Journal of Machine Learning Research 17 (2016) 1-50 Submitted 7/14; Revised 7/15; Published 12/16

Choice of V for V-Fold Cross-Validation in Least-Squares
Density Estimation

Sylvain Arlot SYLVAIN.ARLOT@MATH.U-PSUD.FR
Laboratoire de Mathématiques d’Orsay

Univ. Paris-Sud, CNRS, Université Paris-Saclay
91405 Orsay, France

Matthieu Lerasle MLERASLEQUNICE.FR
CNRS

Univ. Nice Sophia Antipolis LJAD CNRS UMR 7351

06100 Nice France

Editor: Xiaotong Shen

Abstract

This paper studies V-fold cross-validation for model selection in least-squares density es-
timation. The goal is to provide theoretical grounds for choosing V' in order to minimize
the least-squares loss of the selected estimator. We first prove a non-asymptotic oracle
inequality for V-fold cross-validation and its bias-corrected version (V-fold penalization).
In particular, this result implies that V-fold penalization is asymptotically optimal in the
nonparametric case. Then, we compute the variance of V-fold cross-validation and related
criteria, as well as the variance of key quantities for model selection performance. We
show that these variances depend on V like 1 4+ 4/(V — 1), at least in some particular
cases, suggesting that the performance increases much from V = 2 to V = 5 or 10, and
then is almost constant. Overall, this can explain the common advice to take V = 5—at
least in our setting and when the computational power is limited—, as supported by some
simulation experiments. An oracle inequality and exact formulas for the variance are also
proved for Monte-Carlo cross-validation, also known as repeated cross-validation, where
the parameter V is replaced by the number B of random splits of the data.

Keywords: V-fold cross-validation, Monte-Carlo cross-validation, leave-one-out, leave-p-
out, resampling penalties, density estimation, model selection, penalization

1. Introduction

Cross-validation methods are widely used in machine learning and statistics, for estimating
the risk of a given statistical estimator (Stone, 1974; Allen, 1974; Geisser, 1975) and for
selecting among a family of estimators. For instance, cross-validation can be used for model
selection, where a collection of linear spaces is given (the models) and the problem is to
choose the best least-squares estimator over one of these models. Cross-validation is also
often used for choosing hyperparameters of a given learning algorithm. We refer to Arlot
and Celisse (2010) for more references about cross-validation for model selection.

Model selection can target two different goals: (i) estimation, that is, minimizing the risk
of the final estimator, which is the goal of AIC and related methods, or (ii) identification,
that is, identifying the smallest true model in the family considered, assuming it exists and
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it is unique, which is the goal of BIC for instance; see the survey by Arlot and Celisse (2010)
for more details about this distinction. These two goals cannot be attained simultaneously
in general (Yang, 2005).

We assume throughout the paper that the goal of model selection is estimation. We refer
to Yang (2006, 2007) and Celisse (2014) for some results and references on cross-validation
methods with an identification goal.

Then, a natural question arises: which cross-validation method should be used for min-
imizing the risk of the final estimator? For instance, a popular family of cross-validation
methods is V-fold cross-validation (Geisser, 1975, often called k-fold cross-validation), which
depends on an integer parameter V', and enjoys a smaller computational cost than other
classical cross-validation methods. The question becomes (1) which V' is optimal, and (2)
can we do almost as well as the optimal V' with a small computational cost, that is, a
small V? Answering the second question is particularly useful for practical applications
where the computational power is limited.

Surprisingly, few theoretical results exist for answering these two questions, especially
with a non-asymptotic point of view (Arlot and Celisse, 2010). In short, it is proved in
least-squares regression that at first order, V-fold cross-validation is suboptimal for model
selection (with an estimation goal) if V' stays bounded, because V-fold cross-validation is
biased (Arlot, 2008). When correcting for the bias (Burman, 1989; Arlot, 2008), we recover
asymptotic optimality whatever V', but without any theoretical result distinguishing among
values of V' in second order terms in the risk bounds (Arlot, 2008).

Intuitively, if there is no bias, increasing V' should reduce the variance of the V-fold cross-
validation estimator of the risk, hence reduce the risk of the final estimator, as supported
by some simulation experiments (Arlot, 2008, for instance). But variance computations for
unbiased V-fold methods have only been made in the asymptotic framework for a fixed
estimator, and they focus on risk estimation instead of model selection (Burman, 1989).

This paper aims at providing theoretical grounds for the choice of V' by two means: a
non-asymptotic oracle inequality valid for any V' (Section 3) and exact variance computa-
tions shedding light on the influence of V' on the variance (Section 5). In particular, we
would like to understand why the common advice in the literature is to take V' = 5 or
10, based on simulation experiments (Breiman and Spector, 1992; Hastie et al., 2009, for
instance).

The results of the paper are proved in the least-squares density estimation framework,
because we can then benefit from explicit closed-form formulas and simplifications for the V-
fold criteria. In particular, we show that V-fold cross-validation and all leave-p-out methods
are particular cases of V-fold penalties in least-squares density estimation (Lemma 1).

The first main contribution of the paper (Theorem 5) is an oracle inequality with leading
constant 1+ ¢,, with €, — 0 as n — oo for unbiased V-fold methods, which holds for any
value of V. To the best of our knowledge, Theorem 5 is the first non-asymptotic oracle
inequality for V-fold methods enjoying such properties: the leading constant 1 + ¢, is new
in density estimation, and the fact that it holds whatever the value of V' had never been
obtained in any framework. Theorem 5 relies on a new concentration inequality for the
V-fold penalty (Proposition 4). Note that Theorem 5 implicitly assumes that the oracle
loss is of order n™® for some a € (0,1), that is, the setting is nonparametric; otherwise,
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Theorem 5 may not imply the asymptotic optimality of V-fold penalization. Let us also
emphasize that the leading constant is 1+ ¢, whatever V for unbiased V-fold methods, with
€, independent from V in Theorem 5. So, second-order terms must be taken into account
for understanding how the model selection performance depends on V. Section 4 proposes
a heuristic for comparing these second order terms thanks to variance comparisons. This
motivates our next result.

The second main contribution of the paper (Theorem 6) is the first non-asymptotic
variance computation for V-fold criteria that allows to understand precisely how the model
selection performance of V-fold cross-validation or penalization depends on V. Previous
results only focused on the variance of the V-fold criterion (Burman, 1989; Bengio and
Grandvalet, 2005; Celisse, 2008, 2014; Celisse and Robin, 2008), which is not sufficient for
our purpose, as explained in Section 4. In our setting, we can explain, partly from theoretical
results, partly from a heuristic argument, why taking, say, V' > 10 is not necessary for
getting a performance close to the optimum, as supported by experiments on synthetic
data in Section 6.

An oracle inequality and exact formulas for the variance are also proved for other cross-
validation methods: Monte-Carlo cross-validation, also known as repeated cross-validation,
where the parameter V is replaced by the number B of random splits of the data (Sec-
tion 8.1), and hold-out penalization (Section 8.2).

Notation. For any integer k > 1, [k] denotes {1,...,k}.

For any vector {[,) := (&1, .,&n) and any B C [n], {p denotes (&;)ie, |B| denotes the
cardinality of B and B¢ = [n] \ B.

For any real numbers ¢, u, we define ¢V u := max{t,u}, uy :=uV0 and u_ := (—u) V0.

All asymptotic results and notation o(-) or O(-) are for the regime when the number n
of observations tends to infinity.

2. Least-Squares Density Estimation and Definition of V-Fold Procedures

This section introduces the framework of the paper, the main procedures studied, and some
useful notation.

2.1 General Statistical Framework

Let &,&1,...,&, be independent random variables taking value in a Polish space X', with
common distribution P and density s with respect to some known measure p. Suppose that
s € L>®(u), which implies that s € L?(u). The goal is to estimate s from iy = €15+, 6n)s
that is, to build an estimator § = s é@n € L?(u) such that its loss [|[§— s||? is as small as
possible, where for any ¢t € L?(), [|t]|* := [ t2 d,u
Projection estimators are among the most classical estimators in this framework (see, for
example, DeVore and Lorentz, 1993 and Massart, 2007). Given a separable linear subspace
Sm of L?(p) (called a model), the projection estimator of s onto S, is defined by
S 1= aigmin{HtHQ —2P,(t)} (1)
where P, is the empirical measure; for any ¢ € L*(u), P, (t) = [tdP, = 13" #(&). The
quantity minimized in the definition of 5, is often called the empirical risk, and can be
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denoted by
Poy(t) = ||It)|* — 2Pu(t) where Vo € X, Vt € L*(n), ~(t;x) = ||t||> — 2t(z) .
The function + is called the least-squares contrast. Note that S,, C L'(P) since s € L?(1).

2.2 Model Selection

When a finite collection of models (Sy,)menm, is given, following Massart (2007), we want
to choose from data one among the corresponding projection estimators (S,)mem, . The
goal is to design a model selection procedure m : X™ — M, so that the final estimator
S := 55 has a quadratic loss as small as possible, that is, comparable to the oracle loss
inf e, ||Sm — s||?. This goal is what is called the estimation goal in the Introduction.

More precisely, we aim at proving that an oracle inequality of the form
155 — s> < Ca mie%n{\\gm —s[I*} + Ra,

holds with a large probability. The procedure m is called asymptotically optimal when R,
is much smaller than the oracle loss and C,, — 1, as n — 4o00. In order to avoid trivial
cases, we will always assume that |M,,| > 2.

In this paper, we focus on model selection procedures of the form
m := argmin{crit(m)} ,
mEMn
where crit : M, — R is some data-driven criterion. Since our goal is to satisfy an oracle
inequality, an ideal criterion is
critia(m) = [|Sm — s[|* = [|s[|* = =2P(Em) + [5nll* = PY(Em) -

Penalization is a popular way of designing a model selection criterion (Barron et al.,
1999; Massart, 2007)
crit(m) = P,y(8m) + pen(m)
for some penalty function pen : M,, — R, possibly data-driven. From the ideal criterion
crityq, we get the ideal penalty

pengq(m) := critia(m) — Pay(Sm) = (P — Pp)v(5m) = 2(Pn = P)(5m) (2)
=2(Py, — P)(Sm — sm) +2(Pn — P)(5m) = 2[[8m — 5m||2 +2(F — P)(sm) ,

where s, := argmin{ P(t)} = argmin{||t — s||*}
t€Sm t€Sm

is the orthogonal projection of s onto S, in L?(u). Let us finally recall some useful and

classical reformulations of the main term in the ideal penalty (2), that proves in particular

the last equality in Eq. (2): If B,,, = {t € Sp, s.t. [|t|| < 1} and (¥)\)aen,, denotes an

orthonormal basis of S, in L?(), then

(Po = P)Gm —sm) = Y [(Pn— P)(@n)]*

AEA
- , ) (3)
= |I5m — sml|” = sup [(Pn - P)(t)] )
teB,

where the last equality follows from Eq. (30) in Appendix A.



CHOICE OF V FOR V-FOLD CROSS-VALIDATION IN LEAST-SQUARES DENSITY ESTIMATION

2.3 V-Fold Cross-Validation

A standard approach for model selection is cross-validation. We refer the reader to Arlot and
Celisse (2010) for references and a complete survey on cross-validation for model selection.
This section only provides the minimal definitions and notation necessary for the remainder
of the paper.

For any subset A C [n], let

2651 and § —argmln{HtH — 2P (¢ )} .
zGA tESm

The main idea of cross-validation is data splitting: some T' C [n] is chosen, one first trains
Sm(+) with &7, then test the trained estimator on the remaining data {re. The hold-out
criterion is the estimator of critiq(m) obtained with this principle, that is,

eritio(m,T) = BT (3(7) = ~2R (30) + [0 @

and all cross-validation criteria are defined as averages of hold-out criteria with various
subsets T'.

Let V' € {2,...,n} be a positive integer and let B = By = (By,...,By) be some
partition of [n]. The V-fold cross-validation criterion is defined by

v
crityrov (m, B) V Z crityo(m, BY) .
K=1
Compared to the hold-out, one expects cross-validation to be less variable thanks to the
averaging over V' splits of the sample into £z, and €. -
Since critypcy(m, B) is known to be a biased estimator of E[critiq(m)], Burman (1989)
proposed the bias-corrected V-fold cross-validation criterion

Critcorr,VFCV(ma B) = CrltVFCV(m B) + Pn7 Sm - Z Pn7 (Sm ) .

In the particular case where V' = n, this criterion is studied by Massart (2007, Section 7.2.1,
p. 204-205) under the name cross-validation estimator.

2.4 Resampling-Based and V-Fold Penalties

Another approach for building general data-driven model selection criteria is penalization
with a resampling-based estimator of the expectation of the ideal penalty, as proposed by
Efron (1983) with the bootstrap and later generalized to all resampling schemes (Arlot,
2009). Let W ~ W be some random vector of R" independent from &,,) with

1 n
n;WiZI’



ARLOT AND LERASLE

and denote by PV = n~! oy Wide, the weighted empirical distribution of the sample.
Then, the resampling-based penalty associated with W is defined as

peny,(m) := CywEw [(Pn - P,I;V)’y(gnvy)] , (5)

where 5Y € argmin,cg {P)~(t)}, Ew[] denotes the expectation with respect to W only
(that is, conditionally to the sample fﬂn]), and C)y is some positive constant. Resampling-
based penalties have been studied recently in the least-squares density estimation framework
(Lerasle, 2012), assuming that W is exchangeable, that is, its distribution is invariant by
any permutation of its coordinates.

Since computing exactly penyy,(m) has a large computational cost in general for ex-
changeable W, some non-exchangeable resampling schemes were introduced by Arlot (2008),
inspired by V-fold cross-validation: given some partition B = By of [n], the weight vector
W is defined by W; = (1 — Card(B;)/n) 'L;¢p, for some random variable J with uniform

distribution over [V]. Then, PV = PT(LBs) so that the associated resampling penalty, called
V' -fold penalty, is defined by
T Bi ., (2(B%)
penyp(m, B, z) := VKZ—:1|:( ) ( )]

- () () ®

where x > 0 is left free for flexibility, which is quite useful according to Lemma 1 below.

2.5 Links Between V-Fold Penalties, Resampling Penalties and (Corrected)
V-Fold Cross-Validation

In this paper, we focus our study on V-fold penalties because Lemma 1 below shows that
formula (6) covers all V-fold and resampling-based procedures mentioned in Sections 2.3
and 2.4.

First, when V' = n, the only possible partition is Broo = {{1},...,{n}}, and the
V-fold penalty is called the leave-one-out penalty penjoo(m,z) = penyp(m, BLoo, ).
The associated weight vector W is exchangeable, hence Eq. (6) leads to all exchangeable
resampling penalties since they are all equal up to a deterministic multiplicative factor in
the least-squares density estimation framework when Y " | W; = n, as proved by Lerasle
(2012).

For V-fold methods, let us assume B is a regular partition of [n], that is,

= |B| > 2dividesn and VK € [V], |Bx| :% . (Reg)

Then, we get the following connection between V-fold penalization and cross-validation
methods.

Lemma 1 For least-squares density estimation with projection estimators, under assump-
tion (Reg),

Criteorr,vrov (m, B) = Py (5m) + penygp(m, B,V — 1) (7)
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cityrey (m,B) = Pu(Sn) + penye (m. 5.V = 3 ) ©
citupo(m.p) = Py (5n) + perno (m ™ — 1) 0
= Puln) + pensoo (m, (- 1) =212 (10)

= Pir () + penye (m. Buoo, (n - )"0 —112)

where for any p € [n — 1], the leave-p-out cross-validation criterion is defined by

. 1 c .
critppo(m, p) := A Z quA)’y(/s{nf )) with & i={AC[n] st |Al=p}
Pl Ace,

and the leave-p-out penalty is defined by

Vx>0, penppo(m,p,z):= 2 (Pn — PéAC)>7(§nfc)> .

Lemma 1 is proved in Section A.1.

Remark 2 Eq. (7) was first proved by Arlot (2008) in a general framework that includes
least-squares density estimation, assuming only (Reg). Fq. (10) follows from Lerasle (2012,
Lemma A.11) since penypo belongs to the family of exchangeable resampling penalties, with
weights W; = (1 — p/n)_l]].i¢A and A is randomly chosen uniformly over &,; note that
Sy Wi = n for these weights. It can also be deduced from Proposition 3.1 by Celisse
(2014), see Section A.1.

Remark 3 It is worth mentioning here the cross-validation estimators studied by Massart
(2007, Chapter 7). First, the unbiased cross-validation criterion defined by Rudemo (1982)
is exactly criteorr vicy (m, BLoo) (see also Massart, 2007, Section 7.2.1). Second, the pe-
nalized estimator of Massart (2007, Theorem 7.6) is the estimator selected by the penalty

(14 n—1)?
2[n — (1 + €)9]

PenLoo (m,

for some € > 0 such that (1 + €)% < n (see Section A.1 for details).

So, in the least-squares density estimation framework and assuming only (Reg), Lemma 1
shows that it is sufficient to study V-fold penalization with a free multiplicative factor = in
front of the penalty for studying also V-fold cross-validation (z = V' —1/2), corrected V-fold
cross-validation (z =V — 1), the leave-p-out (V =nand z = (n—1)(n/p—1/2)/(n/p—1))
and all exchangeable resampling penalties. For any C' > 0 and B some partition of [n] into
V pieces, taking z = C(V — 1), the V-fold penalization criterion is denoted by

Cicg)(m) = Ppy(8m) + penyp (m, B,C(V — 1)) ) (11)
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A key quantity in our results is the bias E[C(¢ p)(m) — critig(m)]. From Lemma 13 in
Section A.2, we have

E[penVF(m,B, vV — 1)} = E[penid(m)] = 2E[H§m — sm||2] , (12)
so that for any C' > 0,
E[Cic,5)(m) — critia(m)] = 2(C — DE[||5m — sml?] - (13)

In Sections 37, we focus our study on V-fold methods, that is, we study the performance
of the V-fold penalized estimators S5, defined by

m =m(Ccp) = iﬁgrﬁin{cw,m (m)} (14)

for all values of V' and C > 1/2. Additional results on hold-out (penalization) are given in
Section 8.2 to complete the picture.

3. Oracle Inequalities

In this section, we state our first main result, that is, a non-asymptotic oracle inequality
satisfied by V-fold procedures. This result holds for any divisor V' > 2 of n, any constant
x = C(V —1) in front of the penalty with C' > 1/2, and provides an asymptotically optimal
oracle inequality for the selected estimator when C' — 1 (assuming the setting is non
parametric). In addition, as proved by Section 2.5, it implies oracle inequalities satisfied by
leave-p-out procedures for all p.

3.1 Concentration of V-Fold Penalties

Concentration is the key property to establish oracle inequalities. Let us start with some
new concentration results for V-fold penalties.

Proposition 4 Let [, be i.i.d. real-valued random wvariables with density s € L>(u),
B some partition of [n] into V pieces satisfying (Reg), Sy, a separable linear space of
measurable functions and (\)aen,, an orthonormal basis of Sp,. Define

By ={t€Smst [t <1}  Tp= Y ¢i=supt® by =V Tnlx

NeAm teBm

Dy 1= P(¥) = s[> = nE [l = 5ll?] -
where Sy, is defined by Eq. (1), and for any x,e > 0,

b2 + ||s]|?) x>
p1(m, e, s,2,n) = Islloo + ( m sl ) '

en €3n?
Then, an absolute constant k exists such that for any x > 0, with probability at least 1—8e™7,
for any € € (0,1], the following two inequalities hold true

2D D
penyp(m, B,V —1) — Tm < 6% + kp1(m, e, s,2,n) (15)

D
‘penVF(m,B, V—1)—2|sm — §mH2‘ <e—2 +kpi(m,e,s,z,n) . (16)
n
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Proposition 4 is proved in Section A.2. Eq. (15) gives the concentration of the V-fold
penalty around its expectation 2D,,/n = E[pen;y(m)], see Eq. (12). Eq. (16) gives the
concentration of the V-fold penalty around the ideal penalty, see Eq. (2). Optimizing over
€, the first order of the deviations of penyp(m, B,V — 1) around pen;y(m) is driven by
/Dy /n. The deviation term in Proposition 4 does not depend on V' and cannot therefore
help to discriminate between different values of this parameter.

3.2 Example: Histogram Models

Histograms on R provide some classical examples of collections of models. Let X be a
measurable subset of R, u denote the Lebesgue measure on X and m be some countable
partition of X’ such that p(A) > 0 for any A € m. The histogram space Sy, based on m is the
linear span of the functions (1)) xea,, Where A, = m and for every A € m, ¢y = (N "Y1y,
More precisely, we illustrate our results with the following examples.

Example 1 (Regular histograms on X = R)

Mn:{mh,he[[n]]} where Vh € [n], mh:{[z,)#),)\EZ} )

In Example 1, defining d,,, = h for every h € [n], for every m € M,,, Dy, = dyp,—||8m ||* since
U,, is constant and equal to d,. Therefore, Proposition 4 shows that penyp(m, B,V — 1)

is asymptotically equivalent to peng;,(m) := 2d,,/n when d,, — co. Penalties of the form
of peny;,, are classical and have been studied for instance by Barron et al. (1999).

Example 2 (k-rupture points on X = [0, 1])
M, = {mh[[k+1]],x[[k]] st.xy <--- <z €[n—1] andVi € [k + 1], h; € [z; — l’i_l]]} ,

where xg = 0, g1 = n and for any x1,...,x; € [n — 1] such that 1 < -+ <z} and any
P41 € Nk+1 Mhg g2 1s defined as the union

U { |::L‘17;1 n (w5 — J:Zl;)()\ — 1)7 xir:l N (z; _nzi_l))\> e [[hl]]} |

i€[[k]

In other words, mu, 1 wpy splits [0,1] into k+1 pieces (at the x;), and then splits the i-th
piece into h; pieces of equal size.

In Example 2, the function ¥,, is constant on each interval [z;_1,x;), equal to h;, therefore,
k+1
Dm = thp(f € [xi_l,xi)) — HSmH2 .

=1

3.3 Oracle Inequality for V-Fold Procedures

In order to state the main result, we introduce the following hypotheses:
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o A uniform bound on the L™ norm of the L? ball of the models
Vme My,  bn<Vn (H1)
where we recall that by, := sup;cp ||t||oc and By, := {t € Sy, ||t|| < 1}.
e The family of the projections of s is uniformly bounded.

Ja >0, VYmeM,, [s$mlloe < a, (H2)

e The collection of models is nested.

V(m,m') € M2, Sy USn € {Sm,Sm'} (H2)

Hereafter, we define A := aV ||s||oc when (H2) holds and A := ||s||cc when (H2') holds. On
histogram spaces, (H1) holds if and only if inf,,c g, infrem () = n~t, and (H2) holds
with a = ||s]|co-

Theorem 5 Let &, be i.i.d. real-valued random variables with common density s € L>(u),
B some partition of [n] into V pieces satisfying (Reg) and (Sm)mem, be a collection of
separable linear spaces satisfying (H1). Assume that either (H2) or (H2') holds true. Let
Ce(1/2,2], 6 :==2(C — 1) and, for any z,e >0,

A 2 2
p2(€, s,2,n) =2 <1+H$H)$ and Tn = x + log |IMy| .

en n )en

For every m € My, let 5, be the estimator defined by Eq. (1) and s = Sz where
m = (Ccp)

is defined by FEq. (14). Then, an absolute constant k exists such that, for any x > 0, with
probability at least 1 —e™*, for any e € (0,1],

1—-60_—¢€

mn’g_ sl° < minf 18m — s||” + Kkpa(e, 8, 2n,m) (17)

Theorem 5 is proved in Section A.3.

Taking € > 0 small enough in Eq. (17), Theorem 5 proves that V-fold model selection
procedures satisfy an oracle inequality with large probability. The remainder term can be
bounded under the following classical hypothesis

Jd' >0,Vne N, M, <n” . (H3)

For instance, (H3) holds in Example 1 with ' = 1 and in Example 2 with ' = k. Under
(H3), the remainder term in Eq. (17) is bounded by L(logn)?/(e3n) for some L > 0, which
is much smaller than the oracle loss in the nonparametric case.

The leading constant in the oracle inequality (17) is (1+9+)/(1—0-)+o0o(1) by choosing
e = o(1), so the first-order behaviour of the upper bound on the loss is driven by §. An
asymptotic optimality result can be derived from Eq. (17) only if § = o(1). The meaning of

10
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d = 2(C —1) is the amount of bias of the V-fold penalization criterion, as shown by Eq. (13).
Given this interpretation of §, the model selection literature suggests that no asymptotic
optimality result can be obtained in general when ¢ # o(1) in the nonparametric case (see,
for instance, Shao, 1997). Therefore, even if the leading constant (1 + 64)/(1 —J_) is only
an upper bound, we conjecture that it cannot be taken as small as 1+ o(1) unless § = o(1);
such a result can be proved in our setting using similar arguments and assumptions as the
ones of Arlot (2008) for instance.

For bias-corrected V-fold cross-validation, that is, C = 1 hence § = 0, Theorem 5
shows a first-order optimal non-asymptotic oracle inequality, since the leading constant
(I1+€)/(1 =€) can be taken equal to 1 + o(1), and the remainder term is small enough in
the nonparametric case, under assumption (H3), for instance. Such a result valid with no
upper bound on V had never been obtained before in any setting.

V-fold cross-validation is also analyzed by Theorem 5, since by Lemma 1 it corresponds
toC =14+1/(2(V —1)), hence § = 1/(V — 1). When V is fixed, the oracle inequality is
asymptotically sub-optimal, which is consistent with the result proved in regression by Arlot
(2008). On the contrary, if B = B,, has V,, blocs, with V,, — oo, Theorem 5 implies under
assumption (H3) the asymptotic optimality of V,-fold cross-validation in the nonparametric
case.

The bound obtained in Theorem 5 can be integrated and we get

1—-6_—¢

mE[Hg— 8”2:| < ]E|: 1nf ||§m - S||21| —+ K/pz (6, S,lOg(|Mn’))

meMy,
for some absolute constant s’ > 0.

Assuming C' > 1/2 is necessary, according to minimal penalty results proved by Lerasle
(2012). Assuming C' < 2 only simplifies the presentation; if C' > 2, the same proof shows
that Theorem 5 holds with « replaced by Ck.

An oracle inequality similar to Theorem 5 holds in a more general setting, as proved
in a previous version of this paper (Arlot and Lerasle, 2012, Theorem 1); we state a less
general result here for simplifying the exposition, since it does not change the message of
the paper. First, assumption (Reg) can be relaxed into assuming the partition B is close
to regular, that is,

B is a partition of [n] of size V and sup |Card(By) — < , (Reg’)
ke[V] Vv

which can hold for any V' € [n]. Second, data i,...,&, can belong to a general Polish
space X, at the price of some additional technical assumption.

3.4 Comparison with Previous Works on V-Fold Procedures

Few non-asymptotic oracle inequalities have been proved for V-fold penalization or cross-
validation procedures.

Concerning cross-validation, previous oracle inequalities are listed in the survey by Arlot
and Celisse (2010). In the least-squares density estimation framework, oracle inequalities
were proved by van der Laan et al. (2004) in the V-fold case, but compared the risk of the
selected estimator with the risk of an oracle trained with n(V —1)/V data. In comparison,

11
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Theorem 5 considers the strongest possible oracle, that is, trained with n data. Optimal
oracle inequalities were proved by Celisse (2014) for leave-p-out estimators with p < n, a
case also treated in Theorem 5 by taking V =n and C = (n/p —1/2)/(n/p — 1) as shown
by Lemma 1. If p < n, C'~ 1, hence § = o(1) and we recover the result of Celisse (2014).

Concerning V-fold penalization, previous results were either valid for V' = n only—by
Massart (2007, Theorem 7.6) and Lerasle (2012) for least-squares density estimation, by
Arlot (2009) for regressogram estimators—, or for V' bounded when n tends to infinity—by
Arlot (2008) for regressogram estimators. In comparison, Theorem 5 provides a result valid
for all V, except for the assumption that V' divides n, which can be removed (Arlot and
Lerasle, 2012). In particular, the loss bound by Arlot (2008) deteriorates when V' grows,
while it remains stable in our result. Our result is therefore much closer to the typical
behavior of the loss ratio ||5— 5|2/ inf,enm,, [[Sm — s||* of V-fold penalization, which usually
decreases as a function of V' in simulation experiments, see Section 6 and the experiments
by Arlot (2008), for instance.

Theorem 5 may not satisfactorily address the parametric setting, that is, when the
collection (Sy,)mem, contains some fixed true model. In such a case, the usual way to
obtain asymptotic optimality is to use a model selection procedure targetting identification,
that is, taking C' — +o0 when n — +o0. For instance, Celisse (2014, Theorem 3.3) shows
that log(n) < C' < n is a sufficient condition for such a result.

4. How to Compare Theoretically the Performances of Model Selection
Procedures for Estimation?

The main goal of the paper is to compare the model selection performances of several (V-
fold) cross-validation methods, when the goal is estimation, that is, minimizing the loss
|55 — s||? of the final estimator. In this section, we discuss how such a comparison can be
made on theoretical grounds, in a general setting.

For some data-driven function C : M,, — R, the goal is to understand how |55y — 5|2
depends on C when the selected model is

m(C) € argmin{C(m)} . (18)

mEMn

From now on, in this section, C is assumed to be a cross-validation estimator of the risk,
but the heuristic developed here applies to the general case.

Ideal comparison. ldeally, for proving that C; is a better method than Cy in some setting,
we would like to prove that

By = s’ < (1 —en)[Baen - sl° (19)
with a large probability, for some €, > 0.

Previous works and their limits. When the goal is estimation, the classical way to
analyze the performance of a model selection procedure is to prove an oracle inequality,
that is, to upper bound (with a large probability or in expectation)

S — sI”

inf e, {||5m — s)*}

[$ae = sI* = inf {I8w—sl}  or  Pu(0) =

12
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Alternatively, asymptotic results show that when n tends to infinity, R,,(C) — 1 (asymptotic
optimality of C) or R,(C1) ~ R,(C2) (asymptotic equivalence of C; and Cz); see Arlot
and Celisse (2010, Section 6) for a review of such results. Nevertheless, proving Eq. (19)
requires a lower bound on MR, (C) (asymptotic or not), which has been done only once
for some cross-validation method, to the best of our knowledge. In some least-squares
regression setting, V-fold cross-validation (CVF) performs (asymptotically) worse than all
asymptotically optimal model selection procedures since R, (CVY) > (V) > 1 with a large
probability (Arlot, 2008).

The major limitation of all these previous results is that they can only compare C; to Co
at first order, that is, according to lim, o R, (C1) /MR (C2), which only depends on the bias
of C;(m) (i = 1,2) as an estimator of E[||$,, — s||?], hence, on the asymptotic ratio between
the training set size and the sample size (Arlot and Celisse, 2010, Section 6). For instance,
the leave-p-out and the hold-out with a training set of size (n — p) cannot be distinguished
at first order, while the leave-p-out performs much better in practice, certainly because its
“variance” is much smaller.

Beyond first-order. So, we must go beyond the first-order of R, (C) and take into ac-
count the variance of C(m). Nevertheless, proving a lower bound on R, (C) is already
challenging at first order—probably the reason why only one has been proved up to now, in
a specific setting only—so the challenge of computing a precise lower bound on the second
order term of R, (C) seems too high for the present paper. We propose instead a heuristic
showing that the variances of some quantities—depending on (C;);—1,2 and on M, —can be
used as a proxy to a proper comparison of R, (C1) and R, (Cz) at second order. Since we
focus on second-order terms, from now on, we assume that C; and Cy have the same bias,
that is,

VYm € My, E[Ci(m)] =E[Ca(m)] . (SameBias)

In least-squares density estimation, given Lemma 1, this means that for i € {1, 2},

Ci =C,8,)

as defined by Eq. (11), with different partitions B; satisfying (Reg) with different V' =V,
but the same constant C' > 0; C' = 1 corresponds to the unbiased case.

The variance of the cross-validation criteria is not the correct quantity to
look at. 1If we were only comparing cross-validation methods Ci,Co as estimators of
E[|5m — SHQ] for every single m € M,,, we could naturally compare them through their
mean squared errors. Under assumption (SameBias), this would mean to compare their
variances. This can be done from Eq. (23) below, but it is not sufficient to solve our problem,
since it is known that the best cross-validation estimator of the risk does not necessarily
yield the best model selection procedure (Breiman and Spector, 1992). More precisely, the
selected model m(C) defined by Eq. (18) is unchanged when C(m) is translated by any
random quantity, but such a translation does change Var(C(m)) and can make it as large
as desired. For model selection, what really matters is that

sign(C(ma) — C(m2)) = sign |5, — 1> = 5, — 51)

13
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as often as possible for every (mj,mz) € M2, and that most mistakes in the ranking of
models occur when [, — s]|* =[S, — s|? is small, so that ||Szc) — s[|? cannot be much
larger than inf,,e g, {||5m — sl*}-

Heuristic. The heuristic we propose goes as follows. For simplicity, we assume that
m* = argmin,,c vq,, E[[|Sm — s||?] is uniquely defined. If the goal was identification, we could
directly state that for any C, the smaller is P(m = m(C)) for all m # m*, the better should
be the performance of m(C). In this paper, our goal is estimation, but a similar claim can
be conjectured by considering “all m € M,, sufficiently far from m* in terms of risk”, that
is, all m € M,, such that E[||S,, — s||?] is significantly worse than E[||8,,~ — s||?]. Indeed,
for any m “close to m*” in terms of risk, selecting m instead of m* does not significantly
change the performance of m(C); on the contrary, for any m “far from m*” in terms of risk,
selecting m instead of m* does increase significantly the risk E[||S7c) — /%]

Then, our idea is to find a proxy for P(m = m(C)), that is, a quantity that should
behave similarly as a function of C and its “variance” properties. For all m,m’ € M,, let
Ac(m,m’) :=C(m)—C(m'), N some standard Gaussian random variable and, for all t € R,
®(t) = P(N > t). Then, for every m € M,

P(m(C) =m) = P(Vm' # m, Ac(m,m’) < 0)

= n?;?nP(Ac(m, m') < 0) (20)
~ min IP’(ET [Ac(m,m)] + Ny/Var(Ac(m, m')) < o) (21)

:E(SNRc(m)) where SNR¢(m) := ;LI}%; \/iE/[A(CA(Trz, m’)]/))
ar{Qclm,m

So, if SNR¢, (m) > SNR¢,(m) for all m “sufficiently far from m*”, C; should be better than
Cy. Assuming (SameBias) holds true and that

{m*} = argmin E [C;(m)] = argminE[C2(m)] , (SameMin)
mEMn meMn

this leads to the following heuristic
Vm #m/, Var(Ac, (m,m')) < Var(Ac,(m,m’)) = C; better than Cy . (22)

Indeed, for every m # m’, assumption (SameMin) implies that SNR¢, (m) > 0 for i = 1,2,
hence we can restrict the max in the definition of SNR¢, to all m’ such that E[A¢, (m,m’)]
is positive. By assumption (SameBias), the numerator in the definition of SNR ¢, does not
depend on i, hence the ratio is maximal when the denominator is minimal, which leads to
Eq. (22). Let us make some remarks.

e The quantity Ac(m,m’) appears in relative bounds (Catoni, 2007, Section 1.4) which
can be used as a tool for model selection (Audibert, 2004).

e Assumptions (SameBias) and (SameMin) hold true in particular in the unbiased
case, that is, when E[C;(m)] = E[||$;, — s||?] for all m € M,, and i € {1,2}.

14
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e Assumption (SameMin) is necessary: Figure 3 shows an example where a larger
variance corresponds to better performance under assumption (SameBias) alone.

e As noticed above, the heuristic (22) should apply when the goal is estimation and
when the goal is identification, provided that (SameBias) and (SameMin) hold
true. What should depend on the goal is the suitable amount of bias for C;(m) as an
estimator of the risk E[||5,, — s|?].

e Approximation (20) is the strongest one. Clearly, inequality < holds true. The equal-
ity case occurs is for a very particular dependence setting, that is, when one among
the events ({A¢(m,m’) < 0}), m' € M,, is included into all the others. In general,
the left-hand side is significantly smaller than the right-hand side; we conjecture that
they vary similarly as a function of C.

e The Gaussian approximation (21) for A¢(m,m’) does not hold exactly, but it seems
reasonable to make it, at first order at least.

e The validity of approximations (20) and (21) is supported by the numerical experi-
ments of Section 6.

In the heuristic (22), all (m, m’) do not matter equally for explaining a quantitative differ-
ence in the performances of C. First, we can fix m’ = m*, since intuitively, the strongest
candidate against any m # m* is m*, which clearly holds in all our experiments, see Fig-
ures 18 and 24 in Section G of the Online Appendix. Second, as mentioned above, if m
and m* are very close, that is, ||8,, — s/|?/|[Sm+ — s||? is smaller than the minimal order of
magnitude we can expect for R, (C) with a data-driven C, taking m instead of m* does not
decrease the performance significantly. Third, if ®(SNR¢(m)) is very small, increasing it
even by an order of magnitude will not affect the performance of m(C) significantly; hence,
all m such that, say, SNR¢(m) > (log(n))® for all & > 0, can also be discarded. Overall,
pairs (m, m’) that really matter in (22) are pairs (m,m*) that are at a “moderate distance”,
in terms of E[||8, — s — |5 — s

5. Dependence on V of V-Fold Penalization and Cross-Validation

Let us now come back to the least-squares density estimation setting. Our goal is to compare
the performance of cross-validation methods having the same bias, that is, according to
Section 2.5, m(C(c,g)) with the same constant C' but different partitions B, where m(C(¢ )
is defined by Eq. (14).

Theorem 6 Let &, be i.i.d. random variables with common density s € L>(u), B some
partition of [n] into V' pieces satisfying (Reg), and (¥x)rxeAnm, » (¥r)reA,, two orthonormal
families in L?(p). For any m,m’' € {m1,mz}, we define Sy, the linear span of (¥x)rea,,
Sy the orthogonal projection of s onto Sy, in L*(u), Wy, = SUDes,, s.t. ||t]l<1 t2,

Y ( (&) P%)(W&)—Pw»)]f

AeAm NEA, s
and B(mi,mz) := B(m1,m1) + B(ma, ma) — 28(m1,ma) .
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Then, for every C > 0,

2 2 —1 2
Var(C(CB m1 (1 + ¢ )

=)t m) 29

+ = Var(< +2 1)sm1(gl)—2(’;;1\11m1(&)>

ac? (207: 1)2>B(m1’ my) (24)

+ iVar((l LX- 1) (Smy — Smy)(€1) — 20 1(‘I'm1 - %)(&))

2

and Var(C(QB) (my) — Co,B) (mg))

Il
3[@
7 N\

—
+

<<

|
—_

2n
where C(c ) is defined by Eq. (11).
Theorem 6 is proved in Section A.4.

Unbiased case. When C = 1, Theorem 6 shows that

4 1
Var(C(LB)(ml) — C(LB)(mg)) =a+ (1 + 7‘/ 1 — n)b

for some a,b > 0 depending on n,mi,mo but not on V. If we admit that the heuristic
(22) holds true, this implies that the model selection performance of bias-corrected V-fold
cross-validation improves when V increases, but the improvement is at most in a second
order term as soon as V is large. In particular, even if a < b, the improvement from V = 2
to 5 or 10 is much larger than from V = 10 to V = n, which can justify the commonly used
principle that taking V =5 or V = 10 is large enough.

Assuming in addition that S,,, and Sp,, are regular histogram models (Example 1 in
Section 3.2) with d,,, that divides d,,,, then, by Lemma 19 in Section B.2 of the Online
Appendix,

4 1\ 1
0= 2 (14 ) Var(oms(©) ~ 3mu(6) = O im, = sml?)

n

2 d
and b= EB(mh'mQ) = HstH2 o

When d,,, /n is at least as large as ||y, — Sm, ||, we obtain that the first-order term in the
variance is of the form a + 8/(V — 1) where a, 8 > 0 do not depend on V' and are of the
same order of magnitude, as supported by the numerical experiments of Section 6. Then,
increasing V' from 2 to n does reduce significantly the variance, by a constant multiplicative
factor.

Let Cig(m) := Pyy(Sm) + Elpen;q(m)] be the criterion we could use if we knew the
expectation of the ideal penalty. From Proposition 17 in Section B of the Online Appendix,

Var(Cid(ml) - Cid(mQ)) = % <1 — i)B(ml,mg)

v ((1 D) o smad6) 4 O~ )
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which easily compares to formula (24) obtained for the V-fold criterion when C' = 1. Up
to smaller order terms, the difference lies in the first term, where (14 4/(V —1) — 1/n) is
replaced by (1 — 1/n) when using the expectation of the ideal penalty instead of a V-fold
penalty. In other words, the leave-one-out penalty—that is, taking V' = n—behaves like
the expectation of the ideal penalty.

We can also compare Eq. (23) with the asymptotic results obtained by Burman (1989),
which imply that for any fixed model my

~ v 1 1
Var (Cp1, ) (m1) — Py(8my)) = o, <V — Tt 72) poi 0(n2>

n
with v9,7v1,72 that depend on my and v; > 0. Here, putting C = 1 in Eq. (23) yields a

result with a similar flavour, valid for all n > 1, even if Eq. (23) computes the variance of
a slightly different quantity.

Cross-validation criteria. V-fold cross-validation and the leave-p-out are also covered
by Theorem 6, according to Lemma 1, respectively with C' = 1+ 1/(2(V — 1)) and with
V=nand C =1+1/(2(n/p—1)). As in the unbiased case, increasing V' decreases the
variance, and if we admit that the heuristic (22) holds true, V-fold cross-validation performs
almost as well as the leave-(n/V)-out as soon as V is larger than 5 or 10.

Similarly, the variances of the V-fold cross-validation and leave-p-out criteria, for in-
stance, can be derived from Eq. (23). In the leave-p-out case, we recover formulas obtained
by Celisse (2014) and Celisse and Robin (2008), with a different grouping of the variance
components; Eq. (23) clearly emphasizes the influence of the bias—through (C'—1)—on the
variance. For V-fold cross-validation, we believe that Eq. (23) shows in a simpler way how
the variance depends on V', compared to the result of Celisse and Robin (2008) which was
focusing on the difference between V-fold cross-validation and the leave-(n/V')-out; here
the difference can be written

() (e g A

A major novelty in Eq. (23) is also to cover a larger set of criteria, such as bias-corrected
V-fold cross-validation. Note that Var(C ¢ 5)(m1)) is generally much larger than

Var (C(c,)(m1) — Cicz)(ma2))

which illustrates again why computing the former quantity might not help for understanding
the model selection properties of C(¢ ), as explained in Section 4. For instance, comparing
Eq. (23) and (24), changing s;,, into sy, — Sm, in the second term can reduce dramatically
the variance when s,,, and s,,, are close, which happens for the pairs (mj, mo) that matter
for model selection according to Section 4.

The variance of other criteria and their increments are computed in subsequent sections
of the paper and in the Online Appendix: Monte-Carlo cross-validation (Theorem 10 in
Section 8.1 and Theorem 24 in Section C.4) and hold-out penalization (Proposition 28 in
Section D.2).

Remark 7 The term B(mi,ma) does not depend on the choice of particular bases of Sy,
and Sy, as proved by Proposition 18 in Section B of the Online Appendix

B(mi,mz) = nVar((§m1 - gmz)(f)) —(n+1) Var((sml - sz)(ﬁ)) .
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Figure 1: The two densities considered. Left: setting L. Right: setting S.

6. Simulation Study

This section illustrates the main theoretical results of the paper with some experiments on
synthetic data.

6.1 Setting

In this section, we take X = [0,1] and p is the Lebesgue measure on X. Two examples are
considered for the target density s and for the collection of models (Sy,)menm,, -
Two density functions s are considered, see Figure 1:

e Setting L: s(x) = % gcpc1/s + (1 + 5)Lisp51/3:

e Setting S: s is the mixture of the piecewise linear density z +— (82 — 4)11>,>1/9
(with weight 0.8) and four truncated Gaussian densities with means (k/10)g—1,. 4
and standard deviation 1/60 (each with weight 0.05).

Two collections of models are considered, both leading to histogram estimators: for
every m € M,,, Sy, is the set of piecewise constant functions on some partition A, of X.

e “Regu” for regular histograms: M,, = {1,...,n} where for every m € M, A, is the
regular partition of [0, 1] into m bins.

e “Dya2” for dyadic regular histograms with two bin sizes and a variable change-point:
Ma= |J (K x {o [1og2(/<:)J} x {o [log, (7 — k)J}
ke{l,...n}

where n = |n/log(n)] and for every (k,i,j) € Mn, Ay ; ;) is the union of the regular
partition of [0, k/7) into 2! pieces and the regular partition of [k/7, 1] into 27 pieces.

The difference between “Regu” and “Dya2” can be visualized on Figure 2, on which the
corresponding oracle estimators Sz have been plotted for one sample in setting S, where

m* € argmin ||5,, — || .
meMn
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Figure 2: Oracle estimator for one sample of size n = 500, in setting S. Left: Regu. Right:
Dya2.

Setting Oracle(Regu)  Oracle(Dya2) Best(Regu) Best(Dya2)

L 13.4+0.1 5.46 £ 0.02 25.8+0.1 19.4+0.1
S 62.4+0.1 439 +0.1 100.9 £0.2 83.4£0.2

Table 1: Comparison of Regu and Dya2: quadratic risks E[||$5—s||%] of “Oracle” and “Best”
estimators (multiplied by 103) with the two collections of models. “Best” means
that 7 is the data-driven procedure minimizing E[|55 — s||?] among all the data-
driven procedures we considered in our experiments (see Section 6.2). “Oracle”
means that m € argmin,, ¢ v, [[Sm — s||? is the oracle model for each sample.

While “Regu” is one of the simplest and most classical collections for density estimation, the
flexibility of “Dya2” allows to adapt to the variability of the smoothness of s. Intuitively,
in settings L and S, the optimal bin size is smaller on [0,1/2] (where s is varying fastly)
than on [1/2,1] (where |s'| is much smaller).

Another point of comparison of Regu and Dya2 is given by Table 1, that reports values
of the quadratic risks obtained depending on the collection of models considered. Table 1
shows that in settings L and S, the collection Dya2 helps reducing the quadratic risk by
approximately 20% (when comparing the best data-driven procedures of our experiment),
and even more when comparing oracle estimators (30% in setting S, 59% in setting L).
Therefore, in settings L and S, it is worth considering more complex collections of models
(such as Dya2) than regular histograms.

Let us finally remark that Dya2 does not reduce the quadratic risk in all settings as
significantly as in settings L and S. We performed similar experiments with a few other
density functions, sometimes leading to less important differences between Regu and Dya2
in terms of risk (results not shown). The oracle model was always better with Dya2, but in

19



ARLOT AND LERASLE

two cases, the risk of the best data-driven procedure with Dya2 was larger than with Regu
by 6 to 8%.
6.2 Procedures Compared

In each setting, we consider the following model selection procedures:
e peng;, (Barron et al., 1999): penalization with pen(m) = 2 Card(A,,)/n.
e V-fold cross-validation with V' € {2,5,10,n}, see Section 2.3.

e V-fold penalties (with leading constant x = V — 1, that is, bias-corrected V-fold
cross-validation), for V' € {2,5,10,n}, see Section 2.4.

e for comparison, penalization with E[pen;q(m)], that is, m(Ciq).

Since it is often suggested to multiply the usual penalties by some factor larger than one
(Arlot, 2008), we consider all penalties above multiplied by a factor C € [0,10]. Complete
results can be found in Section G of the Online Appendix.

6.3 Model Selection Performances

In each setting, all procedures are compared on N = 10000 independent synthetic data
sets of size n = 500. For measuring their respective model selection performances, for each
procedure m(C) we estimate

~ 2
Con(C) 1= [ (C)] :E[ [5rc) — sl ]

inf e, |5m — s|I?

by the corresponding average over the N simulated data sets; Co;(C) represents the constant
that would appear in front of an oracle inequality. The uncertainty of estimation of Co,(C)
is measured by the empirical standard deviation of R, (C) divided by v/N. The results are
reported in Table 2 for settings L and S, with the collection Dya?2.

Results for Regu are not reported here since dimensionality-based penalties are already
known to work well with Regu (Lerasle, 2012), so V-fold methods cannot improve signif-
icantly their performance, with a larger computational cost. Complete results (including
Regu, with n = 100 and n = 500) are given in Tables 3 and 4 in Section G of the Online
Appendix, showing that the performances of peng;,, and V-fold methods indeed are very
close.

Performance as a function of V. Let us first consider V-fold penalization. In both
settings L and S, as suggested by our theoretical results, Cy, decreases when V increases.
The improvement is large when V' goes from 2 to 5 (27% for L, 10% for S) and small when
V goes from 5 to 10 and when V goes from 10 to n = 500 (each time, 8% for L, 2% for S).
Since the main influence of V' is on the variance of the V-fold penalty, these experiments
support our interpretation of Theorem 6 in Section 5: increasing V' helps much more from
2 to 5 or 10 than from 10 to n.

The picture is less clear for V-fold cross-validation, for which almost no difference is
observed among V' € {2,5,10,n}—less than 2%—, and C,, is minimized for V' € {5,10}.
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Procedure L-Dya2 S-Dya2

pengim, 8.27 £0.07 3.21 £0.01
pen2F 10.21 £0.08 2.39 £0.01
penbF 7.47 £ 0.06 2.16 £0.01
penlOF 6.89 £+ 0.06 2.11£0.01
penLOO 6.35 + 0.05 2.06 +0.01
2FCV 6.41 +0.05 2.05+0.01
5FCV 6.27 + 0.05 2.05£0.01
10FCV 6.24 £ 0.05 2.05 £ 0.01
LOO 6.34 = 0.05 2.06 £0.01
E[peny] 6.52 £ 0.05 2.07+£0.01

Table 2: Estimated model selection performances, see text. ‘LOQO’ is a shortcut for ‘leave-
one-out’, that is, V-fold with V' = n = 500.

Indeed, increasing V' simultaneously decreases the bias and the variance of the V-fold cross-
validation criterion, leading to various possible behaviours of Cy; as a function of V', de-
pending on the setting. The same phenomenon has been observed in regression (Arlot,
2008).

Overpenalization. In all settings considered in this paper, V-fold penalization performs
much better when multiplying the penalty by C' > 1, as illustrated by Figure 3. In par-
ticular, the best overpenalization factor for pen; g is C) ~ 2.5 for L-Dya2 and C}, ~ 1.4
for S-Dya2, when n = 500. Such a phenomenon, which can also be observed in regression
(Arlot, 2008), is related to the fact that some nonparametric model selection problems are
“practically parametric”, using the terminology of Liu and Yang (2011), that is, BIC beats
AIC and the optimal C is closer to log(n)/2 than to 1. For instance, Figure 3 shows that
L-Dya2 is practically parametric, while S-Dya2 is practically nonparametric since AIC beats
BIC and the optimal C' is close to 1.

Given an overpenalization factor C' close to its optimal value C};, V-fold penalization
performs significantly better than V-fold cross-validation in settings S-Dya2 and L-Dya2
(Figure 3). Since V-fold cross-validation corresponds to taking

1

C=Cc"F(V):= 1+2(V7—1)

according to Lemma 1, this mostly means that CV¥ (V) is not close to C in these settings.
In addition, when C' =~ C} is fixed, increasing V always improves the performance of V-
fold penalization, as predicted by the heuristic of Section 4 and the theoretical results
of Section 5. Let us emphasize that this fact does not depend on the parametricness of
the setting: although the value of C} is quite different for S-Dya2 and L-Dya2, in both
cases, we observe qualitatively the same relationship between V' and the performance of the
procedure.
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Figure 3: Overpenalization in settings S-Dya2 (left) and L-Dya2 (right), with n = 500
in both cases. Each plot represents the estimated model selection performance
Cor(C(c,B)) of several penalization procedures, as a function of the overpenaliza-
tion constant C'; unbiased risk estimation (C' = 1) is materialized by a vertical
red line. For each value of V, the estimated optimal value of C' is shown on the
graph; some arrows also show the performance of V-fold cross-validation, that

is, C =1+ 1/[2(V —1)]. Error bars are not shown for clarity; Table 2 shows
their order of magnitude, which is smaller than visible differences in the above

graph. The performance obtained with the penalty E[pen;4(m)] (not shown on
the graph) is almost the same as with the leave-one-out penalty.
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The results reported in Section G of the Online Appendix lead to similar conclusions
in several other settings, as well as unshown results in a truly parametric setting, with a
true model of dimension 2. Although a wider simulation study would be necessary to get
general conclusions, this suggests at least that the heuristic of Section 4 and the theoretical
results of Section 5 can be applied to both parametric and nonparametric settings.

Figure 3 also helps understanding how the performance of V-fold cross-validation de-
pends on V in Table 2. Indeed, the performance of V-fold cross-validation for each value of
V can be visualized on Figure 3 by taking the point of abscissa C' = CV¥ (V) on the curve
associated with V-fold penalization. Two phenomena are coupled when C' < C7, which al-
ways holds in our simulations for V-fold cross-validation since maxy CVF (V) = 1.5 and the
estimated value of C7 is always larger. (i) The performance improves when V' is fixed and
C gets closer to Cj;. (ii) The performance improves when C' is fixed and V increases. Even
if both phenomena (i) and (ii) seem quite universal, their coupling can result in various
behaviours for V-fold cross-validation as a function of V', as shown by Table 3 in Section G
of the Online Appendix for instance.

Other comments.

e peng;, performs much worse than V-fold penalization (except V = 2 in setting L)
with the collection Dya2. On the contrary, peng;,, does well with Regu (see Table 3
in Section G of the Online Appendix), but V-fold penalization then performs as well.

e In other settings considered in a preliminary phase of our experiments, for V-fold
penalization, differences between V' = 2 and V' = 5 were sometimes smaller or not
significant, but always with the same ordering (that is, the worse performance for
V = 2 when C is fixed). In a few settings, for which the “change-point” in the
smoothness of s was close to the median of sdu, we found peng;,, among the best
procedures with collection Dya2; then, V-fold penalization and cross-validation always
had a performance very close to peng;,,,- Both phenomena lead us to discard all settings
for which there were no significant difference to comment.

6.4 Variance as a Function of V'

We now illustrate the results of Section 5 about the variance of V-fold penalization and
the heuristic of Section 4 about its influence on model selection. We focus on the unbiased
case, that is, criteria C(; gy with partitions B satisfying (Reg). Since the distribution of
(C1,8)(M))mem,, then only depends on V' = |B|, we write Cy instead of Cy ) by abuse
of notation. All results presented in this subsection have been obtained from N = 10000
independent samples in setting S with a sample size n = 100 and the collection Regu—for
which models are naturally indexed by their dimension.

First, Figure 4 shows the variance of A¢,, (m, m*) = Cy(m) — Cy(m*) as a function of
the dimension m of S,,, illustrating the conclusions of Theorem 6: the variance decreases
when V increases. More precisely, the variance decrease is significant between V = 2 and
V =5, an order of magnitude smaller between V =5 and V = 10 and between V' = 10 and
V = n, while the leave-one-out C,, is hard to distinguish from the ideal penalized criterion
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Figure 4: Tllustration of the variance heuristic: Var(A¢(m,m*)) as a function of m for five
different C. Setting S-Regu, n = 100. The black diamond shows m* = 7. The
black lines show the linear approximation n=2[29(1+ $2L)+3.7(1+ 22 ) (m—m*)]
for m > m*.
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Cig- On Figure 4, we can remark that for m > m*

Var(ey (mom)) = i (14 252 ) m (14 254 Y om )|

V-1 V-1

with Ky =~ 29, Ky ~ 0.81, K3 ~ 3.7 and K4 ~ 3.8. The shape of the dependence on V'
already appears in Theorem 6, the above formula clarifies the relative importance of the
terms called @ and b in Section 5, and their dependence on the dimension m of Sy,. Remark
that the same behaviour holds when n = 500 with very close values for K3 and Ky (see
Figure 25 in Section G of the Online Appendix), as well as in setting L with n = 100
or n = 500 with K3 =~ 2.1 and K; =~ 4.2 (see Figures 19 and 30 in Section G of the
Online Appendix). The fact that K4 is close to 4 in both settings supports that the term
1+4/(V — 1) appearing Theorem 6 indeed drives how Var(Ac,, (m,m*)) depends on V.

Figures 5 and 6 respectively show P(7m(C) = m) and its proxy ®(SNR¢(m)) as a func-
tion of m for C = Cy with V € {2,5,10,n} and for C = Ciq. First, we remark that both
quantities behave similarly as a function of m and C—see also Figure 16 in Section G of the
Online Appendix—supporting empirically the heuristic of Section 4. The decrease of the
variance observed on Figure 4 when V increases here translates into a better concentration
of the distribution of m(Cy) around m*, which can explain the performance improvement
observed in Section 6.3. Figures 5—6 actually show how the decrease of the variance quanti-
tatively influences the distribution of m(Cy): m(Cs) is significantly more concentrated than
m(Cz), while the difference between V' = 10 and V = 5 is much smaller and comparable to
the difference between V = n and V = 10; C,, is hard to distinguish from C;q. Similar ex-
periments with n = 500 and in setting L are reported in Section G of the Online Appendix,
leading to similar conclusions.

7. Fast Algorithm for Computing V-Fold Penalties for Least-Squares
Density Estimation

Since the use of V-fold algorithms is motivated by computational reasons, it is important to
discuss the actual computational cost of V-fold penalization and cross-validation as a func-
tion of V. In the least-squares density estimation framework, two approaches are possible:
a naive one—valid for all other frameworks—, and a faster one—specific to least-squares
density estimation. For clarifying the exposition, we assume in this section that (Reg)
holds true—so, V' divides n. The general algorithm for computing the V-fold penalized
criterion and/or the V-fold cross-validation criterion consists in training the estimator with
data sets (fi)i¢3j for j =1,...,V and then testing each trained estimator on the data sets
(&i)ies; and/or (§;)igp,- In the least-squares density estimation framework, for any model
S given through an orthonormal family (1) )xea,, of elements of L?(u1), we get the “naive”
algorithm described and analysed more precisely in Section E.1 of the Online Appendix,
whose complexity is of order nV Card(A,,).

Several simplifications occur in the least-squares density estimation framework, that
allow to avoid a significant part of the computations made in the naive algorithm.

Algorithm 1

Input: B some partition of {1,...,n} satisfying (Reg), &1,...,&, € X and (¥))rea,,
a finite orthonormal family of L?(u).
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Figure 5: P(m(C) = m) as a function of m for five different C. Setting S-Regu, n = 100.
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Figure 6: Illustration of the variance heuristic: ®(SNR¢(m)) as a function of m for five
different C. Setting S-Regu, n = 100. The black diamond shows m* = 7.
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1. Forie{l,...,V} and X\ € Ay, compute A; ) == % EjeBi Pa(&5)-
2. Fori,je{l,...,V}, compute C;j =3 \cp  AirAja
3. Compute S := Zléi,jév Cij and T = tr(C).

Output:
R -8
Empirical risk: P,y(Sm) = v
V-fold cross-validation criterion: critypcv(m) = V(VT— 0 - (5 : Z;Q;
V12

V-fold penalty: penyp(m) = (critvpcv(m) — Pn’Y(/S\m))ﬁ

To the best of our knowledge, Algorithm 1 is new, even for computing the V-fold cross-

validation criterion. Its correctness and complexity are analyzed with the following propo-
sition.

Proposition 8 Algorithm 1 is correct and has a computational complexity of order
(n+V?) Card(Ar,) .

In the histogram case, that is, when A, is a partition of X and VA € Ap,, ¥y = ,u()\)*l/zlb\,
the computational complexity of Algorithm 1 can be reduced to the order of n+V? Card(A,,).

Proposition 8 is proved in Section E.2 of the Online Appendix. It shows that Algorithm 1
is significantly faster than the “naive” algorithm, by a factor of order
nV 1 v\!
— = |5+ — <1 if 1<V «n.
n+V?2 (V + n )
Note that closed-form formulas are available for the leave-p-out criterion in least-squares
density estimation (Celisse, 2014), allowing to compute it with a complexity of order
n Card(A,,) in general, and smaller in some particular cases—for instance, n for histograms.

8. Discussion

Before discussing how to choose V' when using V-fold methods for model selection—or
more generally for choosing among a given family of estimators—, we state some additional
results and we discuss the model selection literature in least-squares density estimation.

8.1 Monte-Carlo Cross-Validation

Our analysis of V-fold procedures for model selection can be extended to some other cross-
validation procedures. We here present results for Monte-Carlo cross-validation (MCCV,
Picard and Cook, 1984), also known as repeated cross-validation, where B training samples
of the same size n — p are chosen independently and uniformly (see also Arlot and Celisse,
2010, Section 4.3.2). Formally, we consider the criterion

B
. 1 .
Crltcv(m, (TK)nggB) = E E CI‘ltHQ(m,TK) , (25)
K=1
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where T1,...,Tp are subsets of [n] and we recall that the hold-out criterion is defined by
Eq. (4). We make the following three assumptions throughout this subsection

Ipen-1], VjelB], |Tj| =n—p=nm, , (SameSize)
(T )1<x<p is independent from D, , (Ind)
Ti,...,Tp are independent with uniform distribution over &,_, , (MCCV)

where we recall that &,_, = {A C [n] s.t. |A| =n — p}. Under these assumptions, we write
CMCCV (1m) as a shorteut for critay (m, (Tk)1<kx<B)-

Similarly to Theorem 5, we prove in Section C.3 of the Online Appendix the following
oracle inequality for MCCV.

Theorem 9 Let &, be i.i.d. real-valued random variables with common density s € L>(u),
(Tk)1<kx<B some sequence of subsets of [n] satisfying (SameSize), (Ind) and (MCCYV)
and (Sm)mem,, be a collection of separable linear spaces satisfying (H1). Assume that
either (H2) or (H2') holds true. For every m € M,, let S, be the estimator defined by
Eq. (1), and s = S5z where

m € argmin{critcv (m, (TK)nggB) }
mEMn

and critcy is defined by Eq. (25). Let us define, for any x,y,e >0, x,, = x + log | M| and

s (e, )

1
p3(67 T,Y, N, Tn, BJ A) = ) <1 +
nt?
with « = 1 under assumption (H2) and o = 2 under assumption (H2'). Then, an absolute
constant k > 0 exists such that, for any x,y > 0, with probability at least 1 —e™* —e™Y, for
any € € (0,k71),

€\, - 14+¢€ | ~
<1—7_)||5—5||2 < inf {Hsm—sHZ}+ﬁp3(e,mn,y,n,7n,B,A) ) (26)

n Tn MEM

Theorem 9 actually is a corollary of a more general result (Theorem 23 in Section C.3 of
the Online Appendix), which is valid without assumption (MICCV) and extends therefore
our previous results on V-fold cross-validation).

Very few results exist in the literature about the model selection performance of MCCV
with an estimation goal. Some asymptotic optimality result has been obtained by Burman
(1990) for spline regression, and some oracle inequalities comparing the risk of the selected
estimator with the risk of an oracle trained with 7,,n < n data have been proved by van
der Laan and Dudoit (2003) in a general framework and by van der Laan et al. (2004) for
density estimation with the Kullback-Leibler loss. In comparison, Theorem 9 provides a
precise non-asymptotic comparison to an oracle trained with n data.

As in Theorem 5, the leading constant of the oracle inequality (26) is directly related
to the bias, which is here quantified by 7,1 — 1 > 0 instead of §. The remainder term p3 is
also comparable to py in Theorem 5: they differ by a factor between 7,2 (when B is large
enough) and 7,,2(1 — 7,,)™® (when B is small). In particular, let V' > 2 and assume that
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p=n/V in Theorem 9, hence 7, = 1 — V! € [1/2,1). Then, for the hold-out (B = 1), p3
is larger than ps by a factor V< with o € {1,2}. For B =V, MCCV with 7, = 1— V! can
be called “Monte-Carlo V-fold” (MCVF); then, with y ~ logn, we loose a factor at most
logn for MCVF compared to V-fold cross-validation. Finally, when B is large enough, that
is, larger than V' logn, p3 and po are of the same order.

The above comparison of remainder terms suggests a hierarchy between several cross-
validation methods with a common training sample size n—p = n7,: from the (presumably)
worse to the (presumably) best procedure, the hold-out, Monte-Carlo CV with B =V, V-
fold CV, Monte-Carlo CV with B large and the leave-p-out. Nevertheless, upper bounds
comparison can be misleading, so, following the heuristics (22) presented in Section 4, we
compute below the variance of A¢(m,m’) when C is a Monte-Carlo CV criterion.

Theorem 10 We consider the setting and notation of Theorem 6, and we assume that
(SameSize), (MCCV) and (Ind) hold true. We recall that CMCCV (m) is defined above
at the beginning of Section 8.1. Then, for reqular histogram models my, mo (Exzample 1 in
Section 3.2), we have

Var (CMOY (my) — CMCOY (1my)) = CMO(B, m, Tn)%B(ml, ma) (27)
+ OB, m, ) Var(sm, (€1) — sy (€2)

where

1/1 2 1 1 1 1 !
CMCB - |\ -5 - - 1—— 1 — 41 -
Mo = () () ) ”73]

1/ 1 1 1 1\?
MC _ —_—
C (B7n’7_n)_B<n27—r§+1_7-n)+<1_3> <1+n7'n>

and we recall that 7, = |Tk|/n=1— (p/n).

Theorem 10 is proved in Section C.4 of the Online Appendix, as a corollary of a more general
result, called Theorem 24, which holds for all models m;, mo—mnot only regular histograms—
and provides a formula for the variance of the criterion itself—mnot its increments. Let us
make a few comments.

Eq. (27) is similar to the formula obtained for bias-corrected V-fold and V-fold penal-
ization, see Eq. (24) in Theorem 6. In the particular case of regular histogram models,
Eq. (24) even fits the general form of Eq. (27), with constants CP*V¥(V,n, C) instead of
CMC(B,n, ).

Assuming the heuristics of Section 4 is valid, for m1, ms which matter for model selection,
the two terms 2n~2B(m1,mg) and 4n~! Var(sm, (£1) — sm,(£1)) are of the same order of
magnitude (see Section 5). Then, we can compare model selection performance of several
cross-validation methods by comparing the values of the constants C; only.

In order to get a variance of the same order of magnitude as the one of bias-corrected
V-fold CV—that is, constants C; of order 1—, MCCYV requires to take 7, far enough from
0 and 1, hence training and sample sets of comparable sizes, unless B is large enough.
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Eq. (27) allows to compare the hold-out (B = 1) with the leave-p-out (B — +00), for
a given value nt, = n — p of the training sample size. Let us assume for simplicity that
n — +o0 and 7, > n~Y2. Then,

1 2 1
oMen ~ > 11 d oYyen ~ >1
(1, ) P ey an > (1,n,7n) 1—7,
whereas CMC(oo,n, 1) = 1 and C3'% (00, n, 1) = 1

which shows an improvement at least by a constant factor in general. When 7, tends to

zero—leave-most-out—or 1—such as for the leave-one-out—, the improvement is by an order

of magnitude. The fact that the leave-p-out has a smaller variance than the hold-out is not

surprising at all—it holds in full generality, as a consequence of Jensen’s inequality—, but

the exact quantification of the improvement given by Theorem 10 is new and can be useful

in practice for choosing the number of splits B when using Monte-Carlo cross-validation.
Eq. (27) also allows to compare V-fold cross-validation, given by Theorem 6 with

1

:1 _—
C=lt oy

with MCCV with B = V and 7, = (V — 1)/V, which can be named “Monte-Carlo V-
fold” cross-validation. The only difference between the two methods is that the V' splits are
chosen independently for “Monte-Carlo V-fold”, whereas the usual V-fold makes a balanced
use of each observation—putting it exactly (V — 1) times in the training set. Let us assume
for simplicity that n — 400 while V =V, can vary with n. Then, we have

Vi—1 3 2V, +1 n 1
Va ViV =1) (Vi —1)2

Ci\/ICVF(Vn, n):= C}VIC <Vn, n,

4 . 1
(Vo — 1)

4
VF penVF
Ny = ns My 1 ~1
O™ (Vam) i= Gy (V" +2(Vn—1)) Tyt oy

Ci\/ICVF (Vm oo) C’%ACVF (Vn, n)

h >1ifV, >3,
e CYF(Vna 0) 1 CYF(Vn, n)  nVa—+oo
V,—1 1 3
MCVF MC n
ny = ny Ity ~2—— -, 2
C5 (Vp,m) == Cy (V n v ) v € [2 ]
nVF 1
and C;F(Vn,n) = Cge (Vn,n, 1 + m — 1.

Overall, we get that V-fold cross-validation has a smaller variance than “Monte-Carlo V-
fold” for V' > 3, at least for n large enough, and that the improvement is by a constant factor
between 3/2 and 3. Since increasing V' cannot decrease the variance of (bias-corrected)
VFCV by more than a small constant factor, the above difference between two methods
with the same computational complexity is quite important. This supports strongly the
use of V-fold CV methods instead of “Monte-Carlo V-fold”. Such an improvement was
previously noticed in the asymptotic computations of Burman (1989); here we show that it
holds in a non-asymptotic framework, where the models m;, ms can depend on n.
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8.2 Hold-Out Criteria

Our analysis of cross-validation procedures for model selection can also be extended to
hold-out criteria. First, let us emphasize that the hold-out criterion defined by Eq. (4)
corresponds to taking B = 1 in the results of Section 8.1, since choosing 1" uniformly over
En—p, independently from D,,, is equivalent to choosing some arbitrary 1" of size n—p before

seeing the data D,,.
Second, similarly to the definition of the hold-out criterion in Eq. (4), we can define the

hold-out penalty by
Ve >0, penyo(m,T,x):=2x (P,ST) - Pn> (é\(T) - §m) , (28)

m

that is, the hold-out estimator of E[2(P,, — P)(S,, — $m)] which is equal to the expectation
of the ideal penalty, see Eq. (2). We do not define pengq by Eq. (6) with V' = 1 and
T = B{—that is, the hold-out estimator of E[(P — P,,)v(5y,)], which amounts to removing
the centering term —3,, in Eq. (28)—because this would dramatically increase its variability.
Note that adding such a term —§,,, in Eq. (6) does not change the value of the V-fold penalty
under (Reg) since Z}f(zl(P,EB%) - P,)=0.

Denoting by 7, = |T'|/n as in Section 8.1, it comes from Lemma 26 in Section D.1 of
the Online Appendix that

1—7,

Tn

E[penyo(m, T, z)] =« E [pen;q(m)] .

In the following, we choose z = C1,,/(1 — 7,,) so that C' = 1 corresponds to the unbiased
case, as in the previous sections for the V-fold penalty.

Remark 11 Since P, = TangT) +(1- rn)P,ch), by linearity of the estimator S,

penyo(m, T, z) := 2z(1 — 7,)? (PéT) - P£T6)> (§(T,7;) - é{,;{c))

which is symmetric in T and T€, hence penyo(m,T¢, z) = penyg(m,T,x). In particular,
if |T| = n/2, the 2-fold penalty computed on the partition B = {T,T°} and the hold-out
penalty coincide

Vo >0, penyg(m,{T, T}, z) = penyo(m,T,z) .

Theorem 12 Let &, be i.i.d. real-valued random wvariables, s € L°°(u) their common
density, T C [n] with 7, = |T|/n € (0,1) and (Sm)mem, be a collection of separable linear
spaces satisfying (H1). Assume that either (H2) or (H2') holds true. Let C' € (1/2,2] and
d :=2(C —1). For every m € My, let s, be the projection estimator onto Sy, defined by
Eq. (1), and suo = Shy,, where

N = C
MHO = argmin{an(sm) + penyo <m7 T, T > } :
mEMn 1 o Tn

Then, an absolute constant k exists such that, for any x > 0, defining x, = x + log | M|,
with probability at least 1 —e™7, for any € € (0,1],

1—6_—¢ 9 . ~ 2 Az, T2+(1_Tn)2 7
- —o=-° _ < inf _ n n 29
1+5+—|—6H8HO sl mler}vlnusm sl +H< en * T(l—71,) €n (29)
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Theorem 12 is proved in Section D.1 of the Online Appendix.

Theorem 12 extends Theorem 5 to hold-out penalties, under similar assumptions. As
in Theorem 5, & quantifies the bias of the hold-out penalized criterion, and plays the same
role in the leading constant of the oracle inequality (29).

We can compare the results obtained for hold-out and V-fold penalization in Theorems 5
and 12. For this comparison, let V' be some divisor of n, T' C [n] such that |T| =n —n/V
and choose the same C so that both criteria have the same bias §. Then, the only difference
lies in the remainder term, the one in Eq. (29) is larger than the one of Eq. (17) in Theorem 5
by a factor of order V' when V is large. These only are upper bounds, but at least they are
consistent with the common intuition about the stabilizing effect of averaging over V folds.
We can also compare the results obtained for hold-out penalization in Theorem 12 and for
the hold-out criterion in Theorem 9. First, hold-out penalization gives a flexibility to choose
an unbiased criterion and therefore to obtain asymptotically optimal oracle inequalities
while hold-out criteria are always biased for fixed 7,,, hence a leading constant 7,,1 > 1 in
the oracle inequality. The loss in the remainder term is also smaller in Eq. (29) than in
Eq. (26) by a factor of order 7, }(1 — 7,,) ! under assumption (H2’).

Similarly to Theorems 6 and 10, the variance terms can be computed for the hold-out
penalty in order to understand separately the roles of the training sample size and of aver-
aging over the V splits, in the V-fold criteria. Detailed results are given by Proposition 28
in Section D.2 of the Online Appendix.

8.3 Other Oracle Inequalities for Least-Squares Density Estimation

Although the primary topic of the paper is the study of V-fold procedures, let us compare
briefly our results to other oracle inequalities that have been proved in the least-squares
density estimation setting. For projection estimators, Massart (2007, Section 7.2) proves
an oracle inequality for some penalization procedures, which are suboptimal since the lead-
ing constant C), does not tend to 1 as n goes to +0o0. Oracle inequalities have also been
proved for other estimators: blockwise Stein estimators (Rigollet, 2006), linear estimators
(Goldenshluger and Lepski, 2011) and some T-estimators (Birgé, 2013). The models con-
sidered by Birgé (2013) are more general than ours, but the corresponding estimators are
not computable in practice, and the oracle inequality by Birgé (2013) also has a subopti-
mal constant C),. Some aggregation procedures also satisfy oracle inequalities (Rigollet and
Tsybakov, 2007; Bunea et al., 2010). Overall, under our assumptions, none of these results
imply strictly better bounds than ours.

Let us finally mention that Birgé and Rozenholc (2006) propose a precise evaluation of
the penalty term in the case of regular histogram models and the log-likelihood contrast.
Their final penalty is a function of the dimension, only slightly modified compared to peng;,,,
performing very well on regular histograms. These performances are likely to become much
worse on the collection Dya2 presented in Section 6. This can be seen, for example, in
Table 3 in Section G of the Online Appendix, where we present the performances of peng;,,
with different over-penalizing constants.
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8.4 Conclusion on the Choice of V

This section summarizes the results of the paper in order to address the main question we
would like to answer: How to choose a V-fold procedure for model selection?

Generality of the results. The results of the paper only hold for projection estimators
in least-squares density estimation, but we conjecture that most of the statements below are
valid much more generally. At least, they have been observed experimentally for projection
estimators in least-squares regression (Arlot, 2008) and they are supported by theoretical
results for kernel density estimators (Magalhaes, 2015, Chapters 3—4). Nevertheless, it is
reported in the literature that V-fold cross-validation can behave differently in other settings
(Arlot and Celisse, 2010), so we must keep in mind that the statements below may not be
universal.

Let us also recall that we focus here on model selection with an estimation goal, that
is, minimizing the risk of the final estimator; see Yang (2006, 2007) and Celisse (2014) for
results when the goal is identification.

Choice of a model selection procedure. Choosing among procedures of the form m(C),
as defined by Eq. (18), requires to take into account three quantities:

e the bias of C(m) as an estimator of the risk of s, for every m € M,,, or equivalently,
the overpenalization factor C; which usually drives the performance at first order
when n — +00, as in Theorem 5. The simulation experiments of Section 6 also show
that varying C' can strongly change the performance of the procedure. In all settings
considered in the paper, some C} exists (the optimal overpenalization constant) such
that the performance decreases for C € [0, C}] and increases for C' > C} (Figure 3).

Note that C} strongly depends on the setting, and can also vary with V' when using
V-fold penalization (in particular from V' =2 to V > 5). In the nonparametric case,
when n — 400, Theorem 5 shows that C} ~ 1. On the contrary, in the parametric
case, when n — 400, it is known that a BIC-type penalty performs better, hence
C} — 4o00. For a finite sample size, Section 6 and Liu and Yang (2011) show that
some nonparametric settings can be “practically parametric”, that is, C can be much
larger than 1.

e the variance of increments C(m)—C(m’) drives the performance m(C) at second order,
according to the heuristic of Section 4, which suggests that this variance should be
minimized, at least for a given “good enough” value of the overpenalization factor C.

e the computational complexity of the procedure m(C), that we want to minimize—for a
given statistical performance—, or on which some upper bound is given—fixed budget.

V -fold cross-validation. The paper analyzes how the aboves three terms depend on V
when C = C‘\//FCV is a V-fold cross-validation procedure, under assumption (Reg). First,
by Lemma 1, its overpenalization factor is CVF(V) = 1 + 1/[2(V — 1)] € [1,3/2], which
decreases to 1 as V increases to +00. Second, by Theorem 6, its variance decreases as V
increases. Theoretical and empirical arguments in Sections 5 and 6 show that the variance
almost reaches its minimal value by taking, say, V' = 5 or V = 10. Third, by Section 7,
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its computational complexity is proportional to V' in general; in the least-squares density
estimation setting, it can be reduced to (n + V2) Card(A,,) .

These three results can explain why the most common advices for choosing V in the
literature (for instance Breiman and Spector, 1992; Hastie et al., 2009, Section 7.10.1)
are between V = 5 and V = 10. Indeed, taking V larger does not reduce the variance
significantly—with almost no impact on the risk of the final estimator—, and it reduces the
overpenalization factor although C7 is often larger than CV¥(10) = 19/18 or CV¥(5) = 9/8.
So, if C is not much larger than 1 + 1/8, which is likely to occur in many nonparametric
settings, taking V' =5 or 10 can be close to be optimal.

Nevertheless, other situations can occur, for instance in (practically) parametric settings
where C}; is much larger, possibly leading to the failure of the heuristic “5 < V' < 10 is almost
optimal”. More generally, understanding precisely how C‘\,/FCV performs as a function of V'
seems to be a difficult question: V influences the performance in two opposite directions
simultaneously, through the bias and the variance, so that various behaviours can result
from this coupling of bias and variance, as shown in the simulation experiments.

V-fold penalization. Lemma 1 shows that a natural way to solve this difficulty is to
consider instead a V-fold penalization procedure CFSH“/’)F , with overpenalization factor C' > 0.
The value C' = CVF(V) corresponds to V-fold cross-validation, but any other value of C

can also be considered, making it easier to understand. Indeed, the overpenalization factor

is directly given by C|, while the variance and computational complexity of Cpgn“/’ ¥ vary with
V—independently from C—exactly as for V-fold cross-validation. So, V' s oufd be taken

as large as possible—depending on the maximal computational budget available—, while C'
should be taken as close as possible to C}.

Compared to V-fold cross-validation, another interest of V-fold penalization is the im-
provement of the performance for a given computational cost, that is, a given value of V,
because it is then possible to take C closer to C* than CVF (V). This is especially true in
(practically) parametric settings for which C% > 3/2 > CVF(V) for all V > 2.

Data-driven overpenalization factor C. Although the paper shows that choosing
well C is a key practical problem, making an optimal data-driven choice of C remains an
open question which deserves to be studied, even independently from the analysis of cross-
validation procedures. We postpone such a study to future works, but we can already make
two suggestions. First, an external cross-validation loop can be used for choosing C, if the
computational power is not a limitation. Second, a procedure built for choosing between
AIC and BIC can be used in order to detect whether C should be close to 1 or significantly
larger (see, for instance, Liu and Yang, 2011 and references therein).
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Appendix A. Proofs

Before proving the main results stated in the paper, let us recall two simple results that
we use repeatedly in the paper. First, if (by)xea,, is a family of real numbers such that
> aeA,, b3 < oo, then

2
sup (Z a,\bA> = Z v . (30)
Xaeam RS\ xeA,, AEAm

The left-hand side is smaller than the right-hand side by Cauchy-Schwarz inequality, and
considering ay = bx/(D_ycn,, b2,)'/2 shows that the converse inequality holds true. Second,
for any probability distribution @ on X,

> (Qya) € argmin{Q(1)} (31)
AEA, tESm

a result which provides in particular a formula for s, and for s,,, by taking Q = P, and
Q) = P, respectively.

A.1 Proof of Lemma 1

Let us first recall here the proof of Eq. (7)—coming from Arlot (2008)—for the sake of
completeness. By (Reg),

P, — PP = l(

(Bx) _ pBL) (Bx) _ :E (Bx) _ pBi)
v P P, ) and P P, v (Pn P, ) )

n

Cl,B<m) = Pn’)/(gm) + penVF(ma B,V — 1)

= PG + U S (L0 — PR (55

K=1

— Poy(5im) + % ZV: (P — P )y (50
K=1
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= criteorr,vrev(m, B) .
Eq. (8) and (9) follow simultaneously from Eq. (35) below. Let £ be a set of subsets of
[n] such that
1 c
VAe&, |Al=p and EZREA):PH. (32)
Aeg

Let us consider the associated penalty
(49 (549 = 2¢ )
1= & (1~ ) (5) = 2 3 (10 2) ()
and the associated cross-validation criterion
crite (m) =T ZP(A) (4A )) ,

Aeg

When £ = B, we get the V-fold penalty penyy = peng and the V-fold cross-validation
criterion critypoy = critg, and Eq. (32) holds true with p = n/V under assumption (Reg).
When € = &, := {A C [n] s.t. |A| = p}, Eq. (32) always holds true and we get the leave-p-
out penalty pen; pn = peng and the leave-p-out cross-validation criterion crit;po = critg.

Let (1))xena,, be some orthonormal basis of S, in L?(u). On the one hand, using
Eq. (32), we get

peng(m,C) = ig Z (PéAC) - Pn) (§§§‘C)>

Aeg
=g 2 2 [(RE0) = Palen)) PE )]
AESAEA
|E! = A65<P ) Pn(%);e;gpyc)(%)]
QC g 2 Z[(P ) (an))?] . (33)
)\EA Aec&

On the other hand, using that P = TPy - %PT(LAC) by Eq. (32),

Crité'( ) - Pn’Y(/S\m)

!5\ [P 1(865) = PG|

By

m

(857) = 1Bl + 2Pu(Sn)|

5; 2P
- 5 () - en e+ nwn)ﬂ
AcE NeAnm,
([ A
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B <P - >I5\ 2 Z{( ) ‘(Pn(%ﬂ : (34)

AEA, A€E

where we used again Eq. (32). Comparing Eq. (33) and (34) gives

1
crite(m) = Ppy(5m) + peng <m7 % - 2) (35)
which implies Eq. (8) and (9). Eq. (10) follows by Lemma A.11 of Lerasle (2012). [ ]

We now prove the statements made in Remarks 2-3 below Lemma 1.

Proof of Remark 2 We first note that Eq. (10) can also be deduced from Celisse (2014,
Proposition 2.1), which proves

CritLpo(m,p) Z Z¢A fz i p+ ! Z ¢)\(62)¢)\(£])
n(n

)\GA i=1 1<i#j<n

Elementary algebraic computations then show that

critt,po (m,p) — Pn’)/(é\m)

9 —
= g 2 S a6 - —— Y n@nE) | 66
AEA, \ i=1 1<i¢j§n
hence for any p,p’ € [n],
n/p—1 . R n/p —1 . , ~
Wiy 172 (critepo(m, p) — Poy(8m)) = w1/ (critppo (m, p') — Poy(5m)) -

In particular, when p’ = 1, from Eq. (9), since penjpg(m,1,C) = penyoo(m, C),

n 1 n/p—1/2 n—1 1
PenLPo<m,p,p—2) = np—1 n—1/2 penLPO<m,1,n—2>
n/p—1/2
n/p—1 ) '

= pen,oo (m, (n—1)

Proof of Remark 3 Note first that the CV estimator of Massart (2007, Sec. 7.2.1, p.
204-205) is defined as the minimizer of

[5mlI* — Z > a&)va(§)

1<Z7£] <nAEAN,

= Pn'y(sm Z Zdj)\ gl - Z @Z}/\ Ez 7/&(5;) . (37)

)\EA i=1 l<z;é]<n
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On the other hand, from Eq. (36) and (9) with p = 1, we have

pengoo(m,n —1) = % oD o) - ﬁ D &)

AEA, \ i=1 1<i#j<n

Hence, from Eq. (37), the CV estimator is the minimizer of criteor, vrov (m, BLoo). Massart
(2007, Theorem 7.6) studies the minimizers of the criterion

~ C
Pary(m) + 3D >, 9al&) (38)
i=1 NeAp,

where C = (1 + €)® for any € > 0. Let a = C/n, so that a = (C — a)/(n — 1). Then, the
criterion (38) is equal to

(1-0)PAE)+ 2 T Y hE@ -5 Y Y v

n
AEA, i=1 AEAm 1<i#£j<n

SRR Ry S ) TN R DD DI I
n AEA, \ i=1 " AEA, 1<i#j<n

C—
a) peny oo(m,n — 1)]

=(1-a) |:Pn'7(§m) + 20 —a)

A.2 Proof of Proposition 4

Note that the two formulas given for W, in the statement of Proposition 4 coincide by
Eq. (30). The proof is decomposed into 3 lemmas.

Lemma 13 Let £, denote i.i.d. random variables taking value in a Polish space X, By
some partition of [n] satisfying (Reg), Sy, some separable linear subspace of L*(p) with
orthonormal basis ({x)ren,, and

U = Y XY Y (e - Pe) (i) - P . (39)

1<k£k'<V i€By, jEB AEAm

Then, the V -fold penalty is equal to

20 . 2ve
pennye(m. 5,C) = 7l = Sl = 7= 55U (m) (40)
V-1 —~ Dy,
and E[penVF <m,B, 2” =E[||sm — 5ml?] = o (41)
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Proof Let W; = %]lig B, and use the formulation (5) of the V-fold penalty as a resampling
penalty. Then,

penyyp(m,B,C) = C’IEW[(P,L — PXV) (w(A,I,/ZV)ﬂ
= 2CEw (P - P) ()]

- QCEW[(P,EV ~-P)EY fgm)] by (Reg)
—20 Y EW[((P,YV —Pn)(%)ﬂ
AEA,
=2C > Ew [((PJV — P)(x — Pw)ﬂ
AEA,
_ 2 Z Z % &) — Py (0a(&) — Py) (42)

)\GAm 1<i,j<n

where egF) = E[(W; — 1)(W; — 1)]. Since E[W;] =1 by (Reg) and

vVo? e .
‘/VZW] = (H) ]]‘J§£{JO,J1} if i€ BJO and J € B]l s

we get that egF) = (V —1)71if i and j belong to the same block and eEXF) =—(V-1)2
otherwise. So,

PGHVF(m B, C)

VT Z D0 (9(6) = Pun) (93(&) = PU) = U m)

)\GA k= 1( ’])EBk

2C 20V
= P,—P =t
o1 2 (=P = 7 gppUm)
AEAM,
and Eq. (40) follows by Eq. (3). Eq. (41) directly follows from Eq. (40). [ ]

Lemma 14 Let £, be i.i.d. random variables taking values in a Polish space X with com-
mon density s € L=(u), Spm a separable linear subspace of L*(i1) and denote by (1x)aea,,
an orthonormal basis of Sy, Let By, = {t € Sy s.t. |t]] <1}, Dy = Yozep, P(03) = llsml?
and assume that by, = supcp ||t|lco < 00. An absolute constant r exists such that, for any
x > 0, with probability larger than 1 — 2™, we have for every € > 0,

N D. D I|'s]| oo b2, z?
_ 2_Tm < -_m > m )
m = n ’ “n Tt (eAN1)n * (e N1)3n2

Proof By Eq. (3), ||sm—8m||* = supyeg,, [(Pn — P)(t)]* has expectation Dy, /n. In addition,
for any t € B,,,

Var (t(£1)) </t28du Isllool#? < llslloo (43)
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which gives the conclusion thanks to a result by Lerasle (2011, Theorem 4.1 of the supple-
mentary material), which is recalled in the Online Appendix (Proposition 29 in Section F'). B

Lemma 15 Assume that &[] is a sequence of i.i.d. real-valued random variables with com-
mon density s € L>(u) and Bpyy is some partition of [n] satisfying (Reg). Let Sy, denote
a separable subspace of L*(u) with orthonormal basis (Y))xen,, such that

b = sup  |[t]leo < F00 .
tESm,||t]|<1

Let U(m) be the U-statistics defined by Eq. (39). Using the notations of Lemma 14, an

absolute constant k exists such that, with probability larger than 1 — 6e™%,

Um)| < 3v/(V = 1)[[s]loc D +H<Hs\oom L (B Hst)xz) |

VVn n n?

Hence, an absolute constant k' exists such that, for any x > 0, with probability larger than
1—6e~", for any 6 € (0,1],

2 2.2
|U(m)| ggDm_H{/(HSHoofC n (2, + |Is]|*)x ) .

n On n2

Proof For any x,y € R and 7,5 € [n], let us define

Un(z,y) = > (¥a(x) — Pia) (¥aly) — Py)

AEAM

and  g;j(z,y) = Un(®, ¥) L3k pre[v] st kzk!,icBy, jeB,/}

n i—1 V k-1
so that n2 ZZQW 5175] 2 Z Z Z Un, (fuﬁ]) .
i=2 j=1 k=2 k'=141€B,jEB;

From Houdré and Reynaud-Bouret (2003, Theorem 3.4), an absolute constant  exists such
that, for any > 0 and € € (0, 1],

=.3/2 .2
]P<|U(m)| > (4+e)Af+/<;<B€m + Cfg + Dg)]) <6e™ . (44)
n 1—1
ZQ = ZZE[Q’L,j(gZaf])Q] ’
i=2 j=1
o n t—1
=supq E ZZGZ 51 5] g’l,j(fhgj)
=2 j=1

such that <1 and E

E|Y ai(&)
=1

ib?(fz’)] < 1} :

=1
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n
2 —_
C” =sups ¥ Egi1(&,2)*] ¢ and D = supl|gi;(z,y)| -
z€R i—2 T,y
It remains to upper bound these different terms for proving the first inequality, and the
second inequality follows. First,

) 2

BV = X E[Wa©) - Pu) (e - Pin)|

AEAM N EA,

Z( sup E

(Val&1) = Pa) D ax(dn (&) — Piv)

AEA Z/\’eAm ai,él NeAn
2
- Z <sup E[(w,\(&) — P¢A) (t(fl) - P(ﬂ)})
AEA teB,
< Dy sup E[(t(fl) - P(t)ﬂ
teEB,
< 15lloo D by Eq. (43) (45)

so that

v 2V —
P-YY Y B[] < VY,

2V
k=2 k'=14€By,j€B8;,

Second, let ay,...,an,b1,...,b, be functions in L?(u) such that

Zn:bzz(fi)] <1.
i=1

Using successively the independence of the &; and that a3 < (a?+ 32)/2 for every a, 3 € R,
for every i # j,

E

Za?(@)] <1 and E
i=1

[E[ai(€)b,(&)Un )]

> E[a6) (0a(6) — Pa) [E[by(6) (9a(&) - Puin)] ‘

AEA,

3 X (Bfa@a@ - Po)] B e - Pe] ) - a0

2
AEA,

N

Now, we have, for every ¢ € [n], using Eq. (30), Cauchy-Schwarz inequality and the fact
that for every t € L?(u), Var(t(£1)) < ||s|loollt]|?,

2
> E[%(ﬁi)@A(&) - Pﬂ}/\)r =L e (]E |:ai(£i) > &) - P(t/\%\)] )

AEAm Saeam X AEAM

41



ARLOT AND LERASLE

- s (Elate e - P)] )

< Efai(&)?] sup Var(t(&1)) < E[ai(€)?]lIs]leo -

teB,
Plugging this bound in (46) yields
[ [aa(605 (65U (€6, 69)] | < 0= (B [os(60)”] + £ [13(6)7)) )
hence
B <nl8]co -

Third, for every z,y € R, let g.(y) = ZAeAm (Ya(x) — Pi/o\)w)\(y) so that
lgal® = D (ale) = Pa)? <2 D (Ua(@)* +2 D (Pyy)?

AEAM AEAM AEA,
= 20 (@) + 2 sml? < 2(82, + llsm ) -

Then,
E[Un (€, 2)?] = Var(g:(6) < lgal?slloc < 2(8% + Isml?) Islloc (48)
and, using (Reg), we get that
—2 _2n(V —-1)
C* < = (8 + sl slos -
Fourth, from Cauchy-Schwarz inequality, for every z,y € X,
2
Un(,) S sup 3 (vala) = Pun)” < 285, + llsm ) (49)
)\GA
Hence,
D <28, + llsml?)
and we get the desired result. |

Let us conclude the proof of Proposition 4. From Lemmas 13 and 15, an absolute
constant x exists such that, with probability larger than 1 — 6e~*, for every € € (0, 1],

[penye(m, V.V = 1) = 2]lsm — 5

b2 2\ .2
= 2 jm) < E?Howuwﬂ(mnsn )x)' (50)

en n2

Using in addition Lemma 14, we get that an absolute constant ' exists such that with
probability larger than 1 — 8e™7, for every e € (0, 1], Eq. (50) holds true and

2Dy, D b2 =3 4 ||s][2) 22
penyp(m,V,V —1) — =] < €m+,€<||5||oo$ n (b2,€ Bl E: ’
n

n en n?

which implies Eq. (15) and (16). [ |
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A.3 Proof of Theorem 5

By construction, the penalized estimator satisfies, for any m € M,
I8 — sl = (pema(m) — penyp (7, V,C(V = 1))
< [5m = sll” + (penyg (m, V. C(V = 1) = pen(m) ) -
Now, by Eq. (2) and (3), peniq(m) = 2[|8m — sml|* + 2(P, — P)(sm), hence
I8 = I < 3 = s + [penw m, V.0V = 1)) = 25 = 5ul?]
V= 1)) = 28 = 55| +2(Pa = P)(sm — 57
= [[5m — sl + [penVF mV,C(V = 1)) = 2C s — 5]
V= 1)) = 2|5 = 5all?] +2(Pa = P)(sm — 57)
+2(C - 1>(u§m — smll® = 55 — sml?) - (51)
Let x > 0 and z;,, = log(]M,|) + . A union bound in Proposition 4 gives

P(Em € My, e€(0,1] s.t. |penVF(m, V.,V —1)—2|sm — /5\m||2‘

Dm —Tn __ —x
>en—|—/-£,01(m,e,s,:nn,n)> <8 Z e = 8e Z

meMy, meMy, ’ n‘

and a union bound in Lemma 14 gives

IP(EIm e M,, ec(0,1] s.t.

~ D D
I$m — smH2 - nm‘ > eTm + ﬂpl(m,ejs,xn,n)>

<2 Z et =2e"" . (53)

mEMn
It remains to bound 2(P, — P)(8;, — S$p) uniformly over m and m’ in M,,. In order to

apply Bernstein’s inequality, we first bound the variance and the sup norm of s,, — s,/ for
some m,m’ € M,. Since s € L*>(u),

Var((sm - Sm’)(fl)) < Islloollsm — Sm’H2 .

Under assumption (H2)

[8m — 8m/lloo < [[$mlloe + I8mlloo < 2a .

Under assumption (H2'), s, — Sy € Sy for some m” € {m, m'}, hence by (H1) we have
I$m = smlloo < bnurl[sm — e[| < VllSm = snv | -
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Therefore, by Bernstein’s inequality, for any x > 0, for any m, m/, with probability larger
than 1 —e™%, for any € € (0, 1],

2x Var((sm — Sm')(&)) [8m — SmllooT
+
n 3n
/@(Ax +:L“2)

€n

(Pa = P)(sum — sur) < \/

< €l[sm — s ||> +

for some absolute constant x, where the last inequality is obtained by considering separately
the cases (H2) and (H2'), and by using that for every a, 8,¢ > 0, a3 < ea? + (32)/(4e).
A union bound gives that for any z > 0, with probability at least 1 — | M, |22, for every
m,m’ € M,, and every € € (0, 1],

R(Ax + a:2)

€n

(Py — P)(Sm — Sm) <6H8m—8m/||2—|— (54)

for some absolute constant x. Plugging Eq. (52), (53) and (54) into Eq. (51) and using that
C € (1/2,2] yields that, with probability 1 — (]M,|? + 10)e™%, for any € € (0,1/2],

-~ 2 -~ 2 Dy, Dp,

(I —4e)|lsm — sl|I” < (1 +4e)||sm — s||” + (04 + 46)7 + (6- + 36)7

Ax + x2>

+ K‘<p1(m76787xan) + pl(m7€787x7n) +
en

< (1464 4 166)(|8m — 8|12 + (09— + 86) |57 — sml|?

Ax + x2>

+ Rl(ﬂl(m7 67871.7”) "‘Pl(ﬁ% 6787$7n) +
en

for some absolute constants x, k' > 0. Since b,, < /n for all m € M,,, we get

A 2 2llslloo + A)x 92512 2
2 sup pi(m,e s,x,n)+ T+ < (2/l5l0o ) n (3+||3H>§
meMy, en en n e3n

for every e € (0,1]. Hence, with probability larger than 1 — (|M,|?> + 10)e™®, for any

e € (0,1],
el + )z (HH)] (59

1—6_ —€ . =N
m”sﬁm —s|? < 15w — 8| + &

for some absolute constant x > 0. To conclude, we remark that Eq. (17) clearly holds true
when |M,| = 1, so we can assume that |[M,| > 2. Therefore, for every z > 0, Eq. (55)
holds true with probability at least

1— (\Mn|2 n 10)97” > 1 [Myfte™ > 1 — o oHtloglMal

So, if we replace = by 4z, > x+4log |M,| in Eq. (55), we get that Eq. (17) holds true with
probability at least 1 — e™® for some absolute constant x > 0, slightly larger than the one
appearing in Eq. (55). [ |
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A.4 Proof of Theorem 6
For every z,y € X and m € {my, ma}, let Ky (2,y) := > \cp, ¥a(2)¥a(y) and remark that

Un(z,y) = > (¥alz) = Pa) (¥aly) — P)

AEAM
= Kmn(,) = sm(2) = sm(y) + [ smll* - (56)

For every x € X, Ky (z,7) = ¥, (z) by Eq. (30), Up(x,2) = U, (x) — 25, () + ||sm > and,
by independence, for every m, m’ € {my,ms}
Cov (U (&1, 62), U (61, €2))
= Y E {(%(fl) — Py ) (a(&2) — Pon) (o (61) — Piowr) (1o (§2) — P%/)]

)\GAm,)\IGAm/

= Z E[(wA(fl) — Plﬂ)\) (lﬂ)\f(&) — P@bx)r — 5(m,m’) :

NEAm,NEA,

hence, Var(Up, (&1,€2) — U, (€1, &2)) = B(mi, ma). For every m € {m1,ma}, by Eq. (56),

~ 1
Pn7(5m> = = Z (inA)2 = _ﬁ Z Km(gufj) (57)
AEAm 1<i,j<n
= Z Un gng Zsm gz + HSmHQ :
l<z,j<n

Moreover, by Eq. (42) in the proof of Lemma 13,

20 (VE) 7
penyy (m, B, C(V — Z E Un (&, &)
1<z,]<n
. . Vi
where VI,J e {l,...,V},Vie By, Vj e By, Ef\]/F) 1_% = (V- 1)l
It follows that
20E," 1 =25 (&;
Cop(m) = Z #Um(éi,fj) + Z n() + llsml? - (58)
1<ij<n i=1

Hence, up to the deterministic term ||sy, %, Co,5(m) has the form of a function C,, defined
in Lemma 16 below with

QC’E(VF) _
—_— fm = 25m and

n2 n

Wij = o, =1 .

It remains to evaluate the quantities appearing in Lemma 16 for these weights and function.
First,
F) - VF)) 2
ZE(V and Z(E%(ﬂ ) =n .
i=1
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Second, by (Reg),

It follows that

1<ign =1
1 4C% (20 —1)?
. _9
1<i#j<n 1<i#j<n

Hence, from Lemma 16, for every m,m’ € {my, ma},

2 _1)2
COV(CqB(m),CqB(m’)) = n22<1 + ‘;lg 1 - (2071 1) )B(Tn,m/)
+@%;n2
=220 G (U (€, €). 80 (€)) + Cov (U (€.8), 50(6))]

2 4C%  (2C —1)? ,
O e R e L

2 (6.9) 250, 2

Cov(Un(&,€), Un (£,€)) + % Cov (s (€), s,/ (€))

n2

+1COV(
n

U (6,6) - 2smf<s>> |

Therefore,

2

2 2
Vmica80n0)==n2<l+ io” ey

V-1  n
U069 - 259
4C* (20 —1)?
V-1 n

20 (1 (€,6) — Unna€, s)))

n

) Var(Um1 (£,8) — Um2(§1,f2))

)BUHLWH)

1
+ Var(
n

and Var(Co,g(m1) — Cop(mz)) = % <1 + >B(m17 ma)

+ iVar(Q(sml — Smy) (&) —

_2( 40 (20 -1)?
V-1 n

n2

N :}LVM<<1 L= 1>(5m1 o) (@) = 2 w0 - \Ime(é))> :

n 2n

which concludes the proof.
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Lemma 16 Let C,, = Zlgi’jgnm,ij(&,{j) + >0 1 Tifm(&), where Uy, is defined by
Eq. (56) and fn, € L*(p). For every m,m’, we have

Cov(Crns Co ( Z w”+w”wﬂ) Cov(Un(&1,&2), Uny(&1,£2))

1<i#j<n

+ (Z wf@) Cov(Um(é1,61), U (&1,61))

(Z wmaz> |Cov (Un(&1,60); fo (61)) + Cov (U (&1, 60), fn(1)) |

(Za ) Cov(fm(&1), fur(&1)) -

Proof We develop the covariance to get

Cov(Cr, Cpr) = Z Wi jwke Cov (U (&ir &), Unr (€ks €0))

1<4,5,k,4<n

+ Z wmﬁk COV(Um(élvé-J)?fm’(ék))

1<i,j,k<n

+ Z wi,jak COV(Um’(Sl)§J)7fm(£k))

1<i,j,k<n

4 Z EiEjCOV(fm(gi)vfm’(gj)) :

1<i,j<n

The proof is then concluded with the following remarks, which rely on the fact that the
random variables £, are independent and identically distributed.

1. Cov(fm(&), fim(&5)) = 0 unless i # j, therefore

Z 00 COV(fm(gz fm 5] (ZU ) COV fm fl) fm’(fl)) .

1<i,5<n

2. By definition (56) of Uy, Cov(Un(&,&)), fms(&k)) = 0 unless i = j = k, hence

Z Wi, j0k COV(Um(§i7 f]) fm’ ék <Z Wi z‘ﬂ) COV (517 €1)7 fm’ (gl)) .

1<i,j,k<n

3. By definition (56) of Up,, Cov(Um (&, &), Un(ék,&)) = O unless i = j = k = £ or
i=k#*j=flori=/{%#j=k. It follows that

Z Wi jWg COV( (fu f]) (gka 54))

1<, 5,k ,0<n
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I<i#j<n

( Z wz?,jermwM Cov(Un(&1,&2), Upy (€1, &2))
+

<Z w%) COV(Um(&, &), Upw (&1, fl)) _
i=1
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