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Abstract

We analyze the learning properties of the stochastic gradient method when multiple passes over
the data and mini-batches are allowed. We study how regularization properties are controlled by
the step-size, the number of passes and the mini-batch size. In particular, we consider the square
loss and show that for a universal step-size choice, the number of passes acts as a regularization
parameter, and optimal finite sample bounds can be achieved by early-stopping. Moreover, we
show that larger step-sizes are allowed when considering mini-batches. Our analysis is based
on a unifying approach, encompassing both batch and stochastic gradient methods as special
cases. As a byproduct, we derive optimal convergence results for batch gradient methods (even
in the non-attainable cases).

1. Introduction

Modern machine learning applications require computational approaches that are at the same
time statistically accurate and numerically efficient (Bousquet and Bottou, 2008). This has
motivated a recent interest in stochastic gradient methods (SGM), since on the one hand they
enjoy good practical performances, especially in large scale scenarios, and on the other hand
they are amenable to theoretical studies. In particular, unlike other learning approaches, such
as empirical risk minimization or Tikhonov regularization, theoretical results on SGM naturally
integrate statistical and computational aspects.

Most generalization studies on SGM consider the case where only one pass over the data
is allowed and the step-size is appropriately chosen, see (Cesa-Bianchi et al., 2004; Nemirovski
et al., 2009; Ying and Pontil, 2008; Tarres and Yao, 2014; Dieuleveut and Bach, 2016; Orabona,
2014) and references therein, possibly considering averaging (Poljak, 1987). In particular, recent
works show how the step-size can be seen to play the role of a regularization parameter whose
choice controls the bias and variance properties of the obtained solution (Ying and Pontil, 2008;
Tarres and Yao, 2014; Dieuleveut and Bach, 2016; Lin et al., 2016a). These latter works show
that balancing these contributions, it is possible to derive a step-size choice leading to optimal
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learning bounds. Such a choice typically depends on some unknown properties of the data
generating distributions and it can be chosen by cross-validation in practice.

While processing each data point only once is natural in streaming/online scenarios, in
practice SGM is often used to process large data-sets and multiple passes over the data are
typically considered. In this case, the number of passes over the data, as well as the step-size,
need then to be determined. While the role of multiple passes is well understood if the goal
is empirical risk minimization (see e.g., Boyd and Mutapcic, 2007), its effect with respect to
generalization is less clear. A few recent works have recently started to tackle this question.
In particular, results in this direction have been derived in (Hardt et al., 2016) and (Lin et al.,
2016a). The former work considers a general stochastic optimization setting and studies stability
properties of SGM allowing to derive convergence results as well as finite sample bounds. The
latter work, restricted to supervised learning, further develops these results to compare the
respective roles of step-size and number of passes, and show how different parameter settings
can lead to optimal error bounds. In particular, it shows that there are two extreme cases: while
one between the step-size or the number of passes is fixed a priori, while the other one acts as
a regularization parameter and needs to be chosen adaptively. The main shortcoming of these
latter results is that they are for the worst case, in the sense that they do not consider the possible
effect of benign assumptions on the problem (Zhang, 2005; Caponnetto and De Vito, 2007) that
can lead to faster rates for other learning approaches such as Tikhonov regularization. Further,
these results do not consider the possible effect on generalization of mini-batches, rather than
a single point in each gradient step (Shalev-Shwartz et al., 2011; Dekel et al., 2012; Sra et al.,
2012; Ng, 2016). This latter strategy is often considered especially for parallel implementation
of SGM.

The study in this paper fills in these gaps in the case where the loss function is the least
squares loss. We consider a variant of SGM for least squares, where gradients are sampled
uniformly at random and mini-batches are allowed. The number of passes, the step-size and the
mini-batch size are then parameters to be determined. Our main results highlight the respective
roles of these parameters and show how can they be chosen so that the corresponding solutions
achieve optimal learning errors in a variety of settings. In particular, we show for the first time
that multi-pass SGM with early stopping and a universal step-size choice can achieve optimal
convergence rates, matching those of ridge regression (Smale and Zhou, 2007; Caponnetto and
De Vito, 2007). Further, our analysis shows how the mini-batch size and the step-size choice are
tightly related. Indeed, larger mini-batch sizes allow considering larger step-sizes while keeping
the optimal learning bounds. This result gives insights on how to exploit mini-batches for parallel
computations while preserving optimal statistical accuracy. Finally, we note that a recent work
(Rosasco and Villa, 2015) is related to the analysis in the paper. The generalization properties
of a multi-pass incremental gradient are analyzed in (Rosasco and Villa, 2015), for a cyclic,
rather than a stochastic, choice of the gradients and with no mini-batches. The analysis in this
latter case appears to be harder and results in (Rosasco and Villa, 2015) give good learning
bounds only in restricted setting and considering iterates rather than the excess risk. Compared
to (Rosasco and Villa, 2015) our results show how stochasticity can be exploited to get fast rates
and analyze the role of mini-batches. The basic idea of our proof is to approximate the SGM
learning sequence in terms of the batch gradient descent sequence, see Subsection 3.7 for further
details. This allows to study batch and stochastic gradient methods simultaneously, and may
be also useful for analyzing other learning algorithms.

This paper is an extended version of a prior conference paper (Lin and Rosasco, 2016). In
(Lin and Rosasco, 2016), we give convergence results with optimal rates for the attainable case
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(i.e., assuming the existence of at least one minimizer of the expected risk over the hypothesis
space) in a fixed step-size setting. In this new version, we give convergence results with optimal
rates, for both the attainable and non-attainable cases, and consider more general step-size
choices. The extension from the attainable case to the non-attainable case is non-trivial. As will
be seen from the proof, in contrast to the attainable case, a different and refined estimation is
needed for the non-attainable case. Interestingly, as a byproduct of this paper, we also derived
optimal rates for the batch gradient descent methods in the non-attainable case. To the best of
our knowledge, such a result may be the first kind for batch gradient methods, without requiring
any extra unlabeled data as that in (Caponnetto and Yao, 2010). Finally, we also add novel
convergence results for the iterates showing that they converge to the minimal norm solution of
the expected risk with optimal rates.

The rest of this paper is organized as follows. Section 2 introduces the learning setting and
the SGM algorithm. Main results with discussions and proof sketches are presented in Section
3. Preliminary lemmas necessary for the proofs will be given in Section 4 while detailed proofs
will be conducted in Sections 5 to 8. Finally, simple numerical simulations are given in Section
9 to complement our theoretical results.

Notation For any a,b € R, aV b denotes the maximum of a and b. N is the set of all positive

integers. For any T' € N, [T] denotes the set {1,---,T'}. For any two positive sequences {a;}¢c[r)
and {b;}¢c[r), the notation a; < by for all ¢ € [T] means that there exists a positive constant

C > 0 such that C is independent of ¢ and that a; < Cb; for all t € [T.

2. Learning with SGM

We begin by introducing the learning setting we consider, and then describe the SGM learning
algorithm. Following (Rosasco and Villa, 2015), the formulation we consider is close to the
setting of functional regression, and covers the reproducing kernel Hilbert space (RKHS) setting
as a special case, see Appendix A. In particular, it reduces to standard linear regression for finite
dimensions.

2.1 Learning Problems

Let H be a separable Hilbert space, with inner product and induced norm denoted by (-, )
and || - || g, respectively. Let the input space X C H and the output space Y C R. Let p be an
unknown probability measure on Z = X x Y, px(-) the induced marginal measure on X, and
p(-|x) the conditional probability measure on Y with respect to x € X and p.

Considering the square loss function, the problem under study is the minimization of the
risk,

weH

inf £w), Ew) = /X (b =)ol (1)

when the measure p is known only through a sample z = {z; = (z;,v;)}[", of size m € N,
independently and identically distributed (i.i.d.) according to p. In the following, we measure
the quality of an approximate solution @ € H (an estimator) considering the excess risk, i.e.,

E(w) — inf E(w). (2)

weH

Throughout this paper, we assume that there exists a constant x € [1, 0o[, such that

(x,2\g < K?, Vo' €X. (3)
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2.2 Stochastic Gradient Method

We study the following variant of SGM, possibly with mini-batches. Unlike some of the vari-
ants studied in the literature, the algorithm we consider in this paper does not involve any
explicit penalty term or any projection step, in which case one does not need to tune the
penalty/projection parameter.

Algorithm 1 Let b € [m]. Given any sample z, the b-minibatch stochastic gradient method is
defined by w1 = 0 and

bt

1
Wikl = W =Ty | Z ((we, T4, H — Yj;) %50 t=1,...,T, (4)
1=b(t—1)+1
where {n; > 0} is a step-size sequence. Here, ji,jo, - , jyr are i.i.d. random variables from the

uniform distribution on [m] 1.

We add some comments on the above algorithm. First, different choices for the mini-batch
size b can lead to different algorithms. In particular, for b = 1, the above algorithm corresponds
to a simple SGM, while for b = m, it is a stochastic version of the batch gradient descent. In this
paper, we are particularly interested in the cases of b = 1 and b = y/m. Second, other choices
on the initial value, rather than wy = 0, is possible. In fact, following from our proofs in this
paper, the interested readers can see that the convergence results stated in the next subsections
still hold for other choices of initial values. Finally, the number of total iterations T can be
bigger than the number of sample points m. This indicates that we can use the sample more
than once, or in another words, we can run the algorithm with multiple passes over the data.
Here and in what follows, the number of ‘passes’ over the data is referred to [%1 at ¢ iterations
of the algorithm.

The aim of this paper is to derive excess risk bounds for Algorithm 1. Throughout this
paper, we assume that {n;}; is non-increasing, and 7' € N with 7" > 3. We denote by J; the set
{ji:l=bt—1)+1,---,bt} and by J theset {j;: 1 =1,--- ,0T}.

3. Main Results with Discussions

In this section, we first state some basic assumptions. Then, we present and discuss our main
results.

3.1 Assumptions

The following assumption is related to a moment assumption on |y|?. It is weaker than the

often considered bounded output assumption, such as the binary classification problems where
Y ={-1,1}.

Assumption 1 There exists constants M €]0,00[ and v €]1,00] such that
| Hdptyle) <unt'v, e, (5)
Y

px-almost surely.

1. Note that, the random variables ji,--- , jor are conditionally independent given the sample z.
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To present our next assumption, we introduce the operator £, : L*(H, px) — L*(H, px),
defined by L,(f) = [y (@, ")u f(z)px(z). Here, L*(H, px) is the Hilbert space of square integral
functions from H to R with respect to px, with norm,

1= (/. If(fv)|2dpx(f€)>1/2-

Under Assumption (3), £, can be proved to be positive trace class operators (Cucker and Zhou,
2007), and hence Eg with ¢ € R can be defined by using the spectral theory.

It is well known (see e.g., Cucker and Zhou, 2007) that the function minimizing [,(f(z) —
y)2dp(z) over all measurable functions f : H — R is the regression function, given by

fol) = /Y ydp(ylz),  zEX. (6)

Define another Hilbert space H, = {f : X — R|3w € H with f(z) = (w, z) g, px-almost surely}.
Under Assumption (3), it is easy to see that H, is a subspace of L*(H,px). Let fy be the
projection of the regression function f, onto the closure of H, in L?(H, px). It is easy to see
that the search for a solution of Problem (1) is equivalent to the search of a linear function in H,
to approximate fy. From this point of view, bounds on the excess risk of a learning algorithm
on H, or H, naturally depend on the following assumption, which quantifies how well, the target
function f3; can be approximated by H,,.

Assumption 2 There exist ( > 0 and R > 0, such that ||£;Cf7.[||p <R.

The above assumption is fairly standard in non-parametric regression (Cucker and Zhou, 2007;
Rosasco and Villa, 2015). The bigger ( is, the more stringent the assumption is, since

L5H(L*(H, px)) C L3 (L*(H, px)) when ¢1 > Go.

In particular, for ¢ = 0, we are making no assumption, while for ( = 1/2, we are requiring
Ju € H,, since (Rosasco and Villa, 2015)

H, = LY/(I(H, px)). (7)

In the case of ( > 1/2, fy € H,, which implies Problem (1) has at least one solution in the
space H. In this case, we denote w' as the solution with the minimal H-norm.
Finally, the last assumption relates to the capacity of the hypothesis space.

Assumption 3 For some vy €]0,1] and ¢y > 0, L, satisfies
tr(L,(L, + M) < e, A7, for all A > 0. (8)

The left hand-side of of (8) is called as the effective dimension (Caponnetto and De Vito, 2007), or
the degrees of freedom (Zhang, 2005). It can be related to covering/entropy number conditions,
see (Steinwart and Christmann, 2008) for further details. Assumption 3 is always true for v = 1
and ¢y = K2, since L, is a trace class operator which implies the eigenvalues of £,, denoted as o3,
satisfy tr(£,) = >, 0; < x2. This is referred to as the capacity independent setting. Assumption
3 with v €]0,1] allows to derive better error rates. It is satisfied, e.g., if the eigenvalues of £,
satisfy a polynomial decaying condition o; ~ i~ or with v = 0if £, is finite rank.
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3.2 Optimal Rates for SGM and Batch GM: Simplified Versions

We start with the following corollaries, which are the simplified versions of our main results
stated in the next subsections.

Corollary 1 (Optimal Rate for SGM) Under Assumptions 2 and 3, let |y|
surely for some M > 0. Let p, = [mﬁw if 20+ > 1, or p. = [m!'~€] with € €]0,
Consider the SGM with

1)b=1,m =L foralte [(p.m)], and &p, = wp,m+1.

If § €]0,1] and m > msg, then with probability*at least 1 — §, it holds

< M almost
1

[ otherwise.

__2¢
m  2¢Hy when 2¢ + v > 1;

Ejl&(@,,)] —inf€ <C
J[ ( P )] H {mQC(le) otherwise.

Furthermore, the above also holds for the SGM with?

2)b=+/m, n ~ ﬁ for all t € [(pry/m)], and Gp, = w,,_ fmi1-

In the above, ms and C are positive constants depending on k2, | Toll, M, ¢, R, cy,, a polynomial
of logm and log(1/§), and mg also on & (and also on || fx||c in the case that ¢ < 1/2).

We add some comments on the above result. First, the above result asserts that, at p.
passes over the data, the SGM with two different fixed step-size and fixed mini-batch size choices,
achieves optimal learning error bounds, matching (or improving) those of ridge regression (Smale
and Zhou, 2007; Caponnetto and De Vito, 2007). Second, according to the above result, using
mini-batch allows to use a larger step-size while achieving the same optimal error bounds.
Finally, the above result can be further simplified in some special cases. For example, if we
consider the capacity independent case, i.e., v = 1, and assuming that fy € H,, which is
equivalent to making Assumption 2 with ( = 1/2 as mentioned before, the error bound is
O(m~"/2), while the number of passes p, = [\/m].

Remark 1 (Finite Dimensional Case) With a simple modification of our proofs, we can
derive similar results for the finite dimensional case, i.e., H = R?, where in this case, v = 0. In
particular, letting ¢ = 1/2, under the same assumptions of Corollary 1, if one considers the SGM
withb =1 and n, ~ L for all t € [m?], then with high probability, E5[€ (w2 11)] —infy € < d/m,
provided that m 2 dlogd.

Remark 2 From the proofs, one can easily see that if fy and E(©p,) — infy & are replaced
respectively by f. € L*(H,px) and ||(-,@p.)u — f*||f,, in both the assumptions and the error
bounds, then all theorems and their corollaries of this paper are still true, as long as f. satisfies
Jx(f« = fo)(@)Kpdpx = 0. As a result, if we assume that f, satisfies Assumption 2 (with fy
replaced by f,), as typically done in (Smale and Zhou, 2007; Caponnetto and De Vito, 2007;
Steinwart et al., 2009; Caponnetto and Yao, 2010) for the RKHS setting, we have that with high
probability,

__2¢
m 2ty when 2¢ + v > 1;

m~20=¢)  otherwise.

Eall{-,@p.) i — f, 12 < c{

In this case, the factor || fa|loo from the upper bounds for the case ¢ < 1/2 is exactly || follco
and can be controlled by the condition |y| < M (and more generally, by Assumption 1). Since

2. Here, ‘high probability’ refers to the sample z.
3. Here, we assume that \/m is an integer.
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many common RKHSs are universally consistent (Steinwart and Christmann, 2008), making
Assumption 2 on f, is natural and moreover, deriving error bounds with respect to f, seems to
be more interesting in this case.

As a byproduct of our proofs in this paper, we derive the following optimal results for batch
gradient methods (GM), defined by 14 = 0 and

m

1
Vi1 = UVt — nt% Z;((Vt,$i>H - yz)ﬂj‘“ t = 17 . 7T. (10)
i=

Corollary 2 (Optimal Rate for Batch GM) Under the assumptions and notations of Corol-
lary 1, consider batch GM (10) with n, ~ 1. If m is large enough, then with high probability, (9)
holds for @y, = vp, +1.

In the above corollary, the convergence rates are optimal for 2¢ ++ > 1. To the best of our
knowledge, these results are the first ones with minimax rates (Caponnetto and De Vito, 2007;
Blanchard and Miicke, 2016) for the batch GM in the non-attainable case. Particularly, they
improve the results in the previous literature, see Subsection 3.6 for more discussions.

Corollaries 1 and 2 cover the main contributions of this paper. In the following subsections,
we will present the main theorems of this paper, following with several corollaries and simple
discussions, from which one can derive the simplified versions stated in this subsection. In the
next subsection, we present results for SGM in the attainable case while results in the non-
attainable case will be given in Subsection 3.4, as the bounds for these two cases are different
and particularly their proofs require different estimations. At last, results with more specific
convergence rates for batch GM will be presented in Subsection 3.5.

3.3 Main Results for SGM: Attainable Case

In this subsection, we present convergence results in the attainable case, i.e., ( > 1/2, following
with simple discussions. One of our main theorems in the attainable case is stated next, and
provides error bounds for the studied algorithm. For the sake of readability, we only present
results in a fixed step-size setting in this section. Results in a general setting (1; = n1t~? with
0 <6 <1 can be found in Section 7.

Theorem 1 Under Assumptions 1, 2 and 3, let ¢ > 1/2, § €]0,1[, n; = nx=2 for all t € [T,

with n < m. If m > msg, then the following holds with probability at least 1 — §: for all
t e [T,

. —2¢ 2 S B 91
Ej[€(wt1)] — inf & < q1(nt)”""> 4+ gam %+ (1 +m %+nt)”log” T log 5 a1
11

+qznb (1 v m” 2 nt)log T.

Here, ms, q1,q2 and g3 are positive constants depending on 2, || T,|, M, v, ¢, R, ¢y, 7, and ms also
on 0 (which will be given explicitly in the proof).

There are three terms in the upper bounds of (11). The first term depends on the regularity
of the target function and it arises from bounding the bias, while the last two terms result from
estimating the sample variance and the computational variance (due to the random choices of
the points), respectively. To derive optimal rates, it is necessary to balance these three terms.
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Solving this trade-off problem leads to different choices on 7, T', and b, corresponding to different
regularization strategies, as shown in subsequent corollaries.

The first corollary gives generalization error bounds for simple SGM, with a universal step-
size depending on the number of sample points.

Corollary 3 Under Assumptions 1, 2 and 3, let ( > 1/2 , 6 €]0,1[, b=1 and n ~ % for all
t € [m?). If m > myg, then with probability at least 1 — &, there holds

2¢ _242 1 f 2 1
Baleorn)] -igte S {(7) 4 m BE (D)} ogtmiog? 1 weemd, 2
and in particular,
_ 2 1
Ej[€(wr+11)] — i%fé’ <m 2t log? m log? 5 (13)

2¢+v+1 X .
where T* = [m 2+ |. Here, mg is exactly the same as in Theorem 1.

Remark 3 Ignoring the logarithmic term and letting t = pm, Eq. (12) becomes

. 2 _2¢+2
Ey[€(wpmir)] — inf € S p™* +m %5 p

2

A smaller p may lead to a larger bias, while a larger p may lead to a larger sample error. From
this point of view, p has a reqularization effect.

The second corollary provides error bounds for SGM with a fixed mini-batch size and a fixed
step-size (which depend on the number of sample points).

Corollary 4 Under Assumptions 1, 2 and 3, let ¢ > 1/2, 6 €]0,1[, b = [/m| and n; ~ ﬁ for
all t € [m?]. If m > msg, then with probability at least 1 — &, there holds

. Vm\ 26 _xx2 st N2 9 51 9
_ < -
Ej[€(wiy1)] —inf € < {( ; ) +m 2%+ ( *m> log” m log 5 vt € [m?], (14)

and particularly,

_ 2 1
Ey[(wr-41)] — inf € S m 245 log? m log? (15)

5)
141
where T* = [m¥+ 2],

The above two corollaries follow from Theorem 1 with the simple observation that the dominating
terms in (11) are the terms related to the bias and the sample variance, when a small step-size
is chosen. The only free parameter in (12) and (14) is the number of iterations/passes. The
ideal stopping rule is achieved by balancing the two terms related to the bias and the sample
variance, showing the regularization effect of the number of passes. Since the ideal stopping
rule depends on the unknown parameters ¢ and -y, a hold-out cross-validation procedure is often
used to tune the stopping rule in practice. Using an argument similar to that in Chapter 6 from
(Steinwart and Christmann, 2008), it is possible to show that this procedure can achieve the
same convergence rate.

We give some further remarks. First, the upper bound in (13) is optimal up to a logarithmic
factor, in the sense that it matches the minimax lower rate in (Caponnetto and De Vito, 2007;

br*

1
Blanchard and Miicke, 2016). Second, according to Corollaries 3 and 4, ®—~ ~ m2+7 passes
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over the data are needed to obtain optimal rates in both cases. Finally, in comparing the simple
SGM and the mini-batch SGM, Corollaries 3 and 4 show that a larger step-size is allowed to use
for the latter.

In the next result, both the step-size and the stopping rule are tuned to obtain optimal rates
for simple SGM with multiple passes. In this case, the step-size and the number of iterations
are the regularization parameters.

2¢
Corollary 5 Under Assumptions 1, 2 and 3, let ( > 1/2, 6 €]0,1[, b=1 and ny ~m 2+ for
2041 )
all t € [m2]. If m > mg, and T* = [m2+7], then (13) holds with probability at least 1 — 6.

The next corollary shows that for some suitable mini-batch sizes, optimal rates can be
achieved with a constant step-size (which is nearly independent of the number of sample points)
by early stopping.

¢
Corollary 6 Under Assumptions 1, 2 and 3, let ( > 1/2, § €]0,1[, b = [mijﬂ and n; ~ L

logm
1

for allt € [m]. If m > ms, and T* = [m2+7], then (13) holds with probability at least 1 — 0.

1—
According to Corollaries 5 and 6, around m2cTs passes over the data are needed to achieve

the best performance in the above two strategies. In comparisons with Corollaries 3 and 4
CH1
where around m?2¢+v passes are required, the latter seems to require fewer passes over the data.

However, in this case, one might have to run the algorithms multiple times to tune the step-size,
or the mini-batch size.

Remark 4 1) If we make no assumption on the capacity, i.e., v =1, Corollary 5 recovers the
result in (Ying and Pontil, 2008) for one pass SGM.

2) If we make no assumption on the capacity and assume that fy € H,, from Corollaries 5 and
6, we see that the optimal convergence rate O(m_1/2) can be achieved after one pass over the
data in both of these two strategies. In this special case, Corollaries 5 and 6 recover the results
for one pass SGM in, e.g., (Shamir and Zhang, 2013; Dekel et al., 2012).

The next result gives generalization error bounds for ‘batch’ SGM with a constant step-size
(nearly independent of the number of sample points).

Corollary 7 Under Assumptions 1, 2 and 3, let ¢ > 1/2, § €]0,1[, b = m and n; ~ —L— for

logm

allt € [m]. If m > mgs, and T = {mﬁ}, then (13) holds with probability at least 1 — 0.

Theorem 1 and its corollaries give convergence results with respect to the target function
values. In the next theorem and corollary, we will present convergence results in H-norm.

Theorem 2 Under the assumptions of Theorem 1, the following holds with probability at least
1—=9: foralltelT]

_2¢-1 __1 1
Ej[||lw: — wT||?{] < ql(nt)l*2< + gam 2+ (1 +m 2K+ nt)2 log? T'log? 5 + g3n’tb L. (16)

Here, q1,q2 and g3 are positive constants depending on k2, | Toll, M,v,(, R, cy, and v (which can
be given explicitly in the proof).
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The proof of the above theorem is similar as that for Theorem 1, and will be given in Subsection
8. Again, the upper bound in (16) is composed of three terms related to bias, sample variance,
and computational variance. Balancing these three terms leads to different choices on 7, T', and
b, as shown in the following corollary.

Corollary 8 With the same assumptions and notations from any one of Corollaries 3 to 7, the
following holds with probability at least 1 — 9 :

_2-1 1
Egllor-s1 — wfllf] S m™ %5 log> mlog? 5.

The convergence rate in the above corollary is optimal up to a logarithmic factor, as it matches
the minimax rate shown in (Blanchard and Miicke, 2016).
In the next subsection, we will present convergence results in the non-attainable case, i.e.,

¢<1/2.

3.4 Main Results for SGM: Non-attainable Case

Our main theorem in the non-attainable case is stated next, and provides error bounds for the
studied algorithm. Here, we present results with a fixed step-size, whereas general results with
a decaying step-size will be given in Section 7.

Theorem 3 Under Assumptions 1, 2 and 3, let ¢ < 1/2, § €]0,1[, n; = nx=2 for all t € [T},
with 0 < n < m. Then the following holds for all t € [T with probability at least 1 — §:
1) if 2+~ > 1 and m > mg, then
__2 __1 1
Ej[€(wit1)] — i%fS < <q1 (nt) =% + gam 2C2+7> (1vm s nt)3 log T'log? 5 an
17
+qznb 1V m_ﬁnt) log T

2) if 2 + v < 1 and for some € €]0,1[, m > ms., then

1
Ej[€(wit1)] — i%fé’ < (ql(nt)_2C + qng(l_E)_1> (1v nmg_lt)?’ log4 Tlog2 5
+g3nb (1 vV m T Int) log T.

Here, ms (orms.), q1,q2 and g3 are positive constants depending only on 12, || T,||, M, v, ¢, R, ¢y, 7,
| frlloos and ms (or mse) also on 6 (and e).

The upper bounds in (11) (for the attainable case) and (17) (for the non-attainable case)
are similar, whereas the latter has an extra logarithmic factor. Consequently, in the subsequent

corollaries, we derive O(m_%?iiw log* m) for the non-attainable case. In comparison with that for
the attainable case, the convergence rate for the non-attainable case has an extra log? m factor.

Similar to Corollaries 3 and 4, and as direct consequences of the above theorem, we have
the following generalization error bounds for the studied algorithm with different choices of
parameters in the non-attainable case.

Corollary 9 Under Assumptions 1, 2 and 3, let ( <1/2 , €]0,1[, b=1 and n; ~ % for all
t € [m?]. With probability at least 1 — &, the following holds:

‘ 14247
1) if2¢+~v>1, m>mg and T* = [m 2 |, then

__2¢ 1
Bg[€ (wre1)] — Inf € S m 717 log! mlog? (18)

10
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2) if 2¢ + < 1, and for some € €]0,1[, m > ms., and T* = [m>~€], then
1
Ez[E(wr+41)] — iII}IfE < m~ X079 1og* m log? 5 (19)

Here, ms and ms. are given by Theorem 5.

Corollary 10 Under Assumptions 1, 2 and 3, let ( <1/2, 6 €]0,1[, b ~ /m and n; ~
all t € [m?]. With probability at least 1 — &, there holds
1

1) if2¢+~v>1, m>ms and T* = (mﬁ+5], then (18) holds;
2) if 2+~ < 1, for some € €]0,1[, m > ms,, and T* = [mgfﬂ, then (19) holds.

ﬁ for

__2¢
The convergence rates in the above corollaries, i.e., m™ 2+ if 2 +~v > 1 or m~%(1-9)
otherwise, match those in (Dieuleveut and Bach, 2016) for one pass SGM with averaging, up to
a logarithmic factor. Also, in the capacity independent case, i.e., ¥ = 1, the convergence rates
2

in the above corollary read as mffﬁl (since 2¢ 4 v is always bigger than 1), which are exactly
the same as those in (Ying and Pontil, 2008) for one pass SGM.

Similar results to Corollaries 5-7 can be also derived for the non-attainable case by applying
Theorem 3. Refer to Appendix B for more details.

3.5 Main Results for Batch GM

In this subsection, we present convergence results for batch GM. As a byproduct of our proofs
in this paper, we have the following convergence rates for batch GM.

Theorem 4 Under Assumptions 1, 2 and 3, set ny ~ 1, for all t € [m]. Let T* = [mﬁw
if 2+~ > 1, or T* = [m'~¢] with € €]0,1] otherwise. Then with probability at least 1 — &
(0 < < 1), the following holds for the learning sequence generated by (10):

1) if ¢ > 1/2 and m > ms, then

E(vr,41) —111}f8 <m 2+ log®mlog 5
2)if ( <1/2,2¢+~v>1 and m > mg, then

E(vr,4+1) —1Ir}f5 S mo 2+ log™ m log 5
3)if 2 +v <1 and m > mgs,, then

1
E(vr.41) — € < m~ 2079 10g mlog? 5

Here, ms (or ms.), and all the constants in the upper bounds are positive and depend only on
’%21 ||7—p||7 M>U7 Ca R7 Cy, s ||f7'lHo<>7 and mg (07’ mﬁ,e) also on & (and 6)'
3.6 Discussions

We must compare our results with previous works. For non-parametric regression with the square
loss, one pass SGM has been studied in, e.g., (Ying and Pontil, 2008; Shamir and Zhang, 2013;
Tarres and Yao, 2014; Dieuleveut and Bach, 2016). In particular, Ying and Pontil (2008) proved

11
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__2¢ __2¢
capacity independent rate of order O(m™ 2¢+T logm) with a fixed step-size n ~ m™ 2+1, and
__2min(¢,1)
Dieuleveut and Bach (2016) derived capacity dependent error bounds of order O(m  2min(¢.1)+7)

(when 2¢ 4+~ > 1) for the average. Note also that a regularized version of SGM has been studied

in (Tarres and Yao, 2014), where the derived convergence rate is of order O(m_%) assuming
that ¢ € [%, 1]. In comparison with these existing convergence rates, our rates from (13) are
comparable, either involving the capacity condition, or allowing a broader regularity parameter
¢ (which thus improves the rates). For finite dimensional cases, it has been shown in (Bach
and Moulines, 2013) that one pass SGM with averaging with a constant step-size achieves the
optimal convergence rate of O(d/m). In comparisons, our results for multi-pass SGM with a
smaller step-size seems to be suboptimal in the computational complexity, as we need m passes
over the data to achieve the same rate. The reason for this may arise from “the computational
error” that will be introduced later, or the fact that we do not consider an averaging step as
done in (Bach and Moulines, 2013). We hope that in the future by considering a larger step-size
and averaging, one can reduce the computational complexity of multi-pass SGM while achieving
the same rate.

More recently, Rosasco and Villa (2015) studied multiple passes SGM with a fixed ordering
at each pass, also called incremental gradient method. Making no assumption on the capacity,

rates of order O(m_%) (in L?(H, px)-norm) with a universal step-size n ~ 1/m are derived. In
comparisons, Corollary 3 achieves better rates, while considering the capacity assumption. Note
also that Rosasco and Villa (2015) proved sharp rate in H-norm for ( > 1/2 in the capacity
independent case. In comparisons, we derive optimal capacity-dependent rate, considering mini-
batches.

The idea of using mini-batches (and parallel implements) to speed up SGM in a general
stochastic optimization setting can be found, e.g., in (Shalev-Shwartz et al., 2011; Dekel et al.,
2012; Sra et al., 2012; Ng, 2016). Our theoretical findings, especially the interplay between the
mini-batch size and the step-size, can give further insights on parallelization learning. Besides,
it has been shown in (Cotter et al., 2011; Dekel et al., 2012) that for one pass mini-batch SGM
with a fixed step-size n ~ b/ /m and a smooth loss function, assuming the existence of at least
one solution in the hypothesis space for the expected risk minimization, the convergence rate is
of order O(y/1/m + b/m) by considering an averaging scheme. When adapting to the learning
setting we consider, this reads as that if f € H,, i.e., ( = 1/2, the convergence rate for the
average is O(y/1/m 4 b/m). Note that, fz does not necessarily belong to H, in general. Also,
our derived convergence rate from Corollary 4 is better, when the regularity parameter ( is
greater than 1/2, or « is smaller than 1.

For batch GM in the attainable case, convergent results with optimal rates have been derived
in, e.g, (Bauer et al., 2007; Caponnetto and Yao, 2010; Blanchard and Miicke, 2016; Dicker et al.,
2017). In particular, Bauer et al. (2007) proved convergence rates O(mf%il) without consider-
ing Assumption 3, and Caponnetto and Yao (2010) derived convergence rates O(mfﬁ). For
the non-attainable case, convergent results with suboptimal rates O(m%) can be found in

(Yao et al., 2007), and to the best of our knowledge, the only result with optimal rate O(m%)
is the one derived by Caponnetto and Yao (2010), but the result requires extra unlabeled data.
In contrast, Theorem 4 of this paper does not require any extra unlabeled data, while achieving
the same optimal rates (up to a logarithmic factor). To the best of our knowledge, Theorem 4
may be the first optimal result in the non-attainable case for batch GM.

12
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We end this discussion with some further comments on batch GM and simple SGM. First,
according to Corollaries 1 and 2, it seems that both simple SGM (with step-size 17; ~ m~!) and
batch GM (with step-size 1, ~ 1) have the same computational complexities (which are related
to the number of passes) and the same orders of upper bounds. However, there is a subtle
difference between these two algorithms. As we see from (22) in the coming subsection, every
m iterations of simple SGM (with step-size 17; ~ m~!) corresponds to one iteration of batch
GM (with step-size n; ~ 1). In this sense, SGM discretizes and refines the regularization path
of batch GM, which thus may lead to smaller generalization errors. This phenomenon can be
further understood by comparing our derived bounds, (11) and (73), for these two algorithms.
Indeed, if one can ignore the computational error, one can easily show that the minimization
(over t) of right hand-side of (11) with 7 ~ m ™! is always smaller than that of (73) with 5 ~ 1.
At last, by Corollary 6, using a larger step-size for SGM allows one to stop earlier (while sharing
the same optimal rates), which thus reduces the computational complexity. This suggests that
SGM may have some computational advantage over batch GM.

3.7 Proof Sketch (Error Decomposition)

The key to our proof is a novel error decomposition, which may be also used in analysing other
learning algorithms. One may also use the approach in (Bousquet and Bottou, 2008; Lin et al.,
2016b,a) which is based on the following error decomposition,

EE(wt) — irbl[fé' = [E(E(wt) — Ex(wr)) + E&L (@) — E(@)] + E(Ex(wr) — E2(@)) + E(@) — i%fg,

where w € H is some suitably intermediate element and &, denotes the empirical risk over z,

ie.,
1 & )
E() = — 3 () — wi)*. (20)
i=1

However, one can only derive a sub-optimal convergence rate, since the proof procedure involves
upper bounding the learning sequence to estimate the sample error (the first term of right-hand
side). Also, in this case, the ‘regularity’ of the regression function can not be fully utilized for
estimating the bias (the last term). Thanks to the property of squares loss, we can exploit a
different error decomposition leading to better results.

To describe the decomposition, we need to introduce two sequences. The population iteration
is defined by p; = 0 and

A /X (e 2) e — fo(@)edpx(x),  t=1,...,T. (21)

The above iterated procedure is ideal and can not be implemented in practice, since the distri-
bution px is unknown in general. Replacing px by the empirical measure and f,(z;) by y;, we
derive the sample iteration (associated with the sample z), i.e., (10). Clearly, u; is deterministic
and v, is a H-valued random variable depending on z. Given the sample z, the sequence {v;},
has a natural relationship with the learning sequence {wy}, since

Ejlwt] = vt (22)

Indeed, taking the expectation with respect to J; on both sides of (4), and noting that w; depends
only on Jy,--- ,J;—1 (given any z), one has

1 m
Ej, [wit1] = we — M Z;«wu Ti)H — Yi)Ti,
1=

13
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and thus,

m

1
Ejlwit1] = Egjw] — - Z;((EJ[Wt]afi>H -z, t=1,...,T,
1=

which satisfies the iterative relationship given in (10). By an induction argument, (22) can then
be proved.

Let S, : H — L*(H, px) be the linear map defined by (S,w)(z) = (w,z)g,Vw,z € H. We
have the following error decomposition.

Proposition 1 We have

Ey[€(wn)] = inf £ < 2 Spme = fullp + 20ISpm = Sprally + EalllSpwr — Spwallg)- (23)

Proof For any w € H, we have (Rosasco and Villa, 2015)

— ] — — 2
€(w) = inf E(w) = [ISpw = frllp-

Thus, E(wt) —infy & = ||Spwt - fHH?n and

Es[l|Sowr = full3) = EallSpwr — Sove + Spvi — full?)
= Eg[[|Spwr — Spmills + Sovt — faull2] + 2B3(Spwi — Spve, Spve — fa)p-

Using (22) in the above equality, we get,
Es{llSpwe = full) = EalllSpwe — Sprally + 1S = fll7)-
The proof is finished by considering,
ISove = fulls = Spv = Sppe + Sppe — faulls < 2018wt — Sppuell? + 2/1S e — Sp Sl

There are three terms in the upper bound of the error decomposition (23). We refer to the
deterministic term ||Spu; — fx||3 as the bias, the term ||Syv; — Sppl|2 depending on z as the
sample variance, and Ey[||S,w; — SthH%] as the computational variance. The bias term, which
is deterministic, has been well studied in the literature, see e.g., (Yao et al., 2007) and also
(Rosasco and Villa, 2015). The main novelties of this paper are the estimate of the sample and
computational variances and the difficult part is the estimate of the computational variances.
The proof of these results is quite lengthy and makes use of some ideas from (Yao et al., 2007;
Smale and Zhou, 2007; Bauer et al., 2007; Ying and Pontil, 2008; Tarres and Yao, 2014; Rudi
et al., 2015). These three error terms will be estimated in Sections 5 and 6. The bounds in
Theorems 1 and 3 thus follow plugging these estimations in the error decomposition, see Section
7 for more details. The proof for Theorem 2 is similar, see Section 8 for the details.

4. Preliminary Analysis

In this section, we introduce some notation and preliminary lemmas that are necessary to our
proofs.

14



OPTIMAL RATES FOR MULTI-PASS SGM

4.1 Notation

We first introduce some notations. For t € N, I, | (L) = H;‘C:tH(I — L) for t € [T — 1]
and H% (L) = I, for any operator L : H — H, where H is a Hilbert space and I de-
notes the identity operator on H. E[{] denotes the expectation of a random variable £. For
a given bounded operator L : L?(H,pyx) — H, ||L|| denotes the operator norm of L, i.e.,
LIl = supser2m,px),ifll,=1 I Lf]l - We will use the conventional notations on summation and
production: HEZHI =1 and Zﬁztﬂ =0.

We next introduce some auxiliary operators. Let S, : H — L?*(H, px) be the linear map
w — (w,)g, which is bounded by x under Assumption (3). Furthermore, we consider the
adjoint operator S : L?(H,px) — H, the covariance operator Tp: H — H given by T, = S5,
and the operator £, : L*(H,px) — L*(H,px) given by S,S,. It can be easily proved that
Sy9 =[x zg(x)dpx(x) and T, = [ (-, x)gxdpx (x). The operators T, and L, can be proved to
be positive trace class operators (and hence compact). For any w € H, it is easy to prove the
following isometry property (Steinwart and Christmann, 2008)

1Spwllp = v/ Tpwll 11 (24)
We define the sampling operator Sx : H — R™ by (Sxw); = (w, z;)m, @ € [m], where the norm

| - |lgm in R™ is the Euclidean norm times 1/y/m. Its adjoint operator Sy : R™ — H, defined
by (Sty,w)g = (y,Sxw)rm for y € R™ is thus given by Siy = % Yo, yix;. Moreover, we can

X

define the empirical covariance operator 7x : H — H such that Tx = S;Sx. Obviously,
1 m
Tx = - E;(,JWH%
1=

With these notations, (21) and (10) can be rewritten as

per1 = e — ne(Tppe — S, fp), t=1,...,T, (25)

and
Vi1 = Vg _nt(7;(1/t —S;Y), t= 1,...,T, (26)

respectively.
Using the projection theorem, one can prove that

S:fy =St fu (27)

Indeed, since fy; is the projection of the regression function f, onto the closure of H, in
L?(H, px), according to the projection theorem, one has

(fu = fpSpw)p=0, VweH,
which can be written as
<8;fH_S;fpvw>H:0, Yw € H,
and thus leading to (27).
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4.2 Concentration Inequality

We need the following concentration result for Hilbert space valued random variable used in
(Caponnetto and De Vito, 2007) and based on the results in (Pinelis and Sakhanenko, 1986).

Lemma 11 Letw,- - ,wy, be i.i.d random variables in a Hilbert space with norm ||-||. Suppose
that there are two positive constants B and o® such that

1
E[||lw; — Efwi]|'] < §Z!Bl_202, vl > 2. (28)

Then for any 0 < § < 1, the following holds with probability at least 1 — 46,

1 — B o 2
— m — E <2 —+ —|log-.
— ;w [wi]|| < <m + 7n> og
In particular, (28) holds if
|lwi|| < B/2 a.s., and E[|w]?] <o (29)

4.3 Basic Estimates

Finally, we introduce the following three basic estimates, whose proofs can be found in Appendix
C.

Lemma 12 Let § € [0,1[, and t € N. Then

10 t ; $1-0
- < k77 < .

Lemma 13 Let 0 € R andt € N. Then

t
k=1

Lemma 14 Let g e R andt € N witht > 3. Then

t—1 1 )
ks min(a.1)(1 4 Jog ).

(]

k=1

In the next sections, we begin prooving the main results. The proofs are quite lengthy and
they are divided into several steps. For the ease of readability, we list some of the notations and
definitions in Appendix D. We also remark that we are particularly interested in developing error
bounds in terms of the stepsize 1; (= m1t~%), the number of iterations t or T, the ‘regularization’
parameter A > 0, the sample size m, the minibatch size b, and the failing profitability §. Other
parameters such as k2, ||T,|, M,v, R,c, and | fx||« can be always viewed as some constants,
which are less important in our error bounds.

5. Estimating Bias and Sample Variance

In this section, we estimate the bias and the sample variance.

16
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5.1 Bias

In this subsection, we develop upper bounds for the bias, i.e., ||S,us — f7‘l||/21 Towards this end,
we introduce the following lemma, whose proof borrows idea from (Ying and Pontil, 2008; Tarres
and Yao, 2014).

Lemma 15 Let L be a compact, positive operator on a separable Hilbert space H. Assume that
m||L|| < 1. Then fort € N and any non-negative integer k <t — 1,

¢
T2 (D)L < <tC> : (30)

€ Zj:kJrl 5

Proof Let {0;} be the sequence of eigenvalues of L. We have

t
Ty (L)L = sup [T (1 —moi)ob.
to=k+1

Using the basic inequality
1+z<e’ for all x > —1, (31)

with n||L|| < 1, we get

¢
LD < supep { 3 m} .
! I=k+1
¢
< supexp —x Z ul z°.
220 I=k+1
The maximum of the function g(z) = e~“*2¢( with ¢ > 0) over R, is achieved at Tyax = (/c,
and thus
¢ ¢
supe ¢ = <> . (32)
x>0 ec
Using this inequality, one can get the desired result (30). |

With the above lemma and Lemma 12, we can derive the following result for the bias.
Proposition 2 Under Assumption 2, let mx? < 1. Then, for any t € N,
¢ ¢
||Sth+1 - f’HHp <R (2221%) . (33)
In particular, if n, = nt=% for allt € N, with n €]0,x2] and 6 € [0,1], then
Sprir1 — faullp < RCEn~ <07 1C, (34)

The above result is essentially proved in (Yao et al., 2007), see also (Rosasco and Villa, 2015)
when step-size is fixed. For the sake of completeness, we provide a proof in Appendix C. The
following lemma gives upper bounds for the sequence {p}1eny in H-norm. It will be used for the
estimation on the sample variance in the next section.
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Lemma 16 Under Assumption 2, let nix% < 1. The following holds for all t € N:

1) If ¢ > 1/2,
el < R (35)

2) If ¢ €0,1/2),
t 3¢
el < RS RV <Z m) : (36)
k=1

Proof The proof can be found in Appendix C. The proof for a fixed step-size (i.e., n, = n for all
t) can be also found in (Rosasco and Villa, 2015). For a general step-size, the proof is similar.
Note also that our proof for the non-attainable case is simpler than that in (Rosasco and Villa,
2015). |

5.2 Sample Variance

In this subsection, we estimate the sample variance, i.e., E[||S,u; — SthH/%]. Towards this end,
we need some preliminary analysis. We first introduce the following key inequality, which also
provides the basic idea on estimating E[||S,u; — SthH%].

Lemma 17 For all t € [T], we have

t 1
1Svier = Sppteallo < e | T Ty (TN | (37)
k=1 H
where
Ni = (Torr = Spfp) = (Tape — Siy),  Vk € [T]. (38)
Proof Since v+ and pgy; are given by (26) and (25), respectively,
Vipr — peyr = Ve — pie 0 {(Tope — Sp fo) — (Tave — Siy) }
= (I =mT)(we = pue) + 0 {(Tope = Sp fp) = (Txie — Sxy) }
which is exactly
Ver1 — p1 = (L — meTx) (Ve — pe) + medNVe.
Applying this relationship iteratively, with 14y = uy = 0,
t t
vy — perr = (T (= ) + Y kTl (T Nk = Y T (T) Nie (39)
k=1 k=1
By (24), we have
4 1
[Spvir1 — Sppurtllp = Zﬁlﬂ? I () Ni ||
k=1 H
which leads to the desired result (37). |

The above lemma shows that in order to upper bound E[||S,u; — SthH?)]’ one may only need to
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AT, (TON

. A detailed look at this latter term indicates that one may analyze the

bound‘
H

terms 7;5 1T} +1(7x) and N separately, since E,[N;] = 0 and the properties of the deterministic
sequence {puy}r have been derived in Section 5.1. Moreover, to exploit the capacity condition
from Assumption 3, we estimate ||(7, + )\)_%NkHH (with A > 0 properly chosen later), rather
than || Ng| z, as follows.

Lemma 18 Under Assumptions 1, 2 and 3, let {N¢}s be as in (38). Then for any fixed X > 0,
and T > 2,
1) if ¢ > 1/2, with probability at least 1 — 01, the following holds for all k € N :

|75+ 2) "2 Nilli < 4(R* + VM) (m’jf)\Jr %ﬁl o .

2) if ¢ €]0,1/2[, with probability at least 1 — &1, the following holds for all k € [T :

2 3T
|y(7‘p+A)—éNk\|H§2(3|fmoo+2\/M+nR)( A ‘/ECW>1og51

mvA  VmAT
1
k 27 ¢
. 9%2R (Ziﬂm) oo 3T N 2kR 1 Clo 3T (41)
mv/A 55 Vi i ta

Proof We will apply Bernstein inequality from Lemma 11 to prove the result.

Attainable Case: ( > 1/2. See Appendix C for the proof.

Non-attainable case: 0 < { < 1/2.

Let w; = (fu(zi) — v:)(T, + \) Y2, for all i € [m]. Noting that by (27), and taking the
expectation with respect to the random variable (x,y) (from the distribution p),

Elw] = E[(fu() — f,(0))(T, + X)) = 0.

Applying Holder’s inequality, for any [ > 2,

Elllw — E[w]lly] = Elllwli] < 2 E[(|f ()" + [y (T, + 2) 2l
< 2H/ (I £l +/ [yl dp(yla) | (Tp + A) 22|y dpx ().
X Y

Using Cauchy-Schwarz’s inequality and Assumption 1 which implies,

[ aotie) < ([ 1P an y|x>) < VM < 0(VADY, (12)
we get
Bl - Elulll) < 2 (Il + BO/EDVD) [ 1T+ 0 allydox(e). (43
By Assumption (3),
1075+ A1)l < 1208 < 2 (44)
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Besides, using the fact that E[[|¢]|%] = E[tr(¢ ® €)] = tr(E[¢ ® £]) and E[z ® 2] = T, we know
that

J T+ A alfydpx () = (T, 4 AT, 4 ADH) = (T + AD T,
and as a result of the above and Assumption 3,
J T 2D alfydpx(e) < 27,
It thus follows that

T8 allydpxto) < (4 )l 2 [T 22 o) < (ﬁ)lx (15)

Plugging the above inequality into (43),

Elllw — Efw]|]

IN

-2
21| fylll + N(VAD) V) () e

VA
-2
! (2"“(”f“"”;}+ m>> o5l el + VIDPAT

Therefore, using Lemma 11, we get that with probability at least 1 — 9,
K ve 2
<AV + | fullo) ( v ) log 2. (46)

' 7%iz f'H xz z
=1
B n

We next let & = (T, + \)~Y2((ug, ;) — fa(w;))zi, for all i € [m]. We assume that k > 2. (The
proof for the case k = 1 is simpler as p; = 0.) It is easy to see that the expectation of each ¢;
with respect to the random variable (x;, ;) is

m

> (Blw] —w;)

=1

1
m

3

H H

El¢] = (Tp+ N2 (Toue = Spfr) = (To + N2 (Tope = S 1),
and

1€ller < (ISprrlloo + 1L Frlloo)1(To + X) 72|

By Assumption (3), [|Sppik|loo < &llpx]|mr- It thus follows from the above and (44) that

1€l < (Bllpkllm + 1| frulloo)

Sz

Besides,

2¢ 2¢
K2 K2 K2 R? ¢ K2 R? 1
El&7 < =E(un(z) — fu(2)? = —|Spmr — fulls < ( ) < ( ) ,
)\ )\ ’ )\ 221 1 i )\ Zf:l i
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where for the last inequality, we used (33). Applying Lemma 11 and (36), we get that with
probability at least 1 — 9,

q

Ellpelle + 1fulle | R 1 2

< 2k + log —

mvA VmA \ S i o

1
k 3¢

< o9k KR+ || fllco N KR (Zi:l 77i> N R 1 ¢ logg
N mv/A mv/A VmA \ SF o

Introducing the above estimate and (46) into the following inequality

m

Z fr(xi) —yi) @

=1

_1
2

(75 +X) 2Nyl <

S\H

H

1 & .
(7-p +A) 1/2 EZ P (i) — fu xl)) Ti— (7-9/”9 _Spfp)]
i=1

)

H

and then substituting with (36), by a simple calculation, one can prove the desired result by
scaling 9. |

The next lemma is from Rudi et al. (2015), and is derived applying a recent Bernstein
inequality from (Tropp, 2012; Minsker, 2011) for a sum of random operators.

Lemma 19 Let 62 € (0,1) and % log 57 < A < ||Tp[|. Then the following holds with probability
at least 1 — b9,

1
[T+ AD7E T2 || < [T+ M) 73 (T, + AD3|| < 2. (47)
Now we are in a position to estimate the sample variance.

Proposition 3 Under Assumptions 1, 2 and 3, let mr®* <1 and 0 < X\ < ||T,||. Assume that
(47) holds. Then for allt € [T):
1) if ¢ > 1/2, and (40) hold, then fort € N,

Spvtr1 — Spprtllp

<A(RRX 4 VIT) [ 4 V2V tim’juuti + V2K 1oi (48)
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2)if ¢ < 1/2, and (41) hold for any t € [T], then fort € [T]:

t—1

2ng
[Spri+1 — Spprallp < <Z + 4>\an + V2k2 m)

k=1 4£i= 16-1-177Z

1
2 262R (Yh_ym)® *\, 3T
x 2(3y\fﬂuoo+3m+m)< AT ﬁc»y>+ K2R (351 ) log

mv/\ vVmA\Y mv/\ 01
t—1 t—1 2
25R | 3T 20k L Mk V2K, (49)

T ;(z’zﬂm)gzzzm ;(zlem)“@ﬁlm)c

Proof For notational simplicity, we let 7, = T,+ /\I and Tx » = Tx +Al. Note that by Lemma
17, we have (37). When k € [t — 1], by rewriting ’7;)2 IT, 1 (Tx) Ny as

111 1
771 7;,\ T e (T TAT 2 TAT, 3 Ny
1
we can upper bound || 7,211} (Tx) Nkl as
1 11 1
172 Wi (T) Nillm < 1707 T 32 M T2 (T, A”H H” Nk”H'

Applying (47), the above can be relaxed as

1 1 1 _1
175 101 (T Nl < 41T 1 (T) TN T, 32 Nl
which is equivalent to
1 1
T\ 1 (T) Nl < AT AT g1 (T T, 37 Nicl -

Thus, following from n;x2 < 1 which implies ;| 7x|| < 1,

[Tl (T < 1Tl (T |+ AT 4 (To0) |
< TRty (Tl + A

Applying Lemma 15 with ¢ = 1 to bound || 7T}, , (7x)

|, we get

1
ITeAlly 1 (Tl € ———— + A

ezj k+1 73
When k =+,
1 1 PR 1
177 101 (TNl = 1752 Neller < 1757 T 2T, 2 Nell e
1 1, —1
S Toll2 (I Toll + A)2 (17,3 Nl -
Since A < || 7,|| < tr(7,) < K2, we derive

1
T2 T (TONell o < V262 T 2Nl
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1
From the above analysis, we see that 22:1 i || T2 1L 11 (Tx)N, can be upper bounded by
H
1
t—1 ~3 t—1
Me/2( T, X Nigll 1 1 1
<) P A el T, 2 Nellm + V2R T, 2 Nel
=l ikl T k=1

Plugging (40) (or (41)) into the above, and then combining with (37), we get the desired bound
(48) (or (49)). The proof is complete. [ |

Setting 7; = n1t~? in the above proposition, with the basic estimates from Section 4, we get the
following explicit bounds for the sample variance.

Proposition 4 Under Assumptions 1, 2 and 3, let n, = nit =% with 1 €]0,x72] and 6 € [0,1].
Assume that (47) holds. Then the following holds for all t € [T] and any 0 < X < ||7,||:
1) If ¢ > 1/2, and (40) holds for all t € [T],

[Spri1 = Sprtllp

<4(RK% + VM) (8Am J

2\/ve 4 (50)
+4logt+ 4+ V2 E) n + 7 ) log —.
8 2 (mﬁ mA\Y & 01

2) If < 1/2, and (41) holds for all t € [T},

8Ant! 3T
|Spvis1 — Sppies1llp < <1m€ + 4logt + 4 + V2n k2 ) log o
K 2\/ve kK [mti-? 4kR 1
x|2(3 0 +3VM + kR + T+ \/ +1 .
( ( Hf?'l” ) <m\/X /7777)\7 ) <1 —0 m S\ (nltl—G)C

(51)

Proof By Proposition 3, we have (48) or (49). Note that
t—1 t—1 0 t—1

Mk B k~
Z Zt Z Zl

k=1 2vi=k+1Th 121 k:+1Z

Applying Lemma 14, we get

t—1
Tk
> = <2+2logt,
P21 ekt M
and by Lemma 12,
t—1 t—1
9 tl 0
-0 m
D ome=m) k< S
k=1 k=1
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Introducing the last two estimates into (48) and (49), one can get (50) and that

8)\771t1 0
1-0

1
K 2\/ve 4K5°R (771t1*9)57C 3T
x 12(3 o +3VM + kR + T+ log =—
( I ) (m\f/\ Vm\Y > (1—60)mvA %5

HSthJrl *Sp,ut+1||p < < +4logt+4+\f771/<, )

t—1 t—1
2kR 3T 2 252
REC 9L Mk SN Mk n V2k%,

VmA ©8 1 k=1 <Zf:1 77i>422:k:+1 1 ; (Z;ﬂ:l 772')C (25:1 77¢)<

To prove (51), it remains to estimate the last term of the above. Again, using Lemmas 12, 13
and 14, we get

+

t—1 -1

Mk _ 1 S k=t

_ ko) s nf e 0\ vt -
k=1 (D21 ) Dimgr1 i =1 (X2ie 12 Dimkt1l

§ it_l L0 Q—t Zkf(e%(lfe))

- P (B1=0/2)(t —K)t=0 8 ~  t—k
2¢ o 4(1 +logt)

< 2o (0HC0-0) (1 4 1ogp) < L1080
n§ (mt'=0)¢

t—1 i—1
B k_e 2 tl—e 1—(
Tk CZW}C ' <2< czk (0+¢(1-0) < (m ) and

(1-0) °

mo___ mt” ¢ mt™ V2
(it 771’)C (XCia 7711"9)C (mt1=0)¢ = (mt1=0)¢
Therefore,
0

8An
[Spvt+1 — Sppittllp < (19

1
2 4K2R (mt1—0)2 ¢ 37
x 2<3Hf7-tHoo+3\/M+/<cR>< AR ﬁc”>+ Gt VIO L BV

+4logt+4+\[nm>

mvx - mn (1— 0)mv/™ %5
2kR . 3T 8Amt1-9 5 1
log 8 4+ 8log — 42 —.
T B ( * 1_g M) Giioy
Rearranging terms, we can prove the second part. |

In conclusion, we get the following result for the sample variance.

Theorem 5 Under Assumptions 1, 2 and 3, let 61,92 €]0,1[ and %log% <A< |Tpll- Let
ne = mt~0 for allt € [T], with n €]0,x7%] and 0 € [0, 1[. Then with probability at least 1—3; — o,
the following holds for all t € [T :

1) if ¢ > 1/2, we have (50).

2) if ¢ < 1/2, we have (51).

24



OPTIMAL RATES FOR MULTI-PASS SGM

6. Estimating Computational Variance

In this section, we estimate the computational variance, E[||Syw; — Sput||g]. For this, a series of
lemmas is introduced.

6.1 Cumulative Error

We have the following lemma, which shows that the computational variance can be controlled
by a sum of weighted empirical risks.

Lemma 20 We have

t 2
K2
]EJ”Spwt—i-l — Sth+1||,2; n Z 7;12 Hk+1 (Tx)|| Es[€z(wr)]. (52)
k=1
Proof Since w1 and vy are given by (4) and (26), respectively,
bt
. 1
wir1 —vep1 = (we— ) e § (T — Siy) — b Z (wes ) 1 — Yj.)%5,
i=b(t—1)+1

= =T —m) 5 > (T = S5y) = (wnwj)m — v}

i=b(t—1)+1

Applying this relationship iteratively,
1
wep1 — v = M(T) (w1 — 1) + 7 oD mll (T My,

where we denote
Mk,i = (7;(('% - S;:Y) - (<wk7‘rji>H - yji)xji' (53)

Since wy = v1 = 0, then

t
Wil — Vg1 = Z Z UkH2+1(7;<)Mk,i-

k Li=b(k—1)+
Therefore,
2
E‘]Hspwt“*‘gpytﬂui = EJ Z Z UkSpH§c+1(7;c)Mk,i
k=114i=b(k—1)+
p
2
- 22 Z niEJHSPHZH(E)Mk,iHP, (54)

k=1 i=b(k—1)+1
where for the last equality, we use the fact that if & # k/, or k = k' but i # '4, then

Ejy <SPHII;+1(7;<)M/€,Z'7SPHZ’+1(7;<)M’€/,Z'/>P =0.

4. This is possible only when b > 2.
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Indeed, if k # k', without loss of generality, we consider the case k < k’. Recalling that M, is
given by (53) and that given any z, wy is depending only on Jq,--- ,Jx_1, we thus have

Ey <5pH§c+1(7;<)Mk,ia Sth’+1(7;<)Mk”vi’>P
= IEJl,--- W1 <SPHI;€+1 (ﬁ()Mk,la SPHIISC’+1(7;<)EJI¢’ [Mk/,i/Dp =0.

If k = k' but i # ¢/, without loss of generality, we assume ¢ < /. By noting that wy is depending
only on Jy,---,Jx—1 and M}, is depending only on wy, and z;, (given any sample z),

E3(SoIlj, 1 (Tx) Mici, Spllj, 1 (Toe) Mig.ir),
= E.h,m WJe—1 <SPHZ+1 (IC)EM [Mk,i]v SﬂHt’-l-l(’E()Eji’ [Mk,i’]>p =0.

Using the isometry property (24) to (54),

2 2

2 1 1
Eg || SpMsr (To) Myl | = B | T2 Iy (T Mii| - < || T Wi (T) | Ba 1Ml

H

and by applying the inequality E[||¢ — E[¢]||%] < E[||€1%],
Ej | Mkl < Ex | (wrs 201 — y3.)25 3 < 6°Eg[((we 25000 — 5,)%] = £2Eg[Ex(wr))],

where for the last inequality we use (3). Therefore, we can get the desired result. |

To estimate the computational variance from (52), we need to further develop upper bounds
for the empirical risks and the weighted factors, which will be given in the following two sub-
sections.

6.2 Bounding the Empirical Risk

This subsection is devoted to upper bounding Ey[E,(w;)]. The process relies on some tools from
convex analysis and a decomposition related to the weighted averages and the last iterates from
(Shamir and Zhang, 2013; Lin et al., 2016b). We begin by introducing the following lemma, a
fact based on the square loss’ special properties.

Lemma 21 Given any sample z, and | € N, let w € H be independent from J;, then
m (Ea(wr) = Ea(w)) < wr = wllfy — By, lwier — wlfy + niw*Ex(wr). (55)

Proof Since wyy; is given be (4), subtracting both sides of (4) by w, taking the square H-norm,
and expanding the inner product,

2 bl
n
w1 —wlF = [lwr —w||%r+b% > (wnmg)u — yj)ag,

i=b(I—1)+1 I
277 bl
|
+T Z ((wr, @) 1 — yj){w — wi, 5, -
i=b(1—1)+1
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By Assumption (3), ||zj, ||z < K, and thus

bl bl
Z (<wlaxji>H _yji)xji Z ’<CU1,-%']’1->H _yjim
b 1)1 . i=b(I—1)+1
bl
< K2b Z (<le$ji>H - yjz‘)Q’
i=b(I—1)+1

IN

where for the last inequality, we used Cauchy-Schwarz inequality. Thus,

bl

n
ot — ol < e =l + L 5™ (g~
i=b(l—1)+1
bl

2m;
+T Z (wi, ) — y5) ((w, 50 1 — (Wi, @5, 1)
i=b(1—1)+1

Using the basic inequality a(b —a) < (b — a?)/2,Va,b € R,

bl

77
s = wllFy < flor — wllF + lb > (wnwi)n —y5)
i=b(I—1)+1
bl

PN (sdn =) (o —3)?).

i=b(l—1)+1

Noting that w; and w are independent from J;, and taking the expectation on both sides with
respect to Jj,

Ey lwit1 — wlf < llwr — wllf + 17 w2Ex(wr) +m (Ea(w) — Ealwr))
which leads to the desired result by rearranging terms. The proof is complete. |

Using the above lemma and a decomposition related to the weighted averages and the last iterates
from (Shamir and Zhang, 2013; Lin et al., 2016b), we can prove the following relationship.

Lemma 22 Let nik? < 1/2 for all t € N. Then

B3 [Ex(wr)] < 4E4( an +2H22 : k+ Z i Es[E, (56)
——

Proof Fork=1,---,t—1,

LS m)] - e 3wl

i=t—k+1 i=t—k
t
1
= J(k+1 g —k g
e (AP MR RS SRty
i=t—k+1 i=t—k
1 t
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Summing over k = 1,--- ,t — 1, and rearranging terms, we get (Lin et al., 2016b)
t—1 1 ¢
nEg[€ Z niEy[Ex(wi)] + Z m Z (miE3[E2(wi)] — me—rEy[E2(wi-r)])-
k=1 i=t—k+1

Since {n:}; is decreasing and E3[£,(w;—k)] is non-negative, the above can be relaxed as

t—1 t
1
MEs[Ealer)] < §ijJ W+ D Y MEE) Sl 67
k=1 i=t—k+1

In the rest of the proof, we will upper bound the last two terms of the above.
To bound the first term of the right side of (57), we apply Lemma 21 with w = 0 to get

mEg (Ex(wr) — €(0)) < EglllwillFy — llwrs1[I7] + nix*Eg[Ea(w)].
Rearranging terms,
m(l —me*)Eg[Ex(wn)] < EsfllwnllF — llwrsallF] +mEa(0)-
It thus follows from the above and 7% < 1/2 that
ME5[E,(w)]/2 < EslllwillF = lwisallz] + m&x(0).

Summing up over [ =1,--- ,t,

~+

ZmEJ (/2 < Ballunlfy =l ] + E0) 2o

Introducing with wy = 0, |lwet1]|% > 0, and then multiplying both sides by 2/t, we get

t
Z (58)

It remains to bound the last term of (57). Let k € [t — 1] and i € {t — k,--- ,t}. Note that
given the sample z, w; is depending only on Jq,--- ,J;—1 when ¢ > 1 and w; = 0. Thus, we can
apply Lemma 21 with w = w;_j to derive

H—\H

*ZT]ZEJ < 25

i (Ea(wi) = Ealwer)) < wi — wellfy — By llwivs — werllFr + 1757 Ex(wi).-

Therefore,

niEs [Ea(wi) — Ex(wen)] < Eglllws — wi—kllf — lwiss — we—r|E] + n?r*Eg[Ea(wi)].

Summing up over i =t —k,--- ,t,

¢
Z By [E2(wi) — Ex(wi—k)] < K Z i E
i=t—k
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Note that the left hand side is exactly Z;thkﬂ NiEy [Ez(wi) — E4(wi—k)]. We thus know that
the last term of (57) can be upper bounded by

_ 1
_ 2 k<k:+1>i_tz_km?EJ[ezw)]+52”?EJ[52(“”];1¢<1€+1>'

t—1 t—1
1 1 1 1
— = ——— 1--<1
— k(k+1) ;<k k+1> t =

t—1 t
k(kl—i— ) Z 0i(E3[€x(wi)] — E3[Ea(wi—i)])
k=1 i=t— k+1
t—1
= KQ k(k+1) k+1 Z 0 EglEx(wi)] + mEg[Ex(wi)]/2.
=1 i=t—k

Plugging the above and (58) into the decomposition (57), and rearranging terms

ntEJ[gz(wt)]/z < 25 an + K Z k k» +1 Z 772EJ

z—t—k

which leads to the desired result by multiplying both sides by 2. The proof is complete. |

We also need the following lemma, whose proof can be done using an induction argument.

Lemma 23 Let {u;}1_;, {4}, and {B;}]_, be three sequences of non-negative numbers such
that v < Ay and
ur < Ay + By sup ug, vt e {2,3,---,T}. (59)
i€t—1]

Let supyeir) Be < B < 1. Then for all t € [T],

sup uy < sup Ap. (60)
kelt] — B repy

Proof When t =1, (60) holds trivially since u; < A; and B < 1. Now assume for some ¢t € N
with 2 <t < T,

< sup A;.

sup wu; <
ieft—1] 1= B -y

Then, by (59), the above hypothesis, and B; < B, we have

B 1
ur < Ay + By sup wu; < Ay + sup A; <supA; <1+t> <supA4d;——.
i€lt—1] 1 =B jeii—1 ielt] - 1-B
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Consequently,

sup uy, < sup Ay,
kelt] - kelt]

thereby showing that indeed (60) holds for ¢. By mathematical induction, (60) holds for every
t € [T]. The proof is complete. [ |

Now we can bound Ej[&,(wy)] as follows.

Lemma 24 Let mk? < 1/2 and for all t € [T] with t > 2,

1 1 1
— 1
e Zk(k:Jrl Zzt:km = 4Rz (61)
Then for all t € [T,
sup E5|&, < 8&,(0) sup E 62
kelt] sl kel { ik 4 } (62)

Proof By Lemma 22, we have (56). Dividing both sides by 7, we can relax the inequality as

Eg[€x(wi)] < 4&,(0 an+2n—zkk+ ZU? sup Ej[Eq(wi)].

imt—  €[t—1]

In Lemma 23, we let u; = E3[Ex(wy)], Ar = 45z(0)% S_m and

Bt_%*zkkﬂ Z -

ztk

Condition (61) guarantees that sup;c;7) By < 1/2. Thus, (60) holds, and the desired result fol-
lows by plugging with B = 1/2. The proof is complete. |
Finally, we need the following lemma to bound &,(0), whose proof follows from applying the

Bernstein inequality from Lemma 11.

Lemma 25 Under Assumption 1, with probability at least 1 — 03 (93 €]0,1[), there holds

1 V2 2
E.(0) < Mv+2Mv | —+ — | log —.
(0) < Mo+ ”(Wm) o8 5
In particular, if m > 32log? %, then
E,(0) < 2Mw. (63)

Proof Following from (5),
1
/ yHdp < §Z!le2 - (2M*%v), vl e N,
Z
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/ y2dp < Mw.
Z

/ ly* — Ey?|'dp
7

IN

<

<

where for the last inequality we used v > 1.
B = Mwv and 0 = 2Mwv, we know that with probability at least 1 — 3, there holds

1<, ) 1 2 2
SN2 - [ Pdp < oMo [ — + — ) log =
n;yz /Zy p< v(m+ ﬁm> og 5

The proof is complete.

6.3 Bounding

We bound the weighted factor

1

T o1 (Tx)

1
Ty W1 (T)

[ iyl (8o
[P+ @)y
%Z!Ml‘z - (2M?v) + (Mv)!
%u(Mv)H(sz)?,

Applying Lemma 11, with w; = y? for all i € [m],

as follows.

Lemma 26 Assume (47) holds for some A > 0 and mx? < 1. Then

1 1
1T M (TP < —— + 4

Proof Note that we have

i=k+1 "l

1752 W (T < 132 (T + A1) 2 | (T + AT 2 Ty (T -

Using (47), we can relax the above as

which leads to

Since

1
T2 T (T | < 20(T + A2 T (TR,

1752 T (T2 < 4/ (Toe + A 210y (T

(T + AD)2 T (To)|1?

IN

(T + ADI 4 (To) g1 (T

H7;H'}€H(7;)H2H(7;)|| + A
1
1T Wy (TP + A,
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and with n;x2 < 1, || Tx|| < tr(7x) < k2, by Lemma 15,

1

1
1T (T)l” < < :
20 i1 i A iy M

we thus derive the desired result. The proof is complete. |

6.4 Deriving Error Bounds

With Lemmas 20-26, we are ready to estimate the computational variance , Ej||S,wi+1 —
Spyt+1||§, as follows.

Proposition 5 Under Assumption 1, assume (47) holds for some X\ > 0, mr2 < 1/2, (61) and
(63). Then, we have for all t € [T,

16 Mvk? = n? =
matsan - Spall < 4 LS b (S TS ).
kel t] Nk Z ;

k=1 2ai=k+1"i =1
(64)

Proof According to Lemmas 20 and 24, we have (52) and (62). It thus follows that

2
7?) I, 1 (7x)

88,(0)k?
Eg|[Spwir1 — Sprn 1H2§75up il 77

Now the proof can be finished by applying Lemma 26 which tells us that

= an
t—1 t—1

Zz:tm“JrMZniJrn?ﬁQ,

k=1 2wi=k+1"hi k=1

2
+77t

2

T%

7;2 I}, 1 (7x)

IN

and (63) to the above inequality. The proof is complete. [ |
Setting 7, = nit~? for some appropriate 11 and @ in the above proposition, we get the following

explicitly upper bounds for Ey||S,w; — Spwt”%.

Proposition 6 Under Assumption 1, assume (47) holds for some A > 0 and (63). Let n, =
mt=0 for all t € [T), with 6 € [0,1] and

tmin(@ 1-6)
0 — vt e [T]. 65
<m_8/£2(logt+1) €Tl (65)
Then, for all t € [T],
16 Mvk? — min(6.1— _
Ejllwis1 — vegll < ) (5?7175 6:170) 1+ ganit! 20)+) (1Vlogt). (66)
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Proof We will use Proposition 5 to prove the result. Thus, we need to verify the condition
(61). Note that

t—1 1 t—1 7712
;kkJrl ng anzkk—l— Z ( )S_t—z"

=t—k i=1  k=t—i i=1
Substituting with n; = 7i~?, and by Lemma, 14,
§ b § n2 < n? § i ot~ ™00 (og t 4 1)
Laf(k+1) o= ML = st

Dividing both sides by 7; (= n:t~?), and then using (65),

1t71 1 t—1 1
S N 2 < oyt~ M@= (logt 1) < —

This verifies (61). Note also that by taking ¢t = 1 in (65), for all t € [T7] ,
<1 1
S8y

We thus can apply Proposition 5 to derive (64). What remains is to control the right hand side
of (64). Since

nk? < mk

- = 771 — =M T N—a
el 2ai=k+1 " 1 Dkt ! i =1 (t—Fk)t
combining with Lemma 14,
t—1 172 .
Z Ztik S 27]1t_ min(6,1-) (logt + 1)
=1 2ai=k41 "l

Also, by Lemma 12,

1 & 1 & 1
w2 e S

and by Lemma 13,

-1

~+

t—1
me=mn7 » k2 < piemext=200 (log t 4 1).
k=1 k=1

Introducing the last three estimates into (64) and using that n?x? < mt=% by (65), we get the
desired result. The proof is complete. |

Collect some of the above analysis, we get the following result for the computational variance.

Theorem 6 Under Assumptions 1, let d2 €]0,1], %logg”—2 < X < |7, 935 €)0,1], m >

321og? %, and ny = mt=% for all t € [T], with 0 € [0,1] and 1, such that (65). Then, with
probability at least 1 — 62 — 03, (66) holds for all t € [T].
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7. Deriving Total Error Bounds

The purpose of this section is to derive total error bounds.

7.1 Attainable Case

We have the following general theorem for ¢ > 1/2, with which we prove our main results stated
in Section 3.

Theorem 7 Under Assumptions 1, 2 and 3, let ¢ > 1/2, T € N with T > 3, § €]0,1], o =
nk=2t=Y for all t € [T, with 6 € [0,1[ and n such that

tmin(@,l—@)
0 < Vvt e |T]. 67
<n_8(logt+1)’ €Tl (67)
If for some € €]0,1],
1852 27x2 \\ /¢
S (185 1, ()) | 63
<eu7;u AL (6%)

then the following holds with probability at least 1 — §: for all t € [T},

12
Ej [g(wt+1)] _ 1%f€ <q (ntl—ﬁ)—% + q2m'y(l—e)—1<1 V. n2m26—2t2—29)(10g T)2 10g2 F (69)

+Q377b_1 (t_ min(0,1—6) V. me—lnt(l—ZG)_._) logT.

4(1,.2¢ 2
Here, g1 = 2R, g = PN AT i g, = 2404,

Proof Let A = ||7,||m*!. Clearly, A < ||7,]||. For any A > 0 and B > 1, by applying (32) with
¢(=1,z=(Bm) and c = 557,

A A 2AB¢ 1 A AB 1
Alog(Bm) = ;log((Bm) ) < ;1 g< " > + §m€ < ?log < ; ) + 2m (70)

N

Using the above inequality with A = Al and B = %, one can prove that the condition (68)

ensures that 9” log % 5, < A s satisfied with 0y = 5 , Therefore, by Lemma 19, (47) holds with
probablhty at least 1 — 9. Similarly the condltlon (68) implies that m > 32log? —3 is satisfied

with 3 = 3, and thus by Lemma 25, (63) holds with probability at least 1 — d3. Combining with
Lemma 18, by taking the union bound, we know that with probability at least 1 — 61 — do — J3,
(47), (63) and (40) hold for all k € [T]. Now, we can apply Propositions 4 and 6 to get (50) and
(66). Noting that by (67), v/2n < 1, and by a simple calculation, we derive from (50) that

1Spver1 — Spptesrll’
4624(RH2< + VM)A (/TN + /240y [ TH)17)? (10

1AV 2?4220 v log? t) log?

(1—6)2 b
4624(R’€24 + VM)A (5/ /I Tl + V2v0ey [ Tol7)? m(1—9-1 2. 2e-2,2-20 2, 24
= (1—6)? (LVn*m= =" )(log T')" log 5

where for the last inequality, we used ||7,|| < x2. Similarly, by a simple calculation, we get from
(66) that

208Mv , i
IEJHSPth — Sth+1||z < b(]_ — 6) (nt (6,1-0) V, >\77 K- (1 20) 4 )(1 Vi IOg t)
< 208Mw (nt~ min(6,1-6) \, m671n2t(1729)+) log T.

b(1 — 0)
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Letting 6, = g, and introducing the above estimates and (34) into (23), we get (69). The proof
is complete. |

Proof [of Theorem 1| By choosing € = 1 — and 6 = 0 in Theorem 7, then the condition

1
2¢+y
(68) reduces to m > myg, where

18k2%p (27/1217) >p 2+~
ms = log L op= ot (71)
< 175l 17,110 20+~ -1
The desired result thus follows by applying Theorem 7. |

7.2 Non Attainable Case

For the non-attainable case, we have the following general results on generalization errors for
SGM.

Theorem 8 Under Assumptions 1, 2 and 5, let ( < 1/2, T € N with T > 3, ¢ €]0,1[, n, =
ne=2t=% for all t € [T], with 6 € [0,1] and n such that (67) and for some € €]0,1], (68) holds.
Then the following holds with probability at least 1 — d: for all t € [T,

1
s < 1-6\—2¢ Y(1—e)—1 e—1,1-60\3 4 2 -
E3[€(wit1)] 1%f5 < ((nt )4+ m ) (IVym™t ") log™ T log 5 (72)

b~ (¢ OOy e (12004 ) 10g T

Here, the constant in the upper bounds is positive and depends only on k2, ||T,||, M,v,(, R, ¢y, 7
and || floo

Proof The proof is similar to that for Theorem 7. We include the sketch only and omit the
constants appeared. Similar to the proof of Theorem 7, with A = ||7,||m!, one can prove that
with probability at least 1 — §; — d2 — d3, (47), (63) and (41) hold for all k£ € [T]. Now, we can
apply Propositions 4 and 6 to get (51) and (66). Noting that by (65), v/2n < 1, and by a simple
calculation, we derive from (51) that

|Spvis1 — Sppies1 ”%

1 1
va(l—e)—l(l Vi 772m2€_2t2_29) log* T'log? 5 + (ntl_e)_QC(l V m‘l_@m_l)(l V n2m26_2t2_29) log* T'log? 5

1 1
Sm'y(l—e)—l(l V; n2m25—2t2—29) 10g4 T10g2 5 + (nt1—9)—2g(1 V. nme—ltl—e)?) 10g4 T10g2 S

The rest of the proof parallelizes to that for Theorem 7. [ |

Now, we are in a position to prove Theorem 3.
Proof [of Theorem 3| The second part of the theorem follows directly from applying Theorem
8 with 6 = 0. The first part can be proved by applying Theorem 8 with § =0 and e =1 — ﬁ,
combining with the same argument from the proof of Theorem 1 to verify the condition (68).

We omit the details. [}
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7.3 Batch GM

Following the proof of Theorems 1 and 3, we know that the following results hold for batch GM,
from which one can prove Theorem 4.

Theorem 9 Under Assumptions 1, 2 and 5, set n; = nk~2 with n < 1, for all t € [m]. With
probability at least 1 — 6 (0 < 6 < 1), the following holds for the learning sequence generated by
(10):

1) if ¢ > 1/2 and m > mgs with mg given by (71), then

. —2¢ __2x S B 51
Ej[&(wis1)] — 1%{"5 S ()™ +m7 2% (1 4+ m” 2+nt)* log® T log 5 (73)
2)if ¢ <1/2,2¢+~v>1 and m > mg with ms given by (71), then
. —2¢ __2x S N 91
Ej[€(wit1)] — 1%1"5 < ((nt) +m 2<+“/) (Lvm 2+int)’log™ T log 5
3) if 2¢ +~v <1 and for some € €]0,1], (68) hold, then
1
Ej[€(wit1)] — iII}fE < ((1775)_2< + m7(1_€)_1> (1V nmc1t)31og? T'log? 5

Here, all the constants in the upper bounds are positive and depend only on k2, || T,||, M,v,(, R, ¢,
and vy (and also on || fy|lco when ¢ < 1/2) .

8. Convergence in H-norm

In this section, we will give convergence results in H-norm for Algorithm 1 in the attainable
case. For the sake of simplicity, we will only consider a fixed step-size sequence, i.e, 1y = 1 for
all £.

Using a similar procedure as that for (23), we can prove the following error decomposition,

Ej(llwr — wHlE] S llwe — wHiE + e — vellfr + Eallwe — vl 3. (74)

To estimate the bias term, ||y — w||%, we introduce the following lemma from (Yao et al., 2007;
Rosasco and Villa, 2015). Its proof is similar as that for (34) and will be given in Appendix C
for the sake of completeness.

Lemma 27 Under Assumption 2, let ( > 1/2 and n, = n for all t € N, with n €]0,x~2], then

_ ¢-1/2
e~ < 1 (S2) (75)

To estimate the sample variance term, ||y — v¢]|%, we use (39) and get that

t
Vet = pestllm = || D mIl g (To) N
k=1 H
t 1 _1 ¢
< D |[T,N ]ﬁ,fﬂzﬂrr Z T4 (TN ;
k=1 k
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is upper bounded by

1
From the proof of Theorem 5, we know that 3" _, nx T 1 (Tx) N

H
the right-hand side of (50). With n; =n and A = H’ﬁ)Hm*ﬁ, we thus have

_¢=1/2 1
[Vt41 — el Sm 2 (1+m RESa nt)logtlog — 5 (76)

Finally, for the computational variance term, Ej[[|w: — 14]|%;], we use a same procedure as that
for (52) to get
t
K2
b
k=1

2
2 n°t
Esllwitr — vealli < 0 | Wy (T Eal€alwr)] S 5 (77)

where we used (62) and (63) in the last inequality. Introducing (75), (76) and (77) into the error
decomposition (74), we can prove Theorem 2.

9. Numerical Simulations

Minibatch SGM SGM Batch GM

Bias

ar Sample Error
Computational Error 007 Total Error
Total Error

Bias

Bias
Sample Error s

0.07 Computational Error 0.07
Total Error

0 20 40 60 8 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 8 100 120 140 160 180 200
Pass Pass

(a) Minibatch SGM (b) SGM (c) Batch GM

Figure 1: Error decompositions for gradient-based learning algorithms on synthesis data, where
m = 100.

In order to illustrate our theoretical results and the error decomposition, we first performed
some simulations on a simple problem. We constructed m = 100 i.i.d. training examples of the
form y = f,(x;)+w;. Here, the regression function is f,(x) = |[x—1/2|—1/2, the input point z; is

Classification Errors of Minibatch SGM Classification Errors of SGM Classification Errors of GM

Training Error
Validation Error

Training Error
0.08 Validation Error|

Training Error
Validation Error| |

Error
T
g
T
o
2

Pass “10t Pass “10t Pass «10*

(a) Minibatch SGM (b) SGM (c¢) Batch GM

Figure 2: Misclassification Errors for gradient-based learning algorithms on BreastCancer
dataset.
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uniformly distributed in [0, 1], and w; is a Gaussian noise with zero mean and standard deviation
1, for each i € [m]. We perform three experiments with the same H, a RKHS associated with a
Gaussian kernel K (z,2') = exp(—(z—2')?/(20?%)) where o = 0.2. In the first experiment, we run
mini-batch SGM, where the mini-batch size b = y/m, and the step-size 7, = 1/(8y/m). In the
second experiment, we run simple SGM where the step-size is fixed as n: = 1/(8m), while in the
third experiment, we run batch GM using the fixed step-size 1, = 1/8. For mini-batch SGM and
SGM, the total error ||Syw; — pr%%, the bias ||S,fie — pr%%, the sample variance ||S,v; —Sp,&tH%%
and the computational variance ||S,w; —SputHQL% , averaged over 50 trials, are depicted in Figures
p

la and 1b, respectively. For batch GM, the total error ||S,v; — fp||%2, the bias ||S,f — fp||%2

P b

and the sample variance ||S,v; — /lt||%%, averaged over 50 trials are depicted in Figure lc. Here,
p

we replace the unknown marginal distribution px by an empirical measure p = ﬁ Z?E{O 04,5

where each Z; is uniformly distributed in [0, 1]. From Figure la or 1b, we see that as the number
of passes increases®, the bias decreases, while the sample error increases. Furthermore, we see
that in comparisons with the bias and the sample error, the computational error is negligible.
In all these experiments, the minimal total error is achieved when the bias and the sample
error are balanced. These empirical results show the effects of the three terms from the error
decomposition, and complement the derived bound (11), as well as the regularization effect of
the number of passes over the data. Finally, we tested the simple SGM, mini-batch SGM, and
batch GM, using similar step-sizes as those in the first simulation, on the BreastCancer data-
setb. The classification errors on the training set and the testing set of these three algorithms are
depicted in Figure 2. We see that all of these algorithms perform similarly, which complement
the bounds in Corollaries 3, 4 and 7.
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Appendices

A. Learning with Kernel Methods

Let the input space = be a closed subset of Euclidean space R?, the output space Y C R. Let
p be an unknown but fixed Borel probability measure on = x Y. Assume that {(&;,y;)}/", are
i.i.d. from the distribution p. A reproducing kernel K is a symmetric function K : = x Z — R
such that (K (u;, uj))ij:l is positive semidefinite for any finite set of points {u;}¢_; in Z. The
kernel K defines a reproducing kernel Hilbert space (RKHS) (Hg, || - ||x) as the completion
of the linear span of the set {K¢(-) := K(§,-) : £ € =} with respect to the inner product
(K¢, Ky) i == K(& u). For any f € Hp, the reproducing property holds: f(£) = (K¢, f) k-

5. Note that the terminology ‘running the algorithm with p passes’ means ‘running the algorithm with [mp/b]
iterations’, where b is the mini-batch size.
6. https://archive.ics.uci.edu/ml/datasets/
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Example 1 (Sobolev Spaces) Let X = [0,1] and the kernel

K(IL‘ l’,) — (1 - y)xa x < Y;
’ (1—-2)y, z=>y.

Then the kernel induces a Sobolev Space H = {f : X — R|f is absolutely continuous , f(0) =
f)=0,fe L*(X)}.

In learning with kernel methods, one considers the following minimization problem

inf / ()~ dute.n)

feHK

Since f(§) = (K¢, f) by the reproducing property, the above can be rewritten as

nf Exy(<f, Ke) —y)2du(&, y).

Letting X = {K¢ : £ € Z} and defining another probability measure p(K¢,y) = p(&,y), the
above reduces to the learning setting in Section 2.

B. Further Corollaries for SGM in the non-attainable case

In this section, we state the convergence results for the SGM with different parameter choices
similar as those in Corollaries 5-7, in the non-attainable case. These results are direct conse-
quences of Theorem 3.

2¢
Corollary 28 Under Assumptions 1, 2 and 5, let < 1/2,6 €]0,1[, b =1, and n, ~m CFHVI
for all t € [m?]. With probability at least 1 — &, the following holds:
20+1 )
1)if2¢+~v>1,m>mg and T* = (m%iﬂ, then we have (18);
2) if 2¢ + v < 1, and for some € €]0,1[, m > mg,, and T* = [m'*2¢=¢], then we have (19).

2¢
Corollary 29 Under Assumptions 1, 2 and 3, let ¢ < 1/2 , 6 €]0,1[, b ~ m©EFIVI | and
N ~ ﬁ for allt € [m]. With probability at least 1 — &, the following holds:
1)if2¢+~v>1, m>mg and T* = (mﬁ], then we have (18);
2) if 2¢ + < 1, and for some € €]0,1], m > ms., and T* = [m'~€], then we have (19).

Corollary 30 Under Assumptions 1, 2 and 3, let ( <1/2, 6 €]0,1], b =m and n; ~ loglm for
all t € [m]. With probability at least 1 — ¢, the following holds:

1)if2¢+~v>1, m>ms and T* = (mﬁ}, then we have (18);
2) if 2¢ + v < 1, and for some € €]0,1[, m > mg., and T* = [m'~¢], then we have (19).

C. Proofs for Lemmas

Proof [of Lemma 12| Note that
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which leads to the first part of the desired result. Similarly,

t k41 t+1 1-6
E : -0 2 : —0 . —0 . (t + 1) -1

k=1 k=1

and by mean value theorem, (t +1)'=¢ —1 > (1 —0)t(t +1)7% > (1 — 0)t'~?/2. This proves the
second part of the desired result. The proof is complete. |

Proof [of Lemma 13| Note that

i ]{3_9 — i k,—lk,l—ﬁ < tmax(l—Q,O) i k’_l,

k=1 k=1 k=1
and
t t k
d k< 1+Z/ uldu=1+logt.
k=1 k=27 k=1
|
Proof [of Lemma 14| Note that
t—1 t—1 t—1
1 ki—a 1
S Fl/ < pmax(1-g,0)
;t—k ;(t—k)k:_ g(t—k)k:’
and that by Lemma 13,
t—1 1 _lt—l L+1 _275—1l 2(1+1 N
t—kk ¢ R A A
k=1 k=1 k=1
|
Proof [of Proposition 2| Since ;41 is given by (25), introducing with (27),
per1 = pe — ne(Tppe — Sy fr)- (78)
Thus,
Sptit+1 = Sppir — MeSp(Topt — Sy fr) = Sppie — L p(Sphir — fr)- (79)

Subtracting both sides by f,

Sppitr1 — fr = (I — L) (Sppe — fr1)-

Using this equality iteratively, with p; = 0,

Sphit1 — fr = *Htl(cp)fﬂ-
Taking the L2(H, px)-norm, by Assumption 2,

ISpriesr = Frullp = I (Lo) frullp < ITIS(Lp) L5 R.
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By applying Lemma 15, we get (33). Combining (33) with Lemma 12, we get (34). The proof
is complete. |

Proof [of Lemma 16| From (78), we have

perr = (I —mTp) b + Sy -
Applying this relationship iteratively, and using p1 = 0, we get

Pl = ZUkaH To)Syfn = anS*Hk—i-l(['p)f’H-

k=1

Therefore, using Assumption 2 and spectral theory,

¢ t
il < || meSy 1 (£,) L5 R < R max, o2 el (o).
k=1 o€l0.7] k=1
Case ¢ > 1/2. For any o €]0, k2],
o'/t Z 77ka+1 lo Z 77ka+1 1

k=1

where for the last inequality, we used

t t
Z neolll 1 (o Z (1— (1= mo)j q (o Z I, (o ZH =1-T(s). (80)
k=1 k=1 k=1

Thus,

il < Re1

Case ¢ < 1/2. If Z}izl e < k72, then for any o < K2,
t t
01/2+§ Z’r]knllﬁc—i—l(a) < 0_1/2+C an < KQC—I.
k=1 k=1
If EZ:l e > k2, then for any o < (2221 )~
t t ¢ 1/2—¢
o PN I (0) < 0Py T < (Z 77k> :
k=1 k=1 k=1

while for k2 > o > (22:1 nk)~t, by (80),

t t t 1/2—=¢
01/2+CZ?71€H2+1(U) = UC*l/QZUkUHZH( ) < o2 < (ZW) .

k=1 k=1

From the above analysis, we get that

, Lo\ 1/2C
max o'/2TCN "Il (o) < KXY (Z ”k> ’

2
o€l07] k=1 k=1
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and thus

t 1/2—¢
il < RQw*HV <Z 77’<f>

The proof is complete. u

Proof [of Lemma 18 (1)] Bounding ‘

1 * *
(To+ N3 (830 - S|,
For all i € [m], let w; = v;(7, + /\I)_%mi. Obviously, from the definitions of f, (see (6)) and S,,

E[w1] = Eq, [fp(21)(T, + )\I)_%xl] = (T, + )\I)_%S;,‘fp.

Thus,
1. 1 —
ot N7 (St = S3) = 1 DBl

We next estimate the constants B and o?(w;) in (28). Note that for any | > 2,
Elllwi — Efwi] ] < E[(lwillzr + Ell[w]|m])']-
By using Holder’s inequality twice,
Elllw: — Efwi]l] < 27 Elllwi g + Ellwillz])] < 27 Elllwil|y + Elllw]|z]).

The right-hand side is exactly 2'E[||w;]|/%;]. Therefore, by recalling the definition of w; and
expanding the integration,

_1
E[[lwr — Efun]|y] < 2l/X 1(Tp + M) 2$||ihr/Yyldp(yll”)dpx(93)‘ (81)
Introducing (42) and (45) into the above inequality, we have

-2 =2
Bl ~ Elunll] < 0VADVG (72) ea = g (2g> 8M e, A

Applying Bernstein inequality with B = 2”% and 0 = /8M\/vc,A=7, we get that with
probability at least 1 — &, there holds

1 m

p. > (Elw;] — w;)

=1

[N O )HH= Ly Y

H

§4\/M< K 2\/77%)1 ;
(8

2)
Bounding ||(T, + A~ (T, — To)ll:

Let & = (T, + A\)~ 23; ® @y, for all i € [m]. It is easy to see that E[§] = (7, + )\)_%7;, and
that (7, + )\)_% (T, —Tx) = L 37 | (E[&] — &)- Denote the Hilbert-Schmidt norm of a bounded
operator from H to H by || - ||gs. Note that

I€1}s = llzall3 Trace((T, + A) ™ 221 @ 21(T, + N)7?) = ||lo1 ||} Trace((T, + A) a1 ® 21).
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By Assumption (3),

&1llrs < \//ﬁzTrace((’E + A"tz @ xy) < VK2Trace(z; @ 21) /) < k2/VA,

and furthermore, by Assumption 3,

IE[H&H%{S] < KQETrace((Tp + )\)_11‘1 ®x1) = HJQTI"ELCG(('E, + )\)_17;,) < /{207)\_7.

According to Lemma 11, we get that with probability at least 1 — %, there holds

2/{ C’y) 4
T — Tl < 26 [ = 4+ Y9 Y jog =
o = T ls ”<mﬁ ) 85

M\»—‘

I(Tp +2)™

Finally, using the triangle inequality, we have,

1T+ NNkl < 1T + 05T = Tllellr +||(7, + 072 (835, - S|,

Applying (35) to the above, introducing with (82) and (83), and then noting that x > 1 and

v > 1, one can prove the first part of the lemma.
|

Proof [of Lemma 27| Obviously, fy = Spr and thus 7;,@)T = &, fu. Combining with Assump-
tion 2, Tow! = SELEL, fr = Ty SiL,  fr, and wh = T T3 S5L,¢ fr1. Subtracting w' from both

sides of (78), and using S} fy = 77,wT, we know that
preg1 —w' = (I —nT,) (e — wh).
Applying this relationship iteratively, with p; = 0,
prpr —w! = —T(Ty ) = —T1(T) T TS5, fau.
Therefore,
i1 = ' < (T T/ TS SHIR < |T(T,) T~ 2|,

Applying Lemma 15, one can get the desired result.
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D. List of Some Notations

Notation | Meaning
H the hypothesis space
XY, Z the input space, the output space and the sample space (Z = X xY)
P the fixed probability measure on Z
X the induced marginal measure of p on X
p(-|x) the conditional probability measure on Y w.r.t. z € X and p
z the sample {z; = (z;, y;)}", of size m € N, where each z; is i.i.d. according to p.
m the sample size of the sample z
& the expected risk defined by (1)
& the empirical risk w.r.t the sample z defined by (20)
K2 the constant from the bounded assumption (3) on the hypothesis space H
{wi }e the sequence generated by the SGM
0 the decaying rate on step-sizes
b the minibatch size of the SGM
T the maximal number of iterations for the SGM
Ji (¢ etc.) | the random index from the uniform distribution on [m] for the SGM
J; the set of random indices at t-th iteration of the SGM
J the set of all random indices for the SGM after T iterations
Ey the expectation with respect to the random variables J (conditional on z)
ar the sequence of step-sizes
M,v the positive constants from the moment (bounded) assumption on the output
L?(H, px) | the Hilbert space of square integral functions from H to R with respect to px
fo the regression function defined (6)
H, {f: X = R|Fw € H with f(z) = (w,z) g, px-almost surely}
¢, R the parameters related to the ‘regularity’ of fy (see Assumption 2)
wt the solution of Problem (1) with the minimal norm in the attainable case
v, Cy the parameters related to the effective dimension (see Assumption 3)

the sequence of eigenvalues of £,

the sequence generated by the batch GM (10)

the sequence defined by the population iteration (21)

the linear map from H — L?(H, px) defined by S,w = (w, -)

the adjoint operator of S,, S;f = [ f(x)zdpx ()

the operator from L?(H, px) to L?(H, px), L,(f) = S,Syf = [x(@, ) f(x)px(z)
the covariance operator from H to H, T, = S;S, = [ (-, x)zdpx ()
the sampling operator from H to R™, (Sxw); = (w,x;) g, € [m)]

the adjoint operator of Sk, Siy = L+ 37, y;z;

the empirical covariance operator, Tx = SiSx = £ 37 (-, x;);
=1lj—411(I — kL) when t € [T —1] and IT}, ; =1

=0

a ‘regularization’ parameter, A > 0
Toa=Tp+A

Tar=Tx+ A

the sequence defined by (38).
defined by (53)

44



OPTIMAL RATES FOR MULTI-PASS SGM

References

Francis Bach and Eric Moulines. Non-strongly-convex smooth stochastic approximation with
convergence rate O(1/n). In Advances in Neural Information Processing Systems, pages 773~
781, 2013.

Frank Bauer, Sergei Pereverzev, and Lorenzo Rosasco. On regularization algorithms in learning
theory. Journal of Complexity, 23(1):52-72, 2007.

Gilles Blanchard and Nicole Miicke. Optimal rates for regularization of statistical inverse learning
problems. arXiv preprint arXiv:1604.04054, 2016.

Olivier Bousquet and Léon Bottou. The tradeoffs of large scale learning. In Advances in Neural
Information Processing Systems, pages 161-168, 2008.

Stephen Boyd and Almir Mutapcic. Stochastic subgradient methods. Notes for EE364b, Stand-
ford University, Winter 2007.

Andrea Caponnetto and Ernesto De Vito. Optimal rates for the regularized least-squares algo-
rithm. Foundations of Computational Mathematics, 7(3):331-368, 2007.

Andrea Caponnetto and Yuan Yao. Cross-validation based adaptation for regularization oper-
ators in learning theory. Analysis and Applications, 8(02):161-183, 2010.

Nicolo Cesa-Bianchi, Alex Conconi, and Claudio Gentile. On the generalization ability of on-line
learning algorithms. IEEE Transactions on Information Theory, 50(9):2050-2057, 2004. ISSN
0018-9448.

Andrew Cotter, Ohad Shamir, Nati Srebro, and Karthik Sridharan. Better mini-batch algorithms
via accelerated gradient methods. In Advances in Neural Information Processing Systems,
pages 1647-1655, 2011.

Felipe Cucker and Ding-Xuan Zhou. Learning Theory: an Approximation Theory Viewpoint,
volume 24. Cambridge University Press, 2007.

Ofer Dekel, Ran Gilad-Bachrach, Ohad Shamir, and Lin Xiao. Optimal distributed online
prediction using mini-batches. Journal of Machine Learning Research, 13(1):165-202, 2012.

Lee H Dicker, Dean P Foster, Daniel Hsu, et al. Kernel ridge vs. principal component regres-
sion: Minimax bounds and the qualification of regularization operators. Electronic Journal of
Statistics, 11(1):1022-1047, 2017.

Aymeric Dieuleveut and Francis Bach. Non-parametric stochastic approximation with large step
sizes. Annals of Statistics, 44(4):1363-1399, 2016.

Moritz Hardt, Benjamin Recht, and Yoram Singer. Train faster, generalize better: Stability of
stochastic gradient descent. In International Conference on Machine Learning, 2016.

Junhong Lin and Lorenzo Rosasco. Optimal learning for multi-pass stochastic gradient methods.
In Advances In Neural Information Processing Systems 29, pages 4556—-4564. 2016.

Junhong Lin, Raffaello Camoriano, and Lorenzo Rosasco. Generalization properties and implicit
regularization of multiple passes SGM. In International Conference on Machine Learning,
2016a.

45



LIN AND ROSASCO

Junhong Lin, Lorenzo Rosasco, and Ding-Xuan Zhou. Iterative regularization for learning with
convex loss functions. Journal of Machine Learning Research, 17(77):1-38, 2016b.

Stanislav Minsker. On some extensions of bernstein’s inequality for self-adjoint operators. arXiv
preprint arXiw:1112.5448, 2011.

Arkadi Nemirovski, Anatoli Juditsky, Guanghui Lan, and Alexander Shapiro. Robust stochastic
approximation approach to stochastic programming. SIAM Journal on Optimization, 19(4):
1574-1609, 2009.

Andrew Ng. Machine learning. Coursera, Standford University, 2016.

Francesco Orabona. Simultaneous model selection and optimization through parameter-free
stochastic learning. In Advances in Neural Information Processing Systems, pages 1116-1124,
2014.

IF Pinelis and AT Sakhanenko. Remarks on inequalities for large deviation probabilities. Theory
of Probability & Its Applications, 30(1):143-148, 1986.

Boris T Poljak. Introduction to Optimization. Optimization Software, 1987.

Lorenzo Rosasco and Silvia Villa. Learning with incremental iterative regularization. In Advances
in Neural Information Processing Systems, pages 1621-1629, 2015.

Alessandro Rudi, Raffaello Camoriano, and Lorenzo Rosasco. Less is more: Nystrém compu-
tational regularization. In Advances in Neural Information Processing Systems, pages 1648—
1656, 2015.

Shai Shalev-Shwartz, Yoram Singer, Nathan Srebro, and Andrew Cotter. Pegasos: Primal
estimated sub-gradient solver for svim. Mathematical Programming, 127(1):3-30, 2011.

Ohad Shamir and Tong Zhang. Stochastic gradient descent for non-smooth optimization: Con-
vergence results and optimal averaging schemes. In International Conference on Machine
Learning, pages 71-79, 2013.

Steve Smale and Ding-Xuan Zhou. Learning theory estimates via integral operators and their
approximations. Constructive Approximation, 26(2):153-172, 2007.

Suvrit Sra, Sebastian Nowozin, and Stephen J Wright. Optimization for Machine Learning. MIT
Press, 2012.

Ingo Steinwart and Andreas Christmann. Support Vector Machines. Springer Science Business
Media, 2008.

Ingo Steinwart, Don Hush, and Clint Scovel. Optimal rates for regularized least squares regres-
sion. Conference of Learning Theory, 2009.

Pierre Tarres and Yuan Yao. Online learning as stochastic approximation of regularization paths:
Optimality and almost-sure convergence. IEEE Transactions on Information Theory, 60(9):
5716-5735, 2014.

Joel A Tropp. User-friendly tools for random matrices: An introduction. Technical report,
DTIC Document, 2012.

46



OPTIMAL RATES FOR MULTI-PASS SGM

Yuan Yao, Lorenzo Rosasco, and Andrea Caponnetto. On early stopping in gradient descent
learning. Constructive Approzimation, 26(2):289-315, 2007.

Yiming Ying and Massimiliano Pontil. Online gradient descent learning algorithms. Foundations
of Computational Mathematics, 8(5):561-596, 2008.

Tong Zhang. Learning bounds for kernel regression using effective data dimensionality. Neural
Computation, 17(9):2077-2098, 2005.

47



	Introduction
	Learning with SGM
	Learning Problems
	Stochastic Gradient Method

	Main Results with Discussions 
	Assumptions
	Optimal Rates for SGM and Batch GM: Simplified Versions
	Main Results for SGM: Attainable Case
	Main Results for SGM: Non-attainable Case
	Main Results for Batch GM
	Discussions
	Proof Sketch (Error Decomposition)

	Preliminary Analysis
	Notation
	Concentration Inequality
	Basic Estimates

	Estimating Bias and Sample Variance
	Bias
	Sample Variance

	Estimating Computational Variance
	Cumulative Error
	Bounding the Empirical Risk
	Bounding "026B30D T1 2tk+1(Tx)"026B30D 
	Deriving Error Bounds

	Deriving Total Error Bounds
	Attainable Case
	Non Attainable Case
	Batch GM

	Convergence in H-norm
	Numerical Simulations
	Appendix Learning with Kernel Methods
	Appendix Further Corollaries for SGM in the non-attainable case
	Appendix Proofs for Lemmas
	Appendix List of Some Notations

