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Abstract

In a recent paper, Caron and Fox suggest a probabilistic model for sparse graphs which are
exchangeable when associating each vertex with a time parameter in R;. Here we show
that by generalizing the classical definition of graphons as functions over probability spaces
to functions over o-finite measure spaces, we can model a large family of exchangeable
graphs, including the Caron-Fox graphs and the traditional exchangeable dense graphs as
special cases. Explicitly, modelling the underlying space of features by a o-finite measure
space (S, S, i) and the connection probabilities by an integrable function W: S x S — [0, 1],
we construct a random family (G¢);>o of growing graphs such that the vertices of G, are
given by a Poisson point process on S with intensity ¢u, with two points x,y of the point
process connected with probability W(x,y). We call such a random family a graphon
process. We prove that a graphon process has convergent subgraph frequencies (with
possibly infinite limits) and that, in the natural extension of the cut metric to our setting,
the sequence converges to the generating graphon. We also show that the underlying graphon
is identifiable only as an equivalence class over graphons with cut distance zero. More
generally, we study metric convergence for arbitrary (not necessarily random) sequences of
graphs, and show that a sequence of graphs has a convergent subsequence if and only if it
has a subsequence satisfying a property we call uniform reqularity of tails. Finally, we prove
that every graphon is equivalent to a graphon on R, equipped with Lebesgue measure.
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1. Introduction

The theory of graphons has provided a powerful tool for sampling and studying convergence
properties of sequences of dense graphs. Graphons characterize limiting properties of dense
graph sequences, such as properties arising in combinatorial optimization and statistical
physics. Furthermore, sequences of dense graphs sampled from a (possibly random) graphon
are characterized by a natural notion of exchangeability via the Aldous-Hoover theorem.
This paper presents an analogous theory for sparse graphs.

In the past few years, graphons have been used as non-parametric extensions of stochastic
block models, to model and learn large networks. There have been several rigorous papers on
the subject of consistent estimation using graphons (see, for example, papers by Bickel and
Chen, 2009, Bickel, Chen, and Levina, 2011, Rohe, Chatterjee, and Yu, 2011, Choi, Wolfe.
and Airoldi, 2012, Wolfe and Olhede, 2013, Gao, Lu, and Zhou, 2015, Chatterjee, 2015,
Klopp, Tsybakov, and Verzelen, 2017, and Borgs, Chayes, Cohn, and Ganguly, 2015, as well
as references therein), and graphons have also been used to estimate real-world networks,
such as Facebook and LinkedIn (E. M. Airoldi, private communication, 2015). This makes
it especially useful to have graphon models for sparse networks with unbounded degrees,
which are the appropriate description of many large real-world networks.

In the classical theory of graphons as studied by, for example, Borgs, Chayes, Lovasz.
Sés, and Vesztergombi (2006), Lovasz and Szegedy (2006), Borgs, Chayes, Lovész, Sos.
and Vesztergombi (2008), Bollobas and Riordan (2009), Borgs, Chayes, and Lovész (2010),
and Janson (2013), a graphon is a symmetric [0, 1]-valued function defined on a probability
space. In our generalized theory we let the underlying measure space of the graphon be a
o-finite measure space; i.e., we allow the space to have infinite total measure. More precisely,
given a o-finite measure space . = (S, S, u) we define a graphon to be a pair W = (W, .¥),
where W: S x § — R is a symmetric integrable function, with the special case when W
is [0, 1]-valued being most relevant for the random graphs studied in the current paper.
We present a random graph model associated with these generalized graphons which has a
number of properties making it appropriate for modelling sparse networks, and we present a
new theory for convergence of graphs in which our generalized graphons arise naturally as
limits of sparse graphs.

Given a [0, 1]-valued graphon W = (W, .) with . = (S, S, p) a o-finite measure space,
we will now define a random process which generalizes the classical notion of W-random
graphs, introduced in the statistics literature (Hoff, Raftery, and Handcock, 2002) under the
name latent position graphs, in the context of graph limits (Lovész and Szegedy, 2006) as
W-random graphs, and in the context of extensions of the classical random graph theory
(Bollobds, Janson, and Riordan, 2007) as inhomogeneous random graphs. Recall that in the
classical setting where W is defined on a probability space, VW-random graphs are generated
by first choosing n points z1,...,x, i.i.d. from the probability distribution p over the feature
space S, and then connecting the vertices ¢ and j with probability W (z;, ;). Here, inspired
by Caron and Fox (2014), we generalize this to arbitrary o-finite measure spaces by first
considering a Poisson point process! I'; with intensity ¢u on S for any fixed ¢ > 0, and

1. We will make this construction more precise in Section 2.4; in particular, we will explain that we may
associate I'; with a collection of random variables z; € S. The same result holds for the Poisson point
process I' considered in the next paragraph.
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Figure 1: This figure illustrates how we can generate a graphon process (G;)i>o from a
graphon W = (W, ), where . = (S, S, i) is a o-finite measure space. The two
coordinate axes on the middle figure represent our feature space S, where the red
(resp. blue) dots on the axes represent vertices born during [0, s1] (resp. (s1, s2])
for 0 < s1 < sg, and the red (resp. blue) dots in the interior of the first quadrant
represent edges in Gy for t > s1 (vesp. t > s2). The graph G; is an induced
subgraph of a graph Gy with infinitely many vertices in the case 1(S5) = oo, such
that G, is obtained from G by removing isolated vertices. At time ¢ > 0 the
marginal law of the features of V/(Gy) is a Poisson point process on S with intensity
tp. Two distinct vertices with features x and 2/, respectively, are connected to
each other by an undirected edge with probability W (z,z’). The coordinate axes
on the right figure represent time R;. We get the graph G; by considering the
edges restricted to [0, t]2. Note that the coordinate axes in the right figure and
the graphs Gy in the left figure are slightly inaccurate if we assume u(S) = oo,
since in this case there are infinitely many isolated vertices in G; for each ¢t > 0.
We have chosen to label the vertices by the order in which they appear in Gy,
where ties are resolved by considering the time the vertices were born, i.e., by
considering the time they appeared in G;.

then connecting two points x;, z; in I'y with probability W (z;, ;). As explained in the next
paragraph, this leads to a family of graphs (ét)tzo such that the graphs G, have almost
surely at most countably infinitely many vertices and (assuming appropriate integrability
conditions on W, e.g., W € L') a finite number of edges. Removing all isolated vertices
from C:’t, we obtain a family of graphs (G¢):>o that are almost surely finite. We refer to the
families (ét)tzo and (Gt)t>0 as graphon processes; when it is necessary to distinguish the
two, we call them graphon processes with or without isolated vertices, respectively.

To interpret the graphon process (G¢)i>0 as a family of growing graphs we will need to
couple the graphs G; for different times ¢ > 0. To this end, we consider a Poisson point
process I' on Ry x S (with Ry := [0,00) being equipped with the Borel o-algebra and
Lebesgue measure). Each point v = (t,x) of I corresponds to a vertex of an infinite graph
é, where the coordinate t is interpreted as the time the vertex is born and the coordinate
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x describes a feature of the vertex. Two distinct vertices v = (¢,x) and v/ = (¥, 2') are
connected by an undirected edge with probability W (x,z'), independently for each possible
pair of distinct vertices. For each fixed time ¢ > 0 define a graph G; by considering the
induced subgraph of G corresponding to vertices which are born at time ¢ or earlier, where
we do not include vertices which would be isolated in G;. See Figure 1 for an illustration.
The family of growing graphs (G¢):>0 just described includes classical dense W-random
graphs (up to isolated vertices) and the sparse graphs studied by Caron and Fox (2014)
and Herlau, Schmidt, and Mgrup (2016) as special cases, and is (except for minor technical
differences) identical to the family of random graphs studied by Veitch and Roy (2015),
a paper which was written in parallel with our paper; see our remark at the end of this
introduction.

The graphon process (ét)tzo satisfies a natural notion of exchangeability. Roughly
speaking, in our setting this means that the features of newly born vertices are homogeneous
in time. More precisely, it can be defined as joint exchangeability of a random measure in R2 ,
where the two coordinates correspond to time, and each edge of the graph corresponds to a
point mass. We will prove that graphon processes as defined above, with W integrable and
possibly random, are characterized by exchangeability of the random measure in Ri along
with a certain regularity condition we call uniform regularity of tails. See Proposition 26 in
Section 2.4. This result is an analogue in the setting of possibly sparse graphs satisfying the
aforementioned regularity condition of the Aldous-Hoover theorem (Aldous, 1981; Hoover,
1979), which characterizes WW-random graphs over probability spaces as graphs that are
invariant in law under permutation of their vertices.

The graphon processes defined above also have a number of other properties making them
particularly natural to model sparse graphs or networks. They are suitable for modelling
networks which grow over time since no additional rescaling parameters (like the explicitly
given density dependence on the number of vertices specified by Bollobas and Riordan, 2009,
and Borgs, Chayes, Cohn, and Zhao, 2014a) are necessary; all information about the random
graph model is encoded by the graphon alone. The graphs are projective in the sense that if
s < t the graph G, is an induced subgraph of G;. Finally, a closely related family of weighted
graphs is proven by Caron and Fox (2014) to have power law degree distribution for certain
W, and our graphon processes are expected to behave similarly. The graphon processes
studied in this paper have a different qualitative behavior than the sparse WW-random graphs
studied by Bollobds and Riordan (2009) and Borgs, Chayes, Cohn, and Zhao (2014a,b) (see
Figure 2), with the only overlap of the two theories occurring when the graphs are dense.
If the sparsity of the graphs is caused by the degrees of the vertices being scaled down
approximately uniformly over time, then the model studied by Bollobas and Riordan (2009)
and Borgs, Chayes, Cohn, and Zhao (2014a.,b) is most natural. If the sparsity is caused by
later vertices typically having lower connectivity probabilities than earlier vertices, then
the model presented in this paper is most natural. The sampling method we will use in
our forthcoming paper (Borgs, Chayes, Cohn, and Holden, 2017) generalizes both of these
methods.

To compare different models, and to discuss notions of convergence, we introduce the
following natural generalization of the cut metric for graphons on probability spaces to our
setting. For two graphons Wy = (W1,.%1) and Wy = (Wa,.%%), this metric is easiest to
define when the two graphons are defined over the same space. However, for applications we



LIMITS OF SPARSE EXCHANGEABLE GRAPHS

rescaled graphon on probability space graphon with non-compact support

Figure 2: The adjacency matrices of graphs sampled as described by Borgs, Chayes, Cohn.
and Zhao (2014a) (left) and in this paper (right), where we used the graphon
Wy = (W1,]0,1]) (left) and the graphon Wy = (Wa, Ry) (right), with Wi (21, z2) =
x;1/2x51/2 for 21,22 € [0,1] and Wa (1, 29) = min(0.8, 7 min(1, 7 ?) min(1, 25 %))
for x1, 9 € R4. Black (resp. white) indicates that there is (resp. is not) an edge.
We rescaled the height of the graphon by p := 1/40 on the left figure. As described
by Borgs, Chayes, Cohn, and Zhao (2014a,b) the type of each vertex is sampled
independently and uniformly from [0, 1], and each pair of vertices is connected
with probability min(pWi,1). In the right figure the vertices were sampled by a
Poisson point process on R, of intensity ¢t = 4, and two vertices were connected
independently with a probability given by Ws; see Section 2.4 and the main text
of this introduction. The two graphs have very different qualitative properties. In
the left graph most vertices have a degree close to the average degree, where the
average degree depends on our scaling factor p. In the right graph the edges are
distributed more inhomogeneously: most of the edges are contained in induced
subgraphs of constant density, and the sparsity is caused by a large number of
vertices with very low degree.
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want to compare graphons over different spaces, say two Borel spaces .77 and .%. Assuming
that both Borel spaces have infinite total measure, the cut distance between W; and W,
can then be defined as

(Wi, Ws) = inf  sup / (I/V1 t— Wy 2) dpdul , (1)
Y1,92 UVvcr? [Juxv
where we take the infimum over measure-preserving maps v¢;: Ry — S; for j = 1,2,

W;Z)j (x,y) == W;(®j(z),v¥;(y)) for z,y € R4, and the supremum is over measurable sets
U,V C Ri. (See Definition 5 below for the definition of the cut distance for graphons over
general spaces, including the case where one or both spaces have finite total mass.) We call
two graphons equivalent if they have cut distance zero. As we will see, two graphons are
equivalent if and only if the random families (G¢):>0 generated from these graphons have
the same distribution; see Theorem 27 below.

To compare graphs and graphons, we embed a graph on n vertices into the set of step
functions over [0, 1]2 in the usual way by decomposing [0, 1] into adjacent intervals Iy, ..., I,
of lengths 1/n, and define a step function W& as the function which is equal to 1 on I; x I i
if i and j are connected in G, and equal to 0 otherwise. Extending W to a function on R%—
by setting it to zero outside of [0, 1]?, we can then compare graphs to graphons on measure
spaces of infinite mass, and in particular we get a notion of convergence in metric of a
sequence of graphs (G, )nen to a graphon W.

In the classical theory of graph convergence, such a sequence will converge to the zero
graphon whenever the sequence is sparse.? We resolve this difficulty by rescaling the input
arguments of the step function W& so as to get a “stretched graphon” W& = (W& R,)
satisfying |[WW&#||; = 1. Equivalently, we may interpret W& as a graphon where the
measure of the underlying measure space is rescaled. See Figure 3 for an illustration, which
also compares the rescaling in the current paper with the rescaling considered by Borgs.
Chayes, Cohn, and Zhao (2014a). We say that (G, )nen converges to a graphon W (with L!
norm equal to 1) for the stretched cut metric if lim,, ., Sg(W»*, W) = 0. Graphons on o-
finite measure spaces of infinite total measure may therefore be considered as limiting objects
for sequences of sparse graphs, similarly as graphons on probability spaces are considered
limits of dense graphs. We prove that graphon processes converge to the generating graphon
in the stretched cut metric; see Proposition 28 in Section 2.4. We will also consider another
family of random sparse graphs associated with a graphon W over a o-finite measure space,
and prove that these graphs are also converging for the stretched cut metric.

Particular random graph models of special interest arise by considering certain classes
of graphons W. Caron and Fox (2014) consider graphons on the form W(xq,29) = 1 —
exp(—f(x1)f(z2)) (with a slightly different definition on the diagonal, since they also allow
for self-edges) for certain decreasing functions f: Ry — Ry. In this model = represents
a sociability parameter of each vertex. A multi-edge version of this model allows for an
alternative sampling procedure to the one we present above (Caron and Fox, 2014, Section
3). Herlau, Schmidt, and Mgrup (2016) introduced a generalization of the model of Caron
and Fox (2014) to graphs with block structure. In this model each node is associated to a

2. Here, as usual, a sequence of simple graphs is considered sparse if the number of edges divided by the
square of the number of vertices goes to zero.
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canonical graphon rescaled graphon stretched graphon

Figure 3: The figure shows three graphons associated with the same simple graph G on five
vertices. In the classical theory of graphons all simple sparse graphs converge to
the zero graphon. We may prevent this by renormalizing the graphons, either
by rescaling the height of the graphon (middle) or by stretching the domain on
which it is defined (right). The first approach was chosen by Bollobas and Riordan
(2009) and Borgs, Chayes, Cohn, and Zhao (2014a,b), and the second approach is
chosen in this paper. In our forthcoming paper (Borgs, Chayes, Cohn, and Holden,
2017) we choose a combined approach, where the renormalization depends on the
observed graph.

type from a finite index set [K]:= {1,..., K} for some K € N, in addition to its sociability
parameter, such that the probability of two nodes connecting depends both on their type
and their sociability. More generally we can obtain sparse graphs with block structure by
considering integrable functions Wy, , : R%— — [0,1] for ki, ks € {1,..., K}, and defining
S = [K] x Ry and W ((k1, 1), (k2,x2)) := Wi, &, (21, 22). As compared to the block model
of Herlau, Schmidt, and Mgrup (2016), this allows for a more complex interaction within
and between the blocks. An alternative generalization of the stochastic block model to
our setting is to consider infinitely many disjoint intervals Iy C Ry for £ € N, and define
W =3 k. koeN Phiks L1y, x1,,, for constants py, k, € [0,1]. For the block model of Herlau.
Schmidt, and Mgrup (2016) and our first generalization above (with S := [K] x Ry), the
degree distribution of the vertices within each block will typically be strongly inhomogeneous;
by contrast, in our second generalization above (with infinitely many blocks), all vertices
within the same block have the same connectivity probabilities, and hence the degree
distribution will be more homogeneous.

We can also model sparse graphs with mixed membership structure within our framework.
In this case we let S C [0,1]% be the standard (K — 1)-simplex, and define S := S x R, . For
a vertex with feature (Z,z) € S x R the first coordinate ¥ = (%1, ..., %) is a vector such
that z; for j € [K] describes the proportion of time the vertex is part of community j € [K],
and the second coordinate x describes the role of the vertex within the community; for
example,  could be a sociability parameter. For each k1, k2 € [K] let Wy, ko, = (Wi ey Ry)
be a graphon describing the interactions between the communities k1 and k3. We define our
mixed membership graphon W = (W, .¥) by

W((§1,$1)7(§27x2)) = Z %41161§£?2Wk1,k22($171‘2)'
k1,k2€[K]
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Alternatively, we could define S := S x Rf , which would provide a model where, for example,
the sociability of a node varies depending on which community it is part of.

In the classical setting of dense graphs, many papers only consider graphons defined on
the unit square, instead of graphons on more general probability spaces. This is justified by
the fact that every graphon with a probability space as base space is equivalent to a graphon
with base space [0,1]. The analogue in our setting would be graphons over R equipped
with the Lebesgue measure. As the examples in the preceding paragraphs illustrate, for
certain random graph models it is more natural to consider another underlying measure
space. For example, each coordinate in some higher-dimensional space may correspond to a
particular feature of the vertices, and changing the base space can disrupt certain properties
of the graphon, such as smoothness conditions. For this reason we consider graphons defined
on general o-finite measure spaces in this paper. However, we will prove that every graphon
is equivalent to a graphon on R equipped with the Borel o-algebra and Lebesgue measure,
in the sense that their cut distance is zero; see Proposition 10 in Section 2.2. As stated
before, our results then imply that they correspond to the same random graph model.

The set of [0, 1]-valued graphons on probability spaces is compact for the cut metric. For
the possibly unbounded graphons studied by Borgs, Chayes, Cohn, and Zhao (2014a), which
are real-valued and defined on probability spaces, compactness holds if we consider closed
subsets of the space of graphons which are uniformly upper regular (see Section 2.3 for the
definition). In our setting, where we look at graphons over spaces of possibly infinite measure,
the analogous regularity condition is uniform reqularity of tails if we restrict ourselves to, say,
[0, 1]-valued graphons. In particular our results imply that a sequence of simple graphs with
uniformly regular tails is subsequentially convergent, and conversely, that every convergent
sequence of simple graphs has uniformly regular tails. See Theorem 15 in Section 2.3 and
the two corollaries following this theorem.

In the setting of dense graphs, convergence for the cut metric is equivalent to left
convergence, meaning that subgraph densities converge. This equivalence does not hold
in our setting, or for the unbounded graphons studied by Borgs, Chayes, Cohn, and Zhao
(2014a,b); its failure is characteristic of sparse graphs, because deleting even a tiny fraction
of the edges in a sparse graph can radically change the densities of larger subgraphs (see
the discussion by Borgs, Chayes, Cohn, and Zhao, 2014a, Section 2.9). However, randomly
sampled graphs do satisfy a notion of left convergence; see Proposition 30 in Section 2.5.

As previously mentioned, in our forthcoming paper (Borgs, Chayes, Cohn, and Holden,
2017) we will generalize and unify the theories and models presented by Bollobas and
Riordan (2009), Borgs, Chayes, Cohn, and Zhao (2014a,b), Caron and Fox (2014), Herlau,
Schmidt, and Mgrup (2016), and Veitch and Roy (2015). Along with the introduction of
a generalized model for sampling graphs and an alternative (and weaker) cut metric, we
will prove a number of convergence properties of these graphs. Since the graphs in this
paper are obtained as a special case of the graphs in our forthcoming paper, the mentioned
convergence results also hold in our setting.

In Section 2 we will state the main results of this paper, which will be proved in the
subsequent appendices. In Appendix A we prove that the cut metric g is well defined. In
Appendix B we prove that any graphon is equivalent to a graphon with underlying measure
space Ry . We also prove that under certain conditions on the underlying measure space we
may define the cut metric 5 in a number of equivalent ways. In Appendix C, we deal with
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some technicalities regarding graph-valued processes. In Appendix D we prove that certain
random graph models derived from a graphon W, including the graphon processes defined
above, give graphs converging to WV for the cut metric. We also prove that two graphons
are equivalent (i.e., they have cut distance zero) iff the corresponding graphon processes
are equal in law. In Appendix E we prove that uniform regularity of tails is sufficient to
guarantee subsequential metric convergence for a sequence of graphs; conversely, we prove
that every convergent sequence of graphs with non-negative edge weights has uniformly
regular tails. In Appendix F we prove some basic properties of sequences of graphs which are
metric convergent, for example that metric convergence implies unbounded average degree if
the number of edges diverge and the graph does not have too many isolated vertices; see
Proposition 22 below. We also compare the notion of metric graph convergence in this paper
to the one studied by Borgs, Chayes, Cohn, and Zhao (2014a). In Appendix G we prove
with reference to the Kallenberg theorem for jointly exchangeable measures that graphon
processes for integrable W are uniquely characterized as exchangeable graph processes
satisfying uniform tail regularity. We also describe more general families of graphs that
may be obtained from the Kallenberg representation theorem if this regularity condition is
not imposed. Finally, in Appendix H we prove our results on left convergence of graphon
processes.

Remark 1 After writing a first draft of this work, but a little over a month before completing
the paper, we became aware of parallel, independent work by Veitch and Roy (2015), who
introduce a closely related model for exchangeable sparse graphs and interpret it with reference
to the Kallenberg theorem for exchangeable measures. The random graph model studied
by Veitch and Roy (2015) is (up to minor differences) the same as the graphon processes
introduced in the current paper. Aside from both introducing this model, the results of the two
papers are essentially disjoint. While Veitch and Roy (2015) focus on particular properties
of the graphs in a graphon process (in particular, the expected number of edges and vertices,
the degree distribution, and the existence of a giant component under certain assumptions on
W), our focus is graph convergence, the cut metric, and the question of when two different
graphons lead to the same graphon process.

See also the subsequent paper by Janson (2016) expanding on the results of our pa-
per, characterizing in particular when two graphons are equivalent, and proving additional
compactness results for graphons over o-finite spaces.

2. Definitions and Main Results

We will work mainly with simple graphs, but we will allow the graphs to have weighted
vertices and edges for some of our definitions and results. We denote the vertex set of a
graph G by V(G) and the edge set of G by E(G). The sets V(G) and E(G) may be infinite,
but we require them to be countable. If G is weighted, with edge weights f3;;(G) and vertex
weights «;(G), we require the vertex weights to be non-negative, and we often (but not
always) require that [|B(G)|[1 := 3, jev(q) @i(G)ey(G)|Bi;(G)| < oo (note that [|B(G)]]: is
defined in such a way that for an unweighted graph, it is equal to 2|E(G)|, as opposed to
the density, which is ill-defined if |V (G)| = c0). We define the edge density of a finite simple
graph G to be p(G) := 2|E(G)|/|V(G)|?. Letting N = {1,2,...} denote the positive integers,
a sequence (Gp)nen of simple, finite graphs will be called sparse if p(G,,) — 0 as n — oo,
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and dense if liminf, . p(G;) > 0. When we consider graph-valued stochastic processes
(Gn)nen or (Gt)e>o of simple graphs, we will assume each vertex is labeled by a distinct
number in N, so we can view V(G) as a subset of N and E(G) as a subset of N x N. The
labels allow us to keep track of individual vertices in the graph over time. In Section 2.4 we
define a topology and o-algebra on the set of such graphs.

2.1 Measure-theoretic Preliminaries

We start by recalling several notions from measure theory.

For two measure spaces . = (S, S, u) and ./ = (5", 8’, 1), a measurable map ¢: S — S’
is called measure-preserving if for every A € S’ we have u(¢~1(A)) = 1/ (A). Two measure
spaces (S, S, ) and (S', 8, i) are called isomorphic if there exists a bimeasurable, bijective,
and measure-preserving map ¢: S — S’. A Borel measure space is defined as a measure
space that is isomorphic to a Borel subset of a complete separable metric space equipped
with a Borel measure.

Throughout most of this paper, we consider o-finite measure spaces, i.e., spaces . =
(S,S, i) such that S can be written as a countable union of sets A; € S with p(4;) < oc.
Recall that a set A € S is an atom if p(A) > 0 and if every measurable B C A satisfies
either u(B) = 0 or u(B) = pu(A). The measure space . is atomless if it has no atoms.
Every atomless o-finite Borel space of infinite measure is isomorphic to (R4, B, \), where
B is the Borel g-algebra and A is Lebesgue measure; for the convenience of the reader, we
prove this as Lemma 33 below.

We also need the notion of a coupling, a concept well known for probability spaces: if
(Si, Si, i) is a measure space for i = 1,2 and p1(S1) = pu2(S2) € (0, 00|, we say that p is a
coupling of py and pg if p is a measure on (S x S, 81 X S2) with marginals p; and pe, i.e.,
if p(U x S2) = (U) for all U € S; and p(S1 x U) = p2(U) for all U € Sy. Note that this
definition of coupling is closely related to the definition of coupling of probability measures,
which applies when p1(S1) = p2(S2) = 1. For probability spaces, it is easy to see that every
pair of measures has a coupling (for example, the product space of the two probability
spaces). We prove the existence of a coupling for o-finite measure spaces in Appendix A,
where this fact is stated as part of a more general lemma, Lemma 34.

Finally, we say that a measure space . = (§ , S , 1) extends a measure space . = (S, S, )
ifSesS, 8= {AnS : A€ §}, and p(A) = u(A) for all A € S. We say that . is a
restriction of 5”7, or, if S is specified, the restriction of 7 to S.

2.2 Graphons and Cut Metric

We will work with the following definition of a graphon.

Definition 2 A graphon is a pair W = (W,.”), where ¥ = (S, S, 1) is a o-finite measure
space satisfying p(S) > 0 and W is a symmetric real-valued function W € L*(S x S) that is

measurable with respect to the product o-algebra § x S and integrable with respect to p X p.
We say that W is a graphon over .%.

Remark 3 Most literature on graphons defines a graphon to be the function W instead of
the pair (W,.7). We have chosen the above definition since the underlying measure space
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will play an important role. Much literature on graphons requires W to take values in [0, 1],
and some of our results will also be restricted to this case. The major difference between the
above definition and the definition of a graphon in the existing literature, however, is that we
allow the graphon to be defined on a measure space of possibly infinite measure, instead of a
probability space.’

Remark 4 One may relax the integrability condition for W in the above definition such that
the corresponding random graph model (as defined in Definition 25 below) still gives graphs
with finitely many vertices and edges for each bounded time. This more general definition is
used by Veitch and Roy (2015). We work with the above definition since the magority of the
analysis in this paper is related to convergence properties and graph limits, and our definition
of the cut metric is most natural for integrable graphons. An exception is the notion of
subgraph density convergence in the corresponding random graph model, which we discuss in
the more general setting of not necessarily integrable graphons; see Remark 31 below.

We will mainly study simple graphs in the current paper, in particular, graphs which
do not have self-edges. However, the theory can be generalized in a straightforward way to
graphs with self-edges, in which case we would also impose an integrability condition for W
along its diagonal.

If W= (W,(S,B,))), where S is a Borel subset of R, B is the Borel o-algebra, and A
is Lebesgue measure, we write W = (W, S) to simplify notation. For example, we write
W = (W,R}) instead of W = (W, (R4, B, \)).

For any measure space . = (5, S, 1) and integrable function W: S x S — R, define the
cut norm of W over . by

W(z,y) du(z) du(y)| -

IWllo,s,0 := sup
U UxV

VeS

If S and/or p is clear from the context we may write || - ||g or || - [|o,. to simplify notation.

Given a graphon W = (W, Y) with . = (5,5,7) and a set S € S, we say that
W = (W,.) is the restriction ofW to S if .7 is the restriction of . to S and W!st =W.
We say that W = (W, y) is the trivial estension of W to . if W = (W,.7) is the
restriction of W to S and supp(W) C S x S. For measure spaces . = (5,8, ) and
S = (58,8, 1), a graphon W = (W, .), and a measurable map ¢: S’ — S, we define the
graphon W¢ = (W?,.%") by W?(x1,x2) := W(¢(x1), p(x2)) for x1, 20 € S’. We say that
W (vesp. W?) is a pullback of W (resp. W) onto .. Finally, let || - ||; denote the L norm.

Definition 5 Fori=1,2, let W; = (W;, ;) with % = (S;, Si, i) be a graphon.

3. The term “graphon” was coined by Borgs, Chayes, Lovész, S6s, and Vesztergombi (2008), but the use of
this concept in combinatorics goes back to at least Frieze and Kannan (1999), who considered a version
of the regularity lemma for functions over [0,1]%. As a limit object for convergent graph sequences it was
introduced by Lovasz and Szegedy (2006), where it was called a W-function, and graphons over general
probability spaces were first studied by Borgs, Chayes, and Lovédsz (2010) and Janson (2013).

11
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(i) If p1(S1) = pa(S2) € (0,00], the cut metric dg and invariant L' metric &1 are defined
by

do(Wi, Wy) o= ik W) — WoPllo.s,xsp - and

, - i (2)
51(W1,W2) = 1ﬂf ”W1 t— W22”1,51><527M7

where m;: S1 X Sy — S; denotes projection for i = 1,2, and we take the infimum over
all couplings i of 1 and po.

(i) If p1(S1) # pa(S2), let ,5/’?: (5“5‘“/7,) be a o-finite measure space extending .7%; for
i = 1,2 such that fi1(S1) = p2(S2) € (0,00]. Let W; = (W;,.%;) be the trivial extension
of W; to ., and define

SOV, Ws) = a1, W) and 61 (Wi, W) i= 61 (W, ).

(iii) We call two graphons Wy and Ws equivalent if do(Wyi, Wa) = 0.

The following proposition will be proved in Appendix A. Recall that a pseudometric
on a set S is a function from S x S to Ry which satisfies all the requirements of a metric,
except that the distance between two different points might be zero.

Proposition 6 The metrics dg and 61 given in Definition 5 are well defined; in other
words, under the assumptions of (i) there exists at least one coupling u, and under the
assumptions of (i) the definitions of dg(Wi, Wa) and §1 (W1, Ws) do not depend on the
choice of extensions 57; % Furthermore, g and 61 are pseudometrics on the space of
graphons.

An important input to the proof of the proposition (Lemma 42 in Appendix A) is that
the 0o (resp. 01) distance between two graphons over spaces of equal measure, as defined in
Definition 5(i), is invariant under trivial extensions. The lemma is proved by first showing
that it holds for step functions (where the proof more or less boils down to an explicit
calculation) and then using the fact that every graphon can be approximated by a step
function.

We will see in Proposition 48 in Appendix B that under additional assumptions on
the underlying measure spaces .1 and % the cut metric can be defined equivalently in a
number of other ways, giving, in particular, the equivalence of the definitions (1) and (2)
in the case of two Borel spaces of infinite mass. Similar results hold for the metric d1; see
Remark 49.

While the two metrics dg and 41 are not equivalent, a fact which is already well known
from the theory of graph convergence for dense graphs, it turns out that the statement that
two graphons have distance zero in the cut metric is equivalent to the same statement in
the invariant L' metric. This is the content of our next proposition.

Proposition 7 Let Wy and Ws be graphons. Then oWy, Ws) = 0 if and only if
(Wi, Wa) = 0.

12
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The proposition will be proved in Appendix B. (We will actually prove a generalization
of this proposition involving an invariant version of the LP metric; see Proposition 50.)
The proof proceeds by first showing (Proposition 51) that if d5(W5, Wa) = 0 for graphons
Wi = (W;, %) with 7 = (S;,S;, ii) for i = 1,2, then there exists a particular measure p
on Sp x Sy such that |[W{™" — W3?||n, = 0. Under certain conditions we may assume that
1 is a coupling measure, in which case it follows that the infimum in the definition of dg is a
minimum; see Proposition 8 below.

To state our next proposition we define a coupling between two graphons W; = (W, .%;)
with . = (5,8, i) for i = 1,2 as a pair of graphons W; over a space of the form
= (51 X S2,81 x Sz, 1), where p is a coupling of pq and pg and VN\/l = W/, and where as
before, m; denotes the projection from S; x Ss onto .S; for ¢ = 1, 2.

Proposition 8 Let W; be graphons over o-finite Borel spaces 7 = (Si, Si, i), and let
Si={xz €St [|Wi(z,y)lduwi(y) > 0}, for i =1,2. If 5a(Wi, W) = 0, then the restrictions
of Wi and Ws to S1 and Ss can be coupled in such a way that they are equal a.e.

The proposition will be proved in Appendix B. Note that Janson (2016, Theorem 5.3)
independently proved a similar result, building on a previous version of the present paper
which did not yet contain Proposition 8. His result states that if the cut distance between
two graphons over o-finite Borel spaces is zero, then there are trivial extensions of these
graphons such that the extensions can be coupled so as to be equal almost everywhere. It is
easy to see that our result implies his, but we believe that with a little more work, it should
be possible to deduce ours from his as well.

Remark 9 Note that the classical theory of graphons on probability spaces appears as a
special case of the above definitions by taking . to be a probability space. Our definition of
the cut metric g is equivalent to the standard definition for graphons on probability spaces;
see, for example, papers by Borgs, Chayes, Lovdsz, Sds, and Vesztergombi (2008) and Janson
(2013). Note that ég is not a true metric, only a pseudometric, but we call it a metric to
be consistent with existing literature on graphons. Howewver, it is a metric on the set of
equivalence classes as derived from the equivalence relation in Definition 5 (iii).

We work with graphons defined on general o-finite measure spaces, rather than graphons
on R, since particular underlying spaces are more natural to consider for certain random
graphs or networks. However, the following proposition shows that every graphon is equivalent
to a graphon over R, .

Proposition 10 For each graphon W = (W,.”) there exists a graphon W' = (W' /R})
such that oo(W, W') = 0.

The proof of the proposition follows a similar strategy as the proof of the analogous
result for probability spaces by Borgs, Chayes, and Lovédsz (2010, Theorem 3.2) and Janson
(2013, Theorem 7.1), and will be given in Appendix B. The proof uses in particular the result
that an atomless o-finite Borel space is isomorphic to an interval equipped with Lebesgue
measure (Lemma 33).
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2.3 Graph Convergence

To define graph convergence in the cut metric, one traditionally (Borgs, Chayes, Lovasz.
Sés, and Vesztergombi, 2006; Lovasz and Szegedy, 2006; Borgs, Chayes, Lovasz, Sés, and
Vesztergombi, 2008) embeds the set of graphs into the set of graphons via the following map.
Given any finite weighted graph G we define the canonical graphon W& = (WY [0,1]) as
follows. Let v1,...,v, be an ordering of the vertices of G. For any v; € V(G) let o; > 0
denote the weight of v;, for any (v;,v;) € E(G) let f;; € R denote the weight of the edge
(vi,v5), and for (v;,v;) & V(G) define ;; = 0. By rescaling the vertex weights if necessary
we assume without loss of generality that ZLZ(IGN a; = 1. If G is simple all vertices have
weight |V (G)| ™!, and we define 3;; := Ly, 0p)eB(q)- Let In, ..., I, be a partition of [0, 1] into
adjacent intervals of lengths ayq, ..., a, (say the first one closed, and all others half open),
and finally define W& by

WG(a:l,a:g) = ,Bij if x1€l; and 29 € [j.

Note that W& depends on the ordering of the vertices, but that different orderings give
graphons with cut distance zero. We define a sequence of weighted, finite graphs G,, to be
sparset if ||WE||; — 0 as n — co. Note that this generalizes the definition we gave in the
very beginning of Section 2 for simple graphs.

A sequence (Gp)nen of graphs is then defined to be convergent in metric if W is
a Cauchy sequence in the metric g, and it is said to be convergent to a graphon W if
So(WSE, W) — 0. Equivalently, one can define convergence of (G, )nen by identifying a
weighted graph G with the graphon (8(G), %), where .# consists of the vertex set V(G)
equipped with the probability measure given by the weights «; (or the uniform measure if G
has no vertex weights), and §(G) is the function that maps (i, j) € V(G) x V(G) to 5;;(G).

In the classical theory of graph convergence a sequence of sparse graphs converges to
the trivial graphon with W = 0. This follows immediately from the fact that éo(W&",0) <
|[WE&||; — 0 for sparse graphs. To address this problem, Bollobas and Riordan (2009) and
Borgs, Chayes, Cohn, and Zhao (2014a) considered the sequence of reweighted graphons

(WEnT), cn, where WET .= (W7 [0,1]) with W& .= MWC" for any graph G, and

defined (G, )nen to be convergent iff (WG, cy is convergent. The theory developed in
the current paper considers a different rescaling, namely a rescaling of the arguments of the
function W&, which, as explained after Definition 11 below, is equivalent to rescaling the
measure of the underlying measurable space.

We define the stretched canonical graphon WS to be identical to W& except that
we “stretch” the function W& to a function W* such that |[WW&*||; = 1. More precisely,
WG .= (W R, ), where

W (WO 2o WO ) 30 < wrms < (WO, and

0 otherwise.

WG’S(Z'l, ZL'Q) = {

4. Note that in the case of weighted graphs there are multiple natural definitions of what it means for a
sequence of graphs to be sparse or dense. Instead of considering the L' norm as in our definition, one may
for example consider the fraction of edges with non-zero weight, either weighted by the vertex weights or
not. In the current paper we do not define what it means for a sequence of weighted graphs to be dense,
since it is not immediate which definition is most natural, and since the focus of this paper is sparse
graphs.
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Note that in the case of a simple graph G, each node in V(G) corresponds to an interval of
length 1/|V(G)| in the canonical graphon W%, while it corresponds to an interval of length
1/4/2|E(G)| in the stretched canonical graphon.

It will sometimes be convenient to define stretched canonical graphons for graphs with
infinitely many vertices (but finitely® many edges). Our definition of W& makes no sense
for simple graphs with infinitely many vertices, because they cannot all be crammed into
the unit interval. Instead, given a finite or countably infinite graph G with vertex weights
(@i)iev(c) which do not necessarily sum to 1 (and may even sum to co), we define a graphon
WEC = (WG Ry) by setting WG(x y) = Bij(Q) if (z,y) € I; x I, and WG(x,y) =0 if
there exist no such pair (7,7) € V(G) x V(G), with I; being the interval [a;_1, a;) where we
assume the vertices of G have been labeled 1,2,..., and a; = > <, a; for i =0,1,....
The stretched canonical graphon will then be defined as the graphon W& := (WG’S, Ry)
with

WO (21, a) = WO (WO 2, WO 20z

a definition which can easily be seen to be equivalent to the previous one if G is a finite
graph.

Alternatively, one can define a stretched graphon G* as a graphon over V(G) equipped
with the measure [ig, where

Ha(A) = W T g

for any A C V(G). In the case where ), a; < 00, this graphon is obtained from the graphon
representing GG by rescaling the probability measure

MG’(A) ZZGV( Z Q5

v icA

to the measure jic, while the function 5(G): V(G) x V(G) — R with (4, j) — B;;(G) is left
untouched.

Note that any graphon with underlying measure space Ry can be “stretched” in the
same way as W; in other words, given any graphon W = (W, R, ) we may define a graphon
(W?,R,), where ¢: R, — R, is defined to be the linear map such that |[W?|; = 1, except
when ||W]|; = 0, in which case we define the stretched graphon to be 0. But for graphons
over general measure spaces, this rescaling is ill-defined. Instead, we consider a different,
but related, notion of rescaling, by rescaling the measure of the underlying space, a notion
which is the direct generalization of our definition of the stretched graphon G°.

Definition 11 (i) For two graphons W; = (W;, ;) with % = (S;, Si, i) for i = 1,2,
define the stretched cut metric 62, by

55 (W1, Wa) := 6o(Wi, Wh),

5. More generally, in the setting of weighted graphs, we can allow for infinitely many edges as long as

IB(G)]1 < oo
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where Wj 1= (WZ,;@\) with 7, = (Si, Si, i) and ;== HWiHl_l/zui. (In the particular
case where |[W;||1 =0, we define W = (0,.%,).) Identifying G with the graphon WC
introduced above, this also defines the stretched distance between two graphs, or a graph
and a graphon.

(ii) A sequence of graphs (Gp)nen or graphons (W )nen is called convergent in the stretched
cut metric if they form a Cauchy sequence for this metric; they are called convergent
to a graphon W for the stretched cut metric if %(G,, W) — 0 or 65(W,, W) — 0,
respectively.

Note that for the case of graphons over R, the above notion of convergence is equivalent
to the one involving the stretched graphons W = (W7, R;.) of W; defined by

s 1/2 1/2
Wi (ar,w2) = Wi (Wl 2, Wil 2z )

To see this, just note that by the obvious coupling between A and [1;, where in this
case [i; is a constant multiple of Lebesgue measure, we have épo(W7? ,V/\Z) = 0, and hence
SEWi, W) = oa(W5,Ws). As a consequence, we have in particular that 65(G,G’) =
6a(G*, (G")*) = dp(WEs, WG'#) for any two graphs G and G’. Note also that the stretched
cut metric does not distinguish two graphs obtained from each other by deleting isolated
vertices, in the sense that

(G, G =0 (3)

whenever G is obtained from G’ by removing a set of vertices that have degree 0 in G’.

The following basic example illustrates the difference between the notions of convergence
in the classical theory of graphons, the approach for sparse graphs taken by Bollobas and
Riordan (2009) and Borgs, Chayes, Cohn, and Zhao (2014a), and the approach of the current
paper. Proposition 20 below makes this comparison more general.

Example 12 Let o € (0,1). For any n € N let G,, be an Erdés-Rényi graph on n vertices
with parameter n®~; i.e., each two vertices of the graph are connected independently with
probability n®~'. Let én be a simple graph on n vertices, such that Ln(HO‘)/QJ vertices form
a complete subgraph, and n — Ln(HO‘)/Qj vertices are isolated. Both graph sequences are
sparse, and hence their canonical graphons converge to the trivial graphon for which W =0,
i.e., (W, 0), 50(WSE,0) — 0, where we let 0 denote the mentioned trivial graphon. The
sequence (Gn)nen converges to Wh := (1 12, [0, 1]) with the notion of convergence introduced
by Bollobds and Riordan (2009) and Borgs, Chayes, Cohn, and Zhao (2014a), but does not

converge for 0f). The sequence (Gp)nen converges to Wy for the stretched cut metric, i.e.,

55(én, W1) = oW Wy) — 0, but it does not converge with the notion of convergence
studied by Bollobds and Riordan (2009) and Borgs, Chayes, Cohn, and Zhao (2014a).

The sequence (G, )nen defined above illustrates one of our motivations to introduce the
stretched cut metric. One might argue that this sequence of graphs should converge to the
same limit as a sequence of complete graphs; however, earlier theories for graph convergence
are too sensitive to isolated vertices or vertices with very low degree to accommodate this.

The space of all [0, 1]-valued graphons over [0, 1] is compact under the cut metric (Lovasz
and Szegedy, 2007). This implies that every sequence of simple graphs is subsequentially
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convergent to some graphon under g, when we identify a graph G with its canonical graphon
WE. Our generalized definition of a graphon, along with the introduction of the stretched
canonical graphon W%* and the stretched cut metric 0f, raises the question of whether a
similar result holds in this setting. We will see in Theorem 15 and Corollary 17 below that
the answer is yes, provided we restrict ourselves to uniformly bounded graphons and impose
a suitable regularity condition; see Definition 13. The sequence (G )nen in Example 12
illustrates that we may not have subsequential convergence when this regularity condition is
not satisfied.

Definition 13 Let # be a set of uniformly bounded graphons. We say that W has uniformly
regular tails if for every e > 0 we can find an M > 0 such that for every W = (W,.7) € W
with . = (S, S, ), there exists U € S such that |W —Wlpxylli <e and p(U) < M. A set
G of graphs has uniformly regular tails if | 3(G)||1 < oo for all G € G and the corresponding
set of stretched canonical graphons {W%* : G € G} has uniformly regular tails.

Remark 14 It is immediate from the definition that a set of simple graphs G has uniformly
reqular tails if and only if for each € > 0 we can find M > 0 such that the following holds.
For all G € G, assuming the vertices of G are labeled by degree (from largest to smallest)
with ties resolved in an arbitrary way,

> deg(i;G) < €| E(G)].
i<[M+/|E(G)]]

In Lemma 59 in Appendix F we will prove that for a set of graphs with uniformly
regular tails we may assume the sets U in the above definition correspond to sets of vertices.
Note that if a collection % of graphons has uniformly regular tails, then every collection of
graphons which can be derived from %" by adding a finite number of the graphons to % will
still have uniformly regular tails. In other words, if 7/ M, e are such that the conditions of
Definition 13 are satisfied for all but finitely many graphons in 7/ then the collection %~
has uniformly regular tails.

The following theorem shows that a necessary and sufficient condition for subsequential
convergence is the existence of a subsequence with uniformly regular tails.

Theorem 15 Every sequence (Why)nen of uniformly bounded graphons with uniformly reg-
ular tails converges subsequentially to some graphon W for the cut metric dg. Moreover,
if Wy, is non-negative then every égo-Cauchy sequence of uniformly bounded, non-negative
graphons has uniformly regular tails.

The proof of the theorem will be given in Appendix E. The most challenging part of
the proof is to show that uniform regularity of tails implies subsequential convergence. We
prove in Lemma 58 that the property of having uniformly regular tails is invariant under
certain operations, which allows us to prove subsequential convergence similarly as in the
setting of dense graphs, i.e., by approximating the graphons by step functions and using a
martingale convergence theorem.

Two immediate corollaries of Theorem 15 are the following results.
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Corollary 16 The set of all [0, 1]-valued graphons is complete for the cut metric g, and
hence also for o7;.

Corollary 17 Let (Gp)nen be a sequence of finite graphs with non-negative, uniformly
bounded edge weights such that |E(Gy)| < oo for each n € N. Then the following hold:

(i) If (Gp)nen has uniformly regular tails, then (Gp)nen has a subsequence that converges
to some graphon W in the stretched cut metric.

(it) If (Gpn)nen is a 6-Cauchy sequence, then it has uniformly reqular tails.

(111) If (Gp)nen ts a 03-Cauchy sequence, then it converges to some graphon W in the
stretched cut metric.

The former of the above corollaries makes two assumptions: (i) the graphons are uniformly
bounded, and (ii) the graphons are non-negative. We remark that both of these conditions
are necessary.

Remark 18 The set of all Ry -valued graphons is not complete for the cut metric ég; see for
example the argument of Borgs, Chayes, Cohn, and Zhao (2014a, Proposition 2.12(b)) for a
counterexample. The set of all [—1, 1]-valued graphons is also not complete, as the following
example suggested to us by Svante Janson illustrates. For each n € N let V,, = (V,,,R;) be
a {—1,1}-valued graphon supported in [n — 1,n)? satisfying ||Va|lo < 27" and ||Va|1 = 1,
by defining V,, to be an appropriately rescaled version of a graphon for a sufficiently large
Erdds-Rényi random graph with edge density 1/2. Define Wy, = (Wy, Ry.) by Wy, := >3 Vi,
and assume there is a graphon W = (W,Ry) such that lim,_, do(W,W,,) = 0. Then we
can find a sequence of measure-preserving transformations (¢n)nen with ¢n: Ry — Ry,
such that lim, o [|[W? — Wy||o = 0. This implies that limy, o |W¢n1[k—1,k]2 —Villo=0
for each k € N. Since Vi, is a graphon associated with an Erdds-Rényi random graph it
is a step graphon. For any intervals I,J C Ry such that Vi|rxg = 1 or Vi|ix;g = —1
we have limy, o H(W‘i)”l[k_m]z — Vi)lrxsllo = 0, so since W takes values in [—1,1] we

have limp o0 WO || L1150y = IVillpixgy- Since Vil Lt (e—1,112) = 1 this implies that
limy, 00 ”W%HLl([k—Lk]?) = 1. We have obtained a contradiction to the assumption that W
is a graphon, since for each n € N we have |W|[1 > >"72, ||W¢"\|L1([k,17k}2).

Remark 19 For comparison, Lovdsz and Szegedy (2007, Theorem 5.1) proved that [0, 1]-
valued graphons on the probability space [0,1] (and hence any probability space) form a
compact metric space under dg. Compactness fails in our setting, because convergence
requires uniformly reqular tails, but completeness still holds.

Our next result compares the theory of graph convergence developed by Borgs, Chayes.
Cohn, and Zhao (2014a,b) with the theory developed in this paper. First we will define
the rescaled cut metric 6f;. A sequence of graphs is convergent in the sense considered by
Borgs, Chayes, Cohn, and Zhao (2014a,b) iff it converges for this metric. For two graphons
Wi = (W1, #1) and Wy = (Wa, %), where .7 and % are measure spaces of the same total
measure, define Wy := ||[W1 || W1, Wa = |[Wal; ' Wa, and

O (Wi, Wa) i inf ([T = W 0,150
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where we take the infimum over all measures g on S; X Sy with marginals g1 and e,
respectively. For any graphs G and G’ we let WY and WY, respectively, denote the
canonical graphons associated with G' and G’, and for any graphon W we define

SL(G, W) = 6L (WE W), §L(G, G == sL(WE W,

For the notion of convergence studied by Borgs, Chayes, Cohn, and Zhao (2014a), uniform
upper regularity plays a similar role to that of regularity of tails in the current paper. More
precisely, subsequential uniform upper regularity for a sequence of graphs or graphons defined
over a probability space is equivalent to subsequential convergence to a graphon for the
metric d7; (Borgs, Chayes, Cohn, and Zhao, 2014a, Appendix C). The primary conceptual
difference is that the analogue of Corollary 16 does not hold in the theory studied by Borgs.
Chayes, Cohn, and Zhao (2014a).

We will now define what it means for a sequence of graphs or graphons to be uniformly
upper regular. A partition of a measurable space (5,S) is a finite collection P of disjoint
elements of S with union S. For any graphon W = (W, .%) with . = (S, S, ) and a partition
P of (S,S) into parts of nonzero measure, define Wp by averaging W over the partitions.
More precisely, if P ={I; : i =1,...,m} for some m € N, define Wp := ((W)p,.), where

1

A sequence (Wy,)nen of graphons W,, = (W,,,.%,,) over probability spaces .%;, = (Sy, Sn, tin)
is uniformly upper regular if there exists a function K: (0,00) — (0,00) and a sequence
{"n }nen of positive real numbers converging to zero, such that for every ¢ > 0, n € N, and
partition P of S, such that the u,-measure of each part is at least n,, we have

(Wp)(x1,x2) = W (2}, x%) da’, da if (z1,292) € I; x I;.

(W)L wo)plzk )l < e

For any graph G define the rescaled canonical graphon W™ = (W [0,1]) of G to be
equal to the canonical graphon WY of G, except that we rescale the graphon such that
|WET||; = 1. More precisely, we define W& := (W™ [0,1]) with W .= |[WE||['WE.
We say that a sequence of graphs (Gy)nen is uniformly upper regular if W), ey is
uniformly upper regular, where we only consider partitions P corresponding to partitions of
V(G,), and we require every vertex of GG, to have weight less than a fraction 7, of the total
weight of V(Gy,).

The following proposition, which will be proved in Appendix F, illustrates the very
different nature of the sparse graphs studied by Borgs, Chayes, Cohn, and Zhao (2014a,b)
and the graphs studied in this paper.

Proposition 20 Let (Gp)nen be a sequence of simple graphs satisfying |V (Gy)| < oo for
each n € N.

(i) If (Gp)nen is sparse it cannot both be uniformly upper reqular and have uniformly
reqular tails; hence it cannot converge for both metrics 62 and o7 if it is sparse.

(ii) Assume (Gp)nen is dense and has convergent edge density. Then (Gp)nen s a Cauchy
sequence for 62 iff it is a Cauchy sequence for 65. If we do not assume convergence
of the edge density, being a Cauchy sequence for ofy (resp. 08;) does not imply being a
Cauchy sequence for 6% (resp. 61).
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Many natural properties of graphons are continuous under the cut metric, for example
certain properties related to the degrees of the vertices. For graphons defined on probability
spaces it was shown by Borgs, Chayes, Cohn, and Ganguly (2015, Section 2.6) that the
appropriately normalized degree distribution is continuous under the cut metric. A similar
result holds in our setting, but the normalization is slightly different: instead of the
proportion of vertices whose degrees are at least A times the average degree, we will consider
a normalization in terms of the square root of the number of edges. Given a graph G and
vertex v € V(G), let dg(v) denote the degree of v, and given a graphon W = (W, (S, S, u)),
define the analogous function Dy : S — R by

=/meww.
S

The following proposition is an immediate consequence of Lemma 45 in Appendix A, which
compares the functions Dy, and Dyy, for graphons that are close in the cut metric.

Proposition 21 Let W,, = (Wy, (Sp, Sn, in)) be a sequence of graphons that converge to a
graphon W = (W, (S, S, i) in the cut metric 0o, and let A > 0 be a point where the function
A= p({Dw > A}) is continuous. Then p,({Dw, > A}) = w({Dw > A}). In particular,

¢ﬂEHU€V L de, (v >AVEE7“}LﬁM{DWs>A9

whenever G, is a sequence of finite simple graphs that converge to a graphon W?* in the
stretched cut metric and u({Dws > A}) is continuous at \.

Our final result in this section, which will be proved in Appendix F, is that graphs
which converge for the stretched cut metric have unbounded average degree under certain
assumptions, a result which also holds for graphs that converge under the rescaled cut metric
(Borgs, Chayes, Cohn, and Zhao, 2014a, Proposition C.15).

Proposition 22 Let (G,,)nen be a sequence of finite simple graphs such that the number
of isolated vertices in Gy, is o(|E(Gy)|) and such that lim,_,o |E(Gy)| = co. If there is a
graphon W such that limy, o 0%(Gr, W) = 0, then (Gp)nen has unbounded average degree.

The proof of the proposition proceeds by showing that graphs with bounded average
degree and a divergent number of edges cannot have uniformly regular tails.

2.4 Random Graph Models

In this section we will present two random graph models associated with a given [0, 1]-valued
graphon W = (W, .) with % = (S, S, p).

Before defining these models, we introduce some notation. In particular, we will introduce
the notion of a graph process, defined as a stochastic process taking values in the set of
labeled graphs with finitely many edges and countably many vertices, equipped with a
suitable o-algebra. Explicitly, consider a family of graphs G = (G¢)>0, where the vertices
have labels in N. Let G denote the set of simple graphs with finitely many edges and
countably many vertices, such that the vertices have distinct labels in N. Observe that a
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graph in this space can be identified with an element of {0, 1}NU(§). We equip {0, I}NU@)
with the product topology and G with the subspace topology T. Recall that a stochastic
process is cadlag if it is right-continuous with a left limit at every point. Observe that the
topological space (G, T) is Hausdorff, which implies that a convergent sequence of graphs
has a unique limit. The o-algebra on G is the Borel g-algebra induced by T.

Definition 23 A graph process is a cadlag stochastic process G = (Gy)e>0 taking values
in the space of graphs G equipped with the topology T defined above. The process is called
projective if for all s < t, G5 is an induced subgraph of Gy.

We now define the graphon process already described informally in the introduction.
Sample a Poisson random measure V on Ry x S with intensity given by A x u (see the book
of Cmlar, 2011, Chapter VI, Theorem 2.15), and identify V with the collection of points
(t,z) at which V has a point mass.% Let G be a graph with vertex set V), such that for each
pair of vertices vy = (t1,71) and vz = (t2,r2) with v; # v2, there is an edge between v; and
vy with probability W (z1, z2), independently for any two v1,v2. Note that G is a graph with
countably infinitely many vertices, and that the set of edges is also countably infinite except
if W is equal to 0 almost everywhere. For each £ > 0 let G, be the induced subgraph of G
consisting only of the vertices (#',x) for which ¢ <t. Finally define Gy to be the induced
subgraph of Gy consisting only of the vertices having degree at least one. While G, is a
graph on infinitely many vertices if ;(S) = oo, it has finitely many edges almost surely, and
thus Gy is a graph with finitely many vertices. We view the graphs G; and G; as elements
of G by enumerating the points of V in an arbitrary but fixed way.

When p(S) < oo the set of graphs {G; : t > 0} considered above is identical in law
to a sequence of W-random graphs as defined by Lovész and Szegedy (2006) for graphons
over [0,1] and, for example, by Bollobas, Janson, and Riordan (2007) for graphons over
general probability spaces. More precisely, defining a stopping time ¢,, as the first time when
|V (G¢)| = n and relabeling the vertices in V/(Gy,,) by labels in [n], we have that the sequence
{G,, : n € N} has the same distribution as the sequence of random graphs generated from
W, except for the fact that u should be replaced by the probability measure i = ﬁ 1, a
fact which follows immediately from the observation that a Poisson process with intensity
tp conditioned on having n points is just a distribution of n points chosen i.i.d. from the
distribution zi. In the case when j(S) = oo it is primarily the graphs G (rather than G)
which are of interest for applications, since the graphs G; have infinitely many (isolated)
vertices. But from a mathematical point of view, both turn out to be useful.

Definition 24 Two graph processes (G} )i>0 and (G7)1>o are said to be equal up to relabeling
of the vertices if there is a bijection ¢: |U;>q V(G}) — U0 V(G 2) such that ¢(G}) = G?
for all t > 0, where ¢(G}) is the graph whose vertex and edge sets are {¢(i)}icv(q,) and

6. We see that this collection of points exists by observing that for any measurable set A C Ry x S of finite
measure, we may sample {(¢,z) € VN A} by first sampling the total number of points N4 € NU {0}
in the set (which is a Poisson random variable with parameter u(A)), and then sampling N4 points
independently at random from A using the measure p|4 renormalized to be a probability measure. Note
that our Poisson random measure is not necessarily a random counting measure as defined for example
by Cinlar (2011), since in general, not all singletons (¢, x) are measurable, unless we assume that the
singletons {z} in S are measurable.
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{0(1)0()) }ijer (), respectively. Two graph processes (Gi)i=o and (G7)i>o are said to be
equal in law up to relabeling of the vertices if they can be coupled in such a way that a.s.,
the two families are equal up to relabeling of the vertices.

Note that in order for the notion of “equal in law up to relabeling of the vertices” to be
well defined, one needs to show that the event that two graph processes (G¢)i>0 and (ét)tzo
are equal up to relabeling is measurable. The proof of this fact is somewhat technical and
will be given in Appendix C.

Definition 25 Let W = (W,.) be a [0, 1]-valued graphon. Define g(W) = (ét(W))tzo
(resp. G(W) = (Gt(W))i0) to be a random family of graphs with the same law as the graphs
(Gt)t>0 (resp. (Gt)e>0) defined above.

(i) A random family of simple graphs is called a graphon process without isolated vertices
generated by W if it has the same law as G(W) up to relabeling of the vertices, and it
is called a graphon process with isolated vertices generated by W if it has the same
law as G(W) up to relabeling of the vertices.

(i) A random family G = (ét)tZO of simple graphs is called a graphon process if there
exists a graphon W such that after removal of all isolated vertices, G has the same law
as G(OW) up to relabeling of the vertices.

If G = (Gi)e>0 is a graphon process, then we refer to Gy as the graphon process at time ¢.

Given a graphon W = (W,.) one can define multiple other natural random graph
models; see below. However, the graph models of Definition 25 have one property which
sets them apart from these models: exchangeability. To formulate this, we first recall that
a random measure £ in the first quadrant Ri is jointly exchangeable iff for every h > 0,
permutation o of N, and i,j € N,

€I x 1) £ €(Iyy X Ip(),  where I i= [h(k — 1), hk].

Here < means equality in distribution, and, as usual, a random measure on Ri is a measure
drawn from some probability distribution over the set of all Borel measures on R2 , equipped
with the minimal o-algebra for which the functions p — u(B) are measurable for all Borel
sets B.

To relate this notion of exchangeability to a property of a graphon process, we will assign
a random measure £(G) to an arbitrary projective graph process G = (G¢)¢>0. Defining the
birth time ¢, of a vertex v € V(G) as the infimum over all times ¢ such that v € V(G;), we
define a random measure £ = £(G) on R% by

5(9) = Z 5(tu,tv), (4)

(u,v)EE(G)

where each edge (u,v) = (v,u) is counted twice so that the measure is symmetric. If G is a
graphon process with isolated vertices, i.e., G = G(W) for some graphon W, it is easy to see
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that at any given time, at most one vertex is born, and that at time ¢t = 0, G; is empty. In
other words,

V(Gp) =0 and |V(Gy)\V(Gs-)| <1 forallt>D0. (5)

It is not that hard to check that the measure £ is jointly exchangeable if G is a graphon
process with isolated vertices” generated from some graphon Y. But it turns out that the
converse is true as well, provided the sequence has uniformly regular tails. The following
theorem will be proved in Appendix G, and as with Caron and Fox (2014) we will rely on
the Kallenberg theorem for jointly exchangeable measures (Kallenberg, 2005, Theorem 9.24)
for this description. Veitch and Roy (2015) have independently formulated and proved a
similar theorem, except that their version does not include integrability of the graphon or
uniform tail regularity of the sequence of random graphs.

Before stating our theorem, we note that given a locally finite symmetric measure &
that is a countable sum of off-diagonal, distinct atoms of weight one in the interior of Ri,
we can always find a projective family of simple graphs G; obeying the condition (5) and
the other assumptions we make above, and that up to vertices which stay isolated for all
times, this family of graphs is uniquely determined by £ up to relabeling of the vertices. Any
projective family of countable simple graphs G with finitely many edges at any given time
can be transformed into one obeying the condition (5) (by letting the vertices appear in the
graph Gy exactly at the time they were born and merging vertices born at the same time,
and then labeling vertices by their birth time), provided the measure £(G) has only point
masses of weight one, and has no points on the diagonal and the coordinate axes.

Theorem 26 Let G = (ét)tzo be a projective family of random simple graphs which satisfy

(5), and define & = £(G) by (4). Then the following two conditions are equivalent:

(i) The measure £ is a jointly exchangeable random measure and (ét)tzo has uniformly
regular tails.

(ii) There is a Ry -valued random variable a such that W = (Wa,Ry) is a [0, 1]-valued
graphon almost surely, and such that conditioned on o, (Gt)¢>0 (modulo vertices that
are isolated for all t > 0) has the law of G(W,) up to relabeling of the vertices.

Recall that we called two graphons equivalent if their distance in the cut metric §g is
zero. The following theorem shows that this notion of equivalence is the same as equivalence
of the graphon process generated from two graphons, in the sense that the resulting random
graphs have the same distribution. Note that in (ii) we only identify the law of G; up to
vertices that are isolated for all times; it is clear that if we extend the underlying measure
space .’ and extend W trivially to this measure space, the resulting graphon is equivalent
to W and the law of the graphs G; remains unchanged, while the law of Gy might change
due to additional isolated vertices.

7. This is one of the instances in which the family G(W) is more useful that the family G(W): the latter
only contains information about when a vertex first appeared in an edge in G(W), and not information
about when it was born.
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Theorem 27 Fori=1,2 let W; = (W;,.%;) be [0,1]-valued graphons, and let (G%)i>¢ and
(G})e>0 be the graphon processes generated from W; with and without, respectively, isolated
vertices. Then the following statements are equivalent:

(i) 5D(W1, WQ) =0.

(ii) After removing all vertices which are isolated for all times, (é%)tzo and (é%)tz() are
equal in law up to relabeling of the vertices.

(i4i) (G})i>0 and (GF)i>0 are equal in law up to relabeling of the vertices.

The theorem will be proved in Appendix D. We show that (i) implies (ii) and (iii) by
using Proposition 51, which says that the infimum in the definition of d is attained under
certain assumptions on the underlying graphons. We show that (ii) or (iii) imply (i) by
using Theorem 28(i).

As indicated before, in addition to the graphon processes defined above, there are several
other natural random graph models generated from a graphon W. Consider a sequence of
probability measures (i, )nen on (S, 8), and construct a sequence of random graphs G, as
follows. Start with a single vertex (1, z1) with z; sampled from py. In step n, sample z;, from
ln, independently from all vertices and edges sampled so far, and for each i = 1,... k&, add an
edge between (i, z;) and (n,z,) with probability W (x;, x,), again independently for each ¢
(and independently of all vertices and edges chosen before). Alternatively, sample an infinite
sequence of independent features x1, x2, ... distributed according to w1, po, ..., and let G be
the graph on infinitely many vertices with vertex set identified with {(n,z,) : n € N}, such
that for any two ni,n2 € N there is an edge between (n1,z,,) and (ng, x,,) independently
with probability W (zy, , Zn,). For each n € N let G,, be the induced subgraph of G consisting
only of the vertices (k, zj) for which k < n.

It was proven by Borgs, Chayes, Lovasz, S6s, and Vesztergombi (2008) that dense
W-random graphs generated from graphons on probability spaces converge to W. The
following theorem generalizes this to graphon processes, as well as for the alternative model
defined in terms of a suitable sequence of measures p,.

Theorem 28 Let W = (W,.”) with ¥ = (S,S, ) be a [0,1]-valued graphon. Then the
following hold:

(i) Almost surely lim; oo 65 (W, Gi(W)) = 0 and limy_, o 05(W, G(W)) = 0.

(ii) Let (Gp)nen be the sequence of simple graphs generated from W with arrival probabili-
ties pin, := pu(Sn) " tp|s, as described above, where we assume Unen Sn =5, Sn € Snq1,
and 0 < p(Sy) < oo for allm € N, and W is not equal to 0 almost everywhere. Then
a.8.-limy, 00 65 (W, Gp) = 0 if and only if > o0 | u(Sn) ™ = .

We will prove the theorem in Appendix D. Part (i) of the theorem is proved by observing
that for any set A C S of finite measure, the induced subgraph of G; consisting of the vertices
with feature in A has the law of a graph generated from a graphon over a probability space.
This implies that we can use convergence results for dense graphs to conclude the proof. In
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our proof of part (ii) we first show that the condition on S, is necessary for convergence, by
showing that otherwise E(G,) is empty for all n € N with positive probability. We show
that the condition on S, is sufficient by constructing a coupling of (G )nen and a graphon
process (G¢)e>0-

2.5 Left Convergence

Left convergence is a notion of convergence where we consider subgraph counts of small
test graphs. Existing literature defines left convergence both for dense graphs (Lovasz and
Szegedy, 2006) and for bounded degree graphs (Borgs, Chayes, Kahn, and Lovész, 2013),
with a different renormalization factor to adjust for the difference in edge density. We will
operate with a definition of subgraph density with an intermediary renormalization factor,
to take into account that our graphon process satisfies w(|V (Gy)|) = |E(Gy)| = O(|V(Gy)|?).
For dense graphs our definition of left convergence coincides with the standard definition in
the theory of dense graphs.

For a simple graph F' and a simple graph G define hom(F,G) to be the number of
adjacency preserving maps ¢: V(F) — V(G), i.e., maps ¢ such that if (v1,v2) € E(F'), then
(¢(v1), d(v2)) € E(G), and define inj(F, G) be the number of such maps that are injective.

Define the rescaled homomorphism density h(F,G) and the rescaled injective homomor-
phism density hinj(F,G) of F in G by

hom(F,G)
CIEG) VI

inj(F, Q)
GBIV

h(F,G) := and  hinj(F,G) ==

For any [0, 1]-valued graphon W = (W, .#) we define the rescaled homomorphism density of
F in W by

h(E,W) = HWH;W(FWQ /SV(F)| H W(xi,zj)dzy ... dzyyp))-

(i.7)€E(F)

Note that in general, h(F,)V) need not be finite. Take, for example, W = (W,R ) to be a
graphon of the form

(2.9) 1 ify < f(z), and
W(x,y) =
0 otherwise,

where

flz) =

12 if o <z <1, and
2 ifx>1.

Let Dy (z) = fR+ W (z,y)dy. Then Dy is in L*(R.), but not in L¥(R,) for any k > 2.

Thus if F is a star with k& > 2 leaves, then h(F, W) := HWHIUCH)/2 th Dt (z)dx = cc.
Proposition 30(ii) below, whose proof is based on Lemma 62 in Appendix H, gives one
criterion which guarantees that h(F, W) < oo for all simple connected graphs F'.

Definition 29 A sequence (Gp)nen is left convergent if its edge density is converging, and
if for every simple connected graph F with at least two vertices, the limit lim,_, h(F,Gy)
exists and is finite. Left convergence is defined similarly for a continuous-time family of
graphs (Gt)i>0-
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For dense graphs left convergence is equivalent to metric convergence (Borgs, Chayes.
Lovész, Sés, and Vesztergombi, 2008). This equivalence does not hold for our graphs, but
convergence of subgraph densities (possibly with an infinite limit) does hold for graphon
processes.

Proposition 30 (i) If W = (W,.¥) is a [0, 1]-valued graphon and (Gt)¢=o is a graphon
process, then for every simple connected graph F with at least two vertices,

tlim hinj(F, Gt) = h(F, W) S [0, OO]

almost surely.

(i) In the setting of (i), if Dw(x) := [¢ W (z,2") du(a’) is in LP for all p € [1,00), then
h(F,W) < oo for every szmple connected graph F' with at least two vertices and

lim h(F,Gy) = hm hmJ(F G¢) = h(EF, W)

t—o00
almost surely, so in particular (Gt)i=o is left convergent.

(11i) Assume (Gp)nen is a sequence of simple graphs with bounded degree such that

Jim [V(Gyp)| = oo
and E(Gy) # 0 for all sufficiently large n. Then (Gp)nen 4 trivially left convergent,
and limy,_,oo h(F,G,) = 0 for every connected F for which |V (F)| > 3.

(iv) Left convergence does not imply convergence for 82, and convergence for 62 does not
imply left convergence.

The proposition will be proved in Appendix H. Part (i) is immediate from Proposition 56,
which is proved using martingale convergence and that inj(F, G_;) appropriately normalized
evolves as a backwards martingale. Part (ii) is proved by using that h(F, G;) and hiyj(F, Gt)
are not too different under certain assumptions on the underlying graphon. Part (iii) is
proved by bounding hom(F, G,) from above, and part (iv) is proved by constructing explicit
counterexamples.

Remark 31 While we stated the above proposition for graphons, i.e., for the case when
W € L', the main input used in the proof, Proposition 56 below, does not require an integrable
W, but just the measurability of the function W: S x S — [0, 1].
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Appendix A. Cut Metric and Invariant [P Metric

The main goal of this appendix is to prove Proposition 6, which says that dg and é; are
well defined and pseudometrics. In the course of our proof, we will actually generalize this
proposition, and show that it can be extended to the invariant LP metric d,, provided the
two graphons are non-negative and in LP.

We start by defining the distance 6,(W;, W) for two such graphons Wy = (Wy,.77)
and Wy = (W1, %) over two spaces .1 = (51, S1, ;) and % = (Sa2, Sz, u2) of equal total
measure, in which case we set

SpWi, Wa) = iﬂf W — W32 lp,51 xSz,

where, as before, m; and 79 are the projections from S7 x S9 to S1 and Sy, respectively, and
the infimum is over all couplings p of py and pa. If 111 (S1) # p2(S2) we define 6,(Wi, Wa)
by trivially extending W; and W» to two graphons VNV1 and Eg, respectively, over measure
spaces of equal measure, and defining 6, (Wi, Wa) 1= §,( W1, Wh), just as in Definition 5 (ii).

Proposition 32 For i = 1,2, let W; = (W;,.%;) be non-negative graphons over .¥; =
(Si, Si, i) with Wi € LP(S; x S;) for some p € (1,00). Then 6,(Wi, Wa) is well defined. In
particular, 6,( Wi, Wa) does not depend on the choice of extensions Wl and Wg. Furthermore,
dp is a pseudometric on the space of non-negative graphons in LP.

We will prove Proposition 32 at the same time as Proposition 6. We will also establish an
estimate (Lemma 44) saying that two graphons are close in the cut metric if we obtain one
from the other by slightly modifying the measure of the underlying measure space. Finally
we state and prove a lemma, Lemma 45, that immediately implies Proposition 21.

The following lemma will be used in the proof of Propositions 10 and 48. The analogous
result for probability spaces can for example be found in a paper by Janson (2013, Theorem
A.7), and the extension to o-finite measure spaces is straightforward.

Lemma 33 Let ¥ = (S,S, 1) be an atomless o-finite Borel space. Then .7 is isomorphic
to ([0, u(S)), B, \), where B is the Borel o-algebra and X is Lebesgue measure.

Proof For u(S) < oo, this holds because every atomless Borel probability space is iso-
morphic to [0, 1] equipped with the Borel o-algebra and Lebesgue measure (Janson, 2013,
Theorem A.7). For u(S) = oo we use that by the hypotheses of o-finiteness there exist
disjoint sets Sy € S for k € N such that S = [J,~; Sk and p(S;) < oo for all k € N. For
cach k € N we can find isomorphisms ¢: [0, ()] — [0, u(Sk)) and ¢: Sy, — [0, pu(Sk)]. It
follows by considering the composed map ¢ o gg that Sy is isomorphic to [0, u(Sk)). The
lemma follows by constructing an isomorphism from S to R4 where each set Sy is mapped
onto an half-open interval of length p(Sk). [ |

The first statement of Proposition 6, i.e., the existence of a coupling, follows directly
from the following more general result.
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Lemma 34 For k = 1,2 let %, = (Sk, Sk, k) be a o-finite measure space such that
11(S1) = p2(S2) € (0,00]. Let Dy € Sk, and let i1 be a measure on the product space
D1 x Do, where Dy, is equipped with the induced o-algebra from Si. Assume the marginals i
and [y of [ are bounded above by u1|p, and pa|p,, respectively, and that either D1 = Dy = ()
or pug(Sk \ D) = oo for k =1,2. Then there exists a coupling u of 1 and S, such that

N’D1><D2 = M.

Proof First we consider the case when Dy = Dy = 0. If p1(S1) = u2(S2) < oo we define
1 to be proportional to the product measure of p; and po. Explicitly, for A € &1 and
B € Sy, we set (A x B) = p1(A)pe(B)/p1(S1). This clearly gives p(S1 x B) = pa(B) and
(A x Sy) = u1(A), as required.

If 411(S1) = p2(S2) = 0o, we consider partitions of S7 and Sy into disjoint sets of finite
measure, with S, = (U5, Af‘ for k = 1,2. Let I1,15,... and Jq,Jo,... be decomposi-
tions of [0, 00) into adjacent intervals of lengths u1(A1), u1(Ad), ... and ua(A?), ua(43),. ..,
respectively. We then define a measure p on (S x S2,81 X S2) by

A(I; N 1)
Ax B) = 2t T (AN AN s (BN A2),  for A B .
/J,( X ) ZA(IZ))\(J])MI( N Z)MQ( N ])7 or 6817 682

ij>1

As a weighted sum of product measures, y is a measure, and inserting A = S or B = 55,
one easily verifies that p has marginals py and po. This completes the proof of the lemma
in the case that D; = Dy = 0.

Now we consider the general case. Decomposing D and D5 into disjoint sets of finite
mass with respect to py and pg2, Dy = ;> DF with px(DF) < oo, we define measures ﬁgf)
on Sy for k,/ =1,2 by

1
ﬁgl)(A) = iul(A N (S1\Dy)) for all A € Sy,

- 1 _
iy (B) = Spa(B 1 (S2\D2) + Y [M(B N D?) — fia(B N Df)} for all B € Sy,
i>1

- 1 _
A (A) = S (AN (S\D) + Y[ (AN D}) = fin(AN D})| for all A€ i, and

i>1

~ 1
MgQ)(Sl) = 5#2(3 N (S2\D3)) for all B € Ss.

Note that ﬁgé)(Sl) = ﬁg)(Sg) = oo for £ = 1,2 by our assumption ug(Sk\Dy) = oo for
k = 1,2. By the result for the case D1 = Dy = (), for £ = 1,2, we can find couplings
a® of ﬁgg) and ﬂg) on S x Sy. Extending the measure 1 to a measure on S x Sy by
assigning measure 0 to all sets which have an empty intersection with D; x Dy, the measure
=M + 4® 4+ [ has the appropriate marginals. To see that j|p,xp, = Ji, we note that
aM(Dy x Sp) = ﬁgl)(Dl) =0 and i®(S; x Dy) = ﬁéQ)(DQ) = 0, implying in particular that
iM(Dy x Dy) = ¥ (Dy x Dy) = 0. |
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Corollary 35 For k = 1,2 let %) = (Sk, Sk, ) be a o-finite measure space such that
u1(S1) = p2(S2) € (0,00], and let p be a coupling of w1 and pz. Let Dy € S be such
that pu(Dy x (S2 \ D2)) = p((S1 \ D1) x D2) € (0,00]. Then there exists a coupling fi of
w1 and po such that i is supported on (D1 x Do) U ((S1\ D1) x (S2\ D2)) and i > u on
(D1 x D2) U((S1\ D1) x (52\ D2)).

Proof Let u' be the restriction of p to (D; x D2) U ((S1 \ D1) x (S2 \ D2)), let u}
and ph be its marginals, and let 6; = p; — pf. Then 61(D1) = p(Dy x (S2 \ D2)) and
d2(D32) = pu((S1\ D1) x D2) = 61(D1) by the hypotheses of the corollary. In a similar way,
01(S1\ D1) = u((S1\ D1) x D3) = 62(S2 \ D2). With the help of the previous lemma, and
considering the domains D1 x D9 and (S7 \ D1) X (S2 \ D2) separately, we then construct a
coupling ¢ of ¢; and d, that has support on (D7 x D3) U ((S1\ D1) X (S2\ D2)). Setting
it = i/ + & we obtain the statement of the corollary. |

The following basic lemma will be used multiple times throughout this appendix. The
analogous result for probability spaces can be found for example in a paper by Janson (2013,
Lemma 6.4).

Lemma 36 Let p > 1, let % = (S;,Si, i) for i = 1,2 be such that p1(S1) = p2(S2), and
let Wy = (Wh,.2), Wi = (W], A1), and Wy = (Wa, S) be graphons in LP. Defining oo
and 6, as in Definition 5(i), we have

dSo(Wi, We) < do(Wp, We) + [|[W1 — Willo < do(Wp, We) + [W1 — Wi

and

op (W1, Wa) < 6,(W1, Wa) + W1 — Wi,

Proof The second bound on dg(Wi, W) is immediate, so the rest of the proof will consist
of proving the first bound on do(Wi, Wa) as well as the bound on 6,(Wi, Wh). Let p be a
measure on (S X S2, S1 X Sy) with marginals p1 and pug, respectively, and let ;: S1xS2 — S;
denote projections for i = 1,2. Since || - [|g clearly satisfies the triangle inequality,

5D(W17W2) < lem - W27r2’ 00,51 X So, 1

< W)™ = W llo,sy xSape + (W)™ = W 0,8, % Sa.
= [[(W])™ = W3[lo,5:xSa. + W] — Willo,s, -

The desired result follows by taking an infimum over all couplings. The bound on 6,(W;, Ws)
follows in the same way from the triangle inequality for || - ||,. [ ]

Remark 37 We state the above lemma only for the case when u1(S1) = p2(S2), since we
have not yet proved that 6oy and 6, are well defined otherwise. However, once we have proved
this, it is a direct consequence of Definition 5(ii) that the above lemma also holds when

p1(S1) # p2(Sa).
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Definition 38 Let (S,S) be a measurable space, and consider a function W: S x S — R.
Then W is a step function if there are some n € N, disjoint sets A; € S satisfying p(A;) < oo
forie{l,...,n}, and constants a; ; € R fori,j € {1,...,n} such that

W = Z ai,j]-AiXAj'
i,j€{1,...,n}

Note that in order for W to be a step function it is not sufficient that it is simple, i.e.,
that it attains a finite number of values; the sets on which the function is constant are
required to be product sets. The set of step functions is dense in L!; hence Lemma 36
implies that every graphon can be approximated arbitrarily closely by a step function for
the 60 metric.

Lemma 39 Let p > 1, let Wy = (W1,.71) and Wy = (Wa, S) be graphons, and let
S1 = User Ai and So = Jycy Bi for finite index sets I and J such that A; N Ay =0 for
i # i and B; N\ Bj =0 for j # j'. Suppose W1 and Wo are step functions of the form

Wi =" aiilaxa, and Wa= > biilpxp,,

ii’el Ja'ed

where a;  and b; ;o are constants in R. Let p and ' be two coupling measures on Sy x Sz, such
that (A x By) = 1/ (A; x By,) for all (i, k) € IxJ. Then |[W{ —=W3? o, = [W —=W32 o,
and Wt = W32 |[pu = W = Wa{lp -

Proof For all U,V C 51 x So,

/ (Wi = W) dpdp = > (U N (A x B))u(V 0 (Air x Bji))(aiir —bjj).  (6)
Uxv i 3.
From the form of this expression and the definition of || - |7 it is clear that we may assume
there are sets U’, V' C Sy x Sy such that for all 4, 7,

AZ'XB]'QU/ or (AiXBj)ﬂU/:(Z)
and

AiXngV/ or (AZ'XBj)ﬁV/:@,
and such that

W =Wl = [ VD = W) dudp
U'xv’
Hence it follows from (6) that [|[W™" = W52 |0, = [|[W{ —=W3?||o,w if p(A; x Bj) = 1/ (A; x Bj)
for all 4, j. The proof for the LP metric follows from the fact that

W = Wi |lb = > lais — bjp[Pu(As x Bj)u(Ai x Byr).

oy
BURVIV)
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Corollary 40 Let p > 1 and for k = 1,2, let Wy, = (Wk,&”k) with %, = (Sk, Sk, p) be
graphons in LP. For k = 1,2, let yk = (Sk,Sk,pk) and Yk = (Sk,Sk,uk) be eztenszons of
S with [i1(S1) = fi2(92) € (0, oc] and 7i1(S1) = 7ia(S2) € (0, o], and let Wi, and Wy, be the
trivial extensions of Wy to Yk and Yk Let ji and [i be _couplings of ji1 and i ,ug, and i d gy and
fa, respectively. If @ and [t agree on Sy x Sa, then HVV7Tl WQWI on = ||W W; oz
and [WI* = Wil = W7 = W32

Proof By Lemma 36 and the fact that step functions are dense in L' and in LP, it is
sufficient to prove the corollary for step functions. The corollary then follows from Lemma 39
by observing that for two sets A € S; and B € Sy with finite measure p1(A) and p2(B),
the 1 measure of sets of the form A x (S2 \ S2) and (S \ S1) X B can be expressed as
w1(A) — (A x Sa) and pa(B) — (S x B), respectively, implying that HW{” — WQMHDJL
and HV[N/l7T 1 — W?Hpﬁ depend only on the restriction of 1 to S1 x So, and similarly for
IW = W52 lloa and W — W32, 5 =

Lemma 39 is also used in the proof of the triangle inequality in the following lemma.
The proof follows the same strategy as the proof by Janson (2013, Lemma 6.5) for the case
of probability spaces.

Lemma 41 Letp > 1. Fori=1,2,3 let W; = (W, %) with .%; = (S;, Si, i) be a graphon
in LP, such that p11(S1) = p2(S2) = p3(Ss) € (0,00]. Defining 6o and d, as in Definition 5(i),
we have

5D(W1,W3) < 5D(W1,W2> + 5D(W2,W3) and (5p(W1,W3) < 5p(W1,W2) + 5p(W2,W3).

Proof By Lemma 36 and since step functions are dense in L', we may assume that W; is
a step function for i = 1,2,3. Let /1 = |J;2, A; (vesp. 7, = U] 1 By, =72, Cj) be
such that Wi|a;xa, (resp. WalB,xB,,, Wslc; ka) is constant for all j,k € N, and assume
without loss of generality that /Ll(Aj),/LQ(Bj),Mg(Cj) € (0,00) for all j € N. Throughout
the proof we abuse notation slightly and let m; denote projection onto .S; from any space
which is a product of S; and another space; for example, 71 denotes projection onto S; from
Sl X S2 X 537 Sl X SQ, and 51 X 53.

Let € > 0, and let p/ (resp. p”’) be a coupling measure on S; x Sy (resp. S X S3) such
that

HWlm — W27r2”|:|,ﬂ/ < 5D(W1,W2) +¢e and ||VV27r2 — W§F3HD#H < 5D(WQ,W3) + €.

We define a measure p on S7 X Sy x S3 for any £ C 57 x S2 x S3 which is measurable for
the product o-algebra by

Zu 1" (Bj x Cy) . X pa X p3(E N (A; x Bj x Cy))
]) 1 (Ai) p2(Bj) s (Cr) .

1,5,k

By a straightforward calculation (see, for example, the paper by Janson, 2013, Lemma 6.5)
the three mappings m;: (S1 x So X S3, 1) — (Sy, ) for | = 1,2,3 are measure-preserving.
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Furthermore, if i’ is the pushforward measure of u for the projection m5: S1 x So x S3 —
S x Sy, then
ﬁ,(Az X By) = ,U/(Az X B]) for all Z,j

By Lemma 39 and since m3: (51 X Sy X S3, 1) — (S1 x So, ') is measure-preserving,

W = W3 llosyxsepr = W = W3 llosyxse, = W — W3 [|0,81 %52 % 55,40

Hence,
W = W3 lo,s: %8s x 55,0 < d0(W1, Wa) + €.

Similarly,
IW3? = Wi l|o,s1 x50 ¢85, < 00(Wa, Wa) + €.

Letting i be the pushforward measure on Sy x S5 of u for the projection m3: S X So x S3 —
S1 X S3, we have

W = Wi llos, s, = W = Wi [lo,s1 x50 ¢85,

Since the cut norm || - || clearly satisfies the triangle inequality,

oW1, W) < |[WT — Wi ||o,syxs5.0 = W — W3 [|0,81 x So x S5,
< lem - W27r2HD751x32xS37u + HWQM - Wi?—SHDySlXSQXSBvN
< oW, Wz) + 5D(WQ, Ws) + 2¢.

Since € was arbitrary this completes our proof for 6g. The proof for ¢, is identical. |

Lemma 42 Let W; = (W;,.%;) with .%; = (S;, Si, i) be a graphon for i = 1,2, such that
wu1(S1) = pa(S2) € (0,00]. Fori = 1,2 let 57;: (gz,gl,ﬁ,z) be an extension of %, such
that ﬁl(gl) = ﬁg(g) € (0,00], and let VA\Z be the trivial extension of W; to % Then
oW, Wh) = 5D(VNV1,VNV2) and 5y(Wy, W) = (51(VNV1,VNV2), where 6o and 01 are as in
Definition 5(i). If p > 1 and Wy and Ws are non-negative graphons in LP, then the result
holds for 6, as well.

Remark 43 We remark that the assumption of non-negativity is necessary for the lemma
to hold when p > 1. If for example Wy = (1,[0,1]) and Wy = (—1,]0,1]) are graphons
over [0,1], and if Wi and Ws are the trivial extensions to [0,2], then 6,(W1,W2) =2 and
5P(W1,W2) =al/p,

Proof We start with the proof for the cut metric. We will first prove the result for the
case when S; = Nand S; = S :={1,...,n} for i = 1,2 and some n € N, §; and S; are the
associated discrete o-algebras, and fi;(z) = ¢ for all x € S; and some ¢ € (0, 1).

First we will argue that

So(WL, Wy) > 6o (Wi, W),

By Definition 5(i) it is sufficient to prove that for each coupling measure g on S x S we can
define a coupling measure zz on N x N such that [|[W" — W3?||g, = [|[W[" — W3?||n s But
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this is immediate, since we can define i such that fi|sxs = p, and (A1 x Ag) = ¢|A1 N Ag|
for Al - N\S

Next we will prove that
S (Wi, Wa) < So(Wi, Wa). (7)

Again by Definition 5(i), it will be sufficient to prove that given any coupling measure
fon N x N we can find a coupling measure p on S x S such that [|[W™" — W3?||n, <
Wy - W3 llog B

By the following argument we may approximate ||[W{™* — W27r 2 HD arbitrarily well by
replacing i with a coupling measure which is supported on (S x §) U ((N\S) x (N\S)),
where 5 := {1,..., K} for some sufficiently large K € N. Indeed, by Corollary 35, given
a coupling measure x on N x N and K € N, we can define a measure i supported on
(5 x 8) U ((N\S) x (N\S)) such that 7i > fi on (S x S) U ((N\S) x (N\S)). It is easy to see
from the construction of this measure in the proof of Corollary 35 that when K converges
to infinity, the measure /i converges to & when restricted to (S x N) U (N x S) (for example
for the topology where we look at the maximum difference of the measure assigned to any
set in (S x N)U (N x S)). Therefore the corresponding cut norms also converge. This shows
that we may assume that ji is supported on (S x §) U (N\S) x (N\S)) for some K € N
when proving (7).

Let [’ be the restriction of fi to Sx 5. Then HWl—WQHDJ\]XI\Lﬁ = ||/W1_W2||D Sx57

17\/\ (/I/IZ, 5/”\) is the trivial extensions of W, to the measure space 5/”\ associated with S;. We
will prove that we may assume without loss of generality that p1/ corresponds to a permutation
of S. By choosing M € N sufficiently large we can approximate HW1 W2||D,”/ arbitrarily

—, where

well by replacing i with a measure such that each element (4, j) € S x S has a measure which
is an integer multiple of ¢/M; hence we may assume fi’ is on this form. Each such i’ can be
described in terms of a permutation o’ of [K M| via p'((i,7)) = Zf:]\f c/M&; ro/a05, [0 (0) /07 -
Let V/\Z’ (W’ [ M]) be the graphon such that each j € [K M] has measure ¢/M, and such
that /I/IZ’ (W )® for the measure-preserving map ¢: [K M| — [K] defined by ¢(j) := [j/M].
Using Proposition 39 and the above observation on describing ﬂ ((7,7)) in terms of a
permutation o’ of [K M] we see that ||W1 - /WQHDJ] = ||/V[71’ (WQ)" |lo- Upon replacing W
by T//I\/Z’ throughout the proof, we may assume that the measure fi’ is a permutation.

To complete the proof it is therefore sufficient to consider some permutation o of S and
prove that we can find a permutation o of S mapping S to S such that

Wy — Wi |o > [[Wy — WY ||o. (8)

We modify the permutation & step by step to obtain a permutation mapping S to S. Abusing
notation slightly we let & and o denote the old and new, respectively, permutations in a single
step. In each step choose i1,i2 < n and ji, jo > n such that o(i1) = j; and 6(j2) = i9; if such
11,12, j1, jo do not exist we know that & maps S to S. Then deﬁne o(i) := ig and 0(]’2) = j1,
and for k & {i1,j2} define o(k) := (k). We have HW1 W2 lo < HW1 VV2 |lo by the
following argument. Let U,V C N be such that HW1 Wello = | [y (W1 wg ) dx dyl.

Since o(j2) > n (implying that both W, and I/V2 are trivial on (j2 x N) and (N x j3))
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the following identity holds if we define U’ := U\{j2} or U’ := U U {j2}, and if we define
=V\{j2} or V' :=V U {jo}:

/ (Wl—wg)dxdy:/ (/Wl—/V[?Q”)d$dy.
UxV U'xv’

In other words, foV(/Wl - /WQ" ) dx dy is invariant under adding or removing js from U
and/or V. Therefore we may assume without loss of generality that

jpeUiffiyelU,  jreViffi eV, (9)

since if (9) is not satisfied we may redefine U and V' such that (9) holds, and we still have
Wy — WS |o = ’foV(Wl — Wg)dxdy|. The assumption (9) implies that fov(I//[\/'l —
WZ" )drdy = fov(Wl - /1/1723 ) dz dy, which implies (8) since we can obtain a permutation o
mapping S to S in finitely many steps as described above.

Now we will prove the lemma for general graphons. We will reduce the problem step by
step to a problem with additional conditions on the measure spaces involved, until we have
reduced the problem to the special case considered above.

First we show that we may assume .%; and 57; are non-atomic. Define S] := S; x [0, 1] and
gl’ = S; x [0,1], let ./ and 5’7 be the corresponding atomless product measure spaces when
[0,1] is equipped with Lebesgue measure, and let W/ = (W/,.#/) and VNV{ = (Wl’,%) be
graphons such that W/ = (W;)™ and W’ (W)™ , where T S — S and 7} ﬁ — 7
are the projection maps on the first coordinates. By considering the natural coupling of S’
and S; it is clear that 5D(W’ W) = 0. It therefore follows from the triangle inequality that
5D(W1, Wg) = 5D(W1, WQ) Similarly, oo(Wi, Wa) = ég(W{,W3). In order to prove that
So(Wy, Wa) = d(W1, W) it is therefore sufficient to prove that 6D(W1, WQ) = op(Wy, Wi).
Since ./ and y are atomless and W is a trivial extension of W/ it is therefore sufficient
to prove the lemma for atomless measure spaces.

Next we will reduce the general case to the case when ﬁl(gl) oo. If ,uz(S ) < 00 we
extend 5” to a space 5” of infinite measure, and let W be the trivial extension of W to Y .
Assuming we have proved the lemma for the case when the extended measure spaces have
infinite measure, it follows that

S (Wi, Wa) = 80(Wh, Wa) = do(Wi, Wa);

hence the lemma also holds for the case when 71;(.S;) < oo.

Next we prove that we may assume p;(S;) < oo. We proceed similarly as in the
previous paragraph, and assume p;(S;) = oo. By Lemma 36 we may assume W; are
supported on sets of ﬁmte measure, and we let 5” (SZ,SZ, ;) be a restriction of .7
such that supp(W;) C S; x S; and ,ul(S ) < oo. Since .%; is non-atomic we may assume
ﬁ1(§1) = ﬁ2(§2) Define the graphon W; = (/WZ,LS/”Z\) to be such that W; is the trivial
extension of 1//\7Z to ;. Assuming we have proved the lemma for the case when p;(S;) < oo,
it follows that o o

So(Wi, Wa) = do(W1, Wa) = do(Wr, Wa);

hence the lemma also holds for the case when 1;(.S;) < oo.
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Next we will prove that we may assume W is a step function for ¢ = 1,2, such that
each step has the same measure ¢ > 0. Step functions are dense in L', and hence it is
immediate from Lemma 36 that we may assume W; is a step function. We may assume
that the measure of each step is a rational multiple of 1;(.S;); if this is not the case we may
adjust the steps slightly (because .#; is non-atomic, we can choose subsets of the steps of
any desired measures, by Exercise 2 from §41 in the book of Halmos, 1974) to obtain this.
Assuming each step has a measure which is a rational multiple of 1;(.S;) we may subdivide
each step such that each step obtains the same measure ¢ > 0, again using the exercise in
the book by Halmos (1974).

Assume W; are step functions consisting of k € N steps each having measure ¢ > 0,
and that 1;(S;) < oo and [i;(S;) = co. Let Wi = (W], [n]) (resp. W’ = (W’ N)) be a
graphon over [n] := {1,...,n} (resp. N) equipped with the discrete o-algebra, such that
each j € [n] (resp. 7 € N) has measure ¢, and such that W; = (W/)% (resp. Wi = (/VIV/Z’ )%i) for
a measure-preserving map ¢;: S; — [k] (resp. ¢i: S; — N). Then do(Wyi, W) = do(W,, Wh)
and 5D(W1, Wg) = 5D(Wl, WQ) By the special case we considered in the first paragraphs of
the proof, oo(W, WQ) = 5D(W1, WQ) Combining the above identities, our desired result
5D(W1, WQ) = 5|:|(W1, WQ) follows.

To prove the result for the metric d,, we follow the steps above. The only place where
the proof differs is in the proof of (8). Let o, 7, and i1, 12, j1,j2 be as in the proof of (8).
We would like to show that

Wi = W3[5 < [[Wh = W3[5

Writing both sides as a sum over (i,7j) € 52 we consider the following three cases separately:

(i) (i,4) € (S\{ir, 2})% (i) (i,) € {in. G} % (S\{ir, f2}) or (i.7) € (S {ir. j2}) % {in. 2},
and (iii) (¢,7) € {i1,j2} % {i1,j2}. In case (i) the terms are identical on the left side and
on the right side. For dealing with case (ii) it is sufficient to prove that for an arbitrary

i€ (S\ {i1,52}),
Wi (i, i) — WS (i, 0)[P + W1 (g2, i) — WS (j2, 1) P
< [Wi(in, i) — W3 (in, )P + W (ja, ) — W3 (G2, D) P
This is equivalent to
Wi (i, i) — Walia, (0))IP < [Wi(in, 0)|P + [Wa(ia, 5()) 7.

This inequality is obviously true if either p = 1 or both Wl and I//I\/'g are non-negative. For
case (iii) we need to show that

Mo WAL - WGP < Y W g) — WE L)1
i,5€{i1,52} i,j€{i1,j2}
Writing out both sides we see that this is equivalent to

(Wi (i1,i1) — Waia, ia)[P < [Wi(iv,i1) [P + [Wa(ia, i2) P,

which is again true if either p = 1 or both /V[71 and /I/I72 are non-negative. |
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Proof of Proposition 6 and Proposition 32 The existence of a coupling follows from
Lemma 34 with D; = Dy = 0.

To prove the next statement of the proposition, i.e., that the value of 5D(W1, Ws) is
independent of the extensions 5%, we consider alternatlve extensions Y (SZ,SZ, ;) of
S for i = 1,2, and let V/\Z denote the trivial extension of W; to 2 By Lemma 42 it is
sufficient to consider the case when 7;(5;\S;) = 7i:(5;\S;) = oo, since if the extensions do
not satisfy this property we can extend them to a space of infinite measure, and Lemma 42
shows that the cut norm is unchanged. It is sufficient to prove that, given any coupling
measure [ on Sy x SQ, we can find a coupling measure i on Sl X Sg, such that

Wi — Wy Wit — Wy (10)

2H|:|,§1><§2,/7 - ” 2”D7§1X§2’ﬁ'

By Corollary 40, the left side of (10) only depends on g restricted to S; x Sz; in a similar
way, the right side only depends on i restricted to S; x So. We therefore can define an
appropriate measure i on Si x Sy by defining fi|s, x5, = fi|s;xs,, and extending it to a
coupling measure on §1 X §2 by Lemma 34; this yields (10).

The function dg is clearly symmetric and non-negative. To prove that it is a pseudometric
it is therefore sufficient to prove that it satisfies the triangle inequality. This is immediate
by Lemma 41 and the definition of 05 as given in Definition 5(ii).

The proof for the metric §; follows exactly the same steps.

Using the statements of Lemma 42, Corollary 40, and Lemma 41 for p > 1, the above
proof of Proposition 6 immediately generalizes to the invariant LP metric d, as long as the
graphons in question are non-negative graphons in LP (in addition to being in L', as required
by the definition of a graphon). This proves Proposition 32. |

For two graphons W = (W,.¥) and W = (W,% for which .% = ., it is immediate
that 5D(W,V~V) < ||W - /V[7||1 The following lemma gives an analogous bound when W
and W are defined on the same measurable space and W = W, but the measures are not
identical. If 4 and g are two measures on the same measurable space (5,S) and a > 0 we
write 1 < ap to mean that u(A) < au(A) for every A € S.

Lemma 44 Let W = (W,.%) with . = (S, 8, 1) and W = (I/V,&A/) with . = (5,8, 1) be
graphons, and assume there is an € € (0,1) such that p < p < (14 ¢&)u. Then oW, W) <
317 ).

Proof To distinguish between the graphons W and W we will write W = (/V[7,5/’7) and
S = (5’, g, ), but recall throughout the proof that W =W and (§, g) = (S,S8). Define
(5,8 :=(S,S), ¢ :=p—p, and " := (5,8, 1), and let . be the disjoint union of .
and .. Let W' = (W” ") be the trivial extension of W to .#”, and note that W and
W are graphons over spaces of equal total measure. Since dg(W", W) = 0 it is sufficient to
prove that dp(W, W") < 3e||W |1, Let i be the coupling measure on S x S such that if
AeS, Ae S, and A € 8, then

H(Ax (AUAN) = u(AnA) + /(AN A)). (11)
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To complete the proof of the lemma it is sufficient to show that for all measurable sets
U’ v c § % S

/ (W™ — (W")™) dida| < 3¢ W, (12)
U//XV//

where 7: S x S — S (resp. m: S x 8" — ") is the projection onto the first (resp. second)
coordinate of S x S”. Let U,V C S x S and U’,V' C § x S’ be such that U'=uvul’
and V” = V U V'. Recall that since S’ = S we may also view U’, V' as sets in S x S, and
we denote these sets by Ug, Vg, respectively. By first using W"| g/ s\(sxs) = 0 while
fi-almost surely W™ = (W™ on (S x S)2, then using p/ < ep, and then using W=w
and (11), we obtain the estimate (12):

/ (Wﬂ'l _ (W//)ﬂ'g) didii
U//Xv//

_‘ W™ dii dji + W™ dii dji + / W™ dfi dji

UxV’ U'xV U’ xVv’

Sa/ W | dﬁdﬁ+e/ W dﬁdﬁ+52/ \W|™ dfi dfi
UxV}, UgxVv LxV

We close this appendix with a lemma that immediately implies Proposition 21.

Lemma 45 Lete > 0 and let W = (W, (S, S, 1)) and W' = (W', (5", 8, 1)) be two graphons
with (W, W') < &%/2. Then

pw({Dw > A +2e}) —e < ' ({Dwr > XN+ ¢}) < u({Dw > A\}) +¢
for all A > 0.

Proof Since the trivial extension of a graphon W only changes the measure of the set
{Dw = 0}, we may assume without loss of generality that u(S) = p/(S”). Let m and 72 be
the projections from S x S’ onto the two coordinates, let £ > ¢, and let 11 be a coupling of
w and g’ such that

T 772 (/)2
(W — () <

By definition of the cut metric, this implies that

(¢')?
2

/U(DW@)DW/(w’))dﬁ(x,x’) <

for all U C S x S’. Applying this bound for U = {(z,2’) € S x S": Dy (z) — Dy (z') > 0}
and U = {(x,2') € S x S": Dy (x) — Dy (2') <0}, this implies that

| IDw(@) = Dy dira') < (&1
SxS’
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which in turn implies that
m ({(a:,x') eSxS8: |Dw(l’) — DW/(:L’/)| > 5’}) <.
As a consequence

pw({Dw > X +2¢'}) — ¢ {(z,2"): Dw(x) > A+ 2¢" and |Dy (z) — Dy (2')| < €'})
{

(z,2"): Dy (') > A+ € and |Dw (x) — Dy (2')| < €'})

Taking ¢’ | € and using monotone convergence we obtain the first inequality in the statement
of the lemma. The second is proved in the same way. |

Proof of Proposition 21 Let ¢, = dg(W,, W), and choose n large enough so that , < A.
By Lemma 45,

ta({Dw, > A}) < p({Dw > A= £,}) + .

Since u({Dw > A}) is assumed to be continuous at A, this gives

lim sup pin ({Dw,, > A}) < p({Dw > A}).

n—oo

The matching lower bound on the liminf is proved in the same way. |

Appendix B. Representation of Graphons Over R,

In this appendix we will prove that every graphon is equivalent to a graphon over R
(Proposition 10), and prove that under certain assumptions on the underlying measure space
of a graphon the cut metric can be defined in a number of equivalent ways (Proposition 48).

The first statement of the following lemma is a generalization of the analogous result for
probability spaces, which was considered by Borgs, Chayes, and Lovész (2010, Corollary 3.3)
and Janson (2013, Lemma 7.3). It will be used to prove Theorem 15 and Proposition 10.
We proceed similarly to the proof by Janson (2013, Lemma 7.3), but in this case we also
need to argue that underlying measure space of the constructed graphon is o-finite, and we
include an additional result on atomless measure spaces.

Lemma 46 Every graphon W = (W,.”) with ¥ = (S,S, n) is a pullback by a measure-
preserving map of a graphon on some o-finite Borel measure space. If .7 is atomless, the
o-finite Borel space can be taken to be atomless as well.

Proof Let Sy := (), and let (Sg)ken be such that for each k € N, we have S, € S, S C S1,
p(Sk) < oo, and Jpen Sk = §. We claim that we can find a sequence of sets (A;)en
satisfying the following properties: (i) if A := {A; : ¢ € N} and Sy := o(A), then W is
Sp x So-measurable, (ii) for all & € N there exists ¢ € N such that A; = Sy \ Sk_1, (iii) for each
i € N there exists a k € N such that A; C Sp\Sk—1, and (iv) ;e 4i = 5. A set A satisfying
(i) can be constructed by noting that each level set {(z1,22) € S x S : W(x1,22) < ¢}
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for ¢ € Q is measurable with respect to o(c(Aq) x 0(Ay)) for some countable set A, (this
follows, for example, by Lemma 3.4 in the paper of Borgs, Chayes, and Lovész, 2010). By
adding the sets Sy \ Sx—1 to A we obtain a collection of sets satisfying (i) and (ii). Given a
set A satisfying (i) and (i), we can easily obtain an A satisfying (i)~(iii) by replacing each
A € A with the countable collection of sets {4 N (S;\Sk_1) : k € N}. Finally, (ii) implies
(iv).

Let C = {0,1}* be the Cantor cube equipped with the product topology, and define
¢: S — C by ¢(z) := (1zea,)ien. Let v be the pushforward measure of p onto C equipped
with the Borel o-algebra. We claim that v is a o-finite measure on C. For each k € N
define ék = {(ai)ieny € C : a; = 0if A; € Sk\Sk—1} and Cp = (U;<k &) U 60, where
Co:=C \(Usen Ci) C C\¢(S), and observe that all the subsets of C just defined are measurable.
The claim will follow if we can prove that (a) v(Cy) < oo for each k € N, and (b) Uken Cp=C.

Property (a) is immediate since from the definition of v, the fact v/(Cp) = 0, and the properties
(i) and (iii) of A, which imply that v(Cj) = u(¢*1(§k)) = (SK\Sk—1) < o0. To prove
(b) let (a;)ien € C. We want to prove that (a;)ien € Cy for some k € N. If (a;)ien € #(S)
we have z € Cp, so (a;)ien € Cy for all k € N. If (az‘);\eN = ¢(z) for some z € S, then
x € S\ Sk—1 for exactly one k € N, so (a;);eny = ¢(z) € C, C Cy.

The argument in the following paragraph is similar to the proof by Janson (2013,
Lemma 7.3), but we repeat it for completeness. Since the o-field on S generated by ¢
equals Sp, the o-field on S x S generated by (¢, ¢): S? — C? equals Sy x Sp. Since W is
measurable with respect to Sy x Sy we may use the Doob-Dynkin Lemma (see, for example,
the book of Kallenberg, 2002, Lemma 1.13) to conclude that there exists a measurable
function V': C? — [0, 1] such that W = V¢. We may assume V is symmetric upon replacing
it by 1(V(z,2') + V(2/,2)). This completes the proof of the main assertion, since V is a
graphon on a o-finite Borel measure space.

Finally we will prove the last claim of the lemma, i.e., that if .7 is atomless we may
take v to be atomless as well. To prove this claim it is sufficient to establish that the set
A in the above argument can be modified in such a way that v(z) = 0 for each z € C.
Given a collection of sets A satisfying (i)-(iv) above we define a new collection of sets
A as follows. First define A; := A, and then define A for k£ > 1 inductively as follows.
For any k > 1 and A € Aj;_;, let A € S and A% € S be disjoint sets with union A
such that p(A') = pu(A?) = Lu(A); note that such sets A' and A? can be found since
 is atomless. Then define A, := {A' : A € A1} U{A? : A € A;_}, and finally
define A = (Jpcny Ak- Then A is countable, satisfies (i)—(iv), and by defining the mea-
sure v using A instead of A we have v(z) = 0 for every x € C. Proceeding as above with
A instead of A we get W = V¢, where V is a graphon over an atomless o-finite Borel space. B

Proposition 10 follows immediately from the following lemma, whose proof in turn follows
a similar strategy as a proof by Janson (2013, Theorem 7.1).

Lemma 47 Let W = (W,.¥) be a graphon over an arbitrary o-finite space . .

(i) There are two graphons W' = (W', Ry) and W' = (W", ") and measure-preserving
maps ¢: S — S" and ¢': [0, u(S)) — S” such that W = (W")? and W' is the trivial
extension of (W") from [0, u(S)) to R
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(i1) If % is a Borel measure space, then we can find a measure-preserving map

¢': 0, u(S)) = S

such that W?' is a graphon over [0, u(S)) equipped with the Borel o-algebra and Lebesgue
measure.

(111) If % is an atomless Borel measure space, we may take ¢' in (ii) to be an isomorphism

between . and [0, u(S)).

Proof We start with the proof of (ii) and (iii). If .7 is an atomless Borel space the statement
is immediate from Lemma 33. If .¥ has atoms, we define a graphon W = (W, 5/’7) where
= (§, S, ) = (S x[0,1],8 x B, x A)) is the product measure space and W= (wHr,
with 7: S x [0,1] — S being the projection. Since 7 is an atomless Borel space we may
again use Lemma 33, giving the existence of an isomorphism 1 : [0, (S ) — S such that W¥
is a graphon over [0, ﬁ(g )) equipped with Lebesgue measure. Observing that ﬁ(§ ) = u(S),
we obtain statement (ii) with ¢/ = m o).

To prove (i) we use that by Lemma 46, WV can be expressed as (W")? for a graphon
W’ on some Borel space ." = (5”,S8”, 1)) and some measure-preserving map ¢: S — S”.
We then apply the just proven statement (ii) to the graphon W, and define W’ to be the
trivial extension of (W)?" from [0, 1(S)) to R. |

Proof of Proposition 10 The statement of the proposition follows from Lemma 47 by ob-
serving that sg(W, W) < so(W, W")+5g(W", W') = (W), W) +6a(W”, (W”)¢,) =0.
|

The following proposition provides equivalent definitions of the cut metric dg under
certain assumption on the underlying measure spaces. See papers by Borgs, Chayes, Lovész.
S6s, and Vesztergombi (2008, Lemma 3.5) and Janson (2013, Theorem 6.9) for analogous
results for probability spaces.

Proposition 48 For j = 1,2 let W; = (W;,.;) with % = (S},Sj,15) be a graphon
satisfying p;(Sj) = oco. Then the following identities hold, and thus (a)—(e) provide alternative
definitions of g under certain assumptions on the underlying measure spaces:

(a) If Sj are Borel spaces, then dg(Wi, Wa) = infy, 4, [|W]" — WQWHD, where we take the
infimum over measure-preserving v;: Ry — S; for j = 1,2, where Ry is equipped with
the Borel o-algebra and Lebesgue measure.

(b) If Sj are atomless Borel spaces, then 6o(Wi, Wa) = infy, |[W; — W;ﬂHD, where we take
the infimum over measure-preserving : S1 — Ss.

(¢) If S; are atomless Borel spaces, then do(Wi, Wa) = infy, |Wq — WQwHD, where we take
the infimum over isomorphisms ¢ : S1 — Ss.

(d) If S; = Ry, then Sp(Wi, Ws) = inf5 |W1 — W3 |0, where we take the infimum over
all interval permutations o (i.e., & maps I; to Iy for some permutation o of the
non-negative integers, and I; := [ih, (i + 1)h] for some h > 0).

40



LIMITS OF SPARSE EXCHANGEABLE GRAPHS

(e) Forj=1,2 let (S]k)keN be increasing sets satisfying uj(S]I-“) < 00 and ey S]]-€ = 5.
Then dg(Wi, Wa) = limy_, 5D(Wl|5faw2|s§)7 where Wj|gr == (leskxsk,tyjk) and
J J J
5”]-’“ is the restriction of /% to S;?.

Proof of Proposition 48 Let (58), 5&’), 5(8), and 5I(jd) denote the right sides of the equalities
in (a), (b), (c), and (d), respectively. For j = 1,2 fix some arbitrary sequence (SJ’-“)keN

satisfying ji;(S}) < oo for all k € N, S¥ € S}, and Uy S§ = S;. Define 67 and & by

5 W1, Wy) = limsup SpWVE, WE)  and 60 (W, W) 1= lim inf SoOWE WY,

k—o0

where W,{. = Wj|gr. By Lemma 33 it is sufficient to consider the case . = (R, B, \) in (b)
J

and (c), since we can consider graphons (W;bj ,R4+) on Ry, which satisfy 65((W]¢j R4, Wj) =
0, by using measure-preserving transformations ¢;: Ry — S;. Under this assumption we
have 60 < (5[%7 ) < (5|(jc ) < 6|(f,i ), since we take the infimum over smaller and smaller sets of maps.

By definition, 5(58 ) < (5|(]e ) To complete the proof of the proposition it is therefore sufficient

to prove the following results: (i) 5|(]€ ) <ég < 5,(:,6 ) for general o-finite measure spaces .7, .%%

of infinite measure, (ii) 5(Dd) < og for S = S = (R4, B, A\), and (iii) 5,(ja) = 5|(]C).
We will start by proving (i). Since limjy_,o0 ||W; — Wjlgr, gr|l1 = 0, Lemma 36 implies
J J

that it is sufficient to prove 55) < g < 5|(]e/) for the case when supp(W;) C Sj{C X S]’-c for
some k € N. Under this assumption og(Wi, Ws) = 5D(W1|S§/,W2|S§/) for all &' > k, and (i)
follows.

Now we will prove (ii). Since limps—o0 [[Wj — Wiljw,j<arljo,ar2ll1 = 0 by the dominated
convergence theorem, as above we may assume by Lemma 36 that there is an M > 0 such that
W is bounded and supp(W;) C [0, M]? for j = 1,2. For j = 1,2 define W; = (W}, [0, M]),
where /VI?j := Wjlo,m72 is a bounded graphon on [0, M ]2. By Lemma 42 in the current paper
and Lemma 3.5 of Borgs, Chayes, Lovasz, Sos, and Vesztergombi (2008) (or, equivalently,
Theorem 6.9 of Janson, 2013),

So(Wi, Wa) = do(Whi, Ws) = inf [|[W — WS || > inf |[W1 — W ||o,

where 0 is an interval permutation of [0, M] and & is an interval permutation of R.
Finally we will prove (iii). By Lemma 47 there are measure-preserving maps ¢;: Ry — S
such that dg(W;, (W;)%) = 0. The triangle inequality then implies that ég(Wi, W) =
So((W1)?1, We)?2). Since (W1)?' and (W»,)?2 are graphons over atomless Borel spaces, it
follows that 5(Da) = 5&3 ). |

Remark 49 The proof of the above proposition clearly generalizes to the metric 81, the only
additional ingredient being the analogue of a result by Janson (2013, Theorem 6.9) for the
metric &1 (Janson, 2013, Remark 6.13). Using the results and proof techniques of Borgs,
Chayes, Cohn, and Ganguly (2015, Appendiz A) instead of Janson (2013, Theorem 6.9),
it can also be generalized to the metric o, for p > 1, again provided both graphons are
non-negative and in LP.
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We close this appendix by proving Proposition 7. In fact, we will prove a generalization
of this proposition for the invariant L? metric d,. The second statement of this proposition
involves the distance §,( W, Wa) of graphons W) = (W1, R;) and Wy = (W3, R,) that are
not necessarily non-negative, which means we do not have Proposition 32 at our disposal to
guarantee that ¢, is well defined. We avoid this problem by defining d,, as in Proposition 48,
i.e., by setting

OOV We) = inf ([ Wr = W

with the infimum going over isomorphisms. Note that by Remark 49, for non-negative
graphons in LP| this definition is equivalent to the one given at the beginning of Appendix A.

Proposition 50 Let p > 1, and let Wi and W be graphons in LP. Then
(i) 51(W1,W2) =0 if and only if (5|](W1,W2) = O, and

(it) if Wi and Wa are non-negative or graphons over R, then 6,(Wi, Wa) = 0 if and only
if Sm(W1, Ws) = 0.

Proposition 50 (and hence Proposition 7) and Proposition 8 follow from the next
proposition.

Proposition 51 Fori= 1,2, let W; = (W;,.%;) be a graphon over a Borel space .%; such
that oW1, Wa) = 0 and p1(S1) = p2(S2). Then there exists a measure p on Sy X So such
that

(i) Wi = W3*|lou =0,

(ii) the first (resp. second) marginal of pu is dominated by py (resp. p2), i.e., for any A € §;
(resp. A € S3) we have p(A x So) < pi(A) (resp. u(S1 x A) < uz(A4)),

(i1i) if A € Sy is such that p(A x Sa) < pi(A) then pi(AN Ey) > 0, where

E;:= {xeSi:/|Wi(x,x’)|daz':O} fori=1,2,
S;

and the same property holds with the roles of Wi and W, interchanged, and

(iv) in particular, if pi(E1) = pa(E2) = 0 with E; as in (#i), then p is a coupling measure.

Remark 52 The analogous statement to Proposition 51 for graphons over probability spaces
(see, for example, the paper of Janson, 2013, Theorem 6.16) states that when the underlying
space is a Borel probability space, the infimum in the definition of the cut distance using
couplings is attained. Proposition 51 says that the same result is true in our setting of
o-finite measure spaces if we make two additional assumptions: (a) the cut distance between
the graphons is zero, and (b) pi(E;) = 0 for i = 1,2, where E; is defined in part (iii) of
the proposition. We remark that both of these assumptions are necessary; see the examples
following this remark.

42



LIMITS OF SPARSE EXCHANGEABLE GRAPHS

Janson (2016, Theorem 5.3) proves a related result, stating that if the cut distance of two
graphons over o-finite Borel spaces is zero, then there are trivial extensions of these graphons
such that the extensions can be coupled so as to be equal almost everywhere. Proposition 51
implies a similar result, namely Proposition 8§, which states that under this assumption, the
restrictions of the two graphons to the sets S; \ E; can be coupled so that they are equal a.e.
To see this, we note that by Proposition 50 two graphons Wi, Wy with cut distance zero have
distance zero in the metric §1, which in turn implies that |W1| and |Ws| have distance zero
in 01 and hence in 0g. By Lemma 45, this in turn implies that pi(S1\ E1) = p2(Se \ E2),
which allows us to use Proposition 51 to deduce the claim.

Example 53 Assumption (a) in Remark 52 is necessary by the following counterezample,
which illustrates that there are graphons Wi, Ws over Ry such that |[W{" — W3?||g, >
(Wi, Wa) for all coupling measures . Let Wy = (W1,R4) be an arbitrary graphon such
that Wy is strictly positive everywhere, and let Wo = (W, R4 be defined by Wa(z,y) =
Wi(z — 1,y —1) for z,y > 1, Wa(x,y) = —1 for z,y € [0,1), and Wa(z,y) = 0 otherwise.
First observe that (Wi, Wa) < 1, since if ¢n: Ry — Ry is defined by ¢p(x) = x4+ 1 for
x €10,n], pp(z) =2 —n forx € (n,n+ 1], and ¢,(x) = x for x > n+1, then

lim Wy — W ||g = 1.
n—oo

Then observe that |W{ — Wi?||o,, > 1 for all coupling measures y, since if S =R2 and
T =R; x [0,1] then

W — Wa||o,, > ‘/S TW{” — Wi dudu‘
X

> 1.

/ Wi(x,m(y)) d\dp —/ Wa dAdA
R+ xT R+><[O 1]

Assumption (b) is necessary by the following counterexample, which illustrates that there are
non-negative graphons Wi, Wa over Ry such that op(Wi, Wa) =0 and |W1 — Waljg, > 0
for all coupling measures p. Letting Wy and Wy be defined as above, except that Wa(x,y) =0
for all x,y € Ry for which either x < 1 or y < 1, we proceed as in case (a) to conclude that
the graphons satisfy the desired property.

Proof of Proposition 51 First we note that for p1(S1) = pn2(S2) = 1, the proposition
follows immediately from a result of Janson (2013, Theorem 6.16), which in fact gives u as a
coupling of p1 and po. The case 11(S1) = pu2(S2) = ¢ < 0o with ¢ # 1 can be reduced to the
case ¢ = 1 by considering the graphons W/ = (W;,.#/) where ./ is obtained from .%; by
multiplying the measures u; by 1/¢, turning them into probability measures. All that is left
to consider is therefore the case p1(S1) = p2(S2) = 0o

Next we argue that we may assume .7; is atomless for ¢ = 1,2. Assuming the proposition
has been proved for the case of atomless Borel measure spaces, and given graphons W; over
arbitrary Borel measure spaces, we define graphons W over the measure space .¥; defined as
the product of .% and [0, 1], such that W; = W for the projection map ¢;: S; x [0,1] — S;.

Assume that g is a measure on 51 X SQ such that the statements of the proposition hold
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for 1 and VNV1, 1/?2. Defining a measure u for S; x Sz by letting p be the pushforward of
1 for the map S; x So — S X S sending ((xl,rl), (332,7‘2)) — (z1,x2), one easily checks
that u is a measure satisfying the conclusions of the proposition for Wi and Ws. It follows
that we may assume the spaces .%; are atomless Borel measure spaces, and by Lemma 33
we may assume that they are R, equipped with the Lebesgue measure; we will make these
assumptions in the remainder of the proof. In particular, we will no longer use the notation
w1 and po from the proposition statement, since they are now both Lebesgue measure \; it
will be convenient to use the notation u, for other purposes.

Consider a sequence of coupling measures (pn)nen such that ||[W™ — Wit ||o ., — 0.
For any given M > 0, let pM = ,U'n’[O, )2 The measures pM are not necessarily coupling
measures, but their marginals are dominated by the Lebesgue measure on [0, M|, and they
satisfy limp, o0 [|[W1" — W3?[|g ,m = 0. Furthermore, as a sequence of measures of uniformly
bounded total mass over a compact metrizable space, they have a subsequence that converges
in the weak topology (Billingsley, 1999, Theorem 5.1), i.e., in the topology in which the
integrals over all continuous functions on [0, M]? converge. Let u* be some subsequential
limit, and note that as a limit of a sequence of measures having this property, the marginals
of 4™ are dominated by the Lebesgue measure on [0, M] as well. Note also that u? x pM
converges weakly to u x pM along any subsequence on which p converges weakly to u
(Billingsley, 1999, Theorem 2.8). We will argue that

/ (Wl’” - W;f?) dpM d;LM' =0 (13)
AxB

for all measurable subsets A, B C [0, M]2.

Indeed, given two such subsets and € > 0, let W; be continuous functions over [0, M]? such
that |[W; — VVz’HLA\[O A2 <efori=1,2, and let f,g: [0, M]? — [0, 1] be continuous functions
such that (|Wills + [Walloo)[[1a = fll1r < € and ([Walloo + [Welloo)[15 — gl < e

(existence of appropriate functions Wj, f, g follows from, for example, Stroock, 2011b,
Corollary 3.2.15). Using the fact that | [ f(2)g(y) (W (z,y) — Wi (z,y)) du? dud!| <
W — W3?||gm and the fact that the marginals of pM and M are dominated by the
Lebesgue measure on [0, M|, this allows us to conclude that for some sufficiently large n
chosen from the subsequence along which 2 converges,

/ (Wfl—ng?)duMduM's/ (V[N/I’”(:r,y)—V[N/Q’Q(x,y))duMduM‘—1—26
AxB AxB

Wi (2, y) — W3* (w,y)) dp™ dp™ | + 4e

IN
—
=
=
<Q

(W () = W32 () ) dp! dpl!| + 5e

IN
—
pud
=
<Q

IN
\
&H

W (2, ) = Wi (2,y) ) dpid dys | + Te

< W27r2HDHM+7E<8E

Since € was arbitrary, this proves (13).
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For each M € N we let 4™ be a measure as in the previous paragraph. We may assume
the subsequence along which p2*1 converges to u™*! is a subsequence of the subsequence
along which p? converges to p™. This implies that MM+1|[0,M}2 = u™ for all M € N, so
there is a measure p on Ri such that /J,|[07 M2 = ™. Furthermore, there is a subsequence of
(tin)nen converging weakly to u, such that for any M € N the measures Mn’[o, M2 converge
weakly to ,u\[Q a2 along this subsequence, and as a limit of measures with these properties,

the measure p satisfies (ii), as well as

W — Wi dpdp| =0,
AxB

sup
A,BCR%

where, a priori, the supremum is over measurable, bounded subsets A, B C R%r. But it
is easy to see that if the supremum over these sets is zero, then the same holds for the
supremum over all measurable subsets A, B C Ri (use (ii) to conclude that the integrand is
in L', which means it can be approximated by functions over bounded subsets of Ri). The
property (i) of u follows.

It remains to prove that u satisfies (iii), since (iv) follows immediately from (iii). Recall
that the by definition of the measures pi,,

sup
A1, A2, K

W — W2 dpiy dpin| — 0,

/(Alx[K,oo))x(Ang+)

where the supremum is over A;, Ao C Ry and K > 0. Fix any € > 0, and observe that for
all K > 1 sufficiently large,

sup W3 dpn dpy,

A1,A2

/ < Sup/ Wa| dAdA < e,
(A1 X[K,00))x (A2 xRy) A1,A2 J[K,00) xRy

SO

limsup sup Wi (mi(z), 2") dpn (z) dX(2)

n—0oo  Aj,Az

/(\Al X [K,OO)) XAQ

= limsup sup < e.

n—oo  Ajy,As

W17r e, dp,

/(A1 X [K,00))x (A2 xR)

Fix any A;, A3 C R4, and observe from the above that for K sufficiently large,

lim sup
n—oo

<g,

[ W) do - uh)e) axe)
A1 xAs

where u}l’K is the projection of pi|r, «[o,x] onto the first coordinate. Choose = C.(R?)

such that HV[Nfl —Wilj1 < e, where C,(IR?) is the space of continuous and compactly supported
functions on ]Ri (the existence of such a function follows again from, for example, Stroock,
2011b, Corollary 3.2.15). For all K > 1 sufficiently large,

<&,

/ W (e, ') d(ut — u) (@) dA(2")
A1 xAs
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where ¥ (resp. p!') is the projection of R, x[0,x] (resp. p) onto the first coordinate. Next
we claim that M}L’Kho,Kq converges weakly to ul’K\[()’K/] for any K, K’ > 0. To see that,
we need to show that for any continuous function f: [0, K'| — R the associated integral
converges when n — oo. To this end, we approximate the function (z,2") = f(2)1¢p K]
(with f(z) =0 for z > K’) by a function g: R2 — R, where g(z,2') = Flo)x(@), f: Ry —
R is a continuous function with support in [0, K'] approximating f and satisfying ||fA‘||OO <
| flloo, and x: Ry — [0,1] is a continuous function with support in [0, K| approximating
the indicator function of the set [0, K]. Since fA‘and x can be chosen to be arbitrarily close
approximations in the L' norm and the marginals of y,, are given by Lebesgue measure, this
implies the claim. Therefore we can find nx € N depending on K, such that for all n > ng

[ W) dt ) @) axa)| <
A1><A2

Combining the above estimates and using the triangle inequality, we get that for sufficiently
large K and n > ng,

<

/ Wiz, o) dOn — pb) () dA() / Wiz, o) — W (2, 2') dO— pb) (@) dA(2')
A1 xAg A1 x Az

" / Wi (2, ') d(X — ) () dA ()
A1 x Az

4 / Wi, 2') d(ub™ — 1) (@) dA@)
A1><A2

+ / W (e, ') d(uK — u) () dA(@)
A1 ><A2
< 4e.

Since € > 0 was arbitrary this implies that

=0.

/ Wiz, ') d(\ — i) () dA()
A1 xAs

Since A — p! is absolutely continuous with respect to A, we know by the Radon-Nikodym
theorem that there is a non-negative function f such that d(\ — u!)(z) = f(x) d\(z). The
Lebesgue differentiation theorem now says that Wi (z,2’) f(x) = 0 almost everywhere, which
implies (iii). [ |

Proof of Proposition 50 Since og(Wi, Wa) < 61(Wi, Ws), we only need to prove that
do(Wi, Ws) = 0 implies 6;(Wi, Wa) = 0 in order to prove (i). Assume first that the
graphons are over R, and let u be as in Proposition 51. Then W™ — WJ? = 0 p-almost
everywhere. For each n € N let u,, be some arbitrary coupling measure on S7 x S such that
tinljon)2 = tlon2- Then limy, oo [[W™ — W32 |1, = 0, s0 01(W1, Wa) = 0. To obtain the
result for graphons over general measure spaces we use Proposition 10, the triangle inequality,
and the fact that two graphons have distance zero for dg and §; if one is a pullback of the
other.
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For (ii) with graphons over R} and 5 defined in terms of measure-preserving transfor-
mations, we will first prove that éo(Wi, Ws) = 0 implies 6,(Wi, W») = 0. This follows by
the exact same argument as in the preceding paragraph, i.e., by using Proposition 51 to
construct a measure p and coupling measures p, on S; X Ss.

Now we will prove that §,( Wi, Ws2) = 0 implies on(W1, Ws2) = 0, still assuming the
graphons are over Ry and that d, is defined in terms of measure-preserving transformations.
By part (i) it is sufficient to show that d,(Wi, W) = 0 implies 6;(W;, W) = 0. Fix e > 0
and let A;, A2 C Ry be such that [|[W; — Wila, xa,ll1 <e/2 and M = A(A41) + A\(A2) < 0.
By Holder’s inequality, for any isomorphism ¢: Ry — Ry and A := A; U ¢~ 1(Ay),

W1 — Wyellt < (1= Laxa) (Wi — W)l + (Wi — We)Laxalh
e |Wh - W, M2,

Taking the infimum over ¢ we see that (W, Ws) < €+ M2_2/p6p(W1, Ws) = e. Since ¢
was arbitrary, this shows that §; (Wi, Wa) = 0.

We get (ii) for non-negative graphons and ¢, defined in terms of couplings by using
Proposition 48 and Remark 49, and to move from graphons over R, to graphons over a
general o-finite space we use Lemma 47. |

Appendix C. Measurability properties of graph processes

Recall the definition of a graph process (Definition 23) and the measurable space of graphs G,
as well as what it means for two graph processes to be equal up to relabeling of the vertices
(Definition 24). Before stating our main result about the measurability of the relation of
being equal up to relabeling, we state and prove the following simple lemma.

Lemma 54 Let G = (Gy)i>0 be a graph process.

(i) Let V.C V' CNand EC E' C (1;]) be finite sets. Then there are increasing sequences
(ar)ken and (bk)ken of real numbers such that

{teR: V' NV(Gy) =V and E'NE(Gy) = E} = | [ax, bi).
keN

Furthermore, for any set of the form T = |Jcnlar, br) with ay, by, as above, the event
that T ={t e Ry: V' NV (G) =V and E' N E(Gt) = E} is measurable.

(i) For i =1,2let V; C V! C N and E; C E] C (g) be finite sets, let Gt = (Gi)i>0 be
a graph process, and let T;(G') be the set of times for which V/ NV (G) = V; and
E!N E(GY) = E;. Then the event that Ty(G') = T2(G?) is measurable.

(iii) The event that a specified vertex in N is isolated for all times is measurable.

() If G = (Gi)i>0 is projective, then the birth time t, € [0,00] of any vertex v € N is
measurable, and under the assumptions (5) from Section 2.4, the map defined in (4) is
measurable, where the o-algebra used on the space of measures is defined above (4).
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Proof The time set considered in (i) takes the required form since the set of graphs
{G: V'NV(G) =V and E'NE(G) = E} is an open set in G and since G = (Gy);>0 is cadlag.
The measurability claim in (i) follows since the event in question occurs if and only if the
two time sets have the same intersection with Q. The statement (ii) follows by a similar
argument. Both statements (iii) and (iv) immediately follow from (i). [ |

Proposition 55 The event that two graph processes (Gi)i>0 and (ét)tzo are equal up to
relabeling is measurable.

Proof The proposition is immediate in the case where (J;~, V(G¢) or U, V(é’t) is finite,
since the set of maps ¢: [n] — [n] is finite, and given any ¢ the event that this map satisfies
the requirements of Definition 24 is measurable by Lemma 54. We may therefore assume
that both (J,~, V(G¢) and [, V(@t) are infinite. We may further assume without loss of
generality that (J,~o V(G¢) = U;=0 V((A?t) = N; we may do this upon relabeling the vertices
of both graph processes.

Next, we reduce the proof of the proposition to the case where no vertices are isolated
for all times. For V C N let GV denote the induced subgraph of Gy that has vertex set
VNV(Gy). Let Vy C N (resp. Vo C N) denote the set of vertices for (Gt)t>0 (resp. (Gt)t>0)
that are isolated for all times. Then (G¢):>0 and (Gt)t>0 are equal up to relabeling of the

vertices if and only if this property holds for (G}?);>o and (Gvo)t>o and for (G, Vo >0
and (Gt\ ?)t>0. To reduce to the case in which no vertices are isolated for all times,

it is sufficient to show measurability of the event that (G}°);>¢ and (@VO)M are equal
up to relabeling of the vertices. We say that two vertices i,j € Vj are equivalent if
{t>0:4ieV(G)}={t>0:jecV(G)}. Equivalence for two vertices i, j € Vo and for

two vertices i € V and j € Vb is defined similarly. We observe that (GVO)t>0 and (G 2)¢>0
are equal up to relabeling of the vertices if and only if each equivalence class has equal
cardinality in Vy and 170. The latter event is measurable, since for any two vertices the event
that these two vertices are equivalent is measurable by Lemma 54. Thus, we can assume
that no vertices are permanently isolated.

To complete the proof, we must determine whether there exists a bijection ¢g: N — N
satisfying the properties of the map ¢ in Definition 24, i.e., whether there is a bijective map
¢o0: N — N such that for all times ¢t > 0, ¢o(G;) = G;. We will construct such a map by
first constructing a sequence of maps ¢, defined on a growing sequence of domains, and
then using a subsequence construction to transform them into a map ¢g: N — N with the
desired properties. We will show that this construction succeeds if and only if the two graph
processes are equal up to relabeling.

To construct the maps ¢, we define A2 to be the set of injective maps ¢: D — N such
that D is finite, {1,...,[n/2]} C D, and {1,...,|n/2]} C ¢(D). Let A, to be the set of
maps ¢ € A2 such that ¢(GP) = @f(D) for all t > 0. Note that A,, is non-empty for all n if
the two graph processes are equal up to relabeling (just choose ¢ to be a restriction of the
bijection ¢g). Note further that the set A2 is countable, and that for each ¢ € A2 the event
that ¢ € A, is measurable by Lemma 54.
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After these preparations, we are ready to construct the map ¢g. First we define ¢g(1).
For each j € N define the event B; by B; = (), cy Bjn, Where B;,, is the event that there
exists a map ¢ € A, for which ¢(1) = j. If the graph processes are equal up to relabeling,
then B; must occur for some j. We will prove that conversely, if B; occurs for some j,
then the graph processes are equal up to relabeling. Since Bj is a countable intersection of
measurable events, this will finish our proof that the event that the two graph processes are
equal up to relabeling is measurable. R

To prove that the event B; implies the existence of a bijection ¢g such that ¢o(G¢) = G
for all t > 0, we first note that the occurrence of B; implies the existence of a sequence of
maps ¢, € A, such that ¢, (1) = j. Accordingly, we set ¢o(1) = j. In the second step of the
construction (explained below), we will determine ¢ 1(1) by passing to a subsequence for
which ¢, 1(1) is constant. More generally, in the kth step of the construction, we will pass
to a subsequence to ensure that ¢, (i) is constant for 1 < i < [k/2] and ¢, () is constant
for 1 <i < [k/2].

We will carry out this construction by induction on k. Suppose that we have defined
do(1), ..., d0([k/2]) and ¢y (1), ..., ¢y ([k/2]) so that there exists a sequence (¢%),>}. of
maps ¢F € A,, for which

oF (1) = po(i) for all n > k and all i < [k/2], and
(o)1) = ¢ (i) for all n > k and all i < |k/2].

Assume first that k is odd, in which case we need to define ¢5'(|(k + 1)/2]). Choose ¢
in such a way that |(k 4+ 1)/2] is not isolated in Gy. Then (¢E)~1([(k +1)/2]) cannot be
isolated in G} either, and since G; contains only a finite number of edges, we know there
exists a finite set V such that for all n > k, (¢F)~!([(k + 1)/2]) € V. But this implies
that we can find a subsequence of (¢¥),>) on which (¢£)~([(k +1)/2]) takes a fixed value,
which we use to define ¢ (| (k + 1)/2]). To conclude we need to prove the existence of a
sequence ¢F*! € A, satisfying the induction hypothesis. For n in the subsequence obtained
above we define (;57]2_'_1 = gbfl To turn this subsequence into a sequence gbfﬁ'l € A, defined
for all n > k 4+ 1, we can simply reuse elements to fill in any gaps that occur before them,
because A,, C A,, for m < n. This completes the proof when k is odd, and the even case
differs only in notation. |

Appendix D. Random Graph Models

The main goal of this appendix is to establish Theorems 27 and 28. Proposition 56 will be
used to prove left convergence of graphon processes in Section 2.5. It will also be applied
in the proof of Theorem 28(i) in this appendix, where we need to consider the normalized
number of edges in a graphon process.

A result of Lovasz and Szegedy (2006, Corollary 2.6) in the setting of graphons over
probability spaces is closely related to the following proposition. However, the proofs are
different, even if both rely on martingale techniques. Note that in the course of proving
the below proposition we give an alternative proof of a result of Veitch and Roy (2015,
Theorem 5.3) for the special case of graphs with no self-edges. Recall from Section 2.5 that
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for a simple graph F' and a simple graph G we let inj(F, G) denote the number of injective
adjacency preserving maps ¢: V(F) — V(G).

Proposition 56 Let W = (W,.%), where W: S x S — [0,1] is a symmetric, measurable
(but not necessarily integrable) function, and . = (S, S, 1) is a o-finite measure space. Let
F be a simple graph with vertex set V(F) ={1,...,k} for k > 2, such that F has no isolated
vertices. Then a.s.

lim ¢ *inj(F, G;(W / 11 W(azl,:c])d:cl - day, (14)

— 00
(i,5)EE(F

where both sides should be read as elements of the extended non-negative reals [0, cc].

Remark 57 Note that the proposition makes no integrability assumptions on W. All
that is used is that W is measurable. As a consequence, the proposition can deal with
situations where, say, the triangle density converges, even though G¢(W) has infinitely
many edges. An extreme example of such a behavior can be obtained by taking W =
(W,Ry) to be the “bipartite” graphon defined by W (x,y) = Zi,jeN 1o ocp<2i—112j_1<y<2j +
Zz’,jeN 1oi1<z<2iloj_2<y<2j—1, leading to a sequence of graphs G¢(W) where every vertex
has a.s. infinite degree, while all subgraph frequencies for graphs F that are not bipartite
converge to zero.

Proof of Proposition 56 We first prove the proposition under the assumption that the
right side of (14) is finite. Throughout the proof we let Gy := ét(W) be the graphon process
generated by W with isolated vertices. Note that the left side of (14) is invariant under
replacing G, (W) with G¢(W), because F has no isolated vertices. For each t > 0 define Y.,
to be the left side of (14) (with G¢(W) replaced by Gy), i.e

Y ;= t_k inj(F, Gt) = t_k Z H l(vi,vj)EE(Gt)'
V1,..., 0, €V (Gt) (4,7)EE(F)
As a first step, we will prove that for each ¢t > 0,
E[Y_,] _/ 11 W(:Ul,x])dxl - dxy, (15)
(i.9)eETr

We may assume that u(S) < oo, since we can write S as a union of increasing sets S, of
finite measure for each m € N, and by the monotone convergence theorem it is sufficient
to establish (15) with W replaced by W1lg, «s,,, and with Y_; defined in terms of graphs
where we only consider vertices v = (¢, x) for which z € S,,. If N := |V(G)| < k, then
Y_;=0. If N>k, then

1
E[Y_t]N]:tk( /Sk 11 W(xz,xj)d:cl - dxy,

(4,5)EE(F

since we can form (NL_',C), ordered sets of size k from V(Gt), and the probability that a
uniformly chosen injective map from V(F') to V(G}) is a homomorphism, is given by

/ H W(a:z,xj) dxy -+ dzy,

(i,J)€E(F
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Since N has the law of a Poisson random variable with parameter ¢4(S) we can conclude
that (15) holds:

EY]= ) P(N=n)E[Y_¢|N =n]

M8

n=0

(tp(S)" sy 1 n! 1

|P”ﬂ8

H Wz, xj)dxy - - - day,

| k A k
— n th (n— k) u(S)F Jgr (GAICEE)
= /Sk H W(x;, z;) dzy - - - dg,
(4.5)EE(F)

implying in particular that Y; is integrable for all ¢ < 0 given that for now we assumed
that the right side of (14) is finite. Note that in particular this implies that Y; is a.s. finite,
even though W may be such that the event that G; has infinitely many edges has non-zero
probability.

Let Gy be identical to Gy, except that a vertex v = (£, ) € V(Gy) is labeled only with
z. In order words, conditioning on a realization of @t is equivalent to conditioning on a
realization of G, except that the time the different vertices were born (i.e., the time they
appeared in the graphon process (ét)tzo) is unknown. Note that since S may have point
masses multiple vertices of CA}t may have the same label, but they are still considered to be
different. For ¢ < —1, define S; to be the o-algebra generated by (@S)sz,t. Then S; C S;
for s <t < —1, so (S¢)i<—1 is a filtration, and Y; is measurable with respect to é,t and
hence &;; in other words, (Y;)i<—1 is adapted to the filtration.

Let t > s > 0. Given any k distinct vertices in CA?t, the probability (conditioned on
(@t/)tfzt) that all k vertices are also in Gy is given by (s/t)¥. Since Gy is an induced subgraph

of ét, it follows that

E[Y_|S—¢) = E[Y_,| (Gy)p>]

1
-5 > T 1wiepercn -

vl,...,’L}kGV(ét) (l,j)EE(F)
P(vi,..., o € V(Gy) o1, ..., 05 € V(GY))
= Y—t7

proving that (Y;)i<o is a backwards martingale. The limit Y_o, = limy_,o0 1eq Y—¢ exists
almost surely (Kallenberg, 2002, Theorem 7.18). Since E[Y_;] < oo for all ¢ > 0 we know
that a.s., Y_; < oo for all ¢ > 0, which implies that a.s., |E(G)| < oo for all ¢ > 0. Therefore
(Y?)t<o has finitely many discontinuities in any bounded interval, and is left-continuous with
limits from the right. It follows that Y_,, = lim;_o Y_4; i.e., we do not need to take the
limit along rationals.

To complete the proof it is sufficient to prove that the limit Y_ ., is equal to the right
side of (15) almost surely. To establish this it is sufficient to prove that Y_., is equal to a
deterministic constant almost surely, since (Y;);<q is uniformly integrable (Kallenberg, 2002,
Theorem 7.21), which implies that (¥;);<o converges to Y_ ., also in L.
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We will use the Kolmogorov 0-1 law (Stroock, 2011a, Theorem 1.1.2) to deduce this. For
any n € N define V,, := {(s,z) € V : n—1 < s <n}. Let F, be the o-algebra generated by
the set V, and the edges between the vertex set V,, and the vertex set | J;,,<,, Vm. Since
the randomness of the edges can be represented as an infinite sequence of independent
uniform random variables, the o-algebras F,, can be considered independent even if the
edges considered in F,, join vertices in V,, and V,, for m < n. In order to apply the 0-1 law
it is sufficient to prove that Y_,, is measurable with respect to the o-algebra generated by
Unsn, Fn for all ng € N.

Define Y_; >p, in the same way as Y_;, except that instead of summing over vertices
in V(Gy), we sum over vertices in V(Gt) N Vspy, where Vong = (5, V- Since Y_; >p,
is measurable with respect to the o-algebra generated by Un>n Fn, all we need to show
is that for all n > ng, a.s., Yy = Y_;>,, — 0 as t — co. The difference between Y_; and
Y_¢ >n, can then be bounded by

tF Z H L, vj)eE(Gy)>

vl,...,vkEV(Gt) (i,J)EE(F)
t;<ng for some i€[k]

where ¢; is the time label of v;. Conditioned on vy, ...,vr € V(Gy), the probability that at
least one of them has time label ¢; < ty is bounded by kto/t. Continuing as in the proof of
(15), we therefore obtain that

to
O0<E[Y_;—Y_i>n <k
[ t t,> 0] /Sk H

W(xi, xj)dxy - - - dxy,. (16)
(i.4)€E(F)

Since the limit Y_,, = lim; o Y_; exists, we can calculate Y_,, along any sequence, say
the sequence (Y_,2)nen. The bound (16) combined with Markov’s inequality and the
Borel-Cantelli lemma, therefore implies that Y_ = lim,, s Y_,2 >p,, Proving that Y.
is measurable with respect to the o-algebra generated by |J Fn, as required for the
application of the 0-1 law.

This completes the proof of the proposition under the assumption that the right side of
(14) is finite. If the right side is infinite, we note that for any set A of finite measure (14)
holds with W1 4«4 instead of W on both the left side and the right side. We can make the
right side arbitrarily large by increasing A. The left side is monotone in A, and therefore
the limit inferior of the left side (with W, not W14 4) is larger than any fixed constant,
and hence is equal oo. |

n>ng

Proof of Theorem 28 (i) Since the result of the theorem is immediate for |[W]|; = 0, we
will assume throughout the proof that ||W||; > 0. Since 65(Gy, Gy) = 0 by (3), it is enough
to prove the statement for either (ét)t>0 or (Gt)t>0-

If S has finite total mass, then, a.s. . [V(Gy)| is finite for each fixed ¢ > 0, and conditioned
on the size of |V(Gt)| the graph G, is a W-random graph in the sense of the theory of
dense graph convergence. The results of Borgs, Chayes Lovéasz, Sés, and Vesztergombl
(2008) imply that 5D(Gt,W) — 0 and ||WGtH1 — ||W||1 where W = (W 5”) is obtained
from W by normalizing the measure to a probability measure (giving, in particular, ||I/I~/||1 =
W1 /7(S)?.) Combined with Lemma 44, this implies that 55(@,5, W) — 0 when 7(5) < oo.
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If 7(S) = oo, we use Lemma 47, and the observation that two graphons generate
graphon processes with the same law if one graphon is a pullback of the other, to reduce
the proof to the case .¥ = (R4,B,\). Given 0 < ¢ < 1/2 choose M > 0 such that
W — W1l a2l < el|[Wli, and define W)y to be the graphon Wy = Wy pp2 over [0, M],
and C:’ff\/[ to be the induced subgraph of G, on the set of vertices (s,z) such that x < M.
Define W& 1= WéM(AM JAM - ) with )\M _1||VV||1/2 In the cut metric dm, the
stretched graphon WG then converges to WM = I/I/1\4(||VV||1/2 , ||I/V||%/2 - ), again by the
convergence of W-random graphs for W defined on a probability space.

Furthermore, by Proposition 56 applied to the graph F' consisting of a single edge, we
have that a.s., the number of edges in GM divided by 2 converges to %HWl[O,MP Il1, so in

particular the time ¢5; where éi\/l has at least one edge is a.s. finite. For the rest of this
proof, we will always assume that ¢ > ¢;;.

Defining G to be the graph obtained from Gy by removing all isolated vertices (s, x) from
V(Gy) for which z > M, we note that by (3), it is sufficient to prove that E(GLW) — 0.
Recall that each vertex v = (s,z) of G} corresponds to an interval when we define the
stretched canonical graphon W&s of G}. Assume the intervals are ordered according
the value of x; i.e., if the vertices v = (s,2) and v' = (¢',2') satisfy # < 2/, then the
interval corresponding to v is to the left on the real line of the interval corresponding
to v'. Noting that by our assumption ¢ > ¢y, there exists at last one vertex v = (s,x)
in G} such that < M, we define the graphon WCes = (WG£7S7R+) to be a “stretched”
version of W& such that the vertices v = (s, ) for which = € [0, M] correspond to the
interval [0, )\X/[l] In other words, WChs = WSes(r, - 7, - ) for some appropriately chosen
constant 7; > 0. To calculate 7, we note that WS = WG (X X ) with A\ = |[W& H1/2
V(G| /2IE(G])] and WCHs = WOH(X - X ) with X = Ay |V (GM)||V(G})| 7, giving
re=N/A= \/)\ [V(GM)[2/(2|E(GL)]). Since |V (GM)| is an exponential random variable
with expectation Mt, and |E(G})|/t* = |E(Gy)|/t* — §|W||1 a.s. by Proposition 56, we
have that, a.s., s — 1 as t — oo. By the triangle inequality, Lemma 36, and the fact that
WG;,SHO AP = W@{VI,S’

M

FEW, G < [W* = Wil + da(Wiy, WE)

v v St all ’ (17)
[ g gz = Oy + S (s, ),

The first term on the right side of (17) is bounded by ¢ by assumption, and the second
converges to zero as already discussed above. The third term on the right side of (17) is
the product of 7, % and the fraction of edges of G for which at least one vertex v = (t,z)
satisfies > M. By Proposition 56 (applied with the random graphs éi” and ét and the
same simple graph F' as above) and lim;_, 7 = 1 it follows that this term is less than
2¢ for all sufficiently large ¢ > 0. The fourth term on the right side of (17) converges to
zero by lim; oo = 1 and Lemma 44. Since ¢ > 0 was arbitrary we can conclude that

Proof of Theorem 28 (ii) First we will show that the condition Y o2 u(S,)™! = oo
is necessary. We will use proof by contradiction, and assume » -, w(Sy,)"! < oo and
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a.s.-limy, o0 05 (W, Gy) = 0. We will obtain the contradiction by proving that with positive
probability E(G,,) = 0 for all n € N (which clearly contradicts a.s.-lim,_,« 65;(W, Gr) = 0).
By rescaling the measure of . we may assume without loss of generality that ||[WW||; = 1.
Furthermore, we assume that u(S) = oo by extending . and W to a space of infinite
measure. Note that the condition | J; S; = S will not hold after such an extension has been
done, but we will not use this property in the proof. (The property J; S; = S is applied
only in the second part of the proof, where we show that the condition >°°° ; u(S,)™! = oo
is sufficient.)

First we will prove that there is a random N € N such that W& = WENS (up to
interval permutations) for all n > N. Since (|E(Gy)|)nen is increasing, in order to do this it is
sufficient to prove that (|E(Gy)|)nen is bounded almost surely, and by monotone convergence,
this in turn follows once we show that sup,cy E[|E(G,)|] < co. Letting v; € V(G;) denote
the vertex added in step 7 € N, and defining Sy = (), we obtain the desired result:

E|EG) = Y Pllvi,v) € E(Gy)]

1<i<j<n
1<icj<n H\PIH9;
n 1
< Wlis\s, xS\, AR
22 Wyl 3 sy
- 2
< |[Wlh (Z M(Sn)_1>
n=1
< 0.

Since limy, o0 6% (G, W) = 0 it follows that do(WEN5 W) = 0.

We saw in the above paragraph that do(WEN* W) = 0 a.s. for some random N € N.
Therefore there is a deterministic step graphon W = (/W,RJr) with values in {0, 1} such
that 55()7\/\, W) = 0. Since the set {D; > 0} has finite measure, by Lemma 45, the set
A = {Dy > 0} has finite measure as well. After changing W on a set of measure 0, we have
suppW C A x A. Note also that by Proposition 7 we have §; (/I/I7, W) =0.

For any n € N the probability that a feature sampled from the measure pu,, is contained
in A is given by p(ANS,)/u(Sn) < u(A)/n(Sy). Hence the Borel-Cantelli lemma implies
that finitely many vertices in |J,,~; V(Gp) have a feature in A. Therefore we can find a
deterministic ng € N such that IP’(at_n ¢ A for all n > ng) > 0. It follows that with uniformly
positive probability conditioned on Gy, no edges are added to G,, after time ny.

To conclude our proof (i.e., obtain a contradiction by proving that F(G,) = () with
positive probability) it is therefore sufficient to prove that E(G,,) = 0 with positive
probability. We will do this by sampling a sequence of graphs (én)neN from W which is
close in law to (G )nen, and use that E (én) = () with positive probability since W is zero
on a certain subdomain since the graphs we consider have no lggps. (Note that our approach

would not have worked if we allowed for loops; if, for example, W|[0,1]2 =1and Sp,5; C [0,1]
we would have had P(E(G,,) = ) = 0.) Let ¢ > 0, and recalling that 51()7\/\, W) = 0, choose
a coupling measure zz on S x Ry such that [[W™ — W™2|; 7 < e. By using p we can sample
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~

two coupled sequences of graphs (Gp,)i1<n<n, and (Gp)i<n<ng, such that the two sequences
have a law which is close in total variation distance, (Gr)i1<n<n, has the law of the graphs
in the statement of the theorem, and (én)lgngno is sampled similarly as (G, )nen but with
W instead of W. More precisely, for each n € {1,...,n0} we sample (z,7) € S, x R4 from
the probability measure u(S,) 'fils, <k, , we let = (resp. Z) be the feature of the nth vertex

of Gy, (resp. Gy), and by using that ||[IW™ — Wﬁ”l,ﬁ < € we can couple (Gy,)i1<n<n, and
(Gr)1<n<n, such that for each ni,ng € {1,...,ng} for which n; # ng we have

P({(@n120a) € E(Gy), @y Fna) & B(Gg) } U
{@n1s20) & B(Gro), (FnyFnc) € E(Gry)})
< (o) (S |

(Sny xRy )X (Sny XR4)
< p(Sny) " a(Sy) e

W™ —W™| dudi

~

Hence the total variation distance between the laws of (G),)1<n<n, and (Grn)i<n<n, IS
bounded by nZu(S1) 2. Since we can make this distance arbitrarily small by decreasing ¢,
in order to complete our proof it is sufficient to prove that E (éno) = () with a uniformly
positive probability for all coupling measures . Write Ry = UnN:o Ay, such that Ay, ..., AN
correspond to the steps of the step function ﬁ/\, with, say, Ag corresponding to the set of
all z such that [ W (z,y)dy = 0. For any choice of i we can find a k = k; € {0,...,N}
such that (S x Ax) > p(S1)/(N + 1). Therefore there is a uniformly positive probability
that all the vertices of éno have a feature in A;. On this event we have E ((A}’no) = (), since
/W’AkXAk = 0 as the graphs we consider are simple (i.e., they do not have loops). This
completes our proof that the condition o0, u(S,) ™1 = oo is necessary.

Now we will prove that the condition > °° | u(S,)~! = oo is sufficient to guarantee
that a.s.-lim, . 65(W,G,) = 0. We will couple (Gy)nen to a graphon process (ét)tZO
with isolated vertices. Fix ¢ > 0, and choose N € N sufficiently large such that |W —
W1lsyxsyllo < e. Sample (ét)tzo, and independently from (ét)tzo, sample (Gy,)1<n<N as
described in the statement of the theorem. Define (,,),>n inductively as follows

ty =0, t, = inf{t > t,_1 : there exists z € S,, such that (¢,x) € V(ét)}

Note that t,, — oo a.s. as n — 00, because the increments ¢, — t,_1 are independent and
exponentially distributed with mean p(S,)™!, and Y N1 w(S,) ™! = co by assumption.

For n > N let G,, be the induced subgraph of étn whose vertex set is
V(Gn) ={(t,z) € V(Gy,) : there exists 71 € {N +1,...,n} such that ¢ = t3}.

For each n > N let GG,, be the union of G and én, such that the edge set of GG, is given
by E(Gy)UE (@n) in addition to independently sampled edges between the vertices of G
and the vertices of @n, such that the probability of connecting vertices with features x and
a2’ is W(z,2'), and such that G,,—1 is an induced subgraph of G,. It is immediate that
(Gpn)nen has the same law as the sequence of graphs (G, )nen described in the statement of

the theorem.
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We will prove that |E(Gp)\E(Gy,)| = o(|E(Gy,)|) and |E(Gy,)\E(Gp)| < €| E(Gy,)| for
all large n € N. This is sufficient to complete the proof of the theorem, since € > 0 was arbi-
trary, since lim,_, 65 (W, Gy.) = 0 by part (i) of the theorem, and since 0%(Gh, Gi,) = 0
as n — oo and € — 0 by the following argument. Define WCnss = (WG"7S,R+) and
WCns = WCns(rl pml ) for ry = |E(Gn)|Y2|E(Gy,)| Y2 ie., WGns is a stretched
version of W&* defined such that each vertex of G,, corresponds to an interval of length
(2|E(Gy,)])~ /2. Then each vertex corresponds to an interval of length (2|E(Gy,)|)~1/2
both for WS¢ and for WGns so by ~ordering the vertices appropriately when defin-
ing the graphons we have ||[WCO»s — WG|y < |B(G,) A E(Gy)||E(Gy)| ™ = on(1) +
e. For sufficiently small ¢ > 0 and large n € N we have |r, — 1| < HE(Gn)P/2 -
\E(étn)ll/QHE(étn)]Aﬂ < 0p(1)+¢, and hence Lemma 44 implies that 65(WCns W&ns) <
4e for all sufficiently small € > 0 and sufficiently large n € N. Combining the above estimates
we get that for all sufficiently small € > 0 and sufficiently large n € N,

58(Gn, G ) < GG WOS) 4 g5 (WCns WCtns) < ge 4 |[WECs — WG|

1§6€.

First we prove that conditioned on almost any realization of Gy, |E(Go)\E(Gy,)| =
o(|E(Gy,)|) as n — oo. Note that E(Gp)\E(Gy,) consists of the edges in E(Gy), plus

~

independently sampled edges between V(Gy) and V(Gy). Since V(Gn) C V(Gy,), we
overcount the latter if we independently sample one edge for each v € V(Gy) and v' € V(Gy,),
with the probability of an edge between v and v’ given by W evaluated at the features of
v and v'. Defining deg(v; Gy,) to be the number of edges between v € V(Gy) and V(Gy,)

obtained in this way, we thus have

|B(G\E(G,)| < [E(Gn)|+ Y deg(v;Gh,).
veV(GN)

By Proposition 56 applied with F' being the simple connected graph with two vertices,
|E(Gy,)| = O(t2). In order to prove that |E(Gn)\E(Gy,)| = o(|E(Gy,)|) it is therefore
sufficient to prove that, conditioned on almost any realization of Gy, each vertex v € V(Gy)
satisfies deg(v; étn) < Ct, for all sufficiently large n and some C' > 0 depending on the
feature of the vertex. Condition on a realization of G such that [, W (z,y) du(y) < oo for
all x € S such that z is the feature of some vertex in Gy. We will prove that if x € S is the
feature of v € V(G ) then a.s.

tlim Y. = / W(z,y)du(y), where Y_; := t ' deg(v; Gy) for all t > 0, (18)
—00 S

which is sufficient to imply the existence of an appropriate constant C. The convergence
result (18) follows by noting that (Y;);<o is a backwards martingale with expectation
Js W (z,y) du(y), which is left-continuous with right limits at each ¢ < 0; see the proof of
Proposition 56 for a very similar argument. Hence the Kolmogorov 0-1 law implies (18). We
can conclude that |E(Gn)\E(Gy,)| = o(|E(Gy,)|).

Now we prove |E(Gy, \E(Gy)| < €|E(Gy,)|. Let Gy, be the induced subgraph of Gy,
corresponding to vertices with feature in Sy. Then

|E(Gy,)\E(Gy)| < |E(Gy,)| — |E(Gh,)|-
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By applying Proposition 56 to each of the graphs Gy, and Gtm and with F' being the simple
connected graph on two vertices, it follows that

limsup |E(Gy,)| "M E(Gr,)\E(G)| < lim [B(G,) T IE(GL,)| — |E(G,)))
n—oo n—oo
= Wl = Wlsyxsylli = [[W = Wisyxsyllh <e

Proof of Theorem 27 Assume that (i) holds, i.e., dg(W1, Wa) = 0. We will prove that
(ii) and (iii) also hold. It is sufficient to prove that (ii) holds, since (ii) implies (iii).

We first consider the case when p;(I;) < oo for ¢ = 1,2, where [; := {x € S; : Dw,(x) >
0}. Recall that by Proposition 21 we have u1(I1) = p2(I2), so by restricting the graphon W
to the space I; for i = 1,2 we obtain two graphons with cut distance zero over spaces of
finite and equal measure. By definition of I;, almost surely no vertices of (ét)tzo will be
isolated for all times, and it is proved that (ii) holds in, for example, a paper by Janson
(2013, Theorem 8.10), who refers to papers by Borgs, Chayes, Lovdsz, Sés, and Vesztergombi
(2008), Borgs, Chayes, and Lovasz (2010), and Diaconis and Janson (2008) for the original
proofs.

Next we consider the case where p1(I1) = pa(lz2) = co. We may assume p;(S; \ I;) =0,
since replacing the graphon W; by its restriction to S; \ I; amounts to removing vertices
which are isolated for all times. Part (i) of Proposition 51 now implies that we can find a
measure g such that W™ = WJ? p-almost everywhere. By the assumption p;(S; \ I;) = 0,
part (iv) of the proposition implies that p is a coupling measure. Sampling a graphon
process from W; may be done by associating the vertex set with a Poisson point process
on (51 x S2) x Ry with intensity p x A, such that each ((x1,z2),t) € (S1 x Sa) x Ry is
associated with a vertex with feature z; appearing at time t.

Now we will prove that (ii) or (iii) imply (i). We will only show that (ii) implies (i), since
we can prove that (iii) implies (i) by the exact same argument. We assume (ii) holds, and
couple (é%)tzo and (ég)tzo such that G} = G2 for all ¢ > 0. By Theorem 28(i) we know
that lim; o So(WVi, WGi) = 0. Since WG = WG for all ¢t > 0 it follows by the triangle
inequality that do(Wi, Wa) =0, so (i) holds. [ |

Appendix E. Compactness

In this appendix we will establish Theorem 15.

Lemma 58 Let (Wy)nen and (Wn)neN be two sequences of graphons, with Wy, = (Wy, %),
I = (Sn,Snstin); Wn = Wy, H), and S, = (Sn, Sn, fin), such that there are measure-
preserving transformations ¢y : Sy, — Sy, for which limy,_, ||W,, — I/l/f" |1 = 0. Furthermore,
assume that either (i) ¢n is a bimeasurable bijection, or (ii) S, = Sp x [0,1], where [0,1] is
equipped with Lebesgue measure, and ¢y : Sy — Sy, is the projection map. Then (Wp)nen
has uniformly regular tails iff Wy )nen has uniformly reqular tails.
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Proof Let (¢,)nen be a sequence of positive real numbers converging to zero, such that
Wy — Wi ||y < en for all n € N. First assume (W, )nen has uniformly regular tails.
Given any € > 0 let M > 0 be such that for all n € N we can find U, € S, satisfying
[in(Uy) < M and |W,, — W, 15 ..l <&/2. Define U, := ¢ 4(U,). Since ¢, is measure-

preservmg, Lin(Up) = pn(Uyn) < M. By first using |[W, — W™ ||; < en (which implies that
(W, — — W )1y, v, |1 < €r) and then using that ¢,, is measure-preserving we get

IWo=Walu, v, |1
< |[Wyy = W2 |1 + W — WLy, v, 1+ (W — Wa) 1y, xu, |1
< |[Wen — Wy, v, |l + 260
= [|Wn = Walg g 1+ 2en
< e/2 4 2ey,.

The right side is less than ¢ for all sufficiently large n € N. Therefore (W), ),en has uniformly
regular tails.

Next assume (W, )nen has uniformly regular tails. We consider the two cases (i) and (ii)
separately. In case (i) it is immediate from the above result that (W), ),en has uniformly

— —1
regular tails, since |[W, — W |1 < .. Now consider case (ii). Given any £ > 0 let
M > 0 be such that for all n» € N we can find U, € S, satisfying u,(U,) < M/2 and
Wy — Wiy, xu, |1 < €/5. Define U, by

~ ~ 1 1
U, = {IL‘ €S, : /0 1($,5)6Un ds > 2} ,

and define U/, := ¢;1(U,). Note that U, is a measurable set since (z,s) > 1(z.6)cu, 18
measurable. Then i, (U,) < M, since

/ / eyt ds dfi(z / / eyt ds dji(z) > / 5 i) = Sin(0).

Next we will argue that

HW W 1U xUn ||1 < 2||W7fn - qunlUnxUnHl' (19)

If (z,2') € (S, % Sp)\(Up x Uy) it holds by the definition of U, that

1 1 1 1
1
/ / 1((x’s)’(x/7s/))e(s’”Xsn)\(UnXU") ds, ds - 1 N / 1($75)€Un dS/ 1(55,75)6[]71 ds 2 57
0 JO 0 0
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which implies (19) by

(')

l(x,z/)e(Enx§n)\(17nxL7n)

W Walg, = [ duta) duta)
S7L><S7L

g2/wsnd (z) dyu(z (’W (2, ")

/ / ((z,5),(x,8"))E(Sn xS )\(Un xUn) ds’ d8>
<2 /~ @) due!) [T ) / / L) S et d
SnXSh o Jo

=2 ngnl(snxb‘n)\(UnxUn) )
= 2| W2 — Wiy, xu,|I1-

1

(@) €(Sn % Sn)\(UnxUn)

Using that ¢,, is measure-preserving, the triangle inequality, that HWT? " — Whllh < &n, and
the estimate (19) we get

< 2[Wer — WLy, xu, 1
< QHWn - WnlUnxUnHI +4e, < 28/5 + 4e,,.

HW W 1U xUp Hl

The right side is less than e for all sufficiently large n € N, and thus (Wn)neN has uniformly
regular tails. ]

Proof of Theorem 15 First we will prove that every dg-Cauchy sequence has uniformly
regular tails. Let (W, )nen with W,, = (W, #,) be a do-Cauchy sequence of graphons, i.e.,
limy, ;m—00 000(Wh, Win) — 0. By Lemma 58 we may assume without loss of generality that
7, is atomless for all n € N. By Lemmas 46 and 33 we can find graphons W, = (Wn, Ry)
and measure-preserving maps ¥, : S, — Ry such that W,, = (Wn)%. Since 5D(Wn, W) =0,
(Wn)neN is a Cauchy sequence. Given any € > 0 choose N € N such that 5D(WN, Wn) <e/d
for all n > N. For each n < N let M, € Ry be such that ||W, — Wnl[o,Mn]2||1 < ¢/3, and

define M := sup,,<y M, < co. To prove that (Wn)neN has uniformly regular tails it is

sufficient to prove that for each n > N we can find a Borel-measurable set A, C R4 such
that B o
)\(An) < M, HWn — WnlgnxgnHl < €. (20)

We can clearly find an appropriate set A, forn=N ; indeed, we can find a set Ay C R

such that the second bound holds with /3 instead of ¢. By Proposition 48(c) we can

ﬁnd isomorphisms ¢,: Ry — Ry such that IWx — Wi || < /3 for all n > N. Define
A, = qﬁn(AN) and note that

—~ —~ 2¢e
W,?” — WgnlﬁNxANHD < ”WN — WNIKNXKNHD + —<e.

W Wl
[ -

Apx A, HD—H

Observing that for non-negative graphons the cut norm is equal to the L' norm, this gives
that (20) is satisfied and (Wn)neN has uniformly regular tails. Defining A,, := w_l(A ), we
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have pu(A,) < M and |W,, — W,14, x4, |1 = |[Wn — Wnlﬁnxﬁnul < . Hence (W,,)nen has
uniformly regular tails.

Now we will prove that uniform regularity of tails implies subsequential convergence for
0. We consider some sequence of graphons (W, )pen with uniformly regular tails, and will
prove that the sequence is subsequentially convergent for ég towards some graphon W. By
Lemma 58 we may assume without loss of generality that .#, is atomless for all n € N, and
by trivially extending W,, to a graphon over a space of infinite total mass if needed, we may
assume that p,(S,) = co. Recall the definition of a partition of a measurable space, which
was given as part of the discussion before the statement of Proposition 20. We will prove
that we can find increasing sequences (mg)ren and (My)gen with values in N, such that for
each k,n € N there is a partition P, j of S, and a graphon W, , = (W, , Ry) such that
the following hold:

(i) We have P\ = {I}lk : i =0,...,mg}, where p,(Sp\ ng) = M}, and un(Ifl’k) =
Mk/mk for i € {1, R ,mk}.

(ii) We have oWy, Wh k) < 1/k for all n € N.

(iii) For each 41,42 € {1,...,my} the value of W, ;, on ([i1 — 1,i1) X [i2 — 1,42)) My/my is
constant and equal to the value of (Wy)p, , on L'} x I2 12 . On the complement of
[0, My]?, we have W, = 0.

(iv) The partition P, jy1 refines the partition P, ;. We number the elements of the
partition Py, 41 to be consistent with the refinement. More precisely, defining 7, :
(Mk/mk)/(MkH/mkH) € N to be the ratio of the partition sizes in the two partltlons

we have I, , = U”’“(z 1 In jg1 for every i with 0 < i < my,.

Partitions P, and graphons W, ; satisfying (i)-(iv) exist by the following argument.
By the assumption of uniformly regular tails, for each ¥ € N we can find an M; €
N such that for appropriate sets Iok satisfying g, (S, \ 19 k) = My we have [|[W, —
Wy 1(Sn\12,,€) (Sa\I2 ) |1 < 1/(3k) for all n € N. By Lemmas 46 and 33, for each n, k € N the

graphon (Wn‘(sn\I%k)X(Sn\I?L,k)? Sn\ In,k) is a pullback of a graphon Wn,k = (ka, [0, My])
by a measure-preserving transformation ¢, ;. By applying Szemerédi regularity for equi-
table partitions to Wn,k (see, for example, the paper of Borgs, Chayes, Cohn, and Zhao,
2014a, Lemma 3.3) we can find appropriate my € N and partitions ﬁnk of [0, Mj] such
that H(V[N/nk — (Wn k)5, Jllo < 1/(3k). Then the pullback of (Wn,k)ﬁnyk along ¢, equals
(Wn)p,, for an approprlate partition of S,, satisfying (i), and

W = (Wa)p, i llo < [[Wn = Wal(g o x(sa0 o
+ [[(Wn = (Wa)p, )1 (Sn\lgk)x(sn\[g’k)”'j
FNWa)p, L g0 oxsar,) = (Wa)p, o

= IWa = Walis, 0 xsavie pllo + W = (W i) |

=~ O
pn,k

H W (s, \ID )% (Sn\ID ) -W )Pnk O

< 1/k.
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Define W, i, as described in (iii), and note that all requirements (i)—(iv) are satisfied since
S0(((Wa )Py s F): Wa) = 0.

By compactness, for each k € N there exists a step function Uy, : R3 — [0, 1] (with support
in [0, M]?) such that (W), x)nen converges pointwise and in L! along a subsequence towards
Uk. We may assume the subsequence along which (W, j41)nen converges is contained in
the subsequence along which (W, i )nen converges. Note that for each 1,42 € {1,...,my}
the function Uy, is constant on ([i1 — 1,41] X [i2 — 1,43]) M) /my. Furthermore, observe that
if k, k' € N and k' > k, the value of Uy at ([i1 — 1,i1] x [ig — 1,42]) My /my is equal to the
average of Uy over this set. Define the graphon Uy by Uy := (Ug, Ry).

Choose M > 1, and then choose £k’ such that My > My, > M for all k > k. Let (X,Y)
be a uniformly random point in [0, Mj/]?. By the observations in the preceding paragraph
(Up(X,Y))k>k is a martingale. Hence the martingale convergence theorem implies that
the limit limy_, o Ur(X,Y) exists a.s. Since M was arbitrary it follows that there is a set
E C Ri of measure zero outside of which (Uy)p>p converges pointwise. Define the graphon
U = (U,R;) as follows. For any (z1,22) € RZ\E define U(z1,22) = limg_00 Uk (21, 22),
and for any (x1,x2) € E define U(x1,x2) := 0. Since the functions Uy, are uniformly bounded,
martingale convergence also implies that Uk|[0, M2 converges to U |[07 M2 In L' for each
¢eN.

Next we will show that limy_,o [[Ux — Ul[1 = 0. Since limg 00 [|(Ux — U)1pgag,2ll1 =0
for each ¢ € N it is sufficient to prove that ||Uk1R3_\[0,Mg]2H1 < 1/(3¢) for all k,¢ € N for
which k > ¢. This follows by Fatou’s lemma and the inequality

/ W] = / Wil < / Woalp, .
R2\[0,M,]? [0,M]2\[0,M]? (Sn\fg,k)2\(5n\12,g)2

[Wa| <1/(30).

/(Sn\fg,k)2\(Sn\12,¢)2
By the result of the preceding paragraph
lim sup og(Uy, U) < limsup ||Uy — U||; =0,
k—oo

k—o00

and we conclude the proof by applying the triangle inequality to obtain

lim inf (U, W) < limsup lim inf (5D(U,Uk) + oo (U, W) + 5D(Wn7k,Wn)) =0.

n—oo k—o00 n—00

Appendix F. Basic Properties of Metric Convergent Sequences of Graphs

In this appendix we will establish Propositions 20 and 22. First we prove a lemma saying
that for a set of graphs with uniformly regular tails we may assume the sets U in Definition
13 correspond to sets of vertices.

Lemma 59 Let G be a set of graphs with uniformly reqular tails. For every € > 0 there is
an M > 0 such that for each G € G we can find a set U C Ry corresponding to a set of
vertices for G such that |W&* — W1y |1 < € and A(U) < M.
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Proof Since G has uniformly regular tails we can find an M > 0 such that for each G € §
there is a set U C R4 (not necessarily corresponding to a set of vertices for G) such

that ||[W&s — WG’SlﬁXﬁﬂl < ¢/2 and A(U) < M/2. Recall that each vertex i € V(G)

corresponds to an interval I; C Ry for the stretched canonical graphon W&, such that
A(I;) is proportional to the weight of the vertex. Given a set U C Ry as above, define

U:=|JL, where I:={icV(G):2\LinTU)>\I)}.
€L

The lemma now follows by observing that \(U) < 2\(U) < M and

IWE =W uwlh= 3. BuAIIA)
1,j€V(G): (4.5)¢IxT
<2 > Bii (NIDA(L;) — ML N U)A(I; N T))

1,7EV(G): (i,§)2IXT

G G
< 2||W S W 781[7><ﬁ||1

<e.

Proof of Proposition 20 Define M,, := inf{M > 0 : supp(W*) C [0, M]?}. If (Gp)nen
is sparse, then liminf, _,., M, = co. By Lemma 59, if (G,,)nen has uniformly regular tails
there exists an M’ > 0 such that if we order the vertices of G,, appropriately when defining
the canonical graphon W& of G,,, then HWG"’51[07M112 |1 > 1/2 for all n € N.

The graphons W™ and W&* are related by W&n" = MT%WG"S(M,Z -, M, - ) for
some Mn > M, (with ]Téfn = M, if G, has no isolated vertices; if G,, has isolated vertices
corresponding to the end of the interval [0, 1] for the canonical graphon W& we will have
]\/Zn > My,). If limy, o0 Mn = oo and HWG”’SI[QM/PH1 > 1/2 for all n € N, then

||WG"’T1[O7%]2||1 >1/2 and lim a, =0, where a,, := min (M’]\Ajgl, 1). (21)
n—oo
The proof of (i) is complete if we can prove that (21) implies that (Gy,)nen is not uniformly
upper regular. Assume the opposite, and let K: (0,00) — (0,00) and (1, )nen be as in the
definition of uniform upper regularity. Let P, be a partition of R, such that one of the
parts is [0, al,], where a), > a, is chosen as small as possible such that [0, a},] corresponds
to an integer number of vertices of G,, for the canonical graphon. Then lim,_, a], = 0
since limy, o0 @, = 0 and lim,_,» V(G,) = oco. By the first part of (21) it follows that
(WGnr)p > K(1/2) on [0,al,]? for all sufficiently large n; hence for all sufficiently large n,

W) 2 Ly, mx a2l = (W )p, L arg2lli = W L g2l > 1/2.

We have obtained a contradiction to the assumption of uniform upper regularity, and thus
the proof of (i) is complete.
Defining p,, := p(G,,) (recall the definition of p in the beginning of Section 2), we have

WGns = WGn (p}/Z Lo -) and WG = p WG If (G,)nen is dense and has convergent
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edge density the following limit exists and is positive: p := lim,_ o0 prn > 0. It follows
by Lemma 44 (resp. Lemma 36) that (G )nen is a Cauchy sequence for 6 (resp. dof) iff
(WEn),en is a Cauchy sequence for dp, since for any n,m € N,

5E(GTL7 Gm) - 6D((WGn <p1/2 ' ’p1/2 : )7R+)7 (WGm(p1/2 : 7p1/2 ’ )7R+))‘
< o (WOms, (WO (p!/2 - p1/2 ) RY))

+ 55((WGW (P1/2 ’ 7p1/2 ’ )7R+)7 WGm?s)
— 0

as n,m — 00, and a similar estimate holds with d7; instead of J%. This completes the proof
of the first assertion of (ii).

To prove the second assertion of (ii) consider the following sequence of dense graphs
(Grn)nen, which is a Cauchy sequence for 62, but not for é7;. For odd n let G, be a complete
simple graph on n vertices, and for even n let G, be the union of a complete graph on n/2
vertices and n/2 isolated vertices. This sequence converges to Wy := (10,12, R4) for 67, but
does not converge for df;.

Conversely, the following sequence of dense graphs (G )nen is a Cauchy sequence for 0f
but not for 63. For odd n let G, be a complete graph on n vertices, and for even n let G,
be an Erdés-Rényi graph with edge probability 1/2. This sequence converges to W, for o7,
but does not converge for J7;. |

Proof of Proposition 22 We will assume throughout the proof that the graphs have no
isolated vertices, since the case of 0| E(G,,)| vertices clearly follows from this case. We assume
the average degree of (G, )nen is bounded above by d € N, and want to obtain a contradiction.
When defining the canonical stretched graphon W& of G,,, each vertex of G,, corresponds
to an interval of length 1/41/2|E(G,)|. Since |E(G,)|/|V(Gyn)| < d/2 by assumption, the
vertices of G, correspond to an interval of length |V (G,)|//2|E(Gn)| > +/2|E(Gy)|/d,
which is too stretched out to be compatible with uniformly regular tails. Explicitly, given
that G, has no isolated vertices it follows that for any M > 0 and any Borel set I C R
satisfying A\(I) < M,

/ WG > VAE(G)/d — M
(Ry\I) xR+ B

2|E(Gn)

By the assumption that lim,_,« |E(G,)| = 0o, the right side of this equation is greater than
1/(2d) for all sufficiently large n € N. Since M > 0 was arbitrary, this is not compatible with
Gy, having uniformly regular tails, which together with Theorem 15 gives a contradiction. l

Appendix G. Exchangeability of Graphon Processes

The main goal of this appendix is to prove Theorem 26.

Lemma 60 Let (G)nen be a sequence of simple_graphs with uniformly regular tails, such

that |[E(Gy)| < oo for alln € N and lim,_o |E(Gr)| = 00. Fix d € N, and for each n € N
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let @n be an induced subgraph ()Afén where all or some of the vertices of degree at most d
are removed. Then lim, o |E(Gr)|/|E(Gr)| = 1.

Proof We wish to prove that ¢ := limsup,,_,,, €, = 0, where ¢, := 1 — \E( DI/ IE(GR)|.
By taking a subsequence we may assume € = limy, o0 €n. We will carry out the proof by
contradiction, and assume £ > 0. By definition of G,, there are at least &, |E(G,,)| edges of G,
which have at least one endpoint of degree at most d. Hence there are at least ¢, |E(Gy)|/d
vertices with degree between 1 and d. In the canonical stretched graphon of Gy, each vertex
corresponds to an interval of length (2|E(G)|)~'/2. Hence the total length of the intervals
corresponding to vertices of degree between 1 and d is at least 2~ /2¢,|E(G,,)|"/2d~", which
tends to infinity as n — co. It follows that for each M > 0 and any sets U,, C R of measure
at most M,

WO — W1y Iy > (2726, | B(Ga) 27 = M) - (2IE(Ga)]) 2,

which is at least 5(23/ 2d)~! when n is sufficiently large. Thus (én)neN does not have
uniformly regular tails, and we have obtained the desired contradiction. |

We will now prove Theorem 26. Note that we use a result of Kallenberg (2005, Theo-
rem 9.25) for part of the argument, a result which is also used by Veitch and Roy (2015), but
that we use it to prove Theorem 26, which characterizes exchangeable random graphs that
have uniformly regular tails, while Veitch and Roy (2015) use it to characterize exchangeable
random graphs that have finitely many edges for each finite time, but which do not necessarily
have uniformly regular tails (a notion not considered by Veitch and Roy, 2015).

Proof of Theorem 26 First assume (ét)tzg is a graphon process generated by W, with
isolated vertices, where « is a random variable. We want to prove that (ét)tzo has uniformly
regular tails, and that the measure ¢ is exchangeable. Regularity of tails is immediate
from Theorems 28(i) and 15. Exchangeability is immediate by observing that the Poisson
random measure ¥V on Ry x S defined in the beginning of Section 2.4 is identical in law
to {(¢(t),x) : (t,x) € V} for any measure-preserving transformation ¢: Ry — Ry (in
particular, for the case when ¢ corresponds to a permutation of intervals).

To prove the second part of the theorem assume that £ is jointly exchangeable and
that (ét)tzo has uniformly regular tails. By joint exchangeability of £ it follows from the
representation theorem for jointly exchangeable random measures on Ri (Kallenberg, 2005,
Theorem 9.24) that a.s.

¢ = Zf o, 4, 05, (i gy )Ott, + BAD + YA
+Z A, Tj, X4k 5t],ajk +g (a x]?X]k)(SO'J kotj )
(22)
+Z (e, ) (8, @A) + (e, 7)) A ® &) )

+ Z ( o, M) pzwp; + ll(“?”’f)ép;,pk) )
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for some measurable functions f > 0 on R+, 9,9 > 0on Ri, and h,h/,1,I" > 0 on Ri, a set
of independent uniform random variables ((y; j1)ijen with values in [0, 1], independent unit
rate Poisson processes (tj,z;)jen and (055, Xi,j)jen on R2 for i € N and (pjs P Mj)jen on
Ri, an independent set of random variables «, 5,y > 0, and A (resp. Ap) denoting Lebesgue
measure on Ry (resp. the diagonal 1 = zo > 0).

By the definition (4) in Section 2.4 of ¢ as a sum of point masses, all the terms in
(22) involving Lebesgue measure must be zero; i.e., except on an event of probability zero,
B =v=0and h(a,z;) = h'(a,z;) = 0 for all j € N. Recall that by (5) each vertex can
be uniquely identified with the time ¢ > 0 when it appeared in the graph, and that each
point mass 0, with ¢,¢' > 0 represents an edge between the two vertices associated with ¢
and t’. Almost surely no two of the random variables py, pj., ti, t;,0; for 4,5,k € N have
the same value, and hence the functions f, g, ¢’, 1,1’ take values in {0,1} almost everywhere.
Furthermore, since the graphs ét are undirected, we have ¢ = ¢’ and [ = I, and f is
symmetric in its second and third input argument.

First we will argue that the subgraphs Gt of Gt corresponding to the terms

fla, @i, 25, Chijy )0t i

have the law of a graphon process with isolated vertices generated by some (possibly random)
graphon W. Condition on the realization of «, and define the function W, : Ri — [0,1] by

Weo(z,2") :=P(f(a, 2,2, (i jy) = 1] ) for all z,2’ € Ry.

It follows that, conditioned on « such that W, € L', (@t)tzo has the law of a graphon
process generated by W, = (W,, Ry ). To conclude we need to prove that W, € L' almost
surely, which will be done in the next two paragraphs.

First we will argue that (@t)tzo has uniformly regular tails. Since no two of the random
variables py, p.,ti, t;, 0 have the same value for ¢, j, k € N, each point mass dpp, p, Or 5% o
of & corresponds to an isolated edge, i.e., an edge between two vertices each of degree one,

and each point mass 5(,].7167,5 ; or Oy S of £ corresponds to an edge between the vertex ¢; in
(A}t and a vertex of degree one; i.e. ZkeN(dt],gj . T 6UJ ot ) corresponds to a star centered
at the vertex associated with ¢;. Note that Gt and Gt satlsfy the conditions of Lemma 60
with d = 1. Hence lim;_,oo |E(Gy)|/|E(Gy)| = 1, and since Gy has uniformly regular tails
this implies that Gt must also have uniformly regular tails.

We assume that W, is not almost surely integrable, and will derive a contradiction.
We condition on a such that W, ¢ L', and to simplify notation we will write W instead
of W,. Let GJr (resp. G ) be the induced subgraph of Gt COHSlstlng of the vertices for
which the feature x satisfies x € I := {2/ € Ry : fR (x,2')dx’ > 1} (resp. x & I).
Let Wt = (WT,Ry) and W~ = (W~,R,) denote the corresponding graphons (we will
see shortly that they are integrable), i.e., Wt = Wil and W~ = Wiljeyxre. Since
|E(@t)| < 00 a.s. for each ¢ > 0 the measure ¢ is locally finite a.s. We deduce from this that
M) < oo and |[W™ |1 < oo (Kallenberg, 2005, Theorem 9.25, (iii) and (iv)). By applying
Proposition 56 this implies further that

1

hm t2|B(G)| = f||W+|]1 (I)2 < o0,
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1
lim |Gyl = 517 < o0,

t—00
and

lim ¢ 7% E(Cy)| =
It follows that if E(G;) := E(G )\(& (Gf) U E(@t_)) is the set of edges having one endpoint

in V(G+) and one endpomt in V(G, ), we have

lim |E(G)l/|B(Gy)| = 1. (23)

For the stretched canonical graphon WG the edges E( A;\) correspond to A = (J; X
JE) U (Jg x Jy) € R%, where J; C Ry corresponds to V(G;). Since |V(G])| = O(t),
we have \(J;) = |V(Gzr)|(2|E(Gt)]) 12 = 04(1). B y (23) and ||Wét’5H1 = 1, we have
limy o0 ||W@t’51Ac||1 = 0. Since A(J;) = 0i(1) and WG“S takes values in [0, 1], we have
limy o0 HWétvsl ANUZ |1 = 0 for all sets Uy C Ry of bounded measure. We have obtained a
contradiction to the hypothesis of uniform regularity of tails, since

: G . G : G
A (W= 1]l < Jim W Lzaalls + Jim [WE*1 e[y = 0.

To complete the proof that (CNJt)tZO has the law of a graphon process with isolated
vertices, we need to argue that a.s.
lo,mi) = glo, x4, x56) =0 for all k,7 € N. (24)
Let N; € No denote the number of edges associated with terms of £ of the form ¢, o —|—5p P>
and let Nt denote the number of edges associated with terms of £ of the form 6, , ¢ + 0.0, .-
Since Gt and Gt satisfy the conditions of Lemma 60 with d = 1, and since Lemma 56 implies
that a.s.-lim_,e0 | E(Gy)|/t2 = LW |l1, it follows that a.s.

- 2 _ N2
tlggoNt/t =0 and tlgIoloNt/t = 0. (25)

We will prove (24) by contradiction, and will consider each term separately. First assume
A(supp(l(ev, - )) > 0 with positive probability. Conditioned on a realization of a such
that p := A(supp({(c, - )) > 0, the random variable IV; is a Poisson random variable with
expectation t?p. Hence lim;_,oo N;/t? = p, which is a contradiction to (25). It follows that
A(supp(I(a, -)) =0 a.s., and thus I(a,n,) = 0 for all K € N a.s.

Now assume A(supp(g(a, -, -))) > 0 with positive probability. Then there exists ¢ > 0
such that with positive probability there is a set I C R (depending on «) satisfying \(I) = ¢,
and such that for all x € I it holds that A(I;) > ¢, where I, := {2’ € Ry : g(a, z,2') = 1}.
Consider the Poisson point process (t;,2;);jen corresponding to the graphon process Gy with
isolated vertices. The number of points (t;,z;) € [0,t] x I evolves as a function of ¢ as a
Poisson process with rate € > 0; hence the number of such points divided by ¢ converges
to € a.s. For any given pair (t;,z;) € [0,t] x I the number of points (05, xi,;) € [0,t] X Iy,
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for the Poisson point process (o; j, Xi,j)ien has the law of a Poisson random variable with
intensity greater than te. Hence,
-2 1. N =2 1. ) ) 2
t tllglo Ny =t tl;nolo Z gla, x5, x5k) > €.
Jik: tj70—j,k§t
This contradicts (25), and thus completes our proof that (ét)tzo has the law of a graphon
process with isolated vertices. |

Remark 61 In our proof above we observed that the assumption of exchangeability alone is
not sufficient to prove that (ét)tzo has the law of a graphon process with isolated vertices.
More precisely, without this assumption we might have W ¢ L' and the measure might
also consist of the terms containing g,qg" and l,I'. We observed in the proof that the terms
containing l,1' correspond to isolated edges, and that the terms containing g, g’ correspond to
“stars” centered at a vertex in the graphon process. It is outside the scope of this paper to do
any further analysis of these more general exchangeable graphs.

Appendix H. Left Convergence of Graphon Processes

In this appendix we will prove Proposition 30. The following lemma will imply part (ii) of
the proposition.

Lemma 62 Let W be a bounded, non-negative graphon, and assume that h(Fy, W) < oo for
a star Fy, with k leaves. Then h(F,W) < oo for all simple, connected graphs F of mazimal
degree at most k.

Proof We first note that if h(Fy, W) = [ Dy (x)* du(z) < oo for a star with k leaves, then
the same holds for all stars with at most k leaves, since we know that Dy, € L'(S) by our
definition of a graphon. Also, using that W is bounded, we assume without loss of generality
that I is a tree T' of maximal degree A < k.

Designate one of the vertices, 7, as the root of the tree, and choose a vertex u; such that
no other vertex is further from the root. If u; has distance 1 from r, then T is a star and
there is nothing to prove. Let uw be u1’s grandparent, let v be its parent, and let us, ..., ug
for 1 < s < A —1 be its siblings. Note that by our assumption on uj, all the siblings
u,...,us are leaves. Furthermore, if their grandparent u is the root and the root has no
other children, then T is again a star, so we can rule that out as well.

If we remove the edge uv from T', we obtain two disjoint trees 77 and 15, and as just
argued, the one containing u is a tree with at least 2 vertices and maximal degree at
most A, while the second one is a star, again of maximal degree at most A. Because
hT, W) < |IW|loch(T1, W)h(T2, V), the lemma now follows by induction. [ |

Proof of Proposition 30 We will start by proving (i). Fix some simple connected graph
F with k vertices. By Proposition 56 applied with F' and the simple connected graph on
two vertices, respectively,

lim ¢+~ Finj(F, Gy) = W 2h(F, W), 2 lim t7%|B(Gy)| = W],
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and hence
lim 2B(G)| M inj(F, Gy) = h(F, W), (26)

proving (i).

(ii) Since h(F, W) = [ D& if F is a star with k leaves, we can use Lemma 62 to conclude
that h(F, W) < oo for every simple connected graph F' with at least two vertices. Express
hom(F, Gy) as hom(F,Gy) = ) 4 inj(F/®, Gt), where we sum over all equivalence relations
® on V(F). By Proposition 56 applied with F//®, we have

lim 12E(Gy)|7*/?inj(F/®,G;) = 0

unless @ is the equivalence relation for which the number of equivalence classes equals |V (F)].
Hence the estimate (26) holds with hom in place of inj, which completes the proof of (ii).

Next we will prove (iii). Let F' be a simple connected graph with at least three vertices,
and assume d € N is such that the degree of the vertices of G,, is bounded by d. We may
assume G,, has no isolated vertices, since h(F,G,,) is invariant under adding or deleting
isolated vertices. Under the assumption of no isolated vertices, we have |E(G,,)| > |V (Gy)|/2.
By boundedness of degrees, hom(F,G,,) < |V (Gy)|dVF)I=1 Combining these estimates,
h(F,Gp) < [V(Gp)[*=IVEIN2GVEI-T | from which the desired result follows.

Now we will prove (iv). We first construct an example of a sequence of graphs (G,,)nen
which converges for the stretched cut metric 62, but Which is not left convergent. Let
(G)nen be a sequence of simple dense graphs with |V (G,)| — oo that is convergent in the
0 metric, and hence also in the 02 metric.

Define G,, := G, for even n, and for odd n let G,, be the union of G,, and |E(G,)|"/?
vertices of degree one, which are all connected to the same uniformly random vertex of
Gy. Then (Gp)nen converges for 0, with the same limit as (Gj)nen, since Gy, is an
induced subgraph of G,, and |E(G,)|/|E(Gy)| — 1. On the other hand, (Gp)nen is not left
convergent, since if F is the simple connected graph with three vertices and two edges, then
hom(F, G,,) = Q(|E(G,,)|"*/®) for odd n and hence h(F,G,) — oo along sequences of odd n,
while h(F,G,,) converges to a finite number by the fact that dense graph sequences which
are convergent in the cut metric are left convergent.

Finally we will provide a counterexample in the reverse direction; i.e., we will construct
a sequence of graphs (Gp)nen which is left convergent, but does not converge for the
stretched cut metric. Let~(Gn)n€N be left convergent and satisfy lim, o |E(Gy)| = 0o, and
let G, be the union of G, and |E(Gy)| isolated edges. Then (G, )nen is left convergent,
since hom(F,Gy,) = hom(F,G,) + 2|E(G,)| when F is the simple connected graph on
two vertices, and hom(F,G,,) = hom(F,G,) when F has at least three vertices. On the
other hand, (G,,)nen is not convergent for 67, since it does not have uniformly regular tails. ll
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