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Abstract

In Markov decision processes (MDPs), the variance of the reward-to-go is a natural measure
of uncertainty about the long term performance of a policy, and is important in domains
such as finance, resource allocation, and process control. Currently however, there is no
tractable procedure for calculating it in large scale MDPs. This is in contrast to the case of
the expected reward-to-go, also known as the value function, for which effective simulation-
based algorithms are known, and have been used successfully in various domains. In this
paperﬂ we extend temporal difference (TD) learning algorithms to estimating the variance
of the reward-to-go for a fixed policy. We propose variants of both TD(0) and LSTD(\)
with linear function approximation, prove their convergence, and demonstrate their utility
in an option pricing problem. Our results show a dramatic improvement in terms of sample
efficiency over standard Monte-Carlo methods, which are currently the state-of-the-art.
Keywords:  Reinforcement learning, Markov decision processes, variance estimation,
simulation, temporal differences

1. Introduction

In sequential decision making within the Markov Decision Process (MDP) framework,
whether in a planning setting (Puterman, |1994; Powell, [2011) or a reinforcement learning
setting (RL; Bertsekas and Tsitsiklis, 1996, |Sutton and Barto, [1998), the decision maker
ultimately obtains a policy m, often with some guarantees on its expected long-term perfor-
mance. This typical conclusion of the policy optimization process is the starting point of
our work.

We consider the policy 7 to be ﬁxedEL and we are interested in understanding how =
performs in practice, with the natural quantity of interest being the reward-to-go from each
state of the system. The expected reward-to-go J, also known as the value function, is often

1. This paper extends an earlier work by the authors (Tamar et al. 2013).
2. This setting is also known as a Markov reward process.
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a part of an optimization process, and efficient methods for learning it are well known.
In many applications, however, looking at expectations is not enough, and it seems only
reasonable to estimate other statistics of the reward-to-go, such as its variance, denoted by
V. Quite surprisingly, this topic has received very little attention; at the current state-of-
the-art, the only solution for large-scale MDPs is a naive Monte-Carlo approach, demanding
extensive simulations of the long-term outcomes from each system state. In this paper we
explore much more efficient alternatives.

We further motivate policy evaluation with respect to the variance of the reward-to-go.
The variance is an intuitive measure of uncertainty, and common practice in many domains
such as finance, process control, and clinical decision making (Sharpe, |1966; Shortreed et al.|
2011)). As we show in the paper, in an option pricing domain, the uncertainty captured by
the variance of the reward-to-go highlights important properties of the policy, that are not
visible by looking at the value function alone.

The variance may also be used for policy selection. In some practical situations, a
full policy-optimization procedure is not an option, and the agent can only select between
several predefined policies. For example, it may be that each policy is designed by an
expert (e.g., a private equity or investment fund), and the agent can simply select between
several policies, given the current features of the system (e.g., current economic indicators).
A related financial experiment in a non-sequential setting was reported by [Moody and
Saffell (2001), which selected between several investment types, and which emphasized the
importance of incorporating variance-based objectives in the policy selection.

Finally, the value function has proved to be a fundamental ingredient in many policy
optimization algorithms. The variance of the reward-to-go may thus prove valuable for
risk aware optimization algorithms, a topic that has gained significant interest recently
(Filar et al 1995; Mihatsch and Neuneier} 2002; |(Geibel and Wysotzki, 2005, [Mannor and
Tsitsiklis, 2013)). Therefore, the policy evaluation methods in this work may be used as a
sub-procedure in policy optimization. Since the conference publication of this work, this idea
has already been explored by [Tamar and Mannor| (2013)) and |[Prashanth and Ghavamzadeh
(2013)). Both Tamar and Mannor|(2013) and |[Prashanth and Ghavamzadeh (2013) suggested
actor-critic algorithms, in which the critic uses the policy evaluation ideas introduced in
this paper. We are certain that risk-aware policy evaluation would play a major role in
future risk-aware optimization algorithms as well.

The principal challenge in policy evaluation arises when the state space is large, or
continuous. Then, solving Bellman’s equation for the value or its extension (Sobel, 1982)
for the variance becomes intractable. This difficulty is even more pronounced in the learning
setting, when a model of the process is not available, and the evaluation has to be estimated
from a limited amount of samples. Fortunately, for the case of the value function, effective
learning approaches are known.

Temporal Difference methods (TD; [Sutton) [1988) typically employ function approxi-
mation to represent the value function in a lower dimensional subspace, and learn the
approximation parameters efficiently, by fitting the spatiotemporal relations in Bellman’s
equation to the observed (or simulated) data. TD methods have been studied extensively,
both theoretically (Bertsekas|, 2012, Lazaric et al., 2010) and empirically (e.g., Tesauro,
1995, [Powell, 2011, Section 14.5), and are considered to be the state-of-the-art in policy
evaluation.
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However, when it comes to evaluating additional statistics of the reward-to-go, such as
its variance, little is known. This may be due to the fact that the linearity of the expectation
in Bellman’s equation plays a key role in TD algorithms.

In this paper we present a TD framework for learning the variance of the reward-to-go,
using function approximation, in problems where a model is not available, or too large
to solve. To our knowledge, this is the first work that addresses the challenge of large
state spaces, by considering an approximation scheme for the variance. Our approach is
based on the following observation: the second moment of the reward-to-go, denoted by M,
together with the value function J, satisfies a linear ‘Bellman-like’ equation. By extending
TD methods to jointly estimate J and M with linear function approximation, we obtain a
solution for estimating the variance, using the relation V = M — J2.

We propose both a variant of Least Squares Temporal Difference (LSTD; |Boyan|2002)
and of TD(0) (Sutton and Barto, 1998) for jointly estimating J and M with linear function
approximation. For these algorithms, we provide convergence guarantees and error bounds.
In addition, we introduce novel methods for enforcing the approximate variance to be pos-
itive, through a constrained TD equation or through an appropriate choice of features. An
empirical evaluation of our approach on an American-style option pricing problem demon-
strates a dramatic improvement in terms of sample efficiency compared to Monte Carlo
techniques—the current state of the art.

A previous study by Sato et al.| (2001) suggested TD equations for J and V', without
function approximation. Their approach relied on a non-linear equation for V, and it is
not clear how it may be extended to handle large state spaces. More recently, Morimura
et al. (2010) proposed TD learning rules for a parametric distribution of the return, albeit
without function approximation nor formal guarantees. In the Bayesian Gaussian process
temporal difference framework of Engel et al. (2005), the reward-to-go is assumed to have
a Gaussian posterior distribution, and its mean and variance are estimated. However, the
resulting variance is a product of both stochastic transitions and model uncertainty, and is
thus different than the variance considered here. For average reward MDPs, several studies
(e.g., Filar et al., [1989) considered the variation of the reward from its average. This mea-
sure of variability is not suitable for the discounted and episodic settings considered here.
A different line of work considers MDPs with a dynamic-risk measure (Ruszczynski, 2010).
In dynamic risk, instead of considering the reward-to-go as the random variable of interest,
the risk is defined iteratively over the possible future trajectories. In an optimization set-
ting, dynamic-risk has some favorable properties such as time-consistency, and a dynamic
programming formulation (Ruszczynski, [2010). However, the variance of the reward-to-go
considered here is considerably more intuitive, and leads to a much simpler approach.

This paper is organized as follows. In Section [2] we present our formal MDP setup.
In Section 3| we derive the fundamental equations for jointly approximating J and M, and
discuss their properties. A solution to these equations may be obtained by sampling, through
the use of TD algorithms, as presented in Section As it turns out, our approximation
scheme may result in cases where the approximate variance is negative. We discuss this in
Section [o], and propose methods for avoiding it. Section [f] presents an empirical evaluation
on an option pricing problem, and Section |7| concludes, and discusses future directions.
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2. Framework and Background

We consider an episodic MDPE| (also known as a stochastic shortest path problem; Bertsekas
2012) in discrete time with a finite state space X = {1,...,n} and a terminal state z*. A
fized policy m determines, for each x € X, a stochastic transition to a subsequent state
a2’ € {X Ux*} with probability P(«'|x). We consider a deterministic and bounded reward
function r : X — R, and assume zero reward at the terminal state. We denote by xj, the
state at time k, where £ =0,1,2,....

A policy is said to be proper (Bertsekas, [2012)) if there is a positive probability that
the terminal state z* will be reached after at most n transitions, from any initial state.
Throughout this paper we make the following assumption:

Assumption 1 The policy 7 is proper.

Let v € (0, 1] denote a discount factor. We emphasize that the case v = 1, corresponding
to a non-discounted setting, is allowed, and much of our effort in the sequel is to handle
this special and important case. Let 7 = min{k > 0|z = 2*} denote the first visit time
to the terminal state, and let the random variable B denote the accumulated (and possibly
discounted) reward along the trajectory until that time

T—1
B = Z Ao (xg).
k=0

In this work, we are interested in the mean-variance tradeoff in B, represented by the value
function
J(z) 2 E[Blzo=1], z€X,

and the variance of the reward-to-go
V(z) = Var [Blzg = 2], z € X.

We will find it convenient to define also the second moment of the reward-to-go
M(z) 2 E[B*|zo=2|, z€X.

Our goal is to estimate the functions J(z) and V(z) from trajectories obtained by
simulating the MDP with policy .

3. Approximation of the Variance of the Reward-To-Go

In this section we derive a projected equation method for approximating J(x) and M (x)
using linear function approximation. The approximation of V' (z) will then follow from the
relation V(z) = M(z) — J(z)2.

Our starting point is a system of equations for J(z) and M/(x), first derived by [Sobel
(1982)) for a discounted infinite horizon case, and extended here to the episodic case. The
equation for J is the well known Bellman equation for a fixed policy, and independent of
the equation for M.

3. In particular, any finite horizon MDP is an episodic MDP, for which our results apply. Extending these
results to the infinite horizon discounted setting is straightforward.
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Proposition 2 The following equations hold for x € X

J(x) =r(x)+v Y Pa'|z)J(z),
r’eX (1)
M(z) =r(z)® + 2yr(z) > P('|z)J(z') +~* Y P/|z)M ().
r’'eX r’eX

Furthermore, under Assumptz’on a unique solution to Eq. exists.

A straightforward proof is given in Appendix [A]

At this point the reader may wonder why an equation for V' is not presented. While such
an equation may be derived (see, e.g., Sobel |1982, Tamar et al.|2012), it is not linear. The
linearity of in J and M is the key to our approach. As we show in the next subsection,
the solution to may be expressed as the fixed point of a linear mapping in the joint space
of J and M. We will then show that a projection of this mapping onto a linear feature
space is contracting, thus allowing us to use the TD methodology to estimate J and M.

3.1 A Projected Fixed Point Equation in the Joint Space of J and M

For the sequel, we introduce the following vector notations. We denote by P € R™ ™ and
r € R™ the episodic MDP transition matrix and reward vector, i.e., P, ,» = P(z|z) and
re = r(z), where 2,2’ € X. Also, we define the diagonal matrix R £ diag(r).

For a vector z € R?™ we let z; € R™ and z); € R" denote its leading and ending n
components, respectively. Thus, such a vector belongs to the joint space of J and M.

We define the mapping 7" : R?® — R?" by

[TZ]JZY"F’YPZJ,

2
[T2]ar = Rr + 2yRPzy 4+ +*Pzyy. @)

It may easily be verified that a fixed point of T is a solution to , and by Proposition
such a fixed point exists and is unique.

When the state space X is large, however, a direct solution of is not feasible. A
popular approach in this case is to approximate J(x) by restricting it to a lower dimensional
subspace, and use simulation based TD algorithms to learn the approximation parameters
(Bertsekas, [2012). In this paper we extend this approach to the approximation of M (z) as
well.

We consider a linear approximation architecture of the form

J(z) = ¢s(z) wy, M(z)=du(z) wy,

where w; € R! and wy; € R™ are the approximation parameter vectors, ¢ J(x) € R! and
éu(z) € R™ are state dependent features, and (-)T denotes the transpose of a vector. The
low dimensional subspaces are therefore

S;={®ww e R}, Sy ={PywweR™},

T

where ®; and ®; are matrices whose rows are ¢;(z)" and ¢pr(z)", respectively. We make

the following standard independence assumption on the features.
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Assumption 3 The matriz ®; has rank | and the matrix ®5; has rank m.

We now discuss how the approximation parameters w; and wys are chosen. The idea
behind TD methods is to fit the approximate J and M to obey Eq. . in some sense.
Specifically, this is done by considering a projection of T onto the approximation subspaces
Sy and Syz, and choosing J and M as the unique fixed point of this projected operator.
As outlined earlier, our ultimate goal is to learn w; and wps from simulated trajectories
of the MDP. Thus, it is constructive to consider projections onto S; and Sy; with respect
to a norm that is weighted according to the state occupancy in these trajectories. We now
define this projection.

For a trajectory z, ..., x;_1, where xg is drawn from a fixed distribution (y(z), and the
states evolve according to the MDP with policy 7, define the state occupancy probabilities

@(x) =P(zy=z), ze€X, t=01,...,

and let

o0
= th(a:), zre X,
t=0

Q=diag(q)-
We make the following assumption on the policy 7 and initial distribution (g

Assumption 4 Fach state has a positive probability of being visited, namely, q(x) > 0 for
allxz € X.

Note that if {y may be controlled (for example, if we have access to a simulator), Assumption

[ may be trivially satisfied by choosing a positive (j for all states. Alternatively, if some state

has a zero probability of being visited under m, then it is irrelevant for policy evaluation,

and we can remove it from the state space. In this case, so long as Assumption [3]still holds

(i.e., the linear features remain identifiable) all our subsequent derivations remain valid.
For vectors in R™, we recall the weighted Euclidean norm

n

lyllg = | D) (w(@)?, yeR",

i=1

and we denote by II; and II;; the projections from R™ onto the subspaces S; and Sy,

respectively, with respect to this norm. Note that the projection operators II; and II;; are

linear, and may be written explicitly as I1; = @J(@}Q@J)_lq)}—@, and similarly for ITy;.
For some z € R?" we denote by II the projection of z; onto Sy and zy; onto Sys, namely

(I, 0
n( 0 .
We are now ready to fully describe our approximation scheme. We consider the projected

fixed point equation
z=1Tz, (4)
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and, letting z* denote its solution (which we will show to be unique), propose the approxi-
mate value function J = 2 € Sy and second moment function M = 2y € Sm.

We shall now derive an important property of the projected operator IIT, namely, that
it is a contraction. This leads to the uniqueness of z*, and to a simple bound on the
approximation error. As in regular TD algorithms, this contraction property also underlies
the convergence of several sampling-based algorithms, to be presented in the next section.

We begin by stating a well known result (Proposition 7.1.1 of Bertsekas, 2012)) regarding
the contraction properties of the projected Bellman operator 11;T;, where Ty = r + ~vPy.

Lemma 5 (Proposition 7.1.1 of |Bertsekas, |2012) Let Assumptions @ and hold. The
linear operator P and the projected linear operator I1; P are non-expansions in the || - ||q

norm, and satisfy
ML Pyllq < 1Pyllq < llylly vy € R™

In addition, I1;P is a contraction in some norm, i.e., there exists some norm || - |; and
some By < 1 such that
MLy Pyl < Ballylls, vy € R™.

Lemma [5| immediately leads to the following result:

Lemma 6 Let Assumptions @ and |4 hold. Then, there exists some norm || - ||; and
some By < 1 such that

IV Pyll; < Billylls, VyeR™

Similarly, there exists some norm || - ||pr and some By < 1 such that

M Pyllar < Bullyllar, vy € R™.

Note that for v < 1, Lemma [6] holds with the norm || - ||, and contraction modulus =,
by the non-expansiveness property of II;P in Lemma The more difficult case v = 1,
however, requires the expressions in Lemma [6]

Next, we define a weighted-norm on R?”, in which a parameter a balances between the
weight of the J components’ norm, and the weight of the M components’ norm, as defined
in Lemma [l The intuition behind this weighted-norm, is that by carefully selecting the
balance a, we shall show that the contraction properties in Lemmalf] guarantee a contraction
property for the projected operator IIT, in this norm.

Definition 7 For a vector z € R®™ and a scalar 0 < o < 1, the a-weighted norm is
12lla = ellzslls + (1 = @) llzarlar, ()
where || - ||; and || - ||m are defined in Lemma 6|

Our main result of this section is given in the following proposition, where we show that
the projected operator IIT is a contraction with respect to a suitable a-weighted norm.

Proposition 8 Let Assumptions[1],[3, and[]] hold. Then, there exists some 0 < a < 1 and
some 3 < 1 such that II'T is a B-contraction with respect to the a-weighted norm, i.e.,

||HT21 — HTZQHa < ﬁHZl — ZQHQ, Vzl,zQ S Rzn.
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Proof From the definition of IIT in and , we have that for any 21, zo € R?" we have
11Tz — 1T 23]|q = ||IIP(21 — 22)||a, Where

B ~IL; P 0

Thus, it suffices to show that for all z € R?"
ITP2[lo < Bl|2]la-

We will now show that ||IIPz||, may be separated into two terms which may be bounded
by Lemma [0 and an additional cross term. By balancing « and §, this term may be
contained to yield the required contraction.

We have

TPzl =allyI1; Pzl
+ (1 — a)||24I1y RPzy + v Ty Paag|| s
<a| My Pzylly + (1 = @) |V Ta Pza || ar
+ (1 — a)||281Ip RPz ||
<abByllzslly + (1 = a)vBumllznllm
+ (1 = a)||29Hym RPz | m,

where the equality is by definition of the o weighted norm , the first inequality is from
the triangle inequality, and the second inequality is by Lemma[6] Now, we claim that there
exists some finite C' such that

1291y RPy||ar < Cllylls,  Vy € R™. (7)

To see this, note that since R™ is a finite dimensional real vector space, all vector norms are
equivalent (Horn and Johnson, [2012, Corollary 5.4.5) therefore there exist finite C7 and Cy
such that for all y € R"”

C1||27T1p RPy |2 < ||29110 RPy||ar < Co||29Hp RPy||2,

where || - |2 denotes the Euclidean norm. Let A denote the spectral norm of the matrix
2vIIs RP, which is finite since all the matrix elements are finite. We have that

12YI0a RPyll2 < Alyll2, Yy € R™
Using again the fact that all vector norms are equivalent, there exists a finite Cg such that
lyll2 < Csllylls,  Vy € R™

Setting C = CyAC5 we get the desired bound. Let 8 = max{fs,v8m} < 1, and choose
€ > 0 such that
B+e<l1.
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Now, choose « such that o = ﬁ% We have that
(1 —a)C = ae,
and plugging this into yields
(1= a)l[2yly RPyla < celly|]s. (8)

We now return to (@, where we have

aBsllzslls + (1 = a)vBullzm v + (1 = a)|[291I RP2 || m
<aBillzslls + 1 = a)vBullznllar + aellzglls
<@B+e) (allzslls+ A = a)llznmllar)
where the first inequality is by , and the second is by the definition of . We have thus

shown that ~
[IIPz]lo < (B + €)[2]a-

Finally, choose 8 = § + . |

Proposition [8] guarantees that the projected operator IIT has a unique fixed point. Let
us denote this fixed point by z*, and let w’, w}; denote the corresponding weights, which
are unique due to Assumption

72" = 2%,
2y = @ uwj, (9)

In the next proposition, using a standard result of Bertsekas and Tsitsiklis| (1996), we
provide a bound on the approximation error.

Proposition 9 Let Assumptions @ andm hold. Denote by Zipye € R2" the true value
and second moment functions, i.e., [zuuels = J, and [zyue)lpr = M. Then,

Hztrue - Z*Ha < Hztrue - HZtrue”aa

1
1.3
with o and (B defined in Proposition [§

Proof This result is similar to Lemma 6.9 in |Bertsekas and Tsitsiklis (1996)). We have

||2t7’ue - Z*HagHztrue - HztrueHoc + HHztrue - Z*Ha
- Hthue - HztrueHa + HHTZtrue - HTZ*H&

SHZtrue - Hzt'rueHa + BHztrue - Z*Ha-

Rearranging gives the stated result. |
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Note that by definition, Iz is the best approximation we can hope for (in terms of
the a-weighted squared error) in our approximation subspace. Thus, the approximation
error || z¢rue — 2* || is ultimately bounded by the choice of features, which in practice should
be chosen wisely.

At this point, the reader may question the usefulness of the projected fixed-point ap-
proximation over simpler approximation schemes, such as the direct projection Iz e. As
we show in the next section, the projected fixed-point architecture supports a family of
sampling-based TD estimation algorithms, with efficient batch and online implementations.
Furthermore, as we show empirically in Section [0 these TD algorithms perform well in
practice, especially in the regime of a small sample size. For conventional TD algorithms,
these benefits are well-established (Bertsekas, 2012)), and gave rise to their popularity. Here
we extend this to the variance of the reward-to-go.

4. Simulation Based Estimation Algorithms

In this section we propose algorithms that estimate J and M from sampled trajectories of
the MDP, based on the approximation architecture of the previous section.

We begin by writing the projected equation @ in matrix form. First, let us write the
equation explicitly as

Iy (r+ PP wy) = @ wy,

s (Rr + 29RPO w5 + v P@MwM) = ®prwyy.

Recalling the definition of @), projecting a vector y onto ®w satisfies the following
orthogonality condition
d'Q(y — dw) = 0.

We therefore have

dTQ (D wh — (r +~vPdywh)) =0,
®1,Q (®apwhy — (Rr + 2yRP® jwh + v* PO ywiy)) =0,

which can be written as
Aw’ =b, Cuwy, =d, (11)

with

A=0,Q(I —yP)d;, b=2a)Qr

C=0,Q(I—~+*P)®y, d=@,QR(r+2yP>;A '), (12)
and the matrices A and C' are invertible since Proposition [§] guarantees a unique solution
to @D and Assumption |3| guarantees the unique weights of its projection.

Let us now outline our proposed algorithms. The first algorithm is a variant of the Least
Squares Temporal Difference algorithm (LSTD; Boyan 2002, and aims to solve Eq.
directly, by forming sample based estimates of the terms A,b,C, and d. This is a batch
algorithm that is known to make efficient use of data in its nominal version, and as we show
empirically, demonstrates efficient performance in our case as well. The second algorithm

10
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is a variant of online TD(0) (Sutton and Barto, [1998)). In its nominal form, TD(0) has
been successfully used as the critic in actor-critic algorithms (Konda and Tsitsiklis, 2003)).
Our extended TD(0) variant may be used similarly in a risk-adjusted actor-critic algorithm
(Tamar and Mannor, [2013; |Prashanth and Ghavamzadeh) 2013). The third algorithm is
a variant of LSTD(\), in which, similarly to standard LSTD()), Eq. is extended to
its multi-step counterpart. The fourth algorithm is not based on the TD equation ,
but uses least squares regression to estimate the direct projection Ilz.,.. We compare this
algorithm with the LSTD variants in Section [6]

4.1 A Least Squares TD Algorithm

Our first simulation-based algorithm is an extension of the LSTD algorithm (Boyan, 2002).
We simulate N trajectories of the MDP with the policy 7 and initial state distribution
Co. Let wﬁ,x’f,...,xﬁkfl and 7F, where k = 0,1,..., N, denote the state sequence and
visit times to the terminal state within these trajectories, respectively. We now use these
trajectories to form the following estimates of the terms in

Ay =Ey bg(we)(P(we) — ’Y¢J(1‘t+1))1 ;

3
|
—

o~
- o

1T

2

by =En

(]

¢J($t)7"($t)] )

7T
- o

Cny =En

(]

Onr(we) (P () — 72¢M($t+1))1 ,

W
Il
- o

T
3

dy =En G (we)r(xe) (T(ﬂft) + 27¢J($t+1)TANle>] ;

Il
o

where En denotes an empirical average over trajectories, i.e., Ey [f(z,7)] = % ZIICV:1 f(zF, 7).
The LSTD approximation is given by

W5 = Ay'by, Wi = Cyldn.
The next theorem shows that LSTD converges.

Theorem 10 Let Assumptions|[1], [3, and[{ hold. Then W% —w? and w3, —wj, as N — o0
with probability 1.

The proof involves a straightforward application of the law of large numbers and is described
in Appendix [B} For regular LSTD, O(1/y/n) convergence rates were derived under certain
mixing conditions of the MDP by Konda| (2002], based on a central limit theorem argument)
and Lazaric et al| (2010, based on a finite time analysis), and may be extended to the
algorithm presented here.

4.2 An Online TD(0) Algorithm

Our second estimation algorithm is an extension of the well known TD(0) algorithm (Sutton
and Bartol [1998). Again, we simulate trajectories of the MDP corresponding to the policy

11
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m and initial state distribution (y, and we iteratively update our estimates at every visit to
the terminal state. An extension to an algorithm that updates at every state transition is
also possible, but we do not pursue such here.

For some 0 < t < 7F and weights w, wys, we introduce the TD terms

%t wy,war) =r(af) + (v6s(@ka) T = 65 ()T ) wy,
Oy (8w, war) =r(af) + 2yr(af) b (afyy) T ws
+ (Vouet) = o)) war.
Note that (5"} is the standard TD error (Sutton and Barto, (1998]). For the intuition behind
5]]@[, observe that M in is equivalent to the value function of an MDP with stochastic

reward r(z)? + 2vyr(z)J(2'), where 2/ ~ P(z'|z). The TD term &%, is the equivalent TD
error, with ¢s(2') Twy substituting J(z'). The TD(0) algorithm is given by

rk_1
W1 = Wk + & Y Gs(@0)65(t, Bk, Dar),
=0
k1
Wark+1 = Wark + &k Z dar ()7 (t, 0 i, Wair),
=0

where {&} are positive step sizes.
The next theorem shows that TD(0) converges.

Theorem 11 Let Assumptions([d} [3, and[{] hold, and let the step sizes satisfy

oo oo
ka = 00, Zf,% < oo0.
k=0 k=0

Then Wy, — w’ and Wy, — wyy as k — oo with probability 1.

Proof The proof is based on representing the algorithm as a stochastic approximation,
and uses a result of Borkar| (2008)) to show that the iterates asymptotically track a cer-
tain ordinary differential equation (ODE). This ODE will then be shown to have a unique
asymptotically stable equilibrium exactly at w?, wj,.

A straightforward expectation calculation (see and in Appendix (B| for the
derivation) shows that for all k£ we have

k1
E Z Gy(x)0%(t,wy, war) | =JQr —@Q (I —vP) ywy,
t=0
k1 i
E | oua)dh (twy,wy) | = @4QR (r+ 2yP2ywy) — ®3,Q (I —4°P) ®ajway.
t=0

Letting wy, = (.5, War,,) denote a concatenated weight vector in the joint space Rl x R™
we can write the TD algorithm in a stochastic approximation form as

Wit1 = Wy, + & (2 + My, + M), (14)

12
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where -
M¥_<¢JQqﬂl—U@J . 0 >
270,,QRP®; ©,,Q (V*P—-I1)®y )’

_( 2@
T\ ®,QRr )

E [0 My11|F,] =0,

and the noise terms d My 1 satisfy

where F, is the filtration F,, = o (W, My, m < n), since different trajectories are inde-
pendent.

We first claim that the eigenvalues of M have a negative real part. To see this, ob-
serve that M is block triangular, and its eigenvalues are just the eigenvalues of M; £
®)Q(yP—1)®y and My £ ®,Q (v*P — I) ®p. Lemma 6.10 of Bertsekas and Tsitsiklis
(1996)), shows that under Assumptions [If and {4} the matrix Q(vP — I) is negative definite
in the sense that =" (YP — I)x <0 Va # 0 (Lemma 6.10 of Bertsekas and Tsitsiklis, 1996
is stated for the case v = 1, but an extension to the simpler discounted case is trivial). By
Assumption [3] this implies that the matrices M; and My are negative definite in the sense
that " Miz <0 Vo #0,and 2" Myx <0 Va # 0. Example 6.6 of Bertsekas, 2012 shows
that the eigenvalues of a negative definite matrix have a negative real part. It therefore
follows that the eigenvalues of M7 and Ms have a negative real part. Thus, the eigenvalues
of M have a negative real part.

Next, let h(w) = Mw + z, and observe that the following conditions hold.

Condition 1 The map h is Lipschitz.

Condition 2 The step sizes satisfy

00 00
k=0 k=0

Condition 3 {dM,} is a martingale difference sequence, i.e., E[0M,41|F,] = 0.

The next condition also holds

Condition 4 The functions he(w) 2 h(cw)/c,c > 1 satisfy he(w) — hoo(w) as ¢ — oo,
uniformly on compacts, and hoo(w) is continuous. Furthermore, the ODE

has the origin as its unique globally asymptotically stable equilibrium.

This is easily verified by noting that h(cw)/c = Mw + ¢z, and since z is finite, he(w)
converges uniformly as ¢ — 00 t0 hoo(w) = Mw. The stability of the origin is guaranteed
since the eigenvalues of M have a negative real part (Khalil and Grizzle, |1996).

Theorem 7 in Chapter 3 of Borkar| (2008)) states that if Conditions[1}{4/hold, the following
condition holds

13
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Condition 5 The iterates of remain bounded almost surely, i.e., supy, ||Wg| < oo, a.s.

Finally, we use a standard stochastic approximation result that, given that the above
conditions hold, relates the convergence of the iterates of with the asymptotic behavior
of the ODE

w(t) = h(w(t)). (15)

Since the eigenvalues of M have a negative real part, has a unique globally asymp-
totically stable equilibrium point (Khalil and Grizzle, [1996), which by is exactly
wx = (W4, wy,). Formally, by Theorem 2 in Chapter 2 of Borkar (2008) we have that
if Conditions and [§ hold, then wy — w* as k — oo with probability 1. |

It is interesting to note that despite the fact that the update of wjys depends on wy,
the algorithm converges using a single time scale, i.e., the same step-size schedule, for
both wy; and wps. This is in contrast with, for example, actor critic algorithms, that
also have dependent updates but require multiple time-scales for convergence (Konda and
Tsitsiklis, 2003)). An intuitive reason for this is that the update for w is independent of wyy,
therefore w; will converge regardless, and wj; will ‘track’ it until convergence. Asymptotic
convergence rates for TD(0) may also be derived along the lines of |Konda| (2002).

4.3 Multistep LSTD()\) Algorithms

A common method in value function approximation (Bertsekas, 2012]) is to replace the single-
step mapping T’y with a multistep version, that takes into account multi-step transitions.
For some 0 < A < 1, the multistep Bellman operator Ty‘) is given by

T () 2 (1= X)) Y NT (y) = (1= \yP) "' 4 4 POy,
=0

where PO = (1 — \) "2 ANly!P!+1. The projected equation then becomes
HJT}A) <¢)J’LUL*]()\)> = (I)ijo\)

Similarly, we may write a multistep equation for M

My (@awil) = ey, (16)
where
Ty 2 (1- ) S NTIL
=0
and

Tar- (y) £ Rr + 2yRP® w4+ ~2Py.

Note the difference between Ty~ and [T, defined earlier: we are no longer working on the
joint space of J and M but instead we have an independent equation for approximating J,

14
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N

and its solution w; is part of Equation for approximating M. We can also write T]@)

explicitly as:
T\ (y) = (I - M2P)~! (Rr + 2’YRP‘I>wa}(A)) + 2Py,

where PO = (1 — \) S50 Aly2Lpit,
Proposition 7.1.1 of |Bertsekas (2012) shows that for any 0 < A < 1 and 0 < vy < 1 the

projected operator IT;P*) is a contraction in the || - ||, norm. Therefore, both T JTy‘)
and II,,T 1(\/}\) are contractions with respect to the || - || norm, and both multistep projected

equations have a unique solution. In a similar manner to the single step version, the
projected equations may be written in matrix form

AP Zp0 o) g, (17)

where
AN =0} Q (1=7P) @y, Y = @FQU ~ MP) ',
c™ =70 (I _ ,72P()\1’Y2)) Dy,

¥ = &1,Q(— \*P) 'R (7 +29P0,uw)V).

Simulation based estimates AE{,\) and bg\),‘) of the expressions above may be obtained by
using eligibility traces, as described in Section 6.3.6 of Bertsekas| (2012), and the LSTD(\)

approximation is then given by ﬁ);(A) = (AS\/,\))_lbs\),‘). By substituting w?}(/\) with wj;“)

in the expression for d®, a similar procedure may be used to derive estimates C](\}\) and
d%‘), and to obtain the LSTD()) approximation ﬁ)j\/(ﬁ) = (C](\;\))*ldg\}\) . A convergence result

similar to Theorem [10] may also be obtained. Due to the similarity to the LSTD procedure
in , the details are omitted. Finally, we note that a straightforward modification of the
TD(0) algorithm to a multistep TD(A) variant is also possible, using eligibility traces and
following the procedure described in Section 6.3.6 of |Bertsekas| (2012)).

4.4 A Direct Least Squares Regression Algorithm

We conclude this section with a simple regression style algorithm, which is not based on the
TD approximation architecture of Section [3] but to our knowledge has not been proposed
before.

As before, we let xlg, x’f, e ,aﬁﬁk_l denote the state sequence of the k’th simulated tra-
jectory, and define the regression targets as

-1
BE='S 4 tr(ab)
i=t

Our approximation weights are now given by the solutions to the least squares problems

N k-1 9
~x . kNT Ak
wy = arg mlnz Z ¢s(ay) wy—Bf)

W k=1 t=0
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and
N k-1

2
iy =arg min Y 3 (o) s - (8)°)
WM p—1 t=0
It may easily be verified that the approximate value J and second moment M of such a
procedure converge, as N — 00, to the direct approximations Il ;J and II; M, respectively.
We further explore this algorithm and its relation to TD based algorithms in the empirical
evaluation of Section [6l

5. Non Negative Approximate Variance

The TD algorithms of the preceding section approximate J and M by the solution to the
fixed point equation @D While Proposition |§| shows that the approximation errors of .J
and M are bounded, it does not guarantee that the approximated variance V, given by
M — J?, is non-negative for all states. A trivial remedy is to set all negative values of V to
zero; however, by such we lose information in these states. In this section we propose two
alternative approaches to this problem. The first is through the choice of features, where
we show that for the direct approximation II;J and IIj; M, we can choose features that
guarantee non-negative variance.

The second approach is based on the observation that non-negativeness of the variance
may be written as a linear constraint in the weights for M. By adding such constraints to the
projection in the fixed point equation @, we obtain a different approximation architecture,
in which non-negative variance is inherent. We show that this approximation scheme may
be computed efficiently.

5.1 A Suitable Features Approach

For this section consider the direct approximation of J and M, as in Section [£.4] where we
have J = I1;.J and M = Iy M. We investigate conditions under which M (z) — J(z)? >0
for all x € X.

Consider the following assumptions on the features:

Assumption 12 The same features are used for J and M, i.e., ;= ®yy.

Assumption 13 The features are able to exactly represent a constant function, i.e., there
exists w such that ¢;(x)Tw =1 for allz € X.

We claim that Assumptions and [I3] suffice for guaranteeing non-negative approximate
variance.

Proposition 14 Let Assumptions (md hold. Then M(z) — J(z)? >0 for all z € X.

Proof First, by definition we have
V(z) = M(x) — J(z)? > 0. (18)

Next, observe that Assumption [12]implies I1; = II,,.
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Let x € X, and recall that the projection operator is linear, thus we can write

=" J(wsli), M) =3 M(i)ws(i), (19)

1€X 1€X

where w, (i) are the projection weights for state x. Let w, = ),y we(i). We have

where the first inequality is by Jensen’s inequality, the second inequality is by (|18]), and the
equalities are by . Thus, @, < 1 guarantees V( ) > 0. We now claim that Assumptlon
[13] guarantees w, = 1 for all z. To see this, consider a constant value function J = 1 for
all states; clearly we have J =1, as the weighted Euclidean error for this approximation is
zero. Plugging in (19)) gives Zze v wy(1) =1 for all . [ |

Proposition [I4] concerns the approximation architecture itself, and not the estimation pro-
cedure. Therefore, it applies to the algorithms discussed above only asymptotically.

Many popular linear function approximation features such as grid tiles and CMAC’s
(Sutton and Barto, |1998) are able to represent a constant function. For these schemes,
V(x) > 0 is guaranteed. For other schemes, we can guarantee V(z) > 0 by simply adding a
constant feature to the feature set. Thus, at least for the direct approximation, it appears
that a non-negative approximate variance is easily obtained. Whether a similar proce-
dure may be applied to the fixed-point approximation is currently not known. However,
Proposition [J] suggests that at least when the contraction modulus is small, the fixed-point
approximation should behave similarly to the direct approximation. In the next section we
propose a different approach, which modifies the fixed-point approximation to guarantee
non-negative variance, regardless of the choice of features.

5.2 A Linearly Constrained Projection Approach

In this section we show that by adding linear constraints to the projected fixed point equa-
tion, we can guarantee a non-negative approximate variance. This modified approximation
architecture admits a computationally efficient solution by a modification of the LSTD
algorithm of Section

First, let us write the equation for the second moment weights with the projection
operator as an explicit minimization

wy; = arg min | @y w — (Rr + 2yRP® jw +72P<I>ij4) lg-
w

Observe that a non-negative approximate variance in some state x may be written as a
linear inequality in w}, (but non-linear in w)

o) wiy — (d(z) Twh)? > 0.

We propose to add such inequality constraints to the projection operator. Let {z1,..., x5}
denote a set of states in which we demand that the variance be non-negative. Let H € R*™
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denote a matrix with the features —gbL(xi) as its rows, and let g € R® denote a vector with
elements —(¢ J(xi)wa})2. We write the non-negative-variance projected equation for the
second moment as

Whr = 20
M s.t. Hw<g (20)

e {arg miny, ||®yw — (Rr + 2yRP® jw’ + v2 POy wy) |lg
Here, wz\+4 denotes the weights of M in the modified approximation architecture. We now
discuss whether a solution to exists, and how it may be obtained.

Let us assume that the constraints in admit a feasible solution:

Assumption 15 There exists w such that Hw < g.

Note that a trivial way to satisfy Assumption is to have some feature vector that
is positive for all states. To see this, let iT denote the index of the positive feature
vector, and choose w to be all zeros, except for the i™ element, which should satisfy
wi+ < — (maxi<i<s [gi]) / (maxi<ics Hy+ ).

Equation is a form of projected equation studied by Bertsekas (2011]), the solution
of which exists, and may be obtained by the following iterative procedure

wir1 = g, fwp ==~ (Cwy, — )], (21)

where C' and d are defined in , Z is an arbitrary positive definite symmetric matrix,
n € R is a positive step size, and 11 =0 denotes a projection onto the convex set Wy =
{w|Hw < g} with respect to the = We1ghted Euclidean norm.

The following lemma, which is based on a convergence result of Bertsekas| (2011)), guar-
antees that for v < 1, the iteration converges. For the non-discounted setting a similar
result may be obtained by using the multi-step approach with A > 0, as detailed in [Tamar
et al.| (2013).

Lemma 16 Assume v < 1, and let Assumptions @ and hold. Then admits a
unique solution w]\'t[, and there ezists 1 > 0 such that ¥n € (0,7) and Ywy € R™ the iteration
1) converges at a linear rate to wy; (i.e., ||wy — wy;| converges to 0 at least as fast as a
geometric progression).

Proof Bertsekas (2011) shows that projected fixed-point equations of the form

o — argmin,, || Pw — Ty, (Pw* )Hq
s.t. w €

where Tiin(y) = Ajiny + bin is a contracting linear operator, and €2 is a polyhedral set, may
be solved iteratively by

w1 = Mz olwy — nEH(Crnwy, — din)],
where Iz o projects onto Q w.r.t. the norm |ly[|lz = \/y Zy for an arbitrary symmetric

and positive-definite matrix =, C, = @ Q(I — Ajn)® and dyy, = ®'Qbyy,. Specifically, the
convergence result of Bertsekas| (2011) shows that when Tj;, is a contraction in the || - ||,
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norm, (2 is polyhedral, and ® is full rank, there exists 77 > 0 such that for all n € (0,7), and
for all wy € R™, the preceding iteration converges at a linear rate to the unique solution of
the projected fixed point equation described above.

Substituting Tiin(y) with Tas(y) = Rr +2yRP® jw’ +v? Py, and  with the set defined
by Hw < g, we obtain the projected fixed point equation , and the corresponding itera-
tion . To apply the convergence result, the full-rank of ®,; is guaranteed by Assumption
and the contraction of T in the || - ||; norm is guaranteed by Lemma |5 since P is a
non-expansion and vy < 1. |

Generally, C, d, and w’ are not known in advance, and should be replaced in (21f) with
their simulation based estimates, C, dy, and &%, proposed in the previous section. The
convergence of these estimates, together with the result of Lemma lead to the following
result; the proof is detailed in Appendix [C}

Theorem 17 Consider the algorithm in with C, d, and w% replaced by Cn, dy, and
W, respectively, and with k(N) replacing k for a specific N. Also, let the assumptions in
Lemma hold, and let n € (0,7), with 7 defined in Lemma . Then wy(ny — wj\r/[ as
N — oo and k(N) — oo almost surely. Namely, for any € > 0 w.p. 1 there is a N(€)
such that for any N > N(€) there is a k(N,€), such that for all k > k(N,€) we have
[lwisn = w]J\%H <€

We remark that we do not know how to quantify how the linear constraints affect
the approximation error. While intuitively our constraints add prior information that is
‘correct’ in some sense (since we know that the true variance is positive), it is not hard to
construct examples where the constraints actually increase the error. In the following, we
provide an illustration of the linearly constrained projection approach on a toy problem. We
qualitatively show that the method effectively produces a non-negative solution, without
significantly affecting the approximation error.

Consider the Markov chain depicted in Figure [1| which consists of n states with reward
—1 and a terminal state z* with zero reward. Assume no discounting, i.e., v = 1. The
transitions from each state is either to a subsequent state (with probability p) or to a
preceding state (with probability 1—p), with the exception of the first state which transitions
to itself instead. We chose to approximate J and M with polynomials of degree 1 and 2,
respectively, i.e., ®;(x) = [1,2]" and ®;(x) = [1,2,2%]". For such a small problem, the
fixed point equation may be solved exactly, yielding the approximation depicted in
Figure [2] (dotted line), for p = 0.7, N = 30, and A = 0.95. Note that the variance, in
Figure 2C, is negative for the last two states. Using algorithm we obtained a positive
variance constrained approximation, which is depicted in Figure [2| (dashed line). Note how
the approximate variance has been adjusted to be positive for all states.

6. Experiments

In this section we present numerical simulations of policy evaluation for an option pricing
domain. We show that in terms of sample efficiency, our LSTD(\) algorithm significantly
outperforms the current state-of-the-art. We begin by describing the domain and its mod-
eling as an MDP, and then present our policy evaluation results. We emphasize that our
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Figure 1: An example Markov chain.
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Figure 2: Value, second moment and variance approximation.

results only concern policy evaluation, and not policy optimization. The following MDP
description is given for the purpose of presentation completeness.

6.1 Option Pricing

An American-style put option (Hull, |2006) is a contract which gives the owner the right, but
not the obligation, to sell an asset at a specified strike price K on or before some maturity
time t*. Letting x; denote the price (state) of the asset at time ¢ < t*, the immediate payoff
of executing the option at that time is therefore max (0, K — ;). Assuming Markov state
transitions, an optimal execution policy may be found by solving a finite horizon MDP,
and the expected profit under that policy is termed the ‘fair’ price of the option. Since the
state space is typically continuous, an exact solution is infeasible, calling for approximate,
sampling based techniques (Longstaff and Schwartz, [2001; |Tsitsiklis and Van Roy), 2001} Li
et al., 2009).

The option pricing problem may be formulated as an MDP as follows. To account for
the finite horizon, we include time explicitly in the state, thus, the state at time ¢ is {xy;t}.
The action set is binary, where 1 stands for executing the option and 0 for continuing to hold
it. Once an option is executed, or when ¢ = t*, a transition to a terminal state takes place.
Otherwise, the state transitions to {;11;t + 1} where x41; is determined by a stochastic
kernel P(xty1|zs,t). In our experiments we used a Bernoulli price fluctuation model (Cox
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et al.l 1979),

g = JuTt, W.p. p
t+1 — )
fare, w.p. 1—p

where the up and down factors, f, and fy, are constant. The reward for executing u = 1
at state x is r(x) £ max (0, K — z) and zero otherwise. Note that by definition, for any
state x in which the policy decides to execute, the reward-to-go is deterministic and equal
to r(x). Thus, we only need to estimate J and V for states in which the policy decides to
hold. We focus on ‘in-the-money’ options, in which K is equal to the initial price xg, and
set T' = 20.

A policy 7 was obtained using the LSPT algorithm (Lagoudakis and Parr} 2003} |Li et al.)
2009) with 2-dimensional (for z and ¢) radial basis function (RBF) features, as detailed in
Tamar et al. (2014)). It is well-known (Dutffie, 2010), and intuitive, that the optimal policy
(in terms of expected return) for the put option has a threshold structure—the policy
executes if the price is below some boundary Z;, and holds otherwise. It is also known,
that Z; is monotonically increasing in ¢. Our policy 7 has such a structure as well. We
emphasize, however, that the specific method of generating the policy 7 is not the focus of
this work, as we are only interested in evaluating w. Thus, any policy generation method
could have been used, and LSPI was chosen for convenience. In the following, we evaluate
the value functions J and V for .

6.2 Results

We now present our policy evaluation results for the put option domain. MATLAB®
code for reproducing these results is available on the web-site https://sites.google.
com/site/variancetdcode/.

We first calculate the ‘true’ value function J and standard deviation of reward-to-go
V'V, as shown in Figure [3, These plots were obtained using Monte Carlo (MC), by taking
the empirical average and standard deviation of the reward of 10,000 trajectories starting
from 323 equally spaced points in the state space for which the policy 7 decides to hold,
a total of N = 3,230,000 trajectories. To our knowledge, an MC approach is the current
state-of-the-art for obtaining an estimate of V.

Note the exercise boundary T, emphasized with a dashed line in the value function
plot. For x smaller than Z;, the policy decides to exercise, therefore the value is linear in x
and the variance is zero. Also note the discontinuous ridges on the J and v/V plots. These
ridges are due to the discrete transition model, and occur when a transition to the next state
(or the state following the next state) crosses the exercise boundary. To the risk-sensitive
decision maker, these ridges are important, as they separate states with roughly the same
expected return but with very different variance.

In Figure |4| we show the RMS error of the approximation ﬁ (compared to the ‘true’
V V') computed using the LSTD(0) algorithm of Section W} for different budgets of sample
trajectories N. We tested two popular feature sets: RBF features with 77 equally spaced
centers, and tile features with 600 uniform non-overlapping tiles. In both cases the same
features were used for both J and M. The sample trajectories were simulated independently,
starting from uniformly distributed initial states. We compare our results to MC estimates
obtained with the same trajectories.
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A. Value Function J B. Stand. Deviation of Reward-To-Go vV’

Figure 3: True value function J and standard deviation of the reward-to-go v/V.

As can be seen, by exploiting relations between states and using the generalization
capabilities of the function approximation, LSTD is able to fully exploit the data, and
performs significantly better than MC for relatively small sample sizes. On the other hand,
LSTD is limited by the expressiveness of its function approximation, and its error is therefore
bounded.

Note that for N < 323 the MC estimate is meaningless, as the empirical standard
deviation cannot be calculated from only one sample. LSTD however, is able to provide a
reasonable result. Also note that the LSTD estimate is defined over the whole state-space,
whereas the MC estimate is only defined for the discrete set of evaluation points.

To further appreciate the advantage of function approximation, we provide a visual
comparison of the approximated standard deviation of reward-to-go ﬁ . In Figure [5| we
plot ﬁ obtained using a budget of N = 2000 sample trajectories starting from uniformly
distributed states. In the left plot, we show the results of LSTD(\) with RBF features
(with 77 equally spaced centers in z and t). The variance in states where the policy decides
to execute was set to zero manually, as there is no need to estimate it. In comparison, on
the right plot we present the results of a Monte Carlo algorithm, with the same amount of
data trajectories N = 2000. Clearly, LSTD()\) makes better use of the limited data, with
a plot that is much more similar to the true standard deviation (Figure |3} right). More
importantly, the relevant structure in 'V outlined above is clear in the LSTD()) result (up
to a smoothness limitation of the RBF's), yielding important information for the decision
maker.

In Figure [6| we consider the LSTD(A) algorithm with the tile features discussed above,

and explore the effect of A on the RMS error in ﬁ . As in regular LSTD, X can be seen to
trade off estimation bias and variance (Bertsekas| 2012)). In addition, we compare LSTD())
to the direct least squares algorithm of Section[£.4] For the case of the value function J, it is
well-known (Bertsekas, 2012) that the direct approximation is equivalent to the limit A — 1.
Our results suggest that a similar relation holds for the variance V' as well. Furthermore,
these results highlight the superior performance of the TD approach in the small sample
size regime.
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Figure 4: LSTD(0) vs. Monte Carlo. The RMS error of V'V on a set of evaluation points
(see text) is shown vs. the budget of sample trajectories N, for LSTD(0) with
two types of features and for Monte Carlo. Standard deviation error-bars from
20 runs are shown.

A. LSTD()) Stand. Deviation of Reward-To-Go ~ B. MC Stand. Deviation of Reward-To-Go

Figure 5: Approximate standard deviation of the reward-to-go \/‘T/ . Left plot was obtained
by LSTD(A) with RBF features, using 2000 trajectories and A = 0.3. Right plot
was obtained using Monte Carlo, also with 2000 trajectories.
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Figure 6: LSTD(A) Results. The RMS error of V'V on a set of evaluation points (see text)
is shown vs. the budget of sample trajectories N for different A\, and also for
the least squares regression algorithm. For clarity, a log scale is used, and the
error-bars (standard deviation from 20 runs) are shown only for marginal points.

7. Conclusion

We presented an extension of the TD framework for policy evaluation in MDPs with respect
to the variance of the reward-to-go. Our framework deals with the curse of dimensionality by
using function approximation, and uses a bootstrapping technique, based on an extension
of the Bellman equation to the second moment, to achieve good performance even for a
small sample size. We presented both formal guarantees and empirical evidence that this
approach is useful in problems with a large state space, and limited sample budget.

A natural extension of this work is to consider higher moments, and statistical properties
such as skewness and kurtosis of the reward-to-go. An extension of Bellman’s equation to
higher moments was proposed by [Sobel (1982)), and it may be used to derive TD equations
similarly to the work presented here. This may also be useful for optimizing the expectation
of a general function f of the accumulated reward E [f (B)], by looking at the first few terms
in the Taylor expansion of f. It would be interesting to see whether a TD approach may
be developed for other risk measures such as the value at risk or semi-deviation.

Another interesting direction is to use the variance of the reward-to-go to guide feature
selection, or feature modification. For example, consider tile features. A large variance-to-
go for states that belong to a particular tile may indicate that the value function in that
tile varies greatly, and therefore it may be beneficial to split the tile into smaller segments.
Of course, another explanation for the variance may be the inherent stochasticity of the
system. Thus, a thoughtful feature-selection method should take that also into account. In
a related topic, the variance of the reward-to-go may also be used to guide exploration, since
intuitively, states with higher variance should be allocated more exploration resources, to
potentially decrease the variance, if possible.
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We conclude with a discussion on policy optimization with respect to a mean-variance
tradeoff. While a naive variance-penalized policy iteration algorithm may be easily con-
ceived, its usefulness should be questioned, as it was shown to be problematic for the stan-
dard deviation adjusted reward (Sobel, |1982) and the variance constrained reward (Mannor
and Tsitsiklis, 2013)). An alternative approach is to pursue locally optimal policies by using a
gradient based method. Tamar et al.| (2012)) proposed policy gradient algorithms for a class
of variance related criteria, and showed their convergence to local optima. These algorithms
may be extended to use the variance function in an actor-critic type scheme (Sato et al.
2001)), and recent work has extended these ideas to large-scale MDPs by employing function
approximation, and using the TD policy evaluation algorithms presented here (Tamar and
Mannor, [2013; Prashanth and Ghavamzadeh, [2013)).
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Appendix A. Proof of Proposition

Proof The equation for J(z) is well-known, and its proof is given here only for complete-
ness. Choose © € X. Then,

J(x) = E [B|zg = 7]

T7—1
> r(w)
k=0
T—1

> ()

k=1

=K

xo—.TU]
CL‘QZIE]
/

=r(z)+E

T—1

Z 'Yk_lr(xk)

k=1

=r(z) +v ) P('|2)J(a),

z’'eX

=r(z)+~E |E

where we excluded the terminal state from the last sum since reaching it ends the trajectory.
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Similarly,

M(z) = E [B?|2o = 2]

o ) -
=E (Z ykr(z:k)> To=2x
L k=0 n

7—1 2
=E (’r‘(l‘o) + Z '7kr(:vk)> To=1
k=1

= r(z)? + 2r(2)E To =2

T—1
> i)
k=1

=r()? +2yr(z) Y P('x)J (@) +4° ) Pa/|z)M(2)).
r’'eX r'eX

The uniqueness of the value function J for a proper policy is well known, cf. Proposition
3.2.1 in Bertsekas| (2012). The uniqueness of M follows by observing that in the equation
for M, M may be seen as the value function of an MDP with the same transitions but
with reward r(z)? 4+ 2vr(z) Y. /cx P(2'|z)J(2'). Since only the rewards change, the policy
remains proper and Proposition 3.2.1 in Bertsekas| (2012) applies. |

Appendix B. Proof of Theorem

Proof Let ¢1(z), ¢p2(x) be some vector functions of the state. We claim that

E

T—1
> ¢1($t)¢2($t)1 =Y a(z)¢1(x)da(z) " = B QDo (22)
=0

T

where ®; and ®9 are matrices with rows ¢;(x) and ¢a(z), respectively. To see this, let 1(-)
denote the indicator function and write

T—1 T—1
E [Z Sr(z)do(z) | =E|D > di(z)ga(w) Lz zw)]
t=0 t=0 =
T—1
=E | ¢1(z)¢a(z)" > Lz :x)]

=Y ¢1(x)da(2)'E

t=0

Now, note that the last term on the right hand side is an expectation (over all possible
trajectories) of the number of visits to a state x until reaching the terminal state, which is
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exactly ¢(z) since

=0
= E[l(z; = x)]
=0
=E Z I(xy = x)]
=0
T—1
=E 1(z = av)] ,

t=

[en]

where the third equality is by the dominated convergence theorem (Grimmett and Stirzaker,
2001} Sec. 5.6), and last equality follows from the absorbing property of the terminal state.
Similarly, we have

E gm(n)@(xm ] ZZ (a'[2)1(x)pa(a) | = D] QPP2,  (23)
since 7
Lz; nginteon” | = B[S 5F o1 1=t = a:'>]
—E|Y Z $1(2)pa(a’) T t_: 1(z) = 2, 0041 = x/)]
B ITEI N [ Ut = 2001 = x'>] ,
and 7

- iP(mt = 2,241 = 2')

- iE[l(xt =, 341 = )]

=K [i L(z = 2, 41 = :B’)]
[ Iz = 2, 0041 = x’)] .
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Since trajectories between visits to the recurrent state are statistically independent, the law
of large numbers together with the expressions in and suggest that the approximate
expressions in converge to their expected values with probability 1, therefore we have
An—A, by—b,
Cy—C, dy—D,

and
Wy = Aoy —ATb = w,

Wiry = Cyldv—Cld = wiy.

Appendix C. Proof of Theorem

To show the convergence of the simulation-based version of to a solution of , we
need to bound the effect of simulation noise on the fixed point of . The difficulty, is that
simulation noise affects both the terms in the update, C' and d, and terms in the projection
step—the set Ws onto which we project. In addition, the noise in C' and d effectively adds
noise to the weights ¢ of the norm in , which should also be bounded.

We begin by proving several intermediate results. The first concerns the continuity of
fixed points of contraction operators.

Lemma 18 Let T1 be a ~y-contraction in the g1 norm, and Ty be a y-contraction in the g9
norm. Assume that there ezists some &' such that

HTIx - T2xqu <o+ 5/HxHQ1ﬂ Ve.
Let x7 and x5 denote the fized points of Th and T3, respectively. Then the following holds:
5+ o'||z3)|
|23 — 21lq < ?72(11‘
Proof We have
25 — 21llg = 1 T225 — 21 l[g,
= |Toas + Thas — Thzy — aillq,
< Ty — 2llg, + [[Tox; — Thasllg,
< |Twah — Tiallle, + 6 + &'l|25 g
< 9llws = 21llq + 6 + & [|25 g,
Rearranging, gives:
§+ |23
|25 — 27llg < ?,;m-
|

The following results concerns the sensitivity of weighted Euclidean-norm projections.
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Lemma 19 Let ||-||q and ||- ||y denote weighted Euclidean-norms on R™ with weights ¢ > 0
and ¢ > 0, respectively. Let I1 and II' denote projections onto a closed and convex set
S CR"™, w.r.t. the norms || - ||q and || - ||, respectively. For any x € R™ we have:

2 — a3 < 2llg — ¢'lloo (T2 — 2|3 + Iz — 23) .

Proof If x € S the result is trivial. We assume in the following z ¢ S. Let Q = diag(q)
and Q' = diag(q'). For any z,y € R" we have

Ml = yllg = llz = yll3,

n (24)
< g — (s — y:)?
i=1
< llg = ¢'llocllz = ylI3-
Therefore, we have that
Iz — 2|7 > Wz — 2] = [lg — ¢'[loc| 1z — 2]3. (25)

Now, let H denote the hyper-plane that is orthogonal to the projection error Ilz — x, and
passes through Ilz:

H= {yeR” (y — Iz) T Q(a — Iz) :o},
and let L denote a line that passes through z and IT'z:
L={yeR':y=a+:z2(Il'z—2z), zecR}.

By properties of the projection Ilxz (Hiriart-Urruty and Lemaréchal, 2013) we have (y —
Hz)"Q(zx —TIz) <0 Vy € S. Since (z — Hz) ' Q(z — Ix) > 0, it follows that H separates
x from S. Since I’z € S, H also separates x from IT'z. Let p* denote the intersection of L
and H. By the previous arguments, p* exists, and

'z —z=a(p* — ), (26)
with o > 1. Now, we have
'z — 2| = lla(p™ — 2|3
= o’|lp" - z|3
= o’||p" — Ha|[ + o? |1z — |3
> o®||p* — Mz || + [z — 2|3 — llg = ||| Tz — 23,

where the last equality is by the Pythagorean theorem, which holds due to the orthogonality
of H to the error Ilx — x, and the inequality is since o > 1, and . Plugging in , we
obtain:

W — |3 — T2 — 2|3 > o®[lp* = Talg = g — ¢'lleo (12 — 23 + [ - 2[l) . (27)
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However, by definition of the projection IT'xz, we must have ||II'z — ng, — ||z — ng, <0,
therefore rearranging leads to:

o|lp* M| < llg — ¢'lloo (T — |3 + [0z — 2[3). (28)
Now, let H' denote a parallel hyper-plane to H that passes through IT'z:
H = {y eR": (y—1'z) ' Q(z — IIz) = 0} :
Also, let L' denote the line between z and Ilz:
I'={yeR':y=z+z(lz —x), z€eR}.

By definition, H' is orthogonal to L’; denote by p** their intersection. By triangle similarity
(the triangles {z, x,p*} and {z, p** , 1'z}), and we have

[Wa—p*|2 _ [Wa—alp )
M —p*[I3 [lp* — 3 ’
therefore, using
IWa — |2 = a2[p" — Ta]2 < Jlg — ¢ oo (1T — 23 + Wz —2l) . (30)

From the Pythagorean theorem (by the orthogonality of H' to L) we have:
e — Mz || = [z — p*||7 + |z — p™|7, (31)

and
Iz — |7 = [z — p™ |12 + |[p™ — |3,

and from the last equation we also have
e — 2|7 > [lp™ — 7.
Now, from the last inequality:

e — 2|3 > Ip™ — =l
> ||lp™* — Mz || + |1z — 3
> |lp™ = z||g + [z — 2|3 — llg = ¢'lloc| Tz — 23,

where the second inequality is since z, Iz, and p** are on L', therefore ||p** — z||, =
|p** —I1z||q + ||z — z||¢, and the last inequality is by (24)). Proceeding similarly as in (27),
we plug in to obtain:

e — 2|3 — [Tz — 2|7 > [lp™ — x|~ llg — ¢'lleo (T2 — 2|3 + [Tz — 2[5),  (32)

and similarly to (28)), by definition of the projection II'z, we must have ||II'z — ng, — [Tz —
mHg, < 0, therefore rearranging leads to:

lp™ — Tz |3 < llg = 'l (T2 — 2|3 + |1z — 2[|3) . (33)
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Finally, plugging in , and in we obtain
e — el| < 2[lq — ¢'l|oo (M2 — 2|3 + [Tz — 2|3) .

We now proceed with the proof of Theorem To simplify the presentation, we break
the proof into several parts.
In part 1, we show show that the sampled version of algorithm with N samples corre-
sponds to solving with Py, a sampled version of the transition matrix, replacing P.
In part 2, we show that for each NV, algorithm (21)) would converge (in k) by Lemma [16] to
a fixed point of the sampled projected equation.
In part 3, we show that the solution of the sampled projected equation converges (in N)
to the the solution of the original projected equation. We do this by showing a continuity
of the solution w.r.t. P and its derived quantities, ¢ and w?, from which convergence then
follows by the law of large numbers.
In part 4, we collect our convergence results in £ and N and complete the proof.

C.1 A Sampled Version of Eq.

Let ST = {®pw|w € R™, Hw < g} denote the set onto which we project in the modified
projection , and let Hq+ denote a projection onto St w.r.t. the g-weighted Euclidean
norm. Note that S* is a convex set, therefore I is a non-expansion in the || - [|; norm
(Hiriart-Urruty and Lemaréchal, 2013). Furthermore, we can write Eq. as follows:

+t
wM HTwM,

where T7(w) = Rr + 2yRP® jw’ + v>P® pw.
After we have observed N trajectories, let Py denote the corresponding empirical tran-
sition matrix, given by:

Conv () = (&) f: 1(zf = ).

k=1

Also, let gn denote the state occupancy probabilities in an MDP with P and (g replaced
by Py and (p.n (cf. the definition of ¢ in Section . For large enough N, qy satisfies
Assumption [4

Let 0% = Ajvl by, with Ay and by defined in ; for large enough NV, w0 is well defined
(Boyan, 2002)).

Furthermore, let gy denote a vector with elements —(¢,(z;) T w%)2.
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We define the set Sy = {®yw|w € R™, Hw < gy}, and denote by II}  a projection
onto S]T, w.r.t. the gn-weighted Euclidean norm. We also define the operator

Ty (w) = Rr + 2yRPN® ji’s + > Py ® pw,

which is the sampled version of T". Note that T]'\y is a y2-contraction.
Consider now the following projected fixed point equation:

wirny = T Ty Wiz (34)
and the iterative procedure

wipty = Uz gy, [wky — 1= (Cvwiy — dw)], (35)

where C'y and dy are defined in , = is an arbitrary positive definite matrix, n € R is a
positive step size, and Iz,  denotes a projection onto the convex set Way,n = {w|Hw <
gn } with respect to the = weighted Euclidean norm.

C.2 Convergence in k

By definition, the sampled C'y, dx, gy and @ correspond to their non-sampled counterparts
C, d, q and wY, respectively, on an MDP with the empirical probabilities Py and (p,n
replacing P and (y. As a result, applying Lemmato Eq. we have that wy. n converges
to wy,. . Therefore, for each N and § > 0 there exists some k(N,§) such that for all
k> k(N,0)

lwisn = wipyll < 6. (36)

C.3 Convergence in N
We will now show that as N — oo, w]'\Z,N — w]T/[.

Let €,€ > 0. We claim that w.p. 1, there exists N (e, €), such that for all N > N (e, €) we
have

I T w —1IF TRwllg < e+ éllwllg, V. (37)
We now prove . First, we have:
I THw — I TR wllg = T w + 10 Tiw — I Tiw — I Twl|,
< | THw — I TRwllg + I Tyw — I Thwllg - (38)

A B

C.3.1 A BounD ON (A):
We have:
L THw — I T wlly < |1THw — Thw,
= ||2yRP® jw’ — 2yRPN® jii’s + 42 (P — Pn)®prwl,
< [2yRP®jw) — 2yRPN® i} |lq + Iv* (P — Px)@ywlly  (39)
2 (N) + V(P — Px)®pwllg
< m(N) +n2(N)[wllg,
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where the first inequality is by the non-expansion property of the projection, and the third
inequality is by defining 79(N) as the || - ||, induced matrix norm of v*(P — Py)®), (Horn
and Johnson| 2012, Definition 5.6.1).
C.3.2 A Bounp oN (B):
Denote by f[;r a projection onto S]J\r, w.r.t. the ¢g-weighted Euclidean norm. We have

I Tw = TG, Twlly = 0§ Tw + I Tiw — I Tw — T Tl

< | Tiw — I TR wllg + [T Thw — IIF Thw|l, -

Bl B2

C.3.3 A BounD ON (Bj):

We bound Bj using a result of [Yen| (1995]), which gives a general Lipschitz bound for per-
turbations of projections onto convex polyhedra (S]J\r, by definition is a convex polyhedron).
By theorem 2.1 of |Yen| (1995)), for all w, there exists a constant K such that

100} Tw — L Tl < Klg — gnll2 2 ms(N). (40)

C.3.4 A BOUND ON (Bzy):
We bound Bs using Lemma which yields:
T T w — T TRw|? < 2llg — qnlloo (||ﬂ;T]¢w — Twlf3 + [T}, Thhw — T]J\;w]@) :

By norm equivalence on finite-dimensional spaces, there exists A such that ||z[j2 < A||zlq
and ||z]|2 < A||z||qy for all z. Therefore

7L 5w — T w2 < 2llg — allaoh? (T Tiow = Tuwll? + [T, Tw — Tiwl2,)

For any § € S, we now have, by definition of the projections IAI(‘]" and IT/ :
TS Thw — T Twl)? < 2llg — anllooA? (18 = T wlll + 118 — Tawllz,) -

As before, by norm equivalence on finite-dimensional spaces, there exists A such that
|zllqn < Allz||q for all z, therefore

L} T — I T2 < 2llq — awllsoA? (1 + 32)]5 — T w2,

and setting A = {/A2(1 + A2) we have
ML Tw — T3 T wlly < V2l = awllse IS = Twllg
< V2llg = anllec ([I3llg + 175 wll)
< V2llg = anllecA (13l + € + wllg) ,
where the constant C' exists since Ty, is linear and a contraction. Therefore, setting n74(N) =
V2llg = anllsoA ([I3]lg + €) and 15(N) = /2llg — qn|lscX we have

1) Tpw =TI, Twllg < na(N) +n5(N)|w]lg. (41)
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C.3.5 PrOOF OF (37):
We now return to , where, using , , and we have

Ty T w — 115 Tiwllg < m(N) + m(N)[[wllg + ns(N) +na(N) + 15 (N) [[w]l-

N

The uniform convergence of empirical distributions (Van der Vaart, 2000, Theorem 19.1)
guarantees that Py and (o.ny uniformly converge to P and (p w.p. 1, respectively, and
therefore gy — ¢ and W% — w% w.p. 1. Therefore, for every €,€ > 0, w.p. 1 there is some
N (e, €) such that for N > N (e, €) we have 1 (N)+n3(N)+na(N) < e, and na(N)+n5(N) < €,
therefore Eq. holds.

Using Lemma |18 and Eq. we have that for N > N (e, €)

€ + llwgyllg

— (42)

iy = willy <

C.4 Convergence in k£ and N

Finally, using and we have that for any € > 0, w.p. 1 there is a N(€) such that for
any N > N(€) there is a k(N, €), such that for all k£ > k(N,€)

lw v — will < &
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