm that scales to the high-dimensional setting (p > 1000), we used ¢1-
penalized likelihood regression in Steps 1) and 3) of the generalized ODS algorithm for
large-scale DAG models.

Figure 5 provides a comparison of how accurately our generalized ODS algorithm per-
forms in terms of recovering the full DAG model. We use two comparison metrics related
to how many edges and directions are incorrect. First, we measured the Hamming distance
between the skeleton (edges without directions) of the true DAG and the estimated DAG
in (a), (c), (e) and (g). In addition, we measured the Hamming distance between the esti-
mated and true DAG models (with directions) in (b), (d), (f), and (h). We normalized the
Hamming distances by dividing by the maximum number of errors (72’) for the skeleton and
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Figure 5: Comparison of the generalized ODS algorithms using ¢;-penalized likelihood re-
gression (in Steps 1) and 3)) and the GES algorithm (in Steps 1) and 3)) to two
state-of-the-art DAG learning algorithms (the MMHC and the GES algorithms)
in terms of Hamming distance to skeletons and directed edges of Poisson and
Binomial DAG models.

p(p — 1) for the full DAG respectively meaning the maximum normalized distance is 1. We
compare to two state-of-the-art directed graphical model learning algorithms, the MMHC
and GES algorithms for both Poisson and Binomial DAG models. Similar to learning the
ordering, we used two generalized ODS algorithms exploiting ¢1-penalization in both Steps
1) and 3) and the GES algorithm in both Steps 1) and 3). We considered small-scale DAG
models with p = 10 in (a), (b), (e) and (f), and p = 100 in (c), (d), (g) and (h).

As we see in Figure 5, the ODS algorithms significantly out-perform state-of-the-art
MMHC and GES algorithms in terms of directed edges and skeleton. For small sample
sizes, the generalized ODS algorithms have poor performance because they fail to recover
the ordering, however we can see that the GES-based generalized ODS algorithm always
performs better than the GES algorithm. This is because the generalized ODS algorithm
adds directional information to the estimated skeleton via the GES algorithm, and hence
the GES-based generalized ODS algorithm cannot be worse than the GES algorithm in
terms of recovering both directed edges and skeleton. Furthermore Figure 5 shows that as
sample size increases, our generalized ODS algorithms recovers the true directed edges and
the skeleton for the DAG more accurately than state-of-the-art methods, which is consistent
with our theoretical results.

Next we consider the performance for large-scale DAG models to show that the ODS al-
gorithm works in the high-dimensional setting. In all experiments, we used the ¢;-penalized
likelihood regression for GLMs in Steps 1) and 3) for the generalized ODS algorithm since it
is the only graph-learning algorithm that scales. Figure 6 plots the statistical performance
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Figure 6: Performance of the generalized ODS algorithm using ¢;-penalized likelihood re-
gression in both Steps 1) and 3) for large-scale DAG models with the node size
p = {1000, 2500, 5000}

of the generalized ODS algorithm for large-scale Poisson DAGs in (a), (b), and (c¢) and Bi-
nomial DAGs in (d), (e), and (f). Furthermore, (a) and (d) represent the accuracy rates of
the recovering the ordering, (b) and (e) show the normalized Hamming distance to the true
skeleton, and (c) and (f) show the normalized Hamming distance for the true edge set of
the DAG. Accuracies vary as a function of sample size (n € {500, 1000, 2500, 5000, 10000} )
for each node size (p = {1000, 2500,5000}). Similar to small-scale DAG models, Figure 6
shows that the generalized ODS algorithm recovers the ordering and the skeleton of the
DAG in the high-dimensional settings.

In Figure 7, we compared the run-time of the generalized ODS algorithms using ¢;-
penalized likelihood regression for GLMs in Steps 1) and 3) to the run-time of the MMHC
and the GES algorithms. We measured the run-time for Poisson DAG models by varying
(a) node size p € {10, 20, 40, 60, 80, 100} with fixed sample size n = 10000 and exactly two
parents of each node, (b) sample size n € {100, 500, 1000, 2500, 5000, 10000} with the fixed
node size p = 100 and two parents of each node, and (c¢) the number of parents of each node
€ {1,2,3,4,5,6} with the fixed sample size n = 10000 and node size p = 20. The results
of (a) and (b) show that the generalized ODS algorithm is not always slower than the GES
algorithm. In addition, (c¢) also shows that the run-time of the generalized ODS algorithm
depends significantly on the number of parents for each node. Figure 7 shows that the
generalized ODS algorithm is significantly slower than the MMHC algorithm, however this
is because the MMHC algorithm often stops earlier before they reach the true DAG (see
Figure 5).
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Figure 7: Comparison of the generalized ODS algorithms using ¢;-penalized likelihood re-
gression in Steps 1) and 3) to two standard DAG learning algorithms (the MMHC
and the GES algorithms) in terms of running time with respect to (a) node size
p, (b) sample size n, and (c¢) number of parents of each node

5. Real Multi-variate Count Data: 2009/2010 NBA Player Statistics

In terms of real data applications, one of the advantages of our ODS algorithm is that
it provides a scalable approach for learning DAG models when variables are counts. In
particular other approaches such as GES, MMHC and approaches based on conditional
independence testing suffer severely from the fact that we are dealing with discrete variables
where the number of discrete states is potentially large or infinite and represents counts.
In this section, we demonstrate this advantage using a simple data set that involves multi-
variate count data which models basketball statistics for NBA players during the 2009/10
season. To the best of our knowledge, our ODS algorithm is the only algorithm that
provides a reliable and scalable approach for DAG learning with multi-variate count data,
albeit under strong assumptions.

Our data set consists of 441 NBA player statistics from season 2009/2010 (see R package
SportsAnalytics for detailed information). The original data set contains 24 covariates:
player name, team name, players position (PG, SG, SF, PF or C), total minutes played,
total number of field goals made, field goals attempted, threes made, threes attempted, free
throws made, free throws attempted, offensive rebounds, rebounds, assists, steals, turnovers,
blocks, personal fouls, disqualifications, technicals fouls, ejections, flagrant fouls, games
started and total points. We eliminated player name, team name, number of games played,
and players position, because our focus is to find the directional or causal relationships
between statistics. We also eliminated ejections and flagrant fouls because both did not
occur in our data set. Therefore the data set we consider contains 18 variables.

As we see in Figure 8 (left), all 18 variables are positively correlated. This makes sense
because the total minutes played is likely to be positively correlated with other statistics,
and some statistics have causal relationships (e.g., the more shooting attempt implies the
more shooting made). The box plots in Figure 8 (right) show that the NBA statistics are
significantly different depending on the player position. This is also makes sense because
each position takes a different role. C and PF are expected to play near the baseline, hence
they have more rebounds, blocks, and fouls. PG is expected to pass a ball and play far

21



PARK AND RASKUTTI

Attempted
rowsMade
eThrowsAttempted

nalFouls
alifications
200

oooooo
mmmmm

mmmmmm

[dGoalsMade
[dGoalsAttempted

ee:
ee:
eTl

TotalMinutesPlayed
FieldGoalsMade
FieldGoalsAttempted
ThreesMade
ThreesAttempted
FreeThrowsMade

TotalRebounds
200 400 600 800 1000
L L L L L

50 100 150 200 250
L L L L L

(——
T
{
-
- —
———

0

b

b

b

b

b

0

peo- B B B
[J-4 eeomee 0o @

s feeeei e
H

b

e
=
0

. ] ..-. TotalMinutesPlayed

wwwwwwwwww
FreeThrowsAttempted C PF PG SF SG C PF PG SF SG C PF PG SF SG C PF PG SF SG

OffensiveRebounds

800
L

TotalRebounds

o
800
L

-
Assists |

150
4
600
L

Steals

1)
N
600
L
4
4

Turnovers
Blocks

K

[ ]
PersonalFouls ..

=

s
=
Assists
400
E
FieldGoalsMade
400

50

Disqualifications
TotalPoints

200
200
L

Technicals

i)

GamessStarted

Figure 8: Correlation Plots for NBA statistics (left). Blue represents a high correlation
and white represents a small correlation. Box plots for some NBA statistics
depending on positions (right). Box plots consider the total number of rebounds,
blocks, personal fouls, assists, steals, three points made, field goals made, and
free throws made.

from the basket, hence PG has more steals, assists, turnover and the number of three points
made. Hence the directed graph for each position may not be the same. For example, the
directed graph for the position C and PF may not have an edge between total points and
three points made because those positions players usually make a very small number of
three points made while the directed graph for other positions may have an edge between
total points and three points made. We also plotted DAG models for different positions,
but for ease of presentation we combined all positions.

We assumed each node conditional distribution given its parents is Poisson because
most of NBA statistics we consider are the number of successes or attempts counted in the
season. Hence we applied the ODS algorithm 1 for Poisson DAG models where ¢1-penalized
likelihood regression is used in Steps 1) and 3). We used leave-one-out cross validation
to choose the tuning parameters, and chose the largest value where mean squared error is
within 1 standard error of the minimum mean squared of error because we prefer a sparse
graph containing only legitimate edges.

Figure 9 (left) shows the directed graph estimated by our method. The estimated
graph reveals clear causal/directional relationships between statistics. A large number of
shootings attempted implies a large number of shootings made that implies large total
points. Moreover, a large number of rebounds implies a large number of offensive rebounds,
and a large number of fouls implies more frequent disqualifications. Lastly, the more total
minutes played, the more number of games started, total points and other statistics.

We also find the two clusters related to positions; (i) C and PF related nodes (blocks,
offensive rebounds, rebounds, personal fouls, technical fouls, and disqualification) (ii) PG
related nodes (steals, assists, turnover, and the number of three points attempts and made).
Within the clusters, the nodes are highly connected although there may be no causal or
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Eliminated Edges 1 | Assist — ThreesMade, Turnovers — FreeThrowsMade,
Disqualification — GamesStarted, Technicals — Blocks,
Steal — ThreesMade, Steal — TotalPoints,

Eliminated Edge 2 | TotalPoints — ThreesMade

Added Edge Steals — TotalMinutesPlayed

Table 2: The differences between the estimated DAGs in Figure 9.

directional relationships. It can be understood that position variable is a latent variables,
and if the position variable is considered in the graph, some false directed edges may be
eliminated. However, we do not add the position variable in the graph because Multinomial
distribution does not belong to the class of QVF distribution.

There are many unexplainable edges in Figure 9 (left) due to the assumptions made
which are not completely satisfied by the real data. In order to obtain a sparser graph with
legitimate edges, we applied the ODS algorithm with the same procedures except that we
chose a larger tuning parameter where mean squared of error is within 2.5 standard error
of the minimum mean squared of error.

Figure 9 (right) shows the estimated directed graph using large tuning parameters.
Compared to Figure 9 (left), the estimated DAG has fewer edges as expected. Specifically,
the estimated DAG in Figure 9 (right) excludes unrealistic edges (Eliminated Edges 1 in
Table. 2). However the estimated DAG also loses a legitimate edge (Eliminated Edge 2 in
Table. 2) because C and PF have fewer number of three points made. Lastly, the estimated
DAG includes explainable additional edge (Added Edge in Table. 2) because Step 1) of the
ODS algorithm reduces the search-space of DAGs well, and improves the accuracy of the
graph structure learning.

We acknowledge that our estimated DAG model makes many errors due to the restric-
tive assumption. However the benefit is best seen by comparing to other DAG learning
approaches and an undirected graphical model. In particular, we applied Poisson undi-
rected graphical models (Yang et al., 2013) which is the same procedure of Step 1) of our
algorithm. The estimated undirected graph in Figure 10 (left) shows that a lot of nodes are
connected by edges, and many edges are not explainable because the Poisson undirected
graphical model only permits negative conditional relationships while all 18 variables are
positively correlated. Hence it is not useful to understand the relationships between NBA
statistics. We provide the estimated undirected graph with larger tuning parameter where
mean squared of error is within 2.5 standard error of the minimum mean squared of error.

We also compare to the GES and MMHC algorithms. In particular, the estimated
graphs in Figure 10 (right) are the same and both algorithms use the Bayesian Dirichlet
score for count data which prefers a sparse graph when the positivity assumption is violated
(i.e., J3(Xj = z; | pa(Xj;)) = 0). Since all statistics have high cardinality, which means each
variable has almost no repeats in its data range, the positivity assumption is not satisfied.
Hence the estimated directed graphs are extremely sparse which have a single directed edge
between technical fouls and disqualification.

Since our method is the first identifiability result for the count data to the best of our
knowledge, our method more reliably recovers the directional/causal relationships between

23



PARK AND RASKUTTI

Disqualification
[——y

‘ Blocks Qﬁnsivanhounds | | Disqualiﬁcationj;:‘ Blocks wnsivuf{obounds |
f f

1 ./——‘ Technicals ‘ ‘ PersonalFouls “—' TotalRebounds ‘ "—/4 Technicals ‘ [ PersonalFouls “_{ TotalRebounds ‘
TotalMinutesPlayed TotalMinutesPlayed

GamesStartec

Turnovers

TotalPoints

‘ FreeThrowsMade | FreeThrowsMade ‘ ‘ FieldGoalsMade ‘

[ FieldGoalsMade |

ThreesMade ThreesMade

| ThreesAttempted ‘ ‘ FreeThrowsAttempted ‘ [ FieldGoalsAttempted ‘ ‘ ThreesAttempted ‘ l FreeThrowsAttempted ‘ ‘ FieldGoalsAttempted ‘

Figure 9: NBA players statistics directed graph estimated by the ODS algorithm for Poisson
DAG models using ¢1-penalized likelihood regression in Steps 1) and 3) with small
tuning parameters (left) and large tuning parameters (right).
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Figure 10: NBA players statistics undirected graph estimated by ¢;-penalized likelihood
regression (left) and directed acyclic graph estimated by GES and MMHC algo-
rithms (right).

NBA statistics. However we acknowledge that like most other DAG-learning approaches,
very strong assumptions are required fore reliable recovery.
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Appendix A. Proof for Theorem 5

Proof Without loss of generality, we assume the ordering is 7* = (1,2,--- ,p). For nota-
tional convenience, we define X1.; = {X1, Xo,--- , X;} and X1.0 = 0. Form € {1,2,...,p—1}
and j € {m,m+1,--- ,p}, let wim = (Bo+FE(X; | X1:m—1)) tand w1 = (Bo+BE(X;)) L.
Recall that the overdispersion score of node j for m!”* element of the ordering is Equation (5):

S(m,]) = w]szar(Xj | Xl:mfl) — wij(Xj ‘ Xl;mfl).

We now prove identifiability of our class of DAG models by induction. For the first
element of the ordering (m = 1),

S(1,j) = w} Var(X;) — wjiE(X;)
(a) -
= jzl{var(E(Xj ‘ Xpa(j))) + E(Var(Xj ’ Xpa(j))) - wjllE(Xj)}

D 2 [Var(B(X; | Xpagy)) +EBE(X; | Xpagy) + AEX; | Xpa)?)
— (Bo + S1E(X;))E(X;)}

= wi {Var(B(X; | Xpa())) + BIEE(X; | Xpag))?) — SE(X;)?}

= Wi (14 1) Var(E(X; | Xpu(j))-

(a) follows from the variance decomposition formula Var(Y) = E(Var(Y | X)) + Var(E(Y |
X)) for some random variables X and Y. In addition (b) follows from the quadratic variance
property (2) of our class of distributions and the definition of w;;. Note that the score of
the first element of the ordering is S(1,1) = 0 because Var(E(X;)) = 0, and other scores
are strictly positive S(j,1) > 0 by the assumption $; > —1 . Therefore 1 is the first element

of the ordering.
For the (m — 1) element of the ordering, assume that the first m — 1 elements of the

ordering are correctly estimated. Now, we consider the m** element of the ordering. Then,
for j e {m,m+1,--- p},

S(ma.]) = wjzmvar(Xj | Xl:m—l) - wj'mE(Xj ‘ Xl:m—l)

(a) -
= Wi, {Var(E(X; | Xpag)) | X1:m-1) + E(Var(X; | Xpagj)) | Xiim-1) — WinE(X; | X1m-1)}

(®)
= w2 {Var(B(X; | Xpa(j) | X1m—1) + E(BE(X; | Xpa(j) | X1m—1)
+ B1E(X; | Xpag) | Xi:m—1)?) = (Bo + BIE(X; | X1im—1))E(X | Xiim-1)}
= Wi {Var(E(X; | Xpa()) | X1:m-1) + SEEX; | Xpag)® | X1m-1) — S1E(X; | X1m—1)?}
= wl,, (1L + 1) Var(B(X; | Xpa(j)) | X1im—1)-

Again (a) follows from the variance decomposition formula, and (b) follows from the
quadratic variance property (2) of our class of distributions and the definition of wjy,. If
pa(j)\{1,2,- -+ ,m—1} is empty, Var(E(X; | Xp,;)) | X1.m—1) = 0, and hence S(m, m) = 0.
On the other hand, for any node j in which pa(j)\{1,2,--- ,m—1} is non-empty, S(m, j) > 0
by the assumption 3;; > —1, which excludes it from being next in the ordering. Therefore,
we can estimate a valid m!* component of the ordering, 7,,, = m. By induction this com-
pletes the proof. |
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Appendix B. Proof for Lemma 7

Proof We begin with part (a). By the construction 9]*3], in Equation (6), [G*Dj]k = 0 for any
node k ¢ pa(j). Hence, it is sufficient to show that for any k € pa(j), [Q*Dj]k # 0. Assume
for the sake of contradiction that [0;5]_] r = 0. Applying the first order optimality condition
to Equation (6), we have

E(X;) = EA5([0p,]; + (9D, ]Ipag), Xpa)) (12)
E(X;Xk) = E(Aj([0),]; + ([0D,Ipag)> Xpa))) Xk)-
By the definition of the covariance, we obtain
E(X;Xy) = Cov(A([0p,]; + ([0D,]pai): Xpa()): Xk):
+E(A([0D,]; + ([0, Ipag), Xpag))) ) E(Xk)-
By Equation (12),
E(X;Xg) = Cov(A'([0D,]; + ([0, Ipag): Xpa)))s Xk) + E(X;)E(Xg).
Therefore,
Cov(Xj, X) = Cov(A'([0,1; + (0D, ]pag), Xpa)))s Xk)-
By Assumption 6 (a), we have [H*Dj] r =0, and
Cov(Xj, Xz) = Cov(D'([07,]; + (10D, ]pagiyk: Xpang)): Xk);

which is a contradiction by our earlier assumption. Therefore [G*D]_]k # 0. Furthermore
since k € pa(j) is arbitrary, the proof is complete. The proof for part (b) follows exactly
the same line of reasoning. |

Appendix C. Proof for Theorem 12

In this section, we provide the proof for Theorem 12 using the primal-dual witness method
that also used many works (see e.g., Yang et al. 2012; Meinshausen and Biithlmann 2006;
Wainwright et al. 2006; Ravikumar et al. 2011). We begin by introducing propositions to
control the tail behavior for the distribution of each node:

Proposition 17 Define

. (4)
G = g e 1G] < dlog(n)

Under Assumption 10, P(£§) < M -n~2.

Proposition 18 Suppose that X is a random vector according to the DAG model (1), and
Assumption 10 is satisfied. Then, for any vector u € RP such that ||uly < ¢, for any
positive constant J,

P(|(u, X)| > dlogn) < M -p-n~0/°. (13)
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Using these concentration results, we show that ¢;-penalized regression recovers the
neighborhood for a fixed node j € V' with high probability. For ease of notation, we define
a new parameter § € RP~! without the node j since the node j is not penalized in regression
problem (9). Then, the conditional negative log-likelihood of the GLM (8) is:

n 1 ¢ i i i
40X = =3 (=x0.X0) + 4,0, X7,))) -
=1

The main goal of the proof is to find the unique minimizer of the following convex
problem:
0 — : _ : . vl
O, = arg min £;(0,An) = arg min {£;(0; X™) + An[|6]|1}. (14)

By setting the sub-differential to 0, §M]. must satisfy the following condition:
V0 L0115 M) = Vol (01, X1 + X Z = 0 (15)

where Z € RP~! and Z, = sign([gMj]t) if t € N(j), otherwise \Z| <1

The following Lemma 19 directly follows from prior works in Ravikumar et al. (2010)
and Yang et al. (2012) where each node conditional distribution is in the form of a gener-
alized linear model. For notational convenience, let S = N (j).

Lemma 19 Suppose that |2t| < 1 fort ¢ S. Then, the solution §Mj of (14) satisfies
[(/9\Mj}t =0 fort ¢ S. Furthermore, if the sub-matriz of the Hessian matriz Qg/jé is invertible,

then Oy, is unique.

The remainder of the proof is to show |Zy| < 1forall t ¢ S. Note that the restricted so-
lution in Equation (19) is (01s,, Z). Equation (15) with the dual solution can be represented
by

V(033 XY By, — O3y) = —AnZ — W+ RY

where:

(a) W} is the sample score function.

W= — 7 405, X, (16)

(b) R} = (R}, R}y, , R}, ;) and R} is the remainder term by applying the coordinate-

wise mean value theorem.

n * m ok m Ak *
ne = [V (03,5 X 1) — 204 X IO - 03r,). (17)

Here 0}? is a vector on the line between 6 and 0}, and [1F is the k™" row of a matrix.
Then, the following proposition provides a sufficient condition to control Z.
Proposition 20 Suppose that max(||W} oo, [[ 2} [|oc) < %. Then | Zy) < 1 for allt ¢ S.
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Next we introduce the following three lemmas to show that conditions in Proposition 20
hold. For ease of notation, let = max{n,p} and fg = [9M ] and fge = [GMJ]SC Suppose
that Assumptions 8, 9, 10, and 11 are satisfied.

K 2
Lemma 21 Suppose that A\, > 16 max{n infgn’log )} for some a € R. Then,

P W7l < a >1-—2d- exp(—a72 T2y M2
A T 42-a)) — 8(2 — )2
Lemma 22 Suppose that [|[W | < 5 Ao For A\, < < Sx;im,

P (18s - 03l < W)z 1o

An prznin 1
Lemma 23 Suppose that |W]'|[oc < . For Ap < 400(2 ) P e dTog

1R | oo a
P 710 >1-—92M-n2.
< )\n - 4(2 _a)> n 7

The rest of the proof is straightforward using Lemmas 21, 22, and 23. Consider the

K 2
choice of regularization parameter X, = -2 max{n i}log"’log 2 for a constant a € (2K2,1/2)

where ko is determined by Assumption 11. Then, the condition for Lemma 21 is satisfied,
and therefore ||[W, | < 2. Moreover, the conditions for Lemmas 22 and 23 are satisfied

1 1
for n > ¢’ max{(dlog®n)*=2w, (dlog®n)a=r2} for some positive constant C’. Then,
W] loo N 1R [
An An

<l-a)+%4+ %<1, (8

Zselloo < (1 — 2 —
[Zselloo < (1 =)+ (2—a) 1t

with probability of at least 1 — Cydexp(—Caon!=2%) — C3n~2 for positive constants Cy, Cy
and Cj.
”97”13' ||min

To prove sign consistency, it is sufficient to show that HgMj - 97\@- loo < 5—. By

n * n * 5 167 llmin
Lemma 22, we have ||, — HMJ-”OO < |0, — Oh,ll2 < =—Vd Ay £ —5 as long as

103, llmin > 50V A

mm

Lemma 7(b) guarantees that ¢1-penalized likelihood regression recovers the true neigh-
borhood for each node with high probability. Because we have p likelihood regression

1
problems, if n > C’(dlog®n)a=2%2), it follows that:
P(éﬁ =G™)>1—C1d-p-exp(—Con'™2%) — Csn~!
C.1 Proof for Proposition 17

Proof Applying the union bound and the Chernoff bound,

(i) (i)
< <
P(&)) < n.p. r]rlez%}le{r{lax }P (\X | > 4logn> n- maxE[eXp(\X ])]

By Assumption 10, we obtain max; ; E(exp(|X;|”)) < M, which completes the proof. M
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C.2 Proof for Proposition 18

Proof We exploit Hélder’s inequality (u, X) < [|u|l1 max;ecy | X;|. Therefore, we have
4]
P(|{u, X))| = dlogn) < P(max|X;| > ———logn).
jev [[ell1
Using the union bound, we have

s
P(max | Xj] > logn) <p- maxP(\X | > Tals logn).
je

Applying the Chernoff boundlng technique and Assumption 10 max; E(exp(|X;|) < M
we obtain

1) s
-max P(|X;| > ——lo < M-p-n Tulr,

By the assumption |lul|; < ¢/, we compete the proof. [ |

C.3 Proof for Proposition 20

Proof Since 5gc = (0,0,...,0) € RISl in our primal-dual construction, we can re-state
condition (15) in block form as follows. For notational simplicity, @ := Q™.

Qscs[gs—es] = Wg’c—)\nZSc—l—Rgc,,
Qsslls —05] = Wg— A\Zs+ Rg,

where W and RS are sub-vectors of W]’-"” and R}T‘ indexed by S, respectively.
Since the matrix (Qgg is invertible, the above equations can be rewritten as

QsesQgsWE — M\oZs — RE] = Wl — \yZse — Rl.
Therefore
(W — RS] — QsesQgalWE — Re] + \iQsesQgsZs = AnZse.
Taking the £,, norm of both sides yields

~ _ wn R%
1Zselleo < nggQSan[” Sloo | 15l

[Wielloo || R%elloo
M M * '

An An

Recalling Assumption (9), we obtain ||QscsQgsll/ < (1 — a), hence we have

+1]+

~ H”g”oo HR ||oo ||”§c||oo ”RncHoo
Zgelloo < (1-— 1
|1 Zse]|| < a) [ M, + A\, + 1|+ A\, + X,

Wil IR0
Il | IR]

< (1—a)+(2—0z)[ A x,

If [WH oo and [| R} |loo < 4>§”aa) as assumed,

~ «
1 Zselloo < (1—a) + 5 <1.
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C.4 Proof for Lemma 19

Proof The main idea of the proof is the primal-dual-witness method which asserts that
there is a solution to the dual problem 9M = GM if the following KKT conditions are
satisfied:

(a) We define an € O, where Oy, = {§ € RP™! : s = 0} as the solution to the
following optimization problem.

§M =arg min L£(0,\,) = arg min {£;(0; X*") + X\, |01} (19)
0O, 0€O N,
(b) Define Z to be a sub-differential for the regularizer || - ||; evaluated at an- For any

te S, Z, = sign([0ar,)s)-
(c) Forany t ¢ S, |Z;| < 1.

If conditions (a), (b), and (c) are satisfied, @\M = §M , meaning that the solution of
the unrestricted problem (14) is the same as the solutlon of the restricted problem (19).
Conditions (a), (b) and (c) suffice to obtain a pair (HM ,Z) that satisfies the optimality

condition (15), but do not guarantee that Z is an element of the sub-differential HHM IEt

(see details in Ravikumar et al. 2010, 2011). Since the sub-matrix of the Hessian Qg{g is
invertible, the restricted problem (19) is strictly convex, 6y, is unique. |

C.5 Proof for Lemma 21

Proof Each entry of the sample score function W}" in Equation (16) has the form W7, =

Jt —
LS w ) for any ¢ € S. In addition, Wi = 0 for all t ¢ S since 07, ]: = 0 by
the constructlon of GM], in Equation (7). For any t € S and i € {1,2,--- ,n}, Wl)

Xt(i)XJ(.i) — A (0%, X?))Xt(i) are independent and have mean 0.

Now, we show that ( ]Wj(f)\)?:l are bounded with high probability given the following
event &1 using Hoeffding’s inequality. Event & is defined as follows:

- i)
& o= {rjng;cleglaxﬂ)( \<4logn}

Conditioning on &, it follows that (95, g)) < 4log(n) - ||0|l1, Assumption 11 is
satisfied. Hence max; [A%((0%, X > | < n"2. Furthermore given &;, max; Xt(i)X ]@ <
161log?7n. Therefore there exists a constant Cmax(n,kag) := 16 max{n"2 logn,log® n} such
that max; ;¢ ]VVJ(Z)| < Cmax(n, K2).

Recall that d is the maximum degree of the moralized graph, therefore |S| < d. Applying
the union bound,

P(IW} e > 0,6) < d-max PW > 6.61).
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Using Hoeffding’s inequality,

2162

- mas P2 < 2d-exp(— ).
rtﬂe%x (|th| > 6’ 61) - eXp( Cmax(na K2)2

Suppose that § = 4()5”_0;) and A\, > w for some a € [0,1/2). Then

W7l o :

o nA2
P 12—yt =2 eXp( T 82— )2 Conax (0, @)2)
a’ 1—2a

Since P(A) = P(AN B) + P(AN B°) < P(AN B) + P(B°),

W oo .o W2l o

P e = 'O 21—

,&1) + P(&9).

Then, the probability bound in Equation (20) and Proposition 17 P(£5) < M - n~2
directly implies that

W5 lloo o a?

P 4(2—a))§2d'eXp(_8(2—a)2

n1—2a) M og2

C.6 Proof for Lemma 22

Proof In order to establish the error bound ||fs — 0%|| < B for some radius B, several
works (Yang et al., 2012; Ravikumar et al., 2010, 2011) already proved that it suffices to
show F'(ug) > 0 for all ug := 6 — 0% such that |ug|2 = B where

Fa) = (0% + a; X') = (0% X'™) + An(1105 + ally — [105]]h)- (21)

More specifically, since ug = s — 0% is the minimizer of F' and F(0) = 0 by the
construction of Equation (21), F(ug) < 0. Note that F' is convex, and therefore we have
F(us) < 0. Next we claim that ||ug|2 < B. In fact, if ug lies outside the ball of radius B,
then the convex combination v - ug + (1 — v) - 0 would lie on the boundary of the ball, for
an appropriately chosen v € (0,1). By convexity,

Fv-us+(1—-v)-0)<v-F(us)+(1—-v)-0<0 (22)

contradicting the assumed strict positivity of ' on the boundary.

Thus it suffices to establish strict positivity of F' on the boundary of the ball with radius
B := M \,V/d where M; > 0 is a parameter to be chosen later in the proof. Let ug € RISl
be an arbitrary vector with ||ug|s = B. By the Taylor series expansion of F' (21),

F(us) = (W§) us +u§[v4;(03 +vus; 2)]us + A (105 +usll — [05]1),  (23)
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for some v € [0, 1]. Since |[W2%||oo < 2= by assumption and [Jus|i < Vd||us|2 < Vd- B, the
first term in Equation (23) has the following bound:

n M,
((WE) Tus| < [WEloollusll < [[WElooVdlus2 < (An\/g)QT-

Applying the triangle inequality to the last part of Equation (23), we have the following
bound.

An(16% + usllt = 16501) = =Aallusl = =AaVd|us|lz = =Mi(AaVd)*.

Next we bound Apin (VQEj(Hg + vus)) where Apin () is the minimum eigenvalue of a
matrix:

q* = Amin (V2€j(9:§' + 'UUS))
> min Amin (724 (0%
> min (V2;(0% + vug))

« 1 ¢ « i) (i i
> Amin (V24(05)) — max || S A% + vus, Xs)uEXS X (X2
’ =1

n

1 . .
> pmin — max max — Y |AY((0% +vus, Xs))| - [uh XS] (T XS, 24
=7 ve[o,uy:nynzln§| i (05 5, Xs))| - lus Xg'| - (" Xg”) (24)

Next we define the event & in order to bound A% (05 + vug, Xs)).

)

52 = {le{r{laxn}<0§ + vug, Xé'z)> < K1 IOg 77}

On &, Assumption 11 is satisfied and
AT ((05 + vus, X)) < n"2, (25)

In addition, we bound the second term in Equation (24). Recall that || X g ) oo < 4logn
for all s € {1,2,--- ,n} on &. Since ||lus|; < Vd||lus|l2 < Vd- B,

uEX{| < 4log(n)Vi|lus|lz < 4log(n) - Midnd. (26)
Lastly, it is clear that maxy:”y”Fl(yTX g ))2 < pmax by the definition of the maximum
eigenvalue and Assumption 8. Together with the bounds of Equations (25) and (26) on the
events & and &o,
q* < Pmin — 4n"? 10g(77) - My And prmax-

Pmin * Pmin
For A\, < 5. Toa () M dpmas? We have ¢* < &5, Therefore,

1 min
Flu) > ()\n\/ﬁ)Q{ - 1M+ p2 M2 - Ml},

2
which is strictly positive for M; = ; > Therefore for A, < W given &1 and &a,

~ . 5
10 — 0%z < Vid,.

Pmin
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Since P(A) = P(ANBNC) + P(AN (BN C)°) < P(AN BN C) + P(B%) + P(C),
~ 5 -
P(Hes— bl > - mn> sp(res—egup

Here the probability of &5 is upped bounded as follows.

NS &) + P(E) + P(5).

min

(a) ;
P(&) < mnmaxP((0y, + vuS,Xé)> > k1 logn)

K

(2 0 M n_zue}zfjnl
() _2
< M-n~.

(a) follows from the union bound, and (b) follows from Proposition 18, and |lug|; <
Vd|lugllz < dMi, < ||9}k\/[j\|1 and minjey mingeg [[03]¢] > pi%\/&)‘"' Lastly (c¢) follows
from Assumption 11 that k1 > GHG’J‘MJ_ [|1-

In addition the probability bound of £ is provided in Proposition 17. Therefore

P (\\55 — 0

< A5. \/&An) >1-—2M -n 2

C.7 Proof for Lemma 23

Proof According to Equation (17), R?t for any t € S can be expressed as

n 1 ¢ * mn ] n 0 *
Ry = LS00 - o208 X6 - 03
i=1

= i;mﬂwz,xé’i{m—A;-’<<e” XE LX) 0 = 031)

for ég\?j which is some point in the line between gMj and 6y, (i.e., éj(\?j =uv- gMj +(1—v) O,
for some v € [0,1]).
By the mean value theorem,
1 - 1 3 Y * 7 7 Y *
B = 5 2 A 00, XX G, = )X, 06, O, 0

=1

for 9:](\2 which is a point on the line between 9_5\? and 9*
By Proposition 17, max; ]X | < 4logn given &;. Furthermore in Section C.6, we
showed that A;-"((HJ(W)J,,X M\j)) < 12 given & . Therefore, on &; and &, it follows that:

| ;Lt| < 4n"? log(n)pmaxHe - 97\4”%
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We showed that [|0 — 0% e < S5V, for A, < 00 —a) 5::;1 ps log( 7 given & and &
in the proof of Lemma 22. Therefore we obtain
100pmax aA
HRnHoo < Tad n2 log( ) )\721 < 4(27—n0z)

Since P(A) = P(ANBNC)+ P(AN(BNC)°) < P(ANBNC)+ P(B°) + P(C°) ,

. ) . N
P <HR"HOO > 4(;‘_&)> <p (yR oo > 4(;1_04)’51’52> () + P(&).

Putting the probability bounds for £f and &5 specified in Proposition 17 and Section C.6
together, we have
a\,

P (HR"HOO < 4(2)> >1-2M -5 2

Appendix D. Proof for Theorem 14

Proof Without loss of generality, assume that the true ordering is 7* = (1,2,--- ,p). Let
T;(X;) := w;jX; where w; = (Bo+ S1E(X]; | Xpa(j ))~! (specified in Proposition 3). For any
node j € Vand S € V' \ {j}, let pj5 and o? 7|5 Tepresent E(T;(X;) | Xs) and Var( 5(X5) |

Xg) respectively. For realizations z, let 11 g(2s) and Uj|s($5) denote E(T;(X;) | Xs = zs)
and Var(Tj(X;) | Xs = xg), respectively. Let n(zg) = > 1" 1(Xg) = zg) denote the total
conditional sample size, and ng = > _n(xrs)l(n(xs) > co - n) for an arbitrary co € (0,1)
to denote the truncated conditional sample size.

Let E™ denote the set of undirected edges corresponding to the moralized graph. Recall
the definitions N (j) = {k € V : (4, k) or (k,j) € E™} denote the neighborhood set of node
J in the moralized graph, Cj; = N (k) N {m, 72, -+ ,mj—1}. Since we assume the structure
of the moralized graph is provided, @k = Cj. Hence Cj;, is used instead of an estimated
set éjk.

The overdispersion score of node k € V' \ {71'1, ..., j—1} for the 4t component of the
ordering 7; only depends on X(Cji) = {z € {X X(Q) . ,Xgli} :n(z) > co-n}, so we
only count up elements that occur sufficiently frequently ’

According to the generalized ODS algorithm, the truncated sample conditional mean
and variance of Tj(X;) given Xg = x5 are:

. 1 = i i

Hjs(rs) = W;E(Xg('))l()(é) = xg),

Gis(zs) = ns(:c;)—l Z(Tj<X;i)) M;\s(xs))Ql(Xé) =xg).
=1
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We rewrite the overdispersion score (5) of node k € V'\ {my,...,mj_1} for 7; as follows:

3 — O B

Sk (50+51ﬁk> 50+51ﬁk] ’

3 — n(z) ( k| Ci (%) >2 ke, (@)
St k)= xex(zcmk) nc,,. | \Bo + Bitigc,,, (x) Bo + Biliic,,, ()

For notational convenience, let each entry of the overdispersion score S (m, k) for x €
X (Chuk) be defined as:

(27)

3 ._ Ok|C, (T) )2 ke, (2)
S(m,k)(z) = (ﬁo T B, @ Bt Prino @)

The true overdispersion scores are:

* — 9% Pk
SLE) <,30+/31,Uk> /3’0+51Mk] ’

. . n(zx) < Ok Cop (T) >2 (G, ()
&7(m. k) = xe-X(Zka) nc,.. | \Bo+ Bipkc,,, (%) Bo + Bipkc,,, (T)

for © € X(Cpi).

Ok|Crr (T) )2 k) Gy ()

§'m. k)(e) = <50 + Biinic,, (@) ) Bo+ Biinic,, (¢)

Next we introduce Proposition 24 which ensures the each component of the true overdis-

persion score $*(m, k)(z) for k # m, is bounded away from muyi, > 0.

Proposition 24 For all j € V, pag(j) C pa(j), pag(j) # 0 and S C nd(j) \ pay(j), there
exists Mmmin > 0 such that

Var(T5(X;) | Xs) — E(T;(X;) | Xs) > mmin.

Now we define the following two events: For any j € V, k € V' \ {m,...,mj—1} and
me{1,2,...p—1}

(i)

= X 41

& {mﬁxie{{g?}f,nﬂ ;| <4logn}

& = {ma]£<|§(m,k:) - S*(m, k)| < m;m}.

Then,

(a)

Pm#n") < P@#n",8)+ P(&5,6) + P(&1)

®) ~ * ~ * ~ *
< P(m #71,8)+ P(me # 75,8 [T =77) +- -
+P(%\p 7& Tr;7£3 ‘ %1 = WTv'” 7%17—1 :71';71) +P(§§7£1) +P(£%) (28)
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(a) follows from P(A) < P(ANB)+ P(B°¢), and (b) follows from the induction and the fact
P(AUB)=P(A)+ P(BNA®)=P(A)+ P(B | A°)P(A°) < P(A) + P(B | A°).

We prove the probability bound (28) by induction. For the first step (m = 1), overdis-
persion scores of 71 in Equation (4) are used where a set of candidate element of my is
{1,2,---,p}. Then,

PG £71,&) = P <3k’ eV \ {x7} such that S(1,7%) > S(1, /4),,53)
()

_ * * Mmin * / _mmin
(0 =1), e P (S0 + 250 > ST K) - 5 )

—
=

= -1 P (mmin > S*(1,k),
(p )kfenvli‘{}i;} (m (L,k), &)

—

c

= 0.

~

(a) follows from the union bound and the definition of £3. (b) follows from that S*(1,77) = 0
by the property of the transformation 7}(-) specified in Proposition 3, and (c) follows from
Proposition 24.

For the m = (j —1)*" step, assume that the first j — 1 elements of the estimated ordering
are correct (71, o, -+ ,Tj—1) = (7], - ,W;_l). Then for the m = j** step, we consider the
probability of a false recovery of 7} given (75, ,773‘_1). Using the same argument as the
first step, the following result is straightforward.

PRy £ 70,6 | 7l wy) = P(akeV\{w;} such that §(j,7r;)>§(j,k),g3)
(a) Mini Mmi
< P k(o k min * k) — min
= PR (86 + 55 > S Gk - T3 6)
(®) .
- P min > S )k )
pkervn\a{%} (m (J. k), &3)
© .
Therefore, for any j € V,
P(7;# 8| m=nf, - T =) =0.

Then, the probability bound (28) is reduced to P(7 # 7*) < P(&5,&1) + P(£5). Note that
P(&5) < M - n~2 by Proposition 17. The following lemma provides the upper bound of

P(&5, 1)

Lemma 25 There exist positive constants C1 and Cy such that

_ Cco-Nn
P(&5,&1) < CipPcytexp <_02 0 7} ) .
log™n

where ¢y is the sample cut-off parameter.
Lastly, we define a condition on the sample cut-off parameter cg. Intuitively if ¢g is

too small, the estimated overdispersion scores may be biased due to the lack of samples.
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In contrast, if ¢g is too large, all components of the conditioning set C,,; may not have
enough samples size (> ¢ - n), and therefore overdispersion scores cannot be calculated.
The following proposition provides a maximum value of ¢y ensuring that overdispersion
scores exist.

Proposition 26 On the event &1, if co < (3log(n))~™¢ then the conditioning set Cy,y. has at
least cg - n samples.

The combination of Lemma 25 and Proposition 26 imply that for some C; and Cs

P(&, &) < Cip*log*(n)exp <_02(k)g(2)y‘+d> :

Therefore,

M
P(7 # 1) < C1p? log(n)ex <—Cn>+.
(7 # 7*) < C1p” log®(n)exp 205y ) T

D.1 Proof for Proposition 24
Proof In the proof of the identifiability theorem in Appendix A, we obtain

(1+ 1) Var(E(X; | Xpas)) | Xs)
(Bo + F1E(X; | Xs))?

By Assumption 13, Var(E(Xj ’ Xpa(j)) | Xs) > Mpin and ’ﬁjO —l—ﬁle(Xj ‘ Xs)‘ > Wmin -
Then,

Var(T(X;) | Xs) — E(T;(X;) | Xs) =

Var(Tj(X;) | Xs) — E(T;(X;) | Xs) > %

min

w

Since 1 > —1, the proof is complete. |

D.2 Proof for Proposition 26

Proof Let |Xg| denote the cardinality of a set {Xél),Xé?), e ,Xgn)} and |X(S)| denote
the cardinality of the truncated set X'(S) := {z € {Xél),Xg), - ,Xé")} :n(x) > ¢o-n}.

If1X(S) =1, forallz e {X(l),Xg)7 . ,Xén)}, ng(z) = co-n—1 except for a single z €
X (S) where ng(z) > ¢o.n. In this case, the total sample size n = ng(2)+(|Xs|—1)(co-n—1).
Hence

ng(z) =n— (| Xs|—1)(con—1)=n—cop-n-|Xg|+co-n+|Xg|—1.
Since ¢g - n < ng(z),

n—|—|X5|—1

Co >
n-|Xgl
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Note that ﬁ < % and |XJ@\ <4log(n) forall j € Vand i € {1,2,--- ,n} given

£€1. Then the maximum cardinality of Xg is (41log(n))!®l. Hence if ¢y < (4log(n))~!3! there
exists a z € X(9).

Recall that the size of a candidate parents set C,x is bounded by the maximum degree of
the moralized graph d. Therefore if ¢y < 41log(n) ™9, there exists at least one z € X (Cny). B

D.3 Proof for Lemma 25

Proof For ease of notation, let n,,, = nc,, and npi(z) = ne,, (z) for x € X(Cpi). Using
the union bound, for m € {1,2,...,p — 1} and k € V' \ {71, ..., mj_1}

P($5.&1) = Plmax|S(m.k) - 8 (m, k)| > =22, &1)

—~ MM min
< pQ%a§P(|5(m,k)—5*(m,k)|> 5 1)

Since overdispersion scores have an additive form,

Mmin Nk (37) Mmin

) <SP D ES(m k) (@) = 8 (m K)(@)] > =5 &),

n .
C€X(Cri)

P(IS(m, k) — 8*(m, k)| >

Applying P(3°,Y; > 0) <>, P(Y; > w;6) for any § € R and w; € R* such that Y, w; =1,
we have

P( Y W,§(m,k)(x)—s*(m,k)(:c)|>m;“in,g1)

n
2€X(Cpyp) TR

Applying the union bound,

> (IS k) (@) = 8" (m.k)(@)] > T3, 6)
2€X(Crk)

< X (Cri)| | max  P(S(m, K) (@) = S(m, k) ()] > =32, 6.

Since we only consider x € X(C),1), it follows that n,,x(z) > co - n. Further since the
total truncated sample size is less than total sample size, c¢o-n-|X(Cpx)| < n, and therefore
the cardinality of C,,; is at most ¢ 1 Hence

X (Cop)| | max  P(S(m, k) (@) = 8" (m, k) ()] > Mo g,)
<! max  P(S(m.k)(z) = 8" (m,k)(@)| > Min ¢))

Since the overdispersion score is the difference between the conditional mean and condi-
tional variance, the remainder of the proof is reduced to finding the sample complexity for
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the sample conditional mean and variance. Suppose that € := fiyc,,, (¥) — pigc,,, (¥) and
K-€:= Ei‘c (@)= a,zw . () for some x € R. By the definition of the overdispersion scores

in Equation (27), we have

fe: 18 (m, ) (z) = 8" (m, k)(@)| > ")

e ( OOy (T) + KE >2 B k| () + €
"I\ Bo + Birkic,,, () + € Bo + Bric,,, (z) + €

_ < |G () )2 kG, (@)
Bo + Briwc,,, () Bo + Biuwc,,, ()

={e:e€ (e1,€2) U(ez,€4)} .

where €1, €9, €3, €4 are constants that depend on p, 02, o, 51, Mmin, and x and are constructed
as follows:

Cl (,ua 021 507 /317 Mmin, K) = 53(1 + ﬂlmmin) - /Bilrrhnin,u3 + 2/8%/‘2”02 - 26%/1*04
+ B3 (=281 — 3B Muminpt + 2602) — Bof1{ By + 3Bimminp® + 20° (—2kp + 02) },
G, 0%, Bo, Biy Mumin, &) = (Bo + Bip)? {53(1 + 2kp) + 287 (ke — 02)* (BEp* Mumin + 20°7)

+ 4B0B1 (kp — 02){ B ppmmin (26 — 02) + Brpo? — 2k0%}
+ 253{ — 2602 + B1 (1 + dmpink?p — Qmminma2)}
+ 5(2){4/1204 + 4610%(—2kp 4 02) + B (p? + 12mpink’p? — 12mupin ko’ + Qmmino‘l)}} ,
C3(1, 02, Bos B1y Mumins £) = B3 (=262 + 281 + Bimumin) + 280B81(B1 + Bimmin — K2
+ B (Bimminp® + 20 — 267 42).

Given Clv CZ) C37

G (luk\cmk (l’), J]%‘ka (SL’), 607 Bla Mmin, ’{) + \/CQ(Mk\ka ($)7 J]%‘ka (SL’), 607 617 Mmin, ’{)

/
aT Cs(kric, (), 0316, (@), Bo, Brs Mumin, ) ’
G, (@), 7, @) fo, Bry mmin, £) + [k, (@), e, (). Bo. Bty M, )
2= G (pwicy (), U;3|ka (x), Bo, B1, Mmin, K) ’
G (k) (7)) Ui‘omk (), Bo, B1, —Mimin, k) + \/C2(Mk|cmk (2), 07, (%), Bo, Br, —Mmin, K)
“ Ca(kric, (%) 071, (@), Bo, Bty —Mmin, ) ’
y ~C1(Hr|C,y (%), 5, (@), Bo, By —1min, 1) + \/C2(Mk|cmk (2), 03¢, (@), Bo, Bt, —Mmin, K)
4= .

Ca (1, (%) 031, (@), Bo, Bty —Mmin, )

Let (€1, €2, €3,€4) be the ordered values of (€], €5, €5, €}) from smallest to largest. Since
Mmin > 0 it follows that €1,e5 < 0 and €3, ¢4 > 0.
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For ease of notation, emin, = min{|ez|, |e3|}. Then,

o Mmin

{e: 180, k)(2) = 570, k) (@) > =

} € (=00, —€min) U (€min, 00).

Hence

PUS(m, k)(w) — §*(m, ) (2)] > 22}

< P (|kic,, () = pricy (@)] > €min) + P (\%ﬁcmk (x) — ohic,, ()] > '%min) :

On &, max; \X;i)] < 4log(n). Furthermore recall that n,,x(x) > ¢o - n. By applying
Hoeffding’s inequality,

2
1 €.,inC0-T
P(|Mk‘cmk (33) ~ HE|Cpi, (x)’ > Eminafl) < 2exp <—me> .
8log“n
Note that sample variance can be decomposed as follows:

1 - 1< 1 < 1
— (;XE—H(;XZ.y) _ n;xg_TMZXin.

i#]

Using Hoeffding’s inequality for the decomposed sample variance,

K“€Z. co-n €. co-n

2.2 2.2
P(‘al% cmk(m)—ai cmk($)| > || €min, §1) < 2exp — Mt — | +2exp —ﬁm% .
| | 1281og* 256 log?

Therefore,

Mmin

9 351}

; 2¢2 . 2.2 .
og- 1 og™n ogin

This completes the proof since there exist constants C7 and Cy such that

P{|8(m, k)(z) — §*(m. k)(x)| >

co-n

P(§§7€1) < C1p260_16)(p <_C'24> ]
log™ 7

Appendix E. Proof for Theorem 15

Proof Once again we use the primal-dual witness method used in the the proof for The-
orem 12. The only difference is the conditioning set. In this proof, the conditioning set
is all elements of the ordering before node j rather than j is V' \ {j}. Without loss of
generality, we assume the true ordering is 7* = (1,2,--- ,p). Then the conditioning set is

{1,2,--,j—1}.
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For ease of notation, we define the parameter § € R7~! since the node j is not penalized
n (11). Then, the conditional negative log-likelihood of a GLM (10) for X; given Xj.;_ is:

n 1o i i i
(0 X = =37 (=x10, X1 ) + A0, X1)_) -
i=1
Recall that for any node j € V:

Op. = LP(0,\D) = in {¢P(9: X1 1 A\PYg], ).
D; argggllgljll ( ’ n) argeéﬂgﬁl{ j( ) )+ n” Hl}

Using the sub-differential, §Dj should satisfy the following condition. For notational
simplicity, let S = pa(j) for node j € V.

Ve Ejp(é\Djv M) = VG@D(@DJ-;XLR) + )\7?2 =0 (29)

where Z € R~ and Z; = sign([é\Dj]t) if a node ¢ € S, otherwise |Z;| < 1.

By Lemma 19, it is sufficient the show that ]2t| < 1lforallt € S. We note that
the restricted solution is (0p,, 7). Equation (29) with the dual solution (6p,,Z) can be
represented as VQEJD (GBJ_ ; X1 (0, — 9})]_) =-\bZ - Wp; + R}, by using the mean value
theorem where:

(a) Wp,; is the sample score function,

Wp; = =7 €7 (0p,; X'™). (30)
(b) R%J (R%]17 Rbyio, s R%jjfl) and RY, ;. is the remainder term by applying coordinate-
wise mean value theorem,
R™. — 2£D 0 L xlmy 2£D e_(k),Xl:n T g(k) _ b 31
Djk - [V j(Dj7 ) Y j(Dj7 )]k:(Dj Dj) ( )

where G_gj)_ is a vector on the line between 5Dj and H*D and []I is the k' row of a
matrix.

Similar to Proposition 20, the following corollary provides a sufficient condition to con-
trol Z.

Corollary 27 Suppose that max(||[Wp; oo, [Rp;llec) < %. Then, |Zy| < 1 for all
t & pa(j).

Now we introduce the following three corollaries, to verify that the conditions in Propo-
sition 27 hold, and the deviation 057, — 9* is sufficiently small to conclude pa(j) = pa(j)
with high probability. For ease of notat1on let n = max{n,p} and For notational conve-
nience, we use fg = [HD ] and fge = [GD]} se. Suppose that Assumptions 8, 9, 10, and 11
are satisfied.
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K 2
Corollary 28 Suppose that AP > 16 max{n i}logn’log n} for some a € R. Then,

IW5,lleo .« o?

N Sip_a)) 2T ey

P( ntT2) — M2,

)\’I’LL) p12nin 1
Corollary 29 Suppose that [|[Wp;|lec < . For AD < po R lognd

5

)\min

P<H55—9§||2 < J&A{?) >1—2M -5 2

AE D pﬁﬁn 1
Corollary 30 Suppose that [|[Wp;|lec < 5. For A < 400(3_(1) o T dTog T

a\b
P (1 e < 722

(2—04)> >1—2M-n2

K 2
Consider the choice of regularization parameter A\ = 16max{n i}fg"’bg 2 where a €
D
(2k2,1/2). Then, the condition for Corollary 28 is satisfied, and therefore ||[Wp;|[oc < )‘T".

Moreover, the conditions for Corollaries 29 and 30 are satisfied for a sufficiently large sample

1 1
size n > D' max{(dlog?n)* 2=, (dlog®n)* =2} for a positive constant D’. Therefore, there
exist some positive constants D1, Dy and D3 such that

||WBJHOO ||R%j”oo (e «
<(1- -+ =<1 2
D D < a)+4+4<, (32)

1Zse]loo < (1 =) + (2 - @)

with probability of at least 1 — Didexp(—Dan!=2%) — Dgn=2.

. . oy . . ~ 105 . llmin
For sign consistency, it is sufficient to show that ||fp, — 0p, oo < Djz . By Corol-
~ ~ 105 llmin
lary 29, we have [|0p, — GBjHoo < [|0p, — H*ijQ < ﬁ\/& AP < D’2 as long as

105, lunin > 512/ AP.

Lastly, Lemma 7(a) guarantees that ¢;-penalized likelihood regression recovers the par-
ent set for each node with high probability. Because we have p regression problems if
n > D' max{(dlog? n)ﬁ, (dlog® n)ﬁ}, the full DAG model is recovered with high
probability:

P(G=G)>1—Dyd-p-exp(—Dan'~2*) — Dsn~".
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