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Abstract

We propose a novel class of time-varying nonparanormal graphical models, which allows us
to model high dimensional heavy-tailed systems and the evolution of their latent network
structures. Under this model we develop statistical tests for presence of edges both locally
at a fixed index value and globally over a range of values. The tests are developed for
a high-dimensional regime, are robust to model selection mistakes and do not require
commonly assumed minimum signal strength. The testing procedures are based on a
high dimensional, debiasing-free moment estimator, which uses a novel kernel smoothed
Kendall’s tau correlation matrix as an input statistic. The estimator consistently estimates
the latent inverse Pearson correlation matrix uniformly in both the index variable and
kernel bandwidth. Its rate of convergence is shown to be minimax optimal. Our method is
supported by thorough numerical simulations and an application to a neural imaging data
set.

Keywords: graphical model selection, nonparanormal graph, time-varying network anal-
ysis, hypothesis test, regularized rank-based estimator

1. Introduction

We consider the problem of inferring time-varying undirected graphical models from high di-
mensional non-Gaussian distributions. Undirected graphical models have been widely used
as a powerful tool for exploring the dependency relationships between variables. We are
interested in graphical models which have non-static graphical structures and can handle
heavy-tail distributions as well as data contaminated with outliers. To that end, we de-
velop a class of time-varying nonparanormal models, which can be used to explore Markov
dependencies of a random vector X given the index variable Z. Specifically, we assume the
random variables (X, Z) follow the following joint distribution: the conditional distribution
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of X |Z = z follows a nonparanormal distribution

where f = {f1,..., fq} is a set of d univariate, strictly increasing functions and Z is a ran-
dom variable with a continuous density. A variable follows a nonparanormal distribution
Y ~ NPNg(p, %, f) if f(Y) ~ N(w,X) (Liu et al., 2009). Graphical modeling with non-
paranormal distribution is studied in Liu et al. (2009), Liu et al. (2012a) and Xue and Zou
(2012), however, their graph structure is static. Time-varying graphical models are studied
in Talih and Hengartner (2005), Xuan and Murphy (2007), Zhou et al. (2010), Kolar and
Xing (2011), Kolar and Xing (2012), Yin et al. (2010), Kolar et al. (2010b), Ahmed and
Xing (2009), Kolar et al. (2010a) and Kolar and Xing (2009). However, these papers assume
that conditionally on the index, the distribution of X is parametric, which is not adequate
for applications to heavy-tailed data sets in finance, neuroscience and genomics (Qiu et al.,
2016). Moreover, inferential methods for the time-varying graphical models have not been
developed so far.

Primary motivation for proposing the model in (1) and developing corresponding esti-
mation and inferential procedures comes from an application in neuroscience. Graphical
models are widely used to estimate and explore functional connectivity between different
brain regions from functional magnetic resonance imaging (fMRI) data (Wang et al., 2010;
Bullmore and Bassett, 2011; Smith et al., 2011). There is evidence that that the brain con-
nectivity network evolves over time (Bartzokis et al., 2001; Gelfand et al., 2003) and current
techniques are not adequate for capturing evolving nature of brain networks. For example,
work of Kolar et al. (2010a) assumes that data are Gaussian, which is rarely satisfied in
practice. Qiu et al. (2016) need replicated observations at each time point, which are not
available in most of the time-varying fMRI data sets. Furthermore, current procedures are
solely focused on estimation of networks, while the question of inference and quantification
of uncertainty is left unanswered. We address these drawbacks in the current work.

The focus of the paper is on the inferential analysis about parameters in the model
given in (1), as well as the Markov dependencies between observed variables. The inference
procedures we develop are uniformly valid in a high-dimensional regime and robust to
model selection mistakes. In particular, the inference does not depend on the oracle support
recovery properties of the estimator. As a foundation for inference, we develop an estimation
procedure for the high-dimensional latent time-varying inverse correlation matrix based on
a novel kernel smoothed Kendall’s tau statistic. The estimator is uniformly consistent
in both the bandwidth and the index variable, and furthermore is optimal in a minimax
sense. Obtaining rate of convergence for the estimator is technically challenging and requires
development of new uniform bounds for the U-processes, careful characterization of the
leading terms in the expansion of the estimator in the presence of high-dimensionality
and approximation errors arising from the local approximation of nonlinear curves. The
proof that the rate of convergence is optimal involves application of Le Cam’s method on
a carefully chosen function valued high dimensional matrices class. These technical details
are novel and of independent interest, as discussed in Section 4.2.

We consider three types of hypothesis tests: (1) the edge presence test for whether there
is an edge in the Markov graph at zg, (2) the super graph test for whether the true graph
is a subgraph of a fixed graph at zp, and (3) the uniform edge presence test for whether
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the true graph is a subgraph of a given graph over a range of index values. The first test
was studied in the context of static Gaussian graphical models in Jankova and van de Geer
(2015, 2017) and Ren et al. (2015), however, their approach cannot handle time-varying
models. The second test was considered in Wasserman et al. (2014), Yang et al. (2014b)
and Gu et al. (2015) also in the context of static graphical models. Cai et al. (2013b)
considered a statistical test for whether the correlation matrix is an identity, which is a
special case of the super graph test. The third test is a generalization of the above two
local tests to a global test over a range of index values, which allows for identifying whether
certain connections in graphical models exist for a period of time. We illustrate the super
graph test in an application to the ADHD-200 data set containing fMRI data from subjects
with and without attention deficit hyperactive disorder (ADHD) (Biswal et al., 2010), which
allows us to uncover how the brain networks change with age.

This paper makes two major contributions to the literature on statistical inference for
graphical models. First, we develop a general inferential procedure for a wide family of
high dimensional graphical model estimation methods. Many existing high dimensional
inference methods are specifically designed for concrete estimators. For example, Zhang
and Zhang (2013), van de Geer et al. (2014), Javanmard and Montanari (2014), and Ning
and Liu (2017) design inference procedures for specific M-estimators, while Neykov et al.
(2015) developed an inferential procedure for the method of moments estimators like Dantzig
selector (Candés and Tao, 2007) and CLIME (Cai et al., 2011). Barber and Kolar (2018)
design a procedure for constructing confidence intervals in high-dimensional elliptical copula
models. In contrast to that, we propose a nonparametric score-type statistic, which uses
any estimator of X(z)~! with fast enough rate of convergence as an input. Therefore,
our inference procedure does not depend on a particular estimate of X(z)~! and can be
applied to both M-estimators, like graphical Lasso, and method of moments estimators,
like CLIME. Second, to the best of our knowledge, this paper considers for the first time
presence of the edges test uniformly over the index z for high dimensional graphical models.
Computing quantiles of the test statistic requires development a new Gaussian multiplier
bootstrap procedure for a U-process.

1.1 Related Literature

High-dimensional Gaussian graphical models are studied in Meinshausen and Biihlmann
(2006), Yuan and Lin (2007), Rothman et al. (2008), Friedman et al. (2008), d’Aspremont
et al. (2008), Fan et al. (2009), Lam and Fan (2009), Yuan (2010), Cai et al. (2011), Liu and
Wang (2017), and Zhao and Liu (2014), with an extension to covariate-adjusted graphical
models given in Dondelinger et al. (2010), Li et al. (2012), Cai et al. (2013a), Chen et al.
(2016), and Yin and Li (2013). Semiparametric extensions using copulas are developed
in Liu et al. (2009), Liu et al. (2012a), Xue and Zou (2012), and Liu et al. (2012b), and
extended for mixed data in Fan et al. (2015). Guo et al. (2011a), Guo et al. (2011b), Lee
and Hastie (2015), Cheng et al. (2017), Yang et al. (2012), and Yang et al. (2014a) study
the mixed exponential family graphical models where a node conditional distribution is a
member of an exponential family distribution. Danaher et al. (2014), Qiu et al. (2016),
Mohan et al. (2014) consider joint estimation of multiple graphical models.
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All of the above mentioned work assumes that the graphical structure is static. However,
in analysis of many complex systems, such an assumption is not valid. There are two major
types of time-varying graphical model: directed and undirected. The directed time-varying
graphical models are mainly studied in the context of autoregressive models with time-
varying parameters (Punskaya et al., 2002; Fujita et al., 2007; Rao et al., 2007; Grzegorczyk
and Husmeier, 2011; Song et al., 2009; Robinson and Hartemink, 2010; Jia and Huan, 2010;
Lébre et al., 2010; Husmeier et al., 2010; Wang et al., 2011; Grzegorczyk and Husmeier,
2012; Dondelinger et al., 2013; Lébre et al., 2010). For the time-varying undirected graphical
models, Zhou et al. (2010), Kolar and Xing (2011), Yin et al. (2010), Kolar et al. (2010b)
and Kolar et al. (2010a) consider the kernel- smoothed type estimator for graphical models.
Kolar and Xing (2012) assume the graphical model evolves in a piecewise-constant fashion
and estimate it by the temporally smoothed ¢; penalized regression. Talih and Hengartner
(2005) and Xuan and Murphy (2007) consider a Bayesian framework to model the time-
varying of graphs and estimate the graph by Markov chain Monte Carlo methods. All
the above works show the statistical rates for graphical models for fixed time points. Our
work contributes to this literature by studying the uniform properties of estimators and
developing inferential procedures. For estimation, we prove a rate of convergence that is
uniform over z and show it matches the minimax rate. Instead of the kernel smoothed
sample covariance, we propose the kernel smoothed U-statistics as a robust estimator. For
inference, we study the presence of edges for a range of index values instead of the local
tests in the literature.

Our paper also contributes to the literature on high dimensional inference. Hypothesis
testing and confidence intervals for the high dimensional M-estimators are studied in Zhang
and Zhang (2013), van de Geer et al. (2014); Javanmard and Montanari (2014), Belloni et al.
(2013), Belloni et al. (2016), Javanmard and Montanari (2014) and Meinshausen (2015). Lu
et al. (2015) considered the confidence bands for the high dimensional nonparametric mod-
els. Neykov et al. (2015) proposed the inference for high dimensional method of moments
estimators. Lee et al. (2016) and Tibshirani et al. (2016) consider the conditional inference
based on post-selection methods. Our work considers a new inferential framework involving
both discrete graph structures and the nonparametric index variable, which provides more
flexibility in the modeling of modern data sets.

Finally, we develop novel probabilistic tools to study the high dimensional U-statistics.
Classical analysis for fixed dimensional U-statistics is built on the Hoeffding decomposition
(Hoeffding, 1948). Concentration inequalities for high dimensional U-statistics are studied
in Giné et al. (2000) and Adamczak (2006). However, existing methods based on uniform
entropy numbers are too loose to be applicable (Nolan and Pollard, 1987). We develop a
new peeling method to control suprema of our kernel smoothed U-process uniformly over
three aspects: dimension, index variable and bandwidth. The uniform consistency over the
bandwidth shown in the paper also generalizes a data-driven bandwidth-tuning method to
U-statistics from the kernel-type estimator considered in Einmahl and Mason (2005). This
provides more flexibility in the tuning procedure of our method. Moreover, to study the
limiting distribution of the U-statistics, we generalize the Gaussian multiplier bootstrap
proposed in Chernozhukov et al. (2013) and Chernozhukov et al. (2014a) to nonparametric
U-process by considering a new type of nonlinear Gaussian multiplier U-processes.
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1.2 Notation

Let [n] denote the set {1,...,n} and let 1{-} denote the indicator function. For a vector
a € R, we let supp(a) = {j : a; # 0} be the support set (with an analogous definition for
matrices A € R™*"2), |[allq, ¢ € [1,00), the {g-norm defined as [[allq = (3¢, |ag|9)V/9 with
the usual extensions for g € {0, 0o}, that is, |[a|[o = [supp(a)| and [|a||« = max;c[,) [a;]. For
a matrix A € R™*"2 we use the notation vec(A4) to denote the vector in R™"2 formed by
stacking the columns of A. We write A = [A ;] if the (j, k)-th entry of A is Aj;. Let A,y
be the sub-vector of the k-th column A with A, removed. We denote the Frobenius norm of
Aby [|AlJ% =3, nal.j€lns A?j, the max-norm [|A[[max = MaX;c[y,] jen] [ Aijl, the £1-norm
[All1 = maxjcn,) D e, [Aijl, and the operator norm [|A[l2 = supjy|,—1 [|Av[[2. The
Hadamard product of two matrices is the matrix A oB with elements (AoB);; = A, -Bjy.
Given two functions f and g, we denote their convolution as (f * g)(t) = [ f(t — z)g(x)dz.
For 1 < p < oo, let || f|l, = ([ fP)'/? denote the LP-norm of f and || || = sup, |f(x)|. The
total variation of f is defined as TV(f) = || f’||1. For two sequences of numbers {a, }5°
and {b, }°°;, we use a, = O(by,) or a, < by, to denote that a,, < Cb,, for some finite positive
constant C, and for all n large enough. If a,, = O(b,,) and b, = O(a,), we use the notation
an =< by,. The notation a,, = o(by,) is used to denote that a, /b, — 0 as n goes infinity. We

also define a Vb = max(a,b) and a Ab = min(a, b) for any two scalars a and b. We use 5 for
convergence in probability and ~ for convergence in distribution. Throughout the paper,
we let ¢, C be two generic absolute constants, whose values will vary at different locations.

We use the notation E,, [] to denote the empirical average, E,[f] = n~! Dicn) f(X0)-

We also use Gulf] = Vit (Ealf(Xs)] = ELF(X0)]) = V2 X0y (F(X:) — E[f(X,)]) . For a
bivariate function H (z,z’), we define the U-statistic U,[H] = [n(n — 1)] ! > iz H(Xi, Xir).

Appendix J collects all the notation in a table format with reference to where they
appear first.

2. Preliminaries

We start by providing background on the nonparanormal distribution and discuss how it
relates to the time-varying nonparanormal graphical model in (1). The nonparanormal
distribution was introduced in Liu et al. (2009). A random variable X = (X1,..., Xg)7
is said to follow a nonparanormal distribution if there exists a set of monotone univariate
functions f = {f1,..., fa} such that f(X) := (f1(X1),..., fa(Xq))T ~ N(0,%), where X
is a latent correlation matrix satisfying diag(3X) = 1. We denote X ~ NPN4(0, X, f).

Given n independent copies of X ~ NPNg(0,3, f), Liu et al. (2012a) study how to
estimate the latent correlation matrix 3. The key idea lies in relating the Kendall’s tau
correlation matrix with the Pearson correlation. The Kendall’s tau correlation between X
and X, two coordinates of X, is defined as

Tik = E [Sigl’l ((X] - 5(3)(Xk — 5(:]9)):| N
where (X Iz X},) is an independent copy of (X j» X). It can be related to the latent correla-

tion matrix using the fact that 7;;, = (2/7) arcsin (2;;) when X follows a nonparanormal
distribution (Fang et al., 1990). The inverse covariance matrix £2 = X~! encodes the graph
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structure of a nonparanormal distribution (Liu et al., 2009). Specifically €, = 0 if and
only if X; is independent of X} conditionally on X\ (;z}-

The above observations lead naturally to the following estimation procedure for 2. We
estimate the Kendall’s tau correlation matrix T = [Tik] € R9*4 glementwise using the
following U-statistic

2

Tik = n(n —1)

Z Sign(Xij — Xz"j) SigIl(Xik — Xi’k)~

1<i<i’<n

An estimate of the latent correlation matrix is given as 3 = sin (w’i‘/ 2), where sin(-) is

applied elementwise. Finally, the estimate of the latent correlation matrix 3 is used as a
plug-in statistic in the CLIME estimator (Cai et al., 2011), or calibrated CLIME estimator
(Zhao and Liu, 2014), to obtain the inverse covariance estimator Q.

The CLIME estimator solves the following optimization program

(AZJ.CLIME = argm;n 1311 subject to Hiﬂ —€jlloc <A, (2)
BeR

where e; is the j-th canonical basis in R? and the penalty parameter A that controls the
sparsity of the resulting estimator is commonly chosen as A < ||Q||14/logd/n (Cai et al.,
2011). Note that the tuning parameter depends on the unknown € through ||€2|;, which
makes practical selection of A difficult. The calibrated CLIME is a tuning-insensitive esti-
mator, which alleviates this problem. The calibrated CLIME estimator solves

(QFCUME %)) = argmin ||B]l1 +9k  subject to  [|Z8 - ejlleo < A, 18]l < &, (3)
BER? KER

where ~y is any constant in (0, 1) and the tuning parameter can be chosen as A = C'y/logd/n
with C being a universal constant independent of the problem parameters. In what follows,
we will adapt the calibrated clime to estimation of the parameters of the model in (1).

2.1 Time-Varying Nonparanormal Graphical Model

The time-varying nonparanormal graphical model in (1) is an extension of the nonpara-
normal distribution. For every fixed value of the index variable Z = z, we have a static
nonparanormal distribution X | Z = z ~ NPN4(0, 3(z), f) that can be easily interpreted.
However, as the index variable changes, the conditional distribution of X | Z can change
in an unspecified way. In this sense, time-varying nonparanormal graphical models extend
nonparanormal graphical models in the same way varying coefficient models extend linear
regression models.

Let Y = (X, Z) denote a random pair distributed according to the time-varying non-
paranormal distribution. Specifically Z ~ fz(z) with fz(-) being a continuous density
function supported on [0,1] and X | Z = z ~ NPN4(0,X(z), f) for all z € [0,1]. For any
fixed z € [0,1], we denote the inverse of the correlation matrix as £2(z) = X7!(z). Both
fz(z) and each entry of Q(z) are second-order differentiable (we will formalize assumptions
in Section 4). We denote the undirected graph encoding the conditional independence of
X | Z =zas G'(2) = (V,E*(2)), with (j,k) € E*(z) when Q;;(2) # 0. As in the static
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case, we relate the Kendall’s tau correlation matrix with the latent correlation matrix. Let
T(z) = [7jr(2)]x be the Kendall’s tau correlation matrix corresponding to X | Z = z with
elements defined as

Tjk(2) =E [Sign ((Xj - X)) (X~ Xk)) 12 = z} ’

where X is an independent copy of X conditionally on Z = z. Given n independent copies
of Y = (X, Z), {Yi = (Xi, Zi) }ic[n), we estimate an element of the Kendall’s tau correlation
matrix using the following kernel estimator

7172 Zi<i/ wz(Zi, Z,/) Sign(XZ-j — Xi’j) Sigl’l(Xik — X,/k)
n_2 Zi<i/ WZ(ZU ZZ’)
wz(Zi,Zi/) :Kh (ZZ—Z) Kh (Zz’ —Z) (5)

with the kernel function K(-) being a symmetric density function, K (-) = h='K(-/h) and
h > 0 is the bandwidth parameter. We can choose the kernel function as long as it satisfies
some regularity conditions, which will be specified in Assumption 4.3. The kernel U-statistic
in (4) is a generalization of classical kernel regression (Opsomer and Ruppert, 1997; Fan and
Jiang, 2005). For example, given i.i.d. samples {Y;, Z;}I* ; from the model Y = f(Z) + ¢,
the Nadaraya-Watson estimator (Bierens, 1988) is

~ n IS K (Z; — 2)Y;
v (= n )

where we take the weighted average of Y;’s and the weight K, (Z; — z) is related to the
distance between Z; and z. In order to normalize the weights, we add the denominator in
(6), which is the kernel density estimator for the density of Z. Comparing (4) with the
Nadaraya-Watson estimator, since the kernel U-statistic involves both X; and X/, we need
to multiply the weights as (5) to ensure that both Z; and Z; are in the neighborhood of z.
We also normalize the weights by dividing the denominator n=2 ", _, w.(Z;, Zy) which is
the estimator of f2(z). The denominator n™2 ", _,, w:(Z;, Zy) is also related to the density
fz(2). In fact, it is the estimator of f2(z). Intuitively, we can see it from

E [% sz(Zu Zy)] =// K(t1)K(t2) fz(z + t1h) fz(z + tah)dtrdts = f5(2) + O(h?).

Tik(z) = , Where (4)

Lemma 14 provides the details and is given in the supplementary material.
Based on the above estimator, we obtain the corresponding latent correlation matrix for
any index value z € (0,1) as

$i(2) = sin (gf(z)) : (7)

where T(z) = [T (2)] € REx.

Finally, similar to the static case, we can plug f](z) into a procedure that gives an
estimate of the inverse correlation matrix, such as the CLIME in (2) or calibrated CLIME in
(3). Due to practical advantages of the calibrated CLIME, we will use it for our simulations.
However, at this point we note that the inferential framework only requires the estimator of
the inverse correlation matrix to converge at a fast enough rate. Therefore, in what follows,

we denote €2(z) a generic estimator of ©(z). Concrete statistical properties required of the
calibrated CLIME will be discussed in details in Section 4.2.
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3. Inferential Methods

In this section, we develop a framework for statistical inference about the parameters in
a time-varying nonparanormal graphical model. We focus on the following three testing
problems:

e Edge presence test: Hj: Qj;(20) = 0 for a fixed 2y € (0,1) and j, k € [d];
e Super-graph test: Hy: G*(z9) C G for a fixed zp € (0,1) and a fixed graph G;

e Uniform edge presence test: Hj : G*(z) C G for all z € [z, zy] C (0,1) and a
fixed graph G.

For all the testing problems, the alternative hypotheses is the negation of the null. The
edge presence test is concerned with a local hypothesis that X; and X} are conditionally
independent given X\ (; x1 for a particular value of the index 29. Equivalently, under the null
hypothesis of the edge presence test, the nodes j and k are not connected at a particular
index value z5. The null hypothesis under the super-graph test postulates that the true
graph is a subgraph of a given graph G for Z = zy. It can also be interpreted as multiple-
edge presence tests, since

Hy : Qi (20) =0, for all (,k) € E°, (8)

where FE is the edge set of the graph G. The null hypothesis under the uniform edge
presence test postulates that the true graph is a subgraph of G for all index values in the
range [zr, zy]. It is a generalization of the first two local tests to a global test over a range of
index values. Similar to the super-graph test, this hypothesis is equivalent to the following

Hy: sup [Qi(2)] =0, for all (j,k) € E°.
z€[zr,2U]
If the graph G consists of the edge set E = {(a,b) € V x V | (a,b) # (j,k)}, the uniform

edge presence test becomes a uniform single-edge test Ho : sup,c(., .1 [2k(2)| = 0.
Next, we provide details on how to construct tests for the above three hypothesis.

3.1 Edge Presence Testing

We consider the hypothesis Ho : Q;i(20) = 0, for a fixed 29 € (0,1) and j, k € [d]. In order
to construct a test for this hypothesis, we introduce the score function

~

Gk (B) = QT (2)(B(2)B8 — ex). (9)

The argument 3 of the score function corresponds to the k-th column of €(z). Our test
is based on the score function evaluated at €, ; which is an estimator of (2) under the
null hypothesis, defined as

92)

~

AN AN A AN T
Qk‘\](’z) = (Qlk(Z), ceey Q(j—l)k‘(z)a 0, Q(j-i—l)k(z)’ ey Qdk(Z)) € Rd,

where €(z) is an estimator of £2(z). That is, we use §Z|(j7k) (ﬁk\](z)) as the score statistic.
We establish statistical properties of this statistic later. We first develop intuition for
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why §z|(j,k) (ﬁk\](z)) is a good testing statistic for Hy : Q,r(20) = 0. If we replace Q
and & by the truth © and X in (9), we can find the score statistic §Z|(j’k)(ﬁk\j(z)) ~
Q?(z)(Z(z)Qk\](z) —e;) = Qji(2). Therefore, the score statistic is close to zero under

the null, and §z|(j,k) (ﬁk\j(z())) ~ ﬁjk(zo) under the alternative. In specific, under Hy, the
testing statistic is close to

S.6m () = Q7 (2)(2(2) — 2(2))Q(2) = QT (2)[E(2) 0 (T(2) — T(2))]Q(2), (10)

where 3,;(2) = (7/2) cos ((r/2)7jx(2)) is the derivative of 3 jj(-) and “~” denotes equality
up to a smaller order term. The first approximation in (10) is due to replacing Q with the
truth and the second approximation is due to the Taylor expansion. A rigorous derivation
of this argument can be found in Appendix B.1. We note that the right-hand side of (10)
is a linear function of 'i‘(z), which is a U-statistic. By applying the central limit theorem
for U-statistics, we will show the asymptotic normality of §z‘(j,k) (ﬁk\j). See Theorem 1 for
details.
Under the null, we have that

Vnh - Uj_kl(ZO)gzw(j,k) (Qj(20)) ~ N(0,1),
where ‘732'/@(20) = fZ_4(ZO)V3r(Qf(Zo)@ZOQk(Zo)), and O, is a random matrix with elements

(@ )ik = meos (m/2)7jx(2)) 7 (Y),  where (11)
Jk V(. 2) = Vh-E Ky (2 — 20) Kn (Z — 20) (sign(X; — x;) sign(Xi — 21) — 7(20))], (12)

where the expectation is taken for Z and X. For simplicity, we denote y = (x7, 2)7
write Tﬁ)(y) = T](,i)(a:, z). The form of the asymptotic variance comes from the Hoeffding

(1)

decomposition of the U-statistics in (4), with Tik being the leading term of the decomposi-
tion. Technical details will be provided in Section 4.1 and Section B.1. The score statistic is
a generalization of Rao’s score tests in fixed dimensional parametric models. We can apply
a one-step debiased estimator of €2;;(z) from the score statistic §Z‘(j7k) (ﬁk\j(z)) following
the procedure similar to (Ning and Liu, 2017). They show that the one-step estimation
procedure is asymptotically equivalent to the score statistic and we choose to use score
statistic in this paper. Jankova and van de Geer (2017) considered a similar debiasing pro-
cedure specific for the nodewise regression estimator. On the other hand, we will show in
Theorem 1 that the score statistic SZ|(J k) (Qk\]( )) can be applied to any estimator Q has
sharp enough statistical rate.

In order to use the score function as a test statistic, we need to estimate its asymptotic
variance a?k(zo). Forany 1<s<nand1l<jk<d,let

and

Vh

n—1

Z [Wz(Zsa Zs’) (Sign ((ij - Xs/j)(Xsk - Xs’k)) - %\]k(z))] ’ (13)
s'#s

(:)5‘2)(2') =mcos ((7/2)Tjk(2)) s ji(2).

QS,jk:(z) =
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With this notation, the leave-one-out Jackknife estimator for szk(zo) is given as

~ P ~ (s = 2
5% (20) = [Un(ws) 2+ — D7 (25 (20)01) (20)(x0) ) (14)
s=1
where the matrix @()(z) = [@g? (z)]. As we have remarked in Section 2.1, E?k(zo) is

an estimator for f2(z). We divide [Uy(ws,)] ™2 in (14) in order to normalized the weights
w.(Zs, Zy) in the U-statistics g, jr(2) defined in (13). The Jackknife estimator is widely
used when estimating the variance of a U-statistics, which is not an average of independent
random variables. The leave-one-out statistic g, jr(2) in (13) is estimates the expectation
in (12) by leaving Y; out of the summation in g, jx(2).

Finally, a level « test for Hy : ij(zo) =0 is given as

"1 - a/2);

1 if Vnh- @ Jk’)(ﬂk\J( ))/Ujk ‘>
‘S Jk’)(ﬂk\J( ))/Ujk ‘S (1_04/2)7

Vol (i) (@) :{ 0 if -

where ®(-) is the cumulative distribution function of a standard normal distribution. The
single-edge presence test is a cornerstone of more general hypothesis tests described in the
next two sections. The properties of the test are given in Theorem 1.

3.2 Super-Graph Testing

In this section, we discuss super-graph testing. Recall that for a fixed zp and a predetermined
graph G = (V, ), the null hypothesis is

Ho : G*(2) C G. (15)

From (8), we have that the super-graph test can be seen as a multiple test for presence
of several edges. Therefore, we propose the following testing statistic based on the score
function in (9):

S(ZO) =vnh- Un(wzo) (]I]?)%XEC §z0|(j,k) (ﬁk\](zﬁ)) . (16)

In order to estimate the quantile of S(zg), we develop a novel Gaussian multiplier bootstrap
for U-statistics. Let {&;}iejn) be n independent copies of N(0,1). Let TB(2) = [?ﬁc(z)]
where

AB(Z) . Z'L;éz Kh (Z - Z) Kh (Z - Z) Sign ((X’L] - Xi’j)(sz - )) (Ez + & ) (17)
e i K (Zi = 2) K (Zi — 2) (€ + &) ’
$B(2) = sin (gT‘B(z)) . (18)

The Gaussian multiplier bootstrap statistic in (19) is motivated by the method developed
in Chernozhukov et al. (2013), who proposed a bootstrap procedure to estimate a quantile
of the supremum of high dimensional empirical processes. Their method, however, cannot
be directly applied to our kernel Kendall’s tau estimator in (4), which is a ratio of two

10
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U-statistics. If we compare (17) with (4), we add &; + & into the bootstrap estimator in
order to simulate the distribution of 7j;(z) in (4).
The bootstrap estimator of the test statistic S(zp) in (16) is

SB(20) = Vnh - U, [wE] max Q5 (20) (28 (20)Q; — €} ), where (19)
J:k)eL
Up[wB] = n(nQ—l) > Kn(Zi — 20) Kn (Zy — 20) (& + &) (20)
i

Here we multiply Uy,[w?] in (19) in order to eliminate the denominator in (17) such that
the leading term of the bootstrap statistic SP(zg) is a Gaussian multiplier bootstrap U-
statistic. The correlation estimator in (7) has an additional sin transform. Therefore, a new
nonlinear type of multiplier bootstraps in (17) and (19) are introduced to overcome these
problems and novel technical tools are then developed to study statistical properties. See
Theorem 3 for the statement of statistical properties.

Denote the conditional (1 — a)-quantile of SZ(zg) given {Y;}?, as er(1 — o, {Yi}™ ).
The level-a super-graph test is constructed as

[ 1 S(0) > r(1 - (Vi)
v ={ g i S 2 e e )

Note that the quantile ¢ (1 — «, {Y;} ;) can be estimated by a Monte-Carlo method.

An alternative approach for the super-graph test in (15) is the multiple hypothesis
testing. We can apply the Holm’s multiple testing procedure (Holm, 1979) to control the
family-wise error for the hypotheses set {H (i)} (jx)epe where Hy iy @ ©r(20) = 0 and
G*(z0) C G = (V, E). However, it is not straightforward to obtain the nominal probability
for the family-wise error in Holm’s method. Moreover, we will show in Theorem 3 that our
testing procedure is nominal.

(21)

3.3 Uniform Edge Presence Testing

In this section, we develop the uniform presence test for which the null hypothesis is given
as
Hy:G*(z) C G for all z € [zr, zy].

This test is a generalization of the edge presence test to the uniform version over both edges
and index. We again use the score function in (9) to construct the test statistic

WG = m sup max Un[wz]gz‘(J’k) (ﬁk\j(z)) (22)
z€lzp, 2y (Hk)EES

and estimate a quantile of W by developing a Gaussian multiplier bootstrap. Let

WE =vnh sup  max Upw?] QF (2) (88 (2)Q(2) - ef), -
z€[zr,,2U] (4,k)EE*°

where 258(z) is defined in (18). Let ¢y (1 — a, {Y;}!_,) denote the conditional (1 — «)-
quantile of Wg given {Y;}I" ;. Similar to (21), the level o uniform edge presence test is

constructed as ( i)
_ 1 ifWG>Ewl—Oé,Y;?:1§
Yolo) = { 0 if Wo < @w(1— o, {¥i},). 2y

11



Lu, KOLAR, AND LIU

Theorem 4 provides statistical properties of the test. The statistics W in (22) and Wg
in (23) involve taking supreme over z € [z, zy|. In practice, we approximate the suprema
by evenly dividing [z1,, zi7] into discrete grids and taking the maximum of the statistic over
these discrete values in [zr, zy].

4. Theoretical Properties

In this section, we establish the validity of tests proposed in the previous sections. Validity
of tests rely on existence of estimators for the latent inverse correlation matrix with fast
enough convergence. We show that the calibrated CLIME satisfy the testing requirements
and, in addition, show that it achieves the minimax rate of convergence for a large class of
models.

To facilitate the argument, we need the regularity and smoothness of the density function
of Z and the time-varying correlation matrix ¥(z). Let us first introduce the Holder class
H(v, L) of smooth functions. The Hélder class H(vy, L) on (0,1) is the set of £ = |y] times
differentiable functions g : X — R whose derivative g\) satisfies

199 (z) — ¢9y)| < Lz —y|~*, for any 2,y € X

and |7v] denotes the largest integer smaller than . In this paper, we need some regularity
conditions for the functions in our model.

Assumption 4.1 (Density function of Z) There exist constants 0 < f, <_fZ < 00 such
that the marginal density fz of the index variable Z has its image in [f;,fz] and fz €
H(2,17).

Assumption 4.2 (Regularization of X,,(-)) The correlations X;,(-) € H(2,M,) for
some constant M, < oo given any 1 < j, k < d.

The above two assumptions are standard assumptions on the marginal distribution of Z
(Pagan and Ullah, 1999) and time-varying graphical models (see, for example, Kolar et al.,
2010a).

Assumption 4.3 (Kernel function) Through this paper, we assume the kernel function
K, used in (4), is a symmetric density function supported on [—1,1] with bounded variation,
i.e., ||K|loo VTV(K) < o0,

/_ 11 K(u)du =1 and /_ " (u)du = 0.

1

These properties are also required in Zhou et al. (2010). Many widely used kernels, including
the uniform kernel K (u) = 0.51(|u| < 1), the triangular kernel K (u) = (1 — |u|)1(Ju| < 1),
and the Epanechnikov kernel K (u) = 0.75(1 — u?)1(|u| < 1), satisfy this assumption.

Finally, we list a generic assumption on the properties of f](z) in (7) and the an inverse
correlation matrix estimator Q(z).

12
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Assumption 4.4 (Statistical rates) There are sequences 1y, Ton, r3n = o(1) such that
sup [|2(2) = B(2) lmax < Ty sup [ Q(z) — Q)1 < ron, and
2€(0,1) 2€(0,1)

sup max Hf](z)ﬁg(z) = €jllo0 < 73n,
2€(0,1) J€ld]

with probability at least 1 —1/d.

Assumption 4.4 is a generic condition on the consistency of ﬁ(z) and ﬁ(z) We aim to
show that our testing methods are independent to any specific procedure to estimate €(-).
The three rates in Assumption 4.4 are sufficient for the validity of our tests. Our inferential
framework can thus be easily generalized to other inverse correlation matrix estimators
as long as their rates satisfy Assumption 4.4. Under this assumption, the score statistic
used for testing can be approximated by an asymptotically normal leading term. For our
estimators 3(-) in (7) and ©(-) in (2) or (3), we will show in Theorems 5 and 6 that

rin = O(y/log(d/h)/(nh)), T2, = O(sy/log(d/h)/(nh)) and 73, = O(\/log(d/h)/(nhg). |
25
See Section 4.2 for more details.

4.1 Validity of Tests

In this section, we state theorems on asymptotic validity of the tests considered in Section 3.
We first define the parameter space

Us(M, p) = {ﬂ eR™Q - 1/p, 192 < p, max [0 < s, 12011 < M}. (26)

This matrix class was considered in the literature on inverse covariance matrix estimation
(Cai et al., 2016) and time-varying covariance estimation (Chen and Leng, 2016).

The following theorem gives us the limiting distribution of the score function defined
in (9).

Theorem 1 (Edge presence test) For a fized zo € (0,1), suppose Q(z9) € Us(M, p),
Assumption 4.4 holds with v/nh - (ron(rin + 73n)) = o(1) and the bandwidth h satisfies

\/%(log(dn)/(nh) +h?%) + 5% /V/nh = o(1). (27)
Furthermore, for a fized and j,k € [d], suppose there exists Opin > 0 such that
E(Q] (20)©2,2(20))” 2 Oumin| 2 (20) 1311 25(0) 13,
then under Hy : ij(zo) =0, we have that
Vnh - Uﬁgl(ZO)gzo\(j,k) (ﬁk\j(ZO)) ~ N(0,1),
where a?k(zo) = fZ_4(z0)Var(Q]T(zo)G)zOQk(zo)) and O, is defined in (11).

13
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We have two sets of scaling conditions in the above theorem. Under the condition
Vnh(ron(r1n +73,)) = o(1), the first heuristic approximation “~” in (10) is valid. The con-
dition in (27) guarantees that the leading term on the right hand side of (10) is asymptoti-
cally normal. In particular, the first term of (27) makes the second heuristic approximation
in (10) valid and allows for control of the higher order term of the Hoeffding decomposition
of the U-statistics in (4). If 71,72, and 73, have the rates as in (25) (see Theorems 5
and 6 for more details), this condition becomes v/nh - s(h? + y/log(dn)/(nh))? = o(1). We
choose h < n™", where v > 1/5 in order to remove the bias. The two scaling conditions in
Theorem 1 can be replaced by (s® 4 slog(dn))/n{!1=%)/2 = o(1). This is similar to the con-
dition s?logd/+/n in the inference for the Lasso estimator (Zhang and Zhang, 2013; van de
Geer et al., 2014; Javanmard and Montanari, 2014). Here, the slower n~(=)/2 term origi-
nates from the nonparametric relationship between the index and correlation matrix. The

additional s? term comes from the matrix structure and is ignorable if s = o (x/log(dn))

The following lemma shows that the asymptotic variance of the score function can be
consistently estimated.

Lemma 2 Suppose the conditions of Theorem 1 hold. If ro,/h = o(1) and log(dn)/(nh3) =

o(1), then the variance estimator 3]2-k(zo) in (14) has 3j2.k(zo) T UJQ-k(Zo).

The proofs of Theorem 1 and Lemma 2 are deferred to Appendix B.1 and G.4 respectively.
Stronger scaling conditions are needed for consistent estimation of variance as its estimator
in (14) relies on controlling higher moments. Under the rates in (25) with h < n™", for
some v > 1/5, the scaling (s® + s2log(dn))/n(1=*)/2 = o(1) suffices for the estimator to
consistently estimate the variance.

We also have the following theorems on the asymptotic validity of the super-graph test.

Theorem 3 (Super-graph test) Let zp € (0,1) and j,k € [d] be fixzed. Assume the
conditions of Theorem 1 hold. Suppose there exists Omin > 0 such that for all j # k € [d],
IE(Q?(ZO)@ZOQk(zo))2 > Omin||€25(20) 1311 2% (20) |3, and there exists a constant € > 0 such

that V'nh(ron(r1, +73,)) = O(n™¢) and
M(log(dn)/(nh) + h?) +logd/(nh?) + (log(dn))"/(nh) = O(n™°). (28)

Let G = (V,E) be any fixed graph and G*(zy) is the Markov graph corresponding to the
index value zo. Under the null hypothesis Ho : G*(20) C G, the test () defined in
(21) satisfies

sup [Py (1g/6(0) = 1) = o = O(n ™) (29)
a€e(0,1)

for some universal constant c.
The next theorem shows the asymptotic validity of the uniform edge presence test.

Theorem 4 (Uniform edge presence test) Assume that Q(z) € U(M,p) for any z €
(0,1) and Assumption 4.4 is true. Suppose there exists Omin > 0 such that for all j # k € [d]
and z € (0,1), IE(Q]T(Z)C-')zﬂk(z))2 > Oumin|| 25 (2)[13]12%(2)|13, and there exists a constant
€ > 0 such that Vnh(ron(rin +73,)) = O(n™¢) and

\/%(log(dn)/(nh) + h?) +logd/(nh?) + (log(dn))®/(nh) = O(n™°). (30)

14
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Under the null hypothesis Hy : G*(2) C G for all z € [z1, zy], the test Ya(a) defined in
(24) satisfies

sup ’IP’HO (Ya(a) =1) — a‘ =0(n"°) (31)
a€e(0,1)

for some universal constant ¢ > 0.

We defer the proof of Theorem 3 to Appendix B.2 and the proof of Theorem 4 to
Appendix F.

Theorems 3 and 4 only depend on the estimation rates of 3(z) and €(z) through
Assumption 4.4. This implies that our inferential framework does not rely on exact model
selection. We have O(n~¢) in (28) and (30) instead of o(1) in (27) to achieve the polynomial
convergence rate for type I error in (29) and (31). Comparing the scaling condition in (28)
with the one in (27), the second term in (28) is dominated by the first term under a mild
bandwidth rate h = o(n~'/3). The third term (log(dn))7/(nh) in (28) comes from a Berry-
Essen bound on the suprema of increasing dimensional U-processes. Such a scaling condition
is similar to the one in Chernozhukov et al. (2013). They showed that for the empirical
process W = (W1,...,Wy)T having the same covariance as the centered Gaussian vector
U = (Uy,...,Uy)T, the following Berry-Essen bound holds

sup |P(max W; <t) — P(maxU; < t)‘ =0 <((log(dn))7/n)1/6> .
teR J J

Comparing with our condition that (log(dn))”/(nh) = O(n~¢), the additional term nh in the
denominator comes from the nonparametric part of our estimator. Furthermore, Theorem
4 requires a stronger scaling condition in (30), where the term (log(dn))®/(nh) = O(n™°)
arises from the additional supremum over z € [zr, zy] in the uniform edge presence test.

4.2 Consistency of Estimation

In this section, we show that the Assumption 4.4 holds under mild conditions on the data
generating process. We give explicit rates for ri,,rs, and rs, under concrete estimation
procedures. We first show the estimation rate of > given in (7). Next, we give the rate of
convergence for €(z) when using the (calibrated) CLIME estimator.

We establish rates of convergence that are uniform in bandwidth A. Uniform in band-
width results are important as they ensure consistency of our estimators even when the
bandwidth is chosen in a data-driven way, which is the case in practice, including the cross-
validation over integrated squared error Hall (1992) and other risks (Muller and Stadtmuller,
1987; Ruppert et al., 1995; Fan and Gijbels, 1995). See Jones et al. (1996) for a survey
of other methods. Existing literature on uniform in bandwidth consistency focuses on low
dimensional problems (see, for example, Einmahl and Mason, 2005). High dimensional sta-
tistical methods usually have more tuning parameters and it is hard to guarantee that the
selected bandwidth satisfies an optimal scaling condition. To the best of our knowledge this
is the first result established in a high-dimensional regime that shows uniform consistency
for a wide range of possible bandwidths.

The following theorem shows the rate of the covariance matrix estimator.

15
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Theorem 5 Assume logd/n = o(1) and the bandwidths 0 < h; < hy, < 1 satisfy
hin/log(dn) — oo and  hy, = o(1).
There exists a universal constant Cs; > 0 such that for any 6 € (0,1), we have
Hf] (z2) — X(z H
sup  sup ax <Cx (32)
helhuhu] 200 12+ (nh) ! [log(d/h) V log (6~ log (huhi *))]

with probability 1 — §.

The proof of this theorem is deferred to Appendix A.1. Using (32), we can determine
the rate of rq, in Assumptio/r\l 4.4. The supremum over the bandwidth / in (32) implies that
if a data-driven bandwidth h,, satisfies P(h; < h,, < hy) — 1, then with high probability,

sup Hfl(z) —E(Z)H < Cx ﬁ%—l— M

< (33)
2€(0,1) max nhy,

The first term in the rate is the bias and the second is the variance. Our result is sharper than
the rate O (hQs/log d+ +/log d/(nh)) established in Lemma 9 of Chen and Leng (2016). The

uniform consistency result supy, <p<p, SUP2¢ (0,1 Hf](z) H = op(1) holds for a wide
range of bandwidths satisfying hyn/log(dn) — oo and h, = 0( ), Wthh allows flexibility
for data-driven methods. In fact, such h; is the smallest to make the variance (33) converge
and h,, is the largest for the convergence of bias. When d = 1, the range [hy, hy] is the same
as for the kernel-type function estimators (Einmahl and Mason, 2005).

Due to the large capacity of the estimator 3(z) in (32), which varies with both the
bandwidth A and the index z, the routine proof based on uniform entropy numbers does
not easily apply here. We use the peeling method (Van de Geer, 2000) by slicing the range
of h into smaller intervals, for which the uniform entropy number is controllable. Finally,
we assemble the interval specific bounds to obtain (32). See Section E.1 for more details.

Next, we give a result on the estimation consistency of the inverse correlation matrix.
Let Q( ) = (1(2),...,Q4(2)) where each column Q; j(z) is constructed either by using the
CLIME in (2) or cahbrated CLIME in (3) We recommend using the calibrated CLIME in
practice due to the tuning issues discussed in Section 2.1.

Theorem 6 Suppose Q(z) € Us(M,p) for all z € (0,1). Assume logd/n = o(1), the
bandwidths 0 < h; < hy, < 1 satisfy hyn/log(dn) — oo and hy = o(1). The regularization
parameter X is chosen to satisfy X > X, := Cx(h* + \/log(d/h)/(nh)), where Cs; is the
constant in (32), for the calibrated CLIME and X > MM\, , for the CLIME estimator. Then
there exists a universal constant C > 0 such that

1 ~
sup sup ———= Q(2) — Q(z < C’ ”
helhi,hy] ze(O,l)AM?H (2) ( )Hmax (34)
sup sup Q 2 < C
he[hihu) 2€(0, 1)>\s H (=),
]. Py o~
sup max-— - [|2F3 — e < C, (35)

2€(0,1) J€M d] AM
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with probability 1 —1/d.

The proof is deferred to Appendix A.2. From this theorem, we can see that (34) de-
termines 19, and (35) determines rs, in Assumption 4.4. We can plug the ry,, 9, and
r3, given in (32), (34) and (35) into the condition M(Tzn(’l“ln +73,)) = O(n™°) stated in
Theorems 1, 3 and 4 to get an explicit condition for n, h, s, d.

Corollary 7 Let ﬁ(z) be the calibrated CLIME estimator with A\ > X\, = Cx (h2 +

log(d/h)/(nh)) or the CLIME estimator with X > MM, . Then the Assumption 4.4
and all conditions on r1,, T2, and 13, tn Theorems 1, 8 and 4 can be replaced with

Vnh - s <h2 + log(dn)/(nh)>2 =o(1).

Theorem 6 implies that if the bandwidth satisfies h =< (log(dn)/n)'/%, then

max — ’

R 2/5
sup ||€2(z) — Q(z)H < CM? (logd—|—10gn> ;

z€(0,1) n
. log d + 1 2/5
sup ||€2(z) — Q(,Z)H1 < CMs <og—|—ogn>
2€(0,1) n

with probability 1 — 1/d. When logd > logn, the optimal bandwidth for selection is
larger than the standard scaling h =< (log n/n)l/ % for univariate nonparametric regression
(Tsybakov, 2009). This is because we need to over-regularize each entry of 3(z) to reduce
the variance of entire matrix. The optimal bandwidth is also larger than the scaling for
inference h < n™" for some v > 1/5 in (27), since we also need to over-regularize to remove
bias for inference.

4.2.1 OPTIMALITY OF ESTIMATION RATE

The following theorem shows that the rate in (34) is minimax optimal.

Theorem 8 Consider the following class of the inverse correlation matrices

Us(M,p, L) :={Q() | Q2) € Us(M, p) for any z € (0,1),
and Qi(-) € H(2, L) for j, k € [d]},

where Us(M, p) is defined in (26). We have the following two results on the minimax risk:
1. Iflog(dn)/n = o(1), then

logd+logn>2/5

n

(36)

it s B sup [8) - 2] o
Q(2) Q()elds(M,p,L) Lz€(0,1)

2. If s?1log(dn)/n = o(1) and s~Vd < 1 for some v > 2, then

R 1 1 2/5
inf sup E[ sup [|Q(z) — Q(Z)HI} > cs <W> . (37)
Q) Q()ells(Mp,L) Lze(0,1) n
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The proof is deferred to Appendix C. We prove it by applying Le Cam’s lemma (Le Cam,
1973) and constructing a finite collection €(-) from the function value matrices space
Us(M,p,L). If we take the dimension d = 1, our problem degenerates to the univari-
ate twice differentiable function estimation. The risk on the left hand side of (36) becomes
to the supreme norm between the estimated function and truth. The right hand side of (36)
degenerates to O((logn/n)?/®) which matches the typical minimax rate for nonparametric
regression in || - ||oo risk (Tsybakov, 2009). This indicates the reason why we have the power
2/5 in the rates.

5. Numerical Experiments

In this section, we explore finite sample performance of our estimation procedure and test
using simulations. Furthermore, we also apply the super graph test to the brain image
network.

5.1 Synthetic Data

We illustrate finite sample properties of the estimator in (3) on synthetic data. We consider
three other competing methods: (1) the kernel Pearson CLIME estimator (Zhou et al.,
2010; Yin et al., 2010), (2) the kernel graphical Lasso estimator (Zhou et al., 2010), and (3)
the kernel neighborhood selection estimator (Kolar et al., 2010a). Zhou et al. (2010) and
Yin et al. (2010) consider the correlation matrix estimator at z as a weighted summation
of Pearson’s correlations

Sp(2) = S Kn(Zi - ) X X
Y Kn(Zi—2)

This estimate can be plugged into the calibrated CLIME estimator in (3) to obtain the kernel
Pearson inverse correlation estimator €2(;)(z). Zhou et al. (2010) proposed to estimate the

inverse correlation matrix by plugging > p into the graphical lasso (Yuan and Lin, 2007)
objective
0y (2) = argmax { log det 2 — tr (28 p(2)) — |2 }
Q>0
resulting in the kernel graphical Lasso estimator. Kolar et al. (2010a) proposed to combine
the neighborhood selection procedure Meinshausen and Bithlmann (2006) with local kernel
smoothing. To estimate the j-th column of €(z) they use

B;(z) = argmin hZK< >Xw X,;8)% + MBI,

,BGRd 1 n

where X ; is a (d — 1)-dimensional vector with the j-th entry of X; removed. The kernel

neighborhood selection estimator ﬁ(3)(z) is then obtained as as

[Q3)(2)];; = 1 and [Q)(2)],;; = B;(2), for all j € [d].

We describe a procedure to generate the graph G*(z) and inverse correlation matrix
Q(z) at each z € (0,1). At any index z € (0,1), we generate a graph with d = 50
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Figure 1: The 4-nearest neighbor graph and the time-varying graph for various index values
z. The thickness of edges represents the magnitude of the inverse correlation
matrix corresponding to that edge for a specific value z.

nodes and e = 25 by selecting edge from the 4-nearest neighbor graph illustrated in Figure
1(a). We first generate Z1, ..., 7, independently from Uniform(0,1) with the sample size
n € {200,500,800} and then generate £2(z) at each index value Z; as follows.

1. Randomly select 25 edges from the 4-nearest neighbor graph and generate the initial
graph G, The structure of the underlying graph will change at the following anchor
points z = 0.2,0.4,0.6,0.8. At the ¢-th anchor point, we randomly remove 10 edges
from the previous graph G¢~1) and randomly add 10 edges from the 4-nearest neighbor
graph that did not belong to the previous graph G*~1. We therefore generate 5
anchor graphs G, ... G, On the ¢-th interval [(¢ —1)/5,£/5], the graph structure
stays constant and equal to G¢=V for £ =1,...,5.

2. Given the graph structure we generate €2(z). At the middle of each interval, that
is, for index values z = 0.1,0.3,0.5,0.7,0.9, if the edge (j, k) belongs to the graph at
that time, we randomly generate €2(z) from Uniform[su, 0.9], where y is the minimal
signal strength, otherwise we set Q,,(2) to be zero. For 1 < ¢ < 4, if the edge (j, k)
belongs to both G and G+ we let Qi (z¢) be generated from Uniform[u, 0.9],
otherwise we set it to be zero. We also generate €,(0) from Uniform|yu,0.9] if the
edge (4, k) is in G and similarly for Qi (1) using G®. The signal strength is set to
p=0.5.

3. For any z € (0,1), if z € [¢/10, (4 1)/10] for some £ =0, ...,9, Q;,(2) is set to be an
linear interpolation of €,(¢/10) and Q;((¢+1)/10). We first rescale the diagonal of
Q(z) by Q(z) + (1 — Amin(2(2)))14, where Apin(£2(2)) is the minimum eigenvalue of
Q(z) in order to make its minimum eigenvalue equal to one for each time z € (0, 1).
We then get the covariance matrix X(z) = Q71(2) and normalize its diagonal to all
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Figure 2: ROC curves for different estimators of the inverse correlation matrix estimator.
The number of nodes is d = 50, the number of edges for each index value is e = 25
and the sample size is varied in n € {200, 500,800}. Each curve is obtained by
averaging 100 simulation runs.

ones. An illustration of the time-varying graphical model is shown in Figure 1(b) -
Figure 1(f).

Given the inverse correlation matrix €2(z), we consider four data generation schemes:
1. Gaussian, where X | Z = z ~ N (0, X(2));

2. Gaussian Copula, where X | Z = z ~ (®(Y1(2)),...,2(Ya(), Y | Z = 2z ~
N(0,3(z)) and ®(-) is the cumulative density function of standard normal distribu-
tion;

3. Gaussian with 2% contamination, where X | Z = z ~ N(0,X(z)) and then 2% of
locations are randomly chosen and replaced by +N (3, 3);

4. Gaussian with 5% contamination, is uses the same data generating mechanism as
before, but more of the observations are contaminated.

All the methods under consideration require a specification of the kernel function satis-
fying Assumption 4.3. We choose the Epanechnikov kernel K (u) = 0.75(1 — u?)1(|u| < 1)
which can be easily checked that it satisfies Assumption 4.3. The bandwidth parameter
is set as h = 0.35/n'/% for all four methods in order to facilitate easier comparison. For
the calibrated CLIME, we choose v = 0.5 in (3). We then estimate a sequence of inverse
correlation matrices and graphs by changing the penalty parameter A over a large range of
values. Let E(z) be the estimated edge set and E*(z) is the true edge set at the index value
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n w=0 pup=04 pup=06 p =09
600 0.108 0.722 0.892 0.994
800 0.090 0.822 0.900 0.998

1,000 0.056 0.736 0.968 1.000

Table 1: Size (bold) and power of the local edge presence test Hp : £212(0.5) = 0 at signif-
icance level 95% with various signal strength pg. Results reported based on 500
simulation runs.

z. The true positive rate (TPR) and false positive rate (FPR) are defined as

|B(2)\E*(2)]
(d—1)/2—|E*(2)]

|E(z) N E£*(2)|
TPR(z) = (7)) and FPR(z) = g
where |S| denotes cardinality of the set S. To measure the quality of graph estimation for
z € (0,1), we randomly choose 10 data points from {Z; };c|,] and compute the averaged TPR
and FPR on these 10 points as the overall TPR and FPR of the graph estimation. Figure
2 illustrates the ROC curves of the overall TPR and FPR for the four competing methods
under four schemes for n = 200, 500 and 800. We can observe that the proposed estimator is
slightly worse compared to other three estimators when the data are Gaussian conditionally
on the index value. In this setting the data generating assumptions are satisfied for the
other three procedures. On the other hand, when the data are generated according to
the Gaussian copula distribution, the Gaussian assumption is violated and our estimator
performs better compared to the other three estimators. The third and fourth columns of
Figure 2 further illustrate that our estimator is more robust to corruption of data.

In addition to graph estimation accuracy, we consider the numerical performance of
testing procedures proposed in the paper. We first focus on the local edge presence test
introduced in Section 3.1. Consider the following null hypothesis Hy : €212(0.5) = 0.
We choose the bandwidth A = 0.9n~/5, v = 0.5 in (3) and the penalty parameter \ =
0.2(h* 4+ /log(d/h)/(nh)) for the sample size n € {600,800,1000}. The data generating
process is the same as before, except that we set Qa1(2) = po for all z € (0,1) where
uo € {0,0.4,0.6,0.9}. We use (21) to test the null hypothesis at significance level 95%
and estimate the power based on 500 repetitions. The Q-Q plots of the testing statistic

n = 600 n = 800 n = 1,000

u=0 p=04 p=09 pu=0 p=04 pu=09 p=0 p=04 =09
0.118 0.954 0.958  0.088  0.958 0.976  0.068 0.977 0.992
0.128  0.900 0.926  0.090 0.944 0.964  0.070 0.970 0.982
0.098 0.089 0.058 0.082 0.068 0.054 0.066 0.052 0.048
0.090 0.074 0.054 0.066 0.058 0.048 0.054 0.052 0.050

eI
1l

I
0k DO

Table 2: Size (bold) and power of local edge present test Hy : G*(z) C G for all z € (0,1)
at significance level 95% with the super graph G being a k-nearest neighbor graph
for k € {0,2,4,8}. Results reported based on 500 simulation runs.
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n = 600 n = 800 n = 1,000

Sample Quantiles
Sample Quantiles
Sample Quantiles

-2 -1 0 1 2 - -2 -1 0 1 2 - -2 -1 o 1
Standard Normal Quantiles Standard Normal Quantiles Standard Normal Quantiles

Figure 3: Q-Q plot of the testing statistic under the null hypothesis Hy : £212(0.5) = 0.

for various sample sizes are shown in Figure 3. The empirical distribution of the testing
statistic is close to standard normal distribution. The results on the power of these tests are
summarized in Table 5.1. When the signal strength g = 0, the size of the test approaches
the nominal value 0.05. When p > 0.4, the power approaches 1, showing validity of the
proposed test.

We also conduct a simulation for the uniform edge presence test introduced in Section
3.3. We consider the null hypothesis Hy : G*(z) C G for all z € (0,1), where the super
graph G is a k-nearest neighbor graph for k € {0,2,4,8}. Here a k-nearest neighbor graph
has edges only connecting a vertex to its closest k nodes. See Figure 1(a) for an illustration
of a 4-nearest neighbor graph. When k£ = 0, it is a null graph whose adjacency matrix
is identity. In order to illustrate the power of our test, we generate the nonzero entries
of the inverse correlation matrix at anchor points from Uniform[u, max(p + 0.2,0.9)] for
1= 0.4 and 0.9. We also consider the setting where Q(z) = I for all z € (0,1). The sample
size is varied as n € {600,800,1000}. The bandwidth and tuning parameter are set in the
same way as for the local edge presence test. When computing the test statistic in (22) the
suprema over z € (0,1) is approximated by taking the maximum of the statistic over 100
evenly spaced values in (0, 1), and similarly for the bootstrapped statistic in (23). The size
and power of the test are summarized in Table 5.1. From the data generating mechanism,
we see that the true graph is always a subgraph of the 4-nearest graph. Therefore, the null
hypothesis is true when the number of nearest neighbors is k € {4,8} or €2(z) = I. From
the results reported in Table 5.1, we observe that the uniform edge presence test has the
correct size as the sample size increases. The alternative hypothesis is true when & € {0,2}
and (z) # L. In this setting, the less edges the super graph has, the more powerful the
test is. That is because we take maximum over more edges in (16).

5.2 Super Brain Test

We apply the super graph test in Section 3.2 to the ADHD-200 brain imaging data set
(Biswal et al., 2010). The ADHD-200 data set is a collection of resting-state functional
MRI (R-fMRI) of subjects with and without attention deficit hyperactive disorder (ADHD)
(Eloyan et al., 2012; The ADHD-200 Consortium, 2012). The data set contains 776 subjects:
491 controls, 195 cases diagnosed with ADHD of various types and 88 subjects with withheld
diagnosis for the purpose of a prediction competition. For each subject there are between 76
and 276 R-fMRI scans. We focus on 264 voxels as the regions of interest (ROI) extracted by
Power et al. (2011). These voxels are representative of the functional areas corresponding
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Hy: G(8) C G(11.75) Hy: G(11.75) C G(20)
Statistics 2.793 3.548
Quantiles 1.899 2.154

Table 3: Results on the super brain hypothesis tests at 95% significant level. The row
named “Statistics” are the values of the testing statistic in (16). The row named
“Quantiles” are the 95%-quantile estimators obtained by the bootstrap estimator
in (19).

to the cerebral cortex and cerebellum. For each subject we also have covariates that include
age, 1Q, gender and handedness. For illustration purposes, we focus on 491 controls and
explore how the structure of the neural network varies with age of subjects, which range
from 7.08 to 21.83. Using the kernel smoothing technique to estimate the varying neural
networks, Qiu et al. (2016) found that the connections tend to be denser at the age 21.83
than at ages 11.75 and 7.09. Such a discovery is also supported by Bartzokis et al. (2001)
and Gelfand et al. (2003).

Based on these discoveries, a more interesting conjecture is whether the neural network
is always growing with age. We can use our testing framework to investigate the claim that
a neural network in a younger subject is a subgraph of a neural network in an older subject.
Specifically, we choose three ages: 8, 11.75 and 20, and we are interested in the graphs
G(8), G(11.75) and G(20), where G(z) is the true neural network at age z. The age 11.75 is
chosen as the median age of subjects. We call the neural networks at ages 8, 11.75 and 20
as the junior, median and senior neural network, respectively. As we do not have access to
the true networks, we will estimate them using the calibrated CLIME in (3). We first map
the ages onto the interval (0, 1) and set the tuning parameters for our procedure as v = 0.5,
the bandwidth 4 = 0.002 and the penalty parameter A = 0.03(h*+ \/d/h/(nh)), where the
last two parameters are chosen through cross-validation. We estimate the neural networks
G(8), G(11.75) and G(20) by (3) at ages 8, 11.75 and 20. The estimated graphs are used as
super graphs in defining the null hypothesis. In particular, we have the following two tests:
Hy : G(8) € G(11.75) and Hy : G(11.75) € G(20). Although we use the random estimators
as the super graphs in these hypotheses, the testing procedure is still valid. This is because
of the small bandwidth h = 0.002 making the data used in network estimation independent
to the data used in these two tests. Therefore, the test can still be reduced as a super graph
test.

Figure 4 shows the differences among the junior, median and senior brains. We observe
that even if a later neural network has more edges compared to the earlier one, many
edges existing at an earlier stage disappear later in the development. This implies that the
conjecture that neural networks grow with age is not supported by the data. Table 5.2
quantifies evidence against the null hypothesis.

6. Discussion

In this paper, we consider the time-varying graphical model under the framework of non-
paranormal distribution. Although it contains many examples of heavy-tailed distributions,
there are many other cases uncovered in this family. It will be interesting to explore the
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sagittal transverse

(b) G(11.75) v.s. G(20)

Figure 4: The differences between junior, median and senior neural networks. G (8),
G(ll 75) and G(20) denote the estimated graphs at age 8, 11.75 and 20. The
first row is the difference between G(8 3) and G(11.75). The green lines areAthe
edges existing in G(11.75) but not in G(8) and the red edges only exist in G(8)
but not G(11.75). The second row is the difference between G(11. 75) and G(20).
The green edges only exist in G(20) and the red edges only exist in G(ll 75).

estimation and inference methods for the time-varying graphical model under general heavy-
tailed distributions with certain moment conditions. It is possible to incorporate existing
methods including the Catoni’s estimator (Catoni, 2012) and the median-of-means estima-
tor (Hsu and Sabato, 2014) into the framework of this paper and conduct inference for the
general heavy-tailed time-varying graphical models.
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Appendix A. Proof of Estimation Consistency

In the appendix, we use ¢, C, c1,C1, co, Cs, ... to denote universal constants, independent of
n and d, whose values may change from line to line.

In this section, we prove uniform rates of convergence for the covariance matrix estimator
3)(z) and the inverse covariance estimator €2(z). These rates are uniformly valid over both
the index z and the kernel bandwidth h used for the estimator 7j;(z) in (4).

A.1 Proof of Theorem 5

We apply the bias-variance decomposition for the kernel smoothed Kendall’s tau statistic
in the following two lemmas. The first lemma controls the variance term |7j;(2) — E[7j%(2)]]
uniformly in j, k € [d], z € (0,1), and h € [hy, hy). The second lemma controls the bias term

[E[Tjk(2)] — 7 (2)]-

Lemma 9 (Variance of Kendall’s tau estimator) Assume that n='logd = o(1) and
the bandwidths 0 < h; < hy, < 1 satisfy hyn/log(dn) — oo and h, = o(1). There exists a
universal constant C > 0 such that, with probability 1 — &, for sufficiently large n,

o 7ik(2) = E[Tk(2)]] < C.

sup sup  sup
Sheld helbiud 20,0 flog(d/h) V log (5 log (huh; )

Lemma 10 (Bias of Kendall’s tau estimator) Assume that the bandwidths 0 < h; <
hy < 1 satisfy hy, = o(1). There exists a constant C > 0 such that
E[Tjx(2)] — 71 (2)]
sup sup sup <C.
jkeld helhha) z(0,) B2+ 1/(nh)

We defer the proof of these two lemmas to Appendix D.
By the definition of 3(z) in (7), for any j,k € [d] and z € (0,1), we have

[Sn(=) = Zju(2)] = [sin (750(2)/2) — sin (wre(2)/2) | < S|F(=) —Ta(2)], (38)

where the last inequality is due to |sin(z) — sin(y)| < |z —y| for any z,y € [-7/2,7/2].
Therefore, the rate of 3(z) can be bounded by the rate of 7;,(2) up to a constant. Recall
that T = [j;) ;% and T = [7j;],;x. We have

IT(2) = T(2)llmax < sup [Fin(2) — EFjr(2)| + sup [EFe(2) — mja(2)].
Jkeld] j,k€ld]

Lemma 9 and Lemma 10 together with (38) give us

12(2) = 2(2) [ o
sup  sup
helhuhul 200 12 + [ (nh) = [log(d/h) V log (6= log (huh; *))]
|T(2) — T(=

< sup sup M < 27(Cy + Co),
el 200 12 + [ (nh) 1 [log(d/h) V log (6~ log (huh; *))]

with probability 1 — 4§, since 1/(nh) = o(1). We complete the proof of the theorem by
setting Cy = 27(C1 + C2).
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A.2 Proof of Theorem 6

Using the uniform rate of convergence of f)(z) established in Theorem 5, we establish the
corresponding rate for ﬁ(z) when estimated using the CLIME (Cai et al., 2011) or the
calibrated CLIME (Zhao and Liu, 2014). Modifying the proofs in the above two papers, we
can establish a bound on HQ — Q{ e Hf] — EHmaX is controlled. For simplicity, we recall
the results for the calibrated CLIME estimator. Similar results for the CLIME estimator
can be found in the proof of Theorem 6 in Cai et al. (2011).

Theorem 11 (Adapted from Zhao and Liu 2014) Suppose € Us(M, p) and the tun-
ing parameter satisfies sA = o(1). On the event {||E — X|lmax < A}, there ezist universal
constants Cq, Cy, Cy such that the output of the calibrated CLIMFE satisfies

Q-9 <M, ||Q-Qf, <CosMA  and  max||EQ; — ejlo < C3AM.

JEld]

max

The formal statements of Theorem IV.1 and Theorem IV.2 in Zhao and Liu (2014) are
not the same as the statement above. The result of Theorem 11 is more general and directly
follows from the proofs of Theorem IV.1 and Theorem IV.2 in Zhao and Liu (2014). For
example, the last inequality in Theorem 11 follows from Equation (E.12) of Zhao and Liu
(2014).

Let A = Cx:(h* + y/log(dn)/(nh) ) and define the event

£ = { sup  sup /\;}ZHE(Z) — Z(Z)Hmax < 1} .
helhy,hy] z€(0,1)

Since the constants C7,C and C3 in Theorem 11 are universal and the penalty parameter
A > A p, it follows that

sup  sup )\_lHﬁ(z) — Q(z)“
he[hy,hy] 2€(0,1)

sup  sup )\_lHﬁ(z) - Q(z)“l < CysM;
he€lhi,hy] 2€(0,1)

sup max\"!- ||ﬁij] —€jlloc < C3M,
2€(0,1) 3€d]

< ClMQ;

max —

on the event £. Theorem 5 gives us P(£) > 1 — 1/d, which completes the proof.

Appendix B. Asymptotic Properties of Testing Statistics

In this section, we prove asymptotic properties of the testing statistics for three kinds of
hypothesis tests: (1) edge presence test in Theorem 1, (2) super-graph test in Theorem 3
and (3) uniform edge presence test in Theorem 4.

Let S;. = {k € [d] | Q;(2) # 0}. For any index sets S,S" C [d], we define Qs €
RISIXIS’l t60 be the submatrix of € obtained from rows indexed by S and columns indexed
by &’. For any function f(z), we define

Gl = 7= 3 (X0 -6 (39)
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where &1, ..., & ~ N(0,1). We also define P¢(-) := P(-[{Y:}ic[n)) and E¢[] := E[-[{Y}ip]-

At a high-level, we establish the asymptotic results by carefully studying the Hoeffding

decomposition of the kernel smoothed Kendall’s tau estimator. From (4), we observe that

Tjk(2) is a quotient of two U-statistics. To study this quotient, we introduce some additional
notation. For a fixed j, k € [d], we define the following bivariate function

921.k) Wi Yir) = w2 (23, 2i) sign(wij — irj) sign(wix — Tirk), (40)

for y; = (2, @;) and y; = (27, ®;). Recalling the definition of w,(z;, z;7) in (5), we have that

Tik(2) = Unlgz(,i)]/Unlw:].
Let us define the Hoeffding decomposition of g, ) as

94310 @) = Elgzi 0 (0. Y)] = E [Un gz ] - (41)
g§|()j7k)(y17 y2) = 9z|(5,k) (y1,y2) — gﬁ()m(yl) - g£|1()j7k)(y2) —-E [Un[gzmk)]] . (42)
Then we can reformulate the centered U-statistic as
(1) 2)
Un [9:16] = E [Un [g:10]] = 2En |95, (D] + U |95 (43)

In the above display, we decomposed the centered U-statistic into an empirical process and
a higher order U-statistic. Our proof strategy is to study the asymptotic property of the

leading empirical process term 2[E, [gi‘lgj k)(Yl)} and show that the higher order term can

be ignored. Similarly, let
wM(s) = Elws (s, 2)] - E [Unfw:]], (44)
WP (5,1) = wa(s,1) = wi(s) = wiD(t) - E [Up[w2], (45)

z

which leads to the following Hoeffding decomposition
Unfws] — E [Unw:]] = 2By [w{] + Uy [w®], (46)
According to the heuristic approximation of §Z|(j7k) (ﬁk\j(zo)) in (10), we have

§z\<j k) (ﬁk\j(2>) ~ Q] () [2(z) o (T(2) — T(2))] R (2)

Z Q;u(2)Qpy (2)7 cos (Tuv(z)g> [Unlg21(u0)] — ElUnlg2((u,0)]] - Unlw:]] »
u,v€E(d]

(47)
where the last “~” comes from (4) and Lemma 10. Combining (43) and (46) with (47),
a ~ -1
Vh - Sy = [Unw:l] 7' Gn [ L]
where the leading term of the Hoeffding decomposition is defined as
™ 1
Lign®) = Y Qu@Qu(@)meos (ru(2)g ) Vi [0, @) = (2], (48)
u,v€Ed]

for any y' = (2/,2'). We find the asymptotic distribution of [U,[w.]] *G,, [Jz|(j,k)] in the
next part.
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B.1 Proof of Theorem 1

Let the operator u,[-] be defined as
un[H] = v/ - (U [H] — E[U, [H]]) (49)

for any bivariate function H(x,z’). In order to prove Theorem 1, we need the convergence
rate of terms related to the Kendall’s tau estimator, especially the two lemmas below.

Lemma 12 Suppose that n~'logd = o(1) and the bandwidths 0 < h; < h, < 1 satisfy
hin/log(dn) — oo and hy, = o(1). There exists a universal constant C' > 0 such that with
probability 1 — ¢,

Vh
sup sup sup
sheld el 2€01) | flog(d/h) V log (6~ log (huhi *))

(Un [w2] V i [92j.1)) ) <C, (50)

for large enough n.

Lemma 13 Suppose the bandwidths 0 < h; < hy, < 1 satisfy h, = o(1). Then

s |E [Un [9:1G]] — f2(2)750(2)] = O(B?), (51)
sup [E Uy [l - £3(2)] = O082) (52)
z€(0,1)

sup n_lE [un [gz\(j,k)] s Unp [wz]] = O((nh)_1)> (53)
z€(0,1)

sup n'E[(un [wz])2] =O0((nh)™). (54)
z€(0,1)

We defer the proof of the above two lemmas to Appendix E in the supplementary material.
Using Lemma 12 and Lemma 13, we have

inf U,w.]> inf E[U, — 12|y, > 2 /2,
2€(0,1) ”[w]_ze%,l) [Unle:]] ziﬁﬁ)" funbiell 2 £2/

sup Uplw:] < sup E[Up[w.]]+ sup n_1/2\un[wz]| < 2f7,
2z€(0,1) z€(0,1) z€(0,1)

(55)

with probability 1 — 1/d for sufficiently large n. The last inequality is due to the fact that
fz is bounded from above and below, h = o(1) and log(1/h)/nh = o(1).
Combining the above display with Lemma 19, we have

‘\/7%- Sy (Pj(2)) = [Unlws)] ™' G [le(jﬁk)]‘ (56)
56

~ ~ —1
S ‘\/% . I[Jn[wz]Szmk) (Qk\](z)) — Gn [Jz|(j,k)] ) . <Z€1&f1) Un[wz]) S 2fEQTL_C.

Therefore, it suffices to derive the limiting distribution of G, [JZ|(j7k)}.
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In order to apply central limit theorem to G, [JZ‘(M)] we check Lyapunov’s condition.

By the definition of gi‘()J y In (41) and w in (44), we have E[.J(; r)(Y;)] = 0 for all i € [n].

The matrix ©, defined in (11) can be rewritten as

(@)1 = meos ()5 ) VA~ [9))1 (V) = 7 (2)0(2)] (57)

In order to apply the Lyapunov condition to show the asymptotic normality, we begin

to control the third moments of w'" and gil()] g We bound the third moment of wgl)(Z )

by
supE Uwgl)(zﬂ = sup [E[Kx(z - Z)]y?’E[\Kh(z — 7) —E[Kp(z — Z)] ﬂ

< sup 8|E[K, (= — Z>1\3E[!Kh<z - 2)|’]
_sup8‘fz +O(h2 /K3 ) fz(z+th)dt
S A

where we used that (1 + x)3 < 4(1+ 23) for > 0 and |E[Kj(z — 2)]]? < E[|Kn(z — Z)3].
By the definition of gi|l()j k> We also have

B[l 0] < 4B[[Elgoiia 1) Y] + 4]E g2 (Y Y)H (59)

where Y is an independent copy of Y. Using (99),
3 —
sup [E {921 V]| = sup [ £2(2)7ie(2) + 00 S - (60)

We now bound the conditional expectation in (59). From (A.3) of Mitra and Zhang
(2014), denoting ' = (21, ...,2})" and y' = (2, 2'), we have

E (9.0 W Y)|Z = 5] = Kn(2' — 2)Kp(s — 2)¢ (2, 7, Bj(s)) , where

o (u,v,p) = Q/Sign(u —xz)p(x) - D <%> dz, (61)

with ¢(-) and @(-) being the probability density and cumulative distribution function of a
standard normal variable, respectively. From (41), we have

E [g:15) (/. Y)] = E[E g2 (', V)| Z] ]

= Kp(2' — 2) /Kh(s — 2)¢ (2, 2, Zji(s)) fz(s)ds (62)

Let ¢,(x,y) be the density function of bivariate normal distribution with mean zero, variance
one and correlation p. Notice that sup,, ,[»(z,y,p)| < 2. Since the minimum eigenvalue
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of 3(z) is strictly positive for any z, there exists a v, < 1 such that sup, [3;5(2)| <7, <1
for any j # k. We also have sup, , ,|¢,(z,y)| < (2m/1 —~2)~". By (62), for any z € (0,1)

E|[Elg. (Y, Y) | Y]]

- i/h2K3(t1)fz(z+t1h)><

3
/K(t2)fz(z + tah)e (u,v, Bj(z + tah)) diz| s, () (u, v)dty
< /K3 t1)f2(z + t1ih)|f2(z) + O(h?)Pdt; < h™2 M. (63)
h27r\/1_’ya 71'\/1—’73

Combining (60), (63) with (59), we have

M 8] « 2 _fZIKIS
E[‘gﬂ(j,k)(y)‘ } Sh <ﬂ : (64)

By the assumption of Theorem 4, there exists a @i, > 0 such that

Var(Jo)(.1)(Y)) = E(€ (20)©22%(20))* > Ouin |2 (20) 12125 (20) 13- (65)

We are now ready to check the Lyapunov’s condition. We have

> it Bl .0 (YD) (69) n) -
— ol < O 32 Uzoljk

n3/2Var3/2(JZO|(j,k)(Y)) ||QT|| 2%l i1

3/2 ZEHVec ©0)8; - 51,25 (66)

Since |©)] < wVAlgL ;1 (V)| + 7VAIT(20)ly (2)], we have

E|| Vec((©)s; .51, )13
< 18,20 218k, 2002 (B [ |90) s 1 )] + I 20) P[0 D(2)]).
Using (58) and (64), together with s3/v/nh = o(1),
Y Bl Ly V)P s
n3/2Var®2 (J 0 (V) ~ Vnh

which implies that the Lyapunov’s condition is satisfied. Moreover, by Lemma 12, for any
20 € (0,1), Upfws,] — E[Uy[ws,]] converges to 0 in probability. Combining this with (52)
and h = o(1), we have that Uy, [w,,] converges to fZ(2o) in probability. Therefore, by the
central limit theorem and Slutsky’s theorem, for any j, k € [d],

[Un [wZOH _1Gn [‘]20 \ (j,k)]
172 (o) {E[(Q7'0.,0:)]}?

Combining with (56), the proof is complete.

- N(0,1).
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B.2 Proof of Theorem 3

The strategy is to apply the theory for multiplier bootstrap developed in Chernozhukov
et al. (2013) to the score function in (16). A similar strategy is applied to prove Theorem
4, whose proof is deferred to Section F.

Let To(z) = Max(j ke pe Gn[JZ‘(]Jf)] and

1 n
B
Sy (z0) = o G, [Teolib)] = e 7n ; Teol(ik) (Y3) - &

be the bootstrap counterpart to Tp(zp). Recall that S (z) is defined in (19). We denote

1 > (le(j,k)(Y%)JzU/k/(Yi) — E[J;)(%) (Y%)Jzufk/(Y%)]) ’

n-
1=

A, = max
(5.k), (5" k) EE

In order to Use Theorem 3.2 in Chernozhukov et al. (2013), we check four conditions.

1. With probability 1 — 1/d,

1S(20) — To(20)| < ‘SkUI[)d] ’Vﬂh Unlwzo) ey k) (ﬁk\j(20)> — G, [JZO|(j,k)]‘ <n”C
J,kE€

2. With probability 1 — 1/d, P¢(|S?(20) — SF(20)] <n™¢) >1-1/d.
3. There exists a constant ¢ > 0, such that Var(Gn [/, 0 ]) > ¢
4. There exists a constant ¢ > 0, such that P(A,, > n~¢) <n~ ¢

The first condition is proven in Lemma 19. We defer the proof of the second condition in
Lemma 20. The third condition is due to (65). The following of the proof verifies the last
condition.

Define

Vol Gk k) (Vi) = L)) (Vo) Lo,y (V) = BTz, (Vi) Ly ) (Y))- (67)

We will apply Lemma A.1 in van de Geer (2008) on the concentration of empirical
processes. For the self-consistence, we has restated the lemma in Lemma 34. In order to
apply Lemma 34, we need to bound ||, x,j7,k") llco and n~iy E['73|(j,k,j'7k/)(zi)]' By the

definition of J, ;) in (48), we have for any z € (0, 1),

of

max e
(5,k),(5" k") EEC H%OI(J,kJ’,k’) [loc

< 2|, 100 (V)2
< max max |21 Gy (V)

2
< , 2 2 2y N A V(7.
< mae 2195 o) HIColF - (1ol (Vo + 1) (Z0)]1)
< OM?*h 1, (68)
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where the second inequality follows from Holder’s inequality, similar to (66), and the final
inequality is due to (84) and (94). Since the right hand size of (68) does not depend on zp,
we also have

ik k0 lse < CM?R™! and 69
28D o B e N1k oo < " (%9

m m E 2 Laon(Z:)] < n I Lo G Lot 2 <C’M4h_2.
ze(%ﬁ) (j,k),(j’?iif)eEc Dl (2] < ze(%§> (j,k),(j’?l?)eEC Ivai ) lloe <
(70)

According to Lemma 34, the expectation of A, is bounded by

2M*log(2d)  M?log(2d)
<
ElAs] 5 nh? nh '

Since logd/(nh?) = o(n™°), there exists ¢; > 0 such that E[A,] < n™=2 for sufficiently
large n. By Markov’s inequality, P(A,, > n~) < n®E[A,,] < n™ for sufficiently large n,
which verifies the last condition.

By Theorem 3.2 in Chernozhukov et al. (2013),

sup [Py (Vi) =1) = af S0,
a€e(0,1)

for some constant ¢ > 0, which completes the proof.

Appendix C. Proof of Theorem 8

In this section, we prove the minimax rate of convergence for estimating time-varying inverse
covariance matrices. Section C.1 proves the minimax rate in terms of | - ||max norm, while
Section C.2 establishes the minimax rate for the | - ||; norm.

At a high-level, both results will use Le Cam’s lemma applied to a finite collection
of time-varying inverse covariance matrices. Given a time-varying inverse covariance ma-
trix Q(-), let Pq be the joint distribution of (X1, Z21),...,(Xn,Z,) where (X;, Z;) are
independent copies of (X,Z) with Z ~ Unif((0,1)) and X | Z ~ N(0,Q(z)7!). Let

Uy = {Q(-), 21()y. .., Qm(-)} be a collection of time-varying inverse covariance matri-
ces, which are going to be defined later. With these we define the mixture distribu-
tion P = m™! Yoty Pg,. For two measures P and Q, the total variation is given as

IPAQ| := [(dP/dp) A (dQ/dp)du, where dy is the Lebesgue measure. Now, Le Cam’s
lemma (Le Cam, 1973) gives us the following lower bound.

Lemma 14 Let Q(-) be any estimator of Q(-) based on the data generated from the distri-
bution family {Pq |2 € Up}. Then

max E| sup ||§(Z) — Q¢(2)[Jmax | = TminHﬁ/\PﬂoHa
1<t<m 2€(0,1)

where Tmin = Ming<p<m SUP.e(0,1) [120(2) — 26(2) [ max-

We will use the above lemma in the following two subsections.
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C.1 Proof of Maximum Norm in (36)

We start by constructing the collection of inverse covariance matrices Uy. Let Qo(-) = L
Let Mo = [co(n/log(dn))'/>] where ¢y is some constant to be determined. Then

Uy = {Q () ‘ ﬂ(ym ( ) = E(j,m)(z) = I—i—Tm(Z)Ejj,Z € (0, 1),j € [d— 1],m € [M()]},

where E;; = ejeﬁl + ej+1e]T, e; is the j-th canonical basis in R? and for any m € [Moy),

— Zm —1/2
nle) = LRy (2572, z = M

. h=1/M,. (71)

Here, Ko(-) is any function supported on (—1/2,1/2) and satisfying ||K0||Sup < Kax-
For example, consider Ko(-) = a(2z), where ¥(2) = exp(—1/(1 — 2?))1(|]z| < 1), for
some sufficiently small a (Tsybakov, 2009). It is easy to check that Uy C Us(M,p, L) if
n~tlog(dn) = o(1).

For any j € [d — 1], m € [My], we have

(")
SUp.[[€2(5m)(2) = R0 (2) e > |
2€(0,1) Gim) 12 1—72()
by direct calculation, which gives us ryin > Lh2Ko(0) < (log(dn)/n)%/°.
In the remairEier of the proof we show that for P = ((d — 1)My)~! > jeldme[Mo] PRjm)
we have [[Po, AP|| > 1/2. Let fjm, be the density of Po - for j € [d —1],m € [Mo] and
fo the density of Py. Under our setting,

> ||7'm”sup > LhQKO(O)
sup

f]m((wl’zz 1) ngm x;)1{z € (0,1)},

where g;,, is the density function of N (0,3 ; ,)). Note that for any two densities f and Vil

Jenrin=1-3 [17-idu=1-5( j; -1)”

Therefore, it suffices to show that

8= [ ((@=0M0) Y fn) fodu—1 0. (72)

j7m

Expanding the square of the mixture in (72), we have

o
((d—1)Mp)?

+ Z Z /fjlmlf]2m2d —1.

J17#j2 m1,ma€[Mpo]
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To proceed, we recall the following result of Ren et al. (2015) given in their equation
(94). Let g; be the density function of N(0,%;) for i =0, 1,2. Then

—1/2
% - [det (I —NNE - 202 (B, — 20))] . (73)
0

Using the above display, for ji # j2 and mi,ma € [My], since (2;, — I)(3;, —I) =
0, we have [ fjim, fjamo/fodp = 1. For [j1 — jo| = 1, we have [ fjim, fiams/fodp =
[det (Is — M3)] ™% = 1, where Mg € R33 with (Ms)13 = Ty, (2)7my(2) and the other
entries are zero. For any mq,my € [My] and j € [d — 1], we have

/ Wd“_ 11 / L= Timy (23)ina (1)) :[ /0 (1= 7oy (2)7ms (2)) 2

1<i<n

n

(74)
If my # meg, since the supports of 7., (-) and 7, (-) are disjoint, (74) implies
/fjmlfjWZ/deM =1
Finally, if m; = mg = m, we have
fJQ’n’L ! 4/5 -1 "
(1 —72(2) log"?(dn)) " dz
(75)
MO —1 1 21472 — L2h4Kr2nax "
< — L°h*K =1
= [ Mo g I ) ] { T Mo(1 - K2,
In summary,
d—1 M f2
A= S — 1
((d—lMOQ;Zﬂ(/ a )
L?h*K}? 1
< —log((d — 1) M, log (1 max -
< exp | ~log((d — 1)Mo) + nlog (1 + Mo(1 = L2h4K§1aX)>} (d— 1)Mj,

Recall that My = [¢o(n/log(dn))*/®] and h = 1/My. We choose ¢ sufficiently large such
that ¢} > 1 — L?K?2,,. Using log(1 + z) < z and z/(1 — z) < 2z for x € (0,1/2), we have

- 1
A < exp {— log(d(con/ log(dn))'/®) + e PLPK2,. log(dn))] ~ dnl — 0.

Since rmin > Lh?K(0) = (log(dn)/n)?/®, the proof of (36) is complete by Lemma 14.

C.2 Proof of /; Norm in (37)

In order to show the lower bound for || - ||, we need to construct a different Uy. We still
choose Qy(-) =I. Let B be the set of matrices defined as

B = < 2 1(; > st. v e {0,137 |jvllg = s,v2 = 0}.

B= {B c R4
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With this, we define
Uy = {Q;m) (") | Q(Jm (2) = Bjm)(2) = I+ 7m(2) By, for z € (0,1), Bj € B,m € [My]},

where the index j corresponds to an element in the set B and the function 7,,(-) is defined
n (71). Let D := |B| = (dgz). We still choose My = [¢o(n/log(dn))'/?] for some constant
co. It can be easily shown that Uy C Us(M, p, L) if s?log(dn)/n*/® = o(1).

The rest of the proof is similar to the proof in Section C.1. For any j € [D], m € [My],

up 192¢j.m) (2) = Q0(2) 11 = slITmllsup > sLh*Ko(0),
zE

giving rmin > sLh2K(0) =< s(log(dn)/n)?/®. We proceed to show ||[Pg, A P|| > 1/2, where

P= (DMO)_l Zje[D},me[Mo] Pg(j’m), by proving
1 2
A= / <DMOJZT;fjm> [fodp—1—0.

We establish the above display by modifying the proof of Lemma 2 in Ren et al. (2015).
Let J(j1, jg) Vec(Bj, )T Vec(Bj,)/2, where Vec(M) = (M7, ..., M7 for any matrix
M = [My,...,My]. From (73) and the definition of B, we have

[ [ ol moreconsn)] sl
0

! n
= [/0 (1- J(jlajQ)Tml(Z)TmQ(Z))_le} .
Similar to (74), when my # ma, (76) yields that [ fj,m, fjsms/fodp = 1. Similar to (75),

we also have . 514
/f]lmfhmdu < |:1 + 2‘](]1’]2)L h Kmax] ]
fo My

i) € 0P 1 =33 = (%) () (“5277).

N PN S

m=10<5<s J(j1,j2)=J

—D2M?ZZ Z ({HW}H_I)

0 m=10<5<s J(j1,j2)=37

<o 2, 2 (1)) (02 -2

m=10<5<s

(76)

Since

we have

Let ag = 2c; L2 K?

ax- Similar to the proof of Lemma 6 in Ren et al. (2015), we have

(nd)®,

max) .

7274702
[1 + 2/L7h K]\I}ax log(dn)] <exp (2nM "~ Lir2p?
0
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This further gives us

)2 (nd)?0I
(s—5)! ) (d—2)/(d—2s+j—2)

where the last inequality is due to ) < s7 and &= 2)[((d 2)8,;5‘7 2t > (d—s)’. By assumption

s %d > 1 for some v > 2, and therefore

2co(n/ log(dn))~/>d?/v=1+aopa0
A< 2d2/v 1 j 0
>~ n/logn 1/5 Z ) (1—2(12/” 1+2a0) )

0<j<s

for sufficiently large d, d — s > d/2, d > n. By choosing ¢y in ag = 2¢ E’LQKEnaX sufficiently

small, so that ap < min(1/5,1/v —1/2), we have A — 0. This completes the proof.

Appendix D. Convergence Rate of Kendall’s Tau Estimator

In this section, we study the rate of convergence of kernel Kendall’s tau estimator 7;(2) in
(4) to Tj,(z) uniformly in the bandwidth h € [hy, hy], the index z € (0,1) and the dimension
J.k € [d]. We start by establishing the bias-variance decomposition for 7j;(z) and then
show how to bound the bias and variance separately.

Recall that in (40), we define

921Gy Wis Yir) = w2 (23, 2ir) sign(Tia — Tira) sign(xip — Tirp),

and w,(z;, zi7) is defined in (5). The estimator 7;,(z) can be written as a quotient of two
U-statistics

?yk(z) = [Un[gz|(j,k)]/Un [Wz]'
Recall that the operator u,|-] is defined as

for any bivariate function H(x,z’). With this, following an argument similar to that in
Equation (3.45) of Pagan and Ullah (1999), we have the following decomposition

[Un[wz] - E[Un[wzﬂ -

= ) E[U, [gz|(j7k)]] + U, [gZ|(j7k)] - E[U, [gz\(j»k’)”
jk(z) = E[U, -] [1 * E[Up[w.]]
_ E[Un [g:16m)]] 4 [9:1600] B [Un [g:150]] - un [w2] (77)

EU,w:]] = VaEU,w.]] v (B[U, [w.]])?
+n710 (un [gz|(j,k)} S [ws] + (un [WZ])Q) ’
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under the condition that

Up (W]

VNE[Up [w;]]

Taking expectation on both sides of (77), we obtain

B Fe(a)] = = [gr[ﬁfiﬁ)” +nlO<E [tn [9:21)] - um [w2] ] + [(“" [“’Z])Q} ) (79)

<1 and E[U,[w.]] #0. (78)

With this, we are ready to prove Lemma 9 and Lemma 10.

D.1 Proof of Lemma 9

We first check that the condition in (78) is satisfied under the assumptions. Using (50) and
(52), for sufficiently large n,

log(d/h) V log (6~ log (hyh; !
wp sup Up, [w:] <\/0g( /) V log (6= log (huh; )) i 1 1
kel 2€(0,1) | VIE[Up[w,]] nh f7(2) + O(h?)
Since fz is bounded from below, E[Uy,[w.]] = f2(2) + O(h?) > f,/2 > 0 for large enough n.
Therefore, condition in (78) holds and the expansion in (77) is valid.
From (77) and (79), we have
. Un [9:1Gm)] B [Un [g21G)]] - un [w2]
T'k(Z, h) — [7’ k(z h)] — : +1,
! ’ vV E[Un[w.]] v (E[Up[w:]])? (80)
I I

where
~1 2 2
Iy = 1710 (tn [g21Gi] - wn ooz] + (n [02)” + Blam [g21609] - wn [w:]] + E [ (tn [:])?])
We bound I, Iz and I3 separately. Using (50) and (52), we have that
V nh - ’Il‘
sup sup  sup
sheld nelhuud 0.0 | [log(d/h) V log (5 log (huh; )

Vh |tn (921G | <C
jkeld) helhhu] z€(0,1) \/1Og (d/h) V log (6~ log (huh 1)) f7(z) +O(n?)| ~

< sup sup sup

with probability 1 — ¢ for large enough n. Similarly, using (50), (51) and (52), we also have

Vnh - |I|
sup sup sup
sheld helhhu z€01) | flog(d/h) V log (5~ log (huhi *))

vh [un [w2] [(F7(2)7i(2) + O(h?))
< su u u
< jielﬁd] hes[hlgzu] 22(01?1) \/log(d/h) Vlog (6~ log (huhit)) (f2(2) + O(h?))?
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with probability 1 — §. Finally, using (50), (53) and (54), we have

sup sup  sup
j,keld] he[h;,hy] z€(0,1)

log(d/h) V log (5 Uog (huh; 1))
2h )
log(d/h) V log (6= log (huhy ! ))<“" we] Vi [gz|(j,k)]>
nh - O((nh)™1)
log(d/h) Vlog (6= log (huh; ')

< sup  sup  sup
j.ke[d] he[hy,hu] zE(O 1)

+ sup sup sup
j,k€[d] h€lhi,hy] z€(0,1)

<o

with probability 1 — §.
Combining the above three displays with (80) completes the proof.

D.2 Proof of Lemma 10
It follows from Lemma 13 and the decomposition in (79) that

E[7jk(2)] — s (2)]
sup sup  sup
jkeld helhiha] z€0.1) P2+ 1/(nh)

f2()7j(2) + O(h?) 1 1
< sup sup sup [ — 7ik(2) + O((nh -
j.keld) helhy,ha] 2€(0,1) f2(2) + O(h?) i#(2) ((nh)™) h? 4+ (nh)~1
O(h? + (nh)_l)] 1
< sup sup sup { — < C.
j,keld] helhy,hy] 2€(0,1) fz( z) + O(h?) h? + (nh)~!

Appendix E. Concentration of U-statistics

In this section, we study certain properties of the U-statistics used in this paper. We
state and prove Lemma 12 and Lemma 13, which were used to establish results on the
rate of convergence of Kendall’s tau estimator in Appendix D. In particular, we will prove
the following two results in this section, with the notations on U-statistics and empirical
processes defined in Appendix D.

E.1 Proof of Lemma 12

At a high-level, we will use the Hoeffding decomposition to represent the U-statistics Uy, [w,]
and Uy[g,)(jx)] defined in (43) and (46). Next, we will use concentration inequalities for
suprema, of empirical processes and U-statistics to bound individual terms in the decompo-
sition.

Recall that (43) and (46) give

72w [021.9] = Un [0:16) = E [Un [9:16.0]] = 2En [950;10(¥)] + Un 950 ]
and

n Y2y, (w,] = Unlws] — E[Unlw.]] = 2E,, [wgﬂ U, [wf)] .
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In order to bound u,, [w,] and wu, [gz‘(j k)] it is sufficient to bound gi|1()j k)’ 9£|2()j k) wgl) and

( ). We do so in the following lemmas.

Lemma 15 We assume n~'logd = o(1) and the bandwidths 0 < h; < h, < 1 satisfy
hin/log(dn) — oo and h, = o(1). There exist a universal constant C > 0 such that

Vhg!)!
G 2|(5,k)
sup sup  sup
sheld helhhu 2€01) | | | log(d/h) V log (5~ log (huhi 1))

<C (81)

with probability 1 — 4.

Proof The general strategy to show (81) can be separated into two steps.

Step 1. Splitting the supreme over h € [h;, hy] into smaller intervals such that the
empirical process (81) is easier to bound for each interval. Let S be the smallest integer
such that 25h; > h,. Note that S < logy(hy/h;) and [hy, hy] C U7, [2°7 Ry, 2°0] =: Hy.
Then

P [sup sup ‘Gn [\/Egill()]k)” > t] < zs: Lsup sup sup ‘G [\ﬁgzmk ” > t] .

(82)

Step 2. We apply Talagrand’s inequality (Bousquet, 2002) to each term in the summa-
tion on the right hand side of (82).
Consider the class of functions

Fe= {‘/Hgiwlgj,m ‘ he€Myz€(0,1),5,ke€ [d]}.
In order to apply Talagrand’s inequality to functions in the class F;, we have to check three
conditions:

e The class Fy is uniformly bounded;
(1)

e Bounding the variance of 921(j.k)

e Bounding the covering number of 7

We verify the above three conditions next. First, we show that the class Fy is uniformly
bounded.
Recall that in (62), we show that

E [gzmk) (y’,Y)} = Kp(2 — z)/Kh(s —2)p (a:;-,:c;, ij(s)) fz(s)ds, (83)

where ¢(+) is defined in (61). Since |p(u,v,p)| < 2 for any u, v, and p, and h € Hy, the
above display gives us

2|| K loo /
Sup -~ max < sup Ky(s—2)fz(s)ds+ sup max E Uy, g,
2€(0,1) J-k€[d] H k)HOO h e l z(s) 2e(0.1) d-keld] [ [ |(]J€)H
2K loo . 31K ||oof
< Wl Gy (1,(2) + 002) + 1 + 0(0?) < Mtz
h z€(0,1) h

(84)

39



Lu, KOLAR, AND LIU

where the second inequality is due to (51). This results shows that the class F; is uniformly
bounded by (2¢h;)~1/23||K||sefz and has the envelope Fy = 3(2/~ h;)~"/?|| K || sof 2.
Next, we bound the variance of gi‘l()m). Let @uo(s) = p(u,v,3;1(5))fz(s). We can
rewrite (83) as
E 0.1 (0, V)] = Kn(2' = 2) - (K * u)(2),

where “x” denotes the convolution operator. Then we bound the convolution by

sup || Kp * Gu,vlloc < sup | Kpll1l|Gulles < 2fz, (85)
u,v u,v

where the first inequality follows using the Young’s inequality for convolution. Now, for any
fixed h € Hy and z € (0,1), we have

(] e )

NN 2,4,k
< sup2E [h (Kn(Z — 2))*| sup 1K« Guull% + sup 20 {E [Un g19]]}
z u,v 2575 (86)

< CfZ - sup </ hK2 ( ) fz(x )dm) + ChfZ 4+ O(h?)
< Oty sup(fz(2)| K3 + O(h?)) < CTZ| | K][3.
The reason why we show a stronger result above on the expectation of maximal is because

we need (86) in the proof of Section F.
Using the above display, we can bound the variance for any ¢ € [S],

of = sup E [f*] < C}||K|[3. (87)
fe€Fe

Finally, we need a bound on the covering number of Fy. Using Lemma 28 we have that

Cd?
(2€—1h£)v+96v+6 '

sgp N(Fp, L2(Q),¢€) <

Theorem 3.12 of Koltchinskii (2011) then gives us that for some universal constant C,

< Culnl Cd C ) Cd
< nlog 90 1h, +(2£*1hl)1/2 og 51, )

Furthermore, since hyn/log(dn) — oo, the above display simplifies to

< C\/nlog <2£’1th> (88)

Using Theorem 2.3 of Bousquet (2002) together with (87), (88), and n~!log (dh_l) =
o(1), we obtain

sup sup sup )G [\Fg‘ ”<C’( 10g<2€ 1h>+m> (89)

j.keld] heMy z€(0,1)

E

sup [nEy[f]|
fe€Fe

E | sup |nE,[f]|

feF,
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with probability 1 — 6. Observe that 2¢=1h; > h/2 for any h € H,. Therefore, combining
(89), (82), we obtain that for some constant C' > 0

(1)
ngI(J k)
sup sup sup |G, <C,
J:ke(d] helhi,ha] 2€(0,1) \/log(d/h) V log (6~ log (huhfl))
with probability 1 — 4. |

Lemma 16 We assume n~'logd = o(1) and the bandwidths 0 < h; < h, < 1 satisfy
hin/log(dn) — oo and hy, = o(1). There exists a universal constant C > 0 such that

sup sup  sup nh U, [gﬁ()k)]
]ke[d]he[hl,hu]z€(01 log(d/h) V log (6= 1og (huh; ")) ”

with probability 1 — §.

Proof The method to prove this lemma is similar to the proof of Lemma 15. The only
difference is that instead of bounding the empirical process, we bound a suprema of a
U-statistic process. Therefore, we will use Theorem 33 instead of Talagrand’s inequality.

We apply the trick of splitting [h;, by again. Let S be the smallest integer such that
25h; > hy. We have that S < logy(hy/hy) and [hy, hy] C U7 (27 hy, 20, For simplicity,
we define Hy = [2¢"1hy, 2¢h]. Therefore,

S
P lsup sup ‘h[U [g G ” > t] < Z]P’ [sup sup
j=1

oo o o8] 1] o
2,5,k h€[hy,hy] 2,9,k hEH,

As gi‘z()j k) is a degenerate kernel, we can use Theorem 33 to bound the right hand side of
(90). Consider the class of functions

(2) (-1 _
Fi = (@ mL)hg 4 | e Hez € 0,1)} and FP = {1 e FD 1k e ld]}.

where L~! := 7| K||%,f%. From the expansion in (42), with (84) and (51), we have

(2 2 727 -2
sup max . < CIK||5izh77, for h € |hy, hy].
ze(O,l)j:kE[d]Hggl(]’k)Hoo e [ ]

Therefore, the class .7-'4(2) is uniformly bounded by 1 and has the envelope F| 6(2) = 1, which
verifies the condition in (159). Furthermore, by (86) and (51), we can bound the variance
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as

@ )
s | (o) |
2 1 2
< sup {4h2E [ (9100 (V1 Y0) ] +1E [(fgiw)a o) } * 4{hE[Un[9z|<j7k)H}2}
Z7J7
< suph 2B [K ((Z = 2)/h)? K (Zo — 2)/0)?] + T5h + 502
2 - -
< sup (h—1 /K ((x — 2)/h)? fz(a:)d:v> +f3h + 202
z
S BIK; + Gh+ G502 STZK]),
Therefore, for any ¢ € [S],

sup E [f2] S AL K52y L)? = 0? < 1.
feF?
4

According to Lemma 28, we have that

(2871}”[/)74@715
(22—1 hl)21)+1864v+15 :

%WG$WM@@§O

By setting t = C(2°7'hy)[log (C/(2" ) V log(C/6)] in (160) for a sufficiently large con-
stant C, as hyn/log(dn) — oo, we have

noy =n(27 hy)? > log (1/(27hy)) V log(1/6)
1 3/2
Lo (U

oy log n 2¢-1 hl

for some constant C’ > 0. This verifies the condition (161). Now (160) gives us that with
probability 1 — [(2¢1hy) Vv §],

sup sup (2°71hL)hU, [ £|2()] k)} < Cn (2 hy)[log (1/(26_1hl)) V log(1/4)]. (91)
heMy 2€(0,1)

Since 27 h; > h/2 for any h € Hy, applying (90) and (91) with the union bound over
J, k € [d], we obtain

nh U, [99- ]

Rl helhon] ze(01) |10g(d/h) V log (0—1log (hyhy 1)) " L91G#)

j.keld] he[hy,hy] z€(0,1)

<c, (92

with probability 1—(h, V). As h, = o(1), (92) follows with probability larger than 1—4. B
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Lemma 17 We suppose n~'logd = o(1) and the bandwidths 0 < h; < h, < 1 satisfy
hin/log(dn) — oo and hy, = o(1). There exists a universal constant C > 0 such that

\/Ew(l)
sup sup |G, £
el 201 | | flog(1/h) v log (6~ log (b))

<C

with probability 1 — §.

Proof The proof is similar to that of Lemma 15. We again decompose [h;, hy] C Ule’Hg,
where Hy = [2¢71hy, 2hy] and S is the smallest integer such that 25h; > h,. By the union
bound,

P [ sup sup |G, [thgl)” > t] < ZIP’ [sup sup) ‘Gn [h2w§1)H > t] . (93)
j=1

h€[hy,hy] 2€(0,1) heH, z€(0,1

Talagrand’s inequality (Bousquet, 2002) is applied once again to control (93). Consider the
class of functions

Ko = {VhelV | he M,z € (0,1)}.

According to the definition of wgl) in (44), we have

wM(s) = Kn(s — 2)E[Kn(z - 2)] - (E[Kn(z — 2)))*.
We can bound the supremum norm by

sup [|wM|oo < 26z]| K [loch ™", (94)
z€(0,1)

which implies that the envelope function is F; = 2f7|| K |o0(2¢" he)~'/2. Similar to (86), we
can also bound the variance by

2
supE [(wﬁwgﬂ) ] < sup2E |h (Kn(Z - 2))?] - (BIK(z = 2)])? + sup 2k {E Uy -]}’
< 25| KI5 + O(h?)) + 2hf% + O(h?) < 2f3||K|[3 == o7.
(95)
Using Lemma 29 we have

c _ [ 2|,
(26—1h€)462v+1 2||K”OO(2£—1;W)—1/2’

sgp N (K¢, L2(Q),€) <

which combined with Theorem 3.12 of Koltchinskii (2011) with hyn/log(dn) — oo implies

that
C

Theorem 2.3 of Bousquet (2002) derives that for some constant C' > 0

E | sup [nEn[f]|

FeK,

sup sup) ‘Gn [VE@”” <C ( log (2501]”) + log(1/5)> (96)

heH, z€(0,1
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with probability 1 — §. Using the union bound in (96) with (93), we have

(1)
sup sup |G, Vhe: <C,
el 201 | | flog(1/h) v log (6= log (huh; "))
for some constant C' > 0 with probability 1 — 4. |

Lemma 18 We assume n~'logd = o(1) and the bandwidths 0 < h; < h, < 1 satisfy
hin/log(dn) — oo and hy = o(1). There exists a universal constant C > 0 such that for
sufficiently large n,

sup  sup

nh U, [wgz)]
helhi,hy] 2€(0,1)

log(1/h) V log (6~ 1log (hyh; ')

with probability 1 — §.

Proof The proof is similar to that of Lemma 16. Instead of applying Lemma 29, we use
Lemma 28. We omit the details of the proof. |

Let

log(d/h) V log (6~ log (huh; ')
nh '

Applying Lemma 15, Lemma 16, Lemma 17 and Lemma 18 to (43) and (46), we obtain
that with probability 1 — d, there exists a constant C' > 0 such that

T(d, n, ha 53 hua hl) =

n—l/? Uy, [wz] V Up, [gz|(jak)]
Sup Sup Sllp

< /2. 97
j,k€ld] h€lhy,hu] z€(0,1) Tl/Q(d, n, h? (57 huv hl) + T<d7 n, h7 6a hua hl) / ( )

Since log(dn)/(nh;) = o(1) and h,, = o(1), we have 7(d, n, h, 8, hy, hy) < 7/2(d,n, h, 8, hu, hy)
for sufficiently large n. Using this in (97), we have Lemma 12 proved.

E.2 Proof of Lemma 13

The high-level idea for proving this lemma is to write the expectations as the integrals
and apply Taylor expansions to the density functions and other nonparametric functions.
Afterwards, we bound the remainder terms of the Taylor expansions.

We compute E [Un [gzmk)]] first. Using Corollary 32, we have

i6(Z1) ;r Ejk(Z2)>} . (98)

2 .
E [Un [9:10)]] = —E Kn(Z1 — 2)Kp(Z5 — z) arcsin <
where Z1, Zs are independent and equal to Z in distribution. After a change of variables,
we can further expand the right hand side of (98) as

Ejk(z + tlh) + Ejk(z + tgh)
2

% / / K (0K (t2) f2 (> + t1h) f2(= + toh) arcsin ( ) dtydts.
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Using the Taylor series expansion of arcsin(-), we have

> tih) + X, toh
arcsin< Jk(z+ 1 ); ]k(z+ 2 ))

= arcsin (Z4(2)) + (hhﬁljk(Z) + t2h 35 (2) N (t1h)?21(2) + (tzh)Zﬁ)jk(Z)> 1
- J

2 i ViR
where Z is between z and z+t1h, and p is between X(2) and (X, (2+t1h)+3 ;5 (2+12h)) /2.
Since the minimum eigenvalue of 3(z) is strictly positive for any z, there exists a v, < 1 such
that sup, |X;,(2)] < v < 1 for any j # k. We thus have (1 — p%)71/2 < (1 —2)71/% < .
Similarly, we can expand fz(z+th) = fz(2)+thfz(2)+(th)2fz(Z)/2, where Z € (2, z+th).
Therefore, using regularity conditions on fz and X(-), we obtain

max sup {IE [[Un [gdu,mﬂ — f%(Z)Tjk(Z)‘ < (99)

< ———h
Jkeld] ze(0,1) V1-12

as desired. Proof of (52) follows in the same way since

B (U [K(Z — ) (Zo = 2)l) = [ | K0 K02 ol + 00 (e + tahdtades
= f7(2) + O(h%).
Similarly, we can also bound the expectation of the cross product term
n~'E [tn [921(.0)] X tn [ (2 — 2)Kn (2 — 2)]]

= E[Un [921(k) ) Un [Kn(2i — 2)Kn (20 — 2)]] = E[Un [y | JE[Un [Kn(2i — 2) Kn (20 — 2)]]

= n2(n4_1)2 > E[Ku(z— 2)Kn(z5 — 2)g:1(0) Wss 00)| — (F3(2)7j(2) + O(h?))?
1#£j,57t

— s (1) B s = B (U o]

+ <§>E [Kn(zi — 2)] E [Un [92100) (Wi, 4j) Kn (2 — 2)] |

+ <§>E (Un [92100) Wi ) Kn (2 — 2) Kn (25 — 2)]] } — (f2(z) + O(h"))* = O <n1h> '

and the expectation of the square term
n"lE [(un (K (2 — 2) K (2 — z)])ﬂ
= E[U2 [Kp(2 — 2)Kp(zo — 2)]] = B2[U, [Kn (2 — 2)Kp (200 — 2)]]
4

= o 2 B~ 2)Kn(z — Kl — Dl 2)] - (73() + O(h)?
1#£j,8Ft

_ nQ(nzil)Q{ (Z) E* [Kp(z — 2)] + <g> E? Ky (2 — 2)| E[Kp (2 — 2))°
1

4 @E (K (21— z>]4} ~ (f2(2) + 0())* = 0 (nh) |

This completes the proof.
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Appendix F. Proof of Theorem 4

The proof is similar to the proof of Theorem 3. Instead of only bounding the maximum
over (j,k) € E€, we also need to control the supremum over z € [z, zy|. Without loss of
generality, we consider the case E = () and [z, 2y] = (0,1). We will apply the multiplier
bootstrap theory for continuous suprema developed in Chernozhukov et al. (2014a). Let
Wy and its bootstrap counterpart WOB be defined as

Wy = max sup J( ) and W = max sup J, ) - &
],ke[d]z€01)fz ‘]k Jk€Eld] ze(0,1) \FZ l(jk
Step 1. We aim to approximate Wy by a Gaussian process. In order to apply The-
orem A.1 of Chernozhukov et al. (2014a), we need to study the variance of J,(;) and
covering number of the function class J = {Jz\(j,k:) | z€(0,1),5,k € [d]}.
By the definition of J;(;x) in (48), we have
1
sup B2 (V)] < sup 4)12 () 319 (2) I - w2k - (Elmax o)), ) (Vi) + E[w{)(Z)]?)

z
2.,k 2.,k 2l

< CM? := o3, (100)

where the last inequality is due to (86) and (95). Similar to (68), we also have for some
constant C' > 0,
SUPH 216 Yoo < C/h:=by.

Furthermore, by Lemma 30, the covering number of J satisfies

C
sup N(J, L2(Q),bye) < (Cd) :
Q eh
Therefore J is a VC(bs,C(d/h)¢, c) type class (see, for example, Definition 3.1 Cher-
nozhukov et al., 2014a) and we can apply Theorem A.1 in Chernozhukov et al. (2014a).
Let K, = C(logn V log(d/h)) for some sufficiently large C' > 0. Using Theorem A.1 of
Chernozhukov et al. (2014a), there exists a random variable W such that for any v € (0, 1),

KoV (og/VR)V2EY RSP o+ ")
(yn)1/2 21/ 173176 =)

IP)<|Wo - WO >

Choosing v = (log*(dn)/(nh))"/®, we have
P(|Wo — WO > C(log*(dn)/(nh))"/®) < C(log*(dn)/(nh))"/. (101)

Step 2. We next bound the difference between W(F and W0, Define

2 2 7.3\ 1/4 9 73\ 1/4
o5 Ky o5 K, 1 (05K, 1
n =1/ d n(d) =< —— —.
¥ n + < nh > o m(9) 0\ nh + n

Since K,,/h < (log(dn))/h < no?, Theorem A.2 of Chernozhukov et al. (2014a) gives us

P(IWF = WO > o + 8| {Yidict) < Cral0);
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with probability 1 — 3/n. Choosing 6 = (log(dn))?/(nh))'/3, with probability 1 — 3/n,
P(IWE — W] > C((log(dn))*/(nh))/® | (¥i}icp) < C(logd)®/(nh) % (102)
Step 3. The last step is to assemble the above results to quantify the difference between
W and W5, According to Lemma 19 and Lemma 20, there exists a constant ¢ > 0 such
that
P(W —Wy| >n"¢) <n™° and P(Pe(|WE — WP >n¢) >n"¢) <n° (103)
Let g, := [(log(dn))?/(nh)]"/3. From (103) and (101), we have
P(IW =W’ > g,) < qn. (104)

Define the event
w={p(WE - Wl > q,

Using (103) and (102), P(W) > 1 —n~¢. Recall that ¢y (1 — o, {Yi} ;) is (1 — «)-quantile
of W& conditionally on {Y;}7,. Let

Wy ({Yi}iZ1) = max sup n~ 2N,
) = max, sup Z G (Yo

and define WB({Y;}7,) similarly. Let 6\3] L=nTiyn ZQI(j,k) (Y;), oy =inf, ;0. ,x and
0 =Ssup, 0.jk- Using the triangle inequality, we have

(104)
P(W <aw(l—a,{Yi},)) > P(W°<&w(l—a,{Yi}'1) — ¢n) — n
BB () < w1 — o0 (V) — 20,) — 24,
> P(WP{YiH) <ew(l— o, {Yi}iey))
o(E

—C(g;,07)q [WO |+ v/1Vlog(na;)) — Cqn, (106)

where the last inequality follows from the anti-concentration for suprema of Gaussian pro-
cesses, given in Lemma A.1 of Chernozhukov et al. (2014b), and C(c;,7s) is a constant
that only depends on ¢ ; and o ;.

In the following of the proof, we will bound the right hand side of (106). We first show
the constant C(o;,7,) is independent to h,n or d and then bound E¢[W?]. We bound
E¢[WP] by bounding E¢[WP] and E¢[|[WP — WE|]. Since W& is a supreme of a Gaussian
process given data, we can bound its expectation by quantifying its conditional variance
and related covering number. We first bound its conditional variance n=! > | Z| (o) (Y;).
Using the notation defined in (67), we have

n

1
sup = > (JZ;0(Ye) — E[JZ ;0 (YD) = Sljlllz Z’Yzl(y ki) (Yi)-
=1 W
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Therefore, (69) and (70) give an upper bound and variance of (.J2 i) (Y;) — E[Jg‘(j k)(Yz)])

Define the function class Ji9) = { 216G ) | z€(0,1),5,k € [d]} Using Lemma 26 and
Lemma 30,

cd
sgp N(T2)s - 2@ E/f) ( he ) '

As the upper bound, variance and covering number are quantified above, similar to (88),
we apply Theorem 3.12 of Koltchinskii (2011) to get

< log(2d/h) n log(2d/h).
~ nh? nh

E [Sllp e Z(J22|(j,k) (Yi) = E[JZ ;) (YD)

Z’j’k n 221

Under the assumptions of the theorem, /log(2d/h)/(nh?) + log(2d/h)/(nh) = O(n=2)
and the Markov’s inequality give

gk T

(SHP Z Aom (Y0 —E[T3 0 (Y2)]) > n_c> <Cn”"
Combining with (100),
J—sup Z IJk Y;) < 0% +n¢ < 202,

with probability 1 — Cn~¢. By the assumption in Theorem 4,

inf E[J? G.p (Y] = inf Var(€2;(2)©.Q(2)) > ¢ > 0.

z

7] k ,] k
Therefore, we have
= inf
inf ~ Z )
. J2
> inf B[JZ (Y —sup Z A (Yi) = B[ (Y)]) 2 ¢/2> 0

with probability 1 — Cn™¢. The constant C'(g;,5 ) does not depend on n,d and h.
Combining Lemma 2.2.8 in van der Vaart and Wellner (1996) and Lemma 30, we have

E¢[WP] < Coyy/log (Cdot/h) < C\/log(d/h).

From Lemma 20, we have E¢[W5] < E¢ WP + E[[WB — WE|] < Cy/log(d/h), since

log(d/h) = (log®(d/h)/(nh))/® O( ~¢). Due to (106) and the fact that P(W) >
1 —n"° we have IP(W <ew(l—a)) >1—a—3n"° Similarly, we can also show that
]P’(W >ew(l —a, {YZ}?:I)) > a — 3n~ ¢, which completes the proof.

<
)
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Appendix G. Auxiliary Lemmas for Score Statistics

In this section, we provide the auxiliary results for proving auxiliary lemmas on the asymp-
totic properties on the score statistics.

G.1 Approximation Error for Score Statistics

In this section, we prove Lemma 19 and Lemma 20, which approximate the score statistics
by a leading linear term.

Lemma 19 Under the same conditions as Theorem 4, there exists a universal constant
¢ > 0 such that

sup sup ‘\ﬁ U, [wz]Ssz k) (Qk\]( ) — Gn[JZ|(j7k)]‘ <n”¢ (107)
j,ke€ld] z€(0,1)

with probability 1 — ¢/d.
Proof We have
Vi Unle B (Bu2)) = G Ll
< Vi U] [Su (R (2)) — 20) (S)0) - of)|
T
+ |Vih - Unlw: 10 (2) (£()9%(2) — ef ) = G [Ty

11

A bound on [ is obtained in Lemma 21. Here, we proceed to obtain a bound on I1.

To simplify the notation, we sometimes omit the argument zp, that is, we write Q(zp)
as Q and similarly for other parameters indexed by z. Applying the Taylor expansion to
sin(-) we obtain

Vah -9 (2) (S(2)0(2) - ex) = Vi - 97 (2) (£(2) - 2(2)) u(2)
nh Z Q0 Qe (sin (ﬁzb%) — sin (Tabg>)

a,be[d]

TN\ T
nh Z Qjanbk CcOs <Tab§> 5 (Tab - Tab)
a,be[d] (108)

T

— \/T Z Q. sin (?abg) (E (Tab — Tab))27

2
a,beld]

Ts

where 7;; = (1 — @)7;; + a7, for some a € (0,1).
In order to study the properties of 71 and Ts, we first analyze the vVnh(7,, — 74p) shared
by both terms. Let

T2|(a,b) (}/27 )/:L,) = gz\(a,b) (}{Lv YZ’) - Tab(z)wZ(Zia Zi’)? (109)
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where g.(,) is defined in (40). From (4), we have

Vnh(Tap(2) — Tap(2)) =

We divide the U-statistic in the numerator into two parts
1
Vnh(n —1)

For any z € (0,1) and a,b € [d], using Lemma 13 we obtain

m ) I['3[7“z|(a,b) (YtLa YVZ’)]
= Vnh - E Uy [g:(ap)]] — Vnh - 7ap(2)E [Un [Kn(Zi — 2) Kn(Zie — 2)]]
= Vnh[fZ(2)7a(2) + O(h?)] = Vnhrop(2) [ f3(2) + O(h?)]
= O(Vnhd).
For the leading term V% - uy, [72)(a,5)]; We combine (109) with (43) and (46), to obtain

\/E *Un [rz|(a,b)} =2vVnh-E, [gi‘l()avb) - Tab(z)wgl)] +vnh-U, [92‘2()(1717) - Tab(z)wgz)] s

> i) (Vi Yir) = V- tn[r.yap] + Vb - Elry o (Y, Yi)l.
r=

where gill()a by’ g£|2()a by’ wgl), wgz) are defined in (41), (42), (44), (45) respectively. With this,

T = Ualell ™ D" @i 08 (rany ) (VA tnlregan] + Vil Bl (Vi Yo)))

a,be(d]
= [Un[WZH_l(Tll + T + T13),

where
Ty = Vnh Z Qi cos (Tabg> [ 9al(ap) ~ Tab(2)w (1)} )
a,be(d]
Tip = h Z Qjanbkg COS (Tab ) n [ 92l(ab) — Tab(2)w §2)} and
a,be(d]
Tiz = Vnh Z anﬂbk cos (Tabg> E[r2)(a,) (Yi, Yir)).
a,be(d]

From (48), we have that T1; = Gn[Jz|(j7k)]. We proceed to bound the other terms. Using
Lemma 16 and Lemma 18, we have
[ z| a b)}

sup |Ti2| < sup vnh - || [192%]1 max] (

[ 9] D < log(d/h)

2,4,k 2,0,k d vnh 7
(111)
with probability 1 — 1/d. Using (110), we can bound T}3 as
sup [T3| S *Ilﬂ 1211 - (Vnh?) < wM?Vnhd. (112)

2,4,k
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The final step is to bound 75. Using Lemma 9 and Lemma 10,

sup [To] < *Hﬂ 1182kl max vV - [7ap(2) — Tab(2)[?
7.]7

log(d/h) 1
2 4
< CM*Vnh - < o +h"+ 3,2 (113)

with probability 1 —1/d.
Combining (55), (111), (112), and (113) with (108), we finally have

sup  sup ‘\/7%'Un[wz]gz\(j,k)(ﬁk\j(z))_Gn(Jz\(j,k:))’
j,keld] z€(0,1)

log(d/h
< sup sup (Tial + [Tisl + [Unlws]IT3)) < 22U L /s,
j,k€[d] 2€(0,1) vnh

with probability 1—1/d. Under the assumptions of the lemma, there exists a constant ¢ > 0

such that log(d/h)/vnh = o(n™¢) and vVnh® = o(n™¢), which completes the proof.
|

The following lemma states a result analogous to Lemma 19 for the bootstrap test
statistic.

Lemma 20 Under the same conditions as Theorem 4, there exists a universal constant
¢ > 0 such that for sufficiently large n,

IP’&(,S“P sup | Vih - Unlw? 1S5 1) () = G [T Sn_c> >1-c/d
jkeld] z€(0,1)

Proof We have

Vi U wB155 (ﬁk\j<z>) — G5, (i)
< Vi U] 32,4 (98,)) - 97() (896 () — of)|

I
+ |Vah - Unw197 (2) (S8 () (2) - e ) = G5 [im] |

IT

Lemma 22 gives a bound on I. Here, we focus on obtaining a bound on /7. That is, we
show that vnh - U, [wf]ﬂ;[(z) (E£8(2)Q(2) — el) is close to the linear leading term

Iy =G}, [Lygm —fZ 21k

Similar to (108), we have

max sup Vnh-U,[w?]Q (0)T<§B(z)ﬂk( )—ek) TP + 1P,
Jkeld] ze(0,1)
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where
TP =vVnh Y Qo cos (m%) %Un[sz] (ap — 7ab)
a,be(d]
and
Vnh . ~ 2
o = -0 @uusin (ras ) Unle?) (5 (75— 7))
a,beld]

We bound TQB first. Note that

= sup |Up[wl] = fZ(2)| < inf Unfw] < sup Uplwl] <TG+ sup |Unwl] - fZ(2)].
z€(0,1) z€(0,1) 2€(0,1) 2€(0,1)

Using Lemma 24 and log(h~!)/(nh?) = o(1), we have

2/2 < inf Uylw.] < sup Uy,lw.] < 22, (114)
ZG(O,I) ZG(O,I)

with probability at least 1 — 1/n. Similar to (113), (114) and the Hélder’s inequality give
us

2
™ ~

T < — (19511111 max Vh - (U [wWI(F] — 7a) .
417 a,be[d)]

Under the assumptions, h < n=% for § € (1/5,1/4), and Lemma 23 gives us
Pg(maz{|TzB | < Clog(d/h)/\/nh3) >1-1/d (115)
27]7

for some constant C' > 0 with probability 1 — ¢/d.
Next, we handle the difference between T2 and TZ. We denote

n

AW,y = Unle?] G2) — a(2) = = D [0,y () — ra(2deD(Z0)]&s. (16)
i=1

Using the Holder’s inequality, we have
-~ T\
|TlB - T(F| < ‘ nh Z Qjaﬂbk COs (Tabg) 5 : AW2|(a,b)‘ < CM2vnh H;%X ‘AWz|(a,b)|'
a,be[d] '
Combining with (123), there exists a constant ¢ > 0 such that with probability 1 — ¢/d

Pe( sup max [T — T| > C\/log(d/h)/(nh?)) < 1/d. (117)
2€(0,1) J-k€[d]

If log(d/h)/(nh?) < n=¢, (120), (115) and (117) give us with probability 1 — ¢/d

Pe( sup max |SE . (Qui(2)) —TE| <n™¢) >1-1/d,
5(ze(01,)1)j,k€[d]| A0 (e (2) =I5 < )_ /

which completes the proof of the lemma.
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G.2 First Step Approximation Results

Here we establish results needed for the first step in the proofs of Lemma 19 and Lemma 20.

Lemma 21 Under the same conditions as Theorem 4, there exists a universal constant
c > 0 such that

~

sup sup Vil |S.yay (@) = Q1 () (S)(=) —ef )| < n7

j,k€ld] z€(0,1)

with probability 1 — c/d.
Proof For any matrix A = (A1,...,Ay) € R4 we define

A ji=(A1,...,Aj 1,Aj1,...,Ay) e R
which is a submatrix of A with column j removed. We also denote

Y (2) = (Q1(2), -+ - Q1) (2), Q1) (2) - .. de(z))T e Rl and
¥(z) = (a1 (2), ... ,Qk(j,l)(z), Qk-(j+1)(z), R de(z))T e R4L

To simplify the notation, we sometimes omit the varying variable z in the proof.
We start by decomposing the score function into two parts. We will then identify the
leading term and bound the remainder. With the above introduced notation, we have

Vinh - S (D)
= m : ﬁjT(f)_]’/)\/ - eg)
= Vnh- Q] (S —ef) + Vnh- (] —Q]) (27" —ef) +Vnh- Q2 ;(7 - 7).

~~

11 12

The first term in the display above is the leading term on the right hand side of (107) as
desired. The remaining part of the proof is to bound I; and I>. By the Holder’s inequality,

we have
L] = Vnh- (@ - Q)" (3 - 35)7" < Voh [|Q; — |, |2 - 2|, 2]
Assumption 4.4 together with the display above gives
sup max |I1| < MvVnh - ripro, (118)

2€(0,1) J:k€[d]
with probability 1 — 1/d. Next, using the Holder’s inequality we have
1I2| < Voh - |97 Z o [7 = ;-

From Assumption 4.4, we have HﬁjTi_]Hoo < \|ﬁf§]”oo < rs, with probability 1 —1/d and,
therefore,

sup max |Io] < Vnh-ra,ro, (119)
ZE(O,].) ],kE[d]
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with probability 1 — 1/d. Combining (118) and (119), we have

sup  sup (|I1] + [I2]) < Vnh - ron(rin +r3n) <n”°
j.k€[d] z€(0,1)

with probability 1 — 2/d, which completes the proof.

Lemma 22 Under the same conditions as Theorem 4, there exists a universal constant
¢ > 0 such that with probability 1 — 1/d,

S (Qy(2)) Qf(Z)@B(Z)ﬂk( )—ek)‘ <n~ > >1—1/d.
(120)

P
¢ <J keld] ze(0,1)

Proof The proof is similar to the proof of Lemma 21. Compared to the proof in Lemma 21,
there are two differences: (1) we need to bound Uy, [w; ]HEB 3| mayx instead of || — EHmaX
and (2) obtain a rate for U, [w} ]HQTEBHOO instead of HQTEHOO

According to Lemma 23 and (114) we have

Pe( sup Unfwl )£ = £ax > C/log(d/h)/(nh?) )

z€(0,1)
Up[w?] (?ﬁc — Tjk(z ’ > C'y/log(d/h)/(nh?) ) <1/d. (121)

< P¢| max sup
g(] keld] ze(0,1)

Next, (114) and the Holder’s inequality, give us
Ul 10757 o < 28 (10 Sloe + (195 — 1 + 195]1) Un oIS — S ).
Therefore, by Assumption 4.4, (121) and Theorem 6, with probability 1 — 1/d,
Pf( w1958 |00 > C(MA+ M\/log(d/h) (nh2))> <1/d. (122)
Compared to the rate on I; in (118), we have
1} = V- (€ = )" (85 - 2_)v" < V- [Q; - 95, |E7 — 2|, Il

For A = k+/log(dn) - (k> +1/v/nh) and h = n=%, for 1/5 < § < 1/4, by (121), we have with
probability 1 — 1/d, there exists a constant ¢ such that

Pg(sup [15| > sM?\\/log(d/h)/ ) < 1/d.
7.]7

Instead of I in (119), we define I := vnh - UP(w.)||Q; 2| ||5 — ~*||,- By (122) and
Theorem 6, we have with probability 1 — 1/d,

P§<sup |IP] < CVnh - sM?XA(\ + log(d/h)(nhQ))> <1/d.
2,9,k
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For A = Cx(h?+ /log(d/h)/(nh) ), as slogd/vnh? = o(n™¢) and Vnh® = o(n"¢), we have
with probability 1 — 1/d,

Pe ( sup sup vn

j,k€[d] z€(0,1)

Sl () ~ 9 () (S7()%(2) - of )| > n‘c>

<P¢| sup sup (|IIBQ| + |IQB|) >n ¢ | <1/d,
J.keld] z€(0,1)

following the same proof of Lemma 21. The proof is therefore complete.

G.3 Properties of Bootstrap Score Statistics

In this section, we focus on establishing certain properties of the Gaussian multiplier boot-
strap statistics introduced in this paper. The main goal is to prove Lemma 20, which states
the approximation rate of a leading linear term to the bootstrap score statistic. To that
end, we establish a rate of convergence for the bootstrap Kendall’s tau estimator ?ﬁ,(z)
parallel to the results for 77 (z) in Lemma 12.

Recall from (17) and (20) that

Diviy Kn (Zi — 2) Ky (Zy — 2) sign(Xy; — Xrj) sign(Xa — X ) (& + &)
Zi;éz Ky (Zi — 2) Kp (Zy — 2) (& + &) ’

Tik(2) =

Un[w?] = n—I;Kh i — 20) Kn (Zir — 20) (& + &)

The following lemma presents a convergence rate of the bootstrap Kendall’s tau estimator
+B
jk( )

Lemma 23 Under the conditions of Lemma 20, with probability 1 — ¢/d,

pe( max s [UaRZN ) = ()| > CV/log@m i) ) < 1/a

and

IP’g( max sup Vnh|AW, ;| > C'+/log(d/h) /(nh2)> <1/d, (123)
Jkeld] ze(0,1)

with AW ;i) defined in (116).

Proof We first introduce some notation to simplify the proof. Let

W) (

(Ziy Zir (sign(Xij — Xyrj) sign( X — Xig) — Tjk(z)). (124)
l#l
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From the definition of ’Tﬁ(z) in (17), conditionally on {Y;};c[,), we have

Vi UalwB] (7(2) = min(2)) = fz (on Jum(¥)). (125)

Since the bootstrap process in (124) is a Gaussian process, we bound its supreme using
the Borell’s inequality (see Proposition A.2.1, van der Vaart and Wellner (1996)). The
Borell’s inequality requires us bound the following three quantities:

1. the variance of n=1 Y7 Wfl(j 1 (Ya);

2. the supremum norm of n=1 Y | W?2

Sl (Ya)s

3. the L? norm covering number of the function class
F ={wllip 12 € 01,5k € [}, (126)

under the empirical measure P, = n=1 3" | dy;, where

(@)

ek T =1 sz Ziy Zir) sign(Xij — Xirj) sign(Xip — Xrp).

i

To bound the variance, we first study W, ;) (Yi) for each single i € [n]. For any
bivariate function f(y1,ys2), define the operator

69 1f] = S (V) — Ef (Ve Yo | V).
1 \/nlg

Now, can be written as

2 @ (@)
Wi (%) = B (V)] + —=— (6111(0:10) — ()G ()

J(Y;)
127
+2 (g4 (¥0) = Te(2)0(20)) e
921Gi.k) Ik z )
JA(Yy)
From (84) and (94), we have that almost surely
max sup sup JP(V;) <Ch L (128)
i€[n] j keld] z€(0,1)
Using Lemma 13, we have
SUI;E[WZKJM(Y)] <SU‘II)€2<’E[ [gz\ 4,k H fZ( T]k ‘+’E H*f%(z)‘) §0h2
2., 2.,
(129)
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Similar to the proof of Lemma 15 and Lemma 17, with probability 1 — §, we have

. B3/2 AN }
max sup Ssup GS)_I (=109 — Tr(2):) < (130)
i€ln] j keld) 2€(0,1) V1og(d/h) Vlog(n/é)
Plugging (128), (129) and (130) into (127), with probability 1 — 1/d, we have
max sup —ZW .k (Yi) < max max  sup W2\(]J€)( ) < Ch™2, (131)

jkeld z(0,1) i€ln] j,k€ld] z€(0,1)

as log(d/h)/(nh) = o(1) and h = o(1).
Next, we bound the covering number of the function class Fy defined in (126). For
some My to be determined later, let {Kp(2z¢ — -) }se[rs,) be the e-net of

K={K((s—-)/h)|s€(0,1)}.

That is, for any z € (0,1), there exists a zy such that | Kp(z¢ — ) — Kp(z — -)H%Q(Pn) <e
For this z;, we also have
0 1o~/ 1 2
|| z|]k Zﬂ]k‘ ||L2 (Pn) < EZ n_lZ|Wz(Zi,Zi/)—OJz/(ZbZi/)|
i=1 il i
1< 5
< _ _ _
< nZ(Kh(z < Z|Kh z — Kp(z — Zy)| >
i=1 )
+ — Z Kh z—7Z Kh(Zg— < Z‘Kh Zp — )
z’;éz
< Cezh_
Therefore, as Mo < (C/e)?, we have N(Fw, || - |2p,) h=le) < d*(C/e)®
Similarly, for the function class
we have
N(Fy, |- 2@ hre) < N(Fw |- 2,y b le) < d*(C/e)™. (132)

This bound follows by combining the the fact that 7;;(-) is Lipschitz (since X;(-) € H(2, L))
with Lemma 26 and Lemma 27.

Now, the Dudley’s inequality (see Lemma 2.2.8 in van der Vaart and Wellner, 1996),
together with the fact that Uy, [wZ (7 F 78 (2) — 7j1(2)) is normally distributed conditionally on
data (see (125)), the upper bound and variance bound in (131) and the covering number
on Fyy, above, gives us

log(d/h)

E| sup max Up,fw B](%’\Ji(z)_Tjk@))} <C nh2

2€(0,1) Jk€[d]
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Using the Borell’s inequality, on the event that (131) is true, we have

~ log(d/h)

P U, [wB1(7E (2) — 7; > Oy =220 > 1/d.

Since (131) is true with probability 1 — 1/d, the first part of the lemma is proved.
Similarly, we can bound AW ). By (127), we have

1 < 2JM(y;
AW,y = € EW 0 (V)] + n Z \/%1)&7 (133)
i=1

where E=n"1 >4 &. From the concentration of sub-Gaussian random variables, we have
P(|¢| < Cy/logd/n) > 1 —1/d. Combining with (129), we have

m 5 Ch*logd
3 (ze(opl) j.keld] £-Ef |(J,k)( )] > - ) / (134)

According to (130), with probability 1 — 1/d, we have

2 2
27 (v;) 270(v;) Clog(d/h)
sup max — —————] < max sup max < . 135
z€(0,1) J.k€[d] 1 Z ( vn—1 i€ln] ze(0,1) Jikeld] \ vn —1 nh? (185)

Define the function class Fyy = {JM(-) | z € (0,1), 4,k € [d]}. By the definition of J®) in
(127), we apply Lemma 26 to the covering number of function classes consisting of W_(; 1),

gi\l()j ) and w in (132), (144) and (153) to obtain

N(Fw, |l 2@, h~'e) < d*(Cle)™

The Borell’s inequality, on the event that (135) is true, gives us

log(d/h)
P =N IO > Oy | < 1/d. 136
6 (m] Ju Z Yo o | <Y (136)
Plugging (134) and (136) into (133), the proof of the second part is complete. [ |

The following lemma presents a convergence rate of UP(w,) to f2(2).
Lemma 24 Under the conditions of Lemma 20, with probability 1 — 1/n,
&<wpmm%—ﬁ@b01%WMMM0sun
z€(0,1)

Proof The proof is similar to that of Lemma 23. We define

W) = = 3 (w220 20) - 3(2).

n—1Le
i £
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Conditionally on the data {Y}ic(n,

Vi (Unlw?P] = f3(z WZWW (O*ZWzIM )

Note that
W50 (YD) = W 0 (Y] 4+ 2(n = )76 ] + 200(2)).
Similar to the proof of Lemma 17 and (130), with probability 1 — 0,
max  sup ZWszk (Y;) < max max sup Wil(j K (Yi) < Ch™2, (137)
Jrkeld] zE(O nn i€[n] jk€ld] ze(0,1) ’
Using Lemmas 29, 26 and 27, we can bound the covering number of the function class
Fiv = {W 0 (Yi)lz € (0,1)}

by N(Fps || - 22 (e,). hre) < (C/e)®

The remained of the proof follows the proof of Lemma 23. Using the Dudley’s and
Borell’s inequality (see Lemma 2.2.8 and Proposition A.2.1 van der Vaart and Wellner,
1996)), on the event that (137) is true, we have

P§<Sup (Ualw?] - 13(2)) > C 18““;”‘)) > 1/n.
2€(0,1) n

The lemma follows since (137) holds with probability 1 — 1/n. [ |

G.4 Proof of Lemma 2
Recall that we defined the matrix ©) in (57) with elements

7 1
04 (2) = mcos ((r/2)mjw(2)) - —— Z 7 (Y
’#’L

and T]%) defined in (12). The strategy of the proof is to establish

%Z (m 20)®0 ZO)Qk(ZO)f B Var(Q7F (20)©.,%(20))  and (138)
[Un[wm“ L f%(zo) (139)

The lemma then follows from the Slutsky’s theorem.
We first establish (138). Let

~

Ar =237 (81 (20)8 0 (20)u(20)) — D (07 (20)8(20)2u(20)) and

=1 i=1
Az = % > (af <zo>@“><z«o>ﬁk<z()>)2 - %Z (Q]T(zo)@(i)(zo)ﬂk(zo))z.
i=1 i=1
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We can bound A; as

[Ar] = |(€2(0) - nxmﬁ-% O (20) €21 (20) 2 (20)0) (20) - (2 (20) + s (20))”
=1
< (125 (20) — 250, Hﬁm (20| 1€ (20) 110 (20) [
:OP(M4T2n(27T) h_l) Op(l) (140)

where the second equality is by Assumption 4.4 and H@(i)(zo)Hmax < 2rh~'/2 with proba-
bility 1 — ¢/d. Similarly,

|Ag| = Op (M*ra,(27)*h 1) = 0p(1). (141)

Next, max;c(y] hl/QH(:)(i) — @(i)Hmax < Agzq + Ago, where

h1/2

ZTJk '

i'#i

A= ™ o (/) e (2t

1 1
Agy = ie[;fﬁl}c{e[d] | cos ((71'/2)7']‘]9(20)” B2 C]iJk(ZO) -1 ;T;k)(yﬂ) ’

where ¢; ji, is defined in (13). Using Lemma 9 and Lemma 10, with probability 1 — c¢/d
A1 < 7Koo - max |75 (z0) = Fyu(20)] £ (W + Viog(dn) /(b))

Let Gi jk = @i jk + Tjr(20). By the Hoeffding’s inequality and union bound, we have

P (ma}z{h 2\ 5k — Elgi gl > t ‘ Yz) < 2nd?exp (—(n —1)t*/2).
7‘77

Setting t = y/log(dn)/n and taking the expectation above, with probability 1 — ¢/d,

max 121G g1, — Elgi 4]l < v/log(dn) /n.

Similarly, with probability 1 — ¢/d,

Agy < wh'/? max [T, (20) — Tj(20)| + maxh Y2\Gi ke — Elgi i)l S Vlog(dn)/n + h¥/2.
] 7]7

Therefore,
Ag = 1 3 (QSF(ZO>@(i)(ZO)Qk(zg))2 - %Z (Qf(zo)@(i)(zo)ﬂk(zo)>2
i=1

n
=1 1=

< AMArh~1/2 o 18 — @||,ax = Op (h + /log(dn) /(nh3)> —op(1).  (142)
€en
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Finally, by the law of large numbers,
1~ (o7 (i) 2 p T (4) 2 T
= (nj (20)© (zo)ﬂk(zo)> L5 BT (20)0 (20) 2 (20)]7 = Var(27 (20)©. % (20)).
=1

Combining (140), (141) and (142), we prove (138).
Using Lemma 24 and the continuous mapping theorem, we also prove (139). By the

Slutsky’s theorem, we have o1 (20) il ok (20)-

Appendix H. Results on Covering Number

In this section, we present several results on the covering number of certain function classes.
The first two lemmas, Lemmas 26 and 27, are preliminary technical lemmas that will be used
to prove Lemmas 28, 29 and 30. Lemma 26 provides bounds on the covering numbers for
function classes generated from products and additions of two function classes. Lemma 27
provides a bound on the covering number of a class of constant functions.

Before presenting these lemmas, we first state a result on the covering number of kernel
functions.

Lemma 25 (Lemma 22 of Nolan and Pollard, 1987). Let K : R — R be a bounded
variation function. The following function class

= {1 (5) [n>0 )

indexed by the kernel bandwidth satisfies the uniform entropy condition

sup N(KC, La2(Q),e) < Ce™*, foralle € (0,1), (143)
Q

for some C >0 and v > 0.

The following lemma is about the covering number of summation and product of func-
tions.

Lemma 26 Let F1 and Fa be two function classes satisfying
N(.Fl, H . HLQ(Q),ale) S 016—111 and N(FQ, H : HLQ(Q)7 age) < CQE_U2

for some Cy,Ca,a1,a2,v1,v2 > 0 and any 0 < € < 1. Define || Fi|looc = sup{||fllco, f € F¢}
for £ =1,2 and U = || Fillso V | F2llcc- For the function classes Fx = {fifz| f € F1,f2 €
Fot and Fr ={f1 + fo | f1 € F1, fo € Fa}, we have for any € € (0,1),

261U\ [ 2aU\ "
Mﬂmﬂm®@5q®<é>( 2);

€

201\ [ 2a9\
NGMHM@@SQQ<;><ﬁ'

€
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Proof For any ¢ € (0,1), let Ny = {fi1,...,fin,} and No = {fo1,..., fon,} be the
€/(2U)-net of F; and F3 respectively with

V1 v2
N, < O <2‘“U> and Ny < C <2“2U> .

€ €

Define the set N = {fijfor | f1j € Ni, for € Na}. We now show that N is an e-net
for Fx. For any f1fo € F, there exist two functions fi; € N1 and fy, € N2 such that

”f1 - f1j”||.||L2(Q) < 6/(2U) and Hfg - kaH||,||L2(Q) < 6/(2U) MOI‘GOV@I‘, we have fljfgk eN
and

1f1fo = frjfaellif, o < IF2llsollfs = Frjlli, o T It lsollfo = forlljy L, < €

Therefore N is the e-net for Fx. Similarly, we also have

1+ f2) = (fi =+ o)l oy < I = Frilliin, o + 12 = Farllj ) < €/U-

So N' = {fij + for | fi; € N1, far, € Na} is the €¢/U-net of F. We finally complete the
proof by showing that

201U\ [ 2a,U\ "2
|N/r=|N|=levzsclcQ( ! ) ( 2 ) .

€

Lemma 27 Let f(s) be a Lipschitz function defined on [a,b] such that |f(s) — f(s')] <
L¢|s —§'| for any s,s" € [a,b]. We define the constant function class Fo = {gs(-) = f(s) |
s € |a,bl}. For any probability measure Q, the covering number of F. satisfies for any
e€(0,1),
|b—a
N(]:C? || : HLz(Q)JG) < Lf ’ :

€

Proof Let N = {a+ie/Ls|i=0,...,|L¢|b—al|/e]}. For any gy, € F., there exists a
s € N such that |sp — s| < €/L; and we have

1950 = 9sllz2(@) = [ (s0) = F(s)] < Llso — s| <e.

Therefore {g; | s € N} is the e-net of F.. As |[N| < L¢|b — al/e, the lemma is proved. W

The following lemma presents the covering number of function classes consisting of
gi‘lgjk)() or 9£|2()gk)() defined in (41) and (42).

Lemma 28 For some 0 < h < h < 1, we consider the class of functions

FO =LV Ihe Lz e 01,5 ke () (144)
FO={h-g® |hehTze©1),5ked]},
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where gi‘l()j’k) and gifgj’k) are defined in (41) and (42). There exist constants C1y and C )
such that for any € € (0, 1)

dQC(l)
hv+9ev+6

dQC(g)

L . —_
SgpN(]: ) H ”Lz(Q)a 6) < h20+18€4v+15'

and  sup N(FP || - | 1,0).€) <
Q

Proof Recall that

9 @) = Elg:1G0 0, V)] = E [Un(gzygay)]  and

951y W1 92) = 9210 (s 12) = 9510510 (1) = 951051y (02) = B [Un(gyin)] -

Our proof strategy for bounding the covering numbers of F() and F@ is to decompose
them into the following three auxiliary function classes:

Fio = {Elg.y 0, Y)] | h € [b,1], 2 € (0,1)};
F = {E[Ua(gn.)] | h € In,B], 2 € (0,1)};
fﬁ) = {92160 (W1,2) | h € [b,h],z € (0,1)}.
Observe that we can write
FO =V (fi—f) [he ], e F, fae AV jk e [d};
={h-(fi-fo—fs—fa) | he D], fi € FR, fo. f3 € Fih fa € F3D, g,k € [d]}.

Therefore, we can apply Lemma 26 on the addition and product of functions classes and
Lemma 27 on the constant functions to bound the covering numbers of (1) and F®.

Covering number of .7-"1(1].)k. We bound the covering number of fl(lj)k first. Recall from

(62) that for v/ = (2/, ')
E (9210, Y)] = Kn(2' = 2) /Kh(s — 2)¢ (2, 2, Zji(s)) fz(s)ds

We have fl(lj)k ={fi-fo| L e{Kn(-—2)},f2 € félj)k} where

Fyoe = {qz,h@:,y) = / K (s — 2)¢ (2,5, Zjx(s)) fz(s)ds, h € [0, 1], z € (0, 1)} . (145)
Let @gy(s) = ¢ (z,y,2;k(s)) fz(s). Then F?Elj)k is the class of functions generated by the
convolution ¢, p(x,y) = (Kh *Pz.y)(2). The L1 norm of the derivative of K} can be bounded
by

1 t
1Kil = [ 5 K (h)‘dt: nt [ K@)l = b TV (), (146)

where TV(K) is the total variation of the kernel K. Similarly we have for any h € [h, h],

HahKhH /h_2]K(t/h)]dt+/h_3\K’(t/h)\dt = h 7Y K|y + h2TV(K).
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We can apply a similar argument as in (85) and derive that

oo < 20 ' TV(K)fz,

= sup || K7, * @z ylloo < sup || Kpll1]| Py

D onlery)
L.
9z ’ h,zy h,z,y

sup
20 ,h,.’L’,y

z=z0

(147)
where the first equality is due to the property of the derivative of a convolution, the first
inequality is because of Young’s inequality and the last inequality is by (146). Similarly, we
have

0

sup %qz,h(wx )

Z,hO,IE,'y

= sup [|Vi—noKp * @zylloo
hO:-T)y

h=ho

i 148
< sup || Vizng Knll1 @yl (14%)

0,L,Y
< 2fz(b K| + b TV(K)).
Therefore for any 21,2 € (0,1), h1,ho € [h,h], denoting Cj, := 2?2[@71 + h72)TV(K) +
h=YK[1], we have

sup ‘q,zl,h1 (x,y) - qZQ,hQ(x7y>’ < Ch max(’zl - 22‘7 ‘hl - hQD
Z,Y

Given any measure @ on R?, let Z be the ¢/Cp-net of (0,1) x [h,h] under || - ||oo. For any

z € (0,1),h € [h,h], choose (29, ho) € Z such that max(|z — 2o, |h — ho|) < €¢/C}, and we

have

1620 = @zosho 111,00y < 192h = Q.o lloo < €.

This shows that {q. | (z,h) € Z} is the e-net of félj)k and

)’
sup N - o) <121 < () (149

According to the formulation in (62) and Lemma 26 and (143), we have

v o 2 2
O <0 (1) (b () o cch
N o0 <0 (1) (52) () < gt 050

Covering number of ]-'2(1). According to (51) and Assumptions (T) and (D), we have

that for any z1, 29 € (0, 1),h1,h2 S [h, ]

E (a1 0)] = B [Untotli )] | < 155 0m(0) = Fz2)minz0)] + CIE = b3
< f%c7-|2’1 — 22| + 20H’h1 - hQ’

Using Lemma 27, we have

220, + 20h> ?

€

wup VY- a0 < ( (151)
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Covering number of F(1). Observe that the function g(h) = v/h is Lipschitz on [h, h]
with Lipschitz constant (h)~'/2/2. Combining (150) and (151) with Lemma 26, we have

2CCE(f2C; + 2Ch)?

hv+56v+6 (152)

sgp N(FD o)) < d?-

Here the additional d? on the right hand side of (152) is because we also take supreme over
4,k € [d] in the definition of F). As C}, < 2f7(2TV(K) + || K||1) - h =2, defining

Cy 1= ACT, (2TV(K) + | K1) (25 +2C)?

and the first part of lemma in (144) is proved.

Covering numbers of .7-"](,3) and F®. Let Ng = {Kp(z — 2)Kp(y — 2) | 2 € Zx,h €
Hi} be the e-net of the function class K? = {K(z — 2)Kp(y — 2) | h € [b,h], 2 € (0,1)}.
According to Lemma 26 and (143), we have |[Ng| < C?(2||K||oo/€)?". Given any gn, ., €

]-";2), there exist hy € Zx, 21 € Hx such that
19r0,20 = Ghs 1 0y < IHSRo (- = 20) Ko (- = 20) = Ky (- = 20) Ky (- = 20) 1, 0) S €

Therefore Ny = {g.;jr)(Y1,92) | 2 € Zr,h € Hi} is an enet of H and [N,y = [Nk| <
C?(2||K||oo/€)?". Applying Lemma 26 again with (151) and (152), we have

h—h\/2|K\2/ Cuy \2/R2C.+2Ch\>
1< (B0 BB (o ()

€ € €

dzC(z)

< - 4
— h2v+1864v+15’

where C(g) 1= C?4" ||KH§§C’(21) (f2C-+2C)2. Therefore, we complete the proof of the lemma.
|

Similar to Lemma 28, we can also establish the covering number for function classes
(1) (2)

consisting of w;’ or w;"’ in the following lemma.

Lemma 29 For some 0 < h < h < 1, we consider the class of functions
KW = {\/E-wg”me 1], > € (0,1)}; (153)
K@ = {h cw® |hehh]ze o, 1)} :

where wgl) and wg) are defined in (44) and (45). There exist constants C’El) and C’é2) such

that for any € € (0,1)

C! C!
) (2)
sgp N(/C(l), I a0 €) < e e and sgp N(IC(Q)’ I 1 Ea(@)s €) < 774”“464”8'
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Proof The proof is similar to Lemma 28. We first bound sup, NKED | - 22(q), €)- We

have
V(s) = B[Kn(s — 2)Kn(Z = 2)] = B [Un(Kn(Zi — 2) K (Zir — 2))]

= Kp(s — 2)E[Kp(z — Z)] — {E[Kn(z — 2)]}%.

We first study the covering number of the function class

wt

Cxk ={E[Ky(z—Z)] = (Kp* fz)(2) | h € [h,h],z € (0,1)},

Wy ”

where “x” denotes the convolution. Just as (145), Cx is also generated by convolutions.
Similar to (147) and (148), we have

sup (VZE[Kh(z —7)] < 20~ TV(K)fz and

20,k zZ=20
sup [VAE[KA(z = 2)]| | < 285 (07! Kl + b2 TV(K)).
z,ho =no

Therefore, following the derivation of (149), for any 21, z2 € (0,1), hq, ho € [h,h], we have
|[E[Kn, (21 = Z)] = E[Kny (22 — Z)]| < Cpmax(|z1 — 22/, [h1 — hal),
where C, := 2fz[(h™' +h™?)TV(K) +h || K||1]. From Lemma 27, we have
SgPN(CKv I 22()-€) < Cn/e and
sgpN({(E[Kh(z — 2 | 2,0} |- Iy €) < Ch/e.

Using the fact that the function g(h) = 1/v/h is Lipschitz on [h, h] with Lipschitz constant
(h)~=3/2/2 together with Lemma 26, Lemma 27 and (143), we have

1\ /C\ /Ch\ (h—h C
. B S (Cn a1 &)
SgpN(/C ’H ||L2(Q)’6) <C <h26> <h€> < P ) <h3/26> < h2v+7ev+3’

where CEI) = [2f7(2TV(K) + ||K||1)C]?. Function class K(?) contains functions in the form

w®(s,t) = Kp(s — 2)Kp(t — 2) —wD(s) —wM(#) — E[Un(Kn(Zi — 2)Kn(Zi — 2))].

By Lemma 26, it suffices to study the covering number of
Cli = {Kn(s—2)Kp(t—2) | h € [h,h],z € (0,1)}.

Using Lemma 26 and (143) again, we have

2|!K\oo>2”

€

sup N Clc |- a9 < € (

and therefore combining with the covering number in (153) and (151)

2 = ’
2K \* (S Cp\ (h-h Cle)
@) . 2 ~n
sup NOC a0 < (2 ) (s ) () (22 < pomiiers

where CgQ) = 024UHKH<2>3(CE1))2@%CT +2C)2. This completes the proof. [ ]
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Lemma 30 Suppose Q(z) € U(c, M, p) for all z € (0,1). Consider the class of functions
J = {Jz|(j7k) | z€(0,1),7,k € [d}}, where J, () s defined in (48). There exists positive
constants C' and ¢ such that

Cd\*
N . <|({-— .
sup N oo/ VB < (52
Proof We denote for any u,v € [d] and z € (0, 1) that
™
®,,(2;Y) = 7 cos (Tm(z)g) Vh- [gg,lguyv) (Y) - Tw(z)wgﬂ(zﬂ (154)

and the matrix ®(2;Y) = [®4y(2;Y)]y,0e[q- In order to bound the covering number of 7,
we define a larger function class

T ={Q (2)®(z;")(2) | z,2 € (0,1),5,k € [d]} .
Given any measure Q, j, k € [d] and x1,x9, 21, 22 € (0,1), we first bound the difference
19 (21)®(21; V) (21) — O (22)® (23 Y)Qu(22)l7,0)
< 3)1€2;(z1) — ﬂj(zz)lﬁmug)x 1o (21; V)17, €2 (20) 1T
+3105(22) [ max [ B (1Y) — B Vg lelt

+ 3112 (22) [[F max || @uo (22: V) 17,,g) | (21) — Qi(22)17-

Since Q(z) € U(c, M, p) for any z € (0,1), we have sup, ||©2;(z)|1 < M. Next, using
Theorem 2.5 of Stewart et al. (1990), for any 21, 29 € (0, 1),

1€2(21) — Q(22) |2 < [1€2(21)[|2[|€2(22) (E(21) — B(22))|2-
Since Q(z) € U(c, M, p) for any z € (0,1), we further have
192(21)—2(22) |1 < V[ Q(21)—R(22) |2 < P*[|B(21)=E(22) |2 < p*d* 22 (21) =2 (22) [l max
Since X, (-) € H(2, M), we have
192(21) — Q(22) |11 < p*d*|[B(21) — Z(22) lmax

< p?d3?||T(21) — T(22) lmax < p*Mod®/?|21 — 2|, (156)

We next study the covering number of the function class Jyy = {®uv(2;-) | z € (0,1)}.
By (84) and (94), we have

max |y, (Y )[|7,(q) < max ||y, (a; V)2, < Ch7" (157)

According to the definition in (154), ®,,(z; ) is obtained from products and summations
of functions with known covering numbers, quantified in Lemmas 28 and 29. By Lemmas
27 and 26 and fixing the bandwidth h = h = h, supg N(Juw, || - [|1,(q)s €) < C/(he)* for
any u,v € [d]. Notice that the construction of covering sets in the proofs of Lemmas 28,
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and 29 is independent to the indices j, k. Therefore, we can construct a set Ny C (0,1)
with [N(g)| < C/(he)¢ such that for any = € (0, 1), there exists a ¥y € N(y) with

max ||y, (2;Y) — Puy(z6;Y) | 1,0Q) < € (158)

With this, we construct the covering set for J' as
N3y = Ny x {LevVh|t=0,...,[1/(eVRh)]}.

For any (x,z) € (0,1)%, we select (x4, 2¢) € N(3) such that (158) holds and |z — z¢| < evVh.
Therefore, by (155), (156) and (157), we have

HQ]T(Z)Q(QQY)Qk(z) — Q;‘-F(zg)i)(a:g; Y)Qk(zé)HQLZ(Q) < Cd>M*e?

and supg N (T, || - || 1,(q), 4 M?e) < d*|N(z)| = (Cd/(he))".

Appendix I. Some Useful Results
Lemma 31 Let (Y1,Ys, Y3, Yy)T ~ Ny(0,K) with K = [Kup]as. We then have

E [sign(Y; — Y2)sign(Ys — Yy)] = %arcsin ( K + Kos — Kas — Kug ) .

V(K11 + Kog — 2K12) (K33 + Kaa — 2K34)

Proof Observe that (Y7 — Ya,Y3 — Y4)7 is distributed according to a bivariate Gaussian
distribution with mean zero and Pearson correlation coefficient

Ki3 + Kog — Koz — Kyg
V(K1 + Koo — 2Ki2) (K3 + Kag — 2K34)

Corr [Yl - YQ, Y3 — Y4] =

The result follows directly from the correspondence between Pearson correlation and Kendall’s
tau (Fang et al., 1990). [ |

Corollary 32 Let (X1, 21), (X2, Z2) be independently distributed according to the model
in (1). Then we have

2
E [sign(Xla — .Tga) sign(le — .Z‘Qb) | Zl = z1, ZQ = 22] = — arcsin

™

(Baten) s Btz

Proof Follows directly from Lemma 31 by observing that

sign( X1 — Xog) = sign(f(X1a) — £(X24)),

since f is monotone, and using the fact that f(X;) follows a Gaussian distribution. |

68



TIME-VARYING NONPARANORMAL GRAPHICAL MODELS

Let H : S? — R be a symmetric kernel function. In the setting of our paper, we have
S2 =R? x (0,1). A kernel is completely degenerate if

E[H(Y1,Ys) | Yo] = 0.
U-statistic based on the kernel H is called degenerate of order 1. See, for example, Serfling
(2001).

Theorem 33 (Theorem 2, Major (2006)) Let {Y;}ic[n be independent and identically
distributed random variables on a probability space (S,S,u). Let F be a separable space
(with respect to ) of S-measurable p-degenerate kernel functions that satisfies

N(e, F,La(p)) < Ae™™, forall1>¢€>0,

where A and v are some fized constants. Furthermore, we assume that the envelope function
1s bounded by 1, that is,

sup |H(y1,y2)| <1, forall H€ F and (159)
Y1,Y2

sup E [H?(1,Y2)] < o
HeF

for some 0 < 0 < 1. Then there exist constants C1,Cy,C3 that depend only on A and v,
such that

t
| sup —ZH Y, V)| > t| < Crexp (—02> (160)
HeFr T vy o
for all t such that
t log A\3/2 2
no?> L > C’3<v + 8 ) log () . (161)
o logn o
Lemma 34 (Lemma A.1, van de Geer 2008) Let Xi,...,X,, be independent random
variables. The v1,...,7vq be real-valued bounded functions satisfying
E[v;(Z;)] = 0, i € [n],j € [d]; 0o < d - E3(Z) <72
;i (Z)] =0, for any i € [n],j € [d]; |llco < an e Z <
We have
2
[max lz ] 277 log(2d)  mnlog(2m)
JjEMd] |n n n

=1

Appendix J. Notation Table

The following table collects notation used in the paper, their meanings and where they first
appear.
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Notation Meaning Page No.
X d-dimensional nonparanormal random vector 2
Z index variable 2
Y Y = (X, Z) denotes the full data variable 2
3(2) true correlation matrix 2
f marginal transform 2
Q(2) inverse correlation matrix 2
[n], [d] discrete sets [n] = {1,...,n}, [d ={1,...,d} 5
AoB Hadamard product (A oB);, = Aj; - Bji 5
fxg convolution (f * g)(t) = [ f(t — z)g(z)dx 5
TV(f) total variation of f 5
V, A a Vb= max(a,b) and a A b = min(a, b) 5
¢,C,eq,Ch, universal constants whose values may change from line to line 5
~ converge in distribution 5
Eis converge in probability )
1() indicator function 5
E,[f] =n! Yicm f(Xi) 5
Gal] = V2 Y (FOX) — (X)) 5
U,.[H] =[n(n - 1) iz H(Xi, Xi) 5
G*(2) true graph 6
E*(2) true edge set 6
e; the j-th canonical basis in R? 6
Q(z) a generic inverse correlation estimator 6
ﬁCLIME(z) CLIME inverse correlation estimator 6
QOCLIME () calibrated CLIME inverse correlation estimator 6
A I - ||co-tuning parameter calibrated CLIME 6
0% I - ||1i-tuning parameter calibrated CLIME 6
Tik(2) Kendall’s tau correlation 7
Tik(2) Kendall’s tau estimator 7
h bandwidth 7
K, The rescaled kernel Kp(-) = h=1K(-/h) 7
W, double kernel function w,(Z;, Z;/) = Ky (Z; — 2) Ky (Zy — 2) 7
ZA](z) correlation matrix estimator 7
T(z) Kendall’s tau matrix estimator 7
(21, zU] interval for uniform edge test 8
Sk (B) = Q7 (2)(2(2)B —ex) 8
fz the density of Z 9
szk variance of the score statistic 9
e, random matrix for the definition of 0]2‘1@ 9
") | = VRE[Kn (2 = 20) K (Z - 20) (sign(X; - 2;) sign(Xe — 2) = mie(20)] |9
& ii.d. sample of standard normal N(0,1) 10
?ﬁ; (2) bootstrap Kendall’s tau estimator 10
f)f}c (2) bootstrap correlation estimator 10
H(~,L) the Hélder class on (0,1) 12
f,,fz lower and upper bounds of f 12
M, the Holder constant such that 3;5(-) € H(2, M,) 12
T1ns Ton, T'3n the statistical rates of f](z) and ﬁ(z) 12
M upper bound of column ¢;-norm of Q(z) 13
P maximum eigenvalue of Q(z) 13
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Us(M, p) the class of matrices Q = 1/p, |2 < p, max;c(q) [|[2;]l0 < 5, (|21 < M 13
hi, hy lower and upper bounds of bandwidth 15
Cs universal constant in the rate of f](z) 16
Us(M,p, L) time-varying matrix class €(z) € Us(M, p) 17
9=1G.k) Wi Yir) = W (24, 2i7) sign(Tiq — Tira) sign(wiy — Tirp) 27
gif()j,k) (¥) = E[g21(.0) (4, V)] = E [Unlgzj.1)]] 27
9%,@ (y1,v2) = 921(.k) (Y1, ¥2) — gih)j,k) (y1) — gi\l()j,k)(yz) —E [Unlgz1(j,1]] 27
Wt (s) = Elw.(5,2)] — E [Up[w.] 27
Wi (s,1) = w.(5,) —wi(s) —w(t) —~ E[U,[w.]] 27
G L] =n"12YL F(X0) & 26
Pe, K¢ Pe() :==P(-|{Yi}iepn) and E¢[-] := E[-{Yi}icpn) 26
L1600 | = Suvera Ful2) ()7 05 (run(2)5) Vi - (g8}, 0 @) = mun () ()] | 27
un [H] =Vn- (UH[H} - E[Un[HH) 28
N(F,d,e) covering number of function class F of e-ball in metric d 61
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