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Abstract

The density matrices are positively semi-definite Hermitian matrices of unit trace that
describe the state of a quantum system. The goal of the paper is to develop minimax lower
bounds on error rates of estimation of low rank density matrices in trace regression models
used in quantum state tomography (in particular, in the case of Pauli measurements)
with explicit dependence of the bounds on the rank and other complexity parameters.
Such bounds are established for several statistically relevant distances, including quantum
versions of Kullback-Leibler divergence (relative entropy distance) and of Hellinger distance
(so called Bures distance), and Schatten p-norm distances. Sharp upper bounds and oracle
inequalities for least squares estimator with von Neumann entropy penalization are obtained
showing that minimax lower bounds are attained (up to logarithmic factors) for these
distances.
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1. Introduction

This paper deals with optimality properties of estimators of density matrices, describing
states of quantum systems, that are based on penalized empirical risk minimization with
specially designed complexity penalties such as von Neumann entropy of the state. Alexey
Chervonenkis was a co-founder of the theory of empirical risk minimization that is of cru-
ctal importance in machine learning, but he also had very broad interests that included,
in particular, quantum mechanics. By the choice of the topic, we would like to honor the
memory of this great man and great scientist.

Let M,,,(C) be the set of all m xm matrices with complex entries and let H,, = H,,(C) C
M,,,(C) be the set of all Hermitian matrices: H,, = {A € M,,(C) : A = A*}, A* denoting
the adjoint matrix of A. For A € H,,, tr(A) denotes the trace of A and A > 0 means
that A is positively semi-definite. Let S, := {S € H,, : S = 0,tr(S) = 1} be the set of
all positively semi-definite Hermitian matrices of unit trace called density matrices. In
quantum mechanics, the state of a quantum system is usually characterized by a density
matrix p € S, (or, more generally, by a self-adjoint positively semi-definite operator of unit
trace acting in an infinite-dimensional Hilbert space, called a density operator). Often, very
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large density matrices are needed to represent or to approximate the density operator of the
state. For instance, for a quantum system consisting of b qubits, the density matrices are
of the size m x m with m = 2%, so the dimension of the density matrix grows exponentially
with b. For instance, for a 10 qubit system, one has to deal with matrices that have 220
entries. Thus, it becomes natural in the problems of statistical estimation of density matrix
p to take an advantage of the fact that it might be low rank, or nearly low rank (that is,
it could be well approximated by low rank matrices) which reduces the complexity of the
estimation problem.

In quantum state tomography (QST), the goal is to estimate an unknown state p € S,,
based on a number of specially designed measurements for the system prepared in state
p (see Gross et al. 2010, Gross 2011, Koltchinskii 2011a, Cai et al. 2015 and references
therein). Given an observable A € Hl,, with spectral representation A = Z}”le A\jPj, where
m’ < m, A; being the eigenvalues of A and P; being the corresponding mutually orthogonal
eigenprojectors, the outcome of a measurement of A for the system prepared in state p is a
random variable Y taking values A\; with probabilities tr(pP;). The expectation of Y is then
E,Y = tr(pA), so, Y could be viewed as a noisy observation of the value of linear functional
tr(pA) of the unknown density matrix p. A common approach is to choose an observable
A at random, assuming that it is the value of a random variable X with some design
distribution II in the space H,,. More precisely, given a sample of n i.i.d. copies X1,..., X,
of X, n measurements are being performed for the system identically prepared n times in
state p resulting in outcomes Y7,...,Y,. Based on the data (X1,Y1),..., (X, Y,), the goal
is to estimate the target density matrix p. Clearly, the observations satisfy the following
model

}/j:tr(pXj)—i_gj’ J=1...,n, (1)

where {{;} is a random noise consisting of n i.i.d. random variables satisfying the condi-
tion E,(&;|X;) = 0,7 = 1,...,n. This is a special case of so called trace regression model
intensively studied in the recent literature (see, e.g., Koltchinskii et al. 2011, Koltchinskii
2011b and references therein).

1.1 Assumptions
A common choice of design distribution in this type of problems is so called uniform sampling

from an orthonormal basis described in the following assumptions.

Assumption 1 Let £ = {Fy,...,E, 2} C H,, be an orthonormal basis of H,, with respect
to the Hilbert—-Schmidt inner product: (A, B) = tr(AB). Moreover, suppose that, for some
U >0,

1Ejlloc <U,j=1,....n,

where || - ||oo denotes the operator norm (the spectral norm).

Since ||Ej||2 = 1, where || - ||2 denotes the Hilbert-Schmidt (or Frobenius) norm, we can
assume that U < 1. Moreover, U > m~/2 since 1 = || Ej||2 < m'/?||Ej||oo < m!'/?U.

Assumption 2 Let II be the uniform distribution in the finite set € (see Assumption 1),
let X be a random variable sampled from 11 and let X1,..., X, be i.i.d. copies of X.
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It will be assumed in what follows that assumptions 1 and 2 hold (unless it is stated
otherwise). Under these assumptions, Y1,...,Y, could be viewed as noisy observations of
a random sample of Fourier coefficients (p, X1),...,(p, X,,) of the target density matrix
p in the basis £. The above model (in which Xj,..., X, are uniformly sampled from an
orthonormal basis and Yi,...,Y, are the outcomes of measurements of the observables
X1,...,X, for the system being identically prepared n times in the same state p) will be
called in what follows the standard QST model. 1t is a special case of trace regression model
with bounded response:

Assumption 3 (Trace regression with bounded responce) Suppose that Assumption
1 holds and let (X,Y) be a random couple such that X is sampled from the uniform
distribution II in an orthonormal basis £ C H,,. Suppose also that, for some p € S,
E(Y|X) = (p,X) a.s. and, for some U > 0, |Y| < U a.s.. The data (X1,Y1),...(Xp,Y)
consists of n i.i.d. copies of (X,Y).

We are also interested in the trace regression model with Gaussian noise:

Assumption 4 (Trace regression with Gaussian noise) Suppose Assumption 1 holds
and let (X,Y) be a random couple such that X is sampled from the uniform distribution
IT in an orthonormal basis € C H,, and, for some p € S;, Y = (p, X) + &, where £ is a
normal random variable with mean 0 and variance ag, & and X being independent. The
data (X1,Y1),...(Xn,Yy) consists of n i.i.d. copies of (X,Y).

Note that this model is not directly applicable to the “standard QST problem” described
above, where the response variable Y is discrete. However, if the measurements are repeated
multiple times for each observable X; and the resulting outcomes are averaged to reduce the
variance, the noise of such averaged measurements becomes approximately Gaussian and it
is of interest to characterize the estimation error in terms of the variance of the noise.

An important example of an orthonormal basis used in quantum state tomography is
so called Pauli basis, see, e.g., Gross et al. (2010), Gross (2011). The Pauli basis in the
space Hly of 2 x 2 Hermitian matrices (observables in a single qubit system) consists of four
matrices Wy, Wy, W3, Wy defined as W; = %O’i, i=1,...,4, where

(10 (0 — (01 (1 0
g1 ‘= 0 1 , 092 = i 0 , 03 = 10 , 04 = 0 —1 .

It is easy to check that {Wy, Wi, Wy, W3} indeed forms an orthonormal basis in Hs. The
Pauli basis in the space H,, for m = 2° (the space of observables for a b qubits system) is de-
fined by tensorisation, namely, it consists of 4° tensor products W;, ®...® Wi, , (i1, ...,1%) €
{1,2,3, 4}b. Let us write these matrices as F1, ..., E,2 with By = W1 ®...® Wi. It is easy

to see that each of them has eigenvalues :I:\/l77Z and [|Ej|jcc = m™/2, so, for this basis,

U = m~Y2. The fact that, for the Pauli basis, the operator norms of basis matrices are as
small as possible plays an important role in quantum state tomography (Gross et al., 2010;
Gross, 2011; Liu, 2011). Let E; = ﬁ@j — ﬁQ; be the spectral representation of Fj;.
Then, an outcome of a measurement of E; in state p is a random variable 7; taking values
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:tﬁ with probabilities (p, ch> Its expectation is E,7; = (p, E;). Of course, there exists a
unique representation of density matrix p in the Pauli basis that can be written as follows:

p= ZJ 1 \/»E with a; = 1. Then, we clearly have E,7; = \/Jm and Pp{Tj = iﬁ} = héaj

1— 2
(for j = 1, this gives Pp{ﬁ = ﬁ} = 1). As a consequence, Var,(7;) = —

m2 o2

. ||p||% < tr®(p) = 1. This implies that there exists j such that aQ < % and

Varp(Tj) > 5. In fact, the number of such j must be large say, at least m (prov1ded that
m > 4). Thus for “most” of the values of j, Var,(7;) < --. A way to reduce the variance is
to repeat the measurement of each observable X; K times (for a system identically prepared
in state p) and to average the outcomes of such K measurements. The resulting response

1—a?

variable is Y; = (p, X;) + §;, where E,(&;|X;) = 0 and Ep(ﬁjz.\Xj) = Var,(Y}|X;) = 52,
v;j being defined by the relationship X; = F,,..

1.2 Preliminaries and Notations

Some notations will be used throughout the paper. The Euclidean norm in C™ will be
denoted by || - || and the notation (-, -) will be used for both the Euclidean inner product in
C™ and for the Hilbert—Schmidt inner product in Hyp,. ||+ ||p,p > 1 will be used to denote the

Schatten p-norm in H,,, namely ||A[) = Z INj(A)P, AeHp, M(A) > ... > A\p(A) being

the eigenvalues of A. In particular, || - [|2 denotes the Hilbert—Schmidt (or Frobenius) norm,
|- |l denotes the nuclear (or trace) norm and || ||, denotes the operator (or spectral) norm:
| Alloc = maxi<j<m |A;j(A)| = |A1(A)]. The following well known interpolation inequality for

Schatten p-norms will be used to extend the bounds proved for some values of p to the
whole range of its values. It easily follows from similar bounds for £,-spaces.

Lemma 1 (Interpolation inequality) Forl1l <p < q<r < o0, and let u € [0,1] be such

that ] )
polop 1
b r q

Then, for all A € H,,,
1Allg < [IAlIG 1 All:*

Given A € H,,, define a function fq : H,, — R : fa(x) := (A, x),z € H,,. For a given
random variable X in H,, with a distribution II, we have HfAH%Q(H) =Ef3(X)=E(A, X)2

Sometimes, with a minor abuse of notation, we might write ||A||%2(H) = Jg, (4, 2)21(dz) =
Ilf A||%2 (1) In what follows, IT will be typically the uniform distribution in an orthonormal
basis £ = {F1,..., E,2} C H,,, implying that

1 allZ oy = AN,y = m ™Al

so, the Lo(IT)-norm is just a rescaled Hilbert—Schmidt norm.
Consider A € H,,, with spectral representation A = E;”Zl A;Pj, m" < m with distinct

non-zero eigenvalues \;. Denote by sign(A) := 2?2/1 sign(A;)P; and by supp(A) the linear
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span of the images of projectors Pj,j = 1,...,m (the subspace supp(4) C C™ will be
called the support of A).

Given a subspace L C C™, L' denotes the orthogonal complement of L and P;, denotes
the orthogonal projection onto L. Let PL,PLl be orthogonal projection operators in the
space H,, (equipped with the Hilbert—Schmidt inner product), defined as follows:

Pr(A) =P AP, ., PrL(A)=A— P LAP;..

These two operators split any Hermitian matrix A into two orthogonal parts, Pr(A) and
Pi(A), the first one being of rank at most 2dim(L).

For a convex function f : H,, — R, 0f(A) denotes the subdifferential of f at the point
A € H,,. It is well known that

Ol Al = {sign(4) + PE(M) : M € Hy, | Mo <1}, (2)

where L = supp(A) (see Koltchinskii 2011b, p. 240 and references therein).

C,C1,C" e, d, ete will denote constants (that do not depend on parameters of interest
such as m,n, etc) whose values could change from line to line (or, even, within the same
line) without further notice. For nonnegative A and B, A < B (equivalently, B 2 A) means
that A < CB for some absolute constant C' > 0, and A < B means that A < B and
B < A. Sometimes, symbols <, 2 and < could be provided with subscripts (say, A <, B)
to indicate that constant C' may depend on a parameter (say, ).

In what follows, P denotes the distribution of (X,Y’) and P,, denotes the corresponding
empirical distribution based on the sample (X1,Y1),...,(Xn,Ys) of n ii.d. observations.
Similarly, IT is the distribution of X (typically, uniform in an orthonormal basis) and II,,
is the corresponding empirical distribution based on the sample (X71,...,X,). We will use
standard notations Pf = Ef(X,Y), P,f = n~! > i1 f(X;,Y;) and Tlg = Eg(X), Pog =
nt Y0 9(X5).

1.3 Estimation Methods

Recall that the central problem in quantum state tomography is to estimate a large density
matrix p based on the data (Xi,Y7),...,(X,,Y,) satisfying the trace regression model.
Often, the goal is to develop adaptive estimators with optimal dependence of the estimation
error (measured by various statistically relevant distances) on the unknown rank of the
target matrix p under the assumption that p is low rank, or on other complexity parameters
in the case when the target matrix p can be well approximated by low rank matrices.

The simplest estimation procedure for density matrix p is the least squares estimator
defined by the following convex optimization problem:

1 & 9
p:=ar min—g Y, — (5, X;))”. 3
p S@ésm nj:1( 7= ) (3)

Since, for all S € Sy, [|S|l1 = tr(S) = 1, we have that

1 n
p= i = argmin| =57 (V; — (S.X,)) +<|S]|, e 20, @)
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Thus, in the case of density matrices, the least squares estimator p coincides with the
matriz LASSO estimator p° with nuclear norm penalty and arbitrary value of regularization
parameter €. The nuclear norm penalty is used as a proxy of the rank that provides a convex
relaxation for rank penalized least squares method. Matrix LASSO is a standard method of
low rank estimation in trace regression models that has been intensively studied in the recent
years, see, for instance, Candés and Plan (2011), Rohde and Tsybakov (2011), Koltchinskii
(2011b), Koltchinskii et al. (2011), Negahban and Wainwright (2010) and references therein.
In the case of estimation of density matrices, due to their positive semidefiniteness and trace
constraint, the nuclear norm penalization is present implicitly even in the case of a non-
penalized least squares estimator p (see also Koltchinskii 2013a, Kalev et al. 2015 where
similar ideas were used).
Note that the estimator p can be also rewritten as

2 n
=argmin||S — S, X;) } 5
pim argain 17, n, ~ 1 3¢ )
Replacing the empirical || - ||z, r,)-norm with the “true” || - || 7, (r)-norm (which could make

sense in the case when the design distribution IT is known) yields the following modified
least squares estimator studied in Koltchinskii et al. (2011), Koltchinskii (2013a):

pi= axgmin 1512,m, Zi X)), (6)

SeSm

Another estimator was proposed in Koltchinskii (2011a) and it is based on an idea of
using so called von Neumann entropy as a penalizer in least squares method. Von Neumann
entropy is a canonical extension of Shannon’s entropy to the quantum setting. For a density
matrix S € Sy, it is defined as £(S) := —tr(Slog S). The estimator proposed in Koltchinskii
(2011a) is defined as follows

5= argmin[ D (Y = (8, X;))? + etr(Slog S)|. (7)
SesSm LN

Essentially, it is based on a trade-off between fitting the model via the least squares method
in the class of all density matrices and maximizing the entropy of the quantum state. Note
that (7) is also a convex optimization problem (due to concavity of von Neumann entropy,
see Nielsen and Chuang 2000) and its solution p° is a full rank matrix (see Koltchinskii
2011a, the proof of Proposition 3). It should be also mentioned that the idea of estimation
of a density matrix of a quantum state by maximizing the von Neumann entropy subject
to constraints based on the data has been used in quantum state tomography earlier (see
Buzek 2004 and references therein).

1.4 Distances between Density Matrices

The main purpose of this paper is to study the optimality properties of estimator p¢ with
respect to a variety of statistically meaningful distances, in the case when the underlying
density matrix p is low rank. These distances include Schatten p-norm distances for p €
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[1,2],} but also quantum versions of Hellinger distance and Kullback-Leibler divergence
that are of importance in quantum statistics and quantum information. A version of the
(squared) Hellinger distance that will be studied is defined as

1 1
H?(Sy, So) := 2 — 2tr\/ S2.5257

for S1,52 € Sy, (see also Nielsen and Chuang 2000). Clearly, 0 < H?(S1,S2) < 2. In
quantum information literature, it is usually called Bures distance and it does not coincide
with tr(v/S1 — v/S2)? (which is another possible non-commutative extension of the classical
Hellinger distance). In fact, H?(S1, S2) < tr(v/S1 — v/52)%, 81,52 € Sy, but the opposite

1 1
inequality does not necessarily hold. The quantity try/S¢S2S7 in the right hand side of
the definition of H? is a quantum version of Hellinger affinity.
The noncommutative Kullback-Leibler divergence (or relative entropy distance) K (-|-)
is defined as (see also Nielsen and Chuang 2000):

K (S1]]S2) := (S1,log S1 —log S2).

If log Sy is not well-defined (for instance, some of the eigenvalues of Sy are equal to 0) we
set K (S51]]S2) = +00. The symmetrized version of Kullback-Leibler divergence is defined as

K(Sl; Sz) = K(Sl”SQ) + K(SQHSl) = <51 — 5’2,log 51 — log S2>

The following very useful inequality is a noncommutative extension of similar classical
inequalities for total variation, Hellinger and Kullback-Leibler distances. It follows from
representing the “noncommutative distances” involved in the inequality as suprema of the
corresponding classical distances between the distributions of outcomes of measurements
for two states S, S3 over all possible measurements represented by positive operator valued
measures (see, Nielsen and Chuang 2000, Klauck et al. 2007, Koltchinskii 2011a, Section 3
and references therein).

Lemma 2 For all S1,5 € Sy, the following inequalities hold:

1
ZHSl — Sollf < H?(51,82) < (K (512) A ISt — Sal1)- (8)

1.5 Matrix Bernstein Inequalities

Non-commutative (matrix) versions of Bernstein inequality will be used in what follows.
The most common version is stated (in a convenient form for our applications) in the
following lemma.

Lemma 3 Let X, X,,...,X,, € H,, be i.i.d. random matrices with EX = 0, O'g( =
IEX?| and | X|loo < U a.s. for some U > 0. Then, for all t > 0 with probability at
least 1 — e ¢,

1 « t + log(2m) t + log(2m)
~> X VU :
n - n n
Jj=1
1. Similar problems for estimators p, p and for Schatten p-norm distances with p € (2, +o0] are studied in
a related paper by Koltchinskii and Xia (2015+)

§2[0X
o0
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The proof of such bounds could be found, e.g., in Tropp (2012). Other versions on
matrix Bernstein type inequalities for not necessarily bounded random matrices will be also
used in what follows and they could be found in Koltchinskii (2011b), Koltchinskii (2013a).
A simple consequence of the inequality of Lemma 3 is the following expectation bound:

E

< [UX log(jm) \/Ulog(Qm)}

~
n

n
- > X
ni3 o
It follows from the exponential bound by integrating the tail probabilities.

The paper is organized as follows. In Section 2, minimax lower bounds on estimation
error of low rank density matrices are provided in Schatten p-norm, Hellinger (Bures) and
Kullback-Leibler distances. In Section 3.1, sharp low rank oracle inequalities for von Neu-
mann entropy penalized least squares estimator are derived in the case of trace regression
model with bounded response. In Section 3.2, low rank oracle inequalities are established in
the case of trace regression with Gaussian noise. In addition to this, in these two sections,
upper bounds on estimation error with respect to Kullback-Leibler distance are obtained.
In Section 3.3, they are further developed and extended to other distances (Hellinger dis-
tance, Schatten p-norm distances for p € [1,2]) showing the minimax optimality (up to
logarithmic factors) of the error rates of the least squares estimator with von Neumann
entropy penalization.

2. Minimax Lower Bounds

In this section, we provide main results on the minimax lower bounds on the risk of estima-
tion of density matrices with respect to Schatten p-norm (or, rather ¢g-norm in the notations
used below) distances as well as Hellinger-Bures distance and Kullback-Leibler divergence.

Minimax lower bounds will be derived for the class S,,, = {S € S, : rank(S) < r}
consisting of all density matrices of rank at most r (the low rank case). We will start with the
case of trace regression with Gaussian noise. Given that the sample (X1,Y7),..., (X, Yn)
satisfies Assumption 4 with the target density matrix p € S, and noise variance O'g, let P,
denote the corresponding probability distribution.

Note that Ma and Wu (2013) developed a method of deriving minimax lower bounds for
distances based on unitary invariant norms, including Schatten p-norms in matrix problems,
and obtained such lower bounds, in particular, in matrix completion problem. The approach
used in our paper is somewhat different and the aim is to develop such bounds under an
additional constraint that the target matrix is a density matrix. The resulting bounds
are also somewhat different, they involve an additional term that does not depend on the
rank, but does depend on ¢. Essentially, it means that tl/le “complexity” of the problem is
U§m3 2

controlled by a “truncated rank” r A %, where 7 = rather than by the actual rank
r. The upper bounds of Section 3.3 show that such a structure of the bound is, indeed,
necessary. It should be also mentioned that minimax lower bounds on the nuclear norm
error of estimation of density matrices have been obtained earlier in Flammia et al. (2012)

(see Remark 11 below).
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Theorem 4 For all ¢ € [1,+00], there exist constants ¢, > 0 such that, the following
bounds hold:

inf P, |p > J§m%’"1/q aem?/? - 1) 4> ¢ 9
1% sup p{”P‘qu—C( Jn /\( NG > /\ >}—C’ (9)

pEST-,m
%
ogm?2r
C( N /\1>}ZC/’ (10)

inf sup 2,{ H2(5.p) >
P pESr.m
and .
X R ogem2r ,
inf supIP’{K Zc( 1)}20, 11
ot s By { K1) 2 o “ (11)

where inf; denotes the infimum over all estimators p in Sy, based on the data (X1,Y1),...,(Xn, Yn)
satisfying the Gaussian trace regression model with noise variance ag.

Proof A couple of preliminary facts will be needed in the proof. We start with bounds
on the packing numbers of Grassmann manifold Gy, ;, which is the set of all k-dimensional
subspaces L of the [-dimensional space R!. Given such a subspace L C R! with dim(L) = k,
let Pr be the orthogonal projection onto L and let B; := {Pr : L € Gi;}. The set
of all k-dimensional projectors Bj; will be equipped with Schatten g-norm distances for
all ¢ € [1,400] (which also could be viewed as distances on the Grassmannian itself):
de(Q1,Q2) = [|Q1 — Q2|lq, Q1, Q2 € P, Recall that the e-packing number of a metric
space (T, d) is defined as

D(T,d,e) = max {n : there are tq,...,t, € T,such that H;éln d(ti, t;) > 5}.
i#]

The following lemma (see Pajor 1998, Proposition 8) will be used to control the packing
numbers of B, ; with respect to Schatten distances d,.

Lemma 5 For all integer 1 < k <1 such that k <1 —Fk, and all 1 < q < oo, the following

bounds hold
- S D(mk,lv dt]75k q) S - 9 € > O (12)

9 9

with d = k(I — k) and universal positive constants ¢, C.

In addition to this, we need the following well known information-theoretic bound fre-
quently used in derivation of minimax lower bounds (see Tsybakov 2008, Theorem 2.5).
Let © = {6p,01,...,0r} be a finite parameter space equipped with a metric d and let
P = {Py : 0 € O} be a family of probability distributions in some sample space. Given

P,Q € P, let K(P||Q) :=Eplog % be the Kullback-Leibler divergence between P and Q.

Proposition 6 Suppose that the following conditions hold:

(i) for some s >0, d(0;,0;) >2s>0,0<j<k<M;

M
(i) for some 0 < a < 1/8, & ZlK(IP’ngIP’go) < alog M
j:

1765



KOLTCHINSKII AND XIA

Then, for a positive constant c,,

infsupP{d(0,0) > s} > ca,
0 0cO

where the infimum is taken over all estimators 6 € © based on an observation sampled from
Py.

We now turn to the actual proof of Theorem 4. Under Assumption 4, the following
computation is well known: for p1, p2 € S,

P
K(Pp|B,:) = B, log g (X0, Vi, X Yo
P2

S Y=l X502 (Y — (2, X))
5, 5[ = K0P , 05— X

(13)

EZ<01 P2, ])

n 2
202 = T‘gﬂpl - P2||L2(H)-

J=1

It is enough to prove the bounds for 2 < r < m/2. The proof in the case r = 1 is simpler
and the case r > m/2 easily reduces to the case 7 < m/2. We will use Lemma 5 to construct
a well separated (with respect to d,) subset of density matrices in S,,,. To this end, first
choose a subset D; C Br_1m—1 such that card(D,) > 2(r=1)(m=7) and, for some constant
Q1 — Qallg > (r — 1)V, Q1,Q2 € Br—1.m-1,Q1 # Q2. Such a choice is possible due
to the lower bound on the packing numbers of Lemma 5. For Q € D, (note that @) can
be viewed as an (m — 1) x (m — 1) matrix with real entries) and x € (0, 1), consider the

following m x m matrix
1— 0
5=5Q=< 0“ 0 ) (14)

Note that S is symmetric positively-semidefinite real matrix of unit trace. It is straight-
forward to check that it defines a Hermitian positively-semidefinite operator in C™ of unit
trace, and it can be identified with a density matrix S € S,,. Clearly, S is of rank r, so,
S e S m.

We will take k := 1

assume that k < 1 (as it is needed in definition Equation 14).

Let S, := {Sqg : Q@ € Dy} and consider a family of M + 1 = card(D,) > o(r=1)(m—r)
distributions {Pg : S € S }. It is immediate that for S; = Sg,, Sa = Sg,, Q1,Q2 € Dy, Q1 #
)2, we have

3/2(p_
7em” " r=1) with a small enough absolute constant ¢; > 0 and first

K
151 = Sallg = —1Q1 = Qzllg = ¢'n(r - et

> dey a§m3/2(r — 1)l < Cagm3/2r1/q

i o m

(15)

3/2,.1/
with some constant ¢ > 0, implying condition (i) of Proposition 6 with s = %L\/{q
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We will now check its condition (ii) . In view of (13), we have, for all S; = Sg,,S2 =
SQQ S Sf],

K(PS1 H]P)Sé) =

QTEH& — S Z,m = o g 252151 = Sall3
ni? 4n(r —1)K?
= W—)gan Qa3 < 22(()1>2 = 2¢im(r — 1) (16)

<am(r—1)/log(2)/4 < 5(7’ —1)(m —r)log(2) < alog M,

provided that constant ¢; is small enough, so, condition (ii) of Proposition 6 is also satisfied.

3/2
Proposition 6 implies that, under the assumption k = clL\/ﬁ(Tl) < 1, the following

minimax lower bound holds for some ¢, > 0 :

3pl/a
mf sup P {Hﬁ— pllg > CW} >c. (17)

vn

Pe r,m

In the case when
aem?/? oem?(r — 1)

1<
NG <lza Jn ’

one can choose 2 < 7’ < r — 1 such that, for some constant ¢y > 0,

C1

oem®2(r' — 1)

< < 1.
Co C1 \/’ﬁ
For such a choice of 7/, it follows from (17) that
3
: X 05m2(7“’)1/q} /
inf SupP{ — >c—— 3 >C. 18
at sup By{ 15— pll 2 77 (13)

The definition of r" implies that

Therefore,

Ugm%(rl)l/q 05m3/2 1-1/q
()

and, since S,/ C Spm, bound (18) yields

3/2\ 1-1/q 3/2\ 1-1/q
. oem . N oem ,
1nfsupIP{ — >c( ) }>1nf sup]P’{ — >c( ) }>c
5 peSim 1p—pllq NG P oes, ., p9 116—pllg NG

for some constants ¢, ¢’ > 0. This allows us to recover the second term in the minimum in

3/2
bound (9). Finally, in the case when ¢; 05:7/% > 1, the minimax lower bound becomes a
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constant (and the proof is based on a simplified version of the above argument that could
be done for r = 1). This completes the proof of bound (9) for Schatten g-norms.
The proof of bound (10) for the Hellinger distance is similar. In the case r > 2, we will
use a “well separated” set of density matrices S(; C Spm for ¢ = 1 constructed above. We
U§m3/2(r71)

still use k := 1=, assuming first that « € (0,1). For Sg,, Sq, € S; with Q1 # Qo,
it follows by a simple computation and using bound (8) that, for some ¢’ > 0,

2 — 2 Ql Qz
H(51, Sqz) = rH (7’—1’7’—1)
1 R 2 (C/)2 ,,U§m3/2(r — 1)
>~ — > > 28 v 7
_4(7'_1)2”Ql @2[lf > g e NG

Repeating the argument based on Proposition 6 yields bound (10) in the case when k =
a§m3/2(r71)
aA—m
constant.
Finally, bound (11) for the Kullback—Leibler divergence follows from (10) and the in-

equality K (p||p) > H%(p, p) (see inequality 8).

< 1, and in the opposite case it is easy to see that the lower bound is a

Next we state similar results in the case of trace regression model with bounded response
(see Assumption 3). Denote by P,.,,(U) the class of all distributions P of (X,Y’) such that
Assumption 3 holds for some U and E(Y|X) = (pp, X) for some pp € S, . Given P, Pp
denotes the corresponding probability measure (such that (Xi,Y1),...,(X,,Y,) are ii.d.

copies of (X,Y) sampled from P).

Theorem 7 Suppose U > 2U. For all q € [1,+00|, there exist absolute constants c,c > 0
such that the following bounds hold:

Um%rl/q Um3/2 1_%
wt sw Ep{lp—pelyz o TS A(TS) AL e e

P PEPm(0) n
inf sup P {Hz(ﬁ pp) > C((_]mgr /\1)} > (21)
1 P yPP) = = C,
P PEP, m(T) vn
and o,
Umzr
it swp Pp{K(oplp) = o = (22)
P PEPy (D) vn A
where inf; denotes the infimum over all estimators p in Sy, based on the data (X1,Y1),...,(Xy, Yy).

Proof The proof relies on an idea already used in a context of matrix completion by
Koltchinskii et al. (2011) (see their Theorem 7). We need the same family S; C S;.,, of “well
separated” density matrices of rank r as in the proof of Theorem 4. For a density matrix p,
let (X,Y) be a random couple such that X is sampled from the uniform distribution II in

£ and, conditionally on X, Y takes value +U with probability Pp(X) == %—i— % and value
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—~U with probability q,(X) := § — 222 Since U > 2U and |{p, X)| < [lpll1[ Xl < U, we
have p,(X),q,(X) € [1/4,3/4] (so, they are bounded away from 0 and from 1). Clearly,
E,(Y|X) = (p,X). Let P, denote the distribution of such a couple and PP, denote the
corresponding distribution of the data (X1,Y1),...,(Xy,Y,). Then, for all p € S, P, €
Pyrm(U). The only difference with the proof of Theorem 4 is in the bound on Kullback-

Leibler divergence K(PP,, ||P,,) (see Equation 13). It is easy to see that

_ Ppr (X) p, (X)
K (P, [|Py,) = nE (ppl(X) log p;()Q + qp, (X) log qZQ(X)> : (23)

The following simple inequality will be used: for all a,b € [1/4,3/4],

1—
alog 2 + (1 —a)log T3 4 < 12(a — b)>.
It implies that
< — P2 X>2
K(Pp,[[Pp,) < 3nE——=7 < U2||P1 p2l17 -
This bound is used instead of identity (13) from the proof of Theorem 4. The rest of the
proof is the same. u

Note that the proof requires the possible range [~U, U] of response variable Y to be
larger than the possible range [—U, U] of Fourier coefficients (p, E;),7 = 1,...,m?. This is
not the case for standard QST model described in the introduction (see also the example
of Pauli measurements) and it is of interest to prove a version of minimax lower bounds
without this constraint, including the case when U = U. The following theorem is a result
in this direction.

Theorem 8 Suppose Assumption 1 is satisfied and, moreover, for some constant v € (0, 1),
‘tr(Ek)’ <(1—y)Um, k=1,...,m>% (24)

Then, for all q € [1,400|, there exist constants cy,c > 0 such that the following bounds
hold:

3 1
Umzrt/d Um3/2\'"4
it sup Pofllo—prl > o (%) "AYbze e
P PEPr () ANV A vn A ’
inf sup PP{HQ(p pp) > ¢ (Um” /\1)} / (26)
P PEPrm(U) BNV
and
Um3r
it s Po{K(pplp) > o )24, (27)
P PEPm(U) "\ Vi A K
where inf; denotes the infimum over all estimators p in Sy, based on the data (X1,Y1),...,(Xn, Yn).
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Proof The proof is based on the following lemma:

Lemma 9 Suppose assumption (24) holds. Let K be a sufficiently large absolute constant
(to be chosen later) and let m satisfy the condition KI%” < 4 (which means that m > A,

for some constant A, ). Then there exists v € C™ with ||v|| =1 such that
’(E;w,v)’ <(1—7/2Uk=1,...,m% (28)
Proof We will prove this fact by a probabilistic argument. Namely, set v := m~1/2 (€1, yEm),

where €; = £1. We will show that there is a random choice of “signs” ¢; such that (28)
holds. Assume that €;,5 = 1,...,m are i.i.d. and take values 1 with probability 1/2
each. Let E := (al(-;.c))iyjzl,__,,m. For simplicity, assume that (al(-f))i,jzl,,__,m is a symmetric

real matrix (in the complex case, the proof can be easily modified). We have
1 m

(Egv,v) = —Z k)2+ Za szaj: —|— Za E€iEj.

iz iz iz

It is well known that

2 2 2

k k k k

Var(Zagj)aisa :E(Zagj)aiaj) = QZ(agj)) < QZ(an)) = QHEkH% = 2.
i#] ] i#] i,

Moreover, it follows from exponential inequalities for Rademacher chaos (see, e.g., Corollary

3.2.6 in de la Pena and Giné 1999) that for some absolute constant K > 0 and for all ¢ > 0,

with probability at least 1 — e™?

tI‘(Ek) _ 1

m

(Buv.o) -

Taking t = 2logm and using the union bound, we conclude that with probability at least
1 —me2lem —1_1L >
m )

tI‘(Ek)

Klogm _ Klogm
< <
o m To/m

max _|(Egv,v) —

1<k<m?2

i
U< -U
_27

where we also used the fact that U > m~'/2. Thus, there exists a choice of signs €; such
that .
t
max <Ekv,v>‘ < max tr(Bx) + ZU,
1<k<m? 1<k<m| m 2
which, under condition (24), implies (28). [ |

We set e; := v (where v is the unit vector introduced in Lemma 9) and construct an
orthonormal basis e1,...,ey. Assume that matrices Sg defined by (14) represent linear
transformations in basis e, ..., e,,. Then we have

(S0, Er) = (1 — k) (B, v) + %(Q, Ey).
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Therefore,
(Sq. B)| < (1=r)| (i, v) [+ —= 1Bl Qs < (1=r)(1=7/2)U+AU = (1=(1=r) (7/2))U.
Assuming that k < 1/2, we get

\<5Q,Ek>\ <-4/, k=1,...,m% (29)

The rest of the proof becomes similar to the proof of Theorem 7 (with U = U). Namely,
bound (29) implies that, for p = Sg and X being sampled from the orthonormal ba-
sis {E1,..., E,2}, probabilities p,(X) and ¢,(X) are bounded away from 0 and from 1 :
Pp(X),q,(X) € [y/8,1 — ~/8]. This allows us to complete the argument of the proof of
Theorem 7. |

Theorem 8 does not apply directly to the Pauli basis since condition (24) fails in this case.
Indeed, by the definition of Pauli basis, U = m~/? and tr(E;) = /m = Um > (1 —v)Um.
Note also that tr(E;) = 0,5 = 2,...,m?. Thus, for Pauli basis, F; is the only matrix for
which condition (24) fails. However, for this matrix (p, E1) = m~?tr(p) = m~'/2 = U for
all density matrices p € S,,. This immediately implies that p,(F1) = 1 and ¢,(E;) = 0 for
all p € S, and, as a result, the value X = F4 does not have an impact on the computation of
Kullback-Leibler divergence in (23). For the rest of the matrices in the Pauli basis, condition
(24) holds implying also bound (28). Therefore, if X # E;, we still have that, for p = Sg,
Pp(X),q,(X) € [7/8,1 —~/8], and the proof of Theorem 7 can be completed in this case,
too. Note also that, given X sampled from the Pauli basis, the binary random variable Y
taking values +U = :I:\/l—m with probabilities p,(X) and ¢,(X), respectively (this is exactly
the random variable used in the construction of the proof of Theorem 7) coincides with an
outcome of a Pauli measurement for the system prepared in state p. These considerations
yield the following minimax lower bounds for Pauli measurements.

Theorem 10 Let {E1,...,E,,2} be the Pauli basis in the space H,, of m x m Hermitian
matrices and let X1, ..., X, be i.i.d. random variables sampled from the uniform distribution
in {F1,...,E,2}. Let Y1,...,Y, be outcomes of measurements of observables Xi,..., X,
for the system being identically prepared n times in state p. The corresponding distribution
of the data (X1,Y1),...,(Xn,Yy) will be denoted by P,. Then, for all ¢ € [1,+00], there
exist constants ¢, > 0 such that the following bounds hold:

mirt/a m\ '
inf sup P { 0 — 20( <> 1)} >, 30
ot sup By 10— ol 2 (" A(T5) A (30)

inf sup Pp{HQ(ﬁ, p) = c(n\/l% A 1)} >, (31)

P pESrm
and
inf sup PP{K(pHﬁ) > c(W /\ 1)} >, (32)
P pESrm Vn
where inf; denotes the infimum over all estimators p in Sy, based on the data (X1,Y1),...,(Xn, Yn).
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Remark 11 Minimax lower bounds on nuclear norm error of density matriz estimation
close to bound (30) for ¢ =1 (but for a somewhat different “estimation protocol” and stated
in a different form) were obtained earlier in Flammia et al. (2012). This paper also contains
upper bounds on the errors of matrix LASSO and Dantzig selector estimators in the nuclear
norm matching the lower bounds up to log-factors.

Remark 12 It is easy to see that, if constant v € (0,1) is small enough (namely, v <
— %), then, in an arbitrary orthonormal basis {Ex, ..., E,,2}, there is at most one matrix

E; such that [tr(E;)| > (1 —y)Um. Indeed, note that tr(E;) = (Ej, I,). Since

2

3

(Ejy Im)® = | L3 = m
=1

<
Il

and U?m > 1, we have

card ({7 : [{E). L) > (1= 7)Um}) < (1_7)12U2m2 SE) L)
j=1
m 1 1 <9

< = <
T (L=y)PUtm? (1= 7)2U%m T (1-9)?
provided that v < 1 — —-.

S

Remark 13 It will be shown in Section 3.5 that the minimazx rates of theorems 4, 7, 8
and 10 are attained up to logarithmic factors for the von Neumann entropy penalized least
squares estimator.

Remark 14 Similar minimaz lower bounds could be proved in certain classes of “nearly
low rank” density matrices. Consider, for instance, the following class

B, (d;m) := {S €ESm: i A (S)F < d} (33)
j=1

for some d > 0 and p € [0,1], where A\1(S) > --- > A\ (S) denote the eigenvalues of S. This
set consists of density matrices with the eigenvalues decaying at a certain rate (nearly low
rank case) and, for p = 0, d = r it coincides with Sy,,. It turns out that minimaz lower
bounds of theorems 4 and 7 hold for the class By(d;m) (instead of Sy.m) with v replaced by

7 :=7(r,d,m,p) =dr P Am,

oem3/?

. . . . . [Tim3/2
where T = Jn the case of trace regression with Gaussian noise and T := Y= in

NG
the case of trace regression with bounded response. These minimax bounds are attained up
to logarithmic factors for a slightly modified von Neumann entropy penalized least squares
estimator.

Note that, for p € B,(d,m) with eigenvalues A\i(p) > --- > Ap(p), we have A;j(p) <
Jj = 1,...,m. Therefore, for j > 7, Aj(p) < 7. Note also that T characterizes the

dr/p
jl/p ’
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minimaz rate of estimation of p € Sy in the operator norm for any value of the rank r
(see bound (9) for g = 4+o00; the corresponding upper bound also holds for the least squares
estimator up to a logarithmic factor, see Koltchinskii and Xia 2015+). Roughly speaking, T
is a threshold below which the estimation of eigenvalues \j(p) becomes impossible and ¥ can
be viewed as an “effective rank” of nearly low rank density matrices in the class By(d, m).

3. Von Neumann Entropy Penalization: Optimality and Oracle
Inequalities

The goal of this section is to study optimality properties of von Neumann entropy penalized
least squares estimator p° defined by (7). In particular, we establish oracle inequalities for
such estimators in the cases of trace regression with bounded response (Subsection 3.1)
and trace regression with Gaussian noise (Subsection 3.2), and prove upper bounds on their
estimation errors measured by Schatten g-norm distances for g € [1, 2] and also by Hellinger
and Kullback-Leibler distances (Subsection 3.3).

3.1 Oracle Inequalities for Trace Regression with Bounded Response

In this subsection, we prove a sharp low rank oracle inequality for estimator p° defined by
(7). It is done in the case of trace regression model with bounded response (that is, under
Assumption 3). The results of this type show some form of optimality of the estimation
method, namely, that the estimator provides an optimal trade-off between the “approx-
imation error” of the target density matrix by a low rank “oracle” and the “estimation
error” of the “oracle” that is proportional to its rank. Sharp oracle inequalities (in which
the leading constant in front of the “approximation error” is equal to 1, so that the bound
mimics precisely the approximation by the oracle) are usually harder to prove. In the case
of low rank matrix completion, the first result of this type was proved by Koltchinskii et al.
(2011) for a modified least squares estimator with nuclear norm penalty. A version of such
inequality for empirical risk minimization with nuclear norm penalty (that includes matrix
LASSO) was first proved by Koltchinskii (2013b). Low rank oracle inequalities for von
Neumann entropy penalized least squares method with the leading constant larger than 1
were proved by Koltchinskii (2011a). The main result of this section refines these previous
bounds by proving a sharp oracle inequality, improving the logarithmic factors and remov-
ing superfluous assumptions, but also by establishing the inequality in the whole range of
values of regularization parameter ¢ > 0 (including the value ¢ = 0, for which p° coincides
with the least squares estimator p). In addition to this, for a special choice of regularization
parameter £, the theorem below also provides an upper bound on the Kullback-Leibler error
K (p||p®) of p° that matches the minimax lower bound (22) up to log-factors (and “second
order terms”). It turns out that, for this choice of ¢, the estimator satisfies exactly the same
low rank oracle inequality as the best inequalities known for LASSO estimator and minimax
optimal error rates are attained for ¢ also with respect to Hellinger distance and Schatten
g-norm distances for all ¢ € [1,2] (see Section 3.3). For simplicity, it will be assumed that
constants U in Assumption 1 and U in Assumption 3 coincide (in the upper bounds, one
can always replace U and U by U vV U).

1773



KOLTCHINSKII AND XIA

Theorem 15 Suppose Assumption 3 holds with constant U = U and let € € [0,1]. Then,
there exists a constant C > 0 such that for all t > 1 with probability at least 1 — e~*

pr fPHL2 < lnfgegm [Hfs fPHLg + C’<rank(S)m252 IOgQ(mn)

n

L2 rank(S)rzlog(Qm) + U2 t+loglogy(2n) ):| ) (34)

In particular, this implies that

I f5e = follZ,m) < C[rank(p)m2€2 log? (mn)

—{—UQ rank(p)rzlog(Zm) + U2 t+log log2(2n)} ) (35)

n

B 1 log(2m) o log(2m)
~ log(mn) {U\/ nm Vv n ]’

—t

Moreover, if

then, with some constant C and with probability at least 1 — e

I8 = $l < C|pmemienten (1 g2tz )

n

+U2 t+log 10g2(2n)] (36)

and

K(pl7) < v | o2 pemleston) (1 g stz

m (t+loglogs(2n)) log(mn)
+\/7 \/ 120g 2m) :| ’ <37)

Proof The following notations will be used in the proof. Let £(y,u) := (u —y)?,y,u € R
be the quadratic loss function. For f : H,, — R, denote

(Co f)(@,y) = (fx) —9)?, (£of)(z,y)=2(f(z) —y)

and .
P(le f)=E(Y — f(X))*, Pa(tef)=n""3 (¥; - f(X;))*
j=1
For A € Hy,, let fa(x) = (A, z),z € H,,. Since for density matrices S € Sp,, ||S|l1 = tr(S) =
1, the estimator g = p° can be equivalently defined by the following convex optimization
problem:

p=argming.s L,(S), Ln(S):= [Pn(€ e fg) +etr(SlogS) + §||S||1}

for an arbitrary £ > 0.

The following lemma will be crucial in the proofs of Theorem 15 as well Theorem 19 in
the following subsection. Note that it does not rely on Assumption 3, only Assumptions 1
and 2 are needed.
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Lemma 16 Suppose Assumptions 1 and 2 hold. Let 6 € (0,1) and S := (1 —§)S" + 5%,
where S € Sy, rank(S’") = r and I,,, is the m X m identity matriz. Then the following
bound holds:

15 = Solldym + 5105 = Sll3, ) + €K (5:.9) +&|[PED)||
<|fs— fp||L2 + rm2e?log?(m/68) 4+ rm2&? (38)
+4268 + (P o) (e f5)(f5 — fs)-

Lemma 16 will be often used together with the following simple bound:

1fs = foll ) = ezl S — plI3 <
azllS" = pll3 + 218" = pll2l|S" = Sll2 + 5z 15" = SII3 (39)

2
<|lfsr = Folldpm + 22 + 25 <l fsr — foll ) + 2.
Together, they imply that
15 = Folldum + 3105 = Sl + €K (7:.9) +2|[PED)||
< |\ fs = foll,amy + rm?e? log?(m/8) + rm?&? (40)
425 + 1B 4 (P — P,) (0 @ f5)(f5 — fs)-

We will now give the proof of Lemma 16.
Proof By standard necessary conditions of extremum in convex problems, we get that, for
all S € S, and for some V' € 9||5]|1,

Pn(el.fﬁ)(fﬁ_fS) +€<10gﬁvﬁ_s> +E<‘77ﬁ_5> < 0

(see, e.g., Aubin and Ekeland 2006, Chapter 2, Corollary 6; see also Koltchinskii 2011b,
pp. 198-199; for the computation of derivative of the function tr(Slog.S), see Lemma 1 in
Koltchinskii 2011a). Replacing in the left hand side P by P,, we get

P(t' o f3)(f5 = fs) +e(log p, 5 — S) + &V, p = ) < (P = P) (' » f5)(f5 — fs)-
It is easy to check that for the quadratic loss
Pl f3)(f5— fs) = P(Le f5) = P(Le fs) + || f5 = [sll7,m)
implying that
P(Le f5) = P(Le fs) + | f5 = fsl|2,qn +cllogp,p— ) + &V, —5)

< (P—=P) (e f5)(f5— [s)-

Also, for the quadratic loss,

P(tef)—=P(le f,) =f = follZ,m
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Therefore,
15 = FollToqmy + 15 = FsllT,qm) +€llog 3, p— S) +(V, 5 — S)

<\ fs = Folliyqm + (P = Pa)(¢" o f5)(f5 = fs)-

Recall that we have set S = (1 — §)S" + 612, where §" € S, rank(S’) = r, § € (0,1).
Clearly,
I,

< 2,

(7,5 - 5"
1

< VllollS = S'll1 < IS — ']ly = 5] g

where we used the fact that |V ||e < 1 for V € 9]5||1. This implies

15— Foll2any + 1 £ — Fsl12, p) + <(log 5,5 — ) + &(V, 5 — ) (41)
<||fs—fp|\L +2ea+<P Ba)(¢ o f3)(f5— I3)-

Recall formula (2) for the subdifferential of nuclear norm. Let L = supp(S’). By the
duality between the operator and nuclear norms, there exists M € H,, with |M|/s < 1
such that

(PL(M), 5= S') = (M, PL(5 - 8) = |PE(p

=[P,

With V = sign(S’) + P (M) € 9||9'||1, by monotonicity of subdifferential, we get that

(sign($"), 5~ 8) + |[PL(p)|| = (V.o - ) < (V.5 - S). (42)
In addition to this, we have

(log 7,7 — ) = {log s — log S, 5 — 8) + {log S, 5 — §) = K (5 5) + log 8,5~ 5).  (43)
Substituting (42) and (43) into (41), we get

15 = Follduan + 175 = Fsl3 oy + K (5:9) + €[ PE(B)|

< s = Foll2, ) + 0108 5, 8 — B) + E(sign(S"), & — ) (44)

+280 + (P — Po) (€ o f5)(f5 = fs)-

The following bound on &(sign(S’), S’ — p) is straightforward:

E(sign(5'), 8" — p) < &(sign(S), 5 — p) + &lsign(9")[[o||S — S'l11

< &llsign(S")2]lS — pll2 + 286 < &v/rml| fs — f5ll Loqn) + 280 (45)

< rm®8 + g fs — f5ll7, @ + 280
A similar bound on £(log S, S — p) is only slightly more complicated. Suppose S has the
following spectral representation: S = >"j_; A\ P with eigenvalues A\ € (0,1] (repeated

with their multiplicities) and one-dimensional orthogonal eigenprojectors Py. We will extend
Pj,j=1,...,r to the complete orthogonal resolution of the identity P;,j = 1,...,m. Then

logSzlog((l—é)S'—i—(Sj;:;) Zlog( (1—0)X; —|—5/m)P + Z log(6/m)P;
Jj=r+1
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= ZT: log(l +(1- 5)m)\j/5)Pj + log(6/m) I,
j=1

and

(log S, S — f) = <§leog(1 + (1= 8)mA;/0) Py, S - ﬁ> +log(8/m) (I, S — 7)
=1

= <Zlog<1 +(1- 5)m/\j/5)Pj, S — ﬁ>
j=1
where we used the fact that (I,,,, S — p) = tr(S) — tr(p) = 0. Therefore,

e(log 8,8 —p) < el 351 log(l +(1- 5)m)\j/5)Pj

15— All2 (46)
2

1/2
— em (S5 log (1 (L= 0)mAy/6) ) 1fs = follam)

< eyrmlog(m/d)| fs — foll Loy < rm?e®log*(m/d) + ;|| fs — f3ll7, )
where it was used that for \; € [0, 1]

0 1—-5)m
+(5 ) )

log (14 (1= 8)m;/3) < log( < log(m/s).

Substituting bounds (45) and (46) in (44) we easily get bound (38), as claimed in the lemma.
|

We will also need the following simple lemma that provides a bound on K(S'||p) in
terms of K (S]p).

Let
1

1-46

h(9) := (510g% +(1—10)log
Observe that
1 J J
h(d) = 5log5 + (1 —5)log(1 + 1_5> <dlog—+(1—-0)—— <dlog—
(this bound will be used in what follows).

Lemma 17 Let § € (0,1), S’ € S, with rank(S") =7 and S = (1 —§)S" + 6=, Then, for
any U € Sp,
K(S||U) + h(9)
1-¢ '
Proof The following identities are straightforward:
K(S||U) =tr(S(log S —logU))
= (1—0)tr(S'(log S —logU)) + dtr((I,/m)(log S — logU))
= (1—0)tr(S(logS" —logU)) + (1 — 0)tr(S'(log S — log 57))
+6tr((L/m)(log S — log (I /m))) + 6tr((L/m)(log(Lm/m) —logU))
=(1-0)K(S|U) - (1=90)K(SS)+ 0K (Ip/m||U) — 0K (I,/m||S).

K(S'U) <

1777



KOLTCHINSKII AND XIA

Since K (I,,/m||U) > 0, it follows that

K(S|U o
k(s'|v) < KD 4 e(9) + L k(1 /m9). (47)
Assuming that S’ has spectral representation S’ = “—1 AjPj with eigenvalues A; > 0 and

one-dimensional projectors P;, we get

/ )\ : J

: )
:;/\jlog< 6+)\]>>log1— Zx\ = log(1 —9),

implying that K (S’[|S) < log tL5. On the other hand,

1 & 1/m 1 & 1 1
K(I, S)y=—>» 1 < — — =log-.
(T /m]S) ij::IOg(l—é)/\j—Fé/m_mz:: 5 %%
Substituting these bounds in (47) yields the result. |

To complete the proof of Theorem 15, we need to control the empirical process (P —
P,)(¢" o f5)(f5 — fs) in the right hand side of bound (38). Our approach is based on the
following empirical processes bound that is a slight modification of Lemma 1 in Koltchinskii
(2013b). As before we assume that S = (1 —6)S’ + 6= with &' € Sy, rank(9’) = r. We
will set 6 := W

Let Z, :=n""! ;‘ 16X, where ¢; are i.i.d. Rademacher random variables (that is, ¢;

takes values +1 and —1 with probability 1/2 each) and {e;}, {X;} are independent.

Lemma 18 Given 61,02 > 0, denote
an01,62) == sup{ (P = P)( o fa) (Fa = )| : A € Sl fa= Fslaqy < 01, [PEAIL < 8 .
Let 0 < 87 < 07,0< 35 <65 Fort>1, denote

ti=t+ log([logQ(éf/éf)] + 2) + log([log2(6;/52_)] + 2) + log 3.

Then, with probability at least 1 — e~t, for all &1 € [67,07], 02 € [65,05],

t t
an(01,02) < C1UE||EE||m(ﬁm51 + 02 + 5) - 02U51\/;+ C3U2ﬁ>

where Cq,Ca,Cs > 0 are constants.
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We will use this lemma to control the term (P — P,)(¢' e f5)(f5— fs) in bound (38). Let
81 := ||f5 — fsllL,ar) and &2 := ||P£p|1. Define also
2 1
of == 65 =1, 67 =6, == —
1 m7 2 » Y1 2 )

mn

so that ¢ <t + 2log(logy(mn) + 3) + log 3. It is easy to see that §; < 8 and dy < &5. If, in
addition, d; > 67, d2 > 05 , the bound of Lemma 18 implies that with probability at least
1—et

(P —Po)(l" & f5)(f5 — fs) < an(d1,02)

t t
< ClUE||EE||OO<\/;m51 + 99 + 5) + 02U51\/; + 03U2ﬁ
If £ > C1UE||E;|| 0, the last bound implies that
(P = Pn) (0o f5)(f5 = [s)
< 3 f5 = fsl2,qy + rm?E® + E|[PEpllL + 26 (48)
+ill.f5 — fSH2L2(n) +(C3 + C3)U.
Substituting this bound in the right hand side of (40), we get
15 — fPHL2 +eK(p; 5)
<|lfs — prL2 +rm 82 log?(m/6) 4 2rm2&? (49)
+580 + CU?L + 12,

where C := C2 + Cs.
In the case when 81 = || f5 — fsllr,ar) < 01 = 7 or 0 = |Pfpl < 65 = -,

replace the terms i”fﬁ_fSH%Q(H) or ||P#pll1 in bound (48) by their respective upper bounds

we can

($(67)? = ;=5-7, or 0, = -=-), which would be smaller than CUQ% for large enough C' > 0,

so bound (49) still holds (recall that U > m_l/Q). Note also that % = 12m41n2 < 12U2%.
Thus, increasing the value of constant C, one can rewrite (49) in a simpler form as

15 — fp”%g am T eK(p; )
<Ilfs — prL2 + rm2e?log?(m/6) 4 2rm2&? (50)
+5§6+CU2%.

The following expectation bound is a consequence of a matrix version of Bernstein inequality
for ||Z¢|lo (it follows by integrating out its exponential tails):

_ log(2m log(2m
Bl < 4] )y )
nm

n
(it is also used in this computation that, in the case of uniform sampling from an orthonormal
basis, 02y = [|[EX?||c = L, a simple fact often used in the literature; see, e.g., Koltchinskii
2011a, Section 5). Let
log(2m)

nm



KOLTCHINSKII AND XIA

for some constant D’. If D’ is sufficiently large and

[log2m) _ log(2m)’ (51)

n nm

then the condition & > C1UE||E; ||« is satisfied and bound (50) holds with probability at
least 1 — e~*. Moreover, &6 Spr 6 Spr U2L, implying that the term 56 in (50) can be
dropped at a price of further increasing the value of constant C.

If (51) does not hold, we still have that

2 1p— PHz 2t
1o = folZoqy =~ 5 = -5 =CU

Recalling that ¢ < t + 2log(logy(mn) + 3) and log(m/d) < log(mn), we deduce from (50)
that with some constant C' and with probability at least 1 — e™*

15 = ol sy < s = ol + €| log? (mn)

2 log(2m) 2 t+log(logy (mn)+3)
+U ™m 07% m +U og ogz mn )

(52)
Note that, for n > 2,
log(logy(mn) + 3) = log (10g2(4m) + 10g2(2n)> < loglogs(4m) + loglog,(2n), (53)

since logy(4m) 4 log,(2n) < log,(4m)log,(2n). Since also, for r > 1,

UQt + log log,(4m) <2 rmlog(2m) 7 (54)

n n

we can replace in bound (52) the term U? t+10g(10g2(mn)+3) with the term UQM
(increasing the value of the constant C' accordingly). ThlS yields bound (34) of the theorem
For S’ = p, it yields bound (35), and, moreover, for S’ = p and S = (1 —0)p + 5171;; with
0= bound (50) also implies that

m2n2 )

eK(p;S) < rank(p)m?e? log (m/3) + 2rank(p)m>e> (55)
580 + CUL,

We will now take

_ :D’[U log(2m) \/ 2log(Zm)]

for a large enough constant D’ so that € > C1UE||Z,||ec. Assume that

1 [U log(2m) \/ 2108;( )]

- log(mn) nm n
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As before, the term £ in bound (55) will be absorbed by the term CUZ% with a larger
value of C and also

k log(2 log(2
rank(p)m?e® log?(m/8) = p rank(p)m?&% =<p U2t (p)mlog(2m) (1\/U2mog(m))

n n

As a result, taking into account (53), (54), bound (55) can be rewritten as follows:
EK(ﬁ; S) < CU? |:rank(p)mlog(2m) (1 \V U2mlog(2m)> (56)

+ t+log l;)LgQ (2n) :l .

Using the bound of Lemma 17 along with the bound

h(5) < 6log(e/s) = ﬁlog(em n?) < U\/:( +log lofjéigg)bg(mn)’

we easily get that (37) holds. [ |

3.2 Oracle Inequalities for Trace Regression with Gaussian Noise

In this subsection, we establish oracle inequalities for the von Neumann entropy penalized
least squares estimator p° in the case of trace regression model with Gaussian noise (As-
sumption 4). Unlike in the case of Theorem 15 of the previous section, our aim is not
to obtain sharp oracle inequality, but rather to get a clean main term of the random error

bound part of the inequality, namely, the term Ug rank(S)m (Hlog@m)) in inequality (58) below.

Note that this term depends only on the variance of the noise Ug, but not on the constant U
from Assumption 1 (the constant U is involved only in the higher order O(n~?2) terms of the
bound). Note also that there are no constraints on the variance O'g that could be arbitrarily
small, or even equal to 0 (in which case only higher order terms are present in the bound).
This improvement comes at a price of having the leading constant 2 in the oracle inequality
and also of imposing assumption (57) that requires the regularization parameter € to be
bounded away from 0 (again, unlike Theorem 15, where it could be arbitrarily small). As
in the previous section, we also obtain a bound on Kullback—Leibler divergence K (p||p°).

Theorem 19 Lett > 1. Suppose

U2t +log®mlog®n Dioe |t +log(2m) \/ DUQt + log® mlog?n
n "log(mn) nm n

[D (57)

with large enough constants D, D1 > 0. There exists a constant C' > 0 such that with
probability at least 1 — et

( grank(S)m(t + log(2m))

n

2 .
I = Folbamy < gnf (2065 = Al + €

L 202 rank(S)m?(t + log(2m))? log(2m) Lt rank(S)m?2(t + log® mlog?® n)? log?(mn) )}
5 .

n? n?
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In particular,

n

Iy = £y < Okl (ctoston) (59

2 2 2 3 232 |2
+U§U2 rank(p)m (t+l;)lg2(2m)) log(2m) + U4rank(p)m (t+log 7:721103; n)* log”(mn) )

. Dioe [t +1og(2m) \/ DUQt + log® mlog? n
log(mn) nm n

for large enough constants D, D1, then with some constant C and with the same probability

both (59) and the following bound hold:

Moreover, if

/n

K(pllpf) < C {Ug rank(p)m3/2 (t+log(2m))/? log(mn) (60)

2 rank(p)m? (t+log(2m)) log(2m) 2 rank(p)m? (t+log® mlog? n) log? (mn)
+o¢ - +U - .

Proof As in in the proof of Theorem 15, we rely on Lemma 16, but we use a different
approach to bounding the empirical process (P —P,)(¢'® f5)(f5— fs). The following identity
follows from the definition of quadratic loss ¢

("o f)(@,y)(f(2) = fs(x)) = 2(f(2) — fs(2))* +2(fs(z) — y)(f(2) — fs(2))

and it implies that

(P = Pu) ("o f3)(f5— fs) = =2(Pu — P)(f5 — fs)* = 2(2,5— 5) (61)

where
n

== S (S05) = 5)X; ~ EUfs() - V)X,

We will bound (P, — P)(fs — f5)2 in representation (61) as follows:

If5 — fS”Lg(H))

(P =PIy = 157 < = Sl (2

where

5u(8) i=supf | (P = PY()| - 4 € B A < L | falzaqy < A

The next lemma provides a bound on f,,(A). Its proof is somewhat involved and it will
not be given here. It is based on Rudelson’s Ly (P,) generic chaining bound for empirical
processes indexed by squares of functions and on the ideas of the paper by Guédon et al.
(2008) combined with Talagrand’s concentration inequality (see also Aubrun 2009, Liu
2011 and Theorem 3.16, Lemma 9.8 and Proposition 9.2 in Koltchinskii 2011b for similar
arguments).
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Lemma 20 Given 0 <6~ <" andt > 1, let
t:=t+ log(log2(5+/5_) + 3).

Then, with some constant C and with probability at least 1 —e~", the following bound holds
for all A€ 67,61 :

log®2 m1 log® m log? t t
Ba(A) < C AijLUszrAU U (63)
We will use Lemma 20 to control §,(A) for A := %. Let 6% := L1 and

6~ := —. With this choice, ¢ < t +log(logy n + 3). Note that for A = ﬁ, Il fall Loqmy =
IIAH HAH1

=m~ ! =% If also || fallL,ar) = 67, then we can substitute bound (63) on
Bn (A) into (62) that ylelds

|(Pa = P)(f;— fs)?

- 3/2mlogn
hﬁ—mmmmm—wﬂmgﬁﬁg

~ 3m 2n ~ t
Hp - SRR mbog’n 4 e poll mlp— SIWUY
+p - sIE0E]
< Sl1f5 = fsld,qmy + 8(C? + C/g)U2lesmleetn 5 g2 (64)
—%ﬂﬁ—fﬂhmw%6ﬂ+cmﬂﬂﬂp—ﬂh
og3 mlog? ntt | ~
< 15llfp = Fsl3 ) + C'U2REOEE 5 G|,

where ¢ := 8(C? + C/8). If, on the other hand, ||fallp,qm <07 = 5, then || f5 — fsll L)

mn’

in the above bound can be replaced by —=|lp—S||1 and the proof that follows only simplifies
since

1 1 UQlog mlog?n+1t

1 -
E”fﬁ — fslZ,am) < TGWH - Si < 6 15— SIIF.

Another term in the right hand side of representation (61) to be controlled is (Z, p— S).
Note that = = =1 + =5, where

n

El = —n_l Zngj

j=1
and

=TS Us(X) — 1)K, — E(fs(X) — f,(X))X

J=1

Recall that S = (1—6)S"+6L2 with &' € Sy, rank(S’) = r, supp(S’) = L and § =

m2n2"
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The term with = is controlled as follows:

(E1.5-5)
<|[(PL(E1). 5~ )| +| (B0 PEG - S| +|(PLEL, S - )]
< [PLED2llp — 8'llz + [Z1lllPE B) 1 + [PEED| 18" = 81

< 2v2rml|E1loo|lf5 = fsllLoqny + IE1llolI P (B)l11 + 40]|Z1 [l (65)
< 32rm?||Z1 1% + 5515 — fsllT,m

HE1llooIPL (B 11 + 46]1Z1 oo

We also have

(52,ﬁ—5>’<|| 2lloollp = Sl < [1Z2llollp = Sl + 1E2llo 15" = Sy
< |IZ2lloollp = 5’11 + 26| Z2|co- (66)

Thus,
(25— )| < 32rm2|Zu]1% + g511£5 = Fsll2,
HIZ1 oo IP7 (B) 1 + 48] E1 oo + [1Z2l0ll 7 — Sll1 + 26]|Z2 oo (67)
It follows from (61), (64) and (67) that with some constant C’
(P = Fo)(t" o f5)(f5 = fs) <
3 207
Hifs = fsll2, q + ClUP o mioE et 5 g2 (68)

+64rm?|| =112, + 2lIZ1[lo I PL (7)1 + 80]1Z1 oo
+2[|Z2 oo llp = Sll1 + 46]|Z2 ] co-

This bound will be substituted in (38). Note that, if assumption (57) on € holds with a
sufficiently large constant D, then we have

o 8C,U210g3 mlog®n+1t

n

(this follows from the fact that ¢ < ¢ 4log(logyn+3) < t + clog® mlog? n for some constant
¢ > 0). Assume also that & > 4|Z1||e and recall that K(5;5) > 1]/ — S||? (see inequality
8). Taking all this into account, (38) implies that

17 = foll oy + 1165 = fsllF, ) + 5K(5:.9) + SIPL Al
<|Ifs— pr%Q (my +rm 2¢2 log? (m/d) + 5rm?&? + 626 (69)
+2[[Z2loo[lp = St + 4] Z2locd.

It remains to control |Z1]|s and ||Z2|s. To this end, we use matrix versions of Bernstein
inequality. To bound ||Z2||~, we use its standard version which yields that with probability
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at least 1 — et

IE2lloe < 2“\E(fS(X) - fp(X))QXQHZQ i+1og(2m)

n

V][50 = £CO)IX |, trtsee],

where || - ||, denotes the essential supremum norm in the space of random variables. Since

[E(rs ) - fp(X))2X2HOO <U3Ifs — foll2,

and
|5 (X) = NI, <207,

we get,

1Z2llo < 4{Hfs - fPHLQ(H)U\/@—F UQYHLIC%‘;?Z(QW)].

This implies that
2/Eslloollp = Sl < Il = Sll? oy + 16U EHEEM |5 — 7|3
+8U 5 — ).
Note that
1602 HEE | 5 — 5|7
< 1602 5 g2 4 162 HosEm) (45 4 52)
and

SUQW”ﬁ — S/H1
< SUPLHERI | p g, 4 SR |1y (5 — 1))

S 8U2 t-‘rlOi(Qm) ||Pi_ﬁ||1 + 8U2 t+10i(2m) HPL(ﬁ o S)Hl + 16U2 t-‘rlOi(Qm) 5

Since, for some constant C” > 0,

gU2LHoECm) P, (5 S)|) < 8y2U2HHERM) Dy (5 - )|,

o m Tm2 O, m 2
< VAU A ol — fll ) < dl 5~ Sl + O

it follows from (71), (72) and (73) that

2(1Z2ll0ll5 = St < N fs = FollZm +
+16U2HIO§LMH/5 — 5|2+ 16U2M(45 +62)
—%8(]22tk£1@ﬁlﬂﬁﬁ%ﬁﬂl +,16(]22ik£i@325

T‘m2 O, m 2
315 = S5l gy + CMUA o CmE

n2
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Note that (70) also implies that

120 < 4

% /t+loi(2m) + U2 t+loi(2m):| (75)

(since || fs = foll Loy < m ™IS — plla < 2m™1). Let us substitute (74) and (75) in the last
line of (69). Assume that
log(2
&> 16p2t 1082
n

and that constant D in assumption (57) is large enough so that

t + log(2

p— S| < SK(5,5)

4

(recall inequality 8). It easily follows that with some constants C7, Cs,
15— Foll2,m + 2K (5 9)
<2||fs — pr%Q a Clrm 2e21og?(m/5) + 5rm2&? (76)

028 4 32U [ 1HosCm) 5

n

(note that the term C”U“mQ(H}@#m))Q of bound (74) is “absorbed” by the term Cyrm?e?log®(m/d)
of bound (76) provided that constant C; is large enough). Since

1 U2t + log(2m)

0= m2n? — n =€
(recall that U? > m~!), we have &5 < &2. Also, since U > m~1/2,
/t—i—log 2m /t—Hog (2m) ! 2_U4 t+log(2m)> <&
mon
Therefore, (76) implies that with some constant C
15 — fp”%z an T 1K(p;5)
< 2Hf5 — prL2 + C(Tm25 10g2 (m/é) + Tm252) (77)

To bound ||Z1]|e0, We use a version of matrix Bernstein type inequality due to Koltchin-
skii (2011b) (see bound (2.7) of Theorem 2.7). Tts version for a = 2 (with U™ =< Ucyg)
implies that for some constant K > 0 with probability at least 1 — e~

t + log(2m) \/ ocl (t + log(2m)) log1/2(2Um1/2)] . (78)

= <K
1) < K fog) 2 :

We choose

D 10B(2m) \ g gy (£ Tog(2m)) log! (2 q

€:= Do |:(7€
nm n
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with a sufficiently large constant Ds to satisfy the condition [|Z]|c < 4€ with probability
at least 1 —e™t (the rest of the assumptions we made on £ are also satisfied with this choice).

Bound (77) then implies that with some constant C' and with probability at least 1—3e™*
the following inequality holds:

”fﬁE - fPH%Q(H < 2”fs - pr%Q(H)
27‘m(t + log(2m)) o, oTm2(t + log(2m))? log(2m)
+U€U
n n2 (79)

2rm?(t + log® mlog? n)? log? (mn)}
5 :

+Cl|o

+U

n

Using bound (39) to replace S in || fs — fp||L2(H with S’ and adjusting the value of constant

C' to rewrite the probability bound as 1 — e, it is easy to complete the proof of (58).
If S’ = p, this also yields bound (59). Moreover, with a larger value of regularization
parameter

_ Dioe [t +1og(2m) \/ DUQt + log® mlog?®n
log(mn) nm n ’

bound (77) and Lemma 17 easily imply bound (60). [ |

3.3 Optimality Properties of von Neumann Entropy Penalized Estimator p¢

We start with upper bounds on the error of estimator p¢ (von Neumann entropy penalized
least squares estimator defined by (7)) in Hellinger, Kullback-Leibler and Schatten g-norm
distances for ¢ € [1,2] for the trace regression model with Gaussian noise (Assumption
4). To avoid the impact of “second order terms” on the upper bounds, we will make the
following simplifying assumptions:

U,/m logm <1 and U2,/m10g5/2mlog2nlog(mn) < o¢. (80)
n n

Recall that, for the Pauli basis, U = m~1/2, so, the above assumptions hold if n > log? m

and o¢ is larger than ﬁ (times a logarithmic factor). We will choose regularization

parameter ¢ as follows:

Dio¢  [log(2m)

~ log(mn) nm

(81)

with a sufficiently large constant D; > 0. The next result shows that minimax rates of
Theorem 4 are attained up to logarithmic factors for the estimator p°.

Theorem 21 There exists a constant C > 0 such that the following bounds hold for all
r=1,...,m, for all p € S, and for all q € [1,2] with probability at least 1 —m ™2 :

321 1
Hﬁe—p\quC(%mw Vlogmlog®9/9( mn)/\<05\7/nﬁ ) q (logm)2 "2 >/\2
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H?(j%,p) < C=— g \/log log(mn /\ (83)

and

K(p||*) < ¢

logm

Proof We will need the following simple lemma.

Lemma 22 For all p € Sy, and alll =1,...,m, there exists p' € S, such that

1
lp—/lI5 < T

Proof Suppose that p = >°7%; A;P;j, where \; are the eigenvalues of p repeated with
their multiplicities and P; are orthogonal one-dimensional projectors. Note that {\; : j =
1,...,m} is a probability distribution on the set {1,...,m}. Let v be a random variable
sampled from this distribution and v1,...,v; be its i.i.d. copies. Then EP, = p and

l

IEHll Y P, -

2
_EIP —pl3 _ EIRE—llol3 _ 1l _ 1

, l l A

j=1
Therefore, there exists a realization v1 = kq,...,1v;, = k; of r.v. 1q,..., 1, such that
. l 2 1
Hl ;ij —p , < 7
Denote p’ =11 Eé’:l Py,. Then, p' € 8 and [|p — p/[I3 < 1. [ |

First, we will prove bound (82) for ¢ = 2. To this end, we use oracle inequality (58) with
t = 2logm +log2 and with oracle S = p’ € S, such that ||p— p[|3 < }. Under simplifying
assumptions (80) it yields that with probability at least 1 — %m_Q

N 1
15 = ol = e = Sl S |7 + 1o m].

3/2
where 7 := % On the other hand, using the same inequality with S = p € S, ,, yields
the bound
157 = pll3 < 7°rlogm

that also holds with probability at least 1 — im_Q. Therefore, with probability at least
1—m™2

1
15— pll3 < (7 + Tzllogm> /\ 7°rlogm. (85)
Let [ = ﬁ. If I € [1,m], set [ := [I]. Otherwise, if | > m, set | := m and, if | < 1, set

[ :=1. An easy computation shows that with such a choice of [ bound (85) implies (82) for
q=2.
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Next we use bound (60) that, for ¢ = 2log m, implies under assumptions (80) that with
some constant C' and with probability at least 1 — m ™2

~c rm3/2 og m log(mn
K (p|p°) < Cogmm—yiogmiostmn), (86)

which is bound (84). Bound (83) also holds in view of inequality (8).

Now, we prove bound (82) for ¢ = 1 (the bound for ¢ € [1,2] will then follow by inter-
polation). To this end, we will use the following lemma (see Proposition 1 in Koltchinskii
2011a) that shows that if two density matrices are close in Hellinger distance and one of
them is “concentrated around a subspace” L, then another one is also “concentrated around”

L.
Lemma 23 For any L C C™ and all S1,55 € Sy,
IPLSillh < 2Py Sally + 2H?(S1, S2).
We apply this lemma to S; = 5%, So = p and L = supp(p) so that P;p = 0. It yields that
IPL 4" 1 < 2H(7, p)-
Therefore,

15°=plly < IPL(F"=p) L +IPL (57 —p)ll < V2r| 5" —plla+|Pr 5[l < V2|5 —plla+2H? (5, p).-

(87)
Using bounds (82) for ¢ = 2 and (83), we get from (87) that
3
15 — pll < €228 flog mlog(mn) \ 2, (88)

vn

which is equivalent to (82) for ¢ = 1. Note that by choosing t = 2logm + log 2 + 2 (which
might have an impact only on the constant), we could make probability bounds in (82) for
g = 2 and (83) to be at least 1 — %m_2 implying that (88) holds with probability at least
1 —m™2, as it is claimed in the theorem.

To complete the proof, it is enough to use the interpolation inequality of Lemma 1. It
follows that, for g € (1,2),

N N 2_q _ 92
15° = pllg < 116° = pllf 115" = plls “-

Substituting bound (82) for ¢ = 1 and ¢ = 2 into the last inequality yields the result for an
arbitrary ¢ € (1,2). [ |

Similarly, in the case of trace regression with bounded response (see Assumption 3),
minimax rates of Theorem 7 are also attained for the estimator p° (up to log factors). In
this case, assume that Assumption 3 holds with U = U and, in addition, let us make the
following simplifying assumptions:

mlogm

U

<1 and loglogyn < mlogm. (89)
n
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For the Pauli basis (U = m~Y 2), the first assumption holds if n > logm. The second as-
sumption does hold unless n is extremely large (n ~ 2P{m18m}) nder these assumptions,
we will use the following value of regularization parameter ¢ :

U log(2m)
~ log(mn) nm

The following version of Theorem 21 holds in the bounded regression case (with a similar
proof).

Theorem 24 There exists a constant C' > 0 such that the following bounds hold for all
r=1,...,m, for all p € S,., and for all q € [1,2] with probability at least 1 — m™>

m‘,_.

_ Um3r!/ Um3/2\ '~ 1
]pe—p\|q<0< \/log log(2=9)/a( mn)/\( NG > (logm)2 )/\2

3
Umzr
H2(55. p) < 1 1 2 1
(7°,p)<C i Vlogm og(mn) )\ (91)
and

K(pll57) < C(Mgﬁogmmgmm. (92)

Remark 25 In the case of Pauli basis, the minimax optimal rates (up to constants and

ri/a m

1
logarithmic factors) are: m\/ﬁ /\(%)175 A2 for Schatten q-norm distances for q € [1,2]; %

for nuclear norm, squared Hellinger and Kullback-Leibler distances (provided the mr < \/n).
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