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Abstract

This paper presents a general vector-valued reproducing kernel Hilbert spaces (RKHS)
framework for the problem of learning an unknown functional dependency between a struc-
tured input space and a structured output space. Our formulation encompasses both
Vector-valued Manifold Regularization and Co-regularized Multi-view Learning, providing
in particular a unifying framework linking these two important learning approaches. In the
case of the least square loss function, we provide a closed form solution, which is obtained
by solving a system of linear equations. In the case of Support Vector Machine (SVM)
classification, our formulation generalizes in particular both the binary Laplacian SVM to
the multi-class, multi-view settings and the multi-class Simplex Cone SVM to the semi-
supervised, multi-view settings. The solution is obtained by solving a single quadratic op-
timization problem, as in standard SVM, via the Sequential Minimal Optimization (SMO)
approach. Empirical results obtained on the task of object recognition, using several chal-
lenging data sets, demonstrate the competitiveness of our algorithms compared with other
state-of-the-art methods.

Keywords: kernel methods, vector-valued RKHS, multi-view learning, multi-modality
learning, multi-kernel learning, manifold regularization, multi-class classification

1. Introduction

Reproducing kernel Hilbert spaces (RKHS) and kernel methods have been by now estab-
lished as among the most powerful paradigms in modern machine learning and statistics
(Scholkopf and Smolal |2002; |Shawe-Taylor and Cristianini, 2004). While most of the lit-
erature on kernel methods has so far focused on scalar-valued functions, RKHS of vector-
valued functions have received increasing research attention in machine learning recently,
from both theoretical and practical perspectives (Micchelli and Pontil, [2005; |Carmeli et al.)
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20006; Reisert and Burkhardt|, [2007; |Caponnetto et al., |2008; |Brouard et al., |2011; [Dinuzzo
et al.l 2011; Kadri et al.| [2011; Minh and Sindhwani, 2011} Zhang et al., [2012; |Sindhwani
et al., 2013). In this paper, we present a general learning framework in the setting of
vector-valued RKHS that encompasses learning across three different paradigms, namely
vector-valued, multi-view, and semi-supervised learning, simultaneously.

The direction of Multi-view Learning we consider in this work is Co-Regularization, see
e.g. (Brefeld et al.,2006; |Sindhwani and Rosenberg), 2008; Rosenberg et al., |2009; [Sun, [2011]).
In this approach, different hypothesis spaces are used to construct target functions based
on different views of the input data, such as different features or modalities, and a data-
dependent regularization term is used to enforce consistency of output values from different
views of the same input example. The resulting target functions, each corresponding to one
view, are then naturally combined together in a principled way to give the final solution.

The direction of Semi-supervised Learning we follow here is Manifold Regularization
(Belkin et al., 2006} |[Brouard et al [2011; Minh and Sindhwani, 2011)), which attempts to
learn the geometry of the input space by exploiting the given unlabeled data. The latter
two papers are recent generalizations of the original scalar version of manifold regularization
of (Belkin et al., 2006) to the vector-valued setting. In (Brouard et al., [2011]), a vector-
valued version of the graph Laplacian L is used, and in (Minh and Sindhwani, 2011)), L is
a general symmetric, positive operator, including the graph Laplacian. The vector-valued
setting allows one to capture possible dependencies between output variables by the use of,
for example, an output graph Laplacian.

The formulation we present in this paper gives a unified learning framework for the
case the hypothesis spaces are vector-valued RKHS. Our formulation is general, encom-
passing many common algorithms as special cases, including both Vector-valued Manifold
Regularization and Co-regularized Multi-view Learning. The current work is a significant
extension of our conference paper (Minh et al. 2013). In the conference version, we stated
the general learning framework and presented the solution for multi-view least square re-
gression and classification. In the present paper, we also provide the solution for multi-view
multi-class Support Vector Machine (SVM), which includes multi-view binary SVM as a
special case. Furthermore, we present a principled optimization framework for computing
the optimal weight vector for combining the different views, which correspond to different
kernels defined on the different features in the input data. An important and novel feature
of our formulation compared to traditional multiple kernel learning methods is that it does
not constrain the combining weights to be non-negative, leading a considerably simpler
optimization problem, with an almost closed form solution in the least square case.

Our numerical experiments were performed using a special case of our framework,
namely Vector-valued Multi-view Learning. For the case of least square loss function, we
give a closed form solution which can be implemented efficiently. For the multi-class SVM
case, we implemented our formulation, under the simplex coding scheme, using a Sequen-
tial Minimal Optimization (SMO) algorithm, which we obtained by generalizing the SMO
technique of (Platt, [1999) to our setting.

We tested our algorithms on the problem of multi-class image classification, using three
challenging, publicly available data sets, namely Caltech-101 (Fei-Fei et al., 2006), Caltech-
UCSD-Birds-200-2011 (Wah et al., 2011)), and Oxford Flower 17 (Nilsback and Zisserman),
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2006). The results obtained are promising and demonstrate the competitiveness of our
learning framework compared with other state-of-the-art methods.

1.1 Related Work

Recent papers in the literature that are closely related to our work include (Rosenberg et al.|
2009; Sun, [2011} [Luo et al., 2013alb; |[Kadri et al., 2013). We analyze and compare each of
these methods to our proposed framework in the following.

In the scalar setting, two papers that seek to generalize the manifold regularization
framework of (Belkin et al., |2006) to the multi-view setting are (Rosenberg et al., [2009;
Sun, [2011). In (Sun, 2011), the author proposed a version of the Multi-view Laplacian
SVM, which, however, only deals with two views and is not generalizable to any number of
views. In (Rosenberg et al., [2009), the authors formulated a version of the semi-supervised
Multi-view learning problem for any number of views, but instead of solving it directly
like we do, they proposed to compute the Multi-view kernel and reduce the problem to
the supervised case. One problem with this approach is that the Multi-view kernel is
complicated analytically, which makes it difficult to implement efficiently in practice. It is
also unclear how this approach can be generalized to the multi-class setting.

In the vector-valued setting, papers dealing with multi-view learning include (Luo et al.|
2013aub), where each view is used to define a kernel and a graph Laplacian, and the resulting
kernels and graph Laplacians are respectively linearly combined to give the final kernel
and final graph Laplacian. Thus this approach does not take into account between-view
consistency as in our approach. In (Luo et al., 2013a), which generalizes the vector-valued
regularization formulation of (Minh and Sindhwani, 2011), the loss function is the least
square loss. In (Luo et al., |2013b), the authors employed a multi-class SVM loss function,
which is the average of the binary SVM hinge loss across all components of the output
vector. To the best of our knowledge, we are not aware of any theoretical result on the
statistical consistency of this loss function.

In the direction of multi-class learning, many versions of multi-class SVM have appeared
in the literature, e.g. (Lee et al., 2004; Weston and Watkins, 1999; Crammer and Singer),
2001; Mroueh et al., [2012)). In this paper, we employ a generalization of the multi-class
Simplex Cone SVM (SC-SVM) loss function proposed in (Mroueh et al., [2012), where it
was proved to be theoretically consistent.

Another work dealing with multi-view learning in the vector-valued approach is (Kadri
et al.l 2013), which considers multi-view learning from the multi-task learning perspective,
see e.g. (Evgeniou et al. [2005), where different views of the same input example correspond
to different tasks which share the same output label. Their formulation does not have
an explicit view combination mechanism and is restricted to scalar-valued tasks and the
supervised setting. The resulting optimization problem is vector-valued regularized least
square regression in (Micchelli and Pontil, [2005)), which is a special case of our general
learning framework.

Our multi-view learning approach can also be viewed as a form of multiple kernel learn-
ing, but it is different from typical multiple kernel learning approaches, see e.g. (Bach
et al., 2004; Bucak et al.| [2014)) in several aspects. First, it is formulated in both supervised
and semi-supervised settings. Second, it incorporates between-view interactions. Third,
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it makes no mathematical constraints, such as non-negativity, on the combining weights.
This last aspect of our framework contrasts sharply with typical multiple kernel learning
methods, which need to constrain the combining weights to be non-negative in order to
guarantee the positive definiteness of the combined kernel. As a consequence, our opti-
mization procedure for the combining weights is considerably simpler and has an almost
closed form solution in the least square case. We give a brief technical description on the
connections between our framework and multiple kernel and multi-task learning in the final
part of the paper. Empirically, experimental results reported in the current paper show
that our framework performs very favorably compared with state of the art multiple kernel
learning methods.

We compared the proposed framework from a methodological point of view with ap-
proaches that focus on combining different features in the input data. Our work is com-
plementary to other approaches such as (Zeiler and Fergus, 2014; [Razavian et al., 2014; |He
et al.l 2015), which are focused on engineering or learning the best features for the task at
hand. In fact, an interesting research direction would be the application of our framework
on top of those methods, which will be explored in a future work.

1.2 Our Contributions

Our learning framework provides a unified formulation for Manifold Regularization and
Co-regularized Multi-view Learning in the vector-valued setting. In particular, it general-
izes the Vector-valued Manifold Regularization framework of (Minh and Sindhwani, 2011])),
which was formulated in the single-view setting, with the least square loss, to the multi-view
setting, with both least square and multi-class SVM loss functions. Consequently, it gen-
eralizes the Vector-valued Regularized Least Square formulation of (Micchelli and Pontil,
2005), which was formulated in the supervised, single-view settings, with the least square
loss, to the semi-supervised, multi-view settings, with both the least square and multi-class
SVM loss functions.

For the case of SVM classification, our framework is a generalization of the multi-
class SC-SVM of (Mroueh et al., 2012), which is supervised and single-view, to the semi-
supervised and multi-view learning settings. The loss function that we employ here is also
a generalization of the SC-SVM loss functions proposed in (Mroueh et al., 2012)). We also
show that our formulation is a generalization of the semi-supervised Laplacian SVM of
(Belkin et al., |2006)), which is binary and single-view, to the multi-class and multi-view
learning settings.

The generality and advantage of our vector-valued RKHS approach is illustrated by the
fact that it can simultaneously (i) deal with any number of classes in multi-class classifica-
tion, (ii) combine any number of views, (iii) combine the views using an arbitrary weight
vector, and (iv) compute all the different output functions associated with the individual
views, all by solving a single system linear of equations (in the case of least square loss)
or a single quadratic optimization problem (in the case of SVM loss). To the best of our
knowledge, this work is the first attempt to present a unified general learning framework
whose components have been only individually and partially covered in the literature.

Our optimization framework for computing the optimal weight vector for combining the
different views is also novel compared to typical multiple kernel learning methods in that
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it does mot constrain the combining weights to be non-negative, leading to a considerably
simpler optimization problem, with an almost closed form solution in the least square case.

1.3 Organization

We start by giving a review of vector-valued RKHS in Section |2 In Section |3 we state the
general optimization problem for our learning formulation, together with the Representer
Theorem, the explicit solution for the vector-valued least square case, and the quadratic
optimization problem for the vector-valued SVM case. We describe Vector-valued Multi-
view Learning in Section [4] and its implementations in Section [5] both for the least square
and SVM loss functions. Section [6] provides the optimization of the operator that combines
the different views for the least square case. Empirical experiments are described in detail
in Section [7} Connections between our framework and multi-kernel learning and multi-task
learning are briefly described in Section |8} Proofs for all mathematical results in the
paper are given in Appendix [Al

2. Vector-Valued RKHS

In this section, we give a brief review of RKHS of vector-valued functionsﬂ for more detail
see e.g. (Carmeli et al.,|2006; Micchelli and Pontil, 2005} |Caponnetto et al., [2008; Minh and
Sindhwani, 2011)). In the following, denote by X a nonempty set, W a real, separable Hilbert
space with inner product (-, -)yy, £L(WW) the Banach space of bounded linear operators on W.
Let W? denote the vector space of all functions f : X — W. A function K : X x X — L(W)
is said to be an operator-valued positive definite kernel if for each pair (z,2) € X x X,
K(z,2)* = K(z,z), and
N

D (i K (@i, 25)y;)w > 0 (1)

ij=1
for every finite set of points {z;}X | in & and {y;}&, in W. Given such a K, there exists
a unique W-valued RKHS H g with reproducing kernel K, which is constructed as follows.
For each € X and y € W, form a function K,y = K(.,z)y € W¥ defined by

(Kyy)(z) = K(z,z)y forall ze€ X.
Consider the set Ho = span{K,y | * € X, y € W} ¢ W¥. For f = Zf\il Ky, wi,
g= Zf\il K., yi € Ho, we define the inner product

N

(1,9 e = D (wi, K (2, 2)y;)w,

4,j=1

which makes H( a pre-Hilbert space. Completing Hy by adding the limits of all Cauchy
sequences gives the Hilbert space Hy. The reproducing property is

(f(x),y)w = (f, Kzy)n, forall feHg. (2)

1. Some authors, e.g. (Kadri et al., |2011)) employ the terminology function-valued, which is equivalent to
vector-valued: a function is a vector in a vector space of functions (e.g. a Hilbert space of functions),
and an n-dimensional vector is a discrete function defined on n points.
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Sampling Operators. For each x € X, let K, : W — H g be the operator with K,y
defined as above, then

1Koyl = (B (z, )y, y)w < [|K (@, 2)|| |yl

which implies that
1Kz e W = Hi|| < V[ K (2, 2)]],

so that K, is a bounded operator. Let K : Hx — VW be the adjoint operator of K, then
from , we have
flz)=K;f forall zeX feHg. (3)

From this we deduce that for all x € X and all f € Hg,

1 @) < Bl < VITE @ @) ]

that is the sampling operator S, : Hx — VW defined by

is bounded. Let x = (v;)!_, € X!, I € N. For the sampling operator Sy : Hx — W! defined
by Sx(f) = (f(@:))i_y, for any y = (y;)i_y € W',

l l

(S ¥)w =D _(F@a), yidyw = D> (K, f i)
i=1 i=1
I

l
S K = (53 K
=1

i=1
Thus the adjoint operator S : W! — Hp is given by

l

Sey = Si(yr, - m) =Y Kayi, y €W, (4)
=1

and the operator SxSx : Hx — Hx is given by
! !
i=1 i=1

Data-dependent Semi-norms. Let (z1,...,7,4) C X, u,l € N. Let M : Wutl —
wutl ¢ LOW¥H) be a symmetric, positive operator, that is (y, My)yyu+t > 0 for all y €
WUH For f € Hi, let £ = (f(x1),..., f(zups)) € W¥H The operator M : Wutl — yutl
can be expressed as an operator-valued matrix M = (MU);‘;il of size (u+1) x (u+1), with
each M;; : W — WV being a linear operator, so that

u+l u+l
(MfE); = Myf; => M f(x;). (6)
P =1
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We can then define the following semi-norm for f, which depends on the x;’s:

u+l
(£, ME)yyurt = > (), My f ())w- (7)
ij=1
This form of semi-norm was utilized in vector-valued manifold regularization (Minh and
Sindhwani, 2011).

3. General Learning Framework

In this section, we state the general minimization problem that we wish to solve, which
includes Vector-valued Manifold Regularization and Multi-view Learning as special cases.

Let the input space be X, an arbitrary non-empty set. Let ) be a separable Hilbert
space, denoting the output space. Assume that there is an unknown probability measure p
on X x Y, and that we have access to a random training sample z = {(z;, ;) }._; U {xl}?ila_l
of [ labeled and u unlabeled examples.

Let W be a separable Hilbert space. Let K : X x X — L(W) be an operator-valued
positive definite kernel and H g its induced Reproducing Kernel Hilbert Space of W-valued
functions.

Let M : WUt — W¥H be a symmetric, positive operator. For each f € Hy, let

f= (f(x1>7"'7f(mu+l)) e Wt (8)

Let V: Y x Y — R be a convex loss function. Let C' : W — Y be a bounded linear
operator, with C* : ) — W its adjoint operator.
The following is the general minimization problem that we wish to solve:

l
farn = argminfe?—[;{% D Vi, Cf (1) +vall I + i (E ME)yyuc, (9)
i=1
with regularization parameters y4 > 0, y7 > 0.

Let us give a general multi-view learning interpretation of the different terms in our
framework. If each input instance x has many views, then f(z) € W represents the output
values from all the views, constructed by their corresponding hypothesis spaces. These
values are combined by the operator C' to give the final output value in ), which is not
necessarily the same as W. In @, the first term measures the error between the final output
Cf(x;) for z; with the given output y;, 1 <1 <.

The second summand is the standard RKHS regularization term.

The third summand, Multi-view Manifold Regularization, is a generalization of vector-
valued Manifold Regularization in (Minh and Sindhwani, 2011)) and Multi-view Point Cloud
regularization in (Rosenberg et al.,|2009): if there is only one view, then it is simply manifold
regularization; if there are many views, then it consists of manifold regularization along each
view, as well as consistency regularization across different views. We describe one concrete
realization of this term in Section [£.21

Remark 1 The framework is readily generalizable to the case the point evaluation func-
tional f(x) is replaced by a general bounded linear operator. We describe this in Appendiz
Bl
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3.1 Representer Theorem
The minimization problem @D is guaranteed to always have a unique global solution, whose

form is given by the following Representer Theorem.

Theorem 2 The minimization problem (@ has a unique solution, given by f = Z;Lill Ky, a;
for some vectors a; e W, 1 <i<u+1.

In the next two sections, we derive the forms of the solution f, - for the cases where V' is
the least square loss and the SVM loss, both in the binary and multi-class settings.

3.2 Least Square Case
For the case V is the least square loss function, we solve the following problem:

l
. 1
fary = argmingey, S g = CE@)lly + vall Il + v ME) s, (10)
=1

which has an explicit solution, given by the following.

Theorem 3 The minimization problem (@ has a unique solution f,, = Z;“”Ill Ky, a;,
where the vectors a; € W are given by

u+l u+1
l'y[ Z MikK({Bk, :L'j)aj + C*C(Z K(xi, wj)aj) + l')’Aai = C*yi; (11)

for1 <1<, and
u+l
Y MK (wy, 25)a; +vaa; =0, (12)
jk=1

foril+1<i<u+I.

3.2.1 OPERATOR-VALUED MATRIX FORMULATION

The system of equations and can be reformulated in matrix form, which is more
readable and more convenient to implement efficiently. Let K [x]| denote the (u+1) x (u+1)
operator-valued matrix whose (7, j) entry is K (x;,x;). Let JlW’“+l s Wt Wutl denote
the diagonal matrix whose first | entries on the main diagonal are the identity operator
I:W — W, with the rest being 0. Let C*C : W¥+ — WuH be the (u +1) x (u + 1)
diagonal matrix, with each diagonal entry being C*C : W — W. Let C* : Y} — WUt be
the (u + 1) x I block matrix defined by C* = I, 41)x; ® C*, where [,y = [I1, 07xu)” and
c*: Yy - W.

Theorem 4 The system of equations and (@ in Theorem@ s equivalent to
(C*CIV" MK [x] + Iy MK[x] + ly4l)a = C*y, (13)

which has a unique solution a, where a = (a1, ...,ay11), ¥ = (y1,-..,y;) are considered as
column vectors in W¥tt and V', respectively.
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3.3 Vector-valued Multi-view SVM

In this section, we give the solution of the optimization problem @D when V' is a gener-
alization of the binary SVM hinge loss function to the multi-class setting. We first point
out one main difference between the least square and SVM cases. In the least square case,
there is a natural generalization from the scalar setting to the vector-valued setting, which
we treated in the previous section. In contrast, in the SVM case, many different versions
of the multi-class SVM loss function have been proposed. In the following, we consider
a generalization of the Simplex Cone SVM (SC-SVM) loss function proposed by (Mroueh
et al., [2012), where it was shown to be theoretically consistent.

Let the input space X be an arbitrary non-empty set and the output label space be the
discrete set cl()) = {1,..., P}, with P € N, P > 2, representing the number of classes. In
this setting, the random sample z = {(z;,1:)}_; U {z;}!7}, | is drawn from X x cl(Y).

Let W be a separable Hilbert space, K : X x X — L(W) be a positive definite kernel with
value in the Banach space of bounded linear operators £(W) on W, and H be the RKHS of
Wh-valued functions induced by K. Let ) be a separable Hilbert space. Let S = [s1,...,sp]
as a matrix, which is potentially infinite, with the ith column being s; € ), then S can be
considered as a linear operator S : R — Y, so that for b = (b;)£ |, Sb = Zil bis;.

Let C : W — Y be a bounded linear operator. Consider the following minimization
problem
1 P
7 > max (0, = (sk, sy, )y + (s, Cf (:))y)
1 k=1,k#y;

+all 1 + 1€, ME)ypust, (14)

l
Jzy = argmingcy

)

with regularization parameters yv4 > 0 and ~; > 0.

The components of and their multi-class and multi-view learning interpretations
are as follows.

The vectors si’s in S represent the P different classes. One particular case for S, which
we employ in our numerical experiments, is the simplex coding for multi-class encoding, see
e.g. (Hill and Doucet, 2007; Wu and Lange, 2010; Saberian and Vasconcelos, 2011; Mroueh
et al., |2012). Recall that a simplex coding is a map s : {1,..., P} — RP~! such that:
(i) [|skl]?> = 1; (i) (sj,sx) = —pg, J # k; and (iii) Yp_; sk = 0. The simplex codes
si’s form P maximally and equally separated vectors on the sphere S¥=2 in RP~1, each
representing one category. For example, for P = 3, one set of three R?-valued code vectors
is: 51 = (1,0), 89 = (—=1/2,1/3/2), s3 = (—1/2,—+/3/2). In general, the simplex codes can
be computed by a recursive algorithm, see e.g. (Mroueh et al. |2012)). The decoding process
is straightforward: given a vector b € RP~!, the category we assign to b is

argmax1§k§P<bv Sk)- (15)

In the following, we assume that the map s is fixed for each P and also refer to the matrix
S =[s1,...,sp], with the ith column being s;, as the simplex coding, whenever this coding
scheme is being used.

If the number of classes is P and S is the simplex coding, then Y = RF~1 and S is a
(P —1) x P matrix. Let the number of views be m € N. Let W = Y™ = R¥~D™_ Then K
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is a matrix-valued kernel: for each pair (z,t) € X x X, K(z,t)isa (P —1)m x (P —1)m
matrix. The Hilbert space Hg induced by K consists of functions f: X — W = RE-Dm
that is for each z € X, f(z) = (f1(x),..., f™(z)) e RE-m,

In the first component of , the loss function

P
Z max (0, —(sk, Sy, )y + (56, Cf(2:))y)
k=1,k#y;

measures the error between the combined outputs from all the views for x; with every code
vector si such that k #£ y;. It is a generalization of the SC-SVM loss function proposed in
(Mroueh et al., [2012]).
For any z € &,
Jay(x) €W, Cfyy(x) €Y, (16)

and the category assigned to z is

argmax1§k§p<sk, sz,y(x)b;. (17)

Remark 5 We give the multi-class and multi-view learning interpretations and provide
numerical experiments for Y = RP=1 W = Y = RP=Dm with S being the simplex coding.
However, we wish to emphasize that optimization problems and (@ and Theorems@
and[7 are formulated for W and Y being arbitrary separable Hilbert spaces.

3.3.1 SOLUTION OF THE SOFT-MARGIN MULTI-VIEW SVM

Introducing slack variables &;;’s into the optimization problem , we obtain the mini-
mization problem

l P

. 1
fary = argminger e vy Y > Eki Al + 1l ME)yyu, (18)
=1 k=1,k#y;
subject to the constraints
é-ki Z —<5k:,5yi>y+<5kacf($i)>y, 1 SZ Slvk#yh (19)
&i >0, 1<i<LEk#uy. (20)
Let o; = (ozh-,...,api)T € R” as a column vector, with ay,i =0. Let @ = (a1,...,q7) €

REP*! as a matrix of size P x L.

Theorem 6 The minimization problem (@ has a unique solution given by

u+l

far(@) =Y K(z,2i)a, a; e W,1<i<u+l, (21)
i=1
with a = (a1, ..., a.4) € W' given by
1 - « 0
a=—5 (MEK[x]+7al) M Ttugnyxt © C*S)vee(a®), (22)

10
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where ® denotes the Kronecker tensor product, K[x] is the (u+1) x (u+1) operator-valued
matriz, with entry K[x];; being the operator K(z;,x;) : W — W, Iy is the (u+1) x 1
matriz of the form I, 1)y = [1 Oixu)’, and a®Pt = (acl)pt oz?pt) e RP* is a solution
of the quadratic minimization problem

! P
1
OPt — argminaeRszzvec( )T Q[x, Clvec(a) + z;; Sk, Sy; )Y ki (23)
1= —

subject to the constraints

Ogakig%(l—ék,yi), 1<i<l1<k<P (24)
The symmetric, positive semidefinite, Pl x Pl matriz Q[x,C| is given by
Qx, Ol = (Il 41y © S*OVK X (v MK[x] +74D) " (Iugyxa ® C*S). (25)
If S is the simplex coding, then
Pt — argminaeRpxlivec(a)TQ[x, Cvec(a) — %1%%}0( ), (26)
with 1p; = (1,..., 1T € RP!, under the same constraints.

Special case: Simplex Cone Support Vector Machine (Mroueh et al., [2012).
Foru=0,v=0W=Y=RI"1 C=1Ip_,4 (single-view), we obtain

a= —2;‘(11 ® S)vec(aP?), (27)
Qfx, C] = ;A(Il % YKL, ® S), (28)

If S is the simplex coding, these together give us the quadratic optimization problem for
the Simplex Cone Support Vector Machine (SC-SVM) of (Mroueh et al., [2012)).

3.3.2 AN EQUIVALENT FORMULATION

For P = 2, the simplex coding is S = [1,—1]. With this choice of S and W = )Y = R,
C = 1, our formulation reduces to single-view binary SVM with manifold regularization,
which is precisely the Laplacian SVM of (Belkin et al., 2006). In this section, we give an
equivalent result to Theorem [6 namely Theorem [7] below, which includes the formulation
of the Laplacian SVM as a special case.

Let Sy, be the matrix obtained from S by removing the y;th column and 3; € RP~1 be
the vector obtained from «; by deleting the y;th entry, which is equal to zero by assumption.
As a linear operator, Sy, : RP~1 — Y and

P
SOéi = Z Qi S — S@lﬁl (29)

Let diag(Sy) be the I x [ block diagonal matrix, with block (i,%) being Sy and g =
(B1,---,08) be the (P — 1) x [ matrix with column i being ;. As a linear operator,
diag(Sy) : RP=DE - Yl

11
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Theorem 7 The minimization problem (@ has a unique solution given by f,(x) =
Z;”ill K(z,2;)a;, with a = (a1, ...,a,.4) € W' given by

1 — *\ 15 o
a == (MEK[x] +5aD) ™ (Turpya ® C7)diag(Sy)vec(5), (30)
where 3Pt = (B(l)pt, ey fpt) e RE=DxL is g solution of the quadratic minimization problem
l
) 1
Bopt = argmlnﬁeR(P—l)Xl ZVGC(ﬁ)TQ[X, Yy, C]VGC(B) + Z<sym Sy}ﬁi>y7 (31)
i=1

subject to the constraints
osmis%, 1<i<l,1<k<P-1 (32)
The symmetric, positive semidefinite, (P — 1)l x (P — 1)l matriz Q[x,y,C] is given by
Q[x,y,C) = diag(Sy)(I{, 1 xi © CVK[x)(yi MEK[X] + 7)™ (I p1yxa ® C*)diag(Sy). (33)

If S is the simplex coding, then, under the same constraints,

1 1

3Pt = argminﬁeR(P—l)xlZVQC(B)TQ[XaY7 Clvec(f) — P_1

It is straightforward to switch between a and 3. Let Ipg be the P x (P — 1) matrix
obtained by removing the y; column from the P x P identity matrix, then

Q; = IP,gi/Bi and ﬁz = Ilggzaz (35)

1{P71)1VGC(/3)~ (34)

Binary case with simplex coding. For P = 2, we represent the discrete output
label set cl()) as cl(Y) = {£1}. In this case, 3 is simply a vector in R!, and we solve the
optimization problem

. 1
3Pt — argmmﬁeRlZﬂTQ[x, y,C|8 — 11 8, (36)

subject to the constraints 0 < §; < %, 1 < ¢ <. The binary simplex code is S = [1, —1],

with S5 = —1 and S_; = 1. Thus Sy = —y;. Furthermore, because ) = R, by the
Riesz representation theorem, the bounded linear operator C' : W — R and its adjoint
C* : R — W necessarily have the form

Cf(x)={c, f(z))y and C*y=yc, (37)
respectively, for a unique vector ¢ € W. It follows immediately that

Corollary 8 (Binary case) Let S be the simplex coding and P = 2. Then in Theorem@

1 _ .
a = o (UMK + 740" Lusiya © e)diag(y) (6), (38)
Qx,y,C) = diag(y)(I{, 1y, @ VKX (M K[x] +vaD) " (Iyar) i © c)diag(y).  (39)
Special case: Laplacian SVM (Belkin et al., 2006). In and , by setting
c=1(W =Y =R) (single-view) and M to be the graph Laplacian on the training data
{2;}*F!, we obtain the Laplacian SVM of (Belkin et al., |2006).

12
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3.4 Previous Work as Special Cases of the Current Framework

We have shown above that in the SVM case, our framework includes the multi-class, super-
vised Simplex Cone SVM of (Mroueh et al,2012) and the binary, semi-supervised Laplacian
SVM of (Belkin et al., 2006)) as special cases. Before delving into concrete implementations,
in this section we give a list of other common kernel-based learning algorithms which are
special cases of our learning framework.
Vector-valued Regularized Least Squares. If C*C = I : W%+ — WU+t then
reduces to
(VK [x] + Iy MK [x] + lyal)a = Cty. (40)

If u=0,~; =0, and v4 = 7, then we have
(K[x]+lyI)a= C"y. (41)

One particular case for this scenario is when W =) and C : ) — ) is a unitary operator,
that is C*C = CC* = 1. If Y = R" and C : R — R" is real, then C is an orthogonal
matrix. If C' = I, then we recover the vector-valued Regularized Least Squares algorithm
(Micchelli and Pontil, 2005).

Vector-valued Manifold Regularization. Let YW = ) and C' = I. Then we obtain
the minimization problem for vector-valued Manifold Regularization (Minh and Sindhwani,
2011):

l
Fary = argmin e, 1 SV (i £) -+ 7all By + 7008 ME)w (42)
i=1

Scalar Multi-view Learning. Let us show that the scalar multi-view learning formu-
lation of (Sindhwani and Rosenberg), 2008; |Rosenberg et al., |2009) can be cast as a special
case of our framework. Let Y = R and k',..., k™ be real-valued positive definite kernels on
X x X, with corresponding RKHS H,: of functions f? : X — R, with each #,: representing
one view. Let f = (f!,..., f™), with f* € Hyi. Let c = (c1,...,cm) € R™ be a fixed weight

vector. In the notation of (Rosenberg et al., [2009)), let

f=(f'@r), o [ @a), - M (@1) o [ (@)

and M e R™(ut)xm(utl) he positive semidefinite. The objective of Multi-view Point Cloud
Regularization (formula (4) in (Rosenberg et al., [2009)) is

l
1 T
ATGIN, )= (o, 50y 7 D V (Wi 9(i) +Z%||f 7 + 7 (E ME)gmurn, (43)
i=1 i=1

for some convex loss function V', with v, > 0,7 =1,...,m, and v > 0. Problem admits
a natural formulation in vector-valued RKHS. Let

1 1
K = diag(—, ..., —) s diag(k',... k™) : X x X — R™™ (44)
4! TYm
then f = (f,...,f™) € Hx : X — R™, with

11 = Dl £ (45)
=1

13
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By the reproducing property, we have

(e, f(@))rm = (f, KoC)pye- (46)
We can now recast into
l
fary = argmin e 3 SV i (e, f)n) + 1B +2E ME)gmiso. (47
i=1
This is a special case of @D, with W=R™, Y =R, and C' : R — R given by
Cf(@) = le. f@))an = 1 f (@) + -+ e (@), (48)

The vector-valued formulation of scalar multi-view learning has the following advantages:

(i) The kernel K is diagonal matrix-valued and is obviously positive definite. In contrast,
it is nontrivial to prove that the multi-view kernel of (Rosenberg et al.l 2009)) is positive
definite.

(ii) The kernel K is independent of the ¢;’s, unlike the multi-view kernel of (Rosenberg
et al., [2009), which needs to be recomputed for each different set ¢;’s.

(iii) One can recover all the component functions f*’s using K. In contrast, in (Sindhwani
and Rosenberg), 2008)), it is shown how one can recover the fi’s only when m = 2, but not
in the general case.

4. Vector-valued Multi-view Learning

In this and subsequent sections, we focus on a special case of our formulation, namely
vector-valued multi-view learning. For a general separable Hilbert space ), let W = Y™
and C4,...,Cp, : Y — Y be bounded linear operators. For f(z) = (f'(z),..., f™(z)), with
each fi(z) € ), we define the combination operator C = [C1,...,Cp] : Y™ — Y by

Cf(z) =CifY(z)+ -+ Cpf™(x) € V. (49)

This gives rise to a vector-valued version of multi-view learning, where outputs from m
views, each one being a vector in the Hilbert space ), are linearly combined. In the
following, we give concrete definitions of both the combination operator C' and the multi-
view manifold regularization term M for our multi-view learning model.

4.1 The Combination Operator

In the present context, the bounded linear operator C': W — Y is a (potentially infinite)
matrix of size dim()) x mdim())). This operator transforms the output vectors obtained
from the m views f*’s in Y™ into an output vector in ). The simplest form of C' is the

average operator: .
Cf(x) = —(f' (@) + -+ f"(x)) € V. (50)

m

Let ® denote the Kronecker tensor product. For m € N, let 1,, = (1,...,1)T € R™. The

matrix C is then ) .
= — —I[Iy, ..., Iy]|. 51
m[ Rz ) y] ( )

C 1ol =

14
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More generally, we consider a weight vector ¢ = (c1,...,cn)’ € R™ and define C as

m

C=c" @Iy, with Cf(z)=> cif'(z) € V. (52)

=1

4.2 Multi-view Manifold Regularization

Generalizing the formulation in (Minh et al., 2013), we decompose the multi-view manifold
regularization term ;(f, Mf)y)u+: in (9 into two components

v (€, ME)yuri = v, ME)yyuri + yw (£, M £)ypuri, (53)

where Mp, My, : WUt — WUF are symmetric, positive operators, and vg,yw > 0.
We call the first term between-view regularization, which measures the consistency of the
component functions across different views, and the second term within-view reqularization,
which measures the smoothness of the component functions in their corresponding views.
We describe next two concrete choices for Mg and Myy.

Between-view Regularization. Let

My, = mIy, — 1,17 (54)

This is the m x m matrix with (m — 1) on the diagonal and —1 elsewhere. Then for
a=(ay,...,an) € R™,

m
a’ M,a = Z (a; — ag)?. (55)
Jik=1,5<k
If each a; € )V, then we have a € Y™ and
m
al'(Mp@Iya= Y |la;— all3. (56)
Jik=1,j<k
We define Mp by
Mp = Iy @ (My, ® Iy). (57)

Then Mp is a diagonal block matrix of size m(u + 1) dim()) x m(u + 1) dim(}’), with each
block (i,) being M, ® Iy. For £ = (f(x1),..., f(zup1)) € Y™ with f(x;) € Y7,

utl u+l1 m
(8 ME)yiaro = D (S (@), (M @ ) f@i))ym =D D0 @) = FH@)l}- (58)
P i=1 jk=1,j<k

This term thus enforces the consistency between the different components f%’s which rep-
resent the outputs on the different views. For ) = R, this is precisely the Point Cloud
regularization term for scalar multi-view learning (Rosenberg et al.l 2009; Brefeld et al.

2006)). In particular, for m = 2, we have My = < L >, and

-1 1
u+l
(£, Mpf)gocrn = > _(f (i) — fP(2:))°, (59)
=1
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which is the Point Cloud regularization term for co-regularization (Sindhwani and Rosen-
berg, |2008]).

Within-view Regularization. One way to define My is via the graph Laplacian.
For view i, 1 < i < m, let G* be a corresponding undirected graph, with symmetric,
nonnegative weight matrix W, which induces the scalar graph Laplacian L?, a matrix of
size (u +1) x (u+1). For a vector a € R** we have

u+l

alLia= Z W;k(aj — a)?.

Jk=1,j<k

Let L be the block matrix of size (u+1) x (u+1), with block (4, j) being the m x m diagonal
matrix given by

L;j = diag(L} ijr - Liy)- (60)
Then for a = (a1, ..., ayq1), with a; € R™, we have
m u+l

a'La=>" Y Wjld —a}) (61)

i=1 jk=1,j<k

If a; € Y™, with aé- € Y, then

m u+l
A(Loka=Y S Wil dl. (62)
i=1 jk=1,j<k
Define
My =L ® Iy, then (63)
m u+l A
(Mt ymern =Y > Wil () = f=n)ll3 (64)
i=1 jk=1,j<k

The ith summand in the sum ) ;" is precisely a manifold regularization term within view

i. This term thus enforces the consistency of the output along each view i, 1 <1i < m.
Single View Case. When m = 1, we have M,, = 0 and therefore Mp = 0. In this

case, we simply carry out manifold regularization within the given single view, using Myy .

5. Numerical Implementation

In this section, we give concrete forms of Theorems {4| for vector-valued multi-view least
squares regression, and Theorem|[6] for vector-valued multi-view SVM, that can be efficiently
implemented. For our present purposes, let m € N be the number of views and W = )™,
Consider the case dim())) < co. Without loss of generality, we set ) = RIm(),

The Kernel. For the current implementations, we define the kernel K (x,t) by

K(z,t) = G(z,t) ® R, (65)
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where G : X x X — R™*"™ is a matrix-valued positive definite kernel, with G(z,t) being an
m x m matrix for each pair (z,t) € X x X. A concrete example of G, which we use in our
experiments, is given in Section m The bounded linear operator R : )Y — Y is symmetric
and positive, and when dim()) < oo, R is a symmetric, positive semi-definite matrix of
size dim(Y) x dim(})). The Gram matrices of K and G are block matrices K[x] and G[x],
respectively, of size (u + 1) x (u + 1), with blocks (i, j) given by (K[x]);; = K(x;,x;) and
(G[x])ij = G(xj, xj). They are related by

K[x] = G[x] ® R. (66)

Lemma 9 The matriz-valued kernel K is positive definite.

5.1 Numerical Implementation for Vector-valued Multi-view Least Squares

With the kernel K as defined in and C and M as defined in Section |4, the system
of linear equations in Theorem (4| becomes a Sylvester equation, which can be solved
efficiently, as follows.

Theorem 10 For C =c? ® Iy, c € R™, My = L® Iy, Mp = 1,4, ® (M,, ® Iy)), and the
kernel K as defined in @), the system of linear equations mn Theorem is equivalent
to the Sylvester equation

BAR+ lyaA = Yo, (67)

where
B = (i @cc™) + 1yp (L @ M) + lywL ) GIX, (68)

which is of size (u + 1)m X (u + 1)m, A is the matriz of size (u+ l)m x dim()) such that
a = vec(AT), and Y is the matriz of size (u+ )m x dim(Y) such that C*y = vec(YZ).
Jl“'H : R — R s a diagonal matriz of size (u+1) x (u+ 1), with the first | entries on
the main diagonal being 1 and the rest being 0.

Special cases. For m = 1, ¢ = 1, equation reduces to Equation 17 in (Minh and
Sindhwani, [2011). For R = Iy, with J = RP, equation reduces to Equation 43 in
(Minh et al. 2013).

Evaluation on a testing sample. Having solved for the matrix A, and hence the
vector a in Theorem|[I0] we next show how the resulting functions can be efficiently evaluated
on a testing set. Let v = {v1,...,v:} € X be an arbitrary set of testing input examples,
with t € N. Let £, (v) = ({fzr (V1) ..., far () T € Y™, with

u+l

Fan(vi) =Y K(vi,zj)a;.
j=1

Let K[v,x] denote the t x (u+1) block matrix, where block (i, j) is K (v;, z;) and similarly,
let G[v,x] denote the ¢ x (u + [) block matrix, where block (7,7) is the m x m matrix
G(Ui,$j). Then

f,(v) = K[v,x]a = (G[v,x] ® R)a = vec(RATG[v,x]T),
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Algorithm 1 Y-valued, m-view, semi-supervised least square regression and classification

This algorithm implements and evaluates the solution of Theorem [10

Input:

- Training data z = {(z;, %) }}_, U {:cz}igla_l, with [ labeled and w unlabeled examples.
- Number of views: m.

- Output values: vectors in ).

- Testing example: v.

Parameters:

- The regularization parameters va, V5, Yw -

- The weight vector ¢

- A matrix-valued kernel G, with G(z,t) being an m x m matrix for each pair (z,t).
Procedure:

- Compute kernel matrix G[x] on input set x = (z;)"".

- Compute matrix C' according to (52)).

- Compute graph Laplacian L according to .

- Compute matrices B, Yo according to Theorem

- Solve matrix equation BAR + [y4A = Yo for A.

- Compute kernel matrix G|v, x| between v and x.

Output: f,,(v) = vec(RATGlv,x]T) € Yy™.

Y-valued regression: return C'f, ,(v) € V.

Multi-class classification: return index of max(C'f; ,(v)).

In particular, for v=x = (a:z)f:ﬂl, the original training sample, we have G[v,x| = G[x].

Algorithm. All the necessary steps for implementing Theorem and evaluating its
solution are summarized in Algorithm For P-class classification, Y = RP, and vy; =
(=1,...,1,...,—-1), 1 <i <[, with 1 at the kth location if z; is in the kth class.

5.2 Numerical Implementation for Vector-valued Multi-view SVM

This section gives a concrete form of Theorem [f for vector-valued multi-view SVM which
can be efficiently implemented. Let {\; R}dlm(y be the eigenvalues of R, which are all
nonnegative, with corresponding orthonormal eigenvectors {rl}dlm(y) Then R admits the
orthogonal spectral decomposition

dim(Y)

Z >\z er . (69)

Under this representation of R and with the kernel K as defined in , Theorem @] takes
the following concrete form.

Theorem 11 Let yyM = ygMp+~yw My, C = ¢ ® Iy, and K (z,t) be defined as in (@
Then in Theorem [6]

dlm )
= —— Z reg I(u+l  ®C)® rir;fFS]vec(aOPt), (70)
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dim(Y)
Q. Cl= Y (I ® "G My (It @ €) ® Ni gS*rir] S, (71)
=1
where ‘
Moy = N, r(VBLust ® Moy + yw L)GIX] + yal ] - (72)

Evaluation phase. Having solved for a°P* and hence a in Theorem we next show
how the resulting functions can be efficiently evaluated on a testing set v = {v;}}_; C X.

Proposition 12 Let f,, be the solution obtained in Theorem . For any example v € X,

dim(Y)
1 ,
fan(v) = —§V60[ > X rrir] S (1040 ® ) (M) Glo, x]T]. (73)
=1

The combined function, using the combination operator C, is gz (v) = Cfz~(v) and is
given by

dim ()
1 o i
9z (v) = =5 D Nigrir] Sa®U(If, ) @ ) (M) Gl x] e (74)
i=1

The final SVM decision function is h,(v) = ST g,~(v) € RY and is given by

dim())
1 )
hay(v) = —5 > AirSTral Sa (1], 0 © 7 (M) Glv,x] e (75)

reg
i=1

On a testing set v = {v;}}_; C X,

dim(Y)
Z X mSTrir] Sa®P (I, © €7 (Miey) T Glv, X" (I, ® ©), (76)

reg
=1

1

hzjfy (V) = —5

as a matriz of size P x t, with the ith column being hy - (v;).

Algorithm. All the necessary steps for implementing Theorem (11| and Proposition
are summarized in Algorithm [2]
5.2.1 SPECIAL CASE
Consider the case R = Iy. Then Theorem [11]and Proposition [12]simplify to the following.

Theorem 13 Let v/ M = ygMp +ywMw, C = c’ @ Iy, and K(x,t) be defined as in (@
with R = Iy. Then in Theorem 6,

1
a= _§[Mreg(l(u+l)xz ® c) ®@ S]vec(a®"), (77)
and
where
Mreg = [(v8Lutt ® Mo + 3w L)GX] + Yalusn] - (79)
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Algorithm 2 Multi-class Multi-view SVM

This algorithm implements Theore and Proposition[19. In the case R = Iy, it imple-

ments Theorem and Proposition with ]\ﬂeg = Myeg in @), and equations , ,
and are replaced by (@, , and , respectively.

Input:

- Training data z = {(z;,y:)}}_; U {xz}z‘ilil, with [ labeled and w unlabeled examples.
- Number of classes: P. Number of views: m.

- Testing example: v.

Parameters:

- The regularization parameters va,v5, Y-

- The weight vector c.

-A matrix-valued kernel G, with G(z,t) being an m x m matrix for each pair (z,1).
Procedure:

- Compute kernel matrices G[x] on x = (;)!*] and G[v,x] between v and x.

- Compute graph Laplacian L according to (60)).

- Compute matrices Mrieg according to 1)
- Compute matrix Q[x, C| according to
- Solve quadratic optimization problem
Output: f,~(v), computed according to .

Classification: return argmax(hy ~(v)), with h, - (v) € RF computed according to .

Proposition 14 Let f,, be the solution obtained in Theorem . For any example v € X,

1 o
fan(v) = —5vec(Sa P Ufuriy ® €)My Glo, x]7). (80)

The combined function, using the combination operator C, is gy(v) = Cfyq(v) € RP!
and is given by

reg

1 (0)
g2 (v) = =550 P Iy © €7 Mg Glo, x| e, (81)
The final SVM decision function is h,(v) = ST g,~(v) € RY and is given by
1 (o)
hgr(v) = —isTsa P I iy © €T )My Glv, x] e (82)

On a testing set v = {v;}!_,, let hy(v) € RE*X be the matriz with the ith column being
haq(vi), then
1
har (V) = —QSTSaopt(I@ Ly © €)M Glv, x]" (I ® c). (83)

5.2.2 SEQUENTIAL MINIMAL OPTIMIZATION (SMO)

We provide an SMO algorithm, which is described in detail in Appendix [A74] to solve the
quadratic optimization problem in Theorem @ as part of Algorithm
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6. Optimizing the Combination Operator

In the learning formulation thus far, we have assumed that the combination operator C is
given and fixed. Our task then is to find the optimal function f,, € H that minimizes the
general learning objective @D in Section (3| given the training data z and C. In this section,
we go one step further and show that both f,, and C can be simultaneously optimized
given the training data z alone.

For the time being, we consider the m-view least square learning setting, where C' is
represented by a vector ¢ € R™. Let S™ ! denote the sphere centered at the origin in
R™ with radius o > 0, that is S™~! = {z € R™ : ||z|| = a}. Consider the problem of
optimizing over both f € Hy and ¢ € ST 1,

1
. 2
Jary = ATGMIN reyy, cesm—17 Z [y — C f(z)]]3
i=1
2
Fvallf e + i€ ME)wur. (84)

We first point out a crucial difference between our framework and a typical multi-kernel
learning approach. Since our formulation does not place any constraint on ¢, we do not
require that ¢; > 0,4 = 1,...,m. Thus c is allowed to range over the whole sphere S™~!,
which considerably simplifies the optimization procedure.

The optimization problem is not convex and one common approach to tackle it is
via Alternating Minimization. First we fix ¢ € ST~1 and solve for the optimal f,. € H,
which is what we have done so far. Then we fix f and solve for c. Consider f of the form

u+l

f=Y Kia;
j=1

Then
u—+l

flag) =Y K(xi x;)a; = K[,
j=1
where Klz;] = (K(zi, x1), ..., K(zi,xy41)). Since K|z;] = G[z;] ® R, we have
f(zi) = (Glz] ® R)a, Gla;] € R™ ™t
Since A is a matrix of size m(u + 1) x dim(}), with a = vec(A”), we have
Cf(z;) = (T @ [y)(Gz;] ® R)a = (cT G[z;] ® R)a = vec(RAT G[z;]Tc) = RATG[z;)Tc e Y.

Let F[x] be an [ x 1 block matrix, with block F[x]; = RATG[z;]T, which is of size dim()) xm,
so that F'[x] is of size dim())l x m and F[x]|c € Y'. Then

l
1 1
23l = CFl = lly = Fixlel
=1

Thus for f fixed, so that F'[x] is fixed, the minimization problem over c is equivalent
to the following optimization problem

!
min <[y = Flxe|3,. (85)

ceSy
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While the sphere S™~! is not convex, it is a compact set and consequently, any continuous
function on S™~! attains a global minimum and a global maximum. We show in the next
section how to obtain an almost closed form solution for the global minimum of in the
case dim(Y) < oc.

6.1 Quadratic Optimization on the Sphere

Let A be an n x m matrix, b be an n x 1 vector, and o > 0. Consider the optimization
problem

min ||Ax — b||gn subject to ||x||rm = a. (86)
x€R™

The function ¢(x) = ||[Ax—Db||g» : R — R is continuous. Thus over the sphere ||x||rm = «,
which is a compact subset of R™, 1(x) has a global minimum and a global maximum.
The optimization problem has been analyzed before in the literature under various
assumptions, see e.g. (Forsythe and Golub, 1965; |Gander, 1981} |Golub and von Matt],
1991). In this work, we employ the singular value decomposition approach described in
(Gander, [1981)), but we do not impose any constraint on the matrix A (in (Gander, |1981)),

it is assumed that rank <j.1 = m and n > m). We next describe the form of the global

minimum of ¥(x).
Consider the singular value decomposition for A,

A=UxVT, (87)

where U € RV ¥ € R™™ V€ R™™ with UUT = UTU = I,,, VVT = VIV =
In,. Let r = rank(A), 1 < r < min{m,n}, then the main diagonal of ¥ has the form
(01y...,0,,0,...,0), with o7 > -+-0, > 0. Then

ATA=vyIysvT =vDVT, (88)

where D = ¥T'Y = diag(c?,...,02,0,...,0) = diag(p1, . . ., ptm) € R™™ with p;, 1 <i <
m, being the eigenvalues of AT A € R™*™,

Theorem 15 Assume that ATb = 0. A global solution of the minimization problem (86
is an eigenvector x* of AT A corresponding to the smallest eigenvalue ji,, appropriately
normalized so that ||x*||gm = «. This solution is unique if and only if fuy, is single. Oth-
erwise, there are infinitely many solutions, each one being a normalized eigenvector in the
eigenspace of .

Theorem 16 Assume that ATb # 0. Let ¢ = UTb. Let v* be the unique real number in
the interval (—o?,00) such that

o2c2
() =3 = a2, (89)

(I) The vector
x(v7) = (ATA+ 7" L,) " ATD, (90)

1s the unique global solution of the minimization problem in one of the following cases:
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1. rank(A) = m.
2. rank(A) =r <m and v* > 0.

3. rank(A) =r <m, v* <0, and > ;_, z>a2.

1I) In the remaining case, namely rank(A) = r < m, <0, and S 2 then the
( g ’ Yy ry = 1

w\

global solution of the minimization problem (86 (.) s given by

x(0) =Vy, (91)

where y; = z%-’ 1< <r, withy;, r+1<1<m, taking arbitrary values such that

> ==Y 5

i=r+1 i=1

(92)

O
NMSK\D

This solution is unique if and only if > ._ 15

‘n
Sl

2
=a? IfY lc—g < a2, then there are

infinitely many solutions.

Remark 17 To solve equation , the so-called secular equation, we note that the func-

2.2
tion s(y) = >4 % is monotonically decreasing on (—o?,00) and thus can be

solved via a bisection procedure.

Remark 18 We have presented here the solution to the problem of optimizing C in the
least square case. The optimization of C in the SVM case is substantially different and will
be treated in a future work.

7. Experiments

In this section, we present an extensive empirical analysis of the proposed methods on the
challenging tasks of multiclass image classification and species recognition with attributes.
We show that the proposed frameworkﬂ is able to combine different types of views and
modalities and that it is competitive with other state-of-the-art approaches that have been
developed in the literature to solve these problems.

The following methods, which are instances of the presented theoretical framework,
were implemented and tested: multi-view learning with least square loss function (MVL-
LS), MVL-LS with the optimization of the combination operator (MVL-LS-optC), multi-
view learning with binary SVM loss function in the one-vs-all setup (MVL-binSVM), and
multi-view learning with multi-class SVM loss function (MVL-SVM).

Our experiments demonstrate that: 1) multi-view learning achieves significantly bet-
ter performance compared to single-view learning (Section [7.4)); 2) unlabeled data can be
particularly helpful in improving performance when the number of labeled data is small

2. The code for our multi-view learning methods is available at https://github.com/lorisbaz/
Multiview-learning.
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(Section and Section [7.F]); 3) the choice and therefore the optimization of the combina-
tion operator C' is important (Section ; and 4) the proposed framework outperforms
other state-of-the-art approaches even in the case when we use fewer views (Section .

In the following sections, we first describe the designs for the experiments: the construc-
tion of the kernels is described in Section the used data sets and evaluation protocols
in Section and the selection/validation of the regularization parameters in Section
Afterward, Sections [7.4] and [7.7] report the analysis of the obtained results with
comparisons to the literature.

7.1 Kernels

Assume that each input = has the form x = (z!,...,2™), where z° represents the ith view.

We set G(x,t) to be the diagonal matrix of size m x m, with
(Gx,t))i; = K(a',t), thatis G(z,t) =Y K(a',t')e;e], (93)
i=1

where k'’ is a scalar-valued kernel defined on view i and e; = (0,...,1,...,0) € R™ is the
ith coordinate vector. The corresponding Gram matrices are related by

G[x] = Z kx| ® ejel . (94)
i=1

Note that for each pair (x,t), G(z,t) is a diagonal matrix, but it is not separable, that is it
cannot be expressed in the form k(z,t)D for a scalar kernel k and a positive semi-definite
matrix D, because the kernels k*’s are in general different.

To carry out multi-class classification with P classes, P > 2, using vector-valued least
squares regression (Algorithm , we set ) = RY and K(z,t) = G(x,t) ® R, with R = Ip.
For each y;, 1 < i </, in the labeled training sample, we set y; = (—1,...,1,...,—1), with
1 at the kth location if x; is in the kth class. When using vector-valued multi-view SVM
(Algorithm , we set S to be the simplex coding, Y = RP~! and K(z,t) = G(z,t) ® R,
with R = Ip_l.

We remark that since the views are coupled by both the loss functions and the multi-
view manifold regularization term M, even in the simplest scenario, that is fully supervised
multi-view binary classification, Algorithm [I| with a diagonal G(z,t) is not equivalent to
solving m independent scalar-valued least square regression problems, and Algorithm [2] is
not equivalent to solving m independent binary SVMs.

We used R = Iy for the current experiments. For multi-label learning applications, one
can set R to be the output graph Laplacian as done in (Minh and Sindhwani, [2011]).

We empirically analyzed the optimization framework of the combination operator ¢ in
the least square setting, as theoretically presented in Section[6] For the experiments with the
SVM loss, we set the weight vector ¢ to be the uniform combination ¢ = %(1, DT eR™,
leaving its optimization, which is substantially different from the least square case, to future
work.

In all experiments, the kernel matrices are used as the weight matrices for the graph
Laplacians, unless stated otherwise. This is not necessarily the best choice in practice but
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we did not use additional information to compute more informative Laplacians at this stage
to have a fair comparison with other state of the art techniques.

7.2 Data sets and Evaluation Protocols

Three data sets were used in our experiments to test the proposed methods, namely, the
Oxford flower species (Nilsback and Zisserman, 2006), Caltech-101 (Fei-Fei et al., 2006)),
and Caltech-UCSD Birds-200-2011 (Wah et al. [2011)). For these data sets, the views are
the different features extracted from the input examples as detailed below.

The Flower species data set (Nilsback and Zisserman, 2006)) consists of 1360 images of
17 flower species segmented out from the background. We used the following 7 extracted
features in order to fairly compare with (Gehler and Nowozin, [2009): HOG, HSV histogram,
boundary SIFT, foreground SIFT, and three features derived from color, shape and texture
vocabularies. The features, the respective x? kernel matrices and the training/testing splitsE]
are taken from (Nilsback and Zisserman) 2006) and (Nilsback and Zisserman, [2008). The
total training set provided by (Nilsback and Zisserman, 2006) consists of 680 labeled images
(40 images per class). In our experiments, we varied the number of labeled data [, =
{1,5,10,20,40} images per category and used 85 unlabeled images (u. = 5 per class) taken
from the validation set in (Nilsback and Zisserman) |2006) when explicitly stated. The
testing set consists of 20 images per class as in (Nilsback and Zisserman), 2006]).

The Caltech-101 data set (Fei-Fei et al., 2006)) is a well-known data set for object recog-
nition that contains 102 classes of objects and about 40 to 800 images per category. We
used the features and x? kernel matricesE] provided in (Vedaldi et al., [2009), consisting of 4
descriptors extracted using a spatial pyramid of three levels, namely PHOW gray and color,
geometric blur, and self-similarity. In our experiments, we selected only the lower level of
the pyramid, resulting in 4 kernel matrices as in (Minh et al. |2013). We report results
using all 102 classes (background class included) averaged over three splits as provided in
(Vedaldi et al., 2009). In our tests, we varied the number of labeled data (I, = {5, 10,15}
images per category) in the supervised setup. The test set contained 15 images per class
for all of the experiments.

The Caltech-UCSD Birds-200-2011 data set (Wah et al., 2011) is used for bird cate-
gorization and contains both images and manually-annotated attributes (two modalities)ﬂ
This data set is particularly challenging because it contains 200 very similar bird species
(classes) for a total of 11,788 annotated images split between training and test sets. We
used the same evaluation protocol and kernel matrices of (Minh et al., 2013). Different
training sets were created by randomly selecting 5 times a set of I, = {1,5,10,15} images
for each class. All testing samples were used to evaluate the method. We used 5 unlabeled
images per class in the semi-supervised setup. The descriptors consist of two views: PHOW
gray (Vedaldi et al., 2009) from images and the 312-dimensional binary vector representing
attributes provided in (Wah et al.| [2011). The y? and Gaussian kernels were used for the
appearance and attribute features, respectively.

3. The complete data is available at http://www.robots.ox.ac.uk/~vgg/data/flowers/17/index.html.
4. The complete data is available at http://www.robots.ox.ac.uk/~vgg/software/MKL/.
5. The data set is available at http://www.vision.caltech.edu/visipedia/CUB-200-2011.htmll
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7.3 Regularization Parameters

Let us specify the parameters we used in the experiments. Each method has three regu-
larization parameters, namely, v4 for the standard RKHS regularization, and vp and ~yy
for the multi-view manifold regularization. The only data set for which it was possible to
perform independent cross-validation is the Flower species data set which has a separate
validation set from the training set. For the other data sets, cross-validation was omitted in
order to have the same number of training examples and therefore to have a fair comparison
with the other state-of-the-art methods.

Cross-validation on the flower species data set was performed using the following set of
parameters: 4 = {1072,1076, 1077}, v = {1076,1078,1077} and vy = {1076,1078,107°}.
Cross-validation was run on the experiment with [, = 10 labeled data per category. The
parameters found during validation were left the same for all the other experiments [, =
{1,5,20,40} to have a fair comparison.

The parameters that performed the best on the validation set for the Flower species
data set are reported in Table [I] column a. We also report the parameters chosen for
Caltech-101 and the Caltech-UCSD Birds-200-2011 data set in Table [I] columns b and c,
respectively. Notice that the parameters vary across the different implementations of the
proposed framework and especially across the different data sets, as might be expected.

(a) Flower species (b) Caltech-101 (c) Caltech Birds
Method YA YB YW YA B Yw YA YB YW
MVL-LS w7110 f10°]10°[10°]10°]10°]10°°

MVL-binSVM | 1077 |10 8 10 10510107 ] 107° ] 10°° 0
MVL-SVM 100108108 10°]107%]10°% ] 107° | 10°° 0

Table 1: Parameters for Flower species, Caltech-101 and Caltech-UCSD Birds-200-2011
data sets.

7.4 Single-view Vs. Multi-view

The purpose of the experimental analysis in this section is to demonstrate that multi-view
learning significantly outperforms single-view learning.

First, we analyzed the contributions of each of the between-view and within-view regu-
larization terms, given by and , respectively, in the optimization problem @]) To
this end, we tested multi-view learning with the least squares loss function on Caltech-101.
A subset of 10 images for each class were randomly selected, with half used as labeled data
lc = 5 and the other half as unlabeled data u. = 5 (see Table [2| last column). We also
tested the proposed method in the one-shot learning setup, where the number of labeled
images is one per class [ = 1 (see Table [2| third column). The testing set consisted of 15
images per category. For this test, we selected the features at the bottom of each pyramid,
because they give the best performance in practice. We can see from Table [2| that both the
between-view and within-view regularization terms contribute to increase the recognition
rate, e.g. with [, = 1 the improvement is 2.35%. As one would expect, the improvement
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resulting from the use of unlabeled data is bigger when there are more unlabeled data than
labeled data, which can be seen by comparing the third and forth columns.

Accuracy Accuracy

B Yw le=1Luc=5|lc=u.=5
0 0 30.59% 63.68%
0 10~ 31.81% 63.97%
107° 0 32.44% 64.18%
107° [ 107° 32.94% 64.2%

Table 2: Results of MVL-LS on Caltech-101 using PHOW color and gray L2, SSIM L2 and
GB. The training set consists of 1 or 5 labeled data [. and 5 unlabeled data per
class u., and 15 images per class are left for testing.

To demonstrate that multi-view learning is able to combine features properly, we report
in Table [3| the performance in terms of average accuracy of each feature independently and
of the proposed methods with all 10 views combined (last three rows). The improvement
with respect to the view that gives the best results (PHOW gray 1.2) is 4.77% for the case
with [, = 1 (second column) and 5.62% for the case with I, = 5 (last column). It is also
worth noticing that all the proposed methods outperform the best single view (PHOW gray
L2). Moreover, it is important to point out that the best views for each feature correspond
to the L2 level. We show in Section that the optimization of the combination operator
leads to very similar findings.

Feature Accuracy Accuracy

le=Lu=5|lc=u.=5
PHOW color L0 13.66% 33.14%
PHOW color L1 17.1% 42.03%
PHOW color L2 18.71% 45.86%
PHOW gray LO 20.31% 45.38%
PHOW gray L1 24.53% 54.86%
PHOW gray L2 25.64% 56.75%
SSIM LO 15.27% 35.27%
SSIM L1 20.83% 45.12%
SSIM L2 22.64% 48.47%
GB 25.01% 44.49%
MVL-LS 30.41% 61.46%
MVL-binSVM 30.20% 62.37%
MVL-SVM 27.23% 60.04%

Table 3: Results on Caltech-101 using each feature in the single-view learning framework
and all 10 features in the multi-view learning framework (last three rows).

To further demonstrate the performance of multi-view learning, we run a similar experi-
ment on the Caltech-UCSD Birds-200-2011 data set, with the results shown in Table [4. We
compare the results obtained by the single views (PHOW and attributes) with the proposed
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le=1 le=5 le=10 | Ic.=15

PHOW 2.75% 5.51% 8.08% 9.92%
Attributes 13.53% | 30.99% | 38.96% | 43.79%
MVL-LS 14.31% | 33.25% | 41.98% | 46.74%

MVL-binSVM | 14.57% | 33.50% | 42.24% | 46.88%
MVL-SVM 14.15% | 31.54% | 39.30% | 43.86%

Table 4: Results on the Caltech-UCSD Birds-200-2011 data set in the semi-supervised
setup.

le=1 c=25 c=10 c=15

MKL NA | o | ey | e

LP-B N/A ?06.55*% ?o?%% (606.6%

LP-5 NA | e | o | o
MVL-LS i | oo | o | o
mvi-binsvm | ohE e TR ey
MVL-SVM oy | oy | oy | o
M\./L-binSVB/I 32.4% 64.4% 71.4% N/A

(semi-sup. ue = 5) (1.2%) (0.4%) (0.2%)

Table 5: Results on Caltech-101 when increasing the number of labeled data and compar-
isons with other state of the art methods reported by (Gehler and Nowozin, |2009).
Best score in bold, second best score in italic.

multi-view learning methods (last three rows) when increasing the number of labeled data
per class [, = {1,5,10,15}. In all the cases shown in the table, we obtain better results
using the proposed multi-view learning framework compared with single-view learning.

7.5 Increasing the Label Set Size

In this section, we analyze the behavior of the proposed methods when increasing the size
of the set of labeled data, in both supervised and semi-supervised settings.

In Table [5] we reported the results in terms of accuracy and its standard deviation
(between brackets) on the Caltech-101 data set comparing with other state of the art meth-
ods. The first three rows report the results of the methods tested by (Gehler and Nowozin),
2009). The forth, fifth and sixth rows show the statistics of the proposed methods in the
supervised setup. We also reported the results of the best methods among the proposed
ones in the semi-supervised setup (with 5 unlabeled data for each class).

First, the results demonstrate that the proposed methods improve significantly when
increasing the size of the labeled set. This fact can be observed also for the Caltech-UCSD
Birds-200-2011 experiment in Table |4l More interestingly, when the number of labeled data
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lo =1 l.=5 l. =10 lo =20 lo = 40

MVLLS 39.41% 65.78% 74.41% 81.76% 86.37%
(1.06%) (3.68%) (1.28%) (3.28%) (1.80%)

. 39.71% 64.80% I A1% 81.08% 86.08%
MVL-binSVM (1.06%) (4.42%) (0.29%) (3.09%) (2.21%)
39.31% 65.20% 74.41% 81.67% 86.08%

MVL-SVM (1.62%) | (4.04%) | (1.28%) | (2.78%) | (1.80%)
MVL-LS 41.86% 66.08% 75.00% 82.35% 85.78%
(semi-sup.) (2.50%) (3.45%) (1.06%) (2.70%) (2.78%)
MVL-binSVM 10.59% 65.49% 74.22% 81.57% 85.49%
(semi-sup.) (2.35%) (4.58%) (0.68%) (2.67%) (0.74%)
MVL-SVM 34.80% 65.49% 74.41% 81.78% §6.08%
(semi-sup.) (1.11%) (4.17%) (0.49%) (2.61%) (1.51%)

Table 6: Results on the Flower data set (17 classes) when increasing the number of training
images per class. Best score in bold, second best score in italic.

is 5 per class (third column), our methods strongly improve the best result of (Gehler and
Nowozin, 2009) by at least 9.4 percentage points. Similar observations can be made by
examining the results obtained by Bucak et al|(2014) for . = 10 (Table 4 in their paper):
our best result in Table [5| (71.4%) outperforms their best result (60.3%) by 11.1 percentage
points. Moreover, one can see that the improvement when using unlabeled data (last row) is
bigger when there are many more of them compared with labeled data, as expected (see the
columns with 1 and 5 labeled images per class). When the number of labeled data increases,
the proposed methods in the supervised setup can give comparable or better results (see
the column with 10 labeled images per class). A similar behavior is shown in Table @, when
dealing the problem of species recognition with the Flower data set. The best improvement
we obtained in the semi-supervised setup is with 1 labeled data per category. This finding
suggests that the unlabeled data provide additional information about the distribution in
the input space when there are few labeled examples. On the other hand, when there are
sufficient labeled data to represent well the distribution in the input space, the unlabeled
data will not provide an improvement of the results.

7.6 Optimizing the Combination Operator

In the previous experiments, the combination weight vector ¢ was uniform, meaning that
each view (i.e. kernel) has the same importance during classification. However, in practice
it often happens that some views are more useful and informative than others. We ob-
served this in our experiments, where different choices of the weights ¢ gave rise to different
classification accuracies. In particular, we empirically found for the Flower data set using
MVL-LS that ¢ = (0.1431,0.1078, 0.1452, 0.1976,0.0991,0.1816, 0.1255)” yields an accuracy
of 87.75%, the state-of-the-art result for that data set. This suggests that there exists at
least one better choice for c.

In this section, we carry out an empirical analysis of the strategy presented in Section [0]
which performs optimization to obtain the optimal weight vector c. We call this method
MVL-LS-optC. The analysis was performed on the Caltech-101 data set and the Flower
data set. For the experiment using the Caltech-101 data set, we created a validation set
by selecting 5 examples for each class from the training set. For the experiment using the
Flower data set, the validation set was already provided (see Section for detail). The
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validation set is used to determine the best value of ¢ found over all the iterations using
different initializations. We carried out the iterative optimization procedure 20 times, each
time with a different random unit vector as the initialization vector for ¢, and reported the
run with the best performance over the validation set.

The results of MVL-LS-optC for the Caltech-101 data set and the Flower data set are
reported in Tables and 0] We empirically set « = 2 and a = 1 in the optimization
problem for the Caltech-101 data set and the Flower data set, respectively. MVL-
LS-optC is compared with MVL-LS which uses uniform weights. We analyze in the next
section how MVL-LS-optC compares with MVL-binSVM, MVL-SVM, and the state of the
art.

We first discuss the results on the Caltech-101 data set using all 10 kernels. Table
shows that there is a significant improvement from 0.4% to 2.5% with respect to the results
with uniform weights for the Caltech-101 data set. The best ¢ found during training in the
case of [, = 10 was ¢* = (0.1898,0.6475, —0.7975,0.3044,0.1125, —0.4617, —0.1531, 0.1210,
1.2634,0.9778)T. Note that the ¢;’s can assume negative values (as is the case here) and as
we show in Section the contribution of the i¢th view is determined by the square weight
c?. This experiment confirms our findings in Section the best 4 views are PHOW color
L2, PHOW gray L2, SSIM L2 and GB, which are the cs, cg, ¢cg and ¢1p components of c,
respectively.

We now focus on the top 4 views and apply again the optimization method to see if
there is still a margin of improvement. We expect to obtain better results with respect
to 10 views because the 4-dimensional optimization should in practice be easier than the
10-dimensional one, given that the size of the search space is smaller. Table [8| shows the
results with the top 4 kernels. We observe that there is an improvement with respect to
MVL-LS that varies from 0.3% to 1.1%. We can also notice that there is not a significant
improvement of the results when using more iteration (25 vs. 50 iterations). We again
inspected the learned combination weights and discovered that in average they are very
close to the uniform distribution, i.e. ¢* = (—0.4965, —0.5019, —0.4935, —0.5073)7". This is
mainly because we pre-selected the best set of 4 kernels accordingly to the previous 10-kernel
experiment.

We finally used the best c learned in the case of . = 10 to do an experimentﬂ with
l. = 15 on the Caltech-101. MVL-LS-optC obtains an accuracy of 73.85%, outperforming
MVL-LS (uniform), which has an accuracy of 73.33% (see Table [10)).

For the Flower data set, Table [0] shows consistent results with the previous experi-
ment. MVL-LS-optC outperforms MVL-LS (uniform weights) in terms of accuracy with
an improvement ranging from 0.98% to 4.22%. To have a deeper understanding about
which views are more important, we analyzed the combination weights of the best re-
sult in Table |§| (last row, last column). The result of the optimization procedure is
c* = (—0.3648, —0.2366,0.3721,0.5486, —0.4108, 0.3468, 0.2627)7 which suggests that the
best accuracy is obtained by exploiting the complementarity between shape-based features
(cs3 and ¢4) and color-based features (c5) relevant for flower recognitionﬂ

6. We did not run the optimization of ¢ for I, = 15 because there is no validation set available for this case.
7. In our experiments, we used the following order: ¢; = HOG, c2 = HSV, ¢3 = boundary SIFT, c4s =
foreground SIFT, c¢5 = color bag-of-features, cg = texture bag-of-features, c; = shape bag-of-features.
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le=1 le=5 le =10

. 28.4% 61.4% 68.1%

MVL-LS (uniform) (1.8%) (1.1%) (0.3%)

. 28.8% 63.1% 70.6%

MVL-LS-optC (25 it.) (1.7%) (0.1%) (0.5%)

Table 7: Results using the procedure to optimize the combination operator on Caltech-101
considering all 10 kernels. Best score in bold.

le=1 le=5 lc =10

MVL-LS (uniform) (311.'12% (614 '00% (701.530%
WLSoc iy | SEDC | oL | e
MVL-LS-optC (50 it.) ff é{%’ ?fi% (75 ;’%

Table 8: Results using the procedure to optimize the combination operator on Caltech-101
using the top 4 kernels. Best score in bold, second best score in italic.

The proposed optimization procedure is powerful, with clear improvements in classifi-
cation accuracies over the uniform weight approach. However, it comes with a price during
the training phase. Firstly, it is an iterative procedure, and therefore it is more computa-
tionally expensive with respect to the original MVL-LS formulation. In particular, it is N¢o
times more expensive than MVL-LS, where N¢ is the number of iterations. Secondly, since
the joint optimization of (c, f) is non-convex, even though we are guaranteed to obtain
the global minimum for ¢ during each single iteration, the final ¢ is not guaranteed to be
the global minimum of the joint optimization problem itself.

7.7 Comparing with the State of the Art

In this section, we show how the proposed methods compare with other state-of-the-art
approaches for each recognition problem.

In Table we reported the best results we obtained for the task of object recognition
using Caltech-101 in the supervised setup. Observe that all the proposed methods outper-
form the other techniques, even though they use much less information: 4 kernels versus
e.g. 39 kernels in (Gehler and Nowozin, [2009).

In particular, we obtained the best result with the binary version of MVL in the one-vs-
all setup. This is not surprising since the one-vs-all approach has often been shown to be very
competitive in many computer vision tasks compared to proper multi-class formulations.
The second best result is obtained by MVL-LS-optC since it uses an additional optimization
step (of ¢) with respect to the other methods. The optimization of ¢ for MVL-binSVM and
MVL-SVM is substantially different from the least square case and will be treated in a
future work.

In Table we reported the best results obtained for the task of species recognition
using the Flower data set in the supervised setup. The proposed methods are compared
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be =1 le=5 lc=10 lc =20 I, = 40

MVL-LS (uniform) (:)’19.6461023 (635,628% (71%-2121(% 29:31..278% (816,5307%
MVL-LS-optC (25 it.) ?55184(7;73 (6;5%5% (705 .2%?72/; (821..5167;0) 2917..52157«07;
MVL-LS-optC (50 it.) ‘(‘;g’%’ ?;-8%:% '(755)?7‘37 ?;-541507‘07; 1(317..3355(%

Table 9: Results using the procedure to optimize the combination operator on the Flower
data set. Best score in bold, second best score in italic.

Method # of Kernels | Accuracy
(Yang et al] [2009) > 10 73.2%
(Christoudias et al. [2009) 4 73.00%
| LP-8 (Gehler and Nowozinl, [2009) 39 70.40%
MKL (Vedaldi et al., [2009) 10 71.10%
MVL-LS 4 73.33%
MVL-LS-optC 4 73.85%
MVL-binSVM 4 74.05%
MVL-SVM 4 73.55%

Table 10: Comparison with state-of-the-art methods on the Caltech-101 data set using
PHOW color and gray L2, SSIM L2 and GB in the supervised setup (15 labeled
images per class). Best score in bold, second best score in italic.

with MKL, LP-B and LP-8 by (Gehler and Nowozin, 2009) as well as the more recent
results of MK-SVM Shogun, MK-SVM OBSCURE and MK-FDA from (Yan et al., [2012).
For this data set, our best result is obtained by the MVL-LS-optC method outperforming
also the recent method MK-FDA from (Yan et al) 2012). We note also, that even with
the uniform weight vector (MVL-LS), our methods outperform MK-FDA on Caltech-101,
which uses 10 kernels, see Figures 6 and 9 in (Yan et al., 2012]).

Method Accuracy
MKL (SILP) 85.2% (1.5%)
MKL (Simple) 85.2% (1.5%)
LP-B 85.4% (2.4%)
LP-3 85.5% (3.0%)
MK-SVM Shogun 86.0% (2.4%)
MK-SVM OBSCURE 85.6% (0.0%)
MK-FDA 87.2% (1.6%)
MVL-LS 86.4% (1.8%)
MVL-LS-optC 87.35% (1.3%)
MVL-binSVM 86.1% (2.2%)
MVL-SVM 86.1% (1.8%)

Table 11: Results on the Flower data set comparing the proposed method with other state-
of-the-art techniques in the supervised setup. The first four rows are from (Gehler
and Nowozin, 2009) while rows 5-7 are methods presented by (Yan et al., [2012).
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8. Further Theoretical Analysis

There are two purposes in this brief section, which shows the close connection between
our framework and standard approaches in multi-kernel learning and multi-task learning.
Firstly, we show that in the supervised setting, our framework is a form of multi-kernel
learning, but with a crucial difference compared to typical multi-kernel learning methods,
namely the combination weight vector is not constrained to be non-negative. Secondly, we
also point out explicitly that several common scenarios in multi-task learning are special
cases of our general formulation.

8.1 Connection with Multiple Kernel Learning

In this section, we briefly explore the connection between our multi-view learning framework
and multiple kernel learning, see e.g. (Bach et al., 2004). We show that in the purely
supervised setting, when vy = 0, u = 0, that is without unlabeled data and without between-
view regularization, for C = ¢! @ Iy, K(z,t) = G(z,t) ® Iy, G(z,t) = 1" k'(z,t)eel
we obtain supervised learning (vector-valued least square regression and SVM) with the

combined kernel Y"1 | ¢?k%(z,t) Iy, where k' is a scalar-valued kernel corresponding to view

i. In particular, for ) = R, we obtain scalar-values least square regression and binary SVM
with the combined kernel Y7, c?k’(x,t). Specifically, we have the following results.

Corollary 19 Consider the special case vy = 0, w = 0. The system of linear equations
n Theorem has solution

a=(L®C") (L@ C)K[x|(I; ® C*) + lyaly] “y. (95)
For C =ct' @Iy, K(z,t) = G(z,t) ® Iy, and G(z,t) = > 1", k'(x,t)eel, for anyv € X,

—1
Cfan(v ZCQkaX (ZCQk" +mll> @Iypy. (96)

In particular, if Y = R, then

m m -1
Clan(v) =Y ' [v,%] <Zc3ki[x] + mn) y. (97)

i=1 =1

This is precisely the solution of scalar-valued reqularized least square regression with the

combined kernel S, c2k'(z,1).

i=1Ci

Corollary 20 Consider the special case vy = 0, u = 0. Then in Theorem[7,
Qx,y,C] = ,leag(s (i ® C)K[x](I; ® C*)diag(Sy ).
For C=ct ®1Iy, K(z,t) = G(z,t) ® Iy, G(z,t) =Y.' | k'(z,t)ee]

Qx,y,C] = leag (Zczk’ ®Iy> diag(Sy),
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and for any v € X,

1

Cfal) = =5~

(Z kv, x] ® Iy) diag(Sy)vec(3°P").
In the binary case, Y =R, so that

Qlx,y,C| = —dlag (Zc%’ )diag(y),

Clanlv) = —5 (Zk x1> diag(y) 8",
=1

This is precisely the solution of binary SVM with the combined kernel > 1%, c2ki(z,t).

Remark 21 In the sum > 1", c7k'(x,t), the coefficients ¢;’s are automatically non-negative.
This is in accordance with the fact that our formulation makes no mathematical constraint
on the coefficients ¢;’s in the sum Y iv, ¢; f(x). This is one difference between our approach
and the typical multiple kernel learning setting (Bach et all, 2004), where one considers a
sum of the form > ", d;k*(z,t), where the d;’s must be non-negative to guarantee the positive
definiteness of the combined kernel.

8.2 Connection with Multi-task Learning

In this section, we briefly explore the connection between our learning formulation and
multi-task learning, see e.g. (Evgeniou et all 2005) . Let n be the number of tasks, n € N.
Consider the case where the tasks have the same input space. Let 7 be a separable
Hilbert space. Let G : X x X — L(T) be an operator-valued positive definite kernel, which
induces an RKHS of functions with values in the Hilbert space 7. Consider the kernel

K(x,t) of the form
K(z,t) = R® G(x,t), (98)

where R is a symmetric, positive semidefinite matrix of size n x n. The kernel K(z,t)
induces an RKHS of functions with values in the Hilbert space 7". Each function f € Hg
has the form f(z) = (f'(z),..., f(x)), with f* € Hg, where f*(z) represents the output
corresponding to the kth task.

In the simplest scenario, W =Y = T", C' = I, and the minimization problem @D thus
gives us a vector-valued semi-supervised multi-task learning formulation.

The tasks f*’s are related by the following, which is a generalization of (Evgeniou et al.|
2005) (see their formulas (19), (20), (23)) to the nonlinear setting.

Lemma 22 Let K be defined by , where R is strictly positive definite. For f =
(f' ..., f") € Hi, with f* € Hg, we have

1 e = D R (" yne- (99)

k=1
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In particular, for

1—-A
R=1I,+—"1,11, 0<x<1, (100)
nA
we have
n n 1 n
1B = A DD B+ (=N DI = 3 B (101)
k=1 k=1 =1

Consider the case when the tasks have different input spaces, such as in the approach
to multi-view learning (Kadri et al., 2013)), in which each view corresponds to one task and
the tasks all share the same output label. Then we have m tasks for m views and we define

K(z,t) = G(z,t) ® R,

as in Section |5, where G : X x X — R™*™ is a matrix-valued positive definite kernel,
R € L(T) is a symmetric, positive operator, so that each task has output in the Hilbert
space T. We obtain the formulation of (Kadri et al.,2013) if we set 7 = R, so that R =1,
duplicate each label y; € R into a vector (y;,...,y;) € R™, and set G(z,t) to be their
covariance-based kernel, with vy =0, u = 0.

We have thus shown how two different scenarios in multi-task learning fall within the
scope of our learning formulation. A more in-depth study of our framework in connection
with multi-task learning is left to future work.

9. Discussion, Conclusion, and Future Work

We have presented a general learning framework in vector-valued RKHS which encompasses
and generalizes many kernel-based learning algorithms in the literature. In particular, we
generalize

e the Vector-valued Manifold Regularization framework of (Minh and Sindhwani, [2011)),
and thus also the vector-valued Regularized Least Square regression formulation of
(Micchelli and Pontil, 2005)), which are single-view and formulated with the least
square loss, to the multi-view setting, formulated with both the least square and
multi-class SVM loss functions;

e the Simplex Cone SVM of (Mroueh et al., 2012)) , which is supervised, to the multi-
view and semi-supervised settings, together with a more general loss function;

e the Laplacian SVM of (Belkin et al., 2006), which is binary and single-view, to the
multi-class and multi-view settings.

The generality of the framework and the competitive numerical results we have obtained
so far demonstrate that this is a promising venue for further research exploration. Some
potential directions for our future work include

e a principled optimization framework for the weight vector ¢ in the SVM setting, as
well as the study of more general forms of the combination operator C;

e numerical experiments with different forms of the matrix-valued kernel K;
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e theoretical and empirical analysis for the SVM under different coding schemes other
than the simplex coding;

e theoretical analysis of our formulation, in particular when the numbers of labeled and
unlabeled data points go to infinity;

e further connections between our framework and Multi-task learning;

e exploration of our framework in combination with feature learning methods, particu-
larly those coming from deep learning;

e further analysis to optimize the framework for large-scale classification problems.

Apart from the numerical experiments on object recognition reported in this paper, practical
applications for our learning framework so far include person re-identification in computer
vision (Figueira et al.l 2013 and user recognition and verification in Skype chats (Roffo
et al.l 2013). As we further develop and refine the current formulation, we expect to apply
it to other applications in computer vision, image processing, and bioinformatics.

Appendices.

The Appendices contain three sections. First, in Appendix [A] we give the proofs for all
the main mathematical results in the paper. Second, in Appendix [B] we provide a natural
generalization of our framework to the case the point evaluation operator f(z) is replaced
by a general bounded linear operator. Last, in Appendix[C] we provide an exact description
of Algorithm 1 with the Gaussian or similar kernels in the degenerate case, when the kernel
width ¢ — oc.

Appendix A. Proofs of Main Results

Notation: The definition of f as given by

f=(f(@1),-- s f(@ut1)) GWu+lv (102)

is adopted because it is also applicable when W is an infinite-dimensional Hilbert space.
For W =R"™,

f= (@), @)ooy FH@ugt)s s F (@)
This is different from (Rosenberg et al., [2009)), where
f= (@)oo @)ooy @)ooy F ™ (@0r)-

This means that our matrix M is necessarily a permutation of the matrix M in (Rosenberg
et al., [2009) when they give rise to the same semi-norm.
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A.1 Proof of the Representer Theorem
Since f(z) = K} f, the minimization problem (9) is

l
. 1 «
fzy = argmin ey, 7 Z V(yi, CK: f) +vall fIo, + 7€ ME) .
i=1
Consider the operator Ecx : Hix — V!, defined by
Eoxf = (CKZ, f,...,CKZ [),

with CK} : Hk — Y and K;,C*: Y — Hg. For b= (by,...,b) € V!, we have

l l

(b, Ecacf)yr = (b CK5 fy =Y (Kz,Cbi, [y

i=1 i=1

The adjoint operator Ef,, : V' — Hy is thus

l
B (b, b) = > Ky Cohi,
=1

The operator Ef  Ecox : Hx — Hk is then

l

B Eoxf = Y K, C*CK}f,
=1

with C*C' : W — W.

(103)

(104)

(105)

(106)

(107)

Proof of Theorem [2] Denote the right handside of (9) by I;(f). Then I;(f) is coercive
and strictly convex in f, and thus has a unique minimizer. Let Hg x = {Z;‘il Ky w;:we

WUty For f € Hix, the operator E¢ x satisfies
1
(b, Ecxf)y1 = (f, ZK@C*MHK =0,
i=1
for all b € V!, since C*b; € W. Thus
Eoxf=(CK; f,...,CK; f) =0.

Similarly, by the reproducing property, the sampling operator Sy satisfies

u—+l
<Sxf7 w)W““’l = <fazK:L’1wZ>'HK = 07
=1

for all w € WY+, Thus
f=Suf = (f(z1),..., f(xup)) = 0.
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For an arbitrary f € Hpg, consider the orthogonal decomposition f = fo + f1, with fo €
Hrx, f1 € H%{,x‘ Then, because || fo+ f1ll3,,. = [Ifoll3;,. +|1/1]l3,., the result just obtained
shows that

L(f) = Li(fo+ f1) = Li(fo)

with equality if and only if || f1[|3, = 0, that is fi = 0. Thus the minimizer of (9) must lic
in Hi x- |

A.2 Proofs for the Least Square Case

We have for the least square case:

l
. 1 N
fary = argmingeyy, 7 > Nlyi = CEG 1B + vall flee + 70 (E, ME) . (108)
1=1

With the operator Ecx, (108)) is transformed into the minimization problem
i 1
faqy = argmin ey, || Eoxf — VI + vall flBe + (8, ME)yyus. (109)

Proof of Theorem By the Representer Theorem, has a unique solution. Differ-
entiating (109)) and setting the derivative to zero gives

(BexEox +1yal +1y1S% i M Sx utt) fzy = ECxY-

By definition of the operators E¢ x and S, this is

u+1
ZK%C*CK* fary + A fary + 11 Y Ko (Mt )i = ZK,CZC Yi,
=1 =1 =1

which we rewrite as

u+l * *
ol C*y; — C*CK}, fry
= — K, (Mf, K : .
DI S s
This shows that there are vectors a;’s in W such that
u+l
fz,’y = Zlea’L
i=1
We have f,~(z;) = Z”H K(x;,xj)a;, and
u+l u+l w1
ZMszK T, Tj)0j = Z MK (zk, z5)a;
Jik=1
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Also K, fary = far(2i) = 3501 K (2, 5)a;. Thus for 1 <i < I:

wt C*y (ZuH K (i, x5)a;)
a; = o Z M, K (zy, xj)a; + i v ,
14 42 74

which gives the formula

u+l u+l
Ivr Z M K (x, xj)aj + C*C(Z K (z, a:j)aj) + lyaa; = C*y;.
k=1 j=1

Similarly, for [ +1 <i <wu+1,

u+1
1
Ay — ——— Z MikK(aﬁk,xj)aj,
VA k=1
which is equivalent to
u+l
I Z Mip K (xg, x5)a; +vaa; = 0.
jk=1
This completes the proof. |

Proof (first proof) of Theorem This is straightforward to obtain from Theorem
using the operator-valued matrix formulation described in the main paper. |

In the following, we give a second proof of Theorem [4] which is based entirely on
operator-theoretic notations. The proof technique should be of interest in its own right.
Proof (second proof) of Theorem [4. By the Representer Theorem, has a unique
solution. Differentiating and setting the derivative to zero gives

(Bt o + Al + 118yt M Sst) oy = By (110)
For v4 > 0,77 > 0, the operator
BB+ yal + 118k e MSss (111)
is clearly symmetric and strictly positive, so that the unique solution f, - is given by
Fary = (B xBox + yal + 1718y M Sxust) " EGxy-
Recall the definitions of the operators Sx 41 : Hx — Wet and S;,qul W s H e
u+l

Seuttf = (K& ), Sk b= ZKzzb
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with the operator Sx w1155 .4 : Wwutt 5 Wetl given by

wtl u+l utl u+l
Sx,u—&—lS;u_A,_lb = K;Z Zszbj = ZK(CL‘i,:Ej)bj = K[X]b,
j=1 i=1

=1

so that
SutiSxutrt = K[x].

The operator Fcox : Hig — Vs
Ecxf = (CK, [zt = (I © C)Sxuif,

so that
Box = uriyxa @ O)Sxus; (112)

and the operator Eax sV Hye s
Eé’,x - ;,u—l-l(l(qul)Xl ® C*) (113)

As operators, () ® C* : Y — wuth and I(I;Jrl)xl ® C : wvtl — Yl The operator
EE,XEC,X : Hg — Hr is then given by

Bty Eox = Sk (T @ C*C) St « Hi — Hr, (114)

where Jl“H = I(u+l)XlIa+l)xl is the (u+1) x (u+ 1) diagonal matrix, with the first [ entries

on the main diagonal being 1, and the rest 0. As an operator, Jl“H ®C*C : Wit 5 et
The operator EcxE¢ , Wwett s Wetl is given by

EcxE¢x = sy @ O)SxurtSx st <t @ C°) = (Lyiayxy @ OVK X Luiny @ CF).

(115)
Equation (110)) becomes
[ et (S @ CFC + Iy M) Sy it + Z’YAI] Jary = Sk uriUurnyx1 ® CT)y, (116)
which gives
. [T © O C + M) Sy uvifan + (Tt ® CY)y
fZ,’Y: x,u+l (117)
’ lva
- S;,qula’ (118)
where a = (a;)"") € Wt is
—(J" @ C*C + Iy M) Sy utifar + (L ® C*
o (J; Y1 M) Sxuti fry + Lusiyxi )y (119)

lya
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By definition of Sx y+; and S 1,

Sx,u+lfz,'y = Sx,u-‘rlsp*c,u+la = K[X]a‘
Substituting this into equation ((119), we obtain

(Ji @ C*C + Iy M) K [x]a + (Iy 1y © C*)y
lva

)

or equivalently
[(JfH @ C*C + Iyt MK [x] + Iy alypusi]a = (Iugiyxa © C)y. (120)
The operator-valued matrix on the left hand side,
(JZLH @ C*C + Iy M)K[x] + lyalyputi wuth ettt

is invertible by Lemma with a bounded inverse. Thus the above system of linear
equations always has a unique solution

a=[(J/" @ C*C+IyrM)K[X] + lyalypus] ™ (Tusiya ® C)y.

This completes the proof of the theorem. |

Remark 23 (Uniqueness of a) . While the solution f, ., = Zfill Ky a; in Theorem@ 18
always unique, the expansion coefficient vectors a;’s for f, . need not be unique. In fact, we
have

1 fanllFee = (Skusids Sxuri@) e = (@ SxutiSxuri@) st = (8 K[x]a)ypurr.
By the reproducing property,
Joy =0 = ||farylltxe =0<=a=0orac null(K[x]).

Thus a is unique if and only if K[x] is invertible, or equivalently, K[x| is of full rank. For

us, our choice for a is always the unique solution of the system of linear equations m
Theorem [J] (see also Remark [24] below).

Remark 24 The coefficient matrix of the system of linear equations mn Theorem has
the form (yI+ AB), where A, B are two symmetric, positive operators on a Hilbert space H.
We show in Lemma that the operator (vI + AB) is always invertible for v > 0 and that
the inverse operator (yI +AB)™! is bounded, so that the system 1s always guaranteed a
unique solution, as we claim in Theorem[]. Furthermore, the eigenvalues of AB, when they
exist, are always non-negative, as we show in Lemma[26. This gives another proof of the
invertibility of (vI + AB) when H is finite-dimensional, in Corollary . This invertibility
is also necessary for the proofs of Theorems |6 and[7 in the SVM case.

41



MIiINH, BAZZANI, AND MURINO

Lemma 25 Let H be a Hilbert space and A, B : H — H be two bounded, symmetric,

positive operators. Then the operator (vI + AB) is invertible for any v > 0 and the inverse
(v + AB)~! is bounded.

Proof Let T'=~I+ AB. We need to show that T is 1-to-1 and onto. First, to show that
T is 1-to-1, suppose that
Tx =~vr+ ABz = 0.

This implies that
BTz = yBx + BABx = 0 = (z, BTxz) = v(x, Bzx) + (z, BABz) = 0.
By the symmetry and positivity of A and B, this is equivalent to
B> + || AV Bal? = 0.

This is possible if and only if z = 0 or B2z = 0. If BY/?z =0, z # 0, then Tz = vz # 0.
Thus
Tr=0<=z=0.

This shows that T is 1-to-1. Similar arguments show that its adjoint T* = I + BA is
1-to-1, so that
range(T) = (ker(T%))* = {0} = A.

It thus remains for us to show that range(7T’) is closed. Let {yn}nen be a Cauchy sequence
in range(7T'), with y,, = Tz, for z,, € H. Then we have

By, = vBr, + BABx, = <xm Byn> = 7<xm B$n> + <.7}n, BAan)
By the symmetry and positivity of A and B, this is
(@n, Byn) = Y||B @, * + || A2 Bay||*.

It follows that
B 22a|* < (@, Byn) < ||B"2al] ||B"yall.

so that
NBY 2z, || < [|BY 2y, || < |[BY2|] [lynl|-

From the assumption y,, = Tx,, = vz, + ABz,, we have
YTn = Yn — ABxy.

This implies that

ABI/2 B1/2
lenll < gall + 11ABY?|| || BY2a,]| < ]| + LABIIBZL

9

which simplifies to

1 |AB'2]| [|B"?]
lznll < <1+ [ynl]-
g gl
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Since T is linear, ynt+1 — Yn = T(Tpt+1 — ©p) and thus

[ 1y |ABY2|| ||B2] B
n+1 "EnH_,y + ~ ||yn+1 yn”

Thus if {y, }nen is a Cauchy sequence in H, then {x, },en is also a Cauchy sequence in H.
Let xg = lim,,_,o 2, and yo = T'xg, then clearly lim, oo ¥y = yo. This shows that range(T")
is closed, as we claimed, so that range(7T") = range(T") = H, showing that 7" is onto. This
completes the proof. [ |

Lemma 26 Let ‘H be a Hilbert space. Let A and B be two symmetric, positive, bounded
operators in L(H). Then all eigenvalues of the product operator AB, if they exist, are real
and non-negative.

Proof Let A be an eigenvalue of AB, corresponding to eigenvector x. Then
ABz = \x = BABx = ABx = (x, BABz) = \(z, Bx).

Since both A and B are symmetric, positive, the operator BAB is symmetric, positive,
and therefore (z, BABx) > 0. Since B is symmetric, positive, we have (x, Bx) > 0, with
(z, Bx) = ||BY?z||?> = 0 if and only if = € null(B'/?).

If € null(B'/?), then ABx = 0, so that A = 0.

If z ¢ null(BY/?), then (z, Bz) > 0, and

(x, BABx) >0

VT b

Consequently, we always have A > 0. |

Corollary 27 Let A and B be two symmetric positive semi-definite matrices. Then the
matriz (vI + AB) is invertible for any v > 0.

Proof The eigenvalues of (v + AB) have the form v+ A\, where A is an eigenvalue of AB
and satisfies A > 0 by Lemma . Thus all eigenvalues of (yI + AB) are strictly positive,

with magnitude at least . It follows that det(yl + AB) > 0 and therefore (y/ + AB) is
invertible. u

Proof of Theorem Recall some properties of the Kronecker tensor product:

(A® B)(C ® D) = AC ® BD, (121)

(A B)T = AT ® BT, (122)
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and
vec(ABC) = (CT © A)vec(B).

Thus the equation
AXB=C

is equivalent to
(BT @ A)vec(X) = vec(C).

In our context,yyM = ygMp + yw My, which is
VM =vplyt; @ My, @ Iy + ywL @ Iy.
Using the properties stated in and we have for C = ¢! ® Iy,
C*C = (c® Iy)(c! @ Iy) = (cc? @ Iy).

So then
C*C = (I, ®cc @1y).

levyu-i-l _ Jlu+l ® I, ® Iy.

It follows that
cCc)V = (i @ et @ 1y).

Then with

we have

C*CJV" MK x] = (i @ ecT)G[X] ® R.
VMK x| = (vplut1 ® My, + 7w L)G[x] ® R.
Consider again now the system
(C*CTV" M K[x] + Iy MK [x] + Iyal)a = C'y.
The left hand side is
(B® R+ Z’VAI(u—H)m ® Iy)veC(AT)a

where a = vec(AT), A is of size (u + 1)m x dim()), and

B= ((J;H @ ccT) + Iyp(Luss © M) + lnyL) Glx).

Then we have the linear system
(B@ R+ Iyal(uriym ® Iy)vec(AT) = vee(YZ),
which, by properties (124]) and (125), is equivalent to

RATBT 41y AT = YT = BAR + Iy4A = Y¢.

This completes the proof.
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Remark 28 The vec operator is implemented by the flattening operation (:) in MATLAB.
To compute the matriz Yg, note that by definition

vec(YZ) = C*y = syt ® CT)y = vec(C’*YlI(j;H)Xl) = vec(C*Y, 1),
where Y is the dim()) x | matriz, whose ith column is y;, 1 <1 <1, that is
Y =[y1,...,u), with y=vec(Y)),

and Yy is the dim()) x (u + 1) matriz with the ith column being y;, 1 < i <, with the
remaining u columns being zero, that is

Yupr = [yla"'7yla0""70] = [1/1’07’0] :Y2151+1)Xl‘

Note that Y2 and C*Y,4; in general are not the same: Y2 is of size dim(Y) x (u + )m,
whereas C*Y, 4 is of size dim(Y)m x (u +1).

Proof of Corollary For vy =0, u = 0, equation becomes
(Bt xEcx +1val) fary = EC4Y,
which is equivalent to
Jary = (B xBox + yali ) 7 By = Box(BosxcEg + 1valy) ™'y,

that is )
fzﬁ = S;,Z(Il & C*) [(Il X C)K[X](Il &® C*> + l’yAIyz]— y.

Thus in this case f,, = S ;a, where a = (a;)l_, is given by

a=(©C") [(L® C)K[X|(L;® C*) +Iyaly] y.

In this expression, the operator [([; ® C)K[x](I; ® C*) + lya] : V! — V' is clearly symmetric
and strictly positive, hence is invertible. For C' = ¢’ ® Iy and K[x] = G[x] ® R, we have

a= (T ®cely) [ ®c")GX(l©c)®R+Iyaly] y.
With R = Iy, this becomes
-1
a={Li®c)[(hecGX(Li®c)+ L] ®Iyly.

For any v € X,
far(v) = K[v,xla = {Glv,x|(L @ ¢) [(I @ D )GX](hh @ c) + lyali] ' ® Iy}y.

Cfary(v) = {TGlv,x|(L @ €) [(Ii © T)GIX|(L @ €) + 17aL)] "' ® Iy}y.
With Gx] = > | k'[x] ® e;el, we have

m

(1 )G @ ) = (1@ )Y KK @ esel (T @ ) = fjc?ki[xh
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m

TG, x|(I; ® c) :cT(Zk [v,x] ® e;el )([; ® ¢) = ZCQH v, X].
i=1
With these, we obtain

m m -1
Cfaqn(v) = {Zc?ki[v,x] (Z c?ki[x] + l'YAIl> ® Iy} y.

i=1 =1

In particular, for ) = R, we obtain

-1
Cfary(v Z kv, x (Z kix] + l’yAIl> y.
This completes the proof. |

Proof of Lemma [22| Consider the function f € Hx of the form

m m

f(z) = ZK(m,xi)ai = Z[R ® G(x,zi)]a; € T,

i=1 i=1

where a; € T™. Let A; be the (potentially infinite) matrix of size dim(7) X n such that
a; = vec(4;). Then

f(z) = i[R@ G(z,x;)]vec(A Zvec z,x;)AiR),
i=1
with norm
1£113e = i (as, K (i, x5)az)mn = i (ai, (R ® G(zi, xj))a;)7n
',jfl ij=1
= Z vec(A;), vee(G (x4, 2)AjR))n = i tr(AT G (i, ;) AjR).
,j=1 i,j=1
Each component f*, 1 < k < n, has the form
i) = ?Zn: G(x,z;)AiR. ) € Ha,
i=1
where R. . is the kth column of R, with norm
¥y, = Emj (AiR. 1, G(xi, ) AjR. i) T = Z RN AT Gz, 7)) AjR k.
ij=1 ij=1

For

m

fHa) = ZG($7$i)AiR:,l,

=1

46



UNIFYING VECTOR-VALUED MANIFOLD REGULARIZATION AND MULTI-VIEW LEARNING

we have

Z RIATG(zi,2))AjR,y.
t,j=1
Let B be a symmetric, positive definite matrix of size n x n. Consider the form

n

> Bulff, Mue = > Y BuRLATGxi,x;) AR,

k=1 k=1 jfl
= Z Z BMR A G 37“.733)14 R. 1= Z tI‘(BRTAZTG(xi,.Ij)A]‘R)
- ij—1

= Z r(BRATG(x;,2;)AjR), since R is symmetric.
ij=1

It follows that for R strictly positive definite and B = R™!, we have

Hf”g-[K = Z Bkl<fk7fl>'HG

k=1
In particular, for 0 < A <1 and
1—A
we have 1-x
B=R'=1,—- T17115.
Then

)\ n
1£113e = ZBkl (f* f ZkaHHG_iz (f*. f

k,l=1 k=1
- 1
= AZI\f’“H%G + (1 —A)lef'c - EZle%G-
k=1 k=1 =1

This result then extends to all f € Hx by a limiting argument. This completes the proof. B

A.3 Proofs for the SVM case

Recall the optimization problem that we aim to solve

N‘.—l

Jany = argmingcqy, ¢ cr

!
Z Z §k¢+’YAHfH2rLK+’Yl<f»Mf>wu+la
i=1 k=1,k#

subject to the constraints

Eki > —(Sk, Sy )y + (56, Cf(z3))y, 1<i<ULk#uy,
i >0, 1<i<lk#uy:.
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Proof of Theorem [6] The Lagrangian is

l

L(.€ 0, B) = 750 3 &t vall ey +0(E MEpc

i=1 kg,
!
=D i (ki — [~ sk 59,0y + (58, C f(w2)) Z > Bribis
1=1 k#vy; i=1 k#y;

where

By the reproducing property
<8k7 Cf(l'z»y = <C*Sk7 f($2)>w = <f7 Kﬂﬂz(C*Sk’»'HK
Thus the Lagrangian is

(fagva ﬁ Zzgkz +7A|‘f||’HK+'YI<f Mf>Wu+l

i=1 k#y;

- Z D ki (i — [=(skr 59:)p + (s Ko (CF58) )0, ) Z > Brikri-

i=1 kv i=1 ky;
Since
<f7 Mf)wu+l = <Sx,u+lfa MSx,u+lf>W“+l = <f7 x u+lMSx,u+lf>’HK7
we have l
£, MF) i . &
<a}W+ =255 MSyupif =2 Kq (MF);.
i=1
Differentiating the Lagrangian with respect to &; and setting to zero, we obtain
oL 1 1
96 1 — i — Bri =0 = agi + Bri = 7

Differentiating the Lagrangian with respect to f, we obtain

!
oL
97 =l + 27155 it M Sxutif + Y oriKy, (CFsp).
i=1 ky;
Setting this derivative to zero, we obtain

u+l

Z K, (Mf);

This means there are vectors a; € W, 1 < i < u + [, such that

Zzam (C™sp).

27A i=1 k#y;

u+1

i=1
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This gives
u+l
fr = f(z) = Y K(wg,z5)a;,
j=1
so that
u+l u+tl u+l u+l
(Mf); = ZMzkf;ﬁ = ZMszK g x)a; = ) MK (vg,xj)a;.  (139)
7,k=1
For 1 <<,
u+l
a; = Z MK (zk, x5)a; — - Z i (C*s), (140)
2= TA fy,
or equivalently,
u+1 1 1
I Z MikK(azk,xj)aj + YAQ; = *5 Z aki(C*sk) = 750*5041-, (141)
Jik=1 k#y;
since oy, ; = 0. For [ +1 <i <wu+1,
~ u+l
T
YA S
s
or equivalently,
u+l
I Z Mip K (2k, xj)a; +vaa; = 0. (143)
jk=1

In operator-valued matrix notation, (141)) and (143) together can be expressed as
1 *
(e ME[x] +7aD)a = — 5 (Hiaya © C°S)vee(a). (144)

By Lemma the operator (Y MK [x]+~y4l) : Wit — Wt is invertible, with a bounded
inverse, so that

1
a= o (uMEK[x] + YD) ™ (Iugy 1 ® C*S)vee(a). (145)

With condition ((136), the Lagrangian (133]) simplifies to
L(f,& o, B) = 7A||f\|§< + 1 (£, ME)yyus

+ Z 3 i ([~ sk sy)y + (50, CF (@))y]) (146)

i=1 kty;

From expression ((137)), we have

OL
a7 = 0= TS Sy MSxanf = »Z > Ky, (C*sp). (147)
=1 k#y;
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Taking inner product with f on both sides, we get

l
32 2 il K (C 5w
i=1 ky;

l\DM—t

Yall FFee + v, ME)yyu =

With f = ZuH K aj, we have

u-+l
(f, Ko (CTs1))se = (K (i, 5)a;, C*si)w,

j=1
so that

u+l
> anilf Koy (C*sp))ase = O (K (i, 25)a5, Y apiC sphw
u+l

= Z (xi,xj)a;, C*Sag)w

Combining this with (148)), we obtain

~

1 u+l

Yall 13, + v (€ ME)yyurs = —5 E;Q:l K(zi,xj)a;, C*Sai)w
1= ]_
w1

= _,Z S*CZK Ti, Tj)aj, Q) RP
In operator-valued matrix notation, this is
2 1 T 7T *
Yall I3, +r(E, ME)ypust = —ivec(a) (I(UH)X[ ® S*C) K [x]a.
Substituting the expression for a in (145) into (152), we obtain

1 *
7A||f||3{K + 1 (£, M) yyurs = ZVQC(Q)T(I(EH)M ® S*C)K[x]

% (UMETX] +7D) " (Ius1y 0 @ C7S)vee(a).

Combining (146} -, and , we obtain the final form of the Lagrangian

!
- Z Z (Sks Sy; ) YQki — ivec(a)TQ[x, Clvec(a),

i=1 ky,

where the matrix Q[x,C] is given by
Q. C) = (%114 ® S*CVK (v MEX] + 7a1) " Iyt © C°S).
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We need to maximize the Lagrangian subject to the constraints

OSQMS%, 1<t <l k#y. (156)
Since oy, ; = 0, these constraints can be written as
0<a<7(1-diy), 1<i<LISK<P (157)
Equivalently, under the same constraints, we minimize
1 !l P
D(a) = Zvec( )T Q[x, Clvec(a) + ;; Sky Sy; ) Y i- (158)

When S is the simplex coding, we have (sj, sy;)y = —% for k # y;, and «y, ; = 0, so that

P

l I P
Z Z Sk, Sy; ) Y Olsi = Z Z lplvec(a).
k=1 =1 k=1

=1k

This gives the last expression of the theorem.
Let us show that Q[x, C] is symmetric and positive semidefinite. To show that Q[x, C]
is symmetric, it suffices to show that K[x](y/M K[x] + y4I)~! is symmetric. We have

(K [X]M +val) K[x] = K[x](vyM K[x] + val),
which is equivalent to
KX](iMK[x] +yal) ™" = (K XM +yal) 7' K[x] = (K[X|(yi MK [x] +v4I) )"

by the symmetry of K[x] and M, showing that K[x](y;MK[x]+~4I)~! is symmetric. The
positive semidefiniteness of Q[x, C| simply follows from ((153)). This completes the proof of
the theorem. |

Proof of Theorem m Let Sy, be the matrix obtained from S by removing the y;th column
and $; € RP~! be the vector obtained from «; by deleting the y;th entry, which is equal to
zero by assumption. As in the proof of Theorem |§|, for 1 <i </,

u+l

1 1
v Y MK (xg, 75)a; + yaa; = —5C"Sai = =508y, B (159)
j,k=1
Fori+1<i<u+l,
u+l
YI Z Mip K (g, zj)aj + vyaa; = 0. (160)
j.k=1

Let diag(Sy) be the I x [ block diagonal matrix, with block (i,7) being Sy,. Let 8 =
(B1y...,01) be the (P — 1) x | matrix with column ¢ being ;. In operator-valued matrix

notation, (159 and (160|) together can be expressed as

(MK +7a1)a = =5 (T @ O)diag(Sy)vee(9) (161)
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By Lemma the operator (y; MK [x]+~yal) : Wit — Wit is invertible, with a bounded
inverse, so that

a= —%(’YIMK[X] + vaD) T Ty 1 ® C*)diag(Sy)vee(B). (162)

As in the proof of Theorem []

u+l
'YAHfH%{K + 1 (£, ME)yurt = —72 ZK xi, xj)a;, C*Sag)y
=1 j=1
u+l
= _,Z ZK xi, xj)aj;, C* Sy, Bi)w
i=1 j=1
u+l
= _,Z S5.C Y K(wi x5)a, Bi)gr-1. (163)
=1 7j=1
In operator-valued matrix notation, this is
1
YAl B + (8 ME)yyurs = —iveC(B)TdIag(S )Ly ® C) K [x]a. (164)

Substituting the expression for a in (162) into (164), we obtain

YAl + 71 (8 ME)yyus = ﬁvee(ﬂ)TdiaaS;)(I@H)M ® C)K|[x]
X (MEKX] +7aD) ™ (Igy < © C*)diag(Sy)vec(B).  (165)

We now note that l

Z > kilsk, 5y,)y = Z<Sym Sy, Bi)y- (166)

i=1 ky,
Combining ((146)), (166)), (148]), and (165)), we obtain the final form of the Lagrangian

l

1
L(B) = = fsyir S5 Bi)y — Jvec(B) Qlx,y, Clvec(B), (167)
i=1
where the matrix Q[x,y, C] is given by
Qlx,y, C] = diag(S5) ({41 ® OV K [X] (v MK [x] + 74D) ™ (Lug1yxa @ C*)diag(Sy)- (168)
We need to maximize the Lagrangian subject to the constraints

Equivalently, under the same constraints, we minimize

l
D(B) = ivec(ﬁ)TQ[x,y, Clvee(8) + 3 (4., Sy Bi)y- (170)
=1
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If S is the simplex coding, then

(Syi» Sy, Bi)y = <S;:5ymﬁi>y = —%112—151'-
It follows then that l
S sy Sy = — 5 U pyvec(s),
i=1
giving the last expression of the theorem. This completes the proof. |

Lemma 29 The matriz-valued kernel K is positive definite.

Proof Let d = dim()). Consider an arbitrary set of points x = {z;}}¥; in A and an
arbitrary set of vectors {y;}Y, in R™?. We need to show that

N
D (Wi K (@i, 25)y;)pma = y" K[x]y >0,
i,j=1
where y = (y1,...,yn) € R™¥ as a column vector. This is equivalent to showing that the

Gram matrix K[x] of size mdN x mdN is positive semi-definite for any set x.

By assumption, G is positive definite, so that the Gram matrix G[x] of size mN x mN
is positive semi-definite for any set x. Since the Kronecker tensor product of two positive
semi-definite matrices is positive semi-definite, the matrix

K[x]=Gx]® R

is positive semi-definite for any set x. This completes the proof. |

To prove Theorem we need the following result.

Lemma 30 Let N,n € N and v > 0. Let U be an orthogonal matriz of size n X n, with
columns uy, ..., u,. Let A; be N x N matrices such that (A; + vIn) is invertible for all i,
1<i<n. Then

n -1 n
(z A @ul-ufwm) =3 Ay i) ua? ()
=1 =1

Proof By definition of orthogonal matrices, we have UUT = I,,, which is equivalent to
> i1 uiu,T = I,, so that

n n n n
Z A ® uz‘uZT +vIny = Z A ® uiu;'r +vIn ® Z uiuiT = Z(Az +vIN) ® uz‘uiT-
prt 1 i—1 i—1

Noting that (u;,u;) = d;;, the expression for the inverse matrix then follows immediately
by direct verification. |
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Proof of Theorem From the property K[x] = G[x] ® R and the definitions Mp =
Lyy1 @ My, ® Iy, My = L ® Iy, we have

VMK [x] +valypurr = (vpMp +yw Mw ) K[x] + yalyp @ Iy

= (’VBIu—i-l ® My, ® Iy + ’VWL @ Iy)(G[X] ® R) + 7A1u+l In® Iy

= (vglu+1 ® My, + ywL)G[x] ® R+ Yalm(usry ® Iy.

With the spectral decomposition of R,
dim(Y)

Z )\erz r,,

we have
dim(Y)
(VBLut ® My +wL)GX] @ R= " Nr(vlut1 ® My +yw L)G[x] @ rir]
i=1
It follows from Lemma B0l that
dim())

(VMK[x] +yalyus) ™" = Z N r(VBLust ® My +yw L)GIX] + yalnurp) ' @ rir]
i=1
dim (Y

Z le@rrl, where M, = [N r(Y8lust ® M +ywL)G[X] + YaLnuin]

For C = ¢’ ® I, € RImV)xmdim() " we have
C*S=(c®Iy)S=c® s,
S*C = S*(CT ® Iy) = ¢ ® 5,
I(T1t+l)xl ®5°C = I(:ZH)XZ ®c ®S%,
Tyt @ C°S = Iy @ c® 8.
It follows that

dim(Y)
(’YIMK[X]+’)/AIWu+z) (I(u+l)><l®C S Z reg(X)I‘Z (I(u+l)><l®c®5)

dim(Y

Z reg u+l)><l ® ) & rirlTSa

from which we obtain the expression for a. Next,

dim ()
K[X](’YIMK[X] +7AI)_1 ®R Z reg(g)rZ
dim(Y) dim(Y) dim(Y)
= ( Z G[ ]®)\ er Z reg®r, = Z G[ ]Mrleg®)\i,er‘rzT

i=1 =1
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Thus for Q[x, C], we have

Qlx, C) = (I{ys1yxa ® S*C)K[x ](’YIMK[X]+7AI)71(I(u+l)><l®C*S)
dim(Y

= ([fuspa @’ @ 57)( Z GIX|Mieg @ Xi rrin] ) (Tut)xi ® € ® 5)

dim(Y)

= ( Z (I(j;-i-l)xl ® CT)G[ ] reg ® A RS r;r; )(I(u+l)><l ¥ S)
=1
dim(Y)

= Z (I@H)xl ® cT)G[ ]Mﬁeg(l(uﬂ)xl ®c)® Ai,RS*rir;pS.
i=1

This completes the proof of the theorem. |

Proof of Theorem For R =1y we have \; g =1, 1 < i < dim(}), so that in Theorem

el

Moy = Mreg = [(v8Lust @ My + YW L)GIX] + Yalimuin]
Since Z?;nf( rZ = Iy, by substituting M}, = Mg into the formulas for a and Q[x, C]
in Theorem (11} we obtaln the corresponding expressions and . |

Proof of Propositions [12] and [14] By Theorems [] and [I1], we have

u+l
Jzr () = ZK(U, zj)a; = K[v,x]la = (G[v,x] ® R)a
j=1
dim(Y dim(Y)
. 2 a3 Mg ) © e Sec(e)
1 dim () '
=5l > Glo, XMy (Tuiiyx @ €) @ Ay grir] Svec(a®)

i=1
1 dlm(y)
= ——vec \i priry SaPY(T (UH)X[@C )(Mr’eg)TG[v,x]T).
i=1
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The combined function, using the combination operator C, is

924(v) = Cfzq(v) = (" @ Iy)(Glv,x] @ R)a = (c" G[v,x] ® R)a

dim())
1 ) o
= —5[ Z G, X| Mg (It ® €) @ \i griry S]vec(a®P?)
i=1
1 dim(Y) ‘
= 5 vee( > Aigrir] SaP(IE ) @ D) (M) Glo, x| e)
=1
1 dim()) ‘ '
=3 > Aigrir] SaP (I @ D)(M],) " Glu,x]Te € RO,
i=1
It follows that on a set v = {v;}!_, C X,
1 dim(Y) . .
92 (V) = =5 Y Nrrir! Sa%P (1 © ") (M) Glv. x| (I ® ¢) € R,
i=1
The final SVM decision function is then given by
hay (V) = ST gz (V)
1 dim(Y) '
=3 Z )\Z-7RSTrZ~riTSa°pt(I(TuH)XZ ® CT)(Mﬁeg)TG[V,x]T(It ®c) € RPXE,

i=1

This completes the proof for Proposition Proposition then follows by noting that
in Theorem with R = Iy, we have M}, = Mg, \ig = 1, 1 < i < dim(}), and

reg

sz;nll(y) I'iI‘lT = Iy. |
Proof of Corollary Clearly, for vy = 0 and u = 0, we have
.. X £ 10
Qx,y,C] = ,V*Adlag(sy)(fz ® O)K[x](1; ® C*)diag(Sy).

For C = ¢! ® Iy and K[x] = G[x] ® R, this is

1

Qx,y,C]
YA

diag(S3)[(1; ® ¢")G[x](I; ® ¢) ® R]diag(Sy).
For R = I, we have
Qlx.y.C] = ——diag(S;)[(1s )GIXI(1) @ c) & Ty ding(S5).

With G[x] = 37" kx| ® e;el,

(L@ NG @ e) =3 k[,
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so that

m

Qx,y,Cl = ;Adiag(S;}) (Z cik'[x] @ Iy) diag(Sy),

=1

which, when ) = R, reduces to

Qkx,y,C] = ;Adiag(Y) (Z C?ki[X]> diag(y).

i=1
Similarly, when ~v; = 0, u = 0, we have

1
2v4

a —

(I ® C*)diag(Sy)vec(B°P").

For C =c® Iy, K(z,t) = G(z,t) ® R, we have for any v € X,

Cfr~(v) = CK[v,x]a = 2iA(cT ® Iy)(G[v,x] @ R)(I; ® ¢ ® Iy)diag(Sy)vec(8°P")
_ 2; 7 Glv, x](I ® ) ® R]diag(Sy)vec(°P),
which for R = Iy, simplifies to
C () = —2;4[CTG[U, X)(I ® ) ® Tyldiag(Sy)vee(8),

With G(z,t) = > 10, k'(z,t) @ e;el

7
m .
G, x|(Ii®c) =Y kv, x],
=1
so that
1

Clan(v) = =97

(Z kv, x| ® Iy) diag(Sy)vec(BPY).

i=1
For Y = R, this simplifies to

This completes the proof. |

A.4 Sequential Minimal Optimization

This section describes the Sequential Minimal Optimization (SMO) algorithm we use to
solve the quadratic optimization problem for MV-SVM in Theorem [6] It is a generalization
of the one-step SMO technique described in (Platt, 1999). For simplicity and clarity, we
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consider the case of the simplex coding, that is the quadratic optimization problem .
The ideas presented here are readily extendible to the general setting.
Let us first consider the SMO technique for the quadratic optimization problem
. 1 p L o7
argmin,cgriD(a) = —a’ Qo — ——1p0, (172)
4 P-1

where @) is a symmetric, positive semidefinite matrix of size Pl x PI, such that @Q;; > 0,
1 <4 < PI, under the constraints

1
0<a; <y, 1<i<PL (173)
For i fixed, 1 < i < PI, as a function of «;,
1 1 & 1
D(a) = 1@11%2 + 5 Z Qijoioa — ﬁai + Qconst, (174)

J=Ly#

where Qeonst 1S @ quantity constant in «;. Differentiating with respect to a; gives

Pl
oD 1 1 1
o, ~ 2%y 2 Qv poy 1)
J=LJ7

Under the condition that Q;; > 0, setting this partial derivative to zero gives

1 9 Pl 1 9 Pl
042< = — | — — Z Qijaj =o;+— | =—— — ZQUO[]' . (176)
Qu\P-1 &~ Qi \ P—-1 &
J=Lj#i g=1
Thus the iterative sequence for «; at step ¢ is
1 9 Pl
t+1 ot ot
after which we perform a clipping operation, defined by
0 ifa; <O,
cip(a;) = o if0< oy <1, (178)
% if aj > %

Let us now apply this SMO technique for the quadratic optimization in Theorem
[6l Recall that this problem is

1 1
a®P' = argmin, cgpx {D(a) = Zvec(a)TQ[x, Clvec(a) — P_lllT)lvec(a)} ,

with 1p; = (1,...,1)T € RP!, subject to the constraints
1
0<a < 7(1-0ky), 1<i<LI<k<P
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The choice of which ay; to update at each step is made via the Karush-Kuhn-Tucker (KKT)
conditions. In the present context, the KKT conditions are:

s (6= g + B CFy| ) =0 1<i<Lb £ (179
(7o) =0, 1<i<iizn (150)

At an optimal point a°Pt,

1
gzg’t = max <0, 1 + <8k,Cf(:L‘i)>y> , 1<i<lLk#y;. (181)

We have the following result.

Lemma 31 Forl1<i<lI, k#y;,

1
Q" = 0= (s, Cfag(@i)ly < 57 (182)
1 1
0<ap} < 7= (0, Cfan(@))ly = —5—, (183)
0 1 1
ap =7 = (s, Clay(@i))y > -5 (184)
Conversely,
1
(58, C fan(wi))y < —5— = o} =0, (185)
1 opt 1
(6, Clan(2i))y > —5—7 = @ =7 (186)

Remark 32 Note that the inequalities in and are not strict. Thus from

($ks C f2n(2i))y = — 5 we cannot draw any conclusion about aZEt.

Proof To prove 1) note that if aZIZ.)t = 0, then from 1} we have 52?13 = 0. From
(181]), we have

1 1

51 T wCf(@i))y 0= (s, Cf(zi))y < —5—7-

To prove 1) note that if 0 < azg’t < %, then from 1) we have fzft = 0. On the other

hand, from (179)), we have

1
b= g+ (s CF @)y,
It follows that

% + (1, Cf(xi))y = 0 <= (s, Cf(x:))y = _%_
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For 1) note that if azlft = %, then from 1D we have

gopt 1

%1 + {5k, CF(2i))y 2 0 == (50, Cf (2:))y 2 =5

Conversely, if (sk,C’f(azZ»y < —5-7, then from , we have & = 0. It then fol-
lows from that aj?" = 0. If <sk,Cf(xz)>y > —5t—, then from {D we have

= S+ (sk, Cf(z;))y. Then from it follows that ajt" = 1. ]

Binary case (P = 2). The binary simplex code is S = [—1, 1]. Thus k # y; means that
s = —y;. Therefore for 1 <1 <1, k # y;, the KKT conditions are:

A =0 = yi(c, fur(@))w > 1, (187)

1
0 <apf’ < 17 yilc, faq(zi))w =1, (188)

o 1
oy} = 7 = vile fay(i))w < 1. (189)

Conversely,
yile, fur(@))w > 1= ol =0, (190)
opt 1

yile: faq(@i))w <1==afi" = 7. (191)

Algorithm [3| summarizes the SMO procedure described in this section.

A.4.1 NUMERICAL IMPLEMENTATION OF SMO

Let us elaborate on the steps of Algorithm [3| under the hypotheses of Theorem that is
the simplex coding with K[x] = G[x] ® R for R = Ip_;, which we implement numerically.
Verifying the Karush-Kuhn-Tucker conditions on the labeled training data.
To verify Lemma on the set of labeled training data x;.; = {xi}ézl C x, according to
Proposition [14], we compute
g (X14) = —%STSaOPt(I(j;H)Xl ® ") ML, Glx1q, x] (I ® ¢) € R, (192)
as a matrix of size P x [, with the ith column being h, ~(7;) = ({(sg, C fz~(%:))y)E_,, which
is then compared with the margin value —ﬁ.

Efficient evaluation of the update step . The most important factor under-
lying the efficiency of Algorithm [3] is that we never compute the whole matrix @ of size
Pl x PI, which can be prohibitively large. At each update step, i.e. , we only use the
ith row of @, which we denote Q(i,:), which need not be computed explicitly. Recall that
we have

Q=0Qx,C]= ( (u+)x1 ®c )G[X]Mreg(l(u+l)xl ®ec)®S*S = Q¢ ® Qs,

where
Qa = ( (u+l)x1 ®c )G[X]Mreg(j(wrl)xl ® 0)7 (194)
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Algorithm 3 Sequential Minimal Optimization for Multi-class Multi-view SVM

Note: We use a € RP*! ag a matrix and ayec = vec(a) € RP! as a column vector inter-
changeably.

Initialization: Set o = 0. .

Stopping criterion: % < ¢, for some € > 0.

Repeat: - Verify KKT conditions according to Lemma

- Randomly pick an i € N such that of__. is a KKT violator.

vec,t
- Perform update:

Pl

. 1 2

ai—gcl,i = Chp af/ec,i + Q P—_1 - § :Qijaf/e(:,j ) (193)
i j=

where Q = Q[x, C].

Until: There are no KKT violators or the stopping criterion is met.

and
Qs = S5"5. (195)

Thus for each i, the ith row of @ is
Q(i,:) = Qalic,:) ® Qs(is, ), (196)
for a unique pair of indices i¢; and ig. It then follows that
Q(i, )vec(a) = (Qalic,:) ® Qs(is,:))vec(a) = vec(Qs(is, )aQq(ia,:)")
= Qs(is,)aQq(ic, )" = Qs(is,)aQa (s ic) (197)

since Q¢ is symmetric. Also
Qi = Qalic,ic)Qsl(is, is)- (198)

When proceeding in this way, each update step (193)) only uses one row from the I x [ matrix
Q¢ and one row from the P x P matrix ()g. This is the key to the computational efficiency
of Algorithm

Remark 33 In the more general setting of Theorem with K[x] = G[x] ® R, where R
is a positive semi-definite matriz, the evaluation of the matriz Q = Q[x,C] is done in the
same way, except that we need to sum over all non-zero eigenvalues of R, as in .

A.5 Proofs for the Optimization of the Combination Operator

In this section, we prove Theorems [15] and [16] stated in Section Consider the optimiza-
tion problem (86]), namely

xrgﬂiéln ||Ax — b||gn subject to ||x||grm = .
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The Lagrangian, with Lagrange multiplier -, is given by
L(x,7) = [|[Ax = b||* + 7(||x[[* — a?).
Setting g—i =0 and % = 0, we obtain the normal equations

(ATA +~I,)x = ATb, (199)
|1x||? = o?. (200)

The solutions of the normal equations (199) and (200), if they exist, satisfy the following
properties (Gander} 1981)).

Lemma 34 If (x1,71) and (Xx2,72) are solutions of the normal equations and ,
then

45z = b][? — || 4% — bi[* = o2l — s (201)

Lemma 35 The right hand side of equation s equal to zero only if y1 = vo = —u,
where 1 > 0 is an eigenvalue of AT A and

x1 = X2 + v(u), (202)
where v(u) is an eigenvector corresponding to pi.

According to Lemmas [34| and if (x1,7) and (x2,72) are solutions of the normal
equations ([199)) and (200]), then

M > 72 = |[Ax2 — b|[ > |[Ax; — b]|. (203)

Consequently, among all possible solutions of the normal equations and , we
choose the solution (x,~) with the largest .
Proof of Theorem Using the assumption A”b = 0, the first normal equation (199)
implies that

AT Ax = —yx, (204)

so that —v is an eigenvalue of AT A and x is its corresponding eigenvector, which can be
appropriately normalized such that ||x||[gm = «. Since we need the largest value for v, we
have v* = —py,. The minimum value is then
| Ax* — bl[fn = (Ax", AX")pn — 2(Ax", b)gn +[|b][fn
= (x", AT Ax")gm — 2(x*, ATb)pm + |[bl[fn = —7"[1x"|[&m + |[b|[Rn
= e + [[bl[Zn.
This solution is clearly unique if and only if u, is a single eigenvalue. Otherwise, there are

infinitely many solutions, each being a vector of length « in the eigenspace of p,,. This
completes the proof of the theorem. |
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Proof of Theorem We first show that under the assumption A”b # 0 and ¢ = U”'b,
we have ||c1.-||rr # 0, that is ¢; # 0 for at least one index i, 1 < i < r. To see this, assume
that ¢; =0 for all 4, 1 <i <r. Then

ATb =vyTUuTb = vxTe =0,

which is a contradiction. Thus ||cy.||rr # 0.
There are two cases in this scenario.
(I) If v # —pi, 1 < i < m, then the matrix (AT A + ~I,,) is nonsingular, thus

x(7) = (ATA +v1,,) ' ATb = (VDVT 4+ 41,,,)"'VvETUTb
= V(DVTV ++1,) 27U = V(D + 41,) 2T U .

Since the matrix V' is orthogonal, we have

r 2.2

oscs
Ix(N|Em = (D + v L) T 2TUTD )2 =Y
: ; (07 +7)?

where ¢ = UTb. We now need to find v such that ||x(v)||gm = a. Consider the function

T 22
;¢

@ )

s(y) =
=1

on the interval (—o2,00). Under the condition that at least one of the ¢;’s, 1 < i < 7, is
nonzero, the function s is strictly positive and monotonically decreasing on (—o2, c0), with

lim s(y) =0, lim s(y)=oc. (206)
y—00 y——0o2

Thus there must exist a unique v* € (—o2,00) such that

07) =3 et = 200
el G
1) If rank(A) = m, then » = m and v* > —02, = —pi, > —p; for all 1 < i < m. Thus

x(~*) is the unique global solution.
2) If rank(A) < m but v* > 0, then we still have v* > —pu; for all 9, 1 < i < m, and
thus x(7*) is the unique global solution.

(IT) Consider now the case rank(A) < m and +* < 0.
Since pim = ... = prp1 = 0 and —p, = —02 < v* < 0, we need to consider the possible
solution of the normal equations with v = 0. For v = 0, we have

ATAx = ATb «—= VDVTx = VETUTb <= DVTx = 2TUTb. (208)

Let y = VTx € R™. By assumption, the vector Dy € R™ satisfies (Dy); =0, r+1 <14 < m.
The vector z = XTUTb € R™ also satisfies z; =0, 7 + 1 < i < m. Thus the equation

Dy =z (209)
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has infinitely many solutions, with y;, 7 + 1 < ¢ < m, taking arbitrary values. Let yi., =
Wi)i—1, 21 = (21)i_y, Dp = diag(p1,..., 1), Xp = X(;,1 1 r) consisting of the first r
columns of 3. Then

Yir = D;121:r7 (210)
or equivalently,
i
yi=—, 1<i<r.
o3

Since V is orthogonal, we have
x= (V") ly=Vy,

with
|[x]|rm = |[Vyllrm = [|y|lrm.

The second normal equation, namely
[x[zm = a,
then is satisfied if and only if
Iy 1l ler < llyllrm = [|x[[zm = a. (211)

This condition is equivalent to

< o? (212)

>

O
@M@m

Assuming that this is satisfied, then
Ax(0) =USVIx =UXVIVy = USy = US,y1, = US, D 'z
= U, D'ST(UTb) =UJUTb.
The minimum value is thus
14%(0) = b|lgn = [[(UJIUT = Lp)bl[re = [|(UJUT = UUT)b]|gn
= |[U(J} = L)Ublgn = ||(J;' = Ln)U” bl[zn.

If r =n, then J! = I,,, and
14x(0) — bl g = 0.

2
Since s(0) =>"7_; 12 and s is monotonically decreasing on (—o2,00), we have
l

2
c
Z—g—a2<:>’y*:0. (213)
i=1 g;
In this case, because Y ;_; yf = o2, we must have y,41 = --- = ¥, = 0 and consequently

x(0) is the unique global minimum. If

C; )
Z 5 <a’ (214)
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then v* # 0. In this case, we can choose arbitrary values y,i1,...,¥ym such that y2 1t
2
eyl =0 =30 % Consequently, there are infinitely many solutions x = Vy which

achieve the global minimum.

2
If condition (212)) is not met, that is > ;_; %, > o2, then the second normal equation

7
||x||rm = « cannot be satisfied and thus there is no solution for the case v = 0. Thus the
global solution is still x(7*). This completes the proof of the theorem. |

For completeness, we provide the proofs of Lemmas and here. Lemma is a
special case of Theorem 1 in (Gander, [1981)) and thus the proof given here is considerably
simpler. Our proof for Lemma |35/ is different from that given in (Gander} [1981), since we

A
do not make the assumption that rank < =m.

I
Proof of Lemma By equation ([200]), we have
M2 71— 72
[Ix1 = xof[* = == (I [® + [Jx2][* = 2(x1,%2)) = (71 = 12)a? + (32 — 1) (x1, %2)

2
From equation ({199)),
|[Axs — b||* — ||Ax; — b||* = ((x2, AT Ax3) — 2(x2, ATb)) — ({x1, AT Ax1) — 2(x1, A" b))
= ({x2, ATb — a%2) — 2(x2, Ab)) — ({(x1, A"b — y1x1) — 2(x1, A"b))
= m|[x1]]? + (x1, ATb) — vo||x2||* — (x2, ATb) = (1 — y2)a® + (x1, ATb) — (x2, ATb).

2

Also from equation , we have
(x1, (AT A + yo0,)%x2) = (x1, ATb),
(x2, (AT A + y11,)x1) = (x2, ATb),
Subtracting the second expression from the first, we obtain
(x1, ATb) — (x2, ATb) = (yo — 1) (x1, X2).
Thus

71— 72
2

This completes the proof. |

|Ax2 — b||* = ||[Ax1 — b||> = (71 — 12)a® + (72 — 1) (x1,%X2) = |x1 — x| [°.

Proof of Lemma There are two possible cases under which the right hand side of (201])

is equal to zero.

(I) 71 = 72 = v and x1 # x2. By equation ((199),
(ATA4 1) (x1 — x9) = 0 <= AT A(x; — x2) = —7y(x1 — x2).
This means that v = —u, where p > 0 is an eigenvalue of AT A and

X1 = X2 + v(u),
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where v(u1) is an eigenvector corresponding to .
(IT) v1 # 72 and x; = x2 = x. This case is not possible, since by equation ((199), we
have

(ATA4 yI,)x = ATb = (ATA+ pl)x = (11 — 72)x =0 = x =0,

contradicting the assumption a > 0. |

Appendix B. Learning with General Bounded Linear Operators

The present framework generalizes naturally beyond the point evaluation operator

flz) = K. f.

Let H be a separable Hilbert space of functions on X. We are not assuming that the
functions in H are defined pointwise or with values in W, rather we assume that Vo € X,
there is a bounded linear operator

E,:H—->W, |[El <o, (215)

with adjoint E} : W — H. Consider the minimization

!
. 1
foy = argming, - ZV(yi,CExif) +yallf15
=1

1 (£, ME)yyusi, where f=(E, f)“! (216)

=1

and its least square version

l
. 1
oy = axgmingg 5 3 loi = CBe fI +7al 71 + 11 (6 ME) s (217)
=1

Following are the corresponding Representer Theorem and Proposition stating the explicit

solution for the least square case. When H = Hg, E, = K, we recover Theorem [2| and
Theorem [3], respectively.

Theorem 36 The minimization problem (@ has a unique solution, given by f,, =
E;‘:Jrll E;Z_a,; for some vectors a; e W, 1 <i<wu+1.

Proposition 37 The minimization problem has a unique solution f, , = Z?:ll E; . ai,
where the vectors a; € W are given by

u+l u+l
i Y MiEa B a5+ C*C(Y | B B} a5) + lyaai = C*y;, (218)
k=1 j=1
for1<i<lI, and
u+l
v Y MiEy By aj+yaa; =0, (219)
Jvk:]-

foril+1<i<u+l.
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The reproducing kernel structures come into play through the following.
Lemma 38 Let E: X x X — L(W) be defined by
E(z,t) = EyE}.
Then E is a positive definite operator-valued kernel.
Proof of Lemma For each pair (z,t) € X x X, the operator F(z,t) satisfies
E(t,x)" = (EvE})* = ExE] = E(x,1).

For every set {z;}}¥, in X and {w;}¥, in W,

N N
Z<w’i7E($i7xj)wj>W = Z<wl7szE;Jw]>W
i,j=1 i,j=1

N N
= > (Brwi, By wju =) Exwill3 > 0.
i,j=1

=1

Thus E is an L(W)-valued positive definite kernel.

(220)

Proof of Theorem and Proposition These are entirely analogous to those of
Theorem [2] and Theorem 3| respectively. Instead of the sampling operator Sx, we consider

the operator Ey : H — W', with

Exf - (Emif)ézlv
with the adjoint EZ : W' — H given by

l
Eib =) E; b
1=1

for all b = (b;)!_; € W'. The operator Ecx : H — V' is now defined by
EC,Xf = (CEailfa crty CEIlf)
The adjoint B, : V' — H is
l
Ef b= E;C*b,
i=1
for all b € V!, and B¢, Eox : H — H is

l

B Ecxf =Y E;C*CE,f.
=1

(221)

(222)

(223)

(224)

(225)

We then apply all the steps in the proofs of Theorem [2| and Theorem [3| to get the desired

results.
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Remark 39 We stress that in general, the function f, . is not defined pointwise, which is
the case in the following example. Thus one cannot make a statement about f, (x) for all
x € X without additional assumptions.

Example 1 |Wahba (1977) X = [0,1], H = L*(X), W = R. Let G : X x X — R be
continuous and

B.f = /0 Gl 1) f(t)dt. (226)

for f € H. One has the reproducing kernel

E,E; = E(x,t) = /1 G(z,u)G(t, u)du. (227)
0

Appendix C. The Degenerate Case

L2
This section considers the Gaussian kernel k(z,t) = exp (—%) when ¢ — oo and

other kernels with similar behavior. We show that for G(z,t) = Y.1* | k' (x,t)e;e] , R = Iy,
the matrix A in Theorem has an analytic expression. This can be used to verify the
correctness of an implementation of Algorithm

At 0 = o0, for R = Iy, for each pair (x,t), we have

K(x,t) = Iym,

and
u+l u+l

far(@) =Y K(zi,x)a; =) a;.
=1 =1

Thus f,~ is a constant function. Let us examine the form of the coefficients a;’s for the
case )
C = ElTT” ® Iy.
We have
Glx] = Ly Ly © L.

For vy = 0, we have
1
B= W(Jlu_‘—l ® 1m1%)(1u+l15+l ® Im),

which is )

B = W(Jzuﬂluﬂlgﬂ ® 1nly,).
Equivalently,

B = #(Jf;”)ml(u“)mlamm).

The inverse of B + 174141y, in this case has a closed form

(utl)m T
I )m Jml 1(u+l)m1(u+l)m
Bt Iyl )"t = —dbm , 228
( Yalurim) lya Pmya(mya + 1) (228)
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where we have used the identity

T (u+l)m T _ T
Yuriymurymdm  YatymLwrym = M wriymd (utiym- (229)
We have thus
(ut+l)m T
Tyt A R R
A= (B+ival “ly,, — [ Zutm _ Tm (uthm )y 9230
(B+Dalwrym) ™ Yo Iva Pmya(mya+1) ¢ (230)

Thus in this case we have an analytic expression for the coefficient matrix A, as we claimed.
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