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Abstract

We consider the problem of supervised learning with convex loss functions and propose a
new form of iterative regularization based on the subgradient method. Unlike other regu-
larization approaches, in iterative regularization no constraint or penalization is considered,
and generalization is achieved by (early) stopping an empirical iteration. We consider a
nonparametric setting, in the framework of reproducing kernel Hilbert spaces, and prove
consistency and finite sample bounds on the excess risk under general regularity conditions.
Our study provides a new class of efficient regularized learning algorithms and gives insights
on the interplay between statistics and optimization in machine learning.

1. Introduction

Availability of large high-dimensional data sets has motivated an interest in the interplay be-
tween statistics and optimization, towards developing new and more efficient learning solu-
tions (Bousquet and Bottou, 2008). Indeed, while much theoretical work has been classically
devoted to study statistical properties of estimators defined by variational schemes (for ex-
ample Empirical Risk Minimization (Vapnik, 1998) or Tikhonov regularization (Tikhonov
and Arsenin, 1977)), and to the computational properties of optimization procedures to
solve the corresponding minimization problems (see for example Sra et al., 2011), much less
work has considered the integration of statistical and optimization aspects, see for example
Chandrasekaran and Jordan (2013); Wainwright (2014); Orabona (2014).

With the latter objective in mind, in this paper, we focus on iterative regularization.
This class of methods, originated in a series of work in the mid-eighties (Nemirovskii, 1986;
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Polyak, 1987), is based on the observation that early termination of an iterative optimiza-
tion scheme applied to empirical data has a regularization effect. A critical implication
of this fact is that the number of iterations serves as a regularization parameter, hence
linking modeling and computational aspects: computational resources are directly linked to
the generalization properties in the data, rather than their raw amount. Further, iterative
regularization algorithms have a built-in “warm restart” property which allows to compute
automatically a whole sequence of solutions corresponding to different levels of regular-
ization (the regularization path). This latter property is especially relevant to efficiently
determine the appropriate regularization level via model selection.

Iterative regularization techniques are well known in solving inverse problems, where
several variants have been studied, see Engl et al. (1996); Kaltenbacher et al. (2008) and
references therein. In machine learning, iterative regularization is often simply referred
to as early stopping and is a well known “trick”, for example in training neural networks
(LeCun et al., 1998). Theoretical studies of iterative regularization in machine learning
have mostly focused on the least square loss function (Buhlmann and Yu, 2003; Yao et
al., 2007; Bauer et al., 2007; Blanchard and Nicole, 2010; Raskutti et al., 2014). Indeed,
it is in this latter case that the connection to inverse problems can be made precise (De
Vito et al., 2005). Interestingly, early stopping with the square loss has been shown to be
related to boosting (Buhlmann and Yu, 2003) and also to be a special case of a large class
of regularization approaches based on spectral filtering (Gerfo et al., 2008; Bauer et al.,
2007). The regularizing effect of early stopping for loss functions other than the square loss
has hardly been studied. Indeed, to the best of our knowledge the only papers considering
related ideas are Bartlett and Traskin (2007); Bickel et al. (2006); Jiang (2004); Zhang and
Yu (2005), where early stopping is studied in the context of boosting algorithms.

This paper is a different step towards understanding how early stopping can be employed
with general convex loss functions. Within a statistical learning setting, we consider convex
loss functions and propose a new form of iterative regularization based on the subgradient
method, or the gradient descent if the loss is smooth. The resulting algorithms provide
iterative regularization alternatives to Support Vector Machines or regularized logistic re-
gression, and have built in the property of computing the whole regularization path. Our
primary contribution in this paper is theoretical. By integrating optimization and statistical
results, we establish consistency and non-asymptotic bounds quantifying the generalization
properties of the proposed method under standard regularity assumptions. Interestingly,
our study shows that considering the last iterate leads to essentially the same results as
considering averaging, or selecting of the “best” iterate, as typically done in subgradient
methods (Boyd and Vandenberghe, 2004). From a technical point of view, considering a
general convex loss requires different error decompositions than the square loss. Moreover,
operator theoretic techniques and matrix concentration inequalities need to be replaced by
convex analysis and empirical process results. The error decomposition we consider, ac-
counts for the contribution of both optimization and statistics to the error, and could be
useful also for other methods.

The rest of the paper is organized as follows. We begin in Section 2 by briefly recall-
ing the supervised learning problem, and then introduce our learning algorithm, discussing
its numerical realization. In Section 3, after discussing the assumptions that underlie our
analysis, we present and discuss our main theorems and illustrate the general error decom-
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position which is composed of three error terms: computational, sample and approximation
error. In Section 4, we will estimate the computational error, while in Section 5, we develop
sample error bounds, and finally prove our main results.

2. Learning Algorithm

After briefly recalling the supervised learning problem, we introduce the algorithm we pro-
pose and give some comments on its numerical realization.

2.1 Problem Statement

In this paper we consider the problem of supervised learning. Let X be a separable metric
space, ¥ C R and let p be a Borel probability measure on Z = X x Y. Moreover, let
V : R xR — R4 be a so-called loss function, measuring the local error V(y, f(x)) for
(r,y) € Z and f : X — R. The generalization error (or expected risk) & = £V associated
with V is given by

E(f) = /Z V(. f(x))dp,

and is well defined for any measurable loss function V' and measurable function f. We
assume throughout that there exists a function f;/ that minimizes the expected error £(f)
among all measurable functions f : X — Y. Roughly speaking, the goal of learning is
to find an approximation of f,}/ when the measure p is known only through a sample z =
{#zi = (x4, ;) }1", of size m € N independently and identically drawn according to p. More
precisely, given z the goal is to design a computational procedure to efficiently estimate a
function f,, an estimator, for which it is possible to derive an explicitly probabilistic bound
on the excess expected risk

We end this section with a remark and an example.

Remark 1 For several loss functions, it is possible to show that f[Y exists, see the example
below. However, as will be seen in the following, the search for an estimator in practice is
often restricted to some hypothesis space H of measurable functions. In this case one should
replace 5(f,§/) by infreq E(f). Interestingly, examples of hypothesis spaces are known for
which &( f;/ ) = infrey E(f), namely universal hypothesis spaces (Steinwart and Christmann,
2008). In the following, we consider 5(]‘;‘,/), with the understanding that it should be replaced
by the infimum over H, if the latter is not universal.

Example 1 The most classical exzample of loss function is probably the square loss V (y,a) =
(y —a)?, y,a € R. In this case, f;/ is the regression function, defined at every point as the
expectation of the conditional distribution of y given x (Cucker and Zhou, 2007; Steinwart
and Christmann, 2008). Further examples include the absolute value loss V(y,a) = |y — al
for which f;/ is the median of the conditional distribution and more generally p-loss func-
tions V(y,a) = |y — alP, p € N 1. Vapnik’s e-insensitive loss V (y,a) = max{|y — a| — ¢, 0},
€ > 0 and its generalizations V (y,a) = max{|y — a|P —¢€,0}, € > 0,p > 1 provide yet other

1. We denote the set of positive integers by N.
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examples. For classification, i.e., Y = {£1}, other ezamples of loss functions used include
the hinge loss V (y,a) = max{l — ya,0} , the logistic loss V (y,a) = log(1 + e™¥*) and the
exponential loss V(y,a) = e ¥®. For all these examples f;/ can be characterized, see for
example Steinwart and Christmann (2008), and its measurability is easy to check.

2.2 Learning via Subgradient Methods with Early Stopping

To present the proposed learning algorithm we need a few preliminary definitions. Consider
a reproducing kernel K : X x X — R, that is a symmetric function, such that the matrix
(K (u, u]))f j—1 is positive semidefinite for any finite set of points {u;}¢_, in X. Recall that a
reproducing kernel K defines a reproducing kernel Hilbert space (RKHS) (H, || ||x) as the
completion of the linear span of the set { K,(:) := K(z,-) : © € X} with respect to the inner
product (K, Ky)k = K(z,u),z,u € X (Aronszajn, 1950). Moreover, assume the loss
function V' to be measurable and convex in its second argument, so that the corresponding
left derivative V' exists and is non-decreasing at every point.

For a stepsize sequence {n; > 0}, a stopping iteration 7" > 2 and an initial value f; =0,
we consider the iteration

S = fi - Wt*ZV (Wi, fe(2i) Kay,  t=1,...,T. (1)

7j=1

The above iteration corresponds to the subgradient method (Bertsekas, 1999; Boyd et al.,
2003) for minimizing the empirical error £, = £ with respect to the loss V', which is given

by
1 m
N = V!

Indeed, it is easy to see that - > VY, f(25)) Ky € 0E,(f), the subgradient of the
empirical risk for f € Hx. In the special case where the loss function is smooth, then
(1) reduces to the gradient descent algorithm. Since the subgradient method is not a
descent algorithm, rather then the last iterate, the so-called Cesaro mean is often considered,
corresponding, for 7' € N, to the following weighted average

e
aT:Zwtft7 Wy = tZl,...,T. (2)
=1 Zt 177t

Alternatively, the best iterate is also often considered, which is defined for 7" € N by

br = argmin &, (ft). (3)
feit=1,--T
In what follows, we will consider the learning algorithms obtained with these different
choices.

We note that, classical results (Bertsekas, 1999; Boyd et al., 2003; Boyd and Vanden-
berghe, 2004) on the subgradient method focus on how the iteration (1) can be used to
minimize &,. Different to these studies, in the following we are interested in showing how
iteration (1) can be used to define a statistical estimator, hence a learning algorithm to
minimize the expected risk &, rather than the empirical risk &,. We add two remarks.
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Remark 2 (Early Stopping SVM and Kernel Perceptron) If we consider the hinge
loss function in (1), the corresponding algorithm is closely related to a batch (kernel) version
of the perceptron (Rosenblatt, 1962; Aizerman et al., 1964), where an entire pass over the
data is done before updating the solution. Such an algorithm can also be seen as an early
stopping version of Support Vector Machines (Cortes and Vapnik, 1995). Interestingly, in
this case the whole regularization path is computed incrementally albeit sparsity could be
lost.

Remark 3 (Multiple Passes SGD) In practice stochastic/incremental approaches are
often used. The latter correspond to considering the iteration

ftJrl:ft_ntvi(yjtaft(sz))ijtv tzlvaT

given some initialization. Compared to (1) in the above expression the “batch” gradient
is replaced by a point-wise gradient. The sequence (ji); defines the order in which points
are visited and can be stochastic. The obtained iteration is a form of stochastic gradi-
ent/subgradient method. When T > n the algorithm wvisits the point multiple times. FEach
full pass over the data is called an epoch, or a cycle, and the obtained iteration corresponds
to a form of incremental gradient/subgradient. The analysis in the paper can be modified
to account for these iterations. However, to keep the paper self-contained we defer such an
analysis to a future paper.

2.3 Numerical Realization

The simplest case to derive a numerical procedure from Algorithm 1 is when X = R¢ for
some d € N and K is the associated inner product. In this case it is straightforward to see
that fiy1(x) = thHw for all x € X, with w; = 04x1 € R? and

1 m
=w—m— > V' (yi,wlz)a;, t=1,...,T.
Wi41 = Wy ﬁtm; 7(% t ]) J

Here, wy € R for all . Beyond the linear kernel, it can be easily seen that given a finite

dictionary
{¢i: X > Ryi=1,...,p}, p €N,

one can consider the kernel K(z,2') = Y7 | ¢;(2')¢i(x). In this case, it holds fi+1(z) =
Zle w};+1¢i(:p) = w;rlq)(x), O(z) = (¢1(z), ..., Pp(x) T for all z € X, with w; = Opx1 €
R? and

1 m
— a0 — E V! (g w,] ®(x:))P(z; t=1,...,T.
Wi = Wy 77tm 2 " (yj, w, (x5))@(x5), AR

Finally, for a general kernel it is easy to prove by induction that fiy1(z) = >_7"; C‘Z 1 K(z,z))
for all z € X, with

Ct+1 = Ct — Mt—G¢, t=1,...,T,
m

for ¢; = 0y%1 € R™ and g; € R™ with its i-th component g¢ = V” (y;, Z;”:l ch(a?Z, xj)), Vi =
1,---,m. Here, ¢; = (cf,--- ,c@”)T for ¢ € N. Indeed, the base case is straightforward to
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check and moreover by the inductive hypothesis
iy 1 & ; 1
frn =) dK, - M D Viys, filw)Key =Y Ko, (C'Z - ﬁtEVl(yj, ft($j))) :
j=1 J=1

3. Main Results with Discussions

After presenting our main assumptions, in this section we state and discuss our main results.

3.1 Assumptions

Our results will be stated under several conditions on the triplet (p, V, K), that we describe
and comment next. We begin with a basic assumption.

Assumption 1 We assume the kernel to be bounded, that is k = sup,cx /K (z,x) < 0.
Moreover ||f;/||OO < oo and |[V]o := supyey V(y,0) < oo. Furthermore, we consider the
following growth condition for the left derivative V' (y,-). For some q¢ > 0 and constant
cq > 0, it holds,

V! (y,a)| < cq(1+]al?), Va e R,y €Y. (4)

The boundedness conditions on K, f;/ and V are fairly common (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008). They could probably be weakened by considering a more
involved analysis which is outside the scope of this paper. Interestingly, the growth condition
on the left derivative of V' is weaker than assuming the loss, or its gradient, to be Lipschitz
in its second entry which is standard both in learning theory (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008) and in optimization (Boyd and Vandenberghe, 2004). We
note that the growth condition (4) is implied by the requirement for the loss function to
be Nemitski when Y is bounded, as introduced in De Vito et al. (2004) (see also Steinwart
and Christmann, 2008). This latter condition, which is satisfied by most loss functions, is
natural to provide variational characterizations of the learning problem.

The second assumption refines the above boundedness condition by considering a variance-
expectation bound which quantifies the noise (level) in the measure p with respect to balls
in the RKHS Br = {f € Hk : || fllk < R}, R > 0 (Cucker and Zhou, 2007; Steinwart and
Christmann, 2008).

Assumption 2 We assume that there ezists an exponent T € [0, 1] and a positive constant
cr such that for any R > 1 and f € Br, we have

/Z (V. £@) = Vg Y @)} dp < e R {E(5) = (U} (5)

Assumption 2 always holds true for the square loss with ¢ = 7 = 1, the hinge loss with
g = 7 = 0, and more generally for Lipschitz loss functions with 7 = 0 and ¢; depending
on ||} lle- In classification, the above condition can be related to the so-called Tsybakov
margin condition. The latter quantifies the intuition that a classification problem is hard if
the conditional probability of y given x is close to 1/2 for many input points. More precisely
if we denote by p(y|z) the conditional probability for all (z,y) € Z and by px the marginal
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probability on X, then we say that p satisfies the T'sybakov margin condition with exponent
s if there exists a constant C' > 0 such that for all § > 0

px(fr e X + |p1la) - | < 6)) < (C6)"

Interestingly, under the Tsybakov margin condition, Assumption 2 holds for the hinge loss
with 7 = s—f—l and c¢; depending only on C.

The third condition is about the decay of the approximation error (Smale and Zhou,
2003).

Assumption 3 Let A > 0 and f\ be a minimizer of:

fr = argmin £(f) + Al Il (6)

feHK

The approzimation error associated with the triplet (p,V, K) is defined by
D) = E(f) = ES)) + Al A% (7)
We assume that for some 8 € (0,1] and cg > 0, the approximation error satisfies
D) < g\, VAo (8)

The above assumption is standard when analyzing regularized empirical risk minimization
schemes and is related to the definition of interpolation spaces by means of K- functional
(Cucker and Zhou, 2007). Interestingly, we will see in the following that it is also important
when analyzing the approximation properties of the subgradient algorithm (1).

Finally, the last condition characterizes the capacity of a RKHS H g in terms of empirical
covering numbers, and plays an essential role in sample error estimates. Recall that for a
subset G of a metric space (H,d), the covering number N (G, €, d) is defined by

¢
N(g,e,d):inf{leN:Elfl,fg,‘-- , fi € H such that G C U{feg:d(f,fi) Se}}.

i=1

Assumption 4 Let G be a set of functions on X. The metric da 5 is defined on G by

m 1/2
d2,z(fv g) = {; Z(f(zv) - g(zi))2} , f[geg.

=1

We assume that for some ¢ € (0,2), cc > 0, the covering number of the unit ball By in Hi
with respect to da 4 satisfies

¢
E, [log N (B, e, do.a))] < cc <1> . Ve ()

The smaller ¢, the more stringent is the capacity assumption. As ( approaches 2 we are
essentially considering a capacity independent scenario, that is an arbitrary RKHS. In what
follows, we will briefly comment on the connection between the above assumption and
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other related assumptions. Recall that capacity of the RKHS may be measured by various
concepts: covering numbers of balls B in Hx, (dyadic) entropy numbers and decay of the
eigenvalues of the integral operator Ly : L/% — LZ given by Li(f) = [y f(2)K.dpx(z),
where L2 = {f: X = R : [|f(2)]*dpx(x) < oc}. For a subset G of a metric space (H,d),
the n-th entropy number is defined by

2n—1

en(G.d) =inf &> 0:3f1, fo, -, fon-r such that G C |J{f €G- d(f. fi) <<}

=1

First, note that the covering and entropy numbers are equivalent (see for example Steinwart
and Christmann, 2008, Lemma 6.21). Indeed, for ¢ > 0, the covering number N (G, ¢, d)
satisfies

1\ ¢
log N(G,€,d) < a¢ (6> , Ve > 0,

for some a¢ > 0, if and only if the entropy number e, (G, d) satisfies
1
3

1
en(ga d) S a/C <n> 9

for some a; > 0. Second, it is shown in Steinwart (2009) that if the eigenvalues of the
integral operator Ly satisfy

2

. [1\¢

/\nSCLC() , n>1,
n

for some constants a; > 1 and ¢ € (0,2), then the expectation of the random entropy

number E,[e,, (B, d2z)] satisfies

1
E,len (B, dag)] < ac <i> st

for some constant ac. Hence, using the equivalence of covering and entropy numbers,
E, [log N (Bi1,€,d2,))] can be estimated from the eigenvalue decay of the integral opera-
tor L. Finally, since d2,(f,9) < ||f — 9|/, One has that for any e > 0, N (By,€,da5) is
bounded by N (B, €] - ||x), the uniform covering number of By under the metric || - ||oo-
Thus, the covering number N (By,€,ds ,) can be also estimated given the uniform smooth-
ness of the kernel (Zhou, 2003).

3.2 Finite Sample Bounds for General Convex Loss Functions

Our main results, in Theorems 4, 7 and 8, provide general stopping rules and corresponding
upper bounds involving all the parameters defining the problem. These results are then
illustrated and discussed in a series of corollaries considering special cases that allow for
simpler statements, see in particular Corollary 6 in this subsection, Corollaries 9 and 10 in
Subsection 3.3, and Theorems 11 and 12 in Subsection 3.4.

The following is our main result providing a general finite sample bound for the iterative
regularization induced by the subgradient method for convex loss functions considering the
last iterate. Here, [2] denotes the smallest integer greater than or equal to x € R.
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Theorem 4 Assume (4) with ¢ > 0, (5) with 7 € [0,1], (8) with 5 € (0,1] and (9) with
¢€(0,2). Let ny = nit=? with qf’l < 0 <1 and ny satisfying

v1—146 1-6
0 <n < min , . (10)
V2¢(k + 1)2+17 4|V g
If T = [m"], then for any 0 < § < 1, with confidence 1 — §, we have
Cm~%lo 2 when 6 > 4L
g(fT>_€(f;/)§ 5« 7a1g61 2 A 9<gi%
m~*logmlog 5, when 6 < =5,
where the power indices v and « are defined as
2 1 q+1
. 0 A=A /2T )" when 62 oz )
- = hen 6 < L=
1-6 (1+2'8(0(11j9q)7q))(2—T+CT/2)+‘1(1+C/2)’ when v < q+2°
B g+1
6(2—T+<T/2)+{277+C7/2+q(1+g/2> }’ when 6 2 q+2’
“ = : B : when § < L (12)
B=r+Cr /2t ritey = { TR A e

and C is a positive constant independent of m or & (given explicitly in the proof).

The proof is deferred to Section 5 and is based on a novel error decomposition, discussed
in Section 3.6, integrating statistical and optimization aspects. We begin illustrating the
above result for Lipschitz loss functions, that is considering ¢ = 0, as follows.

Corollary 5 Assume (4) with ¢ = 0, (9) with ¢ € (0,2) and (8) with 5 € (0,1]. Let

e =mt % with 0 < 6 <1 and 1 satisfying 0 < n; < min {\/507 Vql(;il), 41“_/'60} SIfT =Tm7],

then for any 0 < § < 1, with confidence 1 — §, we have

Cm—« log %, when 0 > %,
~ 1
2

E(fr) —E(f)) S{

Cm~*logmlog %, when 6 <

where the power indices v and « are defined as

2 1
o (1—9)(26+12)(2—r+<7/2)7 when 6 > ?7
(1—6+280)(2—7+<(7/2)° when 0 < 3,
2 1
a = { (26—1—1)(2—25;@“7/2)7 when 6 > 5
1
(1—6+2B0)(2—7+C7/2)° when 0 < 3,

and C is a positive constant independent of m or 6.

For Lipschitz loss functions, Assumption 2 always holds true for 7 = 0. Also, if f;/ € Hg,
then Assumption 3 holds for § =1 and cg < Hf,YH%( In this case, v and « from the above
theorem are given by

_ v 4 acmndt 0
TEME A ey 1) MY T IS

Setting # = 1/2, we get the following result.
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Corollary 6 Assume (4) with ¢ =0, (9) with ¢ € (0,2) and f;/ € Hy. Let n, = mt—/2

with n1 satisfying 0 < mp < min{%q(}{ﬂ), 8|‘1/|0} LIfT = [m2/317 then for any 0 < § < 1,

with confidence 1 — §, we have
£(fr) — (1) < Om~logmlog .

The above results give finite sample bounds on the excess risk, provided that a suitable
stopping rule is considered. While the stopping rule in the above theorems is distribution
dependent, a data-driven stopping rule can be given by hold-out cross validation and adap-
tively achieves the same bounds. The proof of this latter result is straightforward using
the techniques in Caponnetto and Yao (2010) and is omitted. The above bounds directly
yield strong consistency (almost sure convergence) using standard arguments. Interestingly,
our analysis suggests that a decaying stepsize needs to be chosen to achieve meaningful er-
ror bounds. The stepsize choice can influence both the early stopping rule and the error
bounds. More precisely, if the stepsize decreases fast enough, i.e., 6 > 34%1’ the stopping rule
depends on the decay speed but the error bound does not. In this case, the best possible
choice for the early stopping rule is 0 = gi—%, that is 1; ~ 1/+/t in the case of Lipschitz
loss functions. With this choice, if for example we take the limit 5 — 1, 7 — 0, we have
that the stopping rule scales as O(m2/ 3) whereas the corresponding finite sample bounds
are of order O(m_l/ 3). A slower stepsize decay given by 0 < g% affects both the stopping
rule and the error bounds, but these results are worse. A more detailed discussion of the
obtained bounds in comparison to other learning algorithms is postponed to Section 3.5.

To see how the number of passes and the decaying rate 6 of stepsize affects the perfor-
mances of our algorithms, we carry out simple numerical simulations that complement the
above result. In Fig. 1 we consider simulated data, i.e. simple binary classification problem
where the input space is two dimensional. The training and test error as a function of the
number of iterations are reported for different stepsize values. In Fig. 2 we consider a real
benchmark data-set and again report the training and test error for different stepsize values.
The same qualitative behavior can be observed in simulated and real data. The empirical
error decreases as a function of the number of iterations while the expected (test) error as
a minimum. The effect is more evident when the stepsize choice is more aggressive, that is
for 0 close to zero.

Next we discuss the behavior of different variants of the proposed algorithm. As men-
tioned before, in the subgradient method, when the goal is empirical risk minimization, the
average or best iterates are often considered (see Equations (2), (3)). It is natural to ask
what are the properties of the estimator obtained with these latter choices, that is when
they are used as approximate minimizers of the expected, rather than the empirical risk.
The following theorem provides an answer.

Theorem 7 Under the assumptions of Theorem 4, if T = [m"| and gr = ar (or br) then
for any 0 < 6 < 1, with confidence 1 — §, we have

6mfo¢ log 2 when 0 7& g+l
B v - ¢ 5 q+27
Elgr) —€(f, ) < { Cm™@ logmlog%, when 6§ = Z%’

where the power indices v and o are defined as in Theorem 4 and C is a positive constant
independent of m or § (can be given explicitly).

10



ITERATIVE REGULARIZATION FOR LEARNING WITH CONVEX L0OSS FUNCTIONS

Empirical Error on Training Data Empirical Error on Test Data
0.35 T T T T 0.35 T T T
—06=0 —6=0
0.3F 0=0.25 |1 03k 6=0.25| |
i 6=0.5 6=0.5
0.251 6=0.75 6=0.75
0=1 0.25F 0=1
0.2f b
0.15} 02r
0.1 . . . . N ! N n
0 20 40 60 80 100 0 20 40 60 80 100
iteration t iteration t
Misclassification Error on Training Data Misclassification Error on Test Data
0.1 T T T T 011
‘ ——6=0 ‘ ——6=0
0.09 0=0.25 |1 0.1H 0=0.25
6=0.5 6=0.5
0.081 6=0.75 1 0.09- 6=0.75
6=1 6=1
0.07 b 0.08
0.06 b 0.07f
0.05 == 0.06 ‘ ‘ : ‘ —
0 20 40 60 80 100 0 20 40 60 80 100
iteration t iteration t

Figure 1: Performance of Algorithm (1) for the last iterates applied to synthetic data in bi-
nary classification with different 0, setting m1 = 1, V(y, f) = max{1l — yf,0}
and Hx = R2  Samples for two classes are drawn from bivariate Gaussian
distributions. The parameters for the Gaussian distributions are p; = [2,0],
Y1 =15,3;3,5]/2 and p_y = —p1, X1 = X;. For each given 6, we run Algorithm
(1) 100 times for 100 independent training data, and calculate the correspond-
ing test errors for 100 independent test data. In each trial, both of the training
data and the test data are of 100. The errors averaged over these 100 trials are
depicted as the above.

The above result shows, perhaps surprisingly, that the behavior of the average or best
iterates is essentially the same as the last iterate. Indeed, there is only a subtle difference
between the upper bounds in Theorem 7 and those in Theorem 4, since the latter have an
extra logm factor when 6 < %.

In the next section, we consider the case where loss is not only convex but also smooth.

3.3 Finite Sample Bounds for Smooth Loss Functions

In this section, we additionally assume that V (y, -) is differentiable and V'(y, -) is Lipschitz
continuous with constant L > 0, i.e., for any y € Y and a,b € R,

|V/(y7 b) - V/(yaa‘)| < L‘b - Cl|.

For the logistic loss in binary classification (see Example 1), it is easy to prove that both
V(y,-) and V'(y,-) are Lipschitz continuous with L = 1, for all y € Y. With the above
smoothness assumption, we prove the following convergence result.

11
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Figure 2: Misclassification errors of Algorithm (1) for the last iterates applied to Adult
dataset with different values of 6, setting V(y, f) = max{1l — yf,0}, K(z,2') =

_ 12
exp{—%} and m = 1500. Here, o is chosen as the median of the vector that
consists of all Euclidean distances between training input vectors with different
labels (Jaakkola et al., 1999). For each 6, n; is tuned using a holdout method.

Theorem 8 Assume (4) with ¢ > 0, (5) with 7 € [0,1], (8) with 5 € (0,1] and (9) with
¢ € (0,2). Assume that V(y,-) is differentiable and V'(y,-) is Lipschitz continuous with
constant L > 0. Let n; = mt™% with 0 < 6 < 1 and 0 < n; < min(ﬁ,(LﬁQ)_l). If
T = [m"], then for any 0 < § < 1, with confidence 1 — §, we have

E(fr) — E(fY) < Cmlog 3,

where the power indices v and « are defined as
2 1
1-60(1+28)(2—7+¢1/2)+q(1+¢/2)’
p
2—7+(T/2 1+¢/2) |’
/3(2_7._,_(7./2)_1_{ 2(/ 4« 24/)}

’y:

and C is a positive constant independent of m or 9.

The proof of this result will be given in Section 5. We can simplify the result by considering
Lipschitz loss function (¢ = 0) and setting 7 = 0.

1
Corollary 9 Under the assumptions of Theorem 8, let ¢ = 0. If T = [m0-0@+1) | then
for any 0 < 6 < 1, with confidence 1 — §, we have

~ __B_ 2
E(fr) — E(f)) < Om 7 log —,

where C is a positive constant independent of m or 6.

The finite sample bound obtained above is essentially the same as the best possible bound
obtained for general convex loss functions. However, the important difference is that for

12
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smooth loss functions, a constant stepsize can be chosen and allows to considerably improve
the stopping rule. Indeed, if for example we can consider the limit 5 — 1, 7 — 0, we have
that the stopping is O(m!/3), rather than O(m?/?), whereas the corresponding finite sample
bound is again O(m~1/3),

A similar simplification can be done for the square loss. Here, as mentioned in Example
1, f;/ is the regression function f,, and there holds £(f) — £(f,) = ||f — fp||%%x. In this

case, Assumption 2 holds true for 7 =1 and ¢, = 1, and condition (8) can be characterized
by requiring that f, € L%/Q(L/%X) (Smale and Zhou, 2003; Caponnetto and De Vito, 2007),
where Lf(/Q is the g—th power of the positive operator L.

Corollary 10 Let V(y,a) = (y —a)? and |y| < [V]|o < 0o almost surely. Assume f, €

L’f(/z(Lf,X) with B € (0,1] and (9) with ¢ € (0,2). Let ny = qit=% with 0 < 6 < 1 and
2

0<m< min(ﬁ, k2. If T = [mT-0G+DEH |, then for any 0 < § < 1, with confidence

1 -4, we have

9 ~ ___ 28 2
HfT — prL%X < Cm GFOHEH?) logg.

In particular, if f, € Hx,
Ifr = fll3s. < Cm™ &2 log -
P pr — )

Before comparing our bounds with obtained with other algorithms we last specialize our
results to a binary classification setting.

3.4 Iterative Regularization for Classification: Surrogate Loss Functions and
Hinge Loss

We briefly discuss how the above results allow to derive error bounds in binary classification
problems. In this latter case Y = {1, —1} and a natural choice for the loss function is the
misclassification loss given by

V(y,b(z)) = © (—yb(z)) (13)

for b: X — Y and ©(a) = 1, if a > 0, and O(a) = 0 otherwise. The corresponding
generalization error, denoted by R, is called misclassification risk, since it can be shown to be
the probability of the event {(x,y) € Z : y # b(x)}. The minimizer of the misclassification
error is the Bayes rule b, : X — Y given by

b(x) = 1,  if the conditional probability p(1|z) > 1/2,
P21 =1, otherwise.

The misclassification loss (13) is neither convex nor smooth and thus leads to computa-
tionally intractable problems. In practice, a convex (so-called surrogate) loss function is
typically considered and a classifier is obtained by estimating a real function f and then
taking its sign defined as

if
sign(f) () :{ 1—’1, ;t}{éf\?vife.o ’

13
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The question arises of if, and how, error bounds on the excess risk £(f) — &( f;/ ) yields
results on R(signf) — R(b,). Indeed, the so-called comparison results are known relating
these different error measures, see for example Cucker and Zhou (2007); Steinwart and
Christmann (2008) and references therein. We discuss in particular the case of the hinge
loss function (see Example 1). In this case for all measurable functions f it holds that

R(signf) — R(b,) < E(f) — E(f,)-

Indeed, the hinge loss satisfies Assumption (4) with ¢ = 0 and, under Tsybakov noise
condition, Assumption (5). Misclassification error bound, for iterative regularization with
the hinge loss, can then be obtained as a corollary of Theorem 4.

Theorem 11 Let Y = {1,—1} and V be the hinge loss. Let 0 < € < % and (8) be satisfied
. _ . . 1-6 _ .
with B € (0,1]. Let gy = mit™® with 6 > 1/2 and 0 < ny < mln{ﬁ((nﬂ))’u@}, If (9) is

valid with ¢ € (0,2) and T = [m(1*9>(12f3+1>], then with confidence 1 — §, we have

R (sign(fr)) ~ R(f.) < Gm™ 5 log 2. (14)

In particular, if B > %;22 with € € (0,1/3), then with confidence 1 — 4,

R (signfr) ~ R(f.) < Gm ¥ log 5.
The proof of the above result is given in Section 5, and comments on the obtained rates are
given in the next section.
We end noting that, as illustrated by the next result where the stopping rule is kept
fixed while the stepsize is chosen in a distribution dependent way. This observation is made
precise by the following result.

Theorem 12 Let Y = {1,—1} and V be the hinge loss. Let 0 < € < % and (8) is
satisfied with 1 > f > 43¢ Let n, = mt=? with 0 = 148281 g 0 < m <

47 6e " (2B+1)(2+3¢)
min { W, 119}. If (9) is valid with ¢ € (0,2) and T = [m%‘*ﬂ, then with confidence
1 -9, we have

R (sign( 1)) ~ R(fo) < Cm* ¥ log .

3.5 Comparison with Other Learning Algorithms

As mentioned before iterative regularization has nice computational properties. The algo-
rithm reduces to a simple first order method with low iteration cost and allows to easily
compute the estimators corresponding to different regularization level (the regularization
path), a crucial fact since model selection needs to be performed. In this view, the proposed
procedure can be compared with standard approaches for example based on considering
Support Vector Machines (SVM) or online variants such as Pegasos. In the former case,
in principle a quadratic programming problem need to be solved for each regularization

14
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parameter values. Our approach can be compared to more sophisticated approaches to
compute the full SVM regularization path. In the latter case, the main difference is that in
iterative regularization the early stopping rule is explicitly linked to the regularization level
and in practice can be chosen by cross validation.

It is natural to compare the obtained statistical bounds with those for other learning
algorithms. For general convex loss functions, the methods for which sharp bounds are
available, are penalized empirical risk minimization (Tikhonov regularization), i.e.

fax = argmin {&(f) + A&}, A>0,
feHK

see for example Cucker and Zhou (2007); Steinwart and Christmann (2008) and references
therein. The best error bounds for Tikhonov regularization with Lipschitz loss functions,
see for example Steinwart and Christmann (2008, Chapter 7), are of order O(m~") with

a':min{ 26 b }
B+17(2-¢/2—T7+71C¢/2)B+(/2)"

which reduces to
o= B
B+1
in the capacity independent limit (¢ — 2). From Corollary 5 for Lipschitz loss functions,
we see that the bounds we obtain are of order O(m™%) with the exponent

2p
28+ 1)(2—71+C71/2)’

reducing to

ae P
28+1

in the capacity independent limit. Hence, the obtained bounds are worse than the best
ones available for Tikhonov regularization. However, the analysis of the latter does not
take into account the optimization error and it is still an open question whether the best
rate is preserved when such an error is incorporated. At this point we believe this gap to
be a byproduct of our analysis rather than a fundamental fact, and addressing this point
should be a subject of further work. Moreover, we note that our analysis allows to derive
error bound for all Nemitski loss functions rather than only Lipschiz loss functions.

Beyond Tikhnov regularization, we can compare with the online regularization scheme

for the hinge loss. The online learning algorithms with a regularization sequence {\; > 0};
defined by

Froy = { (1 —mAe) fo, if g fe(@e) > 1, (15)
- (L= neXe) fr + mye Koy, i e fe(ae) < 1.

were studied in Ying and Zhou (2006); Ye and Zhou (2007). Our results improve the results

in Ying and Zhou (2006); Ye and Zhou (2007) in two aspects. The bound obtained in

Ying and Zhou (2006) is of the form O(Te_i) while the bound in Theorem 12 is of type

O(Tge_%) by substituting the expression m3+e for T. Moreover, our results are with high
probability and promptly yield almost sure convergence whereas the results in Ying and

15
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Zhou (2006) are only in expectation. We note that, interestingly, sharp bounds for Lipschitz
loss functions are derived in Orabona (2014), although the obtained results do not take into
account the capacity and variance assumptions that could lead to large improvements.

We next compare with the previous results on iterative regularization. The main results
available thus far have been obtained for the square loss, for which bounds have been first de-
rived for gradient descent in Buhlmann and Yu (2003), but only for a fixed design regression
setting, and in Yao et al. (2007) for a general statistical learning setting. While the bounds
in Yao et al. (2007) are suboptimal, they have later been improved in Bauer et al. (2007);
Caponnetto and Yao (2010); Raskutti et al. (2014). Interestingly, sharp error bounds have
also been proved for iterative regularization induced by other, potentially faster, iterative
techniques, including incremental gradient (Rosasco and Villa, 2014), conjugate gradient
(Blanchard and Nicole, 2010) and the so-called v-method (Bauer et al., 2007; Caponnetto
and Yao, 2010), an accelerated gradient descent technique related to Chebyshev method

]
(Engl et al., 1996). The best obtained bounds are of order O(m72§7+<) and can be shown
to be optimal since they match the corresponding minimax lower bound (Caponnetto and
De Vito, 2007). The bound obtained in Corollary 10 holds for all smooth Nemitski loss

_ 28
functions but is of order O(m  @+O®B+1) ), which is worse. In the capacity independent limit,
__B
the best available bound we obtain is of order O(m 2(3+1 ), whereas the optimal bound is

of order O(m_%). Also, in this case, the reason for the gap appears to be of technical
reason and should be further studied.

Finally, before giving the detailed proofs, in the next subsection, we discuss the gen-
eral error decomposition underlying our approach, which highlights the interplay between
statistics and optimization and could be also useful in other contexts.

3.6 Error Decomposition

Theorems 4 and 8 rely on a natural error decomposition that we derive next. The goal is
to estimate the excess risk E(fr) — &( f/Y ), and the starting point is to split the error by
introducing a reference function f, € Hg,

E(fr) = E(f)) = E(fr) — E(f) +E(f) — Ef)). (16)

The above equation can be further developed by considering

E(fr) = E(f)) = (Ealfr) — E(f2)) + (E(fr) = Elfr) + Eal i) — E(f)) + (E(f) — E(f,ﬁg)))-

17
Inspection of the above expression provides several insights. The first term is a compu-
tational error related to optimization. It quantifies the discrepancy between the empirical
errors of the iterate defined by the subgradient method and that of the reference function.
The second term is a sample error and can be studied using empirical process theory, pro-
vided that a bound on the norm of the iterates (and of the reference function) is available.
Indeed, to get a sharper concentration estimate recentering can be considered (Cucker and
Zhou, 2007; Steinwart and Christmann, 2008)

{(EUr) = (1)) = (Ealfr) = EL)) } + {(&alf) = E(F)) — (E(f) =€) } -

16
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Note that the second addend can be negative so that we effectively only need to control

Falf) = max {(&(f) — E(f,)) — (E(f) — (), 0} (18)

Finally the last term suggests that a natural choice for the reference function is an almost
minimizer of the expected risk, having bounded norm, and for which the approximation
level can be quantified. While there is a certain degree of freedom in the latter choice, in
the following we will consider f. = f\, the minimizer of (6). With this latter choice we can
control

A(f) = E(f) = E(f))
by D(A) given in Assumption 3.

Collecting some of the above observations, we have the following lemma.

Lemma 13 For f, € Hg, we have

E(fr) —E(f))

19
<{(E(fr) —E(f))) = (Ealfr) — E(f))) + Fulf) } + (Ealfr) — Ea(f2)) + Alf2) 19)

In the next sections, we proceed estimating the various error terms in the above error
decomposition. We will first deal with the computational error, the analysis of which is
the main technical contribution of the paper and then proceed to consider the sample and
approximation error terms. The best stopping criterion and corresponding rates are derived
by suitably balancing these different error terms.

4. Computational Error

In this section, we will bound the iterates and estimate the computational error from
Lemma 13.

4.1 Bounds on Iterates

We introduce the following key lemma, which will be used several times in our analysis.

Lemma 14 For any fized f € Hg andt=1,...,T,

er = 71 < 1o = FI + 2G5 + 2mlEa(F) — (7). (20)
where
m 2
G = S VI il K| < A+ DM P max LRI )
=1 K

Proof Computing inner product (fiy1 — f, fix1 — f)x with fi11 given by (1) yields
2n "
| fevr = FlEe = e = Fll +0EGE + =8> V! (g fulwy)) (Kayo f = Fo) -
j=1

17
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Using the reproducing property
f(z) = (f, Ks)K, VfeHk, xeX, (22)
and Assumption 1, we get
[flloo <6l fllx,  Vf €Mk, (23)
and .
fen = FIBe = 1o =PI+ 2G4 22 SV (g ol (o) — filag)). (24)
j=1
Since V (yj, -) is a convex function, we have
V! (y;,a)(b—a) < V(yj,b) — V(yj,a), Va,b € R.
Using this expression to (24) gives

i = Tl < 1 £V + 9263 + 22 5™ Vag £ay)) = Vi fie).

7=1

where the last term is exactly 2m[E5(f) — E2(f1)].
By (4), (23), and the observation || K., ||k = /K (zj,z;) < K, we find

1 & Ko
Gt = E ZVi(yj, ft(fL']))Kx] S E Z y]7ft l’] )’
Jj=1 K J=1
K m
< TN+ fulay)l?) < eyl + 1A,
7j=1
and the desired bound follows. u

Using the above lemma, we can bound the iterated sequence as follows.

Lemma 15 Let 0 < 60 < 1 satisfying 6 > qf’l and ny = mt~Y with n1 satisfying (10). Then
fort=1,...,T,

1-6
[ferallx <t7= . (25)
Proof We prove our statement by induction. Taking f = 0 in Lemma 14, we know that
| ferill % < 1 felli + 17 G + 2ne[€a(0) = Ea(fe)] < I fell%e + niGE + 2| Vo.

This verifies (25) for the case t = 1 since f1 = 0 and n7c2(k + 1)%7T2 4+ 2, [V]p < 1.
Assume || fi||x < (t — 1)1%8 with ¢ > 2. Then

G? < Ak +1)%+2(t — 1)0704,

18
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Hence,
Ifivill < (t—1)0 420 2(/<;+ 1)24+21-0)a | 9 =8|/
-0
- t +g+1)0+1—¢ . .
Since (1 - %)1 < 1— 122 and the condition > T 17 implies (q+1)0+1—q > 1, we have
2.2 2q+2
— ci(k+ 1)1
il < ¢ {1 B ol : i 27717|£V|0}‘

Finally we use the restriction (10) for 71 and find ||fi41]|% < t'7%. This completes the

induction procedure and proves our conclusion. |

By taking f = f; in (20), we see the following estimate for ||fi+1 — fi||x from Lemmas
14 and 15.

Corollary 16 Under the assumptions of Lemma 15, we have fort=1,...,T,

(1-0) _
I fis1 — fillx < meg(n+1)9F e =2 0. (26)

Observe from the restriction 6 > in Lemma 15 that the power index in (26) satisfies

00 _g< 1<,

+1

(q+1)

4.2 Computational Error for the Last Iterate

In this subsection, we estimate the computational error &,(fr) — E4(f«) for an arbitrary
f« € Hi. Some ideas for estimating the average error in our proof are taken from Boyd et
al. (2003); Shamir and Zhang (2013).

Lemma 17 Assume (4) with ¢ > 0. Let f. € Hx. If ny = mt % with 0 < 0 < 1 satisfying
0 > 2 1 and m satisfying (10), then we have

2 ~
i) - &tr) < (1515 1 &) a

0 T-1 1 T
My = k41 Z 2m — 27]T—k] {Ea(fr—k) — E(fe)}, (27)
i t=T—k+1
where Ar g is defined by

—(1= 1

WT -9, when 6 > Zi—%,
Arg =< (logT)T~(1=9), " when 0 = g%, (28)

W(legT)T O+0)=a9)  yhen § < gH’

and 51 is a positive constant depending on q,k,0 (independent of T,m or f. and given
explicitly in the proof).
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Proof Lemma 14 plays a key role in our proof. In particular, we shall apply the following
equivalent form of inequality (20) from Lemma 14 several times with various choices of
f e Hg:

2 [E2(fe) = Ea(D)] < {IIfs — Fl% — | fesr — %} + niGE. (29)

Step 1: Error decomposition. Decompose the weighted empirical error 2np&,(fr) as

2n7E(fr) = % {2nr&(fr) + 2nr—1&(fr—1)}
+%277T {&(fr) — E(fr—1)} + % {207 — 2071} Ea(fr—1)

= % {2nr&,(fr) + 2nr-1&(fr—1) + 2n7—2E,(fr—2)}
s P2 Ealfr) — Ealfr2)] + 2001 [E(fr 1) — Ealfr)])
g2 () — Ealfra)} + 5 (200 — 200 1) ExlFr )

g (20r = 2r_a] + 2 = 200-2]) ExlFro).

Repeating the above process by means of the decomposition

= Lk
7 2 2r—j&a(fr—j) = k+1z2anjgz(foj)
i=0 i=0
= =
—_ 2nr—i 4E(fr—i) — E4(fr— —_ 20— — 20—kt EL(fr—
+k(k+1) JZ:% nr—j {&(fr-;) (fr—x)} + ke + 1) J:o{ nr—j — 20—k} Ea(fr—i)
with k =3,...,T — 1, we know that
1 T-1 T-1 kel
2ré(fr) = 2nr—;&(fr—j) + WZQW—J’ {&a(fr—j) — E(fr-1)}
= k=1 )=
T-1 1 k—1
+D > {2mr = 20k} Efr).
— k(k+1) =

Applying the same process to the sequence {2n,E,(f:)} L, yields

T—-1 T—1 k—1
1
7=0 k=1 7=0

20
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Hence the following error decomposition holds true:

T
200 {Ealfr) — &S} = 1 20 &) — Eu(12)}

T-1 T
+ Z i k T > 2mi&U) — &) (30)
=1 t T—k+1
T-1 1 1 T
2t le 2 22k [ {&(frw) - &(f)
k=1 t=T—k+1

Step 2: Average error in the first term of (30). Choosing f = f, in (29) and taking
summation over t = 1,...,T together with (21) and Lemma 15 yield

A

T T
2 {&(f) = &£} < A = Fllk = Il frn — Fllie + D _miGE
t=1

t=1

IA

Hf*HK+Zn (k + 1)%a+24a(1-6) =26

Since 1 > 6 > q+—1, we find —2 < ¢(1 — 6) — 20 < 0. Moreover, ¢(1 — ) — 260 < —1 if and

only if 6 > q . The following bound for the first term of (30) then follows

T
%Z 2 (Ea(f1) — Ea(f.))
t=1

2 0— —
(Ml + Conpiagety) T~ when 0> &,
< (Iflk +2Cy k) (log DT, when 0 = £,
_ 1
(||f*||%( e ,Nqﬂ_ﬁw) 79+ when 0 < Lt

where C, ,; is the constant given by
Co = nicg(k +1)%172.
Step 3: Moving average error in the second term of (30). Let k € {1,...,T — 1}.
Choosing f = fr_j in (29) and taking summation over t =T — k +1,...,T yield

T

T
> 2 d&(f) = Elfrn)} S lfrowe — frlk + D WG

t=T—k+1 t=T—k+1
By Corollary 16,
1 fr—krr = froallie < mich(r +1)*@F(T — k)1-0a72,
This bound is the term with ¢ =T — k + 1 of the following estimate which is a consequence

of Lemma 15
T T

S pGrs Y a0

t=T—k+1 t=T—k+1

21



LiN, ROSASCO AND ZHOU

Hence

T

> 2 {&ufi) — Eufrs) vyt
=T—

T
—n*
=Cyx E =9,
t=T—k+1 ¢ t=T—k

k

where we denote ¢* = 20 — ¢(1 — 6). We know that 0 < ¢* < 2 and ¢* = 1 when 0 = gi;.

So
T T T1-4" _(T—k)1—4" g+1
> s wq*d“{ SN i)
- - — grl
t=T—k+1 =k log 7% when § = 35.

When 6 < gié, we have ¢* < 1 and for k < %, we see from the mean value theorem that

T —(T—k)'" _ O el G ' e o o0 G )%

1—gqg* 1—gq* - 1—gqg*

which is exactly (T — k)~ k. Thus,

T
Z (T —k) Tk4+(T—k)™ 7 <2K(T—-k) 7 <2.20T7 7k,

t=T—k
T
For k Z bR
I TV (T — k) . T
Z t7 < 1 * +(T_k)_q Sl -
t=T—k —4 —4
It follows that
L T
— 2 { &, — & (fr—
k(k+ 1) Z e { € (ft) (fr—i)}
k=1 t=T—-k+1
1 T
<C = —_ =
<Cox X 301D +1 Z O D D 2
k<T/2 t T—k T-1>k>T/2 t=T-k
1 I
<20k Y 2T k420, Y,
k<T/2 k(k+1) T—1>k>T/2 Rk +1)1-q

2
<20, <2q + 1> (log T)Tq(l—e)—Qe'

When 0 = qié, we see from the mean value theorem that

lo T =—lo 1—E <E = —
ST % T)>T1-E Tk
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It follows that
T—1 T

1
21 {&, — & (fr—
Z k(k+ 1) Z ne{E(f1) (fr—x)}
k=1 t=T—k+1
T-1 T—1
1 1 1 1
< —_— — _— —
<Cor 2 (T — k)k Carp {k * T—k}
k=1 k=1
logT
<40, 2
< 4C 2
When 6 > g%, we have ¢* > 1 and for k < %,
1_ * 1_ * E 17 * .
71 — (T — k)¢ :Tlfq*(l_T) a < ot g,
=g g —1
For k> 2, S 79 < (k+1)20°T~" Then,
T—1 1 T
—_ 2 z — & (fr_
k(k+ 1) Z A& (fr) — Eo(fr—i)}
k=1 t=T—k+1
T—1

* * 1 * *
1 — 1 —
<20 g, T ;;—1: s O T~ logT

* ].
<20l — 71
=7 e
Thus the second term of (30) can also be bounded as
-1 T
2 { €. — & (fr—
k=1 t=T—k+1
20"+ Cy o +1
e(q*i—f)T 1, when 6 > ZT%,
<< 4C, x(logT)T1, when 6 = %,
20, (zq* + 13q*) (log T)T9~ (0 when 6 < T,

Putting all the above estimates for the first two terms into (30), we see that the desired

bound (27) holds true with the constant C1 given by
me2(r+1)20%2 (2 + q)0 — g +232700-9) | when § > 25

~ q+2
Cy =1 6nuc(rk+ 1)2at2, when 6 = g%
mea(k 4 1)20t2 (23+99-4 1+ 3) when 6 < %.

The proof of Lemma 17 is complete.

Lemma 17 is useful and can be used in a stochastic convex optimization problem, other
than learning. In what follows, we shall see that how it can be used in our specified learning

problems. For notational simplicity, with R > 0 we denote

My(R) = fs.euéo~ max {Ez(f;/) —&(f), 0}.
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Proposition 18 Under the assumptions of Lemma 17, we have

M (1) R+ A + ”f*”KA o+ Cihra, ()

Ealfr) = &lfe) < 12

where At and 5’1 are defined in Lemma 17.

Proof Note that by Lemma 17, we have (27). We only need to estimate the second term
of (27) denoted as

T

2r—k — % Z 27715] {gz(f*) - 8z(fT—k)} :

t=T—-k+1

; 70 T
Tz = 5 T
2771 —1 E+1

Denote R = T"2". Lemma 15 tells us that Jr € B for each k= 1,---,T. It follows that
fork=1,---,T -1,
Ea(f) = Ealfroi) = {(&alfe) = &(F))) — (E(f) = E(F)))}
+(E(f2) = E(F) + &) — Ealfr—p)
< fz(f*)+A(f*)+M (R).

By the choice of the stepsizes, 2np_p — %Zt:T_kH 2ny > 0 for any k € {1,...,T — 1}.
Therefore, Jr, can be bounded by

70 =1 1 ~
< — - - = )
IS g T PR D {Falt) + AR + Ma(R)}

Now we need to bound the above summation. Note that, for each k,

T
R I TN SN ()

t T—k+1 t=T—k+1

Applying the mean value theorem to the function g(z) = —2=% on [T — k,t] with ¢ €

{T —k+1,...,T}, we find that for some ¢ € [T — k, ],
(T—k)" =t =g(t) —g(T —k) = (t = (T = k))g'(c) < (t = (T — k)T — k)"~

Hence
T-1 T
1 1
S 2ma—7 > 2w
okl ki
—6-1 T
< 2m0 t—T+k)+ 2
m Z k+1) > + Z NT—k
k< T/2 t=T—k+1 k>T/2
91kk+1
< 2m0 72
n Z k+1 + Z NT—k
k<T/2 k>T/2
4 6
<mf Y, (@-K)T+h Y @k < T
k<T/2 k>T)2
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Thus 3
Jra < g {Falf) + A(F) + MalR)}

Then the desired bound follows from Lemma 17. [ |

4.3 Computational Errors for Weighted Average and Best Iterate

Lemma 19 Under the assumptions of Lemma 17, let gr = ap (or gr = bp). Then

gz(gT) _gz(f*) < ( ”f*HK )A 7,65

where KTﬂ s given by

(2+q)91—(q+1)T7(176)’ when 6 > %’
Arg =1 (log )19, when 0 = gi%, (33)
! T, when 6 < i,

and C1 is a positive constant depending on q,k and 0 (independent of T, m or f. and given
explicitly in the proof.)

Note that there is a subtle difference between KT’Q and Arg defined by (39), where the

latter term has an extra logT for 6 < gi;

Proof For any u € R, we have

Znt (fo) —u) > (Zm) min_£,(fi) - (Zm)

and by convexity of &,

T

T T
=& (Z wtft> < Zthz(fT) = Tl Z”tgz(ft)'
t=1 ZtZI Mt

t=1

Therefor, we have

T
EZ(bT) —u < Znt(SZ(ft) —u)

= T
t=1"t =1
and
1 T
& —u < & —u).
(ar) —u Zf—lnt;m( (ft) —u)
We thus get
1 T
& - ¢ < & —&(f)). 34
(97) = &(f7) ST - 177t( (fr) = &(f7)) (34)
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Following Step 2 of the proof of Lemma 17, we have

T
Z 2 {&(fr) — Ea(fi)}

2+4)0—
(1113 + Conriretsts ) when 0> £,
< (”f*”%{ + 20!1,%) (logT), when 6 = %7
<||f*H§< +C. v”ﬁ) TH)~2+0)0 when 0 < %'

Introducing the above inequality into (34), and using Zle > N1 ftT:Tl u 0du > T /e,
we get our desired result with C'; given by

3mec(rk+1)%772((24q)0 — q), when 6 > g+l

_ a2’
C1 =1 3mci(k+1)%+2, when 6 = Zi—;,
377102(% +1)%a+2, when 6 < Zi—;.

|
While the above proof is shorter and easier than the proof of Lemma 17, it is surprising
that the computational error bounds for the last iterate and the average (or the best one)
are roughly of the same order.
4.4 Iterate Bound and Computational Error for Smooth Loss Functions

The following result can be proved by using the fact that V'(y, -) is Lipschitz. Its proof is a
simple modification to RKHS of that in Nesterov (2004, Theorem 2.1.14), where the cases
of Euclidean spaces are studied. For completeness, we provide the proof in Appendix A.

Lemma 20 Assume that V (y,-) is differentiable and V'(y, ) is Lipschitz continuous with
constant L > 0. Let 0 < n; < (Lx%)~! for all t € N. Then we have

| fel1%
5z _gz * S -
V=&l s s o)

In particular, if n; = mt=% with 0 € [0,1) satisfying n1 < (Lk>)~", then
2| fell3 o
i) - (1) < Ao,

Using the above lemma, we can bound the iterates as follows.

Lemma 21 Under the assumptions of Lemma 20, we have fort=1,--- T,

t
I feralle < 4| 2(V]0 D> k-
k=1

In particular, if n; = mt=% with @ € [0,1) satisfying n < ﬁ, then
1-0
| feralle <tz
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Proof Choosing f. =0 in (46) (see Appendix A), we get for k=1, -- ¢,

I ferill < el + 206(Ea(0) — Ea(fr1)) < Ifill + 20k ]o-
Applying this relationship iteratively for k =t,--- ,1, with f; = 0, we get

t

I ferallze < 21VIo D e,
k=1

which leads to the first conclusion. The second inequality can be proved by noting that

t t ) H1-0 1 10
= k77 < 14— < .
kzlnk 771; _771<+ 1_9>_7711_9

5. Sample Error and Finite Sample Bounds

In this subsection, we will estimate sample errors and then prove our main results.

5.1 Sample Error

We first bound the sample error term F,(f.) for some fixed f. € Hg as follows. This is
done by applying Bernstein inequality, see Appendix B for the proof.

Lemma 22 Assume conditions (4) and (5) hold. For any f. € Hx with || f«||xk < R, where
R > 1, with confidence at least 1 — %,

1) m

Full) < (€1 +2ve) 1og2ma><{R;+ ()T A(f*)}, (35)

where C] is a positive constant independent of T, m,d§, given explicitly in the proof.

We next bound the empirical process over the ball By for some R > 0 in the following
lemma. It is essentially contained in Wu et al. (2007). We provide a short proof in Appendix
B for the sake of completeness.

Lemma 23 Assume (4) with ¢ > 0, (5) with 7 € [0,1], (8) with B € (0,1] and (9) with
¢ €(0,2). Let R > 1. Then with confidence at least 1 — %, there holds for every g € By,

(E(9) = E(F)) — (Ealg) = &)

(E(g) — £(4Y)) + Cllog > max

<
- 0

2

2
~q(2+O)+(A—27+4C7) \ T-27F¢7 ~ ~ _
(R 2 ) Rat1 <R2+q 7)2—17
M ) 7

1
2 m m

m2+<

(36)
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and

(37)

2
~q(2+Q)+(4—27+¢T) 4—-27+4(CT = = _ 1
~ 2 R™ RITL  RaTN gL
My(R) < Cjlog = max ( ) L ( )2

m m

m2+¢
Here Cf is a positive constant independent of T, m, ¢, given explicitly in the proof.

5.2 Deriving the Finite Sample Bounds
We have the following result, which will be used for the proof of Theorem 4.

Proposition 24 Assume (4) with ¢ > 0, (5) with 7 € [0,1], (8) with 5 € (0,1] and (9)

with ¢ € (0,2). Let n; = mt~? with 0 < @ < 1 satisfying 6 > q—?—l and ny satisfying (10). Let
q(1-9)

fx € Hi be such that || fu||k < R, where R>1. If1 < R < T3 and TS m_ﬁ <1,
then with confidence 1 — §, we have

(A=0)(g(2++(“A—27+(7))
1

4—23-&-47
E(fr)—E(f)) < Cs 1Og§max ( ) , R*Ap, A(f.) ¢, (38)

m
where Ar is defined by
—(1—6 +1
T7-1-0), when 0 > ﬁ,
AT = (log T)T_(1_9)7 when 0 = %7 (39)
(log T)T—00+0=0)  when 0 < %,

and C~’3 is a positive constant independent of T, m,§, given explicitly in the proof.

Proof Recall Lemma 13. Let R =T"%". Introducing with (32), we have

£0fr) — €YY < {(EU) ~ £GY)) — (Ealfr) ~ &Y} + o5 My (R)

4—60 R? ~
t1 % (Fa(fe) +A(f)) + TAT,H + CiA7y.
- m

Applying Lemmas 22 and 23 with g = fp, with R € [1, E] and the notation Ap defined by
(39), we know that with confidence at least 1 — 9,

2
~aC2HO+(A-274¢T) \ T2rer 3
2 R 2 Ra+l
E(fr)—E(f)) < cglogémax{< - ) R
m
EQ;—E—T 1
B AR g €D - EY). 0
m—T

where C is the constant given by

40 4-0 1~
Cg:1_9(J§+1_6(1+C{+2\/c7)+<2m+01>c9,q.
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Here ¢y 4 is given by

1 1
Coq = { [(q+2)6—(¢+1)]° when 6 # et

_ gtl
1 when 0 = el

Since RIm~2/2+0) <1, 7 €[0,1] and ¢ € (0,2), one finds

—(1-7)(2=9

2
Eq(2+C)+(g—27+CT) d—2r+Cr mﬁ Eq R e
. = > ].
~ 2 i )
m R+l mzrc

S0H0+(=2r4n) \ TEAG L L
(R 2 ) L meT — <§2q(1—7)m7> @—7)(4—27+<7) > 1.

and

m ~2+4q—T1

2—1

Subtracting § (E(fr) — E(f;/)) from both sides of (40), and setting Cy = 2C}, we get the
desired results. [}

Now we are in a position to prove the probabilistic upper bounds stated in Theorem 4.
Proof of Theorem 4 We use Proposition 24 with f. = f) to prove our result. Define a
power index 6 as

+1
i 1-0, when 6 > —Zﬁ, (41)
q
0(1+q) — q, When9<q+2.

Comparing this with the definition (39) for Ay, we see that

_ +1

AT:{ T é, When0>—gﬁ,
- q

T %logT, when 6 < s

From the definition of D(\), we have
A(L) D) and  AAE < DOV, (42)

which imply || fallk < /D(A)/A = R. Balancing the orders of the last two terms of (38) by
setting
A= Ar, (43)

we find that the last two terms of (38) can be bounded as

C5T_ﬁé, when 0 > L
max { R®Ar, A <D\ < e\ < _ q+2
{ r (f)\)} D) = e\’ < { cng*ﬁe logT, when 6 < %i;.

Then we balance the above main part with the first term of (38) by setting

2
(A=0)(¢(2+O+(4=27+(7)) —27+CT
T g - 1—2r+¢ ~
=7

m
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This leads us to choose T to be the integer part of
2
(452 + 80) (4 - 2 + () + 12500

[m™], where v := (44)

With this choice, the main part of (38) can be bounded as

(1-6) (24O +A-27+¢0) \ ToooFer
T 4 2
max ) R AT7 A(f*)

m
< 205m*f397~, when 6 > g%,
o 2705m_50'7 logm, when 6 < gi—;.

Noticing from the definition of 0, one can easily prove that 6 <1—6. Then R/ /e <
B=-1 _
V-1 < A <T = and the restriction for R in Theorem 24 is satisfied up to constants.

. a6 __ 2 . .
The restriction T 2 m ™ 2+ < 1 is also satisfied (up to a constant), because

1-0) 1-¢ 2
q(2 SWQ( 2)'v Sm”f.

T

Observe that v < ﬁ. So by Proposition 24, with confidence 1 — §, we have

E(fr) - E(FY) < 2c5C3m =" log 3, when 6 > £,
) < - )
0 %m_ﬁev log m log %, when 6 < Z%-

Observe that the power index 867 is
g+1
when 6 Z m,

g+l
q+27

B
BE—T¢r/D+{ T2 dlia L

By =

when 6 <

BE—T+CT/2)+ i { R LA L
while the index « can be expressed by (11). Then our desired learning rates are verified by

setting the constant C' = 2055'3 when 6 > % while C' = 4?_33 when 6 < %. The proof

of Theorem 4 is complete. n

Proof of Theorem 7 We only sketch the proof for the case gr = ar. By applying Lemma
15, it is easy to prove that

1-6
lar||lxk <T 2.

With the upper bound on ar and Lemma 19, a similar argument as that for Theorem 4,
one can prove the results. We omit the details. |

Proof of Theorem 8 With Lemmas 20, 21, and a similar approach as that for Theorem
4, we can prove the convergence results for smooth loss functions. We omit the details. W
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Proof of Theorem 11 We use Theorem 4 to prove the results. The hinge loss satisfies (4)
with ¢ = 0 and ¢ = 1, [V]o = 1 and Hf[YHOO = 1 where f;/ is the Bayes rule f.. Condition
(5) is valid with 7 = 0 and ¢; = 1. Since 6 > 1/2, by simple calculations, one finds that

_ 1 _ _B
Y = a=ayearn Ad @ = 953
Using the comparison theorem from Zhang (2004), we have

R (sign(fr)) = R(fe) < E(fr) — E(f)).

So the desired probabilistic upper bound (14) for the hinge loss follows from the above
inequality and Theorem 4.

It remains to prove the second part of the theorem. Since 0 < € < %, the restriction
B > 1=3¢ for the approximation order tells us that

1+6€
3 1 1

= = > _—— .

“T%r1 211873 °©
The proof of Theorem 11 is complete. |
Proof of Theorem 12 Since 0 < € < %, the restriction 8 > 3;22 for the approximation

order tells us that the parameter 0 satisfies % < # < 1 and the index

_ 1 2
TTa-eesrn 3 °

Finally we find that the index

I5} 1 1 e
o= = P
26+1 241/~ 3 4

So the desired probabilistic upper bound follows from the first conclusion of Theorem 11.
The proof of Theorem 12 is complete. |

6. Conclusions

This paper proposes and studies iterative regularization approaches for learning with convex
loss functions. More precisely, we study how regularization can be achieved by early stopping
an empirical iteration induced by the subgradient method, or gradient descent in the case
that the loss is also smooth. Finite sample bounds are established providing indications
on how to suitably choose the stepsize and the stopping rule. Different to classical results
on the subgradient method, we analyze the behavior of the last iterate showing that it has
essentially the same properties of the average, to the best, iterate. These results provide a
theoretical foundation for early stopping with convex losses.

Beyond the analysis in the paper our error decomposition provides an approach to
incorporating statistics and optimization aspects in the analysis of learning algorithms.
While a natural development will be to sharpen the bounds and perform extensive empirical
tests, we hope the study in the paper can help deriving novel and faster algorithms, for
example analyzing accelerations (Nesterov, 2004), or distributed approaches, within the
framework we propose.
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Appendix A. Proof of Lemma 20

Proof Since V'(y,-) is Lipschitz with constant L for any y € Y, we have for any a,b € R,
L
V(ya b) < V(yv (I) + V/(ya a)(b - a) + §(b - CL)2.

Choosing y = yj, b = fir1(x;) and a = fi(x;), according to the properties (22) and (23),
we get for j=1,--- ,mandt €N,

V(s fera(25)) < Vs, fila;)) + V' (g, fela;)){fern — fo. Koy i + Linm fill k-

Summing up over j =1,--- ,m, with g, = L o 2 Vg, fi(25)) Kz, we get

Lk?
Ea(frr1) < E(ft) + (fre1 — fro 900k + 7||ft+1 — fill%-
Introducing with (1) and noting that n; < (Lx?)~!, we get
Eulfer) < Eulf) = Tl (45)

By the convexity of V (y,-), it is easy to prove that

5z(ft) < gz(f*) + <ft - f*agt>K
Introducing this inequality into (45), we get

Ealfir) < sz<f*>+21m(2m<ft—f*,gtm—n?ngtn%()
1
= &(fe) + o (Lfe = fellFe = ILfe = fx — megell%)
1
= &(fe)+ o (1fs = fellZe = 1 frr = Fell%) s

so that,
20(E(fir1) — Ea(fe)) < fe = fill & = 1 fen — full k- (46)

Summing up over t =1---,7T, with f; = 0, we have
Z 20 (Eufrin) — Ea(f2) S IFL = Fellke =l frn — Fll% < Ifl%-
By (45), we have &, (fr+1) < Ex(fi41) for all ¢ < T It thus follows that

227715 (fr+1) = E(f)) < 22% (fi41) = E(fe) < |1 fell%

which leads to the first argument of the lemma. The rest of the proof can be finished by

noting that
1-6

T T+1 T
> om> ?71/ uPdu >
t=1 1
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Appendix B. Proofs for the Sample Error

Proof of Lemma 22 We apply Bernstein inequality which asserts that, for a random
variable £ bounded by M > 0 and for any € > 0,

2

Prob{; g{(zi) —E(¢) > e} < exp{—2(02(£)nj_ 37 } (47)

Here the random variable £ on Z is given by {(z,y) = V(y, f«(x)) — V(y,f;/(:c)). The
increment condition (4) implies that ¢ is bounded by M := C{RI™!, where O] is the
constant given by

O = cq (R + K+ (1) lloo + 1/, 151 - (48)
By condition (5), its variance o2(¢) is bounded by
e RFTT{E(L) = E(f)} < e RFITT(A(L)
Solving the quadratic equation from Bernstein inequality (47), we see that with confidence
at least 1 — %, there holds
2M log 2 2log 2
0g 3 n 0g 3 2

3m m

Fa(fe) <

3,

RTL R (A(£)
m vm .

[V}

< (C] +2y/cy)log % max

Applying the elementary inequality

Ty T <+ (1 - 1)y, Vr1elo,1], z,y >0, (49)
yields
R (A(f)F N :
= (A(f:))?
vm m
1
T R2+ta—7\ 23—+ T
< - —A(f.).
- (1 2) ( m > + QA(f)
Then the desired result follows. |

To bound the empirical process over the ball B for some R> 0, we need the following
concentration inequality. Its proof is similar to that of Proposition 6 in Wu et al. (2007),
as well as applying Theorem 3.5 from Steinwart (2009) and Exercise 6.8 in Steinwart and
Christmann (2008). We omit the proof.

Lemma 25 Let G be a set of measurable functions on Z, and B,c > 0,7 € [0,1] be con-
stants such that each function f € G satisfies || flloo < B and E(f?) < c(Ef)7. If for some
a> B¢ and ¢ € (0,2),

Eullog N (G, e, da )] < ae™®, Ve > 0,
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then there exists a positive constant c’C depending only on ¢ such that for any b > 0, with
probability at least 1 — e™°, there holds

b\1/2-7)  18Bb
TES) + +2(C) + 220 vreg,
m m

N | =
3

Ef = — 3 /() <
i=1

where ) )
2—¢ a A—27 1T 2—¢ a 2% ¢
7 = max § ¢i-2r+7 <7> * 27+CT, B2+¢ ( )2+< .
m m

Now, we are ready to prove Lemma 23.

Proof of Lemma 23 We first apply Lemma 25 to the function set
G={f(z,y) =V(y,9(x)) = V(y,f) (z)): g€ Bg}.

Condition (5) tells us that with ¢ = ¢, R2+9-7, each function [ € G satisfies E(f?) < c(Ef)T.
Also, condition (4) implies that | f||s is upper bounded by M := C 'RIt! with € given
by (48). Noticing from (4) that for f, f' € G,

f(@,y) = f'(@9)] = [V(y,9(2) = V(y. g'(@)] < cq(1+ 1) Rg() — g ()],

there holds

NG, e,dog) <N [Bay—— 5 do, | <N (Bl —— 5 doa |
( 2) < R ¢y(1+ K9)Ra ? > ( ' cq(1 + k)Rt >

Hence, condition (9) yields the covering number condition in Lemma 25 with a = ¢ R@+1¢,
where

o' = max{c<cg(1 + Fﬂq)ga (Ci)c}

So we apply Lemma 25 and find that with confidence at least 1 — %, there holds for every
feg,

e, R2T4=T og 2 ) o N 18M log 2

m m

E(f) %Z f(z) S% (Ef)" —1—0477—1—2(

where

n = maxd (e R )<CR<>>
m
R Tr¢
m

2
/ §Q(2+C)+(§*2T+<ﬂ 1—27+CT Equl
Cy max ) z (>

IN

m
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where CY is the constant given by

Apply the elementary inequality (49) which yields n'~"(Ef)” < n + Ef, and notice that
E(f)=E&(g)— 5(f/§/) while 2 3™ f(z) = E,(g) — Ez(f;/). We get that with confidence at
least 1 — g, there holds for every g € B,

(5(9) - g(f;/)) - (gz(g) - gz( ;/))

§<;+c’<>n+;(5(g)—5( ) +2

RPN 9 18M10g%
( )" log ’

which leads to (36) with

/ 1 / / = Ar
Cg = 5 + CC Cz + 207-277' + 18M

Now, introducing (36) into the equality
E1y) —Ealg) = {(E(9) = E(1)) = (Eal9) = &(1)) } — (Ela) = (1))
with £(g) — E(f;/) > 0 and by recalling that My(R) is given by (31), we can derive (37).

The proof is completed.
|
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