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Abstract

In this paper, we study the minimax estimation of the Bochner integral

p(P)i= [ he.a)apla).

also called as the kernel mean embedding, based on random samples drawn i.i.d. from P,
where k : X x X — R is a positive definite kernel. Various estimators (including the
empirical estimator), 0,, of ur(P) are studied in the literature wherein all of them satisfy
16, — px(P)|l, = Op(n~'/2) with H;, being the reproducing kernel Hilbert space induced
by k. The main contribution of the paper is in showing that the above mentioned rate of
n~1/? is minimax in || - ||, and || - || L2 (re¢)-norms over the class of discrete measures and
the class of measures that has an infinitely differentiable density, with k being a continuous
translation-invariant kernel on R?. The interesting aspect of this result is that the minimax
rate is independent of the smoothness of the kernel and the density of P (if it exists).
Keywords: Bochner integral, Bochner’s theorem, kernel mean embeddings, minimax
lower bounds, reproducing kernel Hilbert space, translation invariant kernel

1. Introduction

Over the last few years, kernel embedding of distributions (Smola et al., 2007; Sriperum-
budur et al., 2010) has gained a lot of attention in the machine learning community due to
the wide variety of applications it has been employed in. Some of these applications include
kernel two-sample testing (Gretton et al., 2007, 2012), kernel independence and conditional
independence tests (Gretton et al., 2008; Fukumizu et al., 2008), covariate-shift (Smola
et al., 2007), density estimation (Sriperumbudur, 2011), feature selection (Song et al., 2012),
causal inference (Lopez-Paz et al., 2015), kernel Bayes’ rule (Fukumizu et al., 2013) and
distribution regression (Szabd et al., 2015).
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Formally, let Hj, be a separable reproducing kernel Hilbert space (RKHS) (Aronszajn,
1950) with a continuous reproducing kernel k£ : X x X — R defined on a separable
topological space X. Given a Borel probability measure P defined over X such that
Jy Vk(z,2)dP(x) < co, the kernel mean or the mean element is defined as the Bochner

integral
pp = / k(- %) dP(z) € Hy. (1)
X

We refer the reader to Diestel and Uhl (1977, Chapter 2) and Dinculeanu (2000, Chapter 1)
for the definition of a Bochner integral. The mean element in (1) can be viewed as an
embedding of P in Hj,

pg s My(X) = Hi,  ur(P) = pp,

where M1 (X) denotes the set of all Borel probability measures on X. Hence, we also
refer to py as the kernel mean embedding (KME). The mean embedding can be seen as
a generalization of the classical kernel feature map that embeds points of an input space
X as elements in Hi. The mean embedding pj; can also be seen as a generalization of
the classical notions of characteristic function, moment generation function (if it exists),
and Weierstrass transform of P (all defined on R?%) to an arbitrary topological space X as
the choice of k(-,z) as (2m)%2e=V=102) () and (47)%2e~ 1213 & € R? respectively
reduces ui to these notions. The mean embedding uy is closely related to the mazimum
mean discrepancy (MMD) (Gretton et al., 2007), which is the RKHS distance between the
mean embeddings of two probability measures. We refer the reader to (Sriperumbudur et al.,
2010; Sriperumbudur, 2016) for more details on the properties of ux and the corresponding
MMD.

In all the above mentioned statistical and machine learning applications, since the un-
derlying distribution P is known only through random samples X4, ..., X, drawn i.i.d. from
it, an estimator of up is employed. The goal of this paper is to study the minimax optimal
estimation of up. In the literature, various estimators of pup have been proposed. The
simplest and most popular is the empirical estimator pp,, which is constructed by replac-
ing P by its empirical counterpart, P, := %2?21 0x,, where 0, denotes a Dirac measure
at x € X. In fact, all the above mentioned applications deal with the empirical esti-
mator of up because of its simplicity. Using Bernstein’s inequality in separable Hilbert
spaces (Yurinsky, 1995, Theorem 3.3.4), it follows that for bounded continuous kernels,
|ip, — pplla, = Op(n~Y2) for any P, i.e., the empirical estimator is a y/n-consistent es-
timator of pup in Hg-norm. This result is also proved in Smola et al. (2007, Theorem 2),
Gretton et al. (2012), and Lopez-Paz et al. (2015) using McDiarmid’s inequality, which we
improve in Proposition A.1 (also see Remark A.2 in Appendix A) by providing a better
constant. Assuming X = R? and P to have a density p, Sriperumbudur (2016, Theorem
4.1) proposed to estimate pp = [pq (-, 2)p(x) dx by replacing p with a kernel density esti-
mator, which is then shown to be y/n-consistent in H-norm if k is a bounded continuous
translation invariant kernel—see Section 2 for its definition—on R?. Recently, Muandet
et al. (2016, Section 2.4, Theorem 7) proposed a non-parametric shrinkage estimator of
wup and established its /n-consistency in Hg-norm for bounded continuous kernels on X.
Muandet et al. (2016, Section 3, Theorem 10) also proposed a penalized M-estimator for pp



MINIMAX ESTIMATION OF KERNEL MEAN EMBEDDINGS

where the penalization parameter is computed in a completely data-driven manner using
leave-one-out cross validation and showed that it is also y/n-consistent in Hy-norm. In fact,
the y/n-consistency of all these estimators is established by showing that they are all within
a || - ||, -ball of size op(n~1/?) around the empirical estimator jp, .

In the above discussion, it is important to note that the convergence rate of up, (and
also other estimators) to pup in Hi-norm does not depend on the smoothness of k or the
density, p (if it exists). Under some mild conditions on the kernel (defined on RY), it can be
shown (see Section 4) that #y, is continuously included in L?(R%) and £l L2y < cullf Il
for all f € Hy, where ¢, is a constant that depends only on the kernel. This means, ||-|| L2(RY)
is a weaker norm than || - ||3, and therefore it could be possible that pp, converges to pup in
L%(RY) at a rate faster than n~'/2 (depending on the smoothness of k). In Proposition A.1
(also see Remark A.3 in Appendix A) we show that ||up, — ppllL2mey = Op(n~'/2). Now
given these results, it is of interest to understand whether these rates are optimal in a
minimax sense, i.e., whether the above mentioned estimators are minimax rate optimal or
can they be improved upon? Therefore the goal of this work is to obtain minimax rates for
the estimation of up in || - [[3, and || - || 12(ga)-

Formally, we would like to find the minimax rate r,x(F,P) and a positive constant
¢k (F,P) (independent of n) such that

inf sup P" {r;}c(}',P)Hén —pupllF > ck(}',P)} >0, (2)

0n PP

where F is either H; or L2(R?), P is a suitable subset of Borel probability measures on X',
and the infimum is taken over all estimators 6, mapping the i.i.d. sample Xy,..., X, to F.
Suppose k(z,y) = (z,y), z,y € R%. Norms | - ||z, and || - || 2(gey match for this choice of
k and the corresponding RKHS is finite dimensional, i.e., H, = R?. For a distribution P
on R? satisfying [pq [|2[2 dP(z) < oo, this choice of kernel yields up = [z dP(z) as the
mean embedding of P which simply is the mean of P. It is well-known (Lehmann and
Casella, 2008, Chapter 5, Example 1.14) that the minimax rate of estimating up € R?
based on (X;)7, is 7, 1(F,P) = n~Y/2 for the class P of Gaussian distributions on R?.
In fact, this rate is attained by the empirical estimator pup, = %2?21 X;, which is the
sample mean. Based on this observation, while one can intuitively argue that the minimax
rate of estimating pp is n=/2 even if M, is an infinite dimensional RKHS, it is difficult to
extend the finite dimensional argument in a rigorous manner to the estimation of the infinite
dimensional object, pp. In this paper, through a key inequality—see (3)— we rigorously
show that it is indeed the case.

The main result of the paper is that if k is translation invariant on X = R (see
Theorems 1 and 9 for precise conditions on the kernel) and P is the set of all Borel discrete
probability measures on R?, then the minimax rate ok (F, P) is n~Y2 for both F = H}, and
F = L%(R%). Next, we show in Theorems 6 and 12 that the minimax rate for the estimation
of pp in both || - [j3, and || - [|2(ray still remains n~1/2 even when P is restricted to the
class of Borel probability measures which have densities, p that are continuously infinitely
differentiable. The reason for considering such a class of distributions with smooth densities
is that pp, which is the convolution of k and p, is smoother than k. Therefore one might
wonder if it could be possible to estimate up at a rate faster than n~1/2 that depends on
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the smoothness of k£ and p. Our result establishes that even for the class of distributions
with very smooth densities, the minimax rate is independent of the smoothness of k and
the density of P. The key ingredient in the proofs of Theorems 6 and 12 is the non-trivial
inequality (see Proposition 3)

HIUGO — Gy H]: > 02,02”7—0 - T1||27 (3)

which relates the F-distance between the mean embeddings of the Gaussian distributions,
Go = N(79,0%I) and G1 = N(7y,0%I) to the Euclidean distance between the means of these
Gaussians, where c;wg is a constant that depends only on ¢? and the translation invariant
characteristic kernel k. Combining (3) with Le Cam’s method (see Appendix B) implies
that the estimation of an infinite dimensional object pp is as hard as the estimation of finite
dimensional mean of a Gaussian distribution, thereby establishing the minimax rate to be
n~1/2. These results show that the empirical estimator—and other estimators we discussed
above—of pp is minimax rate optimal.

Ramdas et al. (2015, Corollary 1) derived a special case of (3) for the Gaussian ker-
nel k by ignoring small terms in the Taylor series expansion of ||ug, — pa, ||, (refer to
Remark 4). They used this result to show that the MMD between Gy and G; decreases
to zero exponentially /polynomially fast in d even when the Kullback-Leibler divergence be-
tween the two is kept constant, which in turn sheds some light on the decaying power of
MMD-based hypothesis tests in high dimensions. Proposition 3 is more general, as it holds
for any translation-invariant kernel £ and does not require a truncation of small reminder
terms.

The paper is organized as follows. Various notations used throughout the paper and
definitions are collected in Section 2. The main results on minimax estimation of up in
| - %, and || - || 2(re) for translation invariant kernels (and also radial kernels) on R? are
presented in Sections 3 and 4 respectively. The proofs of the results are provided in Section 5
while some supplementary results needed in the proofs are collected in appendices.

2. Definitions & Notation

Define ||al|2 := \/2?:1 a? and (a,b) := Zgzl a;b;, where a := (ay,...,aq) € R? and b :=
(b1,...,bg) € RE C(R?) (resp. Cyp(R?)) denotes the space of all continuous (resp. bounded
continuous) functions on RY. f € C(R?) is said to vanish at infinity if for every e > 0 the
set {x : |f(x)| > €} is compact. The class of all continuous f on R? which vanish at infinity
is denoted as Co(R?). For f € Cp(R?), ||flloo := supyega |f(2)| denotes the supremum
norm of f. M,(R?) (resp. M3 (R?)) denotes the set of all finite (resp. finite non-negative)
Borel measures on R?. supp(u) denotes the support of u € My(R?) which is defined as
supp(u) = {x € R? | for any open set U such that x € U, |u|(U) # 0}, where |u| is the
total-variation of pu. Mi(Rd) denotes the set of Borel probability measures on R%. For
p € M8 (RY), L"(R?, 1) denotes the Banach space of r-power (r > 1) p-integrable functions
and we will use L"(R%) for L"(R?, 1) if p is a Lebesgue measure on R?. For f € L"(R?, p),

1l e gy = (Ja |FI” dpa) Y7 denotes the L™-norm of f for 1 <r < oo and we denote it as
| - [| - (may if g is the Lebesgue measure. The convolution f g of two measurable functions
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f and g on R? is defined as
(f * g)(x) r=/ fW)g(z —y)dy,
R4

provided the integral exists for all z € R% The Fourier transforms of f € L!'(R?) and
p € My(RY) are defined as

y) = ZIf(y) = (2m) = o f(z)e " da, y e R

and
p) = Plly) = @m0 [ 0 (), e
respectively, where ¢ denotes the imaginary unit /—1.

A kernel k: R? x R? — R is called translation invariant if there exists a symmetric
positive definite function, 9 such that k(z,y) = ¢(x — y) for all z,y € R% Bochner’s
theorem (see Wendland, 2005, Theorem 6.6) provides a complete characterization for a
positive definite function v: A continuous function ¢: R¢ — R is positive definite if and
only if it is the Fourier transform of Ay € M (R?), i.e.,

1

Y(z) = iR / @V dA Y (w), xR (4)

Rd

A kernel k is called radial if there exists ¢ : Ry — R such that k(z,y) = é(||z — y||3) for all
z,y € RY. From Schénberg’s representation (Schoenberg, 1938; Wendland, 2005, Theorems
7.13 & 7.14) it is known that a kernel k is radial on every R? if and only if there exists
v € M ([0,00)) such that the following holds for all z,y € R%:

K(z,y) = 8(la — ]]?) = /0 ) (5)

Some examples of reproducing kernels on R? (in fact all these are radial) that appear
throughout the paper are:

. _ _lz—yli3 )
1. Gaussian: k(x,y) = exp 2 ) > 0;

o2
2. Mixture of Gaussians: k(x,y) = Zf\il Bi exp <—%>, where M > 2, n? > n3 >
R 77]2\4 > 0, and positive constants (1, ..., By such that sz\i1 Bi = Cyp < o0;
3. Inverse Multiquadrics: k(x,y) = (> + ||z —y||3) ™7, ¢,y > 0;

,_d
4. Matérn: k(z,y) = rd (”xi?"h) ’ Ka_ (clz —=yl2), 7 > d/2, ¢ > 0,
2

F(T_%)Q-rflfdm c
where K, is the modified Bessel function of the third kind of order a and I' is the
Gamma function.

A kernel k is said to be characteristic if the mean embedding, pux : P — up is injec-
tive, where pp is defined in (1). Various characterizations for the injectivity of py (or k
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being characteristic) are known in literature (for details, see Sriperumbudur et al., 2011
and references therein). If k is a bounded continuous translation invariant positive definite
kernel on R?, a simple characterization can be obtained for it to be characteristic (Sripe-
rumbudur et al., 2010, Theorem 9): k is characteristic if and only if supp(Ay) = R? where
Ay is defined in (4). This characterization implies that the above mentioned examples are
characteristic kernels. Examples of non-characteristic kernels of translation invariant type
include k(z,y) = Smx(x%y), xz,y € R and k(z,y) = cos(x — y), x,y € R. More generally,
polynomial kernels of any finite order are non-characteristic.

3. Minimax Estimation of yp in the RKHS Norm

In this section, we present our main results related to the minimax estimation of kernel mean
embeddings (KMEs) in the RKHS norm. As discussed in Section 1, various estimators of
i (P) are known in literature and all these have a convergence rate of n=/2 if the kernel is
bounded. The main goal of this section is to show that the rate n=/2 is actually minimax
optimal for different choices of P (see (2)) under some mild conditions on k.

First, choosing P to be the set of all discrete probability measures on R?, in Section 3.1
(see Theorem 1 and Corollary 2), we present the minimax lower bounds of order Q(n~1/2)
with constant factors depending only on the properties of the kernel for translation invariant
and radial kernels respectively. Next we will show in Section 3.2 that the rate n~/2 remains
minimax optimal for translation invariant and radial kernels even if we choose the class P
to contain only probability distributions with infinitely continuously differentiable densities.
For translation invariant kernels the result (see Theorem 6) is based on a key inequality,
which relates the RKHS distance between embeddings of Gaussian distributions to the
Euclidean distance between the mean vectors of these distributions (see Proposition 3). The
minimax lower bound for radial kernels (see Theorem 8) is derived using a slightly different
argument. Instead of applying the bound of Theorem 6 to the particular case of radial
kernels, we will present a direct analysis based on the special properties of radial kernels.
This will lead us to the lower bound with almost optimal constant factors, depending only
on the shape of Borel measure v corresponding to the kernel.

Our analysis is based on the following simple idea: if a kernel k is characteristic, there
is a one-to-one correspondence between any given set of Borel probability measures P
defined over R? and a set py(P) of their embeddings into the RKHS #Hj. This means
that distributions in P are indexed by their embeddings © := ux(P) and so (2) can be
equivalently written as

inf sup Po {r, L (He, P) |6 — 012, > cx(H1, P) } >0, (6)
0, 0O

where the goal is to find the minimax rate r, ,(Hy,P) and a positive constant ci(H, P)
(independent of n) such that (6) holds and Py = P™ when 6 = ui(P). Using this equiva-
lence, we obtain the minimax rates by employing Le Cam’s method (Tsybakov, 2008)—see
Theorems B.1 and B.2 for a reference.
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3.1 Lower Bounds for Discrete Probability Measures

The following result (proved in Section 5.1) presents a minimax rate of n=/2 for estimating
pr(P), where k is assumed to be translation invariant on R

Theorem 1 (Translation invariant kernels) Let P be the set of all Borel discrete prob-
ability measures on R, Suppose k(x,y) = ¢(x — ), where ¢ € Cy(R?) is positive definite
and k is characteristic. Assume there exists z € R and 8 > 0, such that (0) —(z) > 3.
Then the following holds:

. 1 /23 1
inf sup P" < [|0,, — px(P > 4228 > 2
i sup {\ w= (Pl = 5/ > } >
The result is based on Le Cam’s method involving two hypotheses (see Theorem B.1), where
we choose them to be KMEs of discrete measures, both supported on the same pair of points
separated by z in RY.

Remark (Choosing z and ) As discussed in Sriperumbudur et al. (2010, Section
3.4), if k is translation invariant and characteristic on RY, then it is also strictly positive
definite. This means that 1¥(0) > 0. Moreover, the following hold: (a) Since ¢ is posi-
tive definite, we have |1(x)| < ¥(0) for all x € R? and (b) since 1) is characteristic, it
cannot be a constant function. Together these facts show that there always exist z € R%
and B > 0 satisfying the assumptions of Theorem 1. For instance, a Gaussian kernel
k(z,v) = exp(—|lz —vl[3/(21%)) satisfies ¥(0) — () = [|2]13/(4n?) if ||=]13 < 2n*, where we
used a simple fact that 1 —e " > x/2 for 0 < x < 1.

While Theorem 1 dealt with general translation invariant kernels, the following result
(proved in Section 5.2) specializes it to radial kernels, i.e., kernels of the form in (5), by
providing a simple condition on v under which Theorem 1 holds.

Corollary 2 (Radial kernels) Let P be the set of all Borel discrete probability measures
on R and k be radial on R?, i.e., k(z,y) = u(z —y) = [;° e~tle=vl3du (1), where v €
M?([0,00)) such that supp(v) # {0}. Assume there exist 0 < t; < oo and o > 0 satisfying
v([t1,00)) > a. Then the following holds:

R 1 /o 1
inf P" 16y, — p (P > /= >
nt sup P {10, — (Pl = 51/} = 4

Remark (Choosing ¢; and «) Since supp(v) # {0} the assumption of v[ti,00) > « is
always satisfied. For instance, if v is a probability measure with positive median 1 then we
can setty =n and o = % Based on this, it is easy to verify (see Appendiz D.1) that o = 1
for Gaussian, a = Cyy for mizture of Gaussian kernels, a = 07227 for inverse multiquadrics
and o = % for Matérn kernels.

3.2 Lower Bounds for Probability Measures with Smooth Densities

So far, we have shown that the rate n=/2 is minimax optimal for the problem of KME

estimation (both for translation invariant and radial kernels). As discussed in Section 1,
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since this rate is independent of the smoothness of the estimand (which is determined by the
smoothness of the kernel), one might wonder whether the minimax rate can be improved by
restricting P to distributions with smooth densities. We show in this section (see Theorems 6
and 8) that this is not the case by restricting P to contain only distributions with infinitely
continuously differentiable densities and proving the minimax lower bound of order n~=1/2.

We will start the analysis with translation invariant kernels and present a corresponding
lower bound in Theorem 6. The proof of this result is again based on an application
of Le Cam’s method involving two hypotheses (see Theorem B.1), where this time these
hypotheses are chosen to be embeddings of the d-dimensional Gaussian distributions. One
of the main steps, when applying Theorem B.1, is to lower bound the distance between these
embeddings. This is done in the following result (proved in Section 5.3), which essentially
shows that if we take two Gaussian distributions G(ug,0I) and G(u1,02I) with the mean
vectors pig, 11 € R? which are close enough to each other, then the RKHS distance between
the corresponding embeddings can be lower bounded by the Euclidean distance ||po — p1]]2.

Proposition 3 Let o > 0. Suppose k(z,y) = ¥(z —vy), where ¥ € Cy(R?) is positive
definite and k is characteristic. Then there exist constants € 52,¢y 2 > 0 depending only
on 1 and o2, such that the following condition holds for any a € R® with ||al|3 < €02

2

i [ e w)? cos (0 w)) dhy(w) < o, (7)

c < min
b,o? = e,€9d-1 (271') R4

where STt is a unit sphere in RY and Ay € Mi(Rd) is defined in (4). Moreover, for all
vectors po, 1 € RY satisfying ||po — p1l|3 < €y,02, the following holds:

Coy o2
100 = 01l > /=5 10 = pl2 (8)

where 0y and 61 are KMEs of Gaussian measures G(po,0?I) and G(u1,021) respectively.

Remark 4 (KME expands small distances) For a Gaussian kernel, it is possible to
show (Sriperumbudur et al., 2012, Example 3; Ramdas et al., 2015, Proposition 1) that
|60 — 91\\%k = C1(1 — exp(—Cs|uo — p1]13)), where C1 and Cy are positive constants that
depend only on o and n*. This shows that (8) holds for ||ug — p1ll2 € [0, D], where D
satisfies C (1 — exp(—CgDz)) = %DQvaaz. In other words, Proposition § states that the
mapping fo2: RY — Hy defined by fo2(x) == (G(x, 021)) expands small distances.

Remark 5 (Computing c, ,» and ¢, ,2) Generally it may be very hard to compute (or
bound) the constants Cyp o2 and €y 2 appearing in the statement of Proposition 3. However,
in some cases this may be still possible. In Appendiz E we will provide an extensive analysis
for the case of radial kernels.

Based on Proposition 3, the following result shows that the rate of n~'/2 remains minimax
optimal for the problem of KME estimation with translation invariant kernels, even if we
restrict the class of distributions P to contain only measures with smooth densities.
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Theorem 6 (Translation invariant kernels) Let P be the set of distributions over R?
whose densities are continuously infinitely differentiable. Suppose k(x,y) = (x —y), where
Y € Cy(R?) is positive definite and k is characteristic. Define Cyp 1= Cy1 and € = €1
where cy1 and €y1 are positive constants that satisfy (7) in Proposition 3. Then for any
n > i, the following holds:

. A 1 /e 1
mfsupP"{nen—uk( >Hm_2\/¢} T
0n PEP

Proof The proof will be based on Theorem B.1. For this we need to find two probability
measures Py and P; on R? and corresponding KMEs 6 and 6y, such that ||fy — 01|74, is
of the order Q(n~'/2), while KL(PJ||Py*) is upper bounded by a constant independent of
n. Here KL(Py||P;) denotes the Kullback-Leibler divergence between Py and Pj, which is
defined as KL(P||Py) = [log 55 4R > dPy where P is absolutely continuous w.r.t. Py.

Pick two Gaussian d1str1but1ons Go := G(po,0%I) and Gy := G(p1,0%I) for pg, puy € R,
and o2 > 0. It is known that (Tsybakov, 2008, Section 2.4)

o — pall3
KL(GGlGY) =n- =5 2, (9)

where G} and G7 are n-fold product distributions. Choose ji9 and f; such that

1
— 2 = —,
o — pll2 -

Denote KMEs of Gy and G using 6y and ; respectively. Next we will take 02 = 1 and apply
Proposition 3. Since ¢y and €y satisfy (7) in Proposition 3, it follows from Proposition 3
that for 1/n < ey,

Cyp
2n’

This shows that the first condition of Theorem B.1 is satisfied for 6y and 67 with s :=
$1/cy/(2n). Moreover, using (9) we can show that the second condition of Theorem B.1 is
satisfied with o = % We conclude the proof with an application of Theorem B.1. |

160 — O1ll7, > = Lo — m 3 =

Remark 7 (Lower bound on the sample size n) Note that Theorem 6 holds only for
large enough sample size n (i.e., n > 1/ey). This assumption on n can be dropped if we set
o — p1 |3 = €/ in the proof. In this case, the lower bound 3./cy/(2n) will be replaced

with \/cypey/(2n), while the lower bound on the minimaxz probability 1/4 will be replaced
with
1 &« 1-—
max (eg), %/4> .
4 2

The latter is generally undesirable, especially if € grows with d — oo, since we want the
minimax probability to be lower bounded by some universal non-zero constant that does not
depend on the properties of the problem at hand.

9
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Since radial kernels are particular instances of translation invariant kernels, Theorem 6
can be specialized by explicitly computing the constants ¢, and €y to derive a minimax
lower bound of order Q(n~'/2). Unfortunately, the resulting lower bound will depend on
the dimensionality d in a rather bad way and, as a consequence, is suboptimal in some
situations. For instance, if we consider a Gaussian kernel k(z,y) = eXp(—ﬁHiU - y||%),
then a straightforward computation of ¢, shows that the lower bound in Theorem 6 has
the form /(1 4 2/12)~9/2/n which shrinks to zero as d — oo, while Proposition A.1 (also
see Remark A.2) provides a dimension independent upper bound of the order Op(n_l/ 2).
Therefore, instead of specializing Theorem 6 to radial kernels, we obtain the following result
for radial kernels by using a refined analysis which yields a minimax rate of Q(n~'/2) that
matches the upper bound of Proposition A.1 up to constant factors that depend only on
the shape of Borel measure v. In particular, when specialized to the Gaussian kernel, the
result matches the upper bound up to a constant factor independent of d.

Theorem 8 (Radial kernels) Let k be radial on R?, i.e., k(z,y) = [;° e the=vlz gy (¢),
where v € Mf’r([O, o0)) and P be the set of distributions over R? whose densities are continu-
ously infinitely differentiable. Assume that supp(v) # {0} and there exist 0 < tg < t; < o0,
0 < B < oo such that v([to,t1]) > . Then the following holds:

, . 1 [1 Bty 2 1
£sup PP (6, — e (Pllg, > =)= 20 (1= YU 2

Proof The proof, which is presented in Section 5.4, is based on an application of Le Cam’s
method involving multiple hypotheses (see Theorem B.2), where we use exponential (in d)

number of Gaussian distributions with variances decaying as é. |

Remark (Non-trivial lower bound as d — oo) The proof of Theorem 8 is based on
Gaussian distributions with variances decaying as 1/d. As d — oo, it is obvious the den-
sities of these distributions do not have uniformly bounded Lipschitz constants, i.e., they
are arbitrarily “peaky”. Hence, if we choose P to be class of distributions with infinitely
differentiable densities that have uniformly bounded Lipschitz constants, then as d — oo, the
densities considered in the proof of Theorem 8 do not belong to P. On the other hand, the
densities considered in the proof of Theorem 6 still belong to P but yielding an uninteresting
result since cy — 0 when d — oo. Therefore, it is an open question whether a non-trivial
lower bound can be obtained for radial kernels (or any other translation invariant kernels) if
we choose P to contain only distributions with densities having uniformly bounded Lipschitz
constants.

Remark (Alternative Proof) For completeness, we also present an alternative proof of
Theorem 8 in Appendix E. It is based on Proposition 3, which holds for any translation in-
variant kernel. As a result, this proof leads to slightly worse constants compared to Theorem
8 (where we used an analysis specific to radial kernels), as well as a superfluous condition
on the minimal sample size n.

In Appendix D.2, we compute the positive constant By := %0 that appears in the lower

bound in Theorem 8 in a closed form for Gaussian, mixture of Gaussian, inverse multi-
quadric and Matérn kernels.

10
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4. Minimax Estimation of pp in the L?(R?) Norm

So far, we have discussed the minimax estimation of the kernel mean embedding (KME) in
the RKHS norm. In this section, we investigate the minimax estimation of KME in L?(R%)
norm. The reason for this investigation is as follows. Let k(x,y) = ¥(z —y), =,y € RY,
where ¢ € L*(R%) N C(R?) is strictly positive definite. The corresponding RKHS is given
by (see Wendland, 2005, Theorem 10.12)

Hk—{feLz(Rd)ﬁC(Rd) : AdJde<w}, (10)

which is endowed with the inner product (f,g)x, = [pa %&M dw with f” being the

Fourier transform of f in the L2-sense. It follows from (10) that for any f € Hy,

« Nw)[? () 1)

1122 gty 2 17 22 gy = /R @) do = /R me dw < ([ sl £ 13, < oo,

(11)
where (%) follows from Plancherel theorem (Wendland, 2005, Corollary 5.25), || fll%, is
defined in (10), (1) follows from Hélder’s inequality, and (1) holds since 1" € Co(RY) (by
Riemann-Lebesgue lemma, Folland, 1999, Theorem 8.22). Note that 1" is non-negative
(Wendland, 2005, Theorem 6.11) and so the inequality in (f) is valid. It therefore follows
from (11) that Hy, is continuously included in L?(R?) and || - || 2 (rdy 18 a weaker norm than
|- ll#,.* This means it is possible that the minimax rate of estimating pup in [|- || ,2(gey could
be faster than its RKHS counterpart with the rate possibly depending on the smoothness
of k. Hence, it is of interest to analyze the minimax rates of estimating pp in || - || 2 (ga).-

Interestingly, we show in this section that the minimax rate in the L? setting is still n=1/2.

The analysis in the L? setting follows ideas similar to those of the RKHS setting wherein,
first, in Section 4.1, we consider the minimax rate of estimating up for translation invariant
and radial kernels when P is the set of all Borel discrete probability measures on R? (see
Theorem 9 and Corollary 10). Next, in Section 4.2, we choose P to be the set of all
probability distributions that have infinitely continuously differentiable densities and study
the question of minimax rates for translation invariant (see Theorem 12) and radial kernels
(see Theorem 13). For both these choices of P, we show that the rate is n~1/2 irrespective
of the smoothness of k. Exploiting the injectivity of mean embedding for characteristic
kernels (see the paragraph below and the paragraph around (6)), these results are derived
using Le Cam’s method (see Theorems B.1 and B.2). Combined with Proposition A.1 (also
see Remark A.3), these results show that the empirical estimator, up, is minimax optimal.
Finally, in Section 4.3 we discuss the relation between our results and some classical results
of nonparametric density estimation, particularly, those of the kernel density estimator.

1. The continuous inclusion of Hy in L?*(R?) is known for Gaussian kernels on R? (e.g., see Vert and
Vert, 2006, Lemma 11). Similar result is classical for Sobolev spaces in general (e.g., see Folland,
1999, Section 9.3, p.302) and particularly for those induced by Matérn kernels. Steinwart and Christ-
mann (2008, Theorem 4.26) provides a general result for continuous inclusion of H in L?(u) assuming
S VE(z,2) du(z) < co where p is a o-finite measure. However, the result does not hold for translation
invariant kernels on R? as the integrability condition is violated.

11
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Before we proceed to the main results of this section, we briefly discuss the difference
between estimation in RKHS and L?(R?) norms. Suppose k(z,y) = ¢(x — y), v,y € R?
where 1 € LY(R?%) N L2(R?) N C(RY) is positive definite and characteristic. It is easy to
verify that up € LY (R?) N L2(RY). Since up = ¢ * P, (10) implies

P A2
el = [N o= [ opPe @ do =001 payey (12

whereas
(%)
o D [ @R do= [ 16p@P@N @ do = 100 sgaguepy  (13)
Rd Rd

where ¢p(w) == [ e~ qP(z) is the characteristic function of P and (%) follows from
Plancherel’s theorem. It follows from (12) and (13) that the RKHS norm emphasizes the
high frequencies of ¢p compared to that of the L?-norm. Since v is characteristic, i.e., P —
pr(P) € Hy, is injective, which is guaranteed if and only if supp(¢”) = R? (Sriperumbudur
et al., 2010, Theorem 9), it follows from (13) that P + u(P) € L*(R?)NL2(R?) is injective.
Therefore (2) can be equivalently written as (6) by replacing || - [, with || - ||f2(ra) (see the
discussion around (6)) and we obtain minimax rates by employing Le Cam’s method as we
did in the previous section.

4.1 Lower Bounds for Discrete Probability Measures

The following result (proved in Section 5.5) for translation invariant kernels is based on
an application of Le Cam’s method involving two hypotheses (see Theorem B.1), where we
choose them to be KMEs of discrete measures, both supported on the same pair of points
separated by a vector z in R,

Theorem 9 (Translation invariant kernels) Let P be the set of all Borel discrete prob-

ability measures on R?. Suppose k(z,y) = ¥(x — y), z,y € R where ¢ € L*(R?Y) N C(RY)
is positive definite and k is characteristic. Define

e =2 (Wl - [, wvto-+2)dn) (14)

for some z € R4\ {0}. Then C¥ > 0 and

nf n Hé ( )H > 1 Cg) > 1
mr sup ] — U I L — — —.

Using Cauchy-Schwartz inequality, the constant C? in Theorem 9 can be shown (see the
proof of Lemma 15 in Section 5.5) to be positive for every z € R?\{0} if k is characteristic,
i.e., supp(Ay) = R? (see (4) for Ay). The following result (proved in Section 5.6) specializes
Theorem 9 to radial kernels.

12
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Corollary 10 (Radial kernels) Let P be the set of all Borel discrete probability measures
on R and k be radial on R, i.e., k(z,y) = ¢y(z —y) == [5° e~ tle=vlEdu(t), where v €
M?([0,00)) such that supp(v) # {0} and

o
/ 2 du(t) < oo. (15)
0

Assume that there exist 0 < dp < 01 < oo and B > 0 such that v([do,01]) > B. Then the
following holds:

, . B [1 [ 7 \¥? 1
f P16, — pk(P >y = — > =
inf sup 16 — k(P 2ty 2 5/ 55 > 5

In Corollary 10, since supp(r) # {0}, the assumption of v([dg,d1]) > S is always satisfied.
In addition, the condition (15) on v is satisfied by Gaussian, mixture of Gaussians, inverse
multiquadric (while (15) is satisfied for v > d/2, the result in Corollary 10 holds for v > d/4)
and Matérn kernels—refer to Remark A.3 for more details. Also, for these examples of
kernels, the positive constant Ay := ﬁ251_ 42 i1 the lower bound in Corollary 10 can be
computed in a closed form (see Appendix D.3 for details).

4.2 Lower Bounds for Probability Measures with Smooth Densities

Next, as we did in Section 3.2, we choose P to be the set of all probability measures
that have infinitely continuously differentiable densities and show that the minimax rate
of estimating pp in L?-norm for translation invariant (see Theorem 12) and radial kernels
(see Theorem 13) is n~1/2. The proof of these results are again based on an application of
Le Cam’s method involving two (see Theorem B.1) and multiple hypotheses (see Theorem
B.2), where these hypotheses are chosen to be embeddings of the d-dimensional Gaussian
distributions. As in Section 3.2, the results of this section are based on the following result
(proved in Section 5.7), which is conceptually similar to that of Proposition 3.

Proposition 11 Let o > 0. Suppose k(z,y) = ¢¥(x — y), where 1 € L'(RY) N Cy(RY) is
positive definite and k is characteristic. Then there exist constants €, 52, ¢y, 52 > 0 depending
only on b and o2, such that the following condition holds for any a € R® with ||a||3 < €02’

Cpo2 < min 2/ 6_”2||wH§<eZ,w>2 cos ((a, w)) (Q,Z)A(w))zdw < 00, (16)
’ e;€5%-1  Jrd
where ST is a unit sphere in R®. Moreover, for all vectors ug, 1 € R satisfying || o —

113 < €02, the following holds:

C¢7o.2
2

100 — 01| L2 (may > 120 — pl2,
where 0y and 61 are KMEs of the Gaussian measures G(uo, 02I) and G(uy1,02I) respectively.

13
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The following result for translation invariant kernels is established using the above result
wherein the proof is exactly the same as that of Theorem 6 except for an application of
Proposition 11 in place of Proposition 3.

Theorem 12 (Translation invariant kernels) Let P be the set of distributions over RY
whose densities are continuously infinitely differentiable. Suppose k(z,y) = (x —vy), where
Y € LYRY) N CW(RY) is positive definite and k is characteristic. Define cy, = cy1 and
€ = €p1 where cy 1 and €y1 are positive constants that satisfy (16) in Proposition 11.
Then for any n > i, the following holds:

. 1 1
infsupP"{nen— (P 2y = \/‘/“’}>
6, PP 2 4

As discussed in Remark 7, it is possible to remove the requirement of minimal sample size in
Theorem 12. Also, as discussed in Remark 5 and in the paragraph following Remark 7, the
constants cy, and €, appearing in the bound in Theorem 12 are not only difficult to compute
but also may depend on the dimensionality d in a sup-optimal manner, particularly as
d — oo. Therefore, similar to what was done in Section 3.2, we will not specialize Theorem
12 to radial kernels but instead present the following result (proved in Section 5.8 and the
proof closely follows that of Theorem 8), which is based on a direct analysis involving the
properties of radial kernels. For the particular case of a Gaussian kernel, this lower bound
matches the upper bound of Proposition A.1 (also see Remark A.3) up to a constant factor
independent of d.

Theorem 13 (Radial kernels) Let k be radial on RY, i.e., k‘(:c y) = [ e —tle=yl3 g (¢),
where v € Mi([O, o)) and P be the set of distributions over R? whose densities are con-
tinuously infinitely differentiable. Assume that (15) holds, supp(v) # {0} and there exist
0<do<d <oo,0< < oo such that v([dp,01]) > B. Then the following holds:

. 11/ 7 \Y? B2, 2 1
inf P* 0, — up(P > /= — 1-— > 2.
ik sup P16, = (P ) > 50\/ : (251) AL ( - d) > 1

_dt2
The constant By := 2806, 2 in the lower bound in the above result can be computed in

a closed form for Gaussian, mixture of Gaussian, inverse multiquadric, and Matérn kernels
(see Appendix D.4 for details). The factor (/2)%* can be eliminated from the lower bound
by considering a rescaled kernel (7/2)~%*y)(z—1v). Nevertheless, the bound will still depend
on d exponentially as captured by the constant By. This can be further overcome by using

the normalized kernel k(z,y)/||¥[[12(re). In the particular case of normalized Gaussian
—d/2

kernels (77?) eXp(—# |z — y||3) this will lead to dimension-free lower bounds.

4.3 Relation to Kernel Density Estimation

In this section, we discuss the relation between the estimation of up and density estimation.
The problem of density estimation deals with estimating an unknown density, p based on

14
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random samples (X;) ; drawn i.i.d. from it. One of the popular non-parametric methods
for density estimation is kernel density estimation (KDE), where the estimator is of the
form (Tsybakov, 2008, Section 1.2)

. 1 d Xi1—x1 Xid—Tq
Prn(x1,...,2q) = ——— K( d g, — .
nH?:lhizz:; h ha

Here K : R? — R is the smoothing kernel (this kernel should not be confused with the repro-
ducing kernel k& which we used throughout the paper), hi,...,hg > 0 are bandwidths, and
X, j is the j-th coordinate of the i-th sample point. Assuming p € L2(R?), the consistency of
Pn is usually studied in the sense of mean integrated squared error (MISE) E||p,, — pH%2 (Rd)
which can be decomposed into variance and bias terms as:

. . JTD) <1112
E|lpn — p||%2(Rd) = E||pn — E[pn]HLQ(Rd) + Hp - E[pn]”[,z(Rd)- (17)
Assume K to be bounded and hy = --- = hq = h. Define K}, := h=%K(-/h). Then for any
fixed x € R?,
A 1< Xi—z) 1
Pnlz) = nhd;K < - > = nEKh(Xi —z) = . Kin(z — ) dP,(2)
and

Bl (o] = g [, K (557 o)z = (i)

This shows that p, = g, (P,) and E[p,] = pk, (P) where P is the distribution with p as its
density w.r.t. the Lebesgue measure and P, is the empirical measure constructed based on
samples (X;) ; drawn from p. Therefore the results of Section 4 (and more generally of this
paper) are about the minimax rates for E[p,]. However, note that K} need not be positive
definite (and therefore need not be the reproducing kernel of some RKHS). On the other
hand, K has to be positive, i.e., K(z) > 0, Vo € R? and normalized, i.e., Jpa K(z)dz =1
to yield an estimator that is a valid density, unlike in kernel mean estimation where k need
not be positive nor normalized. The minimax rate of n=/2 for estimating E[p,] is achieved
by the kernel density estimator p,, (which is nothing but the empirical estimator of px, (P))
as it is known (based on a straightforward generalization of Tsybakov, 2008, Proposition
1.4 for multiple dimensions) that

T

nhd 7’
where we assume K € L2(R?). The bandwidth parameter h is immaterial in the estimation
of pg, (P) and can be treated as a constant (independent of n) unlike in the problem

of estimating p where h should decay to zero at an appropriate rate for the bias Hp —
E[ﬁn]H L2(R4) to converge to zero as n — oo. In particular, if p lies in a Sobolev space of

E

smoothness index s, then the bias-squared term in (17) behaves as h?*, which combined

with the above bound on the variance yields a rate of niﬁ for h = niﬁ. This rate is
known to be minimax optimal for the problem of estimating p while our rates are minimax
optimal for the problem of smoothed density estimation where the smoothing is carried out
by the kernel.

15
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5. Proofs

In this section we present all the missing proofs of results of Sections 3 and 4.

5.1 Proof of Theorem 1

Pick two discrete distributions Py = ppd, + (1 — po)d, and Py = p1d, + (1 — p1)dy, where
z,v €RY 0 < pyg<1,0<p <1 and é, denotes a Dirac measure supported at z. Define
0o = px(Po) and 61 = pg(Pr). Since [|0o]13, = [ [ k(x,y) dPo(x) dPo(y), which follows from
the reproducing property of k, it is easy to verify that

160 — 61113, = Elk(&, €] +Elk(n,n)] — 2E[k(€, )],

where ¢ and n are random variables distributed according to Py and P; respectively, and
¢ and 71’ are independent copies of & and 7. Since k is translation invariant, we have
k(v,v) = k(x,z) = ¢¥(0) and k(z,v) = k(v,z) = ¢¥(x — v), which imply

160 — 61113, = 2(po — p1)?(¥(0) — ¥(x —v)). (18)

Also note that

1 _
KL(P||Py) = polog 22 + (1 — po) log
D1 1—p

:polog<1+po_pl>+(1—po)log <1—|— po)
P1 1—p

(%) —
Slog{po<1+p0 p1>+(1—po) (1+p1 po)}
1 1-—m

]__
= log (1 + (po — p1) (po p0>> :
o 1—p

where we used Jensen’s inequality in (%) for the logarithmic function, which is concave.
Next, using a simple inequality log(1 4+ =) < x, which holds for all z > —1, we get

Do 1—]90) _ (po — p1)?

KL(Poll) < (po_pl)(m 1—p pl(l—pl)'

Note that a maximal value of denominator is achieved when p; = 5. Setting p; = 2 we get

the following upper bound: KL(P||P1) < 4 (po — %)2, which When used in the chain rule
of KL-divergence yields

1 2
KL(RJIPT) < 4n (po—Q) |

Choosing py such that (pg — 3)? = & yields KL(P¢||Pl) < 3 2 and [|6y — 91H7-lk 9271 (¥(0) —
P(x — U)) Choose x and v in such a way that © — v = 2z, where z € R? is a point for which
¥(0) —(z) > B and B > 0. This yields

25

160 — 6113, > on’
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which shows that the assumptions of Theorem B.1 are satisfied with s := %\ / % and o := %.
1—/a/2

The result follows from an application of Theorem B.1 by noticing that 5 > 1/4.

Remark (Measures with bounded support) [t is evident from the above proof that
exactly the same lower bound holds if we restrict P to contain only probability measures
with bounded support. We can proceed further and assume that for each P € P the radius
of supp(P) is upper bounded by some positive constant R. In this case the same reasoning
will work as long as v is not “flat” on the ball of radius R centered around origin.

5.2 Proof of Corollary 2

The proof is based on application of Theorem 1. Since supp(v) # {0}, it follows from
(Sriperumbudur et al., 2011, Proposition 5) that k is characteristic. We now show that
there exist z € R? and 8 > 0, such that 1, (0) — 1, (z) > 3. Note that for any = € R?

6 (0) — () = /0°° (1 B eft”IH%) dv(t) > /t°° (1 _ 6%\@“%) (1)
> /OO (1 _ e—tllle%) dv(t) = v([t1, 00)) (1 _ e—hllxll%)
t1
> o (1 - e lE) > T |3

where the last inequality holds whenever ||z||3 < % Choosing z such that ||z]|3 = % yields
¥, (0) — ¢y (2) > §. The result therefore follows from Theorem 1 by choosing 8 = §.

5.3 Proof of Proposition 3

Before we prove Proposition 3, first we will derive a closed form expression for the RKHS
distance between KMEs of two d-dimensional Gaussian distributions with the kernel being
translation invariant, i.e., k(z,y) = ¥(x —y). Throughout this section Ay will denote a
finite non-negative Borel measure corresponding to the positive-definite function ¢ from

(4).

Lemma 14 Let 0y and 6, be KME of Gaussian measures G(ug,c%I) and G(u1,0%I) for
po, 1 € R and 0 > 0. Suppose k(x,y) = (x —y), where 1 € Cy(RY) is positive definite.
Then

2 201,112
2 —o“||lw
100~ a1y, = Foia e = cos (o~ w)) ddy(w). (19)
Proof Note that
160 — 61113, = 1160ll3,, + 161113, — 2(0, 61)%,, (20)

where (0o, 61)%, = ExEy[k(X,Y)] with X ~ G(uo,0%I) and Y ~ G(pu1,0%I). We will now
derive the closed form for the inner product:

(00, 01) %, :/Rd Rdﬁ)(x*y)

[ S| P 21— 2
e~z le=molld =gz lv=ml g g

(2mo2)d
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1 , 1
— I *Z(I*yﬂ@dA a2 llz—poll3— 02 lly— N1||2d d
/]Rd /]Rd (27)d/2 /Rde v(w) (2mo2)d ¢’ ’ vy,

where we used (4). The function appearing under the integral is absolutely integrable and
so by Tonelli-Fubini theorem (Dudley, 2002, Theorem 4.4.5) we obtain

— sz ly—p1l3 —i(z,w) ) ,
(B0, 61)% / / “e / ol g gy ()
| i Js %Ud”%WW o ot y
L i) =L lly—pal2—i(pow)— 2
:/Rd /Rd (27w_2)d/2 (27r)d/26<y’ >e 202”?! M1||26 (po,w) - 2dydA¢(w)
= G, { [ rampamet e sty | et g )
T Rrd \Jrd (20
1 )= IR gy — 2 NeIE
R R N )
R

where we used Lemma C.1 to compute the Fourier transform for a Gaussian density. Using
Euler’s formula and the fact that Ay is symmetric according to Lemma C.2, while sin(z) is
an odd function, we get

1 —o0~||w
(6o, 01)3, = (27T)d/2/Rd cos ({0 — prr,w)) e~ 115 Ay (w). (21)
The result in (19) follows by using (21) in (20). [ |

Proof of Proposition 3: Define a := pop — p1 and
2

@i /Rd e~ 1113 (1 — cos(a, w)) dAy(w).

G(a) ==

Note that G(0) = 0. Next, since for any i = 1,...,d

0
876_02”10”5(1 — cos(a, w))‘ _ ‘6—g2||w\\§wi sin(a, w>‘ < ‘6_02I|wl|§wi‘ € Li(Ay),
a;

we can differentiate G under the integral sign (Folland, 1999, Theorem 2.27) and get
VG(0) = 0.

If a function f: R? — R is strongly convex with parameter m > 0 on some set A C R?,
then for all x,y € A:

@) 2 f@) + (V) =)+ Tle -yl

If we can show that G is strongly convex on B, := {b € R?: ||b]|2 < ¢} for some ¢ > 0, then
we can apply previous inequality with y = 0 and z = a to obtain

G(a) > %Ha”%, Va € B..

It is known that a twice continuously differentiable function f is strongly convex on A C R¢
with parameter m > 0 if the matrix V2f(x) —m - I is positive definite for all z € A, where

18
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V2f is the Hessian and I € R4*? is an identity matrix. Next we compute the Hessian of G
by once again employing differentiation under the integral sign (justified in the similar way
as above) to obtain

9?G(a) 2

_ 2wl g P
Oa;daj  (2m)4/2 /]Rd ‘ Fwiw; cos ((a,w)) dhy(w), 0,5 <d.

Thus

2

V2G(a) = @n)ie /Rd e 113w cos ((a,w)) dAy(w).

In order to prove that G is strongly convex on B, C R? we need to show that V2G(a) —
m - I is positive definite for each a € B, and some m > 0. In other words, we need to show
that there is m > 0 such that for each z € R\ {0} and a € B, the following holds:

(2, V2G(a)2) = ml|2|3,

or, equivalently,

2

@w/ e 10l (e, w)2e O A (w) > m, (22)
™ Rd

where e, := z/||z||2 € R? is a vector of unit length pointed in the direction of z. Note that
Lh.s. of (22) is the Fourier transform of a measure 7, on R¢, which is absolutely continuous
with respect to Ay with Radon-Nikodym derivative 2e= 1l (e w)2.

Fix any z € R%. We will first show that we can apply Bochner’s Theorem (see (4)) for
the measure 7. For this we need to check that it is (a) non-negative and (b) finite. Part
(a) is apparent from the facts that A, is non-negative and 7. has a non-negative density
with respect to Ay. To check (b) we write

2 2 2
- - —o|wllz 2
L@ = o [ e ) < o,

R4

as 6—02\\“’”%(62, w)? is positive and bounded for any z € RY, while Ay is finite. We conclude

from Bochner’s Theorem, that function 1, (z) defined in the following way:

Da(z) = /Rd e—i(:v,w)d’];(w)7

is positive-definite. Moreover it is well known (Dudley, 2002, Theorem 9.4.4) that U, €
Cb(IR{d) as 1[12 is the characteristic function of 7,. Finally, it follows from the discussion
in (Sriperumbudur et al., 2011, Section 3.3), that if supp(7;) = R%, then a bounded and
continuous function v, (z) is strictly positive definite. To check the condition supp(7;) = R%
we note that supp(Ay) = R since 1 is characteristic (Sriperumbudur et al., 2010, Theorem
02||w||§<

9), and no open sets of R? are contained in the region where e~ e.,w)? = 0.

_ Summarizing, we have established that the Lh.s. of (22) is equal to &z(a), where
,: R?* — R is a bounded, continuous and strictly positive definite function for each
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z € R?\ {0}. In particular, we have 1, (0) > 0 for all z € R% Note that 1, (0) depends on
z only through its direction. Next we want to show that

inf ¢,(0) >0 23
inf 3:(0) >0, (23)
where the infimum is over the unit sphere Sy := {b € RY: ||b]|3 = 1}. Note that the function
F: z — 1,(0) defined on Sy is continuous. Since Sy is closed and bounded, we know that
F attains its minimum on it. In other words, there is z* € S, such that
inf 1), (0) = .(0).
z€8q
Thus, if inf,eg, . (0) = 0, we will also get 1. (0) = 0, which will contradict the fact that
¥-(0) > 0 for each 2z € R4\ {0}. This proves (23). Using Lemma C.3 we also conclude that

inf.eg, 9. : R? — R is a continuous function. Now we may finally conclude that there are
constants ¢y, ,2, €, ;2 > 0 such that

inf 1, (a) >
21€nSd V2(a) > cy o2

for all a € Bew - Finally, we take m = ¢y, ;2 and this concludes the proof.

5.4 Proof of Theorem 8

The proof is based on application of Theorem B.2 where we choose 0y, ..., 03; to be KMEs
of d-dimensional Gaussian measures with variances decaying to zero as d — oco.

Let G(uo,0%I) and G(u1,0°I) be two d-dimensional Gaussian distributions with mean
vectors po, 1 € R? and variance 02 > 0. Define 6y and 6; to be the embeddings of
G(po,0%I) and G(u1,0%I) respectively.

(A) Deriving a closed form expression for |6y — 91”%{,9'
Using Lemma 14, presented in Section 5.3, we have

2 —o?||lw
o0 = 011, = o [ eI (1 = cos (o — ) (), (20)

(2m)4/% Jpa

where Ay, is a finite non-negative Borel measure from the Bochner’s Theorem corresponding
to the kernel k. We now show that A, is absolutely continuous with respect to the Lebesgue
measure on R? and has the following density:

< 1 llwli3 d
A = e A du(t € R%
o) = [ e Wavle),

Indeed, by noticing that

I (L

1 lwli

i’ "

e—i(w,;r)

dw) dv(t) < oo
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we may apply Tonelli-Fubini theorem (Dudley, 2002, Theorem 4.4.5) to interchange the
order of integration and get

e—ilwa) s roo lwi3 o0 e~Hwr) i3
_ d t d e - e t d d t
/Rd (27T)d/2 (/0 (Zt)d/2e 4t V( )> w /0 /Rd (27r)d/2 (2t)d/2€ 4t dw V( )
:/C’Oe—mn%dy(t)_
0

Substituting the form of Ay into (24) we can write

1 w3

2 o0 o2 |wlI2
160 — 91”’2)-[k = W /Rd/o e w3 (1 —cos ({po — p1,w))) We i d(t) dw.

Applying Tonelli-Fubini theorem once again and using Lemma C.1 together with FEuler’s
formula we obtain

2 1 lwi2 o o, 1
0o — 012, = — (20 (1 — - dw dv(t
10 = 0113, = a7 / e [ e O (1 cos (o = g, w)) ()
o0 2 d o0 2 _tHMO;M\I%d
— _ t i e — 4o04t+1 t
/0 oty /0 (402t + 1)72° V()
x 1\ 10 — 12
_/0 2 <1+4t02> (1—exp <_1+4t02 >> dv(t). (25)

(B) Lower bounding ||6p — Gng_[k in terms of ||po — pa |3

It follows from (25) that

“a( 1\ o — 3
b0l > [ 2t ) (1 e ()Y g
oo =00l > [ 2 (1) (1- e (<A ) v,

where 0 < 9 <t; < oo. Note that 1 —e™ > Z for 0 < x < 1. Using this we get

tlpo — pll3 tlpo — pll3
1-— — > Vt € [tg,t
P ( 11 4t0? ) = 2(1 + 4to?)’ [to, 1]

as long as
tllpo — pall3 < 1+ 4t10”. (26)

Thus, as long as (26) holds, we can lower bound the RKHS distance as:

t1 1 d/2 . 2
-0 > [ (1) el
to

1+ 4to? 1+ 4to?

t1 t
_ o 2
= ||1o mlg/to (7 d102) @2 dv(t). (27)
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Note that the function t — W monotonically increases on [0, ﬁ], reaches its

global maximum at ¢t = ﬁ and then decreases on [ﬁ, 00). Thus we have

/t1 ! dv(t) > Bmin fo b
to (1+4to?)(d2)/2 N (1 + 4tgo2)(d+2)/27 (1 + 4t 02)(d+2)/2 |

Setting

1
2

- 28

7 T 9d (28)

t

yields that ¢ = ¢ is the global maximum of the function ¢ — ” )
1425

@373, in which case

to ty
(1 _|_4t00.2)(d+2)/2 < (1+4t10-2)(d+2)/2'

With this choice of 02 we get

n t Bto Bt
/ du(t) > >
2\ (d+2)/2 (d+2)/2 d+2)/2
o (14 4ta?)(+2)/ (1+2) (1+2)

5 \(@+2/2 g 5
—po(1-52) 22 (152, (29)

where we used the fact that (1 — %)z_l monotonically decreases to é Using (29) in (27),
we obtain
Bto

2
2
160~ i, = 22 (1

2
= ~ 2 30
5o ) o =l (30)

(C.1) Application of Theorem B.2: Choosing 0y, . ..,0.

Now we are going to apply Theorem B.2. First of all, we need to choose M + 1 embed-
dings. Recall that Theorem B.2 requires these embeddings to be sufficiently distant from
each other, while the corresponding distributions should be close. We will choose the em-
beddings {f,...,0r} to be KMEs of Gaussian distributions G(u;, 02I) for specific choice
of 02 > 0 and p; € R4, i = 0,..., M. Mean vectors {u;}M, will be constrained to live in
the ball B(c,,n) := {z € R?: ||z||3 < ¢,/n}, where ¢, is a positive constant to be specified
later. This guarantees that KL-divergences between the Gaussian distributions will remain
small. At the same time, it was shown in (30) that the RKHS distance between embeddings
¢; and 0; is lower bounded by the Euclidean distance between p; and p;. In other words,
in order for the embeddings 6y, ...,03; to be sufficiently separated we need to make sure
that the mean vectors uo, ...,y are not too close to each other. Summarizing, we face
the problem of choosing a finite collection of pairwise distant points in the Euclidean ball.
This question is closely related to the concepts of packing and covering numbers.

For any set A € R? its e-packing number M (A, €) is the largest number of points in A
separated from each other by at least a distance of €. An e-covering number N(A,¢€) of A
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is the minimal number of balls of radius € needed to cover A. Packing numbers are lower
bounded by the covering numbers (Dudley, 1999, Theorem 1.2.1):

N(Aje) < M(A,e).

Also, it is well known that the e-covering number of a unit d-dimensional Euclidean ball is
lower bounded by |e~¢]. Together, these facts state that we can find at least |¢~?| points
in the d-dimensional unit ball, which are at least € away from each other. Similarly (just by
a simple scaling) we can find at least |¢~?| points in the d-dimensional ball of radius R > 0,
which are at least R - e away from each other. Applying this fact to B(c,,n) we can finally
argue that there are at least N points in B(c,,n) which are at least N~'4/c, /n away from
each other, where N > 3 is an integer to be specified later. Now, take M = N% —1 > 2
(which explains the lower bound N > 3) and fix g, ..., uy to be these M + 1 points.

(C.2) Application of Theorem B.2: Lower bounding ||0; — 0;|14, -
With this choice of parameters py, ..., par, for any 0 < i < j < M, we have

C Bto 2
0, — 0.2 >0 (1__=2

where we used (30) and the lower bound on ||x; — pjll2. Setting

_C
Bto

Cv

for some C' > 0 we obtain

C 2
0; — 0,5, > 1- :
16 =631l _N2en( 2—|—d>
This satisfies the first assumption of Theorem B.2 with s := ﬁ xel (1 2 )

(C.3) Application of Theorem B.2: Upper bounding KL(Py,||Pp,)-

Note that for any 0 < i < j < M we have

2 opy o i —wll3 _ 20 tid
KL(GN(M,U DG (s, 0 I)) =TT < o2 40%)
where the inequality holds since p; € B(c,,n) and the equality follows from (28) and (31).
Here we used the fact that for any points z and y contained in a ball of radius R we obviously
have ||z — y|| < 2R. Also note that we chose M = N% — 1 > 2 and thus
N4 1

log(M) = dlog(N) +log(1 — N~%) > dlog(N) 4+ 1 — i1 2 dloe(N) -
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for d > 1, where we used the inequality log(z) > 1 — 1 which holds for z > 0. Taking

Bto. 1
log N — —— 2
©= 5 (Og N—1> (32)

we get

tid 1 d 1 1 1
—_— - < = - | < =
40&0 8<d10gN N—l) _8<dlogN N—1> log(M)

for any d > 1. Concluding, we get

KL (G (115, 01| G (1151 0T)) <  log(M)

ol

and thus the second assumption of Theorem B.2 is satisfied with o = %. Finally, it is easy
to check that if we take N = 5 then condition (26) will be satisfied. Indeed,

dAtie, Aty Bt | | 1
fllpo — 3 < == = 2= Ol <1 N—) <10gN—>

Bton 32t1 N -1 8n N -1
while
1+4t0* > 1.
Thus (26) holds whenever
1
log N — N < 8n,
which obviously holds for N =5 and any n > 1.
To conclude the proof we insert (32) into s := ﬁ % (1 — %Ld), lower bound this value
using % (logN ) > 245, and notice that
vM 2
—[(1-2a - a > 1
1+vVM log(M) 5

5.5 Proof of Theorem 9

The proof is based on the following result, which gives a closed form expression for the
L?(R%) distance between embeddings of two discrete distributions supported on the same
pair of points in R,

Lemma 15 Suppose k(z,y) = ¥(z — y), where ¢ € L*(R?Y) N Cy(RY) is positive definite
and k is characteristic. Define Py = pody + (1 — po)dy and P = p16y + (1 — p1)dy, where
0<po<1,0<pi <1, z,veR? and x #v. Then

1k (Po) = px(P1)l[72 ey = Ciy (o — 1),

Cto =2 (Wl [ 6wty +2—0)dy) >0

24
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Proof We have
£ (Po) = px(P) | 22 ay = (po — p1)? 1K, ) = kv, |72 (may

= =1 [ (0o =9) = (=)

D -l [ (60) ~ 05+ 2 - 0)’dy

=20 = p)? | 5060 ~ bl +a - 0)dy
=20 1 (16 gaey — [ )00+~ 0)dy).

where we used the symmetry of ¢ in (x). Cauchy-Schwartz inequality states that

*)
/ Y)Yy + 2 —v)dy < \// ¥ (y)dy \// Y2y + @ = v)dy = [[¢]72(ga),
R4 R4 R4

where the equality in (%) holds if and only if ¥(y) = A¢¥(y +  — v) for some constant A
and all y € R If we take y = v — = the above condition implies (v — ) = A(0) and
with y = 0 we get ¥(0) = A(x — v). Together these identities show that ¥(0) = A2 (0).
Since the kernel is characteristic and translation invariant, ¢ is strictly positive definite,
which means 1(0) > 0. We conclude that A\ = £1. Assume that A = —1. In this case
Y(z —v) = —1p(0) < 0. Repeating the argument we can show that ¢ (2(z —v)) = ¥(0) and
generally ¢ (m(z — v)) = (—=1)™(0) for all m € N. Since 1) € L*(R?) we need 1 to be
integrable on R?. Summarizing, we showed that a non-negative, integrable, and continuous
function takes the same strictly positive value ¥?(0) > 0 infinitely many times, leading to
a contradiction. Arguing similarly for A = 1 will result in a contradiction. This means the
equality in (%) is never attained which concludes the proof. |

The proof of Theorem 9 is carried out by simply repeating the proof of Theorem 1 but
replacing (18) with the result in Lemma 15 and using x — v := z.

5.6 Proof of Corollary 10

The proof will be based on Theorem 9. The moment condition (15) on v is sufficient for
¥, € L?(RY) to hold (see Remark A.3). Thus we only need to compute the expression

19072 gay = Jra ¥ ()1 (y + 2)dy appearing in (14). Note that

/Rd Do () (y + 2)dy = /Rd/o /0 efmHyllgftzHy+z||3dy(t1)dy(t2)dy, (33)

Since

, d/2 tyt9)l2113
/ / / e~ t1llyll3 t2||y+ZH2dydy (t1)dv(ts) / / ( > ttt2 duy(ty)du(ts)
Rd t1 + to
N\ /2
([O,oo))/ ) dv(h) < oo
o\t
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we may apply Tonelli-Fubini theorem to switch the order of integration in (33) and get

00 [0 T d/2 t1t9)103
Lttt aa= [T () e anmanie)

Using this we get

00 00 /2 tital=l3
kuHiﬂ(Rd) B /Rd %(y)%(y + Z)dy - / / <tlj|r‘7£2> <1 e ) dV(tl)dV(tQ)
d/2 &, AR
() L (o e

Since t; and t2 are bounded below by 6y > 0 we may take |/z||2 large enough so that the

following will hold:

5.7 Proof of Proposition 11

The proof is based on the following result, which provides a closed form expression for the
L%*(R?) distance between the embeddings of Gaussian measures.

Lemma 16 Let 0y and 61 be KME of Gaussian measures G(po,0?I) and G(u1,0%I) for

pos 11 € R? and 0% > 0. Suppose k(z,y) = ¥(z —y), where ¥ € LY(R?) N Cy(RY) is positive
definite and and k is characteristic. Then

10 = 0 aguay =2 [ (1= s (0 ) eI (34)
]Rd

Proof First of all, note that v € L?(RY) since v € L'(RY) and ¢ is bounded. This
shows that 6y, 0; € L>(R?). We will use Py and P; to denote the corresponding Gaussian
distributions G(uo,0?I) and G(u1,02I). By definition we have

0000 = [ ([ rd i) ([ e arie)) ay
= [ (L, [ s ani i) ) d

Using the fact that ¢ is bounded (Wendland, 2005, Theorem 6.2) we get

/Rd /Rd Rd{k(m,y)k(z,y)\dydpo(x) dPy(z) < 9(0) ///Rd‘k(x,y)]dydPo(z:) dP(2)

=) [ [ [o(e = layar@yiri(z)

= 0Ol [ [ dR@IPE) < .
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This allows us to use Tonelli-Fubini theorem (Dudley, 2002, Theorem 4.4.5) and get

(00, 01) 12 = /R d /R d ( /R dk(x,y)k(z,y)dy) APy(z)dPy (2)
-I.[ ( / dw(y)1/1(y+z—:c)dy> dPy(x)dP(2)
@ ﬁ /R d /R d ( /R () /R d ei<y+zx’w>dA¢(w)dy> dPy(x)dPy (2)
e /Rd /Rd </Rd Rdw Hytz=aw) g, (w )dy> dPy(z)dPy(z),

where we used (4) in (x). Since ¢ € L'(R?) we have

Jukel

and thus we can use Tonelli-Fubini theorem to switch the order of integration:

(00, 01) L2 (ma) = ﬁ /R ) /R ) < /R ) /R ety dA¢(w)> dPy(2)dPy (=)
/Rd /Rd < y " (w)e ™ ) A (w )) dPy(z)dPy (). (35)

Next we are going to argue that if both ¢ and 1" belong to L'(R?) (the latter is true as it
follows from Wendland, 2005, Corollary 6.12) then " is the Radon-Nikodym derivative of
Ay with respect to the Lebesgue measure. To this end, since " € L}(R?), Fourier inversion
theorem (Wendland, 2005, Corollary 5.24) yields that for all z € R?, the following holds:

1 .
_ i(w,z), ) A
¢($) - (27T)d/2 /Rde 1/} ('U])dw
On the other hand, using (4) and Lemma C.2, we also have
W(a) = / ¢ GA ()
(2m)4/2 Jpa (e

These two identities show that for all z € R?

/ £300) YA () — / €0 4N (). (36)
Rd

R4

yw Z(Z xw‘dydAw / / W) |dydA¢( )

Note that since k is translation invariant and characteristic, ¥ is a strictly positive definite
function (Sriperumbudur et al., 2010, Section 3.4) and therefore it follows from (Wendland,
2005, Theorem 6.11) that 1" is non-negative (and nonvanishing). Since ¢ € L'(R?) we
conclude that ¢ is the Radon-Nikodym derivative of a finite non-negative measure 7y on
R?, which is absolutely continuous with respect to the Lebesgue measure. (36) (after proper
normalization) shows that the characteristic functions of measures Ay, and 7y coincide. We
finally conclude from (Dudley, 2002, Theorem 9.5.1) that Ay = Ty, which means that Ay,
is absolutely continuous with respect to the Lebesgue measure and has a density 1".
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Returning to (35) we can write it as

6000 s = [ ] ( [ et dw) APy ()P, (2).

We already showed that ¢ € L?(R?). From Plancherel’s theorem (Wendland, 2005, Corol-
lary 5.25), we have |9l 2ay = [|9" || 2(ray and thus ¢" € L?(RY). Another application of
Tonelli-Fubini theorem yields

(001260 = [ (0" )" < [ [ et manane)) du

A W0 — 1) *02||w||2d
- [ @ w)e w.

Noticing that the Fourier transform of a real and even function is also even, we conclude
that 1" is also even. This finishes the proof since ||y — «91HL2 Rd) = [|61117. 2rey ||90HL2 Ry~

2<90791>L2(Rd)' |

Now we turn to the proof of Theorem 11. We will write Aw to denote a non-negative
finite measure, absolutely continuous with respect to the Lebesgue measure with density
(2m)%2(p™)2. Then (34) in Lemma 16 can be written as

2 (W, o — —o?||w||? X
160 — 91”%2(11@) = W /Rd (1 _ iwipo m>) el IIQdAw(w)‘
2 0wl 4
= Gy Jpa (1~ o5l o = ) e WAy (w),

which is exactly of the form in Lemma 14 but with A, replaced by [~\¢. From the proof of
Lemma 16, since 9" is even and non-vanishing, the corresponding measure Aw is symmetric
and supp([\w = R%. The result therefore follows by carrying out the proof of Proposition 3
verbatim but for replacing A, with /~\¢.

5.8 Proof of Theorem 13

The proof will closely follow that of Theorem 8. Let G(uo,0%I) and G(u1,02I) be two
d-dimensional Gaussian distributions with mean vectors g, 11 € R? and variance o2 > 0.
Let 6y and 6; denote the kernel mean embeddings of G (10, 0%I) and G(u1, 0I) respectively.

(A) Deriving a closed form expression for |6y — HlHLQ(Rd

The condition in (15) ensures that 1, € L?(R?) (see Remark A.3). In fact, using a similar
argument it can be shown that 1, € L'(R%). Also it is easy to verify that v, € Cy(R%).
Next, under this moment condition we may apply Tonelli-Fubini theorem to compute the
Fourier transform of ¢,:

1 X o0 2 1 llwi3
Ay itwa) [ o=t gy () — / T ). 37
L/}V (w) (27_‘_)d/2 /Rde /0 € 2 V( ) xz 0 (2t)d/2€ 4 V( ) ( )
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It is immediate to see that ¢} € Li(R%). Therefore Lemma 16 yields

100 =l =2 [, (17070 ) e (38)
R4

o?|lwl3
Denoting G(w) := ¢/ (w)e™ 2 - and using a well-known property of the Fourier transform

we get

A 1 —i(w,T _ 1
(GHN7) = (2)d/2 /Rde G (w)dw = (2m)4/2 Jga

Next we compute the Fourier transform of G using (37):

o 1 —itw,z) © 1 _||wn§d . _Md
= —-—— b 1 5
() (2m)d/2 /]Rd © /0 (Qt)d/Qe tdvu(t) | e w.

Using the moment condition on v we have

[ e p} - -
TEEN A T = 02)yr2 202 g
1 > _dje
< (20'2)‘1/2/0 t dV(t) < 0. (40)

This allows us to use Tonelli-Fubini theorem and write
1 > 1 . w3 o2fwl3
A _ —i{w,z)
G (x) (27r)d/2/o e /Rde e a e 2 dwdy(t)

= 1 tlz)3
= —_— ——— | dv(t).
/0 (2to2 4 1)4/2 exp ( 2to? + 1 V()

Returning to (39) and denoting A; := 2t10% + 1, Ay := 2t202 + 1 we obtain

00 oo 1 tleH2 t2HT_xH2
a2y :/// _tallzllz 3\ o) du(en) d.
(G riJo Jo  (2TA1A)Y? P Ay A, v(t1) dv(tz) dx

Using a simple identity

GMNx)GMN T — x)d. (39)

2

b
T — ——y

2 2
bz — yl2 = (a+b
allz)|3 + bl — yll3 = (a +b) PR

which holds for any z,y € R% and a,b € R with a + b # 0, we obtain

o[ 1 ta AT
oro L[ e (0
(&) raJo Jo (2mA1AL)d/2 P + NN

tltzHTHz
_ BRIWTIE N g du(ty) da.
XeXp( Ny + hay ) W) dv(t) do

)
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Using an argument similar to (40) we can show that Tonelli-Fubini theorem is applicable
to the r.h.s. of the above equation. Therefore, changing the order of integration we get

/ / ( )d/Qex (—tthHTH% >d1/(t ) dv(ta)
tlAz + t2Aq) P t1Ag + t2Aq ! 2

Noticing that (G?)"(0) = W Jra G*(w) dw and returning to (38) we get

160 — 61117 (ay = 2(2m)"* ((G*)(0) = (G*)" (o — 1))

d
_ 2/ / ( ) " (1 ~ex ( futa o _“1H2)> du(ty)dv(ts).
t1Ag + tQAl t10o + to\q

(B) Lower bounding ||6p — 01“%2(]1@) in terms of ||po — pal|3.

Consider

160 — el”QLQ(Rd)

01 01 T d/2 tﬂfg”uo B 'u,lHQ
N /6‘0 /60 (tlAQ + t2A1> ( eXp ( t1 Ay + to/\q )) V( 1) V( 2)

o ™ 4/2 trtol|po — a2
1t2||po — pall5
—9 1— _ du(ty)du(ts).
/50 /5 <4t1t202+t1+t2> < eXp( 4t1t202+t1+t2>) Vit ) tz)

Using the fact that 1 —e™ >  for 0 <z < 1, we obtain

100 — 01117 2(ga /51/ " utalho -l dv(ti)dv(ts)  (41)
L*(R%) = 5 4t1t202 + 11+ to 4t1t902 + t1 + to

whenever

titaflwo — 3 _
At1tao? +t1 + t2
Note that the expression on the left hand side of the previous inequality is increasing both
in ¢; and t. This means that for ¢1,te € [dp, d1] we have:

tita||po — pa |3 < Ol — pll3
At1too? +t1 +to = 46102 + 2

and thus (41) holds whenever

51||/~Lo — )3 < 4610% + 2

which will be satisfied later. ) can be rewritten as
o (m) 2 t1to| o — 1113
0 0 2 dv(ty) dv(t
180 = 0172 r0) 2 / /5 (11207 + t + )@ () dvlz)

t1to

d/2 2
:/ ” //1 Lt 110 — pul du(t) dv(ts)
5o \11+12 5o (4tt1t2 2+1)d/2+1

d/2 51 (51 H o
" )lpo = 3
dv(ty) dv(ta), 49
(251) /50 /50 t, 02+1)d/2+1 (t1) dv(t2) (42)
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where S(t1,t2) = t?ﬁ?. Note that S(¢1,t2) takes values in [%0,%1] as t; and t9 varies

in [0g,01]. We can now repeat part of the proof of Theorem 8 where we showed that the
function t — W monotonically increases on [0, ﬁ], reaches its global maximum

at t = ﬁ, and then decreases on [ﬁ, 00). Using this fact we have

61 01 2
/ / S(t1,t2) —dv(t1)dv(t2) > B—min % —, 0 y .
50 80 (45(751’ to)o + 1)§+1 2 (1+ 25002)§+1 (1+ 25102)5+1

By setting o2 := (S%d we ensure that t = %1 is the global maximum of the function ¢t —

ﬁ and thus 8 - < o —. Combining this with (42) we have
(1+f—td) 2+t (1428002)2 T (1426102)2F
1

526 " ,

160 — 91”%2(11@) =z d o — pall
250\ 5+ \ 260
2(1+59)° !

52(50 T d/2 ) /32(50 9 - d/2 )
> ————— | 5 - > 1_ T B
2 i+ %)gﬂ 2, o — pal|5 > 5 7va) 35, [

where we used an analysis similar to (29).

iS¥

(C) Application of Theorem B.2.

We finish by repeating all the remaining steps carried out in the proof of Theorem 8
(steps C.1, C.2, and C.3), where we set

, 1 1

1
= d ¢ =——|logN—-——|.
R 1661(0g N—1>
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Appendix A. /n-consistency of j(P,)

In the following, we present a general result whose special cases establishes the convergence
rate of n=1/2 for ||ur(P,) — px(P)||7 when F = Hy and F = L*(RY).

Proposition A.1 Let (X;)[, be random samples drawn i.i.d. from P defined on a sepa-
rable topological space X. Suppose r : X — H is continuous and

sup [|r(z)[|3 < Ck < oo, (43)
zeEX
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where H is a separable Hilbert space of real-valued functions. Then for any 0 < § < 1 with

probability at least 1 — § we have
< |Ck N [2CY, log(l/&)'
% n n

H /X r(z) APy (z) — /X r(z) dP(z)

Proof Note that r : X — H is a H-valued measurable function as r is continuous and
H is separable (Steinwart and Christmann, 2008, Lemma A.5.18). The condition in (43)
ensures that [ ||7(z)||gdQ(z) < v/Ck < oo for any Q € M1 (X) and therefore [ r(z)dQ(x)
is well defined as a Bochner integral for any @ € M}F(X ) (Diestel and Uhl, 1977, Theorem
2, p.45). By McDiarmid’s inequality, it is easy to verify that with probability at least 1 — 4,

H/Xr(:v) dPn(:r)—/Xr(x)dP(x) HSE‘/Xr(x) dPn(x)—/XT(:B) ap()|
2C% 105(1/(5)7 (44)
where
IEH /X r(2) dPy () — /X (@) dP(a)| < \/IE /X r(z) dPp(z) — /X r(z) dP(z) 2

2

Z_QIE </X7'(x) dPn(z),/X?”(@ dP($)>H

Ziizn;E<r(Xi),/Xr(:v) dP(x)>H. (45)

/X r(x) dP,(x)

.

/X r(x) dP(x)

_ M
_ JEH [ wyar

To simplify the r.h.s. of (45), we make the following observation. Note that for any g € H,
Ty, : H— R, f— (g, f)r is a bounded linear functional on H. Choose f = [, r(y) dP(y).
It follows from (Diestel and Uhl, 1977, Theorem 6, p.47) that

(o [ rarw) =1, ([ rwarw) = [ Tew)are) = [ .rwm o).
(46)
Applying (46) to the third term in the r.h.s. of (45) with g = [, r(z) dP(z), we obtain

E<T(Xi),/xr(m) dP(:z:)>H :/X<r(asz-),g>H dP(z;) = </Xr(xi)dP(wi),g>H = lgll%

and so (45) reduces to
e
H

32
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:+ H /X r(z) dP(z)

2 ‘ 2

?|

/X r(z)dP,(x) /X r(z)dP(x)

/X r(z) dPpy(z) — / r(z) dP(z)

X H H

(47)
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Consider
2 n 2 n
E H/ r(z)dP,(z)|| =E %Zr(Xz) = % > E(r(X0), r(X)))u
X i=1 H ij=1
= 5 Y Er(X), S E Du
i=j i#j
— “Exrlr ()13 (X)) (48)

Using (46), the second term in (48) can be equivalently written as

(L
(;)/X<r(x

<:>< [ 1o /Xr(:v) dP(z)

where we invoked (46) in (x). Combining the above with (48) and using the result in (47)
yields

[ r@ar@ - [ r(x)dP(az)HHg ﬁwllr iy~ | ) aP @ty O

and the result follows. [ |

Ex~py~p(r(X),r(Y))n

(@) y>>HdP<y>) 0P(z)

(
/X?“(y) dP(y)>H dP(x)
dP(:U),/Xr(y) dP(y)>Hx:‘

)
2
)

9

H

|

Remark A.2 Suppose H is an RKHS with a reproducing kernel k that is continuous and
satisfies sup,cy k(z,z) < 0o. Choosing r(x) = k(-,x), z € X in Proposition A.1 yields a
concentration inequality for ||k (Ppn) — pi(P)||g with Cy := sup,cxy k(z, ), thereby estab-
lishing a convergence rate of n='/2 for ||px(Pn) — px(P)|| . While such a result has already
appeared in Smola et al. (2007, Theorem 2), Gretton et al. (2012) and Lopez-Paz et al.
(2015), the result derived from Proposition A.1 improves upon them by providing better
constants. While all these works including Proposition A.1 are based on McDiarmid’s in-
equality (see (44)), the latter obtains better constants by carefully bounding the expectation
term in (44). It is easy to verify that Cy = 1 for Gaussian and Cy = Cyy for mizture of
Gaussian kernels, Cy, = ¢=27 for inverse multiquadrics, and Cj, = 1 for Matérn kernels.

Remark A.3 Assuming X = R?, H = L2(RY) and r(z) = k(-,z), = € R, where k is a
continuous positive definite kernel on R%, Proposition A.1 establishes a convergence rate of
=12 for ||k (P,) — e (P) | L2 (ray under the condition that sup,cpa ||k(z, ~)H%2(Rd) <oo. Ifk
is translation invariant on R, i.e., k(x,y) = (z—y), z,y € R? where ¢ € C(R?) is positive
definite, then 1 € L?(R?) ensures that sup,cga ||k (z -)H%Q(Rd) = SUp,cpd || (x — ~)H%Q(Rd) =
HzﬂHLQ(Rd and therefore Propositions A.1 holds with Cy = |47, (Rd)* On the other hand,

for radial kernels on R?, i.c., kernels of the form in (5), the condition in (43) is ensured if
/ t2du(t) < 0o (49)
0
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since

00 2
sup | k(z, -)H%Q(Rd) = sup/ </ ftlleszdV( )> dy
zeR? r€RI JRE
(T) 2 2
< ([0, 00) sup/ / =91 g (¢) dy
z€R JRY
(i) —2tl2—vl* gy qy (1) = v([0,00)) /OO dv(t)
] = Qo Jy

where we used Jensen’s inequality in (1) and Fubini’s theorem in (). Therefore the bound in
Proposition A.1 holds with Cj := v([0,00)) fooo (%)d/2 dv(t). (49) is satisfied by Gaussian,
mizture of Gaussian and Matérn (see Sriperumbudur, 2016, Equation 6.17) kernels. For
inverse multiquadrics, while (49) holds for v > d/2 since v = c¢~2YGamma(y,c?) (see
Wendland, 2005, Theorem 7.15), in fact the condition in (45) holds for v > d/4 (see
Lemma C.4).

Appendix B. Minimax Lower Bounds and Le Cam’s Method

Let © be a set of parameters (or functions) containing the element # which we want to
estimate. Assume there is a class P = {Pj : @ € O} of probability measures on R? indexed
by ©. Suppose d: © x © — [0,00) is a metric on ©. Le Cam’s method provides a lower
bound on the minimax probability, inf; supgece Py (d(8,,0) > s) for s > 0, where the

infimum is taken over all possible estimators 6,: RY — O that are constructed from an
iid.sample (X;)?; drawn from Py. The following two results which we used throughout
this work are based on Le Cam’s method and they provide a lower bound on the minimax
probability. The first one follows from Theorem 2.2 and Equation (2.9) of Tsybakov (2008).
It requires a construction of two sufficiently distant elements of the set © corresponding to
the probability distributions similar in the Kullback-Leibler (KL) divergence sense, where
the KL divergence between two distributions P and () with P absolutely continuous w.r.t. Q)
is defined as KL(P||Q) = [log 5 a2 qp.

Theorem B.1 (Lower bound based on two hypotheses) Assume © contains 0y and
01 such that d(6o,61) > 2s and KL(Pg || F5)) < a for some s >0 and 0 < o < 0o. Then

inf sup Py’ {d(énﬁ) > 8} > max <1e_0‘, W) _

0, 0cO 4 2

Note that the second condition of the theorem bounds the distance between the n-fold
product distributions by a constant independent of n. Recalling the chain rule of the
KL-divergence, which states that KL(Fg [Pyt ) = n - KL(Py, || Py, ), we can see that this con-
dition is rather restrictive and requires the marginal distributions to satisfy KL(Py, || Ps,) =
O(n~1). This condition is slightly relaxed in the following result, which follows from Theo-
rem 2.5 of Tsybakov (2008).
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Theorem B.2 (Lower bound based on many hypotheses) Assume M > 2 and sup-
pose that there exist Op,...,0n € O such that (i) d(0;,0;) > 2s >0, VO <1i<j<M; (ii)

Py, is absolutely continuous w.r.t. Py, for all j = 1,...,M, and ﬁ Zi\il KL(PQ"J,HPQTS) <
alog M with 0 < o < 1/8. Then

A v M ( 2a )
infsup PP 4 d(6,,0) > st > ——— (1 —2a— 4/ > 0.
O eeg 9{ ( ) } 1+vVM log M

The above result is commonly used with M tending to infinity as n — oco. In this case
the second condition on the KL-divergence indeed becomes less restrictive than the one
of Theorem B.1, since the upper bound alog M may now grow with the sample size n.
At the same time, Theorem B.2 still provides a lower bound on the minimax probability
independent of n, since v/M /(1 + /M) and log M can be lower bounded by 1/2 and log 2

respectively.

Appendix C. Technical Lemmas
The following technical results are used to prove the main results of Sections 3 and 4.

Lemma C.1 (Theorem 5.18, Wendland, 2005) For any u € R? and 0® > 0 the fol-
lowing holds:

PETA

1 i3 1 , o?||w3 d
W@ 202 (w) = W (.q8} <—’L<,LL, U}> — T 5 w € R®.

Lemma C.2 Let : R — R be a symmetric and positive definite function. Let Ay be
the corresponding finite non-negative Borel measure from (4). Then Ay is symmetric, i.e.,

Ay(A) = Ay(—A) for all A C RY.
Proof From the definition of Ay we know that it is finite, non-negative, and

W) = / e~ A (d) = / cos((w, #)) Ay (dw) — i - / sin({w, 2)) Ay (dw).
Rd Rd Rd
Since 1(—z) = ¢(z) for all z € R?, we get [ sin((w,z))Ay(dw) = 0. Note that 1(—z) is
by definition a characteristic function of measure A, and we have just proved that it is
real-valued. It is known (Bogachev, 2007, Corollary 3.8.7) that in this case the measure Ay,
is invariant under the mapping r — —zx. |

Lemma C.3 Assume X, Y CR? If f: X x Y — R is a continuous function and Y is a
compact set then g(x) := infycy f(z,y) is continuous.

Proof First, the map g: X — R is well defined since f,(y) := f(z,y) is a continuous
function for any = € X and thus f, achieves its infimum since Y is a compact set. We will
prove that the map g: X — R is continuous by showing that g~!(—o00,a) and g~!(a, o)
are open sets for all @ € R (Dudley, 2002, Corollary 2.2.7 (a)).
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Now we will show that g~!(—oc0,a) is open for any a € R. It suffices to show that
for any # € g~!(—o0,a) there is an open neighborhood U, of x which also belongs to
g Y(—00,a). The set g~'(—o00,a) consists of elements x € X for which g(z) < a. In other
words, it consists of such elements z € X for which there is corresponding y, € Y satisfying
f(x,y.) < a. Take any x € g~'(—00,a). Since f is continuous, f~'(—o0o,a) is open and
contains (z,9y,). Moreover f~!(—o0,a) contains U, x V;, where U, and V, are open sets
with z € U, and y, € V. Now suppose 2’ € U,. Then for any y € V,, we have f(z/,y) < a.
In particular, f(2',y.) < a, which means that g(z') < a and 2’ € g~!(—0c0,a). This shows
that g~!(—o0, a) is open.

Next we will show that g~'(a, 00) is also an open set for any a € R. Assume this is not
the case. Then there is x € g~!(a, 00) such that for any neighborhood U, of = there is a point
x' € U, such that 2’ ¢ g~!(a,o0). This means that for any such z’ there is y,/ satisfying
f(@',y) < a. Using this we can construct a sequence {z,,y,} from X x Y, such that
z, ¢ g7 (a,00) for every n, lim, o0 2, = 2 and for any n it holds that f(z,,y,) < a. Since
Y is compact we conclude that {y,} has a converging subsequence {y,)} (Dudley, 2002,
Theorem 2.3.1) with limit y* € Y. We just showed that there is a sequence {4y, Yn(r)}
in X x Y, which converges to (z,y"), such that limg e f(Zn(k), Ynk)) < a. Since f is
continuous, this also means that limy e f(Tpk)s Yn)) = f(z,¥*) < a. This means that
infyey f(z,y) < f(z,y*) < a. In other words, this shows that x ¢ g~!(a, 00) leading to a
contradiction and therefore g~1(a, 00) is open. [ ]

Lemma C.4 (L? norm of inverse multiquadrics kernels) For any ¢ >0 and vy > %,

2y -9
2 2\ —2y _ d—4vy_d/2 2
c+ ||z dr = ¢ Tt

Proof

2\ —27 -~
| @ +lalpy o=t [ (”W) dm:cd_‘”/ (1+ |213) ™ da
R4 R4 cli2 R4

2 d/2 00 _
— A T / (1 + 7“2) 27 pd=1gy.
0

I'(d/2)
d/2 00
— A T / (1 +x)727 Y2 gy
I'(d/2) Jo
i T2 TR0y~ d/2)
I'(d/2) I'(2y) ’
where last identity can be found in (Gradshteyn and Ryzhik, 2000, 3.194.3). [ |

Appendix D. Bounds on Constants for Various Radial Kernels

In this appendix, we present bounds on the constants that appear in Corollaries 2, 10 and
Theorems 8, 13. for various radial kernels.
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D.1 «a in Corollary 2

In Corollary 2, we assumed that there exist 0 < t; < oo and o > 0 such that v([t1,00)) > «a.
In the following, we present the values of 1 and « for various radial kernels.

1

37> We obtain a = 1.

(i) Gaussian kernel: v = 5% and so for any t; <
2n

(ii) Mizture of Gaussians: v = Zf\il 51‘5% and so a = C)y for any t; < #
2n* 1

(71i) Inverse multiquadric kernel: It follows from (Wendland, 2005, Theorem 7.15) that

) t’y—le—CQt
k(x,y) :/ e_t”"p_y”%idt, (50)
0 L'(v)
and so
v = ¢ PGamma(y, ¢?) (51)

where the density of a Gamma distribution with parameters a,b > 0 is defined as

a

tafl —tb t > 0'
F(a) € I il

Gamma(t;a,b) =

2
5 -

(iv) Matérn kernel: We know from (Wendland, 2005, Theorem 6.13) that Matérn kernel is
related to the Fourier transform of the inverse multiquadric kernel as

Therefore choosing ¢; to be the median of v, we obtain o =

1/ e—i(v,w)(c2+‘|v”2)—7'dv:21;[{ (C”w||2) M T
(2m)4/2 Jga 2 I(r) 4% c ’

where ¢ > 0 and 7 > d/2. Using this together with the representation (50) of an inverse
multiquadrics kernel we obtain the following identity, which already appeared in (Sriperum-
budur, 2016, Equation (72)):

B F(T)CZT—dzd/2 1 iloo—y) 00 —t||v||2 tT—le—CQt
k(z,y) = T(r—dj2) (27r)d/2/Rd€ /0 e 27“7) dt| dv

27—dod/2 o0
S CT2/)/ fTlec% : / e~ i) =tV gy gt
0 R4

—
N

I(r—d/2 (2m)d/2
C2‘rfd2d/2 /oo Y 1 _ Hx;y\l% gt
— - t
T(r —d/2) J, (26)42°
crr—d >~ 2, _le—vl3
T(r —d/2) / coe T

where we invoked Tonelli-Fubini theorem (Dudley, 2002, Theorem 4.4.5) in () since (c¢? +
|-13)"" € Li(RY) for 7 > d/2. After change of variables we finally obtain

d
1 2\ 73 [oo -
k(x7 y) == 7d) <C4> \/0 e*tHx*y||2td/2*T*167Edt,
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which shows that Matérn kernel is a particular instance of radial kernels with

d ?
= InvG - =, —
v = Inv amma(7’ 5 4>,

where the density of an inverse-Gamma distribution with parameters a,b > 0 has the form

Ta) °

InvGammal(t; a,b) =
Therefore a = % for the choice of 1 to be the median of v.

D.2 %0 in Theorem 8

In Theorem 8, we assumed that there exist 0 < tg < t; < oo and 0 < 8 < oo such that
v([to,t1]) > 5. Define By, := %0 In the following, we present the values of By for various
radial kernels.

(i) Gaussian kernel: Choose tyg =t = # so that 8 =1 and By = 1.

2
(ii) Mizture of Gaussians: Set to = ﬁ, t = ﬁ so that 8 = Cjs implying By = 01:717%71»4

(iii) Inverse multiquadric kernel: From (51), we have v = ¢=2YGamma(+, ¢?). Therefore

Je
Ry

T
o (3) exp (<) g, oy > 1
(%)771 exp (—0%02) . for v € (0,1).

AV

Therefore with tg = 55, t1 = % and 3 = , we obtain

{Cri; ()", fory>1;
sy (2)7. fory € (0,1)

(iv) Matérn kernel: It is easy to check that if X ~ Gamma(a,b) and Y ~ InvGamma(a, b)
for a,b > 0 then for any 0 < x <y < oo the following holds:

P{x <X <y}=P{1/y <Y <1/zx}.

This means, the above calculations for inverse multiquadrics can be used to obtain the
following for the Matérn kernel:

1 2r—d\T— d

B, — zr(Pg)(le) h for 7 —§5 > 1; |
1 2r—d\T—5 d

ar(r—9) ( 5 ) 2, form—5€(0,1)
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D.3 ﬂzél_d/Q in Corollary 10
In Corollary 10, we assumed that there exist 0 < §y < d; < oo and 0 < 8 < oo such that
v([0o,01]) > B. Define Ay, := 5251_d/2. Based on the analysis carried out in Appendix D.2,

in the following, we present the values of A, for various radial kernels.

(i) Gaussian kernel: Choose dy = §; = # so that 3 =1 and A4; = (2772)11/2'
L so that § = C); implying Ay

_ 1 5 =
3’ ! 203,

(i) Mixture of Gaussians: Set dg

Crr(2mi) 2.

(iii) Inverse multiquadric kernels: Choosing dg = to and §; = ¢; as in Appendix D.2, we
_d

o for v > 1;

obtain
cd—4y ~
— J T2(v) (2¢)2
Ak o cd—4y 72”7—%
ar2() e for v € (0,1)
® and 0 = %, we obtain

&
¥

(iv) Matérn kernel: Define 7 := 7— % and & := §. Choosing §y =

8=

425 [N\ 29+E
T (%) o fryzl
A = —d g2 ’72'7+% B
TE ot for ¥ € (0,1)

_d+2
D4 ﬁ25051 ? in Theorem 13
In Theorem 13, we assumed that there exist 0 < dg < 1 < oo and 0 < 8 < oo such that

_dt2
v([60,61]) > B. Define By, := 32806, * . Based on the analysis carried out in Appendix D.2,

in the following, we present the values of By for various radial kernels.

(i) Gaussian kernel: Choose §y = d; = # so that =1 and By = (2n%)%2.
= ﬁ» o = ﬁ so that 8 = C)s implying By

(ii) Mizture of Gaussians: Set Jp

i
(iii) Inverse multiquadric kernels: Choosing 0y = tg and §; = ¢; as in Appendix D.2, we

i
obtain
d—4~ 277%
B, — 3 @eE fory 2 1
= ") @)%
i T, fory € (0,1)

8T2()
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(iv) Matérn kernel: With the choice of 0y and d; as in Appendix D.3, we obtain

425 /AN 29+E
o e (3)7 iz
k= o—de—27 ,~Y2«7+% . )
for 4 € (0,1)

I2(9) 23""% ’

Appendix E. Alternate Proof of Theorem 8

In Theorem 8 we presented a minimax lower bound for radial kernels based on an appropriate
construction of d-dimensional Gaussian distributions. By a clever choice of the variance
o2, which decays to zero as d — oo, we obtained a lower bound of the order Q(n~1/2)
independent of d. This result was based on the direct analysis and special properties of
radial kernels. In this appendix we will show that we can recover almost the same result
using only Proposition 3, which holds for any translation invariant kernel. As we will see,
this leads to slightly worse constant factors and an additional lower bound on the sample
size n in terms of the properties of distribution v, which specifies the kernel. Essentially we
will repeat the main steps of the proof of Theorem 8. However, we will use Proposition 3
instead of direct computations (based on the form of radial kernels) to lower bound the
RKHS distance between embeddings of Gaussian distributions with the Euclidean distance
between their mean vectors.

Theorem E.1 Let P be the set of distributions over R% whose densities are continuously
infinitely differentiable and k be radial on R, i.e.,

K(z.y) = /0 e~th==13 au(y),

where v € M2 ([0,00)) such that supp(v) # {0}. Assume that there exist 0 < to < t; < o0

and 0 < B < oo such that v([to, t1]) > 5. Suppose n > 24%?0” where Z,, := v(]0,00)). Then

, . 1 [1 Bt 2 1
f P"< |6, — P > —y/— —(1—— > —,

Proof We apply Proposition 3 to the radial kernel k. In order to do so, we need to lower
bound the quantity appearing in r.h.s. of Condition (7), which we do as follows. We already
saw in the proof of Theorem 8 that in our case Ay is absolutely continuous with respect to
the Lebesgue measure on R% and has the following density:

1 w3 d
Ayp(w) = /0 (2t)d/26 w du(t), weR
Therefore the r.h.s. of (7) reduces to

(271-2)61/2 /Rd 6—02||w||§ <6z7 w>2 CcoSs (<a, ’U)>) dAlZ)(w)

2 o2 (lwli2 >~ 1 _lwi3
= W /Rde I H2<ez,w)2 cos ((a, w)) </0 (Qt)d/Ze 1 dl/(t)) dw
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i [ [ e, )
T 0 R

)

where we used Euler’s formula and Tonelli-Fubini theorem in the last equality. Denoting
§:=20°+ %, we have

S d d d
P (—22w5) S et + Y e exp(—izw) ”
=1 j=1

R? — AL =1
== * + ‘7
where
d 1 2
— —30]lwll 2,2~ {a,w)
* = ;/Rde 20102 (e, )wie dw
and
d 1 2 ;
= 2/ 6_55”“’”2(ez)j(ez)lewle_l<“’w>dw.
— JRd
J#
Note that
o
(ez)?/ e_%‘s“w“gw?e_“amdw: (ez)g H/ e_gw?e_i‘”wedwg
R4 . J —oco

A

o0 9 )
X (/ e 2% wjze_ijjdwj>
— o0
o &} 5.2 P
= (62)2 H 7e 25 . e ijw?e la]wjdwj s
. — 00

where we used Lemma C.1. It follows from (Folland, 1999, Theorem 8.22(d)) that if g =
22f € LY(R), then f" is twice differentiable and

oy O
o =-T5 1,

2 a2. a2.
\/%6_% (1 - (;) .
Therefore, we get
1 » o2 4\ [2m1 _<d
(e [ e B Buge seman = (e} (T] (5o 3 ) 5 5o 5 (1 )

(]
2 d 2
B em) Tt ()
o 0 o

41
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which together with Lemma C.1 shows that

RO ;
/ e 2% w?e_mf“’jdwj =
— 00

7| =
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Summing over j = 1,...,d we get
S —15w|2, 2, —i(aw) 120\ Y2 1a3 K (e2)2a? f2n\ Y2 jai
*:;(eZ)j Rde 202y e dw:g 5 ) e —jz::l 5 ) e

Next, for any j # £ we compute

d
/Rd exp <— Zw£> ez)j(es)ewjwe exp (—zZa4w4> dw

/=1
o0 ) . o0 § o .
= (62’)](62)4 H / €7§wqeilaqwqd’u}q H / eiiwqwqeilaqudwq
a# {5} " > G’ >
2 al 27 1 a2
= (e)jea)e | 1 \/?6—23 11 \/Tm%e‘%
a¢{7.¢} g€ {40}

2\ Y2 a3 ; aia
:(ez)j(ez)é <5> e 2 (_%)

Summing over j # £ we get

2 d/2 2 d/2 all2
o (2] )

Returning to (52), we get

(27?2)61/2/]1@ 6_02“w|g<ez’w>2008((mw))dAw(w)

%0 lal3 d/2 2
_ 2 / 1 -l f2m 10 ez, a) dv(t)
(2m)d/2 [y (2t)%/2 ) ) 5
o0 1 2t/|al)3 t 2t (e, a)?
=4 —= 1— 20220 ) du(t).
/0 P ( 2402t + 1) (402t + 1)1+d/2 oyt ) 0

In order to apply Proposition 3 we need to lower bound the following value, appearing in
Condition (7):

: 2 —o?||w||3 2
Ala) = zeﬁg\r}{o} (QTF)d/Q/Rd e~ 1wlz (e w)? cos ((a, w)) dAy(w)

= 1 2t]|a|3 t 2t]|a3
=4 —— 1-— dv(t).
/0 exp < 240%t 4+ 1) (402t + 1)1+d/2 402t + 1 V(1)

Next we will separately treat two different cases.

Case 1: d > 2. Note that the function p(t) = t(40%t + 1)~(@+2)/2 is positive and
bounded on [0,00) for any d > 0. Thus, we can define a non-negative and finite measure
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7, absolutely continuous with respect to v with density p(¢). If we denote Z, := [;° 1d7(t)
and write 7 for the normalized version of 7, then we can rewrite

> 1 2t]|al3 2t)lall3 ) .
Ala) =4 e R Y W L R R0
(@) /O eXp( 2402t + 1 1) T

1 2tal3 2t|al3
= 42,E,. i B Y 1 L
T ”{eXp< 2402t + 1 402t + 1

2 2 2
— 47, By, {exp <—12t”a”2>] 47 Fy, [exp (-1 2t|all3 > 2t]|all3 ] .

2402t + 1 2402t +1) 402t + 1

t2 :
W is bounded and

_12t]al3
2 To2t+1

function on [0, 00). Thus, for d > 2 we can use Jensen’s inequality to get
1 2t|a3 1 2p-|al3
E,. —- e ) > i il Ll I
t~r [eXp< 2402t +1) | = P\ 2402, +1

C2tfal3 1o, 2urllall3
> —4Z; ;
402t + 1 4o, + 1

Note that for d > 2, E;..[|t|] is finite, since in this case ¢

v is a finite measure. Denote p, := E.,[t] and note that ¢ — exp ( ) is a convex

Also note that

1 2t|all3 ) 2t]|al3

~4 2B [exp <24a2t +1) 40t +1

:| > 4Z7'Et~7' |:

where we used inequality e™® < 1, which holds for x > 0, together with Jensen’s inequality

2
and the fact that ¢ — _42;!?4“31 is concave on [0, 00). Summarizing, we have

12 2 2 2

Ala) >4Z, (exp [ —= pirllalls _ prllallz
2402, +1 402, +1

1 2uclalls 2pclall3
> 47 (1
240%p: +1  4o%p, +1

9 2
o (o 2uellall
do?p, + 1

where we used a simple inequality e® > 1 + x. If the following condition is satisfied:

20 ||al|? 1
dopu; +1 — 3

then we get

t
402t + 1)1+d/2
Together with Proposition 3 this leads to the following lower bound, which holds for any
o, 11 € R? and 02 > 0 satisfying (53) with a := pg — p1:

> tllpo — pull3
02 > 2
160 — 01115, _/0 (402 + 1)1+d/2du(t),

Ala) >2Z; = 2/00 ( dv(t). (54)
0
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where 0 and 6; are KME’s of Gaussian measures G (o, 02I) and G(u1,02I) respectively.
Note that this lower bound is identical to the one in (27), which we obtained using direct
analysis for the radial kernels. However, condition (26) is now replaced with the stronger
one in (53). We can now repeat the proof of Theorem 8 starting from inequality (27)
and making sure that condition (53) is satisfied when we choose constants appearing in
definitions of yo, p1 and o2.

In order to check condition (53) we need to upper bound the expectation p.. It is easily

seen that for d > 2, ¢t — W achieves its maximum on [0, 00) for t* =
1

Using this fact, denoting Z, = [~ 1dv(t), and setting o2 = 55,q We get

1
o2(d—2)"

(t")?
(402t* + 1)1+d/2

t2 Z,
— <
/"LT dU( ) Z

T Z: Jo (402t + 1)1+d/2
M1z, & 1
= =22 2+ 1)1+d/2

_ 432, @2/ g 2 \?
< 1+—) .
Z, 2 7,2 d—2

We may finally use (29) to get

YA Y
e d—+ 2

which leads to the following upper bound on the expectation ., :

427, d(d + 2)
Fr = "Broe (d—2)2

This upper bound shows that the condition (53) is satisfied if the following holds:

2 Btoe (d— 2)2
t 2 < 240 )
tllallz < gtio™ + 24t1 7, d(d + 2)

(55)

We conclude the proof by repeating the remaining steps of the proof of Theorem 8 and
replacing condition (26) on the value ||uo — p1|3 with (55) specified to a = g — ju1.

Case 2: d < 2. We can use a simple inequality e=%/2(1 —2) > 1 — 32/2 which holds for
any x and get the following lower bound:

> ¢ 3t||all3
> — .
Ala) 2 4/0 (402t + 1)1+4/2 (1 o2t 1) W

Assuming ||al|3 < 02 we further get

2 2 2
1 3t|all5 > (1 3to > (1 3to”\ _ 1
402t + 1 402t + 1 402t 4
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and as a consequence, we also get

o0 ¢
Ala) 2 /0 (402t 1 1)1+d/2 dv(t),

which coincides with (54) up to an additional factor of 2. We can now repeat all the steps
for the previous case, and it is also easy to check that in this case ||uo — p1]|3 < 02 will be
indeed satisfied. This concludes the proof. |

Remark E.2 This result should be compared to Theorem &, which was based on the direct
analysis for radial kernels. We see that apart from an extra factor 2 appearing under the
square root in the lower bound, Theorem E.1 also requires a superfluous condition on the
minimal sample size n, which depends on properties of v. For instance, for Gaussian kernel
with v concentrated on a single point # for somen? > 0, the result holds as long asn > 24,
because in this case we can take tg =11 = # and B = 1. However, other choices of v may
lead to quite restrictive lower bounds on n.

Remark E.3 Conceptually, the main difference between the proofs of Theorems 8 and E.1
lies in the way we lower bound the RKHS distance between embeddings of Gaussian measures
with the Euclidean distance between their mean vectors. In Theorem & we derived a closed-
form expression for the RKHS distance in (25) and then lower bounded it directly using the
properties specific to its form. On the other hand, in Theorem E.1 we resorted to the lower
bound of Lemma 3, which holds for any translation invariant kernel and hence is less tight.
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