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Abstract

We consider the problem of estimating the gradient lines of a density, which can be used
to cluster points sampled from that density, for example via the mean-shift algorithm
of Fukunaga and Hostetler (1975). We prove general convergence bounds that we then
specialize to kernel density estimation.
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1. Introduction

Fukunaga and Hostetler (1975) propose clustering points in space according to the gradient
ascent flows of the underlying density. Let f be a differentiable density on R?. Assuming
for now that f is known, consider the following scheme. Fix a > 0 and, starting at zq € R,
iteratively define

Vf(we1)

fleq)
When it exists, define xo, = limy_,, zy. The rationale behind the iterative gradient ascent
scheme (1) is to have the sequence (zy : t > 0) converge to a local mode of f — representing
a cluster center, close in the spirit to Hartigan (1975) — without going through a valley.
See Figure 1 and Figure 2 for simple illustrations involving the mixture of two Gaussians
in dimensions d = 1 and d = 2. Now, a sample from f, say Xi,..., X,, can be clustered by
applying the iteration (1) to each X;’s, obtaining a sequence (X;, : £ > 0), and grouping
according to the limit X; o, meaning that X; and X are grouped together if X; o, = X .
In the same spirit, Cheng et al. (2004) propose to use the gradient ascent lines of f,
which form gradient trees, to perform a kind of hierarchical clustering of points on the plane.
Clustering points according to the local maxima of the underlying density is also advocated

Tp=x4-1+a for ¢ > 1. (1)
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Figure 1: A mixture of two Gaussians in dimension d = 1: f(z) = qgo,1(x) + (1 — ¢)gu.0 ()
where g,,(2) = e~ (@=m?/29% )\ /ors and ¢ = 0.7, p = 3 and o = 0.3. The
starting point is at = 1.8, and the 50 successive points in the iteration (1) are
also plotted. Although the starting point is closer to the peak at x = 3, the
sequence converges to the peak at x = 0.

Figure 2: A mixture of two Gaussians in dimension d = 2: f(z,y) = ¢go,1(x)g01(y) + (1 —
Q) 9pr,01 () 90,05 (y) with ¢ = 0.7, 1 = 3, 01 = 1.5 and o2 = 0.5. The starting
point is at (z,y) = (1.8, —1), and the 50 successive points in the iteration (1) are
also plotted. Although the starting point is closer to the peak at (z,y) = (3,0),
the sequence converges to the peak at (z,y) = (0,0).

by Comaniciu and Meer (2002), while an EM-type algorithm for finding the local maxima
of the density f is suggested in Carreira-Perpinan and Williams (2003); Carreira-Perpinan
(2007); Li et al. (2007).

In practice, the underlying density f is rarely known and has to be estimated. A
kernel estimate is used in Fukunaga and Hostetler (1975); Cheng et al. (2004); Li et al.
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(2007); Comaniciu and Meer (2002). Let ® : R¢ — R be a kernel function — an integrable
function with [p, ®(z)dz =1 — and for a bandwidth h > 0, let ®5(u) = h=®(u/h). The
corresponding kernel estimate for f based on a sample X1,..., X, is

£ @) Z (2 — 2)

and if ® is differentiable, then we may estimate the gradient of f by
¢ )
N — Z Vo (z —

Fukunaga and Hostetler (1975) introduce the term ‘mean-shift’ when describing the
resulting estimate based on the Epanechnikov kernel ®(u) o (1 — ||ul|?),, where t; =
max(t,0) is the positive part of ¢t € R. Indeed, they show that, in that case,

Vf¢h($) 1 .
S T Yo Xi—x, Iyo={i:|Xi—z| <h}
fmh(m) z,h i€y

Cheng (1995) further argues that the gradient ascent algorithm in (1) can be interpreted
as a mean-shift when using a spherically symmetric kernel. Indeed, let ® be a spherically
symmetric kernel on R, by which we mean a function ® : R¢ — R of the form! ®(u) =
d(|lu|), where ¢ : Ri — R4 is a non-negative function, called the profile function in Cheng
(1995), that satisfies the following unit integral condition

/Rd ®(u)du = wy /Ooo P(r)rd~tdr =1, (3)

where wy is the surface area of the unit sphere of R%, and

1 ifie
/ wiuj®(u)du = ne ].’ (4)
R4 0 otherwise.

The local average at x is

S Xi®p (2 — X3)
M, = Lz X (2 —
n,h(fE) Z?:l (I>h(l‘ — X ) nf¢ Z h x

The mean shift at x is defined by
Ton(z) = My p(x) — 2.

This is intimately related to the gradient of another kernel estimate of f. To see this,
following Cheng (1995), we consider a shadow kernel ¥ of ®, with profile function v defined
by

V) =¢(lul), o) = /OO s¢(s)ds. ()

1. Note that Cheng (1995) uses a kernel of the form ¢(||u/|?), so the presentation here is little different.
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By construction and (3)-(4), ¥ integrates to 1, and is therefore a kernel function; it is also
continuously differentiable. Let

Fie) = 3w - X)),
=1

which is the kernel estimate of f with kernel ¥ and bandwidth h.
Lemma 1 (Cheng, 1995) At any point x of RY, we have
fih(l‘)

Assume that VU is bounded in R¢. Then by the Law of Large Numbers, for each fixed
r € RY fi’h(m) — f;f(x) and Vf;f’h(x) — Vf;f(x), almost surely as n — oo, where

Ton(x)=h

() = / F()®n(x — y)dy,

and f;f is defined similarly. Furthermore, if f is bounded and continuously differentiable
on R? with bounded gradient, then f;f’(a:) — f(z) and Vf;f(x) — Vf(x) as h — 0. Hence,
for any z fixed such that f(z) > 0,

Ty n(x) = Th(z) ~ h*V log f (),

as n — oo first, followed by A — 0. Following this line of thought, the mean-shift algorithm
appears to approximate the gradient ascent scheme (1), with a = h%. The convergence
results in Cheng (1995) and Comaniciu and Meer (2002) provide only a very partial math-
ematical backing to this intuition.

Our contribution is a mathematical proof of consistency for the estimation of gradient
ascent lines by the original mean-shift algorithm of Fukunaga and Hostetler (1975). We
note that the same approach also applies to the more general mean-shift algorithm of Cheng
(1995), and applies directly to the algorithm suggested by Cheng et al. (2004). In detail,
let f: RY — R be differentiable. Starting at zq € R?, we study the convergence as a — 0
of the sequence

xg=x¢_1+aVf(xyq), forl>1, (6)

towards the gradient ascent line of f starting at x¢. In particular, we characterize the limit
Too, Providing a consistency result for the clustering algorithm based on the local maxima
of f. Note that (6) includes (1) by replacing f with log f. We note that such convergence
results are available in the rich literature on dynamic systems — see, e.g., Stetter (1973, Sec
3.5), Beyn (1987) and Merlet and Pierre (2010, Sec 2) — and in the literature on convex
optimization (where f is convex) — see, e.g., Boyd and Vandenberghe (2004, Sec. 9.3)
and Bolte et al. (2010). However, for the general case, we could not find a specific rate
of convergence as the one we obtain in (14). Although higher-order discretization schemes
can be designed (Stetter, 1973), we focus entirely on the first-order scheme (6). We further
elaborate on the literature after stating our main results in Section 2.
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Then, given another differentiable function f , meant to approximate f, we compare the
sequence (&y) to (x¢), where

Bp = dgq +aV (i), forl>1, (7)

starting at the same point £y = xp. In particular, when estimating the gradient ascent lines
of a density f based on a sample X1,..., X, f can be taken to be some estimate of f, and
the gradient ascent sequence defined by f = log f (starting at some x() is compared to that
of f =log f. Such approximation results are often called perturbation or stability results
in the literature on dynamical systems. See, for example, Hirsch and Smale (1974, Chap
6) or Teschl (2012, Sec 2.5). Most of these results are qualitative (e.g., pertaining to the
topology of the gradient flow lines), while the bound we obtain in (15) is quantitative.

Finally, we provide an explicit convergence rate for the case where the density is es-
timated by kernel convolution. This seems to be new in the literature on the mean-shift
algorithm and, more generally, on the estimation of the gradient lines of a density.

The rest of the paper is organized as follows. In Section 2, we establish our main results,
one on the convergence of the gradient ascent scheme (6), and another on the stability of
smooth flows, relating the gradient flows of f and f when these functions are close as C?
functions. In Section 3, we deduce convergence rates for the algorithm of Fukunaga and
Hostetler (1975) defined in (1). The technical arguments are given in Section 4.

2. Main Results

Before stating our main results, we introduce some notations. For a function f : R? — R,
we let f() () denote the differential form of f of order £ at a point z € R, and let H #(x)
denote the Hessian matrix of f, when they exist. The differential form f() () of f at x is
the multilinear map from R? x --- x R? (¢ times) to R defined by

d ¢
O @), . .. ug] = R ICIREN—
f ( )[ 1 ) é] ‘ Z axil 856” 1,i1 Lyips
11 4eeytp=1
where, for each 1 < i </, u; has components u; = (uj1,...,u;q). Given a multilinear map

L of order £ from R? x --- x R? to R, we denote by ||L|| its operator norm defined by
IL|| = sup {[Llur, ..., wel| - [Jur]l = - = JJuell = 1}, (8)
and writing L as

d
L{ug,...;ul = > Ly it - g,

i1,eie=1

we denote by ||L||max the norm defined by
HLHmaX = max{|Lilmie\ 01 S il, e ,ig S d} (9)
We note for future reference that

4
[ Ll lmax < [|L[ < d2 || Lf| max- (10)
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For a set S C R, we also define
re(f, 9) = sup 17O ()]l- (11)
fAS

Note that ks(f,S) is well-defined and is finite when f is of class C* and S is compact. The
upper level set of a function f:R? — R at b € R is defined as

Ls(b) = {w €R: f(z) > b}, (12)

We suppress the dependence on f whenever no confusion is possible.

Recall that a critical point of f is a point x at which the gradient of f vanishes, that
is, such that Vf(z) = 0. A flow line or integral curve of the positive gradient flow of f is a
curve x such that 2/(t) = Vf(z(t)). Note that, along any flow line, the value of f increases,
that is, the function ¢ — f(z(t)) is increasing with ¢. By the theory of ordinary differential
equations, through any point 29 € R? passes a unique flow line 2(¢) defined for ¢ € [0, tg),
where ty > 0, such that x(0) = 2o (Hirsch et al., 2004, Section 7.2); we say that x(t) is the
flow line starting at xg. Let z* be a critical point of f. We say that z( is in the attraction
basin of z* if the flow line z(t) starting at z is defined for all ¢ > 0 and lim;_, o z(t) = z*.
An accumulation point of a sequence of points through an integral curve z, i.e., a sequence
of the form {x(t,) : t1 < t2 < ...}, is called a limit point of z. Any limit point of a
gradient flow line of f is necessarily a critical point of f; see Hirsch et al. (2004, Section
9.3, Proposition, p. 206) and Hirsch et al. (2004, Section 9.3, Theorem, p. 205).

We start by establishing the convergence of the gradient ascent scheme (6) towards the
flow lines of the underlying function f. Starting from a point xg in the attraction basin
of the location of a stable local maximum z*, under some conditions stated below, the
iteration (6) converges to x*. In fact, the polygonal line defined by the sequence (zy) is
uniformly close to the flow line starting at zg and ending at x*. For the definition of a
stable equilibrium of a dynamical system, we refer to Hirsch et al. (2004, Section 8.4).

Theorem 1 (Convergence of gradient ascent) Let f be a function of class C3. Let
(z(t) : t > 0) denote the flow line of f starting at xo and ending at a local mazima x* of f.
Let (x¢) be the sequence defined in (6) starting at xo. Then there exists A = A(zo, f) > 0
such that, whenever 0 < a < A,
lim z, =" (13)
L—+o0

Denote by x,(t) the following polygonal line
zo(t) =201+ (t/a— L+ 1)(xp —x4_1), Vte[L—1)a,la).
Assume Hy(x*) has all eigenvalues in (—v, —v) for some 0 < v < V. Then, there exists a

C = C(xo, f,v,7) > 0 such that, for any 0 < a < A,

) =z < Cd®, §= —E_. 14
iggllw() z(t)]| < Ca v 17 (14)

We mention the convergence result (Comaniciu and Meer, 2002, Th 1), which essentially
says that, when f is a kernel density estimator with bandwidth A as in (2), the sequence (xy)
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in (6) with choice a = h? converges and (f(x)) is monotone nondecreasing. In the literature
on dynamical systems, the convergence result (13) is proved in (Merlet and Pierre, 2010, Sec
2), together with convergence rates, but under slightly different conditions; in particular,
f is assumed to have compact upper level sets. Beyn (1987) compares the discrete and
continuous trajectories under milder conditions, but only at a discrete grid of time points,
and does so assuming that the starting point xzq is sufficiently close to the corresponding
stationary point z*. Moreover, the starting point of the discrete and continuous trajectories
in Beyn (1987) are potentially different. In fact, Beyn (1987) refers the reader to (Stetter,
1973) — which we mentioned earlier — for the case where the starting points may be taken
to be the same.

Next, we establish a stability result for flows of smooth functions. In words, under some
conditions made precise below, when f and f are close as C? functions, then their flow lines
are also close. Denote by B(x,r) the open ball of radius r centered at = and by B(z,r) its
closure.

Theorem 2 (Stability of smooth flows) Suppose f and f are of class C3. Let (x(t) :
t > 0) be a flow line of f starting at xy and ending at * where H¢(x*) has all eigenvalues
in (=, —v) for some 0 < v < v. Let z(t) be the flow line of f starting at xg. Let
S = L(f(x0)/2) N B(xwo, 3rg) where ro = maxy ||x(t) — xol|, and define

N = sup || £ (@) = f™) ()]
zeS

Then there is a constant C = C(f,zo,v,7) > 1 such that, when max(no,n1,n2) < 1/C and
n3 < C, z(t) is defined for all t > 0 and

sup Ja(t) — (1) < € maxx { i ]} (15)

where § is defined in (14).

Stability results tend to be qualitative in the literature on dynamical systems. However,
to establish the bound above, we do use a well-known quantitative result. See Lemma 7,
which we took from Hirsch et al. (2004, Sec 17.5).

Combining Theorems 1 and 2, we arrive at the following bound for approximating the
flow lines of a function f by the polygonal line obtained from the gradient ascent algorithm
(7) based on an approximation f to f.

Corollary 1 In the context of Theorem 2, for a > 0, define
To(t) = 2o+ (t/a— L+ 1)(Tg — Ty—1), Vte[(l—1)a,la), (16)

where (&) is defined in (7). Then there is a constant C = C(f,xo,v,7) > 1 such that,
when max (1o, m1,m2) < 1/C and n3 < C,

sup |[Za(t) — z(t)]| < C [a5+max{m, nf}}, (17)

>0

where 0 is defined in (14).
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Note that the exponent ¢ which appears in these results only depends on the ratio 7/v
which is a lower bound on the condition number of Hy(z*). But the constants in Theorems 1
and 2 depend on v and 7 not only through their ratio.

We note that Beyn (1987) establishes a result similar to Corollary 1 under milder as-
sumptions. Indeed, just as we do here, he studies how the discrete system (7) approximates
the continuous system

2'(t) = Vf(2(t),

when the functions f and f may differ. He bounds the difference between the discrete
and continuous trajectories, with possibly different starting points, over a discrete grid of
time points, assuming the starting point zg is close enough to x*. He also assumes that
\i (z*) = 0, which simplifies the analysis a fair amount. With these working assumptions,
his bound is in kaa + 71 — see Equation (3.5) there. His method of proof is based on
the theory of stable (solution) manifolds (Irwin, 1980, Chap 4). Our approach is more
elementary and we do not know whether this more sophisticated approach has the potential
to improve on ours.

We emphasize that Theorems 1 and 2, and their combined fruit in Corollary 1, are
designed to establish our result on the uniform consistency of gradient line estimators based
on kernel density estimators as stated in Theorem 3 in the next section.

3. The Estimation of Gradient Lines of a Density

Let fn,h be the kernel density estimate of f in (2) with kernel ® and bandwidth h. Sharp
almost-sure convergence rates in the uniform norm of kernel density estimates have been
obtained by several authors, for example Einmahl and Mason (2000); Giné and Guillou
(2002); Einmahl and Mason (2005). Using the recent results of Mason and Swanepoel
(2011) and Mason (2012), we derive strong uniform norm convergence rates for fnk and its
derivatives.

We first control the bias component.

Lemma 2 Assume ® is nonnegative, C> on R with all partial derivatives up to order 3
vanishing at infinity, and satisfies

— _ 2
/Rd O(x)dzr =1, /]Rd z®(x)de =0 and /Rd ||| *®(z)dz < oco. (18)

Then for any C3 density f on R® with bounded derivatives up to order 3, there is a constant
C > 0 such that

sup

 [EAS @) - rO@)|| < ont2 wo<e<s, (19)
z€eR

Next, we control the variance component. For this, we apply the main result of Mason
and Swanepoel (2011). See also Theorem 4.1 with Remark 4.2 in Mason (2012).

Lemma 3 Suppose that ® is of the form ® : (x1,...,24) — Hi:l or(x), and that each
¢k is nonnegative, integrates to 1, and is C® on R with derivatives up to order 8 being of
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bounded variation and in L1(R?). Then, for any bounded density f on RY, there ewists a
0 < by < 1 such that

nhd+2¢
limsup  sup sup A ——— || f
n—oo log n < pd<pg R4 logn
e <hi<

(@) ~E[£()] H <oo, Y0<£<3, as (20)

It is straightforward to design a kernel that satisfies the conditions of Lemmas 2 and 3.
In fact, the Gaussian kernel ®(z) = (27)~%? exp(—||z?/2) is such a kernel.

Assuming that (20) holds and applying Corollary 1, we deduce a convergence result for
the mean-shift algorithm of Fukunaga and Hostetler (1975). We note that a similar result
holds for the simpler gradient ascent method of Cheng et al. (2004).

Theorem 3 Consider a density f satisfying the conditions of Lemma 2. Suppose fn,h s a
kernel estimator of f of the form (2), where ® satisfies the conditions of Lemmas 2 and 3.
Let (z(t) : t > 0) be the flow line of f starting at a point xo with f(xg) > 0, ending at a
point x* where Hy(x*) has all eigenvalues in (=7, —v) for some 0 < v < . For a > 0,

define (Z4(t) : t >0) by

To(t) =Tp1+ (t/a— L+ 1)(Tg — Ty—1), Vte[l—1)a,la),

where .
\Y To_
i’g:i'g_l—l-aM, for £ > 1.
Jrp(Zo—1)
nh4+6

Suppose that h — 0 and logn 7 00 Then there exists a constant C' > 0 such that, with
probability one, for all n large enough,

ba(t) — ()| < Cla+ 12", §:= 2. 21
sup [2a(t) = 2(0)] < C [a+ 1] . (21)

The approximation error decreases as the discretization step a gets smaller, simply because
it controls the precision of the (discrete) gradient ascent scheme (7). We made this precise in
Theorem 1. However, as a gets smaller, the computational burden of running this gradient
ascent scheme to its limit becomes heavier. So there is a compromise between (statistical
and numerical) estimation and computational complexity. That said, choosing a smaller
(in order of magnitude) than h? does not improve our bound (21). When a is that small,
the main source of error comes from estimating the density, rather than the accuracy of the
gradient ascent scheme, and the resulting rate is

logn

)

25 /(d-+6)
sup [|a(t) — 2(0)l] < Cm ( )
t>0

for any choice of sequence (7,) with 7, — oco. We note that faster rates are possible for
densities that are C* for k > 3, since they can be estimated more accurately by a higher
order kernel (Devroye and Gyorfi, 1985). We also mention that the curse of dimensionality
is at play here since we are estimating a nonparametric density.
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4. Proofs

We start in Section 4.1 with some auxiliary results that will be used in the proofs of our
main results. Theorem 1 and Theorem 2 are proved in Sections 4.2 and 4.3 respectively. We
prove Lemma 2 and Lemma 3 in Sections 4.4 and 4.5, and then Theorem 3 in Section 4.6.

4.1 Preliminary Results

The following is a discrete version of Gronwall’s lemma. The proof is straightforward and
left to the reader.

Lemma 4 Let (yp: £ > 0) be a sequence of non-negative real numbers such that

Yyor1 < Q1+ (1+ Q2)ye.

Then
e@2f — 1

Q2

The result below is on the behavior of the upper level set near a stable local maximum.

Yo < yoe??* + Q1.

Lemma 5 Suppose that f is of class C3. Let x* be the location of a stable local maxima
of f where H¢(x*) has all eigenvalues in (—V,—v) with U > v > 0. For e > 0, let C(e)
be the connected component of Ly(f(x*) — €) that contains x*. Then there is a constant
Cs = C5(f,x*) such that

B(x*,/2¢/v) C C(e) C B(a*,\/2¢/v), for all e < Cs, (22)

and

f@®) — f(x) < ||z — a:*||2, for all x such that ||z — z*|| < \/2C5 /7. (23)

N NN

Proof Fix r > 0. Let H and x5 be short for H(z*) and r3(f, B(z*,1)), respectively. Let
v <V <V <V besuch that Hy(z*) has all eigenvalues in [-7', —1/]. First, we prove (22).
A Taylor development of f at z € B(x*,r) gives

f(x) = f(a*) + %H[m — 2%, x — 2] + R(x,2z*), with |R(z,2")| < %Hx —z*3. (24)

When z € B (z*,7), using the Taylor expansion (24), we get that

/

v K3
fl@) < ) =5 o —a)® + < ™ = z|)’
< fl@) -5 et — ol
when ||z* —z| < & = %;Z) Ar. Fix 0 < e < %ﬁ so that /(%) < &. We then have

f(z) < f(z*) — € when \/(%) < |lo* — 2| < & . This implies that

£ 0 € Bla'. V() U B 60
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and since the two sets on the right-hand side are disconnected, while C(¢) is connected and
contains z*, necessarily, C(€) C B(z*,/(%)).
We also get using (24) that

-/

f@) = f@) =3 e = alf = 2 e~ alf
> f@) =2l —alf

when [|z* —z|| < & = 3(%?/) Ar. Fix 0 < e < %53 so that /(%) < &. Then whenever
|z* — z|| < /(%), we have f(z) > f(z*)—e. Reasoning as above, we obtain B(z*, /(%)) C
C (e).

Therefore, by choosing C5 < &1 A &2, we see that (22) holds. Note that & and & depend
on r. Since we do not need an explicit value for the constant Cs, we leave r > 0 arbitrarily
fixed.

The bound (23) is a direct consequence of (22). |

Next is a result establishing exponential convergence rates for the gradient flow of a
smooth function ending at a stable local maximum.

Lemma 6 Suppose that f is of class C3. Let {v(t) : t > 0} be the flow line of f starting at
xo and ending at x* where H¢(x*) has all its eigenvalues in (—oo, —v), with v > 0. Then,
there is Cs = Cs(f, z0) such that, for all t > 0,

[y(t) — 2*|| < Cee™™, (25)

and

f@*) = F(4(#)) < Coe™. (26)

Proof Note that since v has beginning and ending points, {y(¢) : ¢ > 0} is bounded. Let
ro > 0 be such that {y(¢) : t > 0} is contained in the ball B(2*,r¢). Let H and r3 be short
for H¢(2*) and k3(f, B(z*,70)), respectively. A Taylor development of V f at x € B(x*,ro)
gives

Vf(r)=H(z — z*) + R(z,2"),

with
1Rz, 2%)|| < k3 ¥d||z — a*|2.

Therefore, we have,
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Since all the eigenvalues of H are in (—oo, —v), there is v > v such that we have
HeaHH <e ¥, forall a>0.
Then,

Iy(t) = 2*|| < €™ ||lwo — 2| + 135" / “(s) — 2| ds.

Set u(t) = et||y(t)—z*|| and U(t) = \\xo—x*\\—i—/ﬁg% fot e”®||y(s)—a*||?ds. Then u(t) < U(t)
and U'(t) = kg ¥leu2(t), so

U/

—
~
~—

= s e () ) < o ety (1) = g (1) - 27

But since y(t) — x* as t — oo, there exists tg > 0 such that ||y(f) — 2*|| < 2:'7\_/%) for all
3
t > to. By integrating between tg and ¢, we deduce that
log U(t) < logUl(to) + (v — v)(t —to),
and so
|v(t) — ¥ = e " u(t) < e U (t) < Qoe ™™, for all t > to,

with Qo := Ultg)e” Y0, For t < t5, we simply have ||y(t) — z*|| < Qie™%, where
Q1 = maxg<i<t, ||7(t) — x*||e¥t. Therefore (25) holds with the constant Q2 = max{Qo, Q1}-
We now turn to proving (26). For any z in B(2*,7), we have

1
fla) = f2") + JH[z — 2", & — 2" + R(z,27),
for all z in B(x*,70), where R is a different function (now real valued) satisfying
|R(z,a*)| < @l — 2|,
Then

f(@®) = f((1)) SIHE (@) = 2|7 + (@) — 2|

(31| + Q3)Q3e >,
where Q3 = & max>o [|7(t) — 2*|| and we applied (25) in the second line with Q2 defined

above. Therefore (26) holds with the constant Q4 := (|[H]|/2 + Q3)Q3.
We then take Cs = max(Q2, Q4). [ |

VARVAY

The following, adapted from Hirsch et al. (2004, Sec 17.5), is a stability result for
autonomous gradient flows.

Lemma 7 Suppose f and g are of class C®. Let zo € R%, and suppose that

IVf(x) =Vg(@)| <n, VoeS:=Li(f(x0))ULy(g(xo))

Let k be a Lipschitz constant for Vf on S. Let (z(t) : ¢ > 0) and (y(t) : t > 0) be the flow
lines of f and g starting at xo, supposed to be defined on [0,00). Then,

la() =yl < L[ 1], Ve 0.

12
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Next is a result on the stability of local maxima.

Lemma 8 Suppose f and g are of class C?, and have local mazima at x and y, respectively,
with Hy(x) having all eigenvalues in (—oo, —v] for some v > 0. Then for any Cg >
max {1’ %, % , where Kk = max ("{3(f7 B(‘T, 1))7 ’{3(97 B(y7 1)))}

lr -yl <1/Cs = o -yl < Cs(If (@) — g(@)ll + If (w) — 9()II)"/>.

Proof Let Hy and Hy be short for H¢(x) and Hy(y), respectively. We develop f and g
around z and y, respectively. Assuming ||z — y|| < 1, we have

(27)

§llz =yl

§llz —yl®.

fy) = f(z) + 3H¢lz —y,x —y| + Ry(x,y),  with |Rs(z,y)| <
g9(x) = g(y) + §Hylw — y, & — y| + Ry(,y), with  |Ry(z,y)| <
Summing these two equalities, we obtain

1
oy +Hy)lz —y.o —y| = fy) —9(y) + 9(2) = f(2) = By(z.y) — Ry(z,y).
By the triangle inequality and the fact that H is negative semidefinite,

vz —yl* < [(Hy + Hy)le —y,z — ylll < 2[f(z) — ()]l + 21 £ () — 9@l + F [l — yll°.

When ||z — y|| < min (2£,1), we have vz — y||* — 2@””1‘ —y||* > %llz — y||*, and therefore

lz = ylI* < 5 (I1f(z) = g(@) ]| + 1£ () — 9wl

and from this we conclude that (27) holds with Cs = max(y/(2), 3£, 1). [ ]

’ 30

4.2 Proof of Theorem 1

Below, C,, refers to the constant defined in Lemma m.

We assume that x( is not a critical point of f, for otherwise zg = z* and there is
nothing to prove. Let t; = af, which is the time at which the polygonal line x,(t) passes
through xy. Let Lo be short for L¢(f(x0)). Note that (z(t) : ¢ > 0) is bounded since
is a continuous flow line with a beginning and ending points. Let rg be large enough that
(z(t) : t > 0) C B(zo,70)-

Claim. Without loss of gemerality, we may assume that Ly is bounded. To see this,
suppose the result is true when Lo C B(xg, 3r9). We shall prove that it remains true when
Lo ¢ B(xg,3r9). Given such a situation, build another function f in such a way that f is
C3 on R? with f(z) = f(x) for all z € B(xg,2ro) and f(z) < f(xo) for = ¢ B(x,3rg), so
that £ z( f(x0)) € B(zo,3r0). To verify that such a function exists, consider the smoothing

function s : R? — R defined by

1 2
s(x) = et/ (=l2lhg on(r), xe RY,
0. € O de .1

13
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and its dilated versions s, defined by sq(x) = a~%s(x/a) for a > 0, where 101 (z) =1if
x € B(0,1) and 0 otherwise. Define the function g by g(z) = 1 5(0,5r0/2) *Sro/2(€ —0). Then
g is of class C*°, g(x) = 1 for x € B(xo,2r0), g(x) = 0 if z ¢ B(zo,3r0), and 0 < g(z) < 1
when 2rg < ||z — xo|| < 3r¢. Then we may take f= fg.

Therefore, (13) and (14) hold for f, for constants A and C, with the same exponent 4
as given in (14). Denote by Z and Z, the flow line and polygonal curve constructed from
f in the same way x and z, are from f. Then, assuming Cad < ry, we see by the triangle
inequality that #(t) and Z4(t) are determined by f restricted to B(zg,2rg), and since f
coincides with f there, x(t) = Z(t) and x4(t) = Z4(t), so that (13) and (14) are valid for f
if ¢ < min {fl, (ro/é)1/5}.

From now on, we assume that £y is bounded. Note that Ly is also closed since f is
continuous, so in fact Ly is compact. Let

S =Ly® B(0,k1(f, Lo)) =: {x e R? : dist(z, Lo) < k1(f, Lo)}, (28)

where dist(z, L£o) = inf{||z —y|| : y € Lo}. For any 0 < ¢ < 3, let k¢ = k¢(f,S), where S is
defined in (28). For any z € RY, let

ra(x) = ka(f, B(x, |V f(@)]) = sup{[l /P W) : y € B(x, |V f(=)])}. (29)

Notice that £y C S and that, by construction, B(x, ||V f(z)||) C S for any x € Ly. Hence,
ko(x) < Ko for all z in L.

Claim. For any x € R? with Vf(x) # 0 and any 0 < b < 1 A (2V/dkz(x))™!, we have
flx+bVf(z)) > f(x) and f is increasing along the line segment [z, x + bV f(x)]. Using a
Taylor expansion of f at x, we have

fla + 0V f(x) = f(2) + 0| Vf(2)|* + R(x,b),

where |R(x,b)| < %bQ@(x)HVf(x)HQ < %HVf(x)HQ, since b < (2\/&&2@)) L < mgl(fv)_
Then

¢(b) := f(z +bVf(z)) = f(z) + gHVf(fv)H2 > f(x). (30)

Now for any 0 < 8 < b,
((B) =V f(z+BVf(x)) Vf(z),

and by a Taylor expansion of the components of V f

Vf(z+BVf(x) = Vf(x)+ Rz, B),
where ||Ra(x, B)|| < Bvdka(z)||V f(z)||. Hence, for any 0 < 3 < b
1
C(8) = IVf(@)I* + R(x, 8) - V() = SIIVf(@)] >0
since 8 < b < (2V/drko(x))~" and so f is increasing along the line segment [z, z + bV f(z)].
Claim. For a sufficiently small, x,(t) € Lo for all t > 0. Indeed, since ra(x) < ko for

all z in Ly, we have 1A (2v/dka(z))~! > 1A (2V/dky) ™! for all  in £y. Consequently, by the
previous claim, for any z in Lo and a < 1A (2v/dk2)™!, we have f(z +aVf(z)) > f(x) and

14
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the values of f are increasing along the line segment [z,x + aV f(z)]. In particular, since
xq starts at zg € Lo, we have f(z1) = f(xo + Vf(z0)) > f(x0), and the segment [z, z1]
belongs to Ly. By recursion, we deduce that z,(¢) belongs to Ly for all ¢ > 0.

From now on, we assume that

a<Ap:=1A2Vdro)™h (31)

Claim. f is increasing along the polygonal curve x,. By the previous arguments, the
values of f are increasing along the line segment [z, 2¢11], for all £ > 0.

Claim. (z) converges to a critical point of f. We just showed that the sequence
(f(z¢) : £ > 0) is increasing, and since it is bounded by kg, it converges. By the first
inequality in (30) and the fact that ||z,r1 — 2¢]| = a||V f(x¢)|| by construction, we have

1 1
Fee) = o) 2 5al VEEoI® = o llwers = e, (32)

for all £ > 1. Hence, for all £ > 1, and all £ > 1, we have

k

1 1
Flaesw) = flae) 2 o > ey — mel* > g ek = zoll?,

i=1

by the triangle inequality. Since (f(xy)) is convergent, it is a Cauchy sequence, and conse-
quently, so is (x4), so that & := limy_,, 2y exists. And by (32) and the fact that f is C!,
we have

V(@) = Jim V() =

so that Z is a critical point of f.
Claim. We have

(te) — 2| < [J%M - 1} kia, V> 0. (33)
Indeed, let ey = x(ty) — z4. Using (6), we have

eer1 = (1) — T

= er+ [w(ter1) — x(te) — aV f(@(te)] +a [V f(z(te)) — V()] (34)

By the definition of ko, and a Taylor expansion,

IV f(@(te) = V()| < Vidra||x(te) — | = Vira|le. (35)
We also have
toy1 toya
w(tenn) — olte) — aV f(a(ty) = / S T / 2 (t0)ds

tz+1
= / — 2/ (ty))ds,
t
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by the definitions of z(t) and ¢;,. Consequently,

(i) — 2(te) — a¥ f(a(te)]| < / T () — a2 .

ty

For s € [tg,to+1], we have
2/ (s) — 2/ (to) | = [V f(2(s)) = Vf(2(t)]| < raVdllx(s) — (to)]],

and

la(s) — ()] = \

/ w’(t)dtH < [W@ae= 195G < mals - ),
ty ty ty
Hence
|2/ (s) — 2 (te)]] < Vidraka(s — te),
and, recalling that t, = a/,

2(tos1) — z(te) — aV f(x(te))|| < Vdrari(ter1 — o) = Vdrokia®. (36)
Plugging (36) and (35) into (34), we deduce that
lecrall < Vidraria® + (14 Vdraa)leg|.

The inequality (33) is now a direct consequence of Lemma 4. (Recall that z(tp) = zo.)

Claim. (xy) converges to x*. By this we mean that Z coincides with z*. Indeed, for
any 7 > 0, denote by C(7) the connected component of L;(f(x*) —n) that contains z*. Let
H be a shorthand for H¢(z*). Suppose all the eigenvalues of H are in (-7, —v) for some
7 > v > 0. Because H is negative definite, when ¢ > 0 is small enough B(x*,¢) contains
no critical point of f other than x*. Let ¢, be such that ||z, — Z|| < €/3 when ¢ > /., which
is well-defined since (z/) converges to . Using the triangle inequality, and then Lemma 6
and (33), for £ = (., := max {{, [ > 1og(3/(Cge))] }, we have

< " =zt + llz(te) — el + llze — 7|
< /3 [eVnton —1) kyat /3
<

€,

[l — ]|

when a < A, for some Ay > 0 (depending on € > 0) sufficiently small. Hence, € B(x*¢).
Since ¥ is a critical point, and the only critical point in B(x*,€) is x*, necessarily & = x*.
This proves (13) for a < A := min(1, Ay, A2), where A4; is defined in (31).

Henceforth, we assume that a < A, so that xy — z* as £ — oo, and focus on proving (14).
Bound for large ¢t. A Taylor expansion gives

Vf(z)=H(z —2*) + R(z,z*), where |[R(x,2")| < @/{3”95 — 2|
We then have
Top1 —2F = xp— 2" +aVf(xy)

= (I+aH) (v — 2*) + aR(zg, 2%),

16
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so that

ey — 2| < (1= av)|lze — || + ailrs)|ze — 2*|?,

for some v > v. As x; — x*, there is fy such that, for ¢ > ¢y, v — @/{3”3}5 —z*| > v,
implying
leess — 2| < (1 - ap)llae — o™, Ve > to.

By recursion, we deduce that there is a constant ¢); > 0 such that
lze — 2*|| < Qu(1 — av)’ < Que™*, VL >0. (37)
Fix t € [ty, to41]. Starting with the triangle inequality, we have

lz(t) — za@®)l| < [o(t) — 2l + 20 — 2] + |0 — 2a(?)]]
< Coe ™+ Qre 2 + (t — )|V f(z0) |
<

Qo™ + K1a. (38)
In the first line, we applied (25), (37), and used the definition of x,. In the second line, we

let Q2 = Cs 4+ Q€24 and used the definition of x; in (11).
Bound for small ¢t. On the other hand, we also have

[2(t) —za@®)]| < [z@) =zl + 2(te) — 2ol + [[we — za(t)]|
< Ri(terr —te) + |2 (te) — well + |70 — zpy1]|
= r1a+ ||lz(te) — xel| + al|V f (20|
< 2k1a+ ||z(te) — x4

Because f is C®, there is € > 0 such that all the eigenvalues of Hy(z) exceed —U when
x € B(z*,¢). Let £ be such that z(t),x, € B(z*,¢€) for all t > al. and £ > /., which implies

IVf(a(t) = V(z)|l < vlla(t) — .
Using this inequality instead of (35), we can refine (33) into
l|x(te) — x| < [eeay — 1] kia, 0>/,
and since € is fixed, we can combine this with (33) to get
2(te) — 2| < [eW - 1} kia+ Qsa, VL0, (39)
for some constant (3. We thus have
lz(t) = za ()| < [2h1 + (€7 = 1)r1 + Q3] a, (40)

using the fact that ¢ > t, = af.
Combining (38) and (40), we have

lz(t) = za ()l < (k1 + Q3)a + min {r1ae”™, Qze™'}.

From this, we deduce (14) from elementary calculations.

17
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4.3 Proof of Theorem 2

Below, C,, refers to the constant defined in Lemma m.

Arguing as in the proof of Theorem 1, we may assume, without any loss of generality,
that £(f(z0)/2) C B(xo,3r). So from now on, we assume that £(f(z)/2) is compact
and we set S = L¢(f(x0)/2). For any 0 < ¢ < 3, we also let ¢ be short for s(f,S).

Claim. For ng sufficiently small, &(t) € S. Indeed, suppose there is t > 0 such
that Z(t) ¢ S. Fix € = f(xg)/2. Then, by continuity, there is 0 < ¢’ < ¢ such that
f(@(t) = f(xg) — e. Since &(t'), o € S, we have

f@)) = f@E) - f@) + f@))
< mo+ f(wo) — €
= o+ fxo) + f(z0) — flxo) — €
< f(zo)+2m0 —e,

by the triangle inequality, applied twice. Since f (z(t)) > f (o), we see that this situation
does not arise when 7y < €/2.

Claim. z* = lim;_,o &(t) is well defined and is close to x*. Since f is of class C3
by assumption, the map x — Vf(x) is O, and since #(t) stays in S and S is compact,
Z(t) is defined for all ¢ > 0 by the first corollary to the first theorem in (Hirsch et al.,
2004, Sec. 17.4). For any € € (0,C5), with € < f(a*) — f(20)/2, let t. be such that
z(t) € B(z*,/(2¢/7)) for all t > t., which is well-defined since x(t) — z* as t — co. By
Lemma 7, we have

12(t) — 2(t)] g\/’lTleﬂm, vt > 0. (41)
K2
Hence
~ N m Vidrat 2e
t) — 2| < te) — x(te t) — ¥ < —= 2be — =:01. 42
[2(te) — ™|l < [|2(te) — 2 ()| + [[2(te) — 2 ”_\/&@e +ty = =0 (42)

Assume that 77 and € are small enough that §; < 1/(2C5/7). Letting C(€) be as in Lemma 5,
by (22) we have

B(z*,61) C C(e1),
with € := 567. Thus &(tc) belongs to C(€1) and in particular f(2(tc)) > f(z*) — e1. Using
this last inequality, we deduce by the triangle inequality and the fact that t — f(&(t)) is
increasing that for all ¢t > ¢,

FE(0) = f(@() —mo = f(@(te) —mo = f(#(t) — 2m0 = f(a*) — ez,

where €z := €1 + 2n9. Since Z(te) € C(e1) C C(e2) and {Z(t) : t > tc} is connected and
in L(f(x*) — e2), we necessarily have {Z(t) : ¢t > t.} C C(e2). Assume €,19, 71 are small
enough that eo < C5. Then, by Lemma 5, C(ez) C B(z*, /2€2/v), and so

|Z(t) — x| < e3:=/2€62/v, forall t > t.. (43)

Assume ¢, 79, 71 are small enough that B(z*,e3) C S. For any x and y in B(z*, €3), we then
have

| Hy () = Hy ()| < d| Hy (@) = Hy () llmax < d2 s3]l = y. (44)

18
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Using (44), for any = in B(z*, €3)

[Hp(x) — Hp(2")|| < | Hj(2) — Hy()|| + [[Hp(x) — Hp (")
<1 + d2hslle — o
<n+ d%/igeg. (45)

We then apply Weyl’s inequality (Stewart and Sun, 1990, Cor. IV.4.9) to conclude that,
when 7 and e3 are small enough, for all 2 in B(z*, €3), the eigenvalues of H ( ) are all in
(=00, —v). We assume that €, 19,71, 72 are small enough that this is the case This implies
that any critical point of f in B (z*, €3) is isolated and a local maximum of f. Using (43) and
the compactness of B(x*,e3), by Cantor’s intersection theorem K := Ny>¢ {2(u) @ u >t}
is nonempty. In addition, K is composed of critical points of f; see Hirsch et al. (2004,
Section 9.3, Proposition, p. 206 and Theorem, p. 205) or Absil and Kurdyka (2006, Lemma
5). Therefore we conclude that K is a singleton, which we denote by z*. This is a critical
point of f in B(z*,e3) and is the limit of #(¢) as t — co. Moreover, #* is a local maximum
of f

Since our assumptions imply that z* is also a local maximum, we can apply Lemma 8
to bound ch* — z*||. In our setting, applying the triangle inequality, we may take Cy =
max{l T él’f}, where Kk = k3 + 13. Assume €,19, 7 are small enough that e5 < 1/Cs.
Then, by (43) and Lemma 8, we conclude that ||Z* — 2*|| < Cs+/219. Hence we have shown
that there exists a constant Qo := Qo(f,r) > 1 such that, whenever max{ng, n1,m2} < 1/Qo
and n3 < Qo,

1% = 2| < Qov/Mo- (46)

Let H and H be short for H(z*) and H (&), respectively. We now bound [|&(t) —x(t)]
in two ways.

Bound for large t. We proceed with a linearization of the flows near the critical points.
Let v > v, but close enough that all the eigenvalues of H are still in (—oco, —v). Note first
that z* is an interior point of S. Suppose that max{ng,n1,72} < 1/Qp and 13 < Qg so that
(46) holds. By combining (45) and (46)

A~ 3

HH—HH < m2 4+ d2K3Q0+/N0- (47)
Suppose in addition that 7 is small enough that £* is also an interior point to S, which
is possible by (46), and that ||[H — HJ| is small enough that H also has all its eigenvalues
in (—oo, —v), which is possible by (47) and Weyl’s inequality for ny and 7, small enough.
Then there exists r+ > 0 such that

B(z*,ry) C S and B(&*,ry) C S,

and since z(t) — «* and Z(t) — 2* as t — oo, there exists a time ¢; > 0 such that

z(t) € B(z*,ry) C S and &(t) € B(&*,ry), for any t > ty.
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Letting x4(t) = «(t) — «* and Z4(t) = &(t) — &*, by a Taylor expansion, for all ¢t > t; we
have

vy(t) = Vf(x(t)) = Hay(t) + R(?), with [[R(E)]| < Y45 lay(2)* ; (48)

B(t) = V@) = Hag() + R, with [|R@)]| < Y5 g2 (49)

~—

The difference gives

zh(t) = 24(t) = Huay(t) — Hig(t) + R(t) - R(?)
= H(zy(t) — @4(t)) + (H - H)&3(t) + R(t) — R(1), (50)

and after integration between 0 and t > 0, we get

wi(t) — 24 (t) = —e(z* — 2*) + /0 =M (H — H)i+(s) + R(s) — R(s)]ds.  (51)

To check that, note that x4(0) — £4(0) = 2* — 2*, and by differentiating (51), we get
t
i (t) — #(t) = —He™ (2% — %) + He'™ /0 e *H[(H — H)#:(s) + R(s) — R(s)]ds
+ (H - H)i+(t) + R(t) — R(t). (52)

From (51), e (2* — #*) may be expressed as

M (2% — %) = —(a4(t) — #4()) + /0 e IH[(H — H)ay(s) + R(s) — R(s)]ds.  (53)

By reporting (53) in (52) we indeed obtain (50).
Using the triangle inequality in (51), and the fact that all the eigenvalues of H and H
are in (—oo, —v) we then get by (48) and (49) that

log () — 25() ]| < e7fla* — 27|
t
+ \/g/o ™) a2y (s) ] + 5ty (5) 17 + =252 124 (s)|] ds

By Lemma 6, max(||z;(¢)|, |21 (¢)]]) < Cse " for all ¢ > 0. We use this to bound the
integral above. We have

t
/0 ™) [maly(s) | + %5t s (s) > + =572 |24 (s) ] ds
t
< e*l/(tfs) [7]206671/8 + %0(3‘6721/5 + ng—é—ng 026721/5] ds

0
. 1— efut
< Cee™” [77275 + (k3 +13)Co— ] -
Hence
. _ . B 1— e—z/t
loa(t) = 3(0)] < ¢"la® = &)+ VChe ™ |t + (2 + m)Ca | (50
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By the triangle inequality, ||z(t) — Z(t)|| < ||z* — 2*|| + ||z1(t) — Z+(¢)]|, and using (46) and
(54), we deduce that

1— —vt
|z(t) — 2(8)]] < (1+ e "H)Qov/no + VdCse ™ nat + (k3 + 773)C6T€ , forall £ > t;.
By increasing the constant factors as needed, we arrive at
z(t) — 2(t)|| < Q1(v/mo + e [t + k3 +n3]), forallt >0, (55)

for some constant @1 > 0.

Bound for small t. We also have the following refinement of (41). Since f is C3, there
exists € > 0 such that all the eigenvalues of H(z) exceed —v when x € B(z*,€). Note that
this implies that V f is Lipschitz on B(z*,¢€) with constant v.

Keeping € > 0 fixed, let ¢, be such that z(t) € B(z*,¢) and #(t) € B(i*,¢/2), for all
t > t.. Assume that 79 is small enough that ||z* — z*|| < €/2, which is possible by (46).
Then we also have #(t) € B(z*, €)

We may now apply Lemma 7 to get

la() - &)l < L™, vt =t (56)

Since € is fixed, by (41), for any 0 < ¢ < t., we have

|Vdro—D|te
- n K € Z
o) = &(Bll < —ZeVt < = o —me™. (57)
2 2
Combining (56) and (57) we deduce that
lz(t) = 2(B)I| < Qame™, vt >0, (58)

for some constant (s.
We now combine (55) and (58), and use the fact that te™* < —2—e % for all t > 0, to

v—v

arrive at
lo(t) — ()] < Qs min [\/iig + e, me™], ¥t >0, (59)

for some constant Q3. We shall show that the bound (15) follows from (59). To verify this,
we start with

min [/ + e %, me”] <2B(t), B(t):= min [max{y/no,e %}, me"].
Set tg = 5 log(1/mo) and note that

e %  when t <t

max Je v =
i ) VMo when t > 1.

e When ¢ > ty, then we simply observe that B(t) < né/z.
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e When t < tg, we have B(t) = min {e %, ne”*}. Let t; = —— log(1/n1). Note that the
v+v

map defined on [0,00) by ¢ — min {e %, me”} is increasing over [0,¢1], decreasing
over [t1,00), and that

_ e’t whent <t
min {e_Zt’me”t} = 771th ="
e ¥ when t > t;.

Since tg < t; if, and only if, 171770_5 < nf#, we conclude that B(t) < min {7713#7771770_
for all t < ty.

NN

}

Hence, we worked (59) into

51
igg |lz(t) — z(t)| < 2Q3 max{\/%, min [17‘15,77025 171] },

14
where § = ot We note that
5 1 1_1 5-1
Vo <ni =g’ <m0 <mng P = Vo <ng” m
and that

1-6

d—1
—0
m < m =P <m0 = o <.

Using these equivalences we deduce that

5—1

max { /70, min [n{, 7, m]} = max {y/m0, 7] }.
4.4 Proof of Lemma 2
For any d-tuple 3 = (31,...,04) € N, let |3| = B1 + -+ - + 4, and let

ol
aﬁg(f’«") = mg(iﬁ) (60)

denote the S-th partial derivative of a function g : R¢ — R. Let C be such that [0° f(z)| < C
for all z € R% and all 3 such that || < 3.

Fix 8 € N with |3| = £ < 3. Since the partial derivatives of ® up to the order 3 vanish
at infinity, and those of f are bounded, we obtain by integrating by parts

E[0°f(z)] = #E [8% <x_hX>]

= ;Ad®<x;u>8ﬁf(u)du

— / ®(u) 8° f(x — hu)du.
Rd
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When ¢ = 3, we simply deduce that
E[0°f(2)] - 0" f(2)| < [E[0°f(2)]| + C < 2,

using Jensen’s inequality.
When ¢ = 2, we use a Taylor expansion of order 1, to get

‘8ﬂf(x — hu) — 8ﬂf(:1c)‘ < VdCh|ul|, Yz,uec R,

and deduce that
E[0°f(2)] 05 ()] < h\/&c/ ul| (u)du,
Rd

using the fact that ® integrates to 1.
When ¢ < 1, we use a Taylor expansion of order 2, to get

10° (2 — hu) — 8% f () + h(9° ) (@) [u]| < dCP2|ul?®, Va,u € R,

and deduce that
B0 (w)] - 0°1(@)| < #2dc [l
Rd

using the fact that ® integrates to 1 and kills moments of order 1 by assumption (18).

4.5 Proof of Lemma 3

From Theorem 4.1 in Mason (2012), we immediately deduce the following. (Note that in
the statement of condition (G.iii) of Theorem 4.1 in Mason (2012), G should be corrected
to be Gyp).

Lemma 9 Let f be a density on R? and let X ~ f. Let G be a class of uniformly bounded
measurable functions R? x (0,1] — R, such that

1
sup sup EE [g(X, h)2] < 00, (61)
9€G he(0,1]
and such that the class
Go={z > g(z,h): g€ G,he(0,1)} (62)

is pointwise measurable and of VC-type. Then there exists a 0 < by < 1 such that if
X1, Xo,... is an iid sequence from f,

) [ n
limsup sup sup Y TP
n—00 geG logn <hd<b0 h 10g n
R <hd<

For the definitions of VC-type and pointwise measurable, we refer to Mason (2012, Sec. 4.2)
or van der Vaart and Wellner (1996).

1

n

Zg(Xi, h) —E[g(X,h)]| < oo, almost surely.
i=1

(63)
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Remark 1 The assumption that the class Gy be pointwise measurable insures that the supre-
mum of functionals defined on Gy be measurable. Another condition that is often imposed
on a class of functions is image-Suslin measurable. For details see page 138 of de la Pena
and Giné (1999).

Let ® be a kernel and f be a density as in Lemma 3, and let X ~ f. Fixing 8 € N¢
such that || < 3, we apply this lemma to

G = {(z,h) — °D(32) 1 u e R}
For any z,u € R? and h € (0, 1],
|0°0(455)] < (|07 oo,

so that G is uniformly bounded, and

E |9°® <“_hX>2] :/Rda% <u;x>2f(x)dx,

which by the change of variables v = *-% equals

ht [ 9@ (0)*f (u — hv)dv < hdllflloolla%lloo/ ‘0%(@)( dv, (64)
Rd

where || f|loc, [|0°®||o0, and [pa |0°®(v)| dv are finite by assumption. Hence G satisfies (61).
In addition, Gy is seen to be pointwise measurable by consideration of the subclass
{z—0°®(%2) :ueQhhe (0,1]NQ}.
To see that Gy is of VC-type, notice that for any = = (21,...,24) € R% 9°®(z) =
Hk 1 <Z>(5 k)( 1). By assumption, gf %) is of bounded variation on R, so that by Nolan and
Pollard (1987, Lem 22) the class of functions given by
Bok = {SERr—Hﬁ (5 seR,O<h§1}

is of VC-type. Then an application of Einmahl and Mason (2000, Lem A1) shows that the
class of functions Gy, which is equivalently expressed as
gO = {(ula'” ,Ud) = gl(ul) . "gd(ud) * 9k € gO,k, k= 1""’d}7

is of VC-type.
Therefore, the conditions of Lemma 9 are met, so that we can assert that (63) holds.
Noticing that

> 0B = WP (),

and consequently

E [0°®(45X)] = B E [0° f,0(u)],

we see that (63) yields

limsup sup sup ”W pitd ’8’5]“ n(u) — [8ﬁfnh ‘ < 00, almost surely,
n—oo ueRd lo%ghdgbo ogn

which is exactly (20).
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4.6 Proof of Theorem 3

As in the proofs of Theorems 1 and 2, we may assume without loss of generality that
Ly(f(z0/2)) C B(xo,3r0), with 79 = sup;>q ||z(t) — wo||, which implies that L£g(f(xo/2) is
compact. In this subsection,

S = ﬁf(f(l‘o)/Q), Ry = K’é(fv S)? f: fn,h: (65)

for short.
For any integer 0 < ¢ < 2, we let

i =sup || fO@) — @), ne=sup]|(log /) (@) = (log /) @) ,
x€eS x€eS

where the norm used is defined in (8). (Keep in mind that we are suppressing in the notation
f® and 7, the dependence on n and h.) From (19) and (20), we see that, since ﬁ]g:: — 00,
for any 0 < ¢ < 2, nj — 0 almost surely as n — oo while n5 = O(1) almost surely. Since
f(z) > f(z0)/2 > 0 for all z in S, and since 75 — 0 almost surely, then almost surely, for

all n large enough, log f(z) is well-defined for all z in S. We have

10 0

9
al’i

0 log f(x) @) = =k~ * ()

- f). )

and similarly for f almost surely for all n large enough, using the fact that f () > f(x0)/2
for all z in S once again. We see using (66) that for each 0 < ¢ < 3 and 3 € N? with |3| = ¢
there is a continuously differentiable function Fy g defined on (0, 00) x R? x - - - x R%  where
R is suppressed if £ = 0, such that for all z € S

0% log f(z) = Fug <f(:c),8°‘f(:c), aeN with |a| =k, k=1,... ,e) ,

where with some abuse of notation, %f(z), o € N¢ with |a] = k, k > 1, represents a
dk-vector in R%_ and, similarly, almost surely, for all large enough n

9% log f(z) = Fys (f(x),aaf(:c), a e N with o] =k, k=1,... ,E) .
Observe that the set of points
{(f(x),é?“f(:c), a € N with || = k, k = 1,...,5) e s} (67)

lies in a compact subset of (0,00) x R? x --- x R¥, and almost surely for all large enough
n the same is true for the set of points formed as in (67) with f replaced by f . Since a
compact subset of (0,00) x R? x - - - x R¥ can be chosen to include both of these sets, using
the mean value theorem we see that for some constant C(¢, ) > 0

sup [0 log f(z) — 8° log f(a:)‘
z€S

< C’(f,ﬁ)max{sup 0% f(x) —aaf(:c)‘ o€ N? with |a| =k, k :0,...,5}.
zes
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Using (10) this proves that there exists a constant C' > 0 such that almost surely for all n
large enough
e <Clmg+---+mp), 0<£<3. (68)

Hence, almost surely, n, — 0 for all £ = 0,1,2 and limsupns < oco. We are then
in a position to apply Corollary 1. Noting that / (Tizgfz) = o(h?) under the condition

nhd+6
logn
and 171 < Ch? for some constant C' > 1, and since § < 1/2, almost surely, for all n large

enough, max{.,/7o, 7%} < Ch?°. We conclude by applying Corollary 1.

— 00, and using the inequalities in (68), almost surely for all n large enough, g < Ch?
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