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Abstract

This work establishes distribution-free upper and lower bounds on the minimax label com-
plexity of active learning with general hypothesis classes, under various noise models. The
results reveal a number of surprising facts. In particular, under the noise model of Tsy-
bakov (2004), the minimax label complexity of active learning with a VC class is always
asymptotically smaller than that of passive learning, and is typically significantly smaller
than the best previously-published upper bounds in the active learning literature. In high-
noise regimes, it turns out that all active learning problems of a given VC dimension have
roughly the same minimax label complexity, which contrasts with well-known results for
bounded noise. In low-noise regimes, we find that the label complexity is well-characterized
by a simple combinatorial complexity measure we call the star number. Interestingly, we
find that almost all of the complexity measures previously explored in the active learning
literature have worst-case values exactly equal to the star number. We also propose new
active learning strategies that nearly achieve these minimax label complexities.

Keywords: active learning, selective sampling, sequential design, adaptive sampling,
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1. Introduction

In many machine learning applications, in the process of training a high-accuracy classifier,
the primary bottleneck in time and effort is often the annotation of the large quantities
of data required for supervised learning. Active learning is a protocol designed to reduce
this cost by allowing the learning algorithm to sequentially identify highly-informative data
points to be annotated. In the specific protocol we study below, called pool-based active
learning, the learning algorithm is initially given access to a large pool of unlabeled data
points, which are considered inexpensive and abundant. It is then able to select any un-
labeled data point from the pool and request its label. Given the label of this point, the
algorithm can then select another unlabeled data point to be labeled, and so on. This inter-
active process continues for some prespecified number of rounds, after which the algorithm
must halt and produce a classifier. This contrasts with passive learning, where the data
points to be labeled are chosen at random. The hope is that, by sequentially selecting the
data points to be labeled, the active learning algorithm can direct the annotation effort to-
ward only the highly-informative data points, given the information already gathered from
previously-labeled data, and thereby reduce the total number of labels required to produce
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a classifier capable of predicting the labels of new instances with a desired level of accuracy.
This active learning protocol has been used in practice for a variety of learning problems,
often with significant reductions in the time and effort required for data annotation (see
Settles, 2012, for a survey of several such applications).

This article studies the theoretical capabilities of active learning, regarding the number
of label requests sufficient to learn a classifier to a desired error rate, known as the label
complexity. There is now a substantial literature on this subject (see Hanneke, 2014, for
a survey of known results), but on the important question of optimal performance in the
general setting, the gaps present in the literature are quite substantial in some cases. In
this work, we address this question by carefully studying the minimaz performance. Specif-
ically, we are interested in the minimaz label complexity, defined as the smallest (over the
choice of active learning algorithm) worst-case number of label requests sufficient for the
active learning algorithm to produce a classifier of a specified error rate, in the context of
various noise models (e.g., Tsybakov noise, bounded noise, agnostic noise, etc.). We derive
upper and lower bounds on the minimax label complexity for several noise models, which
reveal a variety of interesting and (in some cases) surprising observations. Furthermore,
in establishing the upper bounds, we propose a novel active learning strategy, which often
achieves significantly smaller label complexities than the active learning methods studied
in the prior literature.

1.1 The Prior Literature on the Theory of Active Learning

Before getting into the technical details, we first review some background information about
the prior literature on the theory of active learning. This will also allow us to introduce the
key contributions of the present work.

The literature on the theory of active learning began with studies of the realizable
case, a setting in which the labels are assumed to be consistent with some classifier in a
known hypothesis class, and have no noise (Cohn, Atlas, and Ladner, 1994; Freund, Seung,
Shamir, and Tishby, 1997; Dasgupta, 2004, 2005). In this simple setting, Dasgupta (2005)
supplied the first general analysis of the label complexity of active learning, applicable
to arbitrary hypothesis classes. However, Dasgupta (2005) found that there are a range
of minimax label complexities, depending on the structure of the hypothesis class, so that
even among hypothesis classes of roughly the same minimax sample complexities for passive
learning, there can be widely varying minimax label complexities for active learning. In
particular, he found that some hypothesis classes (e.g., interval classifiers) have minimax
label complexity essentially no better than that of passive learning, while others have a
minimax label complexity exponentially smaller than that of passive learning (e.g., threshold
classifiers). Furthermore, most nontrivial hypothesis classes of interest in learning theory
seem to fall into the former category, with minimax label complexities essentially no better
than passive learning. Fortunately, Dasgupta (2005) also found that in some of these hard
cases, it is still possible to show improvements over passive learning under restrictions on
the data distribution.

Stemming from these observations, much of the literature on active learning in the real-
izable case has focused on describing various special conditions under which the label com-
plexity of active learning is significantly better than that of passive learning: for instance,
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by placing restrictions on the marginal distribution of the unlabeled data (e.g., Dasgupta,
Kalai, and Monteleoni, 2005; Balcan, Broder, and Zhang, 2007; El-Yaniv and Wiener, 2012;
Balcan and Long, 2013; Hanneke, 2014), or abandoning the minimax approach by express-
ing the label complexity with an explicit dependence on the optimal classifier (e.g., Das-
gupta, 2005; Balcan, Hanneke, and Vaughan, 2010; Hanneke, 2009b, 2012). In the general
case, such results have been abstracted into various distribution-dependent (or sometimes
data-dependent) complexity measures, such as the splitting indexz (Dasgupta, 2005), the
disagreement coefficient (Hanneke, 2007b, 2009b), the extended teaching dimension growth
function (Hanneke, 2007a), and the related wversion space compression set size (El-Yaniv
and Wiener, 2010, 2012; Wiener, Hanneke, and El-Yaniv, 2015). For each of these, there are
general upper bounds (and in some cases, minimax lower bounds) on the label complexities
achievable by active learning methods in the realizable case, expressed in terms of the com-
plexity measure. By expressing bounds on the label complexity in terms of these quantities,
the analysis of label complexities achievable by active learning in the realizable case has
been effectively reduced to the problem of bounding one of these complexity measures. In
particular, these complexity measures are capable of exhibiting a range of behaviors, corre-
sponding to the range of label complexities achievable by active learning. For certain values
of the complexity measures, the resulting bounds reveal significant improvements over the
minimax sample complexity of passive learning, while for other values, the resulting bounds
are essentially no better than the minimax sample complexity of passive learning.

Moving beyond these initial studies of the realizable case, the more-recent literature
has developed active learning algorithms that are provably robust to label noise. This ad-
vance was initiated by the seminal work of Balcan, Beygelzimer, and Langford (2006, 2009)
on the A% (Agnostic Active) algorithm, and continued by a number of subsequent works
(e.g., Dasgupta, Hsu, and Monteleoni, 2007; Balcan, Broder, and Zhang, 2007; Castro and
Nowak, 2006, 2008; Hanneke, 2007a, 2009a,b, 2011, 2012; Minsker, 2012; Koltchinskii, 2010;
Beygelzimer, Dasgupta, and Langford, 2009; Beygelzimer, Hsu, Langford, and Zhang, 2010;
Hsu, 2010; Ailon, Begleiter, and Ezra, 2012; Hanneke and Yang, 2012). When moving into
the analysis of label complexity in noisy settings, the literature continues to follow the
same intuition from the realizable case: that is, that there should be some active learning
problems that are inherently hard, sometimes no better than passive learning, while others
are significantly easier, with significant savings compared to passive learning. As such, the
general label complexity bounds proven in noisy settings have tended to follow similar pat-
terns to those found in the realizable case. In some scenarios, the bounds reflect interesting
savings compared to passive learning, while in other scenarios the bounds do not reflect
any improvements at all. However, unlike the realizable case, these upper bounds on the
label complexities of the various proposed methods for noisy settings lacked complementary
minimax lower bounds showing that they were accurately describing the fundamental capa-
bilities of active learning in these settings. For instance, in the setting of Tsybakov noise,
there are essentially only two types of general lower bounds on the minimax label complex-
ity in the prior literature: (1) lower bounds that hold for all nontrivial hypothesis classes of
a given VC dimension, which therefore reflect a kind of best-case scenario (Hanneke, 2011,
2014), and (2) lower bounds inherited from the realizable case (which is a special case of
Tsybakov noise). In particular, both of these lower bounds are always smaller than the
minimax sample complexity of passive learning under Tsybakov noise. Thus, although the
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upper bounds on the label complexity of active learning in the literature are sometimes no
better than the minimax sample complexity of passive learning, the existing lower bounds
are unable to confirm that active learning truly cannot outperform passive learning in these
scenarios. This gap in our understanding of active learning with noise has persisted for a
number of years now, without really receiving a good explanation for why the gap exists
and how it might be closed.

In the present work, we show that there is a very good reason for why better lower
bounds have not been discovered in general for the noisy case. For certain ranges of the
noise parameters (corresponding to the high-noise regime), these simple lower bounds are
actually tight (up to certain constant and logarithmic factors): that is, the upper bounds
can actually be reduced to nearly match these basic lower bounds. Proving this surprising
fact requires the introduction of a new type of active learning strategy, which selects its
queries based on both the structure of the hypothesis class and the estimated variances of the
labels. In particular, in these high-noise regimes, we find that all hypothesis classes of the
same VC dimension have essentially the same minimax label complexities (up to logarithmic
factors), in stark contrast to the well-known differentiation of hypothesis classes observed
in the realizable case by Dasgupta (2005).

For the remaining range of the noise parameters (the low-noise regime), we argue that
the label complexity takes a value sometimes larger than this basic lower bound, yet still
typically smaller than the known upper bounds. In this case, we further argue that the
minimax label complexity is well-characterized by a simple combinatorial complexity mea-
sure, which we call the star number. In particular, these results reveal that for nonextremal
parameter values, the minimax label complexity of active learning under Tsybakov noise
with any VC class is always smaller than that of passive learning, a fact not implied by any
results in the prior literature.

We further find that the star number can be used to characterize the minimax label
complexities for a variety of other noise models. Interestingly, we also show that almost
all of the distribution-dependent or data-dependent complexity measures from the prior
literature on the label complexity of active learning are exactly equal to the star number
when maximized over the choice of distribution or data set (including all of those mentioned
above). Thus, the star number represents a unifying core concept within these disparate
styles of analysis.

1.2 Our Contributions

We summarize a few of the main contributions and interesting implications of this work.

e We develop a general noise-robust active learning strategy, which unlike previously-
proposed general methods, selects its queries based on both the structure of the hy-
pothesis class and the estimated variances of the labels.

e We obtain the first near-matching general distribution-free upper and lower bounds
on the minimax label complexity of active learning, under a variety of noise models.

e In many cases, the upper bounds significantly improve over the best upper bounds
implied by the prior literature.
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e The upper bounds for Tsybakov noise always reflect improvements over the minimax
sample complexity of passive learning (for non-extremal noise parameter values), a
feat not previously known to be possible.

e In high-noise regimes of Tsybakov noise, our results imply that all hypothesis classes
of a given VC dimension have roughly the same minimax label complexity (up to
logarithmic factors), in contrast to well-known results for bounded noise. This fact is
not implied by any results in the prior literature.

e We express our upper and lower bounds on the label complexity in terms of a simple
combinatorial complexity measure, which we refer to as the star number.

e We show that for any hypothesis class, almost every complexity measure proposed to
date in the active learning literature has worst-case value exactly equal to the star
number, thus unifying the disparate styles of analysis in the active learning literature.
We also prove that the doubling dimension is bounded if and only if the star number
is finite.

e For most of the noise models studied here, we exhibit examples of hypothesis classes
spanning the gaps between the upper and lower bounds, thus demonstrating that the
gaps cannot generally be reduced (aside from logarithmic factors) without introducing
additional complexity measures.

e We prove a separation result for Tsybakov noise vs the Bernstein class condition,
establishing that the respective minimax label complexities can be significantly dif-
ferent. This contrasts with passive learning, where they are known to be equivalent
up to a logarithmic factor.

The algorithmic techniques underlying the proofs of the most-interesting of our upper
bounds involve a combination of the disagreement-based strategy of Cohn, Atlas, and Lad-
ner (1994) (and the analysis thereof by Hanneke, 2011, and Wiener, Hanneke, and El-Yaniv,
2015), along with a repeated-querying technique of Kééridinen (2006), modified to account
for variations in label variances so that the algorithm does not waste too many queries
determining the optimal classification of highly-noisy points; this modification represents
the main algorithmic innovation in this work. In a supporting role, we also rely on auxiliary
lemmas on the construction of e-nets and e-covers based on random samples, and the use of
these to effectively discretize the instance space. The mathematical techniques underlying
the proofs of the lower bounds are largely taken directly from the literature. Most of the
lower bounds are established by a combination of a technique originating with Kaaridinen
(2006) and refined by Beygelzimer, Dasgupta, and Langford (2009) and Hanneke (2011,
2014), and a technique of Raginsky and Rakhlin (2011) for incorporating a complexity
measure into the lower bounds.

We note that, while the present work focuses on the distribution-free setting, in which
the marginal distribution over the instance space is unrestricted, our results reveal that
low-noise settings can still benefit from distribution-dependent analysis, as expected given
the aforementioned observations by Dasgupta (2005) for the realizable case. For instance,
under Tsybakov noise, it is often possible to obtain stronger upper bounds in low-noise
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regimes under assumptions restricting the distribution of the unlabeled data (see e.g., Bal-
can, Broder, and Zhang, 2007). We leave for future work the important problem of charac-
terizing the minimax label complexity of active learning in the general case for an arbitrary
fixed marginal distribution over the instance space.

1.3 Outline

The rest of this article is organized as follows. Section 2 introduces the formal setting
and basic notation used throughout, followed in Section 3 with the introduction of the
noise models studied in this work. Section 4 defines a combinatorial complexity measure
— the star number — in terms of which we will express the label complexity bounds below.
Section 5 provides statements of the main results of this work: upper and lower bounds on
the minimax label complexities of active learning under each of the noise models defined
in Section 3. That section also includes a discussion of the results, and a brief sketch
of the arguments underlying the most-interesting among them. Section 6 compares the
results from Section 5 to the known results on the minimax sample complexity of passive
learning, revealing which scenarios yield improvements of active over passive. Next, in
Section 7, we go through the various results on the label complexity of active learning
from the literature, along with their corresponding complexity measures (most of which are
distribution-dependent or data-dependent). We argue that all of these complexity measures
are exactly equal to the star number when maximized over the choice of distribution or
data set. This section also relates the star number to the well-known concept of doubling
dimension, in particular showing that the doubling dimension is bounded if and only if the
star number is finite.

We note that the article is written with the intention that it be read in-order; for
instance, while Appendix B contains proofs of the results in Section 5, those proofs refer to

quantities and results introduced in Sections 6 and 7 (which follow Section 5, but precede
Appendix B).

2. Definitions

The rest of this paper makes use of the following formal definitions. There is a space X,
called the instance space. We suppose X is equipped with a o-algebra By, and for simplicity
we will assume {{z} : x € X} C By. There is also a set ) = {—1,+1}, known as the label
space. Any measurable function h : X — ) is called a classifier. There is an arbitrary set
C of classifiers, known as the hypothesis class. To focus on nontrivial cases, we suppose
|C| > 3 throughout.

For any probability measure P over X x ) and any = € X, define n(z; P) = P(Y =
+1|X = z) for (X,Y) ~ P, and let f5(z) = sign(2n(x; P) — 1) denote the Bayes optimal
classifier,! where sign(t) = +1 if t > 0, and sign(t) = —1 if ¢ < 0. Define the error rate of
a classifier h with respect to P as erp(h) = P((z,y) : h(x) # y).

1. Since conditional probabilities are only defined up to probability zero differences, there can be multiple
valid functions 7(-; P) and fp, with any two such functions being equal with probability one. As such,
we will interpret statements such as “fp € C” to mean that there exists a version of fp contained in C,
and similarly for other claims and conditions for f5 and n(-; P).
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In the learning problem, there is a target distribution Pxy over X x ), and a data
sequence (X1,Y7),(Xo,Y2),..., which are independent Pxy-distributed random variables.
However, in the active learning protocol, the Y; values are initially “hidden” until individ-
ually requested by the algorithm (see below). We refer to the sequence Xi, Xs,... as the
unlabeled data sequence.? We will sometimes denote by P the marginal distribution of Pxy
over X': that is, P(-) = Pxy (- x V).

In the pool-based active learning protocol,® we define an active learning algorithm A as
an algorithm taking as input a budget n € NU{0}, and proceeding as follows. The algorithm
initially has access to the unlabeled data sequence X7, Xo,.... If n > 0, the algorithm may
then select an index 7; € N and request to observe the label Y;,. The algorithm may then
observe the value of Y;,, and if n > 2, then based on both the unlabeled sequence and
this new observation Y;,, it may select another index i2 € N and request to observe Y;,.
This continues for a number of rounds at most n (i.e., it may request at most n labels),
after which the algorithm must halt and produce a classifier h,. More formally, an active
learning algorithm is defined by a random sequence {i;}?°; in N, a random variable N in
N, and a random classifier h,,, satisfying the following properties. Each i, is conditionally
independent from {(X;,Y;)}2, given {i; ;;11, {Yy;; ;;11, and {X;}°,. The random variable
N always has N < n, and for any k € {0,...,n}, 1[N = k] is independent from {(X;, Y;)}>°,;
given {ij}é?:l, Y3, 9?:1, and {X;}°,. Finally, h, is independent from {(X;,Y;)}$2, given
N, {ij é‘vzlv {Ylg é'V:lv and {Xl}fil

We are now ready for the definition of our primary quantity of study: the minimax label
complexity. In the next section, we define several well-known noise models as specifications
of the set D referenced in this definition.

Definition 1 For a given set D of probability measures on X x Y, Ve >0, Vd € [0,1], the
minimax label complexity (of active learning) under D with respect to C, denoted Ap(e,d),
is the smallest n € N U {0} such that there exists an active learning algorithm A with
the property that, for every Pxy € D, the classifier B, produced by A(n) based on the
(independent Pxy -distributed) data sequence (X1,Y1),(X2,Y2),... satisfies

P (erpxy (Bn> - }ilné erpy, (h) > s) <.
€
If no such n exists, we define Ap(e,d) = oo.

Following Vapnik and Chervonenkis (1971); Anthony and Bartlett (1999), we say a
collection of sets T C 2% shatters a sequence S € X* (for k € N) if {ANS:Aec T} =25

2. Although, in practice, we would expect to have access to only a finite number of unlabeled samples,
we expect this number would often be quite large (as unlabeled samples are considered inexpensive and
abundant in many applications). For simplicity, and to focus the analysis purely on the number of labels
required for learning, we approximate this scenario by supposing an inexhaustible source of unlabeled
samples. We leave open the question of the number of unlabeled samples sufficient to obtain the minimax
label complexity; in particular, we expect the number of such samples used by the methods obtaining
our upper bounds to be quite large indeed.

3. Although technically we study the pool-based active learning protocol, all of our results apply equally
well to the stream-based (selective sampling) model of active learning (in which the algorithm must
decide whether or not to request the label Y; before observing any X; with j > ¢ or requesting any Y;
with j > ).
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The VC dimension of T is then defined as the largest £ € N U {0} such that there exists
S € X% shattered by T if no such largest k exists, the VC dimension is defined to be oo.
Overloading this terminology, the VC dimension of a set H of classifiers is defined as the
VC dimension of the collection of sets {{z : h(x) = +1} : h € H}. Throughout this article,
we denote by d the VC dimension of C. We are particularly interested in the case d < oo,
in which case C is called a VC class.

For any set #H of classifiers, define DIS(H) = {x € X : 3h,g € H s.t. h(z) # g(x)},
the region of disagreement of H. Also, for any classifier h, any r > 0, and any probability
measure P on X, define Bp(h,r) = {g€C: P(x:g(x)#h(x)) <r}, the r-ball centered at h.

Before proceeding, we introduce a few additional notational conventions that help to
simplify the theorem statements and proofs. For any R-valued functions f and g, we write
f(x) < g(x) (or equivalently g(x) = f(x)) to express the fact that there is a universal
finite numerical constant ¢ > 0 such that f(z) < cg(x). For any z € [0,00], we define
Log(z) = max{Iln(x),1}, where In(0) = —oo and In(co) = oo. For simplicity, we define
ﬁ@ = 00, but in any other context, we always define 0 - oo = 0, and also define § = oo
for any a > 0. For any function ¢ : R — R, we use the notation “lim,_,o ¢(7y)” to indicating
taking the limit as ~ approaches 0 from above: ie., v | 0. For a,b € R, we denote
a A'b=min{a,b} and a Vb = max{a,b}. Finally, we remark that some of the claims below
technically require additional qualifications to guarantee measurability of certain quantities
(as is typically the case in empirical process theory); see Blumer, Ehrenfeucht, Haussler, and
Warmuth (1989); van der Vaart and Wellner (1996, 2011) for some discussion of this issue.
For simplicity, we do not mention these issues in the analysis below; rather, we implicitly
qualify all of these results with the condition that C is such that all of the random variables
and events arising in the proofs are measurable.

3. Noise Models

We now introduce the noise models under which we will study the minimax label complexity
of active learning. These are defined as sets of probability measures on X’ x ), corresponding
to specifications of the set D in Definition 1.

e (Realizable Case) Define RE as the collection of Pxy for which f5 =~ € C and
2n(;Pxy) — 1 = fp,, (-) (almost everywhere w.r.t. P).

e (Bounded Noise) For 5 € [0,1/2), define BN(f3) as the collection of joint distributions
Pxy over X x Y such that f5 € C and

P(x:|n(z;Pxy) —1/2| > 1/2-8) = 1.

e (Tsybakov Noise) For a € [1,00) and a € (0, 1), define TN(a, «) as the collection of
joint distributions Pxy over X x J such that f5 € C and Vy > 0,

Pz |n(z; Pxy) —1/2] <) < a1,

where @’ = (1 — a)(2a)a/(1—a)a1/(1—a)_
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e (Bernstein Class Condition) For a € [1,00) and a € [0,1], define BC(a,a) as the
collection of joint distributions Pxy over X x Y such that, 3hp,, € C for which
Vh € C,

P(x : h(z) # hpyy (x)) < alerpy, (h) — erpyy (hpyy )™

e (Benign Noise) For v € [0,1/2], define BE(v) as the collection of all joint distributions
Pxy over X x Y such that f5 € Cand erpy, (fp,,) <v.

e (Agnostic Noise) For v € [0, 1], define AG(v) as the collection of all joint distributions
Pxy over X x Y such that infpecerpy, (h) <wv.

It is known that RE C BN(5) € BC(1/(1 —25),1), and also that RE C TN(a,«a) C
BC(a, ). Furthermore, TN(a, «) is equivalent to the conditions in BC(a, ) being satisfied
for all classifiers h, rather than merely those in C (Mammen and Tsybakov, 1999; Tsy-
bakov, 2004; Boucheron, Bousquet, and Lugosi, 2005). All of RE, BN(3), and TN(a, ) are
contained in {J, ;o BE(v), and in particular, BN(8) € BE(S).

The realizable case is the simplest setting studied here, corresponding to the “optimistic
case” of Vapnik (1998) or the PAC model of Valiant (1984). The bounded noise model has
been studied under various names (e.g., Massart and Nédélec, 2006; Giné and Koltchinskii,
2006; Kéaaridinen, 2006; Koltchinskii, 2010; Raginsky and Rakhlin, 2011); it is sometimes
referred to as Massart’s noise condition. The Tsybakov noise condition was introduced
by Mammen and Tsybakov (1999) in a slightly stronger form (in the related context of
discrimination analysis) and was distilled into the form stated above by Tsybakov (2004).
There is now a substantial literature on the label complexity under this condition, both for
passive learning and active learning (e.g., Mammen and Tsybakov, 1999; Tsybakov, 2004;
Bartlett, Jordan, and McAuliffe, 2006; Koltchinskii, 2006; Balcan, Broder, and Zhang, 2007;
Hanneke, 2011, 2012, 2014; Hanneke and Yang, 2012). However, in much of this literature,
the results are in fact established under the weaker assumption given by the Bernstein
class condition (Bartlett, Mendelson, and Philips, 2004), which is known to be implied by
the Tsybakov noise condition (Mammen and Tsybakov, 1999; Tsybakov, 2004). For passive
learning, it is known that the minimax sample complexities under Tsybakov noise and under
the Bernstein class condition are equivalent up to a logarithmic factor. Interestingly, our
results below imply that this is not the case for active learning. The benign noise condition
(studied by Hanneke, 2009b) requires only that the Bayes optimal classifier be contained
within the hypothesis class, and that the Bayes error rate be at most the value of the
parameter v. The agnostic noise condition (sometimes called adversarial noise in related
contexts) is the weakest of the noise assumptions studied here, and admits any distribution
for which the best error rate among classifiers in the hypothesis class is at most the value of
the parameter v. This model has been widely studied in the literature, for both passive and
active learning (e.g., Vapnik and Chervonenkis, 1971; Vapnik, 1982, 1998; Kearns, Schapire,
and Sellie, 1994; Kalai, Klivans, Mansour, and Servedio, 2005; Balcan, Beygelzimer, and
Langford, 2006; Hanneke, 2007b,a; Awasthi, Balcan, and Long, 2014).

4. A Combinatorial Complexity Measure

There is presently a substantial literature on distribution-dependent bounds on the label
complexities of various active learning algorithms. These bounds are expressed in terms of a
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variety of interesting complexity measures, designed to capture the behavior of each of these
particular algorithms. These measures of complexity include the disagreement coeflicient
(Hanneke, 2007b), the reciprocal of the splitting index (Dasgupta, 2005), the extended
teaching dimension growth function (Hanneke, 2007a), and the version space compression
set size (El-Yaniv and Wiener, 2010, 2012). These quantities have been studied and bounded
for a variety of learning problems (see Hanneke, 2014, for a summary). They each have many
interesting properties, and in general can exhibit a wide variety of behaviors, as functions of
the distribution over X’ (and in some cases, the distribution over X x )) and ¢, or in some
cases, the data itself. However, something remarkable happens when we maximize each of
these complexity measures over the choice of distribution (or data set): they all become
equal to a simple and easy-to-calculate combinatorial quantity (see Section 7 for proofs of
these equivalences). Specifically, consider the following definition.?

Definition 2 Define the star number s as the largest integer s such that there exist distinct
points 1, ..., xs € X and classifiers ho, hy, ..., hs € C with the property that Vi € {1,..., s},
DIS({ho, hi}) N{x1,...,xs} = {a;}; if no such largest integer exists, define s = co.

For any set H of functions X — Y, any t € N, z1,...,2+ € X, and hg, h1,...,h € H,
we will say {x1,...,2¢} is a star set for H, witnessed by {ho, h1,...,h}, if Vi € {1,... ¢},
DIS({ho, hi}) N {z1,...,2:} = {a;}. For brevity, in some instances below, we may sim-
ply say that {z1,...,2:} is a star set for H, indicating that Jhg, h1,...,hy € H such
that {z1,...,2¢} is a star set for H, witnessed by {ho, h1,...,h:}. We may also say that
{z1,...,2¢} is a star set for H centered at hy € H if Jhy, ..., hy € H such that {z1,..., 2}
is a star set for ‘H, witnessed by {ho, h1,...,h;}. For completeness, we also say that {} (the
empty sequence) is a star set for H (witnessed by {ho} for any hy € H), for any nonempty
H. In these terms, the star number of C is the maximum possible cardinality of a star set
for C, or oo if no such maximum exists.

The star number can equivalently be described as the maximum possible degree in the
data-induced one-inclusion graph for C (see Haussler, Littlestone, and Warmuth, 1994),
where the maximum is over all possible data sets and nodes in the graph.® To relate this to
the VC dimension, one can show that the VC dimension is the maximum possible degree
of a hypercube in the data-induced one-inclusion graph for C (maximized over all possible
data sets). From this, it is clear that s > d. Indeed, any set {z1,...,z} shatterable by C
is also a star set for C, since some hg € C classifies all k points —1, and for each x;, some
hi € C has hi(z;) = +1 while h;(z;) = —1 for every j # i (where h; is guaranteed to exist
by shatterability of the set). On the other hand, there is no general upper bound on s in
terms of d, and the gap between s and d can generally be infinite.

4. A similar notion previously appeared in a lower-bound argument of Dasgupta (2005), including a kind
of distribution-dependent version of the “star set” idea. Indeed, we explore these connections formally
in Section 7, where we additionally prove this definition is exactly equivalent to a quantity studied
by Hanneke (2007a) (namely, the distribution-free version of the extended teaching dimension growth
function), and has connections to several other complexity measures in the literature.

5. The maximum degree in the one-inclusion graph was recently studied in the context of teaching com-
plexity by Fan (2012). However, using the data-induced one-inclusion graph of Haussler, Littlestone,
and Warmuth (1994) (rather than the graph based on the full space X) can substantially increase the
maximum degree by omitting certain highly-informative points.
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4.1 Examples

Before continuing, we briefly go through a few simple example calculations of the star
number. For the class of threshold classifiers on R (i.e., C = {z > 21 ooy (7) — 1: t € R}),
we have s = 2, as {x1, 2} is a star set for C centered at 211,00y —lifand only if 21 < ¢ < @9,
and any set {x1,z2,x3} cannot be a star set for C centered at any given 21{1,00) — 1 since, of
the (at least) two of these points on the same side of ¢, any threshold classifier disagreeing
with 21 o) —1 on the one further from ¢ must also disagree with 21 ) —1 on the one closer
to t. In contrast, for the class of interval classifiers on R (i.e., C = {z = 2L 4(x) — 1 :
—00 < a < b < o0}), we have s = oo, since for any distinct points zg,x1,...,2s € R,
{®1,..., 25} is a star set for C witnessed by {215 20 — 1,203, 0,] — 1, -+, 205, o) — 1}
It is an easy exercise to verify that we also have s = oo for the classes of linear separators
on R¥ (k > 2) and axis-aligned rectangles on R* (k > 1), since the above construction
for interval classifiers can be embedded into these spaces, with the star set lying within a
lower-dimensional manifold in R* (see Dasgupta, 2004, 2005; Hanneke, 2014).

As an intermediate case, where s has a range of values, consider the class of intervals of
width at least w € (0,1) (ie., C = {z — 214 (z)—1: —00 < a < b < 00,b—a > w}), for the
space X = [0,1]. In this case, we can show that |2/w| < s < |2/w]|+2, as follows. We may
note that letting k = |2/(w+¢) |[+1 (for e > 0), and taking z; = (w+¢)(i—1)/2for 1 <i <k,
we have that {z1,..., 2.} is a star set for C, witnessed by {21(_gy, —w] =1, 213, —w /2,01 +w/2] —
L., 21, —w/2,25+w/2)—1}. Thus, taking ¢ — 0 reveals that s > [2/w]. On the other hand,
for any k' € N with ¥’ > 2, and points z1, ...,z € [0, 1], suppose {z1,...,z) } is a star set
for C witnessed by {hg, h1, ..., hi}. Without loss of generality, suppose z; < o < -+ < zp.
First suppose hq classifies all of these points —1. Note that, for any i € {3,...,k’}, since
the interval corresponding to h;_1 has width at least w and contains x;_1 but not z;_o or
x;, we have z; — x;—1 > max{0,w — (x;—1 — x;—2)}. Thus, 1 > 25;2 Ti— Ti_1 > To — T1 +
Sy max{0,w — (i1 — zi2)} > (K — 2w — Y15 2 — w1 = (K = 2w — (w1 — 22),
so that g1 — 29 > (K — 2)w — 1. But o)1 — 29 < 1, so that ¥ < 2/w + 2. Since
k' is an integer, this implies k' < |2/w]| + 2. For the remaining case, if hg classifies some
x; as +1, then let z;, = min{z; : ho(x;) = +1} and z;, = max{z; : ho(z;) = +1}. Note
that, if i9 > 1, then for any = < x;,_1, any h € C with h(x;,) = h(x) = +1 # ho(z) must
have h(xi,_1) = +1 # ho(wi,—1), so that {z,z;,_1} C DIS({h, ho}). Therefore, Bz; < x;,_1
(since otherwise DIS({h;, ho}) N {z1,...,2x} = {z;} would be violated), so that ig < 2.
Symmetric reasoning implies i1 > k' — 1. Similarly, if 3z € (x;,, 2, ), then any h € C with
h(z) = —1 # ho(x) must have either h(z;,) = —1 # ho(zi,) or h(xi,) = —1 # ho(x;,), so
that either {z,x;,} C DIS({h,ho}) or {z,x;,} C DIS({h,ho}). Therefore, fz; € (v, i)
(since again, DIS({h;, ho})N{z1,...,zx } = {x;} would be violated), so that i1 € {ip,i0+1}.
Combined, these facts imply &' < i3 +1 <ig+2 < 4 < [2/w]| 4+ 2. Altogether, we have
s < [2/w] + 2.

5. Main Results

We are now ready to state the main results of this article: upper and lower bounds on
the minimax label complexities under the above noise models. For the sake of making the
theorem statements more concise, we abstract the dependence on logarithmic factors in
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several of the upper bounds into a simple “polylog(x)” factor, meaning a value < Log*(x),
for some k € [1,00) (in fact, all of these results hold with values of k < 4); the reader is
referred to the proofs for a description of the actual logarithmic factors this polylog function
represents, along with tighter expressions of the upper bounds. The formal proofs of all of
these results are included in Appendix B.

Theorem 3 For any ¢ € (0,1/9), § € (0,1/3),

max {mln{ i_} d, Log (min{i_, |(C|}>} < Anp(c,6) < min {5 g Losgd( )}Log <i> |
Theorem 4 For any 8 € [0,1/2), ¢ € (0, (1 — 28)/24), 5 € (0, 1/24],
e A OR
S Aaxn(:0) S g5 _25) min {5,(1_E2ﬁ)d}polylog <€d5) .

Theorem 5 For any a € [4,00), a € (0,1), € € (0,1/(24a'/)), and 6 € (0,1/24],
if0<a<1/2,

1 2—2« 1 1 2—2« d
a* | = d+Log| <)) S ANa (e 0) Sa® | = d - polylog | —
€ 1) ' € )

and if 1/2 < a <1,

2—2a 200—1
a? <i) max {min {5, al}ag} Log (i) ,d}

) 1 2—2« 5 1 2a—1 d
S ATN((I,OL) (67 5) 5 a <€) min {d’ M} d . polylog <€6) .

Theorem 6 For any a € [4,00), a € (0,1), € € (0,1/(24a"/?)), and § € (0,1/24],
if0<a<1/2,

1\ 22 1 1\ 22 1 1
a? <€> (d + Log (5)) S ABc(a,a)(6:6) S a? (6) min {5 } d-polylog ( 5)

and if 1/2 < a <1,
1 2—2a 1 2a—1 1
2 (1 ; Z
a <€> max{mln {5, al/ag} Log <5) ,d
) 1 2—2a . 1 1
S ABC(a,)(6:0) Sa” | = min < s, — » d - polylog
’ € ag® =

Theorem 7 For any v € [0,1/2), € € (0,(1 — 2v)/24), and 6 € (0,1/24],

2 ) ' 1 2 ' d d
= (d + Log <5>) + min {5, 5} S Asew)(6,0) S <€2d + min {5, a}) polylog <€6> :
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Theorem 8 For any v € [0,1/2), € € (0, (1 —2v)/24), and ¢ € (0,1/24],

2 1 1
V—Q <d+Log <>> + min {5,}
€ ) €
: 1 v? 1
S Mg (6,6) $min s, pepd b +1 ) d- polylog =)

5.1 Remarks on the Main Results

We sketch the main innovations underlying the active learning algorithms achieving these
upper bounds in Section 5.2 below. Sections 6 and 7 then provide detailed and thorough
comparisons of each of these results to those in the prior literature on passive and active
learning. For now, we mention a few noteworthy observations and comments regarding
these theorems.

5.1.1 COMPARISON TO THE PREVIOUS BEST KNOWN RESULTS

Aside from Theorems 6 and 8, each of the above results offers some kind of refinement over
the previous best known results on the label complexity of active learning. Some of these
refinements are relatively mild, such as those for the realizable case and bounded noise.
However, our refinements under Tsybakov noise and benign noise are far more significant.
In particular, perhaps the most surprising and interesting of the above results are the upper
bounds in Theorem 5, which can be considered the primary contribution of this work.

As discussed above, the prior literature on noise-robust active learning is largely rooted
in the intuitions and techniques developed for the realizable case. As indicated by The-
orem 3, there is a wide spread of label complexities for active learning problems in the
realizable case, depending on the structure of the hypothesis class. In particular, when
s < oo, we have O(Log(1/¢)) label complexity in the realizable case, representing a nearly-
exponential improvement over passive learning, which has (:)(1 /€) dependence on . On the
other hand, when s = oo, we have Q(1/¢) minimax label complexity for active learning,
which is the same dependence on € as known for passive learning (see Section 6). Thus, for
active learning in the realizable case, some hypothesis classes are “easy” (such as thresh-
old classifiers), offering strong improvements over passive learning, while others are “hard”
(such as interval classifiers), offering almost no improvements over passive.

With the realizable case as inspiration, the results in the prior literature on general
noise-robust active learning have all continued to reflect these distinctions, and the label
complexity bounds in those works continue to exhibit this wide spread. In the case of
Tsybakov noise, the best general results in the prior literature (from Hanneke and Yang,

2012; Hanneke, 2014) correspond to an upper bound of roughly a? (1)2720{ min {5 L }d-

polylog (5) (after converting those complexity measures into the star ilumber via thealfesults
in Section 7 below). When s < oo, this has dependence (:)(520‘*2) on &, which reflects a
strong improvement over the é(sa_Q) minimax sample complexity of passive learning for
this problem (see Section 6). On the other hand, when s = oo, this bound is C:)(eafz), SO
that as in the realizable case, the bound is no better than that of passive learning for these
hypothesis classes. Thus, the prior results in the literature continue the trend observed in

the realizable case, in which the “easy” hypothesis classes admit strong improvements over
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passive learning, while the “hard” hypothesis classes have a bound that is no better than
the sample complexity of passive learning.

With this as background, it comes as quite a surprise that the upper bounds in Theo-
rem 5 are always smaller than the corresponding minimax sample complexities of passive
learning, in terms of their asymptotic dependence on ¢ for 0 < a < 1. Specifically, these
upper bounds reveal a label complexity O(e2*~2) when s < oo, and O(e2* 2V (1/¢)) when
s = oo. Comparing to the ©(¢*~2) minimax sample complexity of passive learning, the
improvement for active learning is by a factor of (:)(Efa) when s < oo, and by a factor of
O(e~min{w1-a}) when s = co. As a further surprise, when 0 < a < 1/2 (the high-noise
regime), we see that the distinctions between active learning problems of a given VC di-
mension essentially vanish (up to logarithmic factors), so that the familiar spread of label
complexities from the realizable case is no longer present. Indeed, in this latter case, all
hypothesis classes with finite VC dimension exhibit the strong improvements over passive
learning, previously only known to hold for the “easy” hypothesis classes (such as threshold
classifiers): that is, O(€2*~2) label complexity.

Further examining these upper bounds, we see that the spread of label complexities
between “easy” and “hard” hypothesis classes increasingly re-emerges as « approaches 1,
beginning with o = 1/2. This transition point is quite sensible, since this is precisely the
point at which the label complexity has dependence on & of C:)(l /€), which is roughly the
same as the minimax label complexity of the “hard” hypothesis classes in the realizable
case, which is, after all, included in TN(a, ). Thus, as « increases above 1/2, the “easy”
hypothesis classes (with § < c0) exhibit stronger improvements over passive learning, while
the “hard” hypothesis classes (with s = 0o) continue to exhibit precisely this S} (%) behavior.
In either case, the label complexity exhibits an improvement in dependence on € compared
to passive learning for the same « value. But since the label complexity of passive learning
decreases to © (%) as a — 1, we naturally have that for the “hard” hypothesis classes, the
gap between the passive and active label complexities shrinks as a approaches 1. In contrast,
the “easy” hypothesis classes exhibit a gap between passive and active label complexities
that becomes more pronounced as « approaches 1 (with a near-exponential improvement
over passive learning exhibited in the limiting case, corresponding to bounded noise).

This same pattern is present, though to a lesser extent, for benign noise. In this case,
the best general results in the prior literature (from Dasgupta, Hsu, and Monteleoni, 2007;

Hanneke, 2007a, 2014) correspond to an upper bound of roughly min {5 L} (”—2 + 1) d-

) vte g2

polylog (%) (again, after converting those complexity measures into the star number via
the results in Section 7 below). When s < oo, the dependence on v and ¢ is roughly S (Z—;)

(aside from logarithmic factors and constants, and for v > €). However, when s = oo, this
dependence becomes roughly 6} (E%), which is the same as in the minimax sample complexity
of passive learning (see Section 6). Thus, for these results in the prior literature, we again
see that the “easy” hypothesis classes have a bound reflecting improvements over passive
learning, while the bound for the “hard” hypothesis classes fail to reflect any improvements
over passive learning at all.

In contrast, consider the upper bound in Theorem 7. In this case, when v > /e (again,
the high-noise regime), for all hypothesis classes with finite VC dimension, the dependence

on v and ¢ is roughly © (’;—;) Again, this makes almost no distinction between “easy”
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hypothesis classes (with s < co) and “hard” hypothesis classes (with § = 00), and instead
always exhibits the strongest possible improvements (up to logarithmic factors), previously
only known to hold for the “easy” classes (such as threshold classifiers): namely, reduction in
label complexity by roughly a factor of 1/v compared to passive learning. The improvements
in this case are typically milder than we found in Theorem 5, but noteworthy nonetheless.
Again, as v decreases below /e, the distinction between “easy” and “hard” hypothesis
classes begins to re-emerge, with the harder classes maintaining a © (%) dependence (roughly
equivalent to the realizable-case label complexity for these classes), while the easier classes

continue to exhibit the © (’;—;) behavior, approaching O (polylog (%)) as v shrinks.

5.1.2 THE DEPENDENCE ON §

One remarkable fact about Arg(e,d) is that there is no significant dependence on § in
the optimal label complexity for the given range of §.° Note that this is not the case in
noisy settings, where the lower bounds have an explicit dependence on §. In the proofs,
this dependence on § is introduced via randomness of the labels. However, as argued by
Kééridinen (2006), a dependence on 0 is sometimes still required in Ap(e,d), even if we
restrict D to those Pxy € AG(v) inducing deterministic labels: that is, n(x; Pxy) € {0,1}
for all x.

5.1.3 SPANNING THE GAPS

All of these results have gaps between the lower and upper bounds. It is interesting to note
that one can construct examples of hypothesis classes spanning these gaps, for Theorems
3,4, 5, and 7 (up to logarithmic factors). For instance, for sufficiently large d and s and
sufficiently small € and §, these upper bounds are tight (up to logarithmic factors) in the case
where C = {z +— 21g(x) —1: S C{1,...,s},|S| < d}, for X = N (taking inspiration from
a suggested modification by Hanneke, 2014, of the proof of a related result of Raginsky and
Rakhlin, 2011). Likewise, these lower bounds are tight (up to logarithmic factors) in the case
that X = N and C = {z — 21g(z) —1: S € 2t U {{i} : d+ 1 < i < 5}}.7 Thus, these
upper and lower bounds cannot be significantly refined (without loss of generality) without
introducing additional complexity measures to distinguish these cases. For completeness,
we include proofs of these claims in Appendix D. It immediately follows from this (and
monotonicity of the respective noise models in C) that the upper and lower bounds in
Theorems 3, 4, 5, and 7 are each sometimes tight in the case s = oo, as limiting cases of
the above constructions: that is, the upper bounds are tight (up to logarithmic factors) for
C={xr2Llg(x) —1:S5 CN,|S| <d}, and the lower bounds are tight (up to logarithmic
factors) for C = {x - 21g(x) —1: S € 214 U {{i} : d+ 1 < i < oo}}. It is interesting
to note that the above space C for which the upper bounds are tight can be embedded in
a variety of hypothesis classes in common use in machine learning (while maintaining VC

6. We should expect a more significant dependence on § near 1, since one case easily prove that Arg(e,d) —
0asd — 1.

7. Technically, for Theorems 4 and 7, we require slightly stronger versions of the lower bound to establish
tightness for 8 or v near 0: namely, adding the lower bound from Theorem 3 to these lower bounds.
The validity of this stronger lower bound follows immediately from the facts that RE C BN(8) and
RE C BE(v).
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dimension < d and star number < s): for instance, in the case of § = oo, this is true of
linear separators in R3¢ and axis-aligned rectangles in R2¢. It follows that the upper bounds
in these theorems are tight (up to logarithmic factors) for each of these hypothesis classes.

5.1.4 SEPARATION OF TN(a,a) AND BC(a, @)

Another interesting implication of these results is a separation between the noise models
TN(a, «) and BC(a, «) not previously noted in the literature. Specifically, if we consider
any class C comprised of only the s + 1 classifiers in Definition 2, then one can show® that
(for s > 3), for any a € (0,1], a € [4,00), € € (0,1/(4a'/*)), and § € (0,1/16],

A (g,6) > a? ! 2_mmim s L Lo !
BC(a,a)\&, 9] < - " e g s/

In particular, when s > aa%,

than the upper bound on Ary(g,a)(€,6). Furthermore, when s = oo, this lower bound has
asymptotic dependence on ¢ that is Q(¢%~?), which is the same dependence found in the
sample complexity of passive learning, up to a logarithmic factor (see Section 6 below).
Comparing this to the upper bounds in Theorem 5, which exhibit asymptotic dependence
on € as Arn(qg,a)(€,0) = O(emin{20=1,0}-1) when s = oo, we see that for this class, any
a € (0,1) has Arn(a,a)(€,0) < ABc(a,a)(€;0). One reason this separation is interesting is
that most of the existing literature on active learning under TN(a, o) makes use of the noise
condition via the fact that it implies P(z : h(z) # fp, . (¥)) < a(erpyy (h) —erpyy (fp,, )"
for all h € C: that is, TN(a,a) C BC(a,«). This separation indicates that, to achieve
the optimal performance under TN(a, ), one needs to consider more-specific properties of
this noise model, beyond those satisfied by BC(a,a). Another reason this separation is
quite interesting is that it contrasts with the known results for passive learning, where (as
we discuss in Section 6 below) the sample complexities under these two noise models are
equivalent (up to an unresolved logarithmic factor).

we have Apc(ga)(€,6) 2 ac® ?Log(1/d), which is larger

~

5.1.5 GAPS IN THEOREMS 6 AND 8, AND RELATED OPEN PROBLEMS

We conjecture that the dependence on d and s in the upper bounds of Theorem 6 can be
refined in general (where presently it is linear in sd). More specifically, we conjecture that
the upper bound can be improved to

A (¢,0) < a? E 2_Mmin S 4 olylo 1
BC(a,a)\&»0) S c ’ qed polylog )

though it is unclear at this time as to how this might be achieved. The above example
(separating BC(a, ) from TN(a, «)) indicates that we generally cannot hope to reduce the
upper bound on the label complexity for BC(a, o) much beyond this.

As for whether the form of the upper bound on Axg(,) (€, d) in Theorem 8 can generally
be improved to match the form of the upper bound for Agg,)(¢, ), this remains a fascinat-
ing open question. We conjecture that at least the dependence on d and s can be improved
to some extent (where presently it is linear in ds).

8. Specifically, this follows by taking ¢ = %(4¢)*, 8 = 2 —2:¢""% and k = min {s — 1, [1/¢]} in Lemma 26
of Appendix A.2, and noting that the resulting set of distributions RR(k, ¢, 8) is contained in BC(a, )

for this C.
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5.1.6 MINUTIAE

We note that the restrictions to the ranges of € and § in the above results are required only
for the lower bounds (aside from ¢ € (0, 1], € > 0), as are the restrictions to the ranges of
the parameters a, «, and v, aside from the constraints in the definitions in Section 3; the
upper bounds are proven without any such restrictions in Appendix B. Also, several of the
upper bounds above (e.g., Theorems 5 and 7) are slightly looser (by logarithmic factors)
than those actually proven in Appendix B, which are typically stated in a different form
(e.g., with factors of dLog (%) + Log (%), rather than simply d - polylog (%)) We state
the weaker results here purely to simplify the theorem statements, referring the interested
reader to the proofs for the refined versions. However, aside from Theorem 3, we believe it
is possible to further optimize the logarithmic factors in all of these upper bounds.

We additionally note that we can also obtain results by the subset relations between the
noise models. For instance, since RE C BN(3) C BE(8) € AG(f), in the case 3 is close to
0 we can increase the lower bounds in Theorems 4, 7, and 8 based on the lower bound in
Theorem 3: that is, for v > 8 > 0,

1
AAG(V)(€75) > ABE(V)(Ea 5) > ABN(,B)(€7 (5) > ARE(é‘,(S) Z max {min {5, E} ,d} .

Similarly, since RE is contained in all of the noise models studied here, Log (min {1, |C|})
can also be included as a lower bound in each of these results. Likewise, in the cases that a is
very large or « is very close to 0, we can get a more informative upper bound in Theorem 5
via Theorem 7, since TN(a,a) € BE(1/2). For simplicity, in most of the above theorems,
we have not explicitly included the various compositions of the above results that can be
obtained in this way (with only a few exceptions).

5.2 The Strategy behind Theorems 5 and 7

The upper bounds in Theorems 5 and 7 represent the main results of this work, and along
with the upper bound in Theorem 4, are based on a general argument with essentially three
main components. The first component is a more-sophisticated variant of a basic approach
introduced to the active learning literature by Kéa#ridinen (2006): namely, reduction to
the realizable case via repeatedly querying for the label at a point in X until its Bayes
optimal classification can be determined (based on a sequential probability ratio test, as
studied by Wald, 1945, 1947). Of course, in the present model of active learning, repeatedly
requesting a label Y; yields no new information beyond requesting Y; once, since we are
not able to resample from the distribution of Y; given X; (as Kéaridinen, 2006, does). To
resolve this, we argue that it is possible to partition the space X into cells, in a way such
that f7__ is nearly constant in the vast majority of cells (without direct knowledge of f7*9XY
or P); this is essentially a data-dependent approximation to the recently-discovered finite
approximability property of VC classes (Adams and Nobel, 2012). Given this partition, for
a given point X;, we can find many other points X; in the same cell of the partition as X,
and request labels for these points until we can determine what the majority label for the
cell is. We show that, with high probability, this value will equal f7’§XY (X;), so that we can
effectively use these majority labels in an active learning algorithm for the realizable case.
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However, we note that in the case of TN(a, «), if we simply apply this repeated querying
strategy to random P-distributed samples, the resulting label complexity would be too large,
and we would sometimes expect to exhaust most of the queries determining the optimal
labels in very noisy regions (i.e., in cells of the partition where 7(-; Pxy) is close to 1/2
on average). This is because Tsybakov’s condition allows that such regions can have non-
negligible probability, and the number of samples required to determine the majority value
of a =1 random variable becomes unbounded as its mean approaches zero. However, we can
note that it is also less important for the final classifier & to agree with [P, on these high-
noise points than it is for low-noise points, since classifying them opposite from f5 _ has

~

less impact on the excess error rate erpy, (h) —erpy, (fp,, ). Therefore, as the second main
component of our active learning strategy, we take a tiered approach to learning, effectively
shifting the distribution P to favor points in cells with average 7n(-; Pxy ) value further from
1/2. We achieve this by discarding a point X; if the number of queries exhausted toward
determining the majority label in its cell of the partition becomes excessively large, and
we gradually decrease this threshold as the data set grows, so that the points making it
through this filter have progressively less and less noisy labels. By choosing h to agree
with the inferred f;;XY classification of every point passing this filter, and combining this
with the standard analysis of learning in the realizable case (Vapnik, 1982, 1998; Blumer,
Ehrenfeucht, Haussler, and Warmuth, 1989), this allows us to provide a bound on the
fraction of points in X at a given level of noisiness (i.e., [n(; Pxy) — 1/2|) on which the
produced classifier h disagrees with f7*>Xy, such that this bound decreases as the noisiness
decreases (i.e., as |n(-; Pxy)—1/2] increases). Furthermore, by discarding many of the points
in high-noise regions without exhausting too many label requests trying to determine their
Ipy, classifications, we are able to reduce the total number of label requests needed to
obtain € excess error rate.

Already these two components comprise the essential strategy that achieves these upper
bounds in the case of s = oco. However, to obtain the stated dependence on s in these
bounds when s < oo, we need to introduce a third component: namely, using the inferred
values of f7*3XY (X;) in the context of an active learning algorithm for the realizable case.
For this, we specifically use the disagreement-based strategy of Cohn, Atlas, and Ladner
(1994) (known as CAL), which processes the unlabeled data in sequence, and requests to
observe the classification f5  (X;) if and only if X; is in the region of disagreement of
the set of classifiers in C consistent with all previously-observed f;gxy(Xj) values. Using
a modification of a recent analysis of this algorithm by Wiener, Hanneke, and El-Yaniv
(2015) (applied to each tier of label-noise separately), combined with the results below (in
Section 7.3) relating the complexity measure used in that analysis to the star number, we
obtain the dependence on s stated in the above results.

6. Comparison to Passive Learning

The natural baseline for comparison in active learning is the passive learning protocol, in
which the labeled data are i.i.d. samples with common distribution Pxy: that is, the input
to the passive learning algorithm is (X1,Y7),...,(Xn,Ys). In this context, the minimax
sample complexity of passive learning, denoted Mp(e,d), is defined as the smallest n €
N U {0} for which there exists a passive learning rule mapping (X1,Y7),...,(X,,Y,) to
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a classifier A : X — Y such that, for any Pxy € D, with probability at least 1 — 4,

CIpyy (h) - infhe(C CIpyy (h) <e.

Clearly Ap(e,0) < Mp(e,d) for any D, since for every passive learning algorithm
A, there is an active learning algorithm that requests Yi,...,Y,, and then runs A with
(X1,Y1),...,(Xpn,Yys) to determine the returned classifier. One of the main interests in the
theory of active learning is determining the size of the gap between these two complexities,
for various sets ID. For the purpose of this comparison, we now review several results known
to hold for Mp(e, §), for various sets D. Specifically, the following bounds are known to hold
for any choice of hypothesis class C, and for 3, a, «, v, £, and § as in the respective theorems
from Section 5 (Vapnik and Chervonenkis, 1971; Vapnik, 1982, 1998; Blumer, Ehrenfeucht,
Haussler, and Warmuth, 1989; Ehrenfeucht, Haussler, Kearns, and Valiant, 1989; Haussler,
Littlestone, and Warmuth, 1994; Massart and Nédélec, 2006; Hanneke, 2014).

o L(d+Log(}) S Mnu(e0) S L (dLog (s ) + Log (3)):

o aopr (d+Log (5)) S Man)(,0) S rappe (dLog (1;26> + Log (%))

o ots (d+Log(5)) € Mrn(am(e8) £ Mpa(aa) S == (dLog (5=) + Log (5))-

o L (d+Tog (1)) S Mppu)(e,0) € Mg (e:0) < 255 (dlog (1) + Loz (3)).

Let us compare these to the results for active learning in Section 5 on a case-by-case
basis. In the realizable case, we observe clear improvements of active learning over passive
learning in the case s < g (aside from logarithmic factors). In particular, based on the
upper and lower bounds for both passive and active learning, we may conclude that s <
oo is necessary and sufficient for the asymptotic dependence on ¢ to satisfy Arg(e,:) =
o(MRgg(g,-)); specifically, when s < oo, Arg(e,:) = O(Log(MRgg(s,-))), and when s = oo,
Arg(g, ) = O(MRgg(e,-)). For bounded noise, we have a similar asymptotic behavior. When
s < 0o, again Apyg)(€,-) = O(polylog(Mpn(g)(e;-))), and when 5 = oo, Apng) (e, ) =

O(Mpng)(€, ). In terms of the constants, to obtain improvements over passive learning

(aside from the effects of logarithmic factors), it suffices to have s < (1_826 )

somewhat smaller (depending on /3) than was sufficient in the realizable case.

Under Tsybakov’s noise condition, every a € (0,1/2] shows an improvement in the upper
bounds for active learning over the lower bound for passive learning by a factor of roughly
L (aside from logarithmic factors). On the other hand, when a € (1/2,1), if s < ﬁ'l%, the
improvement of active upper bounds over the passive lower bound is by a factor of roughly

20—1 . . . .
aa% (d) “"", while for 5 > #"laa, the improvement is by a factor of roughly % (again,

5
a €
ignoring logarithmic factors in both cases). In particular, for any a € (0,1), when s < oo, the
asymptotic dependence on ¢ satisfies Apy(q,a)(€,°) = @(EaMTN(a’a) (g,7)), and when s = oo,

, which is

the asymptotic dependence on ¢ satisfies Apn(,a)(€,°) = (:)(smi“{a’lfo‘}MTN(a,a) (e, )) In
either case, we have that for any a € (0,1), Arn(a,a)(€;°) = o(MrN(a,a) (€, ))-

For the Bernstein class condition, the gaps in the upper and lower bounds of Theorem 6
render unclear the necessary and sufficient conditions for Apg(y,a)(€;°) = o(MBpc(a,a) (€, °))-
Certainly s < oo is a sufficient condition for this, in which case the improvements are by a
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factor of roughly a%a However, in the case of s = 0o, the upper bounds do not reveal any
improvements over those given above for Mpc(4,0)(€,9). Indeed, the example given above
in Section 5 reveals that, in some nontrivial cases, Apc(a,a)(€;6) Z MBc(a,a)(€;6)/Log(1/e),
in which case any improvements would be, at best, in the constant and logarithmic factors.
Note that this example also presents an interesting contrast between active and passive
learning, since it indicates that in some cases Apc(a,a)(€,0) and Arn(g,q)(€,d) are quite
different, while the above bounds for passive learning reveal that Mpc(q,q)(€, 0) is equivalent
to MrN(a,a)(€,0) up to constant and logarithmic factors.

In the case of benign noise, comparing the above bounds for passive learning to The-
orem 7, we see that (aside from logarithmic factors) the upper bound for active learning
improves over the lower bound for passive learning by a factor of roughly % when v > /e.
When v < /e, if s > g, the improvements are by a factor of roughly ’%5, and if s < g,

the improvements are by roughly a factor of min {%, %} (again, ignoring logarithmic
factors). However, as has been known for this noise model for some time (K&aridinen, 2006),
there are no gains in terms of the asymptotic dependence on ¢ for fixed v. However, if we con-

sider v, such that e < v, = o(1), then for § < co we have Apg(,,)(¢, ) = O(VeMpE.) (¢, ),
and for 5 = oo we have Agg(,,)(¢,") = O (max {Vg, ;—E} MgEw.) (&, ))

Finally, for agnostic noise, similarly to the Bernstein class condition, the gaps between
the upper and lower bounds in Theorem 8 render unclear precisely what types of improve-
ments we can expect when s > %ﬁ, ranging from the lower bound, which has the behavior
described above for Apg(,), to the upper bound, which reflects no improvements over pas-

V%La, the upper bound for active learning reflects an

improvement over the lower bound for passive learning by roughly a factor of m
from logarithmic factors). It remains an interesting open problem to determine whether the
stronger improvements observed for benign noise generally also hold for agnostic noise.

We conclude this section with a remark on the logarithmic factors in the above upper
bounds. It is known that the terms of the form “dLog(z)” in each of the above upper bounds
for passive learning can be refined to replace & with the maximum of the disagreement
coefficient (see Section 7.1 below) over the distributions in I (Giné and Koltchinskii, 2006;
Hanneke and Yang, 2012; Hanneke, 2014). Therefore, based on the results in Section 7.1
relating the disagreement coefficient to the star number, we can replace these “dLog(x)”
terms with “dLog(s Ax)”. In the case of BN(3), Massart and Nédélec (2006) and Raginsky
and Rakhlin (2011) have argued that, at least in some cases, this logarithmic factor can
also be included in the lower bounds. It is presently not known whether this is the case for
the other noise models studied here.

sive learning in this case. When s <
(aside

7. Connections to the Prior Literature on Active Learning

As mentioned, there is already a substantial literature bounding the label complexities of
various active learning algorithms under various noise models. It is natural to ask how
the results in the prior literature compare to those stated above. However, as most of the
prior results are Pxy-dependent, the appropriate comparison is to the worst-case values of
those results: that is, maximizing the bounds over Pxy in the respective noise model. This
section makes this comparison. In particular, we will see that the label complexity upper
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bounds above for RE, BN(8), TN(a, «), and BE(v) all show some improvements over the
known results, with the last two of these showing the strongest improvements.

The general results in the prior literature each express their label complexity bounds
in terms of some kind of complexity measure. There are now several such complexity
measures in use, each appropriate for studying some family of active learning algorithms
under certain noise models. Most of these quantities are dependent on the distribution Pxy
or the data, and their definitions are quite diverse. For some pairs of them, there are known
inequalities loosely relating them, while other pairs have defied attempts to formally relate
the quantities. The dependence on Pxy in the general results in the prior literature is
typically isolated to the various complexity measures they are expressed in terms of. Thus,
the natural first step is to characterize the worst-case values of these complexity measures,
for any given hypothesis class C. Plugging these worst-case values into the original bounds
then allows us to compare to the results stated above.

In the process of studying the worst-case behaviors of these complexity measures, we also
identify a wvery interesting fact that has heretofore gone unnoticed: namely, that almost all
of the complexity measures in the relevant prior literature on the label complexity of active
learning are in fact equal to the star number when maximized over the choice of distribution
or data set. In some sense, this fact is quite surprising, as this seemingly-eclectic collection
of complexity measures includes disparate definitions and interpretations, corresponding to
entirely distinct approaches to the analysis of the respective algorithms these quantities are
used to bound the label complexities of. Thus, this equivalence is interesting in its own
right; additionally, it plays an important role in our proofs of the main results above, since
it allows us to build on these diverse techniques from the prior literature when establishing
these results.

Each subsection below is devoted to a particular complexity measure from the prior
literature on active learning, each representing an established technique for obtaining label
complexity bounds. Together, they represent a summary of the best-known general results
from the prior literature relevant to our present discussion. In each case, we show the
equivalence of the worst-case value of the complexity measure to the star number, and
then combine this fact with the known results to obtain the corresponding bounds on the
minimax label complexities implicit in the prior literature. In each case, we then compare
this result to those obtained above.

We additionally study the doubling dimension, a quantity which has been used to bound
the sample complexity of passive learning, and can be used to provide a loose bound on
the label complexity of certain active learning algorithms. Below we argue that, when
maximized over the choice of distribution, the doubling dimension can be upper and lower
bounded in terms of the star number. One immediate implication of these bounds is that
the doubling dimension is bounded if and only if the star number is finite.

Our findings on the relations of these various complexity measures to the star number
are summarized in Table 1.

7.1 The Disagreement Coeflicient

We begin with, what is perhaps the most well-studied complexity measure in the active
learning literature: the disagreement coefficient (Hanneke, 2007b, 2009b).
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Technique ‘ Source ‘ Relation to s ‘
disagreement coefficient (Hanneke, 2007b) 51]13p Op(e) =s A %
splitting index (Dasgupta, 2005) shu};) }ILI[I) LmJ =s5A L%J
teaching dimension (Hanneke, 2007a) 7 XTD(C,m)=sAm
version space compression | (El-Yaniv and Wiener, 2010) Iiléﬂé( ungl?()r(n np(U) =s Am
doubling dimension (Li and Long, 2007) sup Dy, p(e) €[1,0(d)]log(s A 1)

Table 1: Many complexity measures from the literature are related to the star number.

Definition 9 For any ro > 0, any classifier h, and any probability measure P over X, the
disagreement coefficient of h with respect to C under P is defined as

(o) = sup P (D15 (B (:1)

r>70 r

V1.

Also, for any probability measure Pxy over X xY, letting P denote the marginal distribution
of Pxy over X, and letting h, = denote a classifier with erpxy(h}gxy) = infpecerpyy, (h)
and infpec P(x @ h(z) # hp () = 0,° define the disagreement coefficient of the class C
with respect to Pxy as Opy, (ro) = Ohéxy’p(ro).

The disagreement coefficient is used to bound the label complexities of a family of
active learning algorithms, described as disagreement-based. This line of work was initiated
by Cohn, Atlas, and Ladner (1994), who propose an algorithm effective in the realizable
case. That method was extended to be robust to label noise by Balcan, Beygelzimer,
and Langford (2006, 2009), which then inspired a slew of papers studying variants of this
idea; the interested reader is referred to Hanneke (2014) for a thorough survey of this
literature. The general-case label complexity analysis of disagreement-based active learning
(in terms of the disagreement coefficient) was initiated in the work of Hanneke (2007b,
2009b), and followed up by many papers since then (e.g., Dasgupta, Hsu, and Monteleoni,
2007; Hanneke, 2009a, 2011, 2012; Koltchinskii, 2010; Hanneke and Yang, 2012), as well as
many works characterizing the value of the disagreement coefficient under various conditions
(e.g., Hanneke, 2007b; Friedman, 2009; Balcan, Hanneke, and Vaughan, 2010; Wang, 2011;
Balcan and Long, 2013; Hanneke, 2014); again, see Hanneke (2014) for a thorough survey
of the known results on the disagreement coefficient.

To study the worst-case values of the label complexity bounds expressed in terms of the
disagreement coefficient, let us define

5(5) = sup bOp,, (€).

Pxy

In fact, a result of Hanneke (2014, Theorem 7.4) implies that 5(5) = supp suppec Onp(€),

so that this would be an equivalent way to define é(a), which can sometimes be simpler to

9. See Hanneke (2012) for a proof that such a classifier always exists (though not necessarily in C).
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work with. We can now express the bounds on the minimax label complexity implied by
the best general results to date in the prior literature on disagreement-based active learning
(namely, the results of Hanneke, 2011; Dasgupta, Hsu, and Monteleoni, 2007; Koltchinskii,
2010; Hanneke and Yang, 2012; Hanneke, 2014), summarized as follows (see the survey
of Hanneke, 2014, for detailed descriptions of the best-known logarithmic factors in these
results).

o Agg(e,8) < 0(e)d - polylog (%),

o Apnes)(6) S 5 5(5/(1 —28))d - polylog (%).

)

B
ATN(GQ £,0) Sa (%) *)d - polylog (%)
( (

%)

Ane)(e:0) S (% + 1) 5@ +€)d- polylog (5)-

2

[
m =

ABc(a,n)(€,0) S a ) *)d - polylog

Asaw)(E:0) S (é + 1) O(v +)d - polylog ().

In particular, these bounds on Arn(q,0)(€,0), ABC(4,0) (€, 0); ABEW) (€, ), and Axg) (€, 6)
are the best general-case bounds on the label complexity of active learning in the prior liter-
ature (up to logarithmic factors), so that any improvements over these should be considered
an interesting advance in our understanding of the capabilities of active learning methods.
To compare these results to those stated in Section 5, we need to relate é(s) to the star
number. Interestingly, we find that these quantities are equal (for e = 0). Specifically, the
following result describes the relation between these two quantities; its proof is included in
Appendix C.1. This connection also plays a role in the proofs of some of our results from
Section 5.

Theorem 10 Ve € (0,1], 5(8) =sA L and é(O) =s.

With this result in hand, we immediately observe that several of the upper bounds from
Section 5 offer refinements over those stated in terms of é() above. For simplicity, we do
not discuss differences in the logarithmic factors here. Specifically, the upper bound on
ARrg(g, ) in Theorem 3 refines that stated here by replacing the factor é(s)d = min {sd, g}
with the sometimes-smaller factor min {5, g} Likewise, the upper bound on Apyg)(e, )

in Theorem 4 refines the result stated here, again by replacing the factor é(e /(1 —=2p))d =

7(173’5 )d} with the sometimes-smaller factor min {5, @} On the other hand,

Theorem 5 offers a much stronger refinement over the result stated above. Specifically,
in the case a < 1/2, the upper bound in Theorem 5 completely eliminates the factor of

min {sd,

é(asa) from the upper bound on Ary(a,q) (€, §) stated here (i.e., replacing it with a universal
constant). For the case a > 1/2, the upper bound on Ary(g,q)(€,0) in Theorem 5 replaces

A 201
this factor of #(ac®) = min {5, a"‘} with the factor min {d, al}%} , which is always
smaller (for small ¢ and large d). The upper bounds on Apg(g,a)(€;9) and Axgp,)(e,d) in
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Theorems 6 and 8 are equivalent to those stated here; indeed, this is precisely how these
results are obtained in Appendix B. We have conjectured above that at least the dependence
on d and s can be refined, analogous to the refinements for the realizable case and bounded
noise noted above. However, we do obtain refinements for the bound on Apg(,)(e,d) in

Theorem 7, replacing the factor of (;’—; + 1) 5(1/ +e)d = (Z—; + 1) min {5d, #{l—e} in the
upper bound here with a factor ’;—;d + min {5, g}, which is sometimes significantly smaller

(for e €« v < 1 and large d).

7.2 The Splitting Index

Another, very different, approach to the design and analysis of active learning algorithms
was proposed by Dasgupta (2005): namely, the splitting approach. In particular, this
technique has the desirable property that it yields distribution-dependent label complexity
bounds for the realizable case which, even when the marginal distribution P is held fixed,
(almost) imply near-minimax performance. The intuition behind this technique is that the
objective in the realizable case (achieving error rate at most ¢) is typically well-approximated
by the related objective of reducing the diameter of the version space (set of classifiers
consistent with the observed labels) to size at most . From this perspective, at any given
time, the impediments to achieving this objective are clearly identifiable: pairs of classifiers
{h, g} in C consistent with all labels observed thus far, yet with P(z : h(z) # g(x)) > «.
Supposing we have only a finite number of such classifiers (which can be obtained if we
first replace C by a fine-grained finite cover of C), we can then estimate the usefulness of
a given point X; by the number of these pairs it would be guaranteed to eliminate if we
were to request its label (supposing the worse of the two possible labels); by “eliminate,” we
mean that at least one of the two classifiers will be inconsistent with the observed label. If
we always request labels of points guaranteed to eliminate a large fraction of the surviving
e-separated pairs, we will quickly arrive at a version space of diameter e, and can then
return any surviving classifier. Dasgupta (2005) further applies this strategy in tiers, first
eliminating at least one classifier from every %—separated pair, then repeating this for the
remaining %—separated pairs, and so on. This allows the label complexity to be localized,
in the sense that the surviving A-separated pairs we need to eliminate will be composed
of classifiers within distance 2A of f7*3XY (or the representative thereof in the initial finite
cover of C). The analysis of this method naturally leads to the following definition from
Dasgupta (2005).

For any finite set Q C {{h, g} : h,g € C} of unordered pairs of classifiers in C, for any
rzeXandye ), let QF ={{h,g} € Q: h(z) =g(x) =y}, and define

Split(Q, z) = Q[ — max |Q7].
yeY

This represents the number of pairs guaranteed to be eliminated (as described above) by
requesting the label at a point x. The splitting index is then defined as follows.

Definition 11 For any p, A, 7 € [0,1], a set H C C is said to be (p, A, 7)-splittable under a
probability measure P over X if, for all finite Q@ C {{h,g} CH :P(z: h(zx)# g(x)) > A},

Pl Split(Q,) = plQ) = 7.
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For any classifier h : X — Y, any probability measure P over X, and any €, € [0, 1], the
splitting index s defined as

prp(e;7) =sup{p € [0,1] : VA > &,Bp(h,4A) is (p, A, T)-splittable under P} .

Dasgupta (2005) proves a bound on the label complexity of a general active learning
algorithm based on the above strategy, in the realizable case, expressed in terms of the
splitting index. Specifically, for any 7 > 0, letting p = pf%xwp(e/él; 7), Dasgupta (2005)
finds that for that algorithm to achieve error rate at most € with probability at least 1 — 4,
it suffices to use a number of label requests

potyion (). W)

edéTp

The 7 argument to pj, p(e; 7) captures the trade-off between the number of label requests
and the number of unlabeled samples available, with smaller 7 corresponding to the scenario
where more unlabeled data are available, and a larger value of pjp(e;7). Specifically,

Dasgupta (2005) argues that O (%p) unlabeled samples suffice to achieve the above result.
In our present model, we suppose an abundance of unlabeled data, and as such, we are
interested in the behavior for very small 7. However, note that the logarithmic factors in
the above bound have an inverse dependence on 7, so that taking 7 too small can potentially
increase the value of the bound. It is not presently known whether or not this is necessary
(though intuitively it seems not to be). However, for the purpose of comparison to our
results in Section 5, we will ignore this logarithmic dependence on 1/7, and focus on the

leading factor. In this case, we are interested in the value lin%) pnp(e; 7). Additionally, to
T

convert (1) into a distribution-free bound for the purpose of comparison to the results in
Section 5, we should minimize this value over the choice of P and h € C. Formally, we are
interested in the following quantity, defined for any & € [0, 1].

6(¢) = inf inf 1i g;7).

ple) = inf inf liny pp, p(e; 7)

In particular, in terms of this quantity, the maximum possible value of the bound (1) for a
given hypothesis class C is at least

d Il d
———polylog [ — | .
5/ 08\ 55
To compare this to the upper bound in Theorem 3, we need to relate ﬁ(lg) to the star
number. Again, we find that these quantities are essentially equal (as € — 0), as stated in
the following theorem.

Theorem 12 Ve € (0,1], [ﬁJ =sA|L]

The proof of this result is included in Appendix C.2. We note that the inequalities

s A L%J < b(la)J < EJ were already implicit in the original work of Dasgupta (2005,
Corollary 3 and Lemma 1). For completeness (and to make the connection explicit), we
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include these arguments in the proof given in Appendix C.2, along with our proof that

L%J < s (which was heretofore unknown).

p(e)
Plugging this into the above bound, we see that the maximum possible value of the

bound (1) for a given hypothesis class C is at least

d d
min {sd, } polylog <> .
€ ed

Note that the upper bound in Theorem 3 refines this by reducing the first term in the “min”
from sd to simply s.

Dasgupta (2005) also argues for a kind of lower bound in terms of the splitting index,
which was reformulated as a lower bound on the minimax label complexity (for a fixed
P) in the realizable case by Balcan and Hanneke (2012); Hanneke (2014). In our present
distribution-free style of analysis, the implication of that result is the following lower bound.

1
pde)

Based on Theorem 12, we see that the min {5, %} term in the lower bound of Theorem 3
follows immediately from this lower bound. For completeness, in Appendix B, we directly
prove this term in the lower bound, based on a more-direct argument than that used to
establish the above lower bound. We note, however, that Dasgupta (2005, Corollary 3) also
describes a technique for obtaining lower bounds, which is essentially equivalent to that used
in Appendix B to obtain this term (and furthermore, makes use of a distribution-dependent
version of the “star” idea).

The upper bounds of Dasgupta (2005) have also been extended to the bounded noise
setting. In particular, Balcan and Hanneke (2012) and Hanneke (2014) have proposed vari-
ants of the splitting approach, which are robust to bounded noise. They have additionally
bounded the label complexities of these methods in terms of the splitting index. Similarly
to the above discussion of the realizable case, the worst-case values of these bounds for any
given hypothesis class C are larger than those stated in Theorem 4 by factors related to the
VC dimension (logarithmic factors aside). We refer the interested readers to these sources
for the details of those bounds.

ARE(57 (S) z

7.3 The Teaching Dimension

Another quantity that has been used to bound the label complexity of certain active learning
methods is the extended teaching dimension growth function. This quantity was introduced
by Hanneke (2007a), inspired by analogous notions used to tightly-characterize the query
complexity of Ezact learning with membership queries (Hegediis, 1995; Hellerstein, Pil-
laipakkamnatt, Raghavan, and Wilkins, 1996). The term teaching dimension takes its name
from the literature on Exact teaching (Goldman and Kearns, 1995), where the teaching di-
mension characterizes the minimum number of well-chosen labeled data points sufficient to
guarantee that the only classifier in C consistent with these labels is the target function.
Hegediis (1995) extends this to target functions not contained in C, in which case the ob-
jective is simply to leave at most one consistent classifier in C; he refers to the minimum
number of points sufficient to achieve this as the extended teaching dimension, and argues
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that this quantity can be used to characterize the minimum number of membership queries
by a learning algorithm sufficient to guarantee that the only classifier in C consistent with
the returned labels is the target function (which is the objective in Ezact learning).

Hanneke (2007a) transfers this strategy to the statistical setting studied here (where the
objective is only to obtain excess error rate € with probability 1 — §, rather than exactly
identifying a target function). That work introduces empirical versions of the teaching
dimension and extended teaching dimension, and defines distribution-dependent bounds on
these quantities. It then proves upper and lower bounds on the label complexity in terms
of these quantities. For our present purposes, we will be most-interested in a particular
distribution-free upper bound on these quantities, called the extended teaching dimension
growth function, also introduced by Hanneke (2006, 2007a). Since both this quantity and
the star number are distribution-free, they can be directly compared.

We introduce these quantities formally as follows. For any m € NU{0} and S € X™, and
for any h : X — Y, define the version space Vs = {g € C:Vx € S, g(x) = h(z)} (Mitchell,
1977). For any m € N and U € &A™, let C[U] denote an arbitrary subset of classifiers in C
such that, Vh € C, |ClU] NV | = 1: that is, C[U/] contains exactly one classifier from each
equivalence class in C induced by the classifications of /. For any classifier h : X — ),
define

TD(h, ClU],U) = min{t € NU {0} : 3S € U’ s.t. |Vg, NCU]| < 1},

the empirical teaching dimension of h on U with respect to C[{]. Any S € |J, U" with |Vs N
ClU]| <1 is called a specifying set for h on U with respect to C[U]; thus, TD(h, C[U],U) is
the size of a minimal specifying set for h on U with respect to C[{]. Equivalently, S € | J, U
is a specifying set for h on U with respect to C[i/] if and only if DIS(Vg ) NU = 0. Also
define TD(h,C,m) = max. TD(h,ClU],U), TD(C,m) = I]{léi(é(TD(h,C,m) (the teaching
dimension growth function), and XTD(C,m) = pmax TD(h,C,m) (the extended teaching
dimension growth function).

Hanneke (2007a) proves two upper bounds on the label complexity of active learning

relevant to our present discussion. They are summarized as follows (see the original source
for the precise logarithmic factors).!"

o Arg(e,8) SXTD (C,[21])d- polylog ().

® Mg (€,0) S (Z—Z + 1) XTD ((C, L’%ED d - polylog ({%)
Since BE(v) € AG(v), we have the further implication that

v? 1 d
< | — I . _
Apg)(g,0) < <62 + 1> XTD <C, [y n ;‘) d - polylog <€5> .

Additionally, by a refined argument of Hegediis (1995), the ideas of Hanneke (2007a) can
be applied (see Hanneke, 2006, 2009b) to show that

XTD(C, [d/e]) d
A 0) < d - polyl — .
Re(S:0) S fog ID(C, [/ POV (o5
10. Here we have simplified the arguments m to the XTD(C,m) instances compared to those of Han-

neke (2007a), using monotonicity of m — XTD(C,m), combined with the basic observation that
XTD(C,mk) < XTD(C, m)k for any integer k > 1.
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To compare these bounds to the results stated in Section 5, we will need to relate the
quantity XTD(C, m) to the star number. Although it may not be obvious from a superficial
reading of the definitions, we find that these quantities are exactly equal (as m — oo). Thus,
the extended teaching dimension growth function is simply an alternative way of referring
to the star number (and vice versa), as they define the same quantity.'! This equivalence
is stated formally in the following theorem, the proof of which is included in Appendix C.3.

Theorem 13 ¥m € N, XTD(C,m) = TD(C,m) = min{s, m}.

We note that the inequalities min{s, m} < TD(C,m) < XTD(C, m) < m follow readily
from previously-established facts about the teaching dimension. For instance, Fan (2012)
notes that the teaching dimension of any class is at least the maximum degree of its one-
inclusion graph; applying this fact to C[U] and maximizing over the choice of U € X™,
this maximum degree becomes min{s, m} (by definition of s). However, the inequality
XTD(C,m) < s and the resulting fact that XTD(C,m) = TD(C,m) are apparently new.

In fact, in the process of proving this theorem, we establish another remarkable fact:
that every minimal specifying set is a star set. This is stated formally in the following
lemma, the proof of which is also included in Appendix C.3.

Lemma 14 Forany h: X — Y, m € N, andU € X™, every minimal specifying set for h
on U with respect to ClU] is a star set for CU{h} centered at h.

Using Theorem 13, we can now compare the results above to those in Section 5. For sim-
plicity, we will not discuss the differences in logarithmic factors here. Specifically, Theorem 3

refines these results on Arg/(e, d), replacing a factor of min{XTD((C, [1/e] )d,%}

~ min {5d, g, %, %} implied by the above results with a factor of min {5, g, &},
thus reducing the first term in the “min” by a factor of d (though see below, as Wiener,
Hanneke, and El-Yaniv, 2015, have already shown this to be possible, directly in terms of
XTD(C,m)). Theorem 13 further reveals that the above bound on A g, (¢, d) is equivalent

(up to logarithmic factors) to that stated in Theorem 8. However, the bound on Apg,) (€, 0)

. } . . . 2 1 ~
in Theorem 7 refines that implied above, replacing a factor (15’—2 + 1) XTD (C, L—ﬁD d=~

’ v+te
for e € ¥ < 1 and large d.
Hanneke (2006, 2007a) also proves a lower bound on the label complexity of active
learning in the realizable case, based on the following modification of the extended teaching
dimension. For any set H C C, classifier h: X — Y, m e N, U € X™, and 6 € [0, 1], define

the partial teaching dimension as
XPTD(h, H[U],U, ) = min{t € NU {0} : IS € U" s.t. |V, NHU]| < S| HU]| + 1},

and let XPTD(H,m, ) = hrr/’\lgaxy nax XPTD(h,H[U],U, ). Hanneke (2006, 2007a) proves
X — exm

<Z—§ + 1) min {sd i} with a factor Z—;d + min {5, g}, which can be significantly smaller

1—¢
> _ .
Agrg(g,0) > Iq-r[lgc{XPTD <H, [ . -‘ ,5>

11. In this sense, the star number is not really a new quantity to the active learning literature, but rather a
simplified definition for the already-familiar extended teaching dimension growth function.

3514



MINIMAX ANALYSIS OF ACTIVE LEARNING

The following result relates this quantity to the star number.

Theorem 15 Vm € N, V6 € [0,1/2],

1)
_ i < < — ) mi .
[(1—26)min{s,m}]| < Iﬁlg(}C(XPTD(H,m,é) < {(1 T 5) mln{s,m}w
The proof is in Appendix C.3. Note that, combined with the lower bound of Hanneke
(2006, 2007a), this immediately implies the part of the lower bound in Theorem 3 involving
5. In Appendix B, we provide a direct proof for this term in the lower bound, based on an
argument similar to that of Hanneke (2007a).

7.3.1 THE VERSION SPACE COMPRESSION SET SIZE

More-recently, El-Yaniv and Wiener (2010, 2012); Wiener, Hanneke, and El-Yaniv (2015)
have studied a quantity nj,(U) (for a sequence U € |J,, X™ and classifier h), termed the
minimal version space compression set size, defined as the size of the smallest subsequence
S - U for which VS,h = Vu,h.lz

It is easy to see that, when h € C, the version space compression set size is equivalent
to the empirical teaching dimension: that is, Vh € C,

An(U) = TD(h, CU), U).

To see this, note that since |V, , NCIU]| = 1, any S C U with Vg, = Vi p, has |V, NC[U]| =
1, and hence is a specifying set for h on U with respect to C[U{]. On the other hand, for
any S C U, we (always) have Vg, 2 Vi p, so that if Vg, N ClU]| < 1, then Vg NClU] 2
Vur NCU] and [Vgy, NCU]| > |Viur NCIU]| =1 > |V, N ClU]|, which together imply
Vs NCU] = Vi p, NClUJ; thus, Vg, € {g € C: Vo e U,g(x) = h(x)} = Viyp € Vg, so
that Vg, = Vit that is, S is a version space compression set. Thus, in the case h € C, any
version space compression set S is a specifying set for h on U with respect to C[i] and vice
versa. That ny,(U) = TD(h, ClU],U) Yh € C follows immediately from this equivalence.
In particular, combined with Theorem 13, this implies that Vm € N,

np(U) = TD(C = mi . 2
ma wna (1) = TD(C, m) = mings, m) (2)
Letting fim = figy ({X1,...,Xm}), Wiener, Hanneke, and El-Yaniv (2015) have shown
XY
that, in the realizable case, for the CAL active learning algorithm (proposed by Cohn, Atlas,
and Ladner, 1994) to achieve error rate at most ¢ with probability at least 1 — ¢, it suffices
to use a budget n of any size at least

. 1
max T, - polylog (56) ,

1<m<M, 5

where M, 5 S % (dLog (%) + Log (%)) is a bound on the sample complexity of passive learn-
ing by returning an arbitrary classifier in the version space (Vapnik, 1982, 1998; Blumer,

12. The quantity studied there is defined slightly differently, but is easily seen to be equivalent to this
definition.
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Ehrenfeucht, Haussler, and Warmuth, 1989). They further provide a distribution-dependent
bound (to remove the dependence on the data here) based on confidence bounds on 7, (anal-
ogous to the aforementioned distribution-dependent bounds on the empirical teaching di-
mension studied by Hanneke, 2007a). For our purposes (distribution-free, data-independent
bounds), we can simply take the maximum over possible data sets and possible f7*>XY func-
tions, so that the above bound becomes

n{ Hpolylog ( ~
m m m —
1 X eC 1<ment, 5 LT TmPIPOVIOS 5
1 d 1
=TD(C, M. s)polylog (| — ) STD(C, |—| ) polylog | — ] .
’ ed € ed

Combining this with (2), we find that the label complexity of CAL in the realizable case is

at most
. d 1
min < 5, — » polylog | — |,
€ )

which matches the upper bound on the minimax label complexity from Theorem 3 up to
logarithmic factors.

7.4 The Doubling Dimension

Another quantity of interest in the learning theory literature is the doubling dimension,
also known as the local metric entropy (LeCam, 1973; Yang and Barron, 1999; Gupta,
Krauthgamer, and Lee, 2003; Bshouty, Li, and Long, 2009). Specifically, for any set H
of classifiers, a set of classifiers G is an e-cover of H (with respect to the P(DIS({-,-}))
pseudometric) if

sup inf P(x : g(z) # h(z)) <e.

heH 9€9
Let N (e, H,P) denote the minimum cardinality |G| over all e-covers G of H, or else N(e,H,P)
= oo if no finite e-cover of H exists. The doubling dimension (at h) is defined as follows.

Definition 16 For any ¢ € (0,1], any probability measure P over X, and any classifier h,
define
Di,p(e) = maxlogy (N (r/2,Bp(h, 1), P)) .
r>e

The quantity D. = D £ P (¢) is known to be useful in bounding the sample complexity
XY
of passive learning. Specifically, Li and Long (2007); Bshouty, Li, and Long (2009) have

shown that there is a passive learning algorithm achieving sample complexity < % +
%log (%) for Pxy € RE. Furthermore, though we do not go into the details here, by a
combination of the ideas from Dasgupta (2005), Balcan, Beygelzimer, and Langford (2009),
and Hanneke (2007b), it is possible to show that a certain active learning algorithm achieves
a label complexity < 4P= Dg‘polylog(é) for Pxy € RE, though this is typically a very loose
upper bound.

To our knowledge, the question of the worst-case value of the doubling dimension for a
given hypothesis class C has not previously been explored in the literature (though there is

3516



MINIMAX ANALYSIS OF ACTIVE LEARNING

an obvious O(dlog(1/¢)) upper bound derivable from the literature on covering numbers).
Here we obtain upper and lower bounds on this worst-case value, expressed in terms of
the star number. While this relation generally has a wide range (roughly a factor of d), it
does have the interesting implication that the doubling dimension is bounded if and only
if § < oco. Specifically, we have the following theorem, the proof of which is included in
Appendix C.4.

Theorem 17 Ve € (0,1/4], max {d, Log (5 A %)} S supsup Dy, p(e) S dLog (5 A %)
P heC

One can show that the gap between the upper and lower bounds on supp supycc Dp, p(€)
in this result cannot generally be improved by much without sacrificing generality or in-
troducing additional quantities. Specifically, for the class C discussed in Appendix D.2, we
have supp suppcc Dp,p(€) < supplogy(N(e/2,C, P)) < max {d,Log (s A1)}, so that the
lower bound above is sometimes tight to within a universal constant factor. For the class
C discussed in Appendix D.1, based on a result of Raginsky and Rakhlin (2011, Lemma
4), one can show supp suppcc Dp,p(€) 2 dLog (5 A1), so that the above upper bound is
sometimes tight, aside from a small difference in the logarithmic factor (dividing s by d).

Interestingly, in the process of proving the upper bound in Theorem 17, we also establish
the following inequality relating the doubling dimension and the disagreement coefficient,
holding for any classifier h, any probability measure P over X, and any ¢ € (0, 1].

thp(E) < 2d log2 (22629;1’7)(8)) .

This inequality may be of independent interest, as it enables comparisons between results
in the literature expressed in terms of these quantities. For instance, it implies that in the
realizable case, the passive learning sample complexity bound of Bshouty, Li, and Long
(2009) is no larger than that of Giné and Koltchinskii (2006) (aside from constant factors).

8. Conclusions

In this work, we derived upper and lower bounds on the minimax label complexity of active
learning under several noise models. In most cases, these new bounds offer refinements
over the best results in the prior literature. Furthermore, in the case of Tsybakov noise,
we discovered the heretofore-unknown fact that the minimax label complexity of active
learning with VC classes is always smaller than that of passive learning. We expressed
each of these bounds in terms of a simple combinatorial complexity measure, termed the
star number. We further found that almost all of the distribution-dependent and sample-
dependent complexity measures in the prior active learning literature are exactly equal to
the star number when maximized over the choice of distribution or data set.

The bounds derived here are all distribution-free, in the sense that they are expressed
without dependence or restrictions on the marginal distribution P over X. They are also
worst-case bounds, in the sense that they express the maximum of the label complexity
over the distributions in the noise model D, rather than expressing a bound on the label
complexity achieved by a given algorithm as a function of Pxy. As observed by Dasgupta
(2005), there are some cases in which smaller label complexities can be achieved under
restrictions on the marginal distribution P, and some cases in which there are achievable
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label complexities which exhibit a range of values depending on Pxy (see also Balcan,
Hanneke, and Vaughan, 2010; Hanneke, 2012, for further exploration of this). Our results
reveal that in some cases, such as Tsybakov noise with o < 1/2, these issues might typically
not be of much significance (aside from logarithmic factors). However, in other cases,
particularly when s = oo, the issue of expressing distribution-dependent bounds on the label
complexity is clearly an important one. In particular, the question of the minimax label
complexity of active learning under the restrictions of the above noise models that explicitly
fix the marginal distribution P remains an important and challenging open problem. In
deriving such bounds, the present work should be considered a kind of guide, in that we
should restrict our focus to deriving distribution-dependent label complexity bounds with
worst-case values that are never worse than the distribution-free bounds proven here.

Appendix A. Preliminary Lemmas

Before presenting the proofs of the main results above, we begin by introducing some basic
lemmas, which will be useful in the main proofs below.

A.1 e-nets and e-covers

For a collection T of measurable subsets of X', a value ¢ > 0, and a probability measure
P on X, we say a set N C X is an e-net of P for T if NN A # () for every A € T with
P(A) > ¢ (Haussler and Welzl, 1987). Also, a finite set H of classifiers is called an e-cover
of C (under the P(DIS({-,-})) pseudometric) if sup,cc mingey P(x : h(z) # g(v)) < ¢

The following lemma bounds the probabilities and empirical probabilities of sets in a
collection in terms of each other. This result is based on the work of Vapnik and Chervo-
nenkis (1974) (see also Vapnik, 1982, Theorem A.3); this version is taken from Bousquet,
Boucheron, and Lugosi (2004, Theorem 7), in combination with the VC-Sauer Lemma
(Vapnik and Chervonenkis, 1971; Sauer, 1972) and a union bound.

Lemma 18 For any collection T of measurable subsets of X, letting k denote the VC
dimension of T, for any § € (0,1), for any integer m > k, for any probability measure P
over X, if X1, ..., X], are independent P-distributed random variables, then with probability
at least 1 — 8, it holds that VA € T, letting P(A) = L Sy La(X)),

Qim) + Log (
and P(A) < P(A) + 2\/75(/1) kLog (QeTm) + Log (%) '

m

00

)

P(A) < P(A) + 2\/73(A) kLog (

In particular, with a bit of algebra, this implies the following corollary.

Corollary 19 There exists a finite universal constant co > 1 such that, for any collection
T of measurable subsets of X, letting k denote the VC dimension of T, for anye,0 € (0,1),
for any integer m > 2 (k:Log (%) + Log (%)), for any probability measure P over X, if
X1,..., X/ are independent P-distributed mndom variables, then with probability at least
1 — 0, it holds that VA € T, letting P(A) = LS 1a(X)),
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e P(A) < %6 = P(A) <e¢,

o P(A) < le = P(A) < e

FLog( 25 ) +Log(§)
m

Proof Let &(m) =4 , and note that for m > % (/{:Log (é) + Log (%)),

e hLog (% (<Log (1) + Log (1)) + Lo ()

&m) < Co kLog (%) + Log (%)

(3)
If kLog (%) > Log (%), then
2ecy 1 1 8
kLog ( s (kLog (€> + Log (5>)> + Log <5>
< kLog deco Log ! + Log 8 < kLog Aeco + Log 8
€ € o g2 5

1
< 2kLog(i> + kLog(4ecy) + Log(8) + Log(é) < Log(326300) (/{Log<€> + Log(i)).

Otherwise, if kLog (%) < Log (%), then
kLog Zeco kLog E + Log ! + Log 8
ke € ) 0
4ecy 1 8 4ecy 1 1 8
< kL L - L -] <kL — L -L - L -
< stos (ften (5) ) o (5) < nom (552 + 10e (g1os (5) ) 1 (5).

);

and since z — zLog (%Log (%)) is nondecreasing for x > 0, and k& < kLog (%) < Log(
the above is at most

kLog deco + Log ! + Log 8
€ 1) 1)

1 1 1 1
< kLog(g) + kLog(4ecy) + Log(8) + 2L0g<5> < Log(326260) <kLog<€> + Log((S)).

S|

In either case, we have that the right hand side of (3) is at most ﬁgLog (326300). In

particular, taking co =2 suffices to make %Log (326300) <A 51> S0 that (3) implies €(m) < &7.
Lemma 18 implies that with probability at least 1 — §, every A € T has

P(A) < P(A) + /P
and

P(A) < P(A) +\/P(A)E(m).
Solving these quadratic expressions in /P (A) and \/75(14), respectively, we have

. 1 N
P(A) < P(A) + \/ E(m)? + 4€(m)P(A) (4)
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and

P(A) < P(A) + )+ = \/e 21 48(m)P(A). (5)

3 1
P(A) < —e+ - we 21 38(m)e
< §+L+1 i+3 c< (24 tg)e<e
—\4 128 2V 642 64 128 8 ’
<

%5, then (5) implies

75(A)§1 +1 )+ = \/8 24 28(m)e

2°

(i, 1+1 <1+1+1 3

27128 T2V 62 T 32 128 '8)° 4%

n

We will be interested in applying these results to the collection of sets {DIS({h, g}) :
h,g € C}. For this, the following lemma of Vidyasagar (2003, Theorem 4.5) will be useful.

Lemma 20 The VC dimension of the collection {DIS({h, g}) : h,g € C} is at most 10d.

Together, these results imply the following lemma (see also Vapnik and Chervonenkis,
1974; Vapnik, 1982; Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989; Haussler and
Welzl, 1987).

Lemma 21 There exists a finite universal constant ¢ > 1 such that, for any e, € (0,1),
for any integer m > g(dLog (%) + Log (%)), for any probability measure P over X, if

X1,..., X/ are independent P-distributed random variables, then with probability at least
1 — 6, it holds that Yh,g € C, if (9(X]),...,9(X})) = (h(X]),...,h(X]))), then P(z
g(x) # h(z)) <e

In particular, this implies that with probability at least 1 — 6, letting C[(X71,...,X},)] be as
in Section 7.3, C[(X1,...,X],)] is an e-cover of C (under the P(DIS({,-})) pseudometric),
and {X1,..., X/} is an e-net of P for {DIS({h, g¢}) : h,g € C}.

Proof Let ¢y be as in Corollary 19, and let k£ denote the VC dimension of {DIS({A, g}) :
h,g € C}. Corollary 19 implies that, if m > < (kLog (%) + Log (%)), then there is an event
E of probability at least 1—4d, on which every h,g € C with Y\ | Tpig(,g1)(X{) = 0 satisfy
P(DIS({h,g})) < e; in particular, this proves that on the event E, {X7],..., X/ } is an e-net
of P for {DIS({h,g}) : h,g € C}. Furthermore, by definition of C[(X],...,X],)], for every
heC, 3g € C[(Xy,...,X,,)] with 371" Tpig(gn,gp) (Xi) = 0, which (on the event E) there-
fore also satisfies P(DIS({h, ¢})) < e. Thus, on the event E, C[(X7, ..., X],)] is an e-cover of
C (under the P(DIS({-,-})) pseudometric). To complete the proof, we note that Lemma 20
implies k < 10d, so that by choosing ¢ = 10cp, the condition m > %@ (kLog (%) + Log (%))
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will be satisfied for any m > £ (dLog (%) + Log (%)) |

Based on this result, it is straightforward to construct an e-net of P for {DIS({h, g}) :
h,g € C} of size < gLog (%), based on a relatively small number of random samples.
Specifically, we have the following lemma.

Lemma 22 There exists a finite universal constant ¢ > 1 such that, for any probability
measure P on X, if X1, X}, ... are independent P-distributed random variables, then Ve, €
(0,1), for any integers m > C—EdLog (é) and ¢ > < (dLog (%) + Log (%)), defining N; =

3

{X;n(i—l)—l—l’ oo X)) foreach i € {1,. .., [logy(2/6)]}, letting
mllog,(2/8)]+¢
] = argmin max Z ]lDIS({h,g})(XJ/') :
i€{1,...,[logy(2/6)1} j=m[logy(2/8)]+1
hag € (Ca Z ]]-DIS({h,g}) (X],) =0 )
j=m(i—1)+1

and N = N;, with probability at least 1 — 4, N is an e-net of P for {DIS({h,g}) : h,g € C}.

Proof Let k denote the VC dimension of the collection of sets {DIS({h,g}) : h,g € C}.
Letting co be as in Corollary 19, taking ¢’ > 10cg, we have £ > @ (10dLog (%) + Log (%)),
which is at least 2 (kLog (%) + Log (%)) by Lemma 20. Therefore, Corollary 19 implies
there exists an event E’ of probability at least 1 — 6/2 such that, on E’, Vh,g € C,

m[log,(2/6)]+£ 3
> Ipis({h,gp) (X}) < 15t = POIS({h.g})) <, (6)
m[logy(2/8)]+1
. mIlogy(2/8)]+¢ 5
POIS{hgp) <5 = >, losqren(X) < el (D)
m[logy(2/6)]+1

Let ¢ be as in Lemma 21. Taking ¢ > 6¢, we have m > % (dLog (%) + Log (2)), S0
that Lemma 21 implies that, for each i € {1,...,[logy(2/6)]}, N; is an §-net of P for
{DIS({h,g}) : h,g € C} with probability at least 1/2. Since the N; sets are independent,
there is an event E of probability at least 1 — (1 — 1/2)M1°82(2/91 > 1 — §/2, on which
3i* € {1,...,[logs(2/9)]} such that N« is an §-net of P for {DIS({h,g}) : h,g € C}. In
particular, this implies that on F,

me*

sup ¢ P(DIS({h, g})) 1 h,g €C, > Ipis(ingy (X)) =07 <
j=m(i*—1)+1
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Therefore, on the event £’ N E, we have

m[logy(2/8)]+£ mi
max > Lpis(irgy (X)) :hg €C, > dpigqngn (X)) =0
j=mllogy(2/6)]+1 j=m(i—1)+1
mlogy (2/6)] + mi® 5
< max Z Lpis(agh (X)) : h,g € C, Z Ipis(agh(XF) =0 p < Zd,
j=m[logy(2/6)]+1 j=m(i*—1)+1

where the first inequality is by definition of 7, and the second inequality is by a combination
of (8) with (7). Therefore, by (6), on the event E' N E, we have

mi

max P(DIS({hag})) th,g€C, Z I[DIS({h,g})()(]/') =0, <g,
j=m(i—1)+1

or equivalently, IV; is an e-net of P for {DIS({h,g}) : h,g € C}. To complete the proof, we
take ¢ = max{10cy, 6¢}, and note that the event E’ N E has probability at least 1 — 4 by a
union bound. |

There are also variants of the above two lemmas applicable to sample compression
schemes. Specifically, the next lemma is due to Littlestone and Warmuth (1986); Floyd and
Warmuth (1995).

Lemma 23 There exists a finite universal constant ¢ > 1 such that, for any collection
T of measurable subsets of X, any n € NU {0}, and any function ¢, : X" — T, for any
g,0 € (0,1), for any integer m > g (nLog (%) + Log (%)), for any probability measure P over
X, if X1,..., X, are independent P-distributed random variables, then with probability at
least 1 —4, it holds that every iy, ... i, € {1,...,m} withiy <--- <4, and {X{,..., X/ }N
On(X] .., X] ) =0 has P (¢n(X],...,X] ) <e: that is, {X{,..., X},} is an e-net of P
for {opn(X,, .., X[ ) i1, .. ip € {1,...,m} i1 <--- <iig}

This implies the following result.

Lemma 24 There exists a finite universal constant ¢ > 1 such that, for any collection T
of measurable subsets of X, any n € N, and any function ¢, : X" x Y* — T, for any

probability measure P on X, if X1, X}, ... are independent P-distributed random variables,
then for any e,6 € (0, 1), for any integers m > c%‘Log (%) and { > %’ (nLog (%) + Log (%)),
defining N; = {Xrln(i—l)—f—l’ oo, XY foreach i € {1,. .., [logy(2/6)]}, letting
m[logy(2/8)]+¢
1= argmin max Z ]lqbn(X{ X! ,yl,---,yn)(XJ/‘) YL, ey Yn €V,
i€{1,...,[log,(2/0)1} j=m[log,(2/8)]+1 ! "
mi
m(i—1) <iy < <ip <mi, Y L (X7, XL ) (X5) = 0 0 U{O},
j=m(i—1)+1
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and N:Ng, with probability at least 1—8, N is an e-net of P for {6n(X7,,- - X{ Y15+, Yn)
:m(%—l) < <. Singm%,yl,...,yney}.

Proof Let ¢ be as in Lemma 23, define ¢ = max {8¢, 128}, and let m and £ be as described in
the lemma statement. Noting that % (nLog (%) + Log (2”*1)) < 8%Log (%), we have that
m > % (nLog (2) + Log (2"1)). Thus, by Lemma 23, for each i € {1,...,[logy(2/6)]}
and y1,...,y, € Y, with probability at least 1 — 27 "~1 {X;n(l._l)_H, . ,X;m-} is an §-
net of P for {@L(XZ{I,...,X{n,yl,...,yn) m(i—1)<ip <+ <ip, < mz} By a union
bound, this holds simultaneously for all v1,...,y, € )Y with probability at least % In

[

X/ } subsequences are independent over values of

particular, since the {X;n(iil)ﬂ,..., Ay

i, we have that there is an event E of probability at least 1 — (%)ﬂog?(w 01 >1- %,

which 3i* € {1,...,[logy(2/6)]} such that {X;n(i*il)ﬂ,...,X;m*} is an S-net of P for

{gzbn(Xzfl,...,X{n,yl,...,yn) cm(i* — 1) <iy <o <idp <mit Y., yn € V)

For any i € {1,...,[logy(2/0)]}, any i1,...,ip € {m(i—1)+1,...,mi} withi; <.-- <
in, and any y1,...,yn € Y, Chernoff bounds (applied under the conditional distribution
given X{l, e ,X{n) and the law of total probability imply that, with probability at least
1 —exp{—el/32},if P ((ﬁn(XZ(l, s XY, ,Yn)) < 5, then

m([logy(2/8)]+¢

3
2. L (X0, e Xl ) (X5) < 76,
j=m[log,(2/6)]+1

while if P (¢n(X],.... X, ,y1,-.-,yn)) > €, then

on

m[logy(2/8)]4¢

3
Z 1¢)"(X£1""»X;n:ylw-,yn)(Xj,') > de
j=mllogy(2/6)]+1
The number of distinct nondecreasing sequences (i1, ...,i,) € {m(i — 1) +1,...,mi}" is

(”Hsfl) < (%Tm)n Therefore, by a union bound, there exists an event E’ of probability at
least
eas

_— (227”)” Nloga(2/8)] exp {—=0/32}

on which this holds for every such y1,...,¥yn,,%1,...,%,. Noting that

%Log (2" Mog,(2/6)] <2Zm>n ?) < % (nLog (%) + Log (;)) <t

we have that E’ has probability at least 1 — g.
In particular, defining for each i € {1,..., [logy(2/9)]},

m[logy(2/8)]+¢
P; = max Z IL(bn(X{l7---7X{n,y1,---7yn)(XJ/') YLy Yn €Y,
j=m[logy(2/6)]+1
mi
m(i—1) <iy <o <dg<miy, Y Lguxg X i) (X5) = 00 U {0},
j=m(i—1)+1
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we have that, on ENE’, p;+ < 2ef. Furthermore, for every i € {1, ..., [logy(2/6)]} for which
{X;n(z._l)ﬂ,...,X?’m} is not an e-net of P for {¢n (X! s XLy yn) s i — 1) <

11
i1 < s < iy < MLYL, .., Yn € y}, by definition Jiq,...,i, € {m(i — 1) +1,...,mi}
with iy < --- <'ip, and y1,...,y, € Y, such that 73(qﬁn(X{l,...,X{n,yl,...,yn)) > ¢ while

Z;’Zm(ifl)ﬂ ]L%(Xl(lPhﬂngn’thyn)(X]’-) = 0; thus, on the event F’,

m[logy(2/8)]+¢

3
> L (X1 e Xl i) (X5) > 7
j=m{log, (2/8)]+1

for this choice of 41,...,in,91,...,Yyn. In particular, this implies that p; > %Eﬁ. Altogether,
we have that on the event ENE’, any such i has p; < pi < %sﬂ < pi, so that ¢ # 4. Therefore,

on the event ENE’, {X;(271)+1,...,X;n%} is an e-net of P for {qﬁn(X{l,...,X{n,yl,...,yn) :

To complete the proof, we note that the event £ N E’ has probability at least 1 — § by
a union bound. |

A.2 Lower Bound Constructions for Noisy Settings

Fix any ¢ € (0,1], 8 € [0,1/2), and k € N with £ < 1/(. Let Xy = {z1,...,2x4+1} be any
k + 1 distinct elements of X' (assuming |X| > k + 1), and let Cj, = {z > 21, (z) — 1 :
i € {1,...,k}}, a set of functions mapping X to {—1,+1}. Let P, be a probability
measure over X with Py ¢({z;}) = ¢ for each i € {1,...,k}, and Py ¢({zx41}) = 1 — (k. For
each t € {1,...,k}, let PIQ,C,t denote the probability measure over X x ) having marginal
distribution Py ¢ over X, such that if (X,Y) ~ P ., then every i € {1,...,k} has P(Y =
2143, (X) = 1|X = 2;) =1 - 3, and furthermore P(Y = —1|X = x411) = 1. Finally, define

RR/(k, ¢, B) = {P,i,,cyt tedl,... ,k}} Raginsky and Rakhlin (2011) prove the following

result (see the proof of their Theorem 2).?

Lemma 25 For (,[3,k as above, if k > 2 and Cy, C C, then for any 6 € (0,1/4),

n(L
Arre(k¢,6)((C/2)(1 = 2B),8) > m

This has the following immediate implication for general X and C. Fix any ¢ € (0, 1]
and 8 € [0,1/2), let k € NU {0} satisfy £k < min{s — 1, |1/(]}, and let z1,...,2541 and
ho,h1, ...,y be as in Definition 2. Let Py ¢ be as above (for this choice of z1,...,2,41),
and for each t € {1,...,k}, let Py, denote the probability measure over X x ) having

13. Technically, the proof of Raginsky and Rakhlin (2011, Theorem 2) relies on a lemma (their Lemma
4), with various conditions on both k and a parameter “d” in their construction. However, one can
easily verify that the conclusions of that lemma continue to hold (in fact, with improved constants)
in our special case (corresponding to d = 1 and arbitrary k& € N) by defining My ; = {0,1}¥ in their
construction.
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marginal distribution Py over X, such that if (X,Y) ~ Py ¢4, then every i € {1,...,k}
has P(Y = hy(X)|X = x;) = 1 — 3, and furthermore P(Y = hy(X)|X = zp41) = 1. Define
RR(k,(,B) = {Prct:t €{1,...,k}}. We have the following result.

Lemma 26 For k,(,[ as above, for any § € (0,1/4),

Bk —1)In (%)
3(1-28)

Proof First note that if k¥ < 1, then the lemma trivially holds (since Agg,c,5)(+,-) = 0).
For this same reason, the result also trivially holds if 8 = 0. Otherwise, suppose k > 2 and
B > 0, and fix any n less than the right hand side of the above inequality. Let A be any
active learning algorithm, and consider the following modification A’ of A. For any given
sequence X1, Xo,... of unlabeled data, A’(n) simulates the execution of A(n), except that
when A(n) would request the label Y; of a point X; in the sequence, A'(n) requests the
label Y;, but proceeds as A(n) would if the label value had been —Y;ho(X;) instead of Y;.
When the simulation of A(n) concludes, if A is its return value, A’(n) instead returns the
function z — h/(z) = —h(z)ho(x).

Now fix a probability measure P,;C,t € RR/(k,(,3) minimizing the probability that
erpr (W) — infpec, erpr [(h) <(¢/2)(1 —2B) when A’ is run with Pxy = Py ,, and let
(X,Y) ~ Py ;. Note that the marginal distribution of P ., over X is Py ¢, that for any
i€ {1, K} P(—Yho(X) = h(X)|X = ;) = P(Y = 21((X) — 1|X = 2;) = 1 — ,
and that IP’( Yho(X) = (X)|X = ap1) =P(Y = —1|X = 2,41) = 1. In particular, this
implies (X, =Y ho(X)) ~ Py ¢+ Therefore, running the active learning algorithm A’(n) with
a sequence (X1,Y7),(X2,Y2),... of independent P,;C’t—distributed samples, the algorithm

ARR(k,c,5)((¢/2)(1 = 2B),6) >

behaves as A(n) would under Py ¢, except that its returned classifier is 1 instead of h.
Next, note that

erp; (il/)

k.ot

P(~h(X)ho(X) #Y)
E[P(7(X) # ~Y|X)1[ho(X) = 1] + P(h(X) # Y|X)1[ho(X) = —1]]
P(h(X) # ~Yho(X)) = erp ., (h),

and furthermore

Jnf erpy () =erpy (24 = 1) = BCk =erp, . (h) = inf erp, ¢, (h).
Thus, if erpkygyt(fz) —infrecerp, ., (h) < (¢/2)(1 —2p), then we must also have erp/ " (B’) —

infrec, erp Ct(h) < (¢/2)(1 —2B). Since n < §?11ng/3)2)7 Lemma 25 implies that (for this

choice of P,;C,t) A’(n) achieves the latter guarantee with probability strictly less than 1 — 4,
and therefore the corresponding Py ¢: € RR(k,(, ) is such that A(n) has probability
strictly less than 1 — ¢ of achieving erpkm(ﬁ) —infpecerp, ., (h) < (¢/2)(1—23). Since this
argument applies to any active learning algorithm A, the result follows. |
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A.3 Finite Approximation of VC Classes

For a given probability measure P over X', Adams and Nobel (2012) have proven that for
any 7 > 0, if d < oo, there exist disjoint measurable sets A1, ..., A; (for some k € N) with
U; Ai = X such that, Vh € C, P ({4 : 3z,y € A; s.t. h(x) # h(y)}) < 7: that is, every
h € C is constant on all of the sets A;, except a few of them whose total probability is
at most 7. This property has implications for bracketing behavior in VC classes, and was
proven in the context of establishing uniform laws of large numbers for VC classes under
stationary ergodic processes (see also Adams and Nobel, 2010; van Handel, 2013).

For our purposes, this result has the appealing feature that it allows one to effectively

discretize the space X by partitioning it into subsets, with the guarantee that with high
probability over the random choice of a point x, any other point y in the same cell in
the partition as  will have f5  (z) = f5 . (y), for any Pxy € U,¢(9,1/2) BE(v). However,
before we can make use of this property, we must first address the fact that the construction
of these sets A; by Adams and Nobel (2012) requires a strong dependence on P, to the
extent that it is not obvious that this dependence can be supplanted by a data-dependent
construction. However, it turns out that if we relax the requirement that the classifiers be
constant in these cells, instead settling for being nearly-constant, then it is straightforward
to construct a partition Ay, ..., Ay satisfying the requirement. Specifically, we have the
following result.
Lemma 27 Fiz any 7,6 € (0,1), and let m,5 = E(dLog(%)—l—Log(%)ﬂ (for ¢ as in
Lemma 21). For any probability measure P over X, for any independent P-distributed ran-
dom variables X1, . .. ,X,’nm;, with probability at least 1-6, letting C; 5 = C[(X], ... ,X;n”;)]
(as defined in Section 7.3), the collection of disjoint sets

Jos= N Vg€ Crs & {{ogl@) = +1}, { gla) = —1})
gE(C[(X{,...,X' )

mr.s

s a partition of X with the property that, Vh € C,

minP(x € A: h(z) =y) <,
A€ s ey

and Ve > 0, Vh € C,

3

P (U {A €Jrs: %}P(x € A:h(z)=y) > 5P(A)}> <I

Proof By Lemma 21, with probability at least 1 — 4, C; 5 is a 7-cover of C. Furthermore,
note that for every g € C. s and every A € J, ;, either every x € A has g(x) = +1 or every
x € A has g(x) = —1 (i.e., g is constant on A). Therefore, Yh € C,

inPlxeA:h =q) < in Plx € A:h
AZ gél)I}l (x () =y) < Z glfen(clg5 (z (z) # g(x))
EJﬂé AeJ‘r,é

< min Pz e A:h(z) #g(x)) = min P(z: h(x) # g(z)) <.
9€Crs AeT.s 9€Cr s
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The final claim follows by Markov’s inequality, since on the above event, Ve > 0, Vh € C,
P (U {A € Jrs:minP(z € A: h(z) =y) > 6P(A)})
yey

=P (U{ae s P> 0mipPla € 420 =) > P })
Plx € A:h(z)=y) - 5})

=P (U {A € Jrs:P(A) > 0,min

yey P(A)
1 . =
<15 p(aymin PEE ’;‘D Z(f”) Y_L S inPaed:h(z) —y) < L.
< A€dr s vey ( ) < Aedr s ey <

Appendix B. Proofs for Results in Section 5

This section provides proofs of the main results of this article.

B.1 The Realizable Case

We begin with the particularly-simple case of Theorem 3.

Proof of Theorem 3 The lower bounds proportional to d and Log (min {%, |C| }) are due
to Kulkarni, Mitter, and Tsitsiklis (1993) (lower bound in terms of the covering numbers)
in conjunction with Kulkarni (1989); Kulkarni, Mitter, and Tsitsiklis (1993) (lower bounds
on the worst-case covering numbers). Specifically, Kulkarni, Mitter, and Tsitsiklis (1993)
study the problem of learning from arbitrary binary-valued queries. Since active learning
receives binary responses in the binary classification setting, it is a special case of this type of
algorithm. In particular, for any probability measure P over X, and € € (0,1), let N'(¢, C, P)
denote the minimum cardinality |H| over all e-covers H of C (under the P(DIS({-,-}))
pseudometric), or else N (e,C,P) = oo if no finite e-cover of C exists. Then the lower
bound of Kulkarni, Mitter, and Tsitsiklis (1993, Theorem 3) implies that, Ve, d € (0,1/2),

Agrg(e, 0) > Sup [log, (1 = 0)N(2¢,C,P))]. (9)

Furthermore, the construction in the proof of Kulkarni, Mitter, and Tsitsiklis (1993, Lemma
2) implies that supp A(2¢,C,P) > min { L4—1€J ,IC|}, so that combined with (9), we have

Arp(e, 6) > [mgQ ((1 5 min{ H&J , |@|}ﬂ .

For 6 € (0,1/3) and € € (0,1/8), and since |C| > 3 (by assumption, intended to focus on non-
trivial cases to simplify the expressions), the right hand side is at least %Log (min {%, |C]| })
Furthermore, if d < 162, this already implies that for any e € (0,1/3) and § € (0,1/3),

Arg(s,6) > 11n(3) > &. Otherwise, in the case that d > 162, Kulkarni (1989, Proposi-

tion 3) proves that, if € € (0,1/9), supp N (2¢,C, P) > exp {2 (3 - 45)2d} > exp {d/162}.
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Combined with (9), this implies that for € € (0,1/9) and ¢ € (0,1/3), if d > 162, then

2 d 3 d % d
A §) > |1 Z gd/162 —1 1 — ] > -
RE(E,0) > [ng <36 2 153 ogy(e) — logy Z 153082 | 57 ) 2 159

Thus, regardless of the value of d, we have Arg(e,d) > 6218

For the final part of the proof of the lower bound, a lower bound proportional to s A %
may be credited to Dasgupta (2005, 2004). It can be proven as follows. Let x1,...,z; and
ho, h1,...,hs be as in Definition 2, let t = s A P E], and let us restrict the discussion to
those t + 1 distributions Pxy € RE such that the marginal distribution P of Pxy over X is
uniform on {z1,...,2:}, and [Py € {ho, h1,...,ht}. Then for any active learning algorithm
A, for any n < t/2, let Q; denote the (possibly random) set of (at most n) points X; that
A(n) requests the labels of, given that f5, = = h; (fori € {0,...,t}), and let h; denote the
classifier returned by A(n) in this case. Since the marginal distribution of Pxy over X is
fixed to P for all ¢+ 1 of these Pxy distributions, we may consider the sequence X1, Xo, ...
of i.i.d. P-distributed random variables to be identical over these ¢ + 1 possible choices of
Pxy, without affecting the distributions of Q); and iLz (see Kallenberg, 2002). Thus, we may
note that h; = ho whenever z; ¢ Qo, since z; ¢ Qo implies that all of the labels observed
by the algorithm are identical to those that would be observed if f5 = = ho instead of

[Py, = hi. Now, if it holds that P (77 (:1; - ho(z) # ho(x)) > 5) < 4, then since every z;

with ¢ <t has P({z;}) > ¢, we have that P (W e {1,...,t}, ho(z;) = ho(azi)) >1—4. But
if this holds, then it must also be true that

max P (P(:J: () £ hi(z)) > e) > 1261}» (P(:U ha(x) # hi(z)) > e)

1€{1,...,t} i—1
> %E S [ ¢ Qo) L [Ra(an) = ho(an)] | = %E S 2o ¢ Qo] 1 [hofe) = ho(xl)}]
Li=1 i=1
> %E 1 [w e {1,...,t}, holas) = ho(a:i)} ; 1[z; ¢ Qo]]
> %E 1 [vie {1t} o) = ho(a)] (¢ —n)
=R (Vi {1t o) = ho(e)) > (1 - 6) > % > % > 5

Thus, when n < t/2, at least one of these ¢ + 1 distributions Pxy (all of which are in
RE) has P (erp,, (.A( )) >¢€) > 6. Since this argument holds for any A, we have that
Arg(e,0) > t/2 = Lmin{s, (1 =¢11 > 2min{s,1}. Combined with the lower bounds
proportional d and Log (mm{E ](C\}) estabhshed above, this completes the proof of the
lower bound in Theorem 3.

The proof of the upper bound is in three parts. The first part, establishing the gLog (%)
upper bound, is a straightforward application of Lemma 22. The second part, establishing
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the Sd(E) Log (%) upper bound, is directly based on techniques of Hanneke (2007a); Hegediis

(1995). Finally, and most involved, is the third part, establishing the sLog (%) upper bound.
This part is partly based on a recent technique of Wiener, Hanneke, and El-Yaniv (2015)
for analyzing disagreement-based active learning (which refines an earlier technique of El-
Yaniv and Wiener, 2010, 2012). Here, we modify this technique by using an e-net in
place of random samples, thereby refining logarithmic factors, and entirely eliminating the
dependence on § in the label complexity.

Fix any ¢,6 € (0,1). We begin with the gLog (%) upper bound. Let m = [C;—dLog (éﬂ
and £ = {%/ (dLog (%) + Log (%))—‘, for ¢ as in Lemma 22. Define

m{[logy(2/6)]+¢
P = argmin max Lpis(h,gh) (X5)-
i€{1,....[logy (2/6)1} __ h,geC: 4_ 1232 - ({h.gh) 2
I=m(i—1)+1 ﬂDIS({h,g})(Xj)ZOJ_m(OgQ( /9)1+

Consider an active learning algorithm which, given a budget n € N, requests the labels Y; for

t e {m (% — 1) +1,...,m (i — 1) + min {m,n}}, and returns any classifier h,, € C with
m(%—l)—&-min{m,n}

Zt:m(%—1)+1

arbitrary classifier). Note that, for Pxy € RE, ZZ(;(j)STT{mn} 1 [f;XY (Xy) # Yt} =0

1 [ﬁn(Xt) # Yt} = 0 if such a classifier exists (and otherwise returns an

m(g—l)—f—min{m,n}

with probability one, and since f5, = € C, h., will have Zt 1 [ﬁn(Xt) + Y;] =

=m(i—1)+1
0 with probability one. Furthermore, this implies Z:l(:nz:z Jlr)nj: Ill{m’n}]l [ﬁn (Xe) # fp ey Xt)} =

0 with probability one. Additionally, Lemma 22 implies that, with probability at least 1—9,
the set {Xt RS {m (% — 1) +1,... ,m%}} is an e-net of P for {DIS({h,g}) : h,g € C}.
Since both Ay, Ipyy € C, this implies that if n > m, then with probability at least 1 — 4,

P <DIS ({hn,fgxy})) < . Since Pxy € RE, erp,, (hn) —p <DIS <{En,f7*>xy}>>.
Thus, if n > m, then with probability at least 1 — 9, erp,, (ﬁn) < e. Since this holds for

any Pxy € RE, we have established that Agrg(e,d) < m < 2"%dLog (%) This also completes
the proof of the entire upper bound in Theorem 3 in the case § = oo; for this reason, for
the remainder of the proof below, we restrict our attention to the case s < oo.

Next, we turn to proving the Loﬁg‘is)Log (%) upper bound, based on a technique of
Hanneke (2007a); Hegediis (1995) (see also Hellerstein, Pillaipakkamnatt, Raghavan, and

Wilkins, 1996 for related ideas), except using an e-net in place of the random samples used by
Hanneke (2007a). Let m and i be as above, and denote U = {Xt:te {m (%— 1) +1,... ,m%}}
The technique is based on using a general algorithm for Ezact learning with membership
queries, treating U as the instance space, and C[U] as the concept space (where C[U/] is
as defined in Section 7.3). Specifically, for any finite set V' C C and any x € X, let
hmajvy(z) = argmax,cy, [{h € V : h(z) = y}| (breaking ties arbitrarily); hpajy is called
the majority vote classifier. In this context, the following algorithm is due to Hegediis
(1995) (see Section 7.3 for the definition of “specifying set”).
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MEMB-HALVING-2
Input: label budget n
Output: classifier h,

0. V«ClU],t<+ 0
1. While [V|>2 and t <n
2. h <+ hmaj(V)

3. Let k = TD(h,C[U],U)
4. Let {Xj,,...,X;, } €U* be a minimal specifying set for i on U with respect to C[/]
5. Repeat
6. Let j = argmin |{g eV :g(X;)=h(X;)}|
VISHIR Y
7 Request the label Y]n, let t+—t+1
8 Vi {heV:nX;) =Y}
9. Until h(X H)FYor[V[<lort=n

10. Return any h, in V (or h,, arbitrary if V = )

Fix any Pxy € RE, and note that we have f5 € C, so that 3h* € ClU] with
h*(z) = fp., (x), Vo € U. Since Y; = f5  (X;) for every j with probability one in this
case, we have that with probability one the set V will be nonempty in Step 10, so that
hp is chosen from V; in particular, we have h*(X j) = Y; for every X; € U, and hence
h* € V in Step 10. Furthermore, when this is the case, Hegedus (1995) proves that, letting
XTD(ClU,U) = max TD(h, ClU],U) (see Section 7.3), if

XTD(Clu],U)

then the classifier h, returned by MEMB-HALVING-2 satisfies h, = h*, so that h,(z) =
[y () for every x € UM Since XTD(C[U],U) < XTD(C,m), and Theorem 13 implies
XTD(C,m) = s Am < s, and since Log(XTD(C[U],U)) < 1V logy(XTD(ClU],U)) and = —

ﬁm is nondecreasing on N U {0}, and the VC-Sauer Lemma (Vapnik and Chervonenkis,

1971; Sauer, 1972) implies |C[U]| < (%)d, we have that for any n > 2L0g( ) log, (<34), if
Vi, [, (Xj) =Y, then ho(z) = [Py, (@) for every z € U. Thus, for n > 2L0g( 5 log, (e,
with probability one the classifier h, returned by MEMB-HALVING-2 has hy(2) = [Py (7)

for every x € U. Furthermore, as proven above, with probability at least 1 — 4, U is an e-net
of P for {DIS({h,g}) : h,g € C}. Thus, since f5 _ ,h, € C, by a union bound we have

that for any n > QLOg( y logy (<), with probability at least 1 — 4, P(DIS({fpxy,h ) <

Since Pxy € RE, this implies erp,. (h,) = PDIS{ fpyy hn})) < € as well. Thus, since
this reasoning holds for any Pxy € RE, we have established that

sd sd 1
2Log( )1 2o ( 1 ) < 16Log (2ec) Log(s)LOg <6> .

14. The two cases not covered by the theorem of Hegediis (1995) are the case |C[Uf]| = 1, for which the
algorithm returns the sole element of C[i/] (which must agree with f5 .. on i) without requesting any
labels, and the case |C[U]| = 2, for which one can easily verify that XTD(C[/],Ud) = 1 and that the
algorithm returns a classifier with the claimed property after requesting exactly one label.

ARE(E, 5) §
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Finally, we establish the sLog (%) upper bound, as follows. Note that, since |C| > 2, we
must have s > 1. Fix any Pxy € RE. Let T = {DIS(Vs) : S € U,,en ™, b a classifier},
and for each x1,...,2; € X and vy1,...,ys € )V, define

¢5($1, ey sy, Y1y - - 7y5) = DIS({g € (C : va S E,Q(LUZ‘) = yl}) € T

Let ¢ be as in Lemma 24, and define §' = §/ (2[logy(1/¢)]), £ = [2¢(sLog(3¢") +Log(1/d"))],
m = [2¢s], and j = [(2m[logy(2/d")] + 2¢)/e]. Consider the following algorithm.

Algorithm 0
Input: label budget n
Output: classifier h,

0. VO — (C, jo =0

1. For k=1,2,...,|n/m|

2 T € (hr + Lo Jet + 7} X € DIS(Vi 1)} < mllogy(2/8)] + ¢

3. Return any b € Vie_q (or an arbitrary classifier By if Vie_q = 0)

4. Let Jr1s- - -5 Jhmllogy(2/6)]+¢ denote the m[logy(2/0")] 4-£ smallest indices in the set

{j e_{jk_l + 1, Jee1 gt X; € DIS(V—1)} (in increasing order)

5. Let jr = Jkmlog, (2/5)1+¢
6. For each i € N, let
L (il,,..,is,yh---:yﬁ) c N* Xys:m(z‘_l) <ip <<y < mi,
mi
Z ]]-¢5(Xjk,i1 7..-,Xjk,i5 aylz"wyﬁ)(Xjk’t) - 0
t=m(i—1)+1
7. Let

m[logy(2/8")]+¢

T arlgmu; s (i1 ot Z Lu (X5 1y 7o X ) (Kie)
1€{1. [logy (2/0)1} (owstoito¥e) €Ly 0 070 501 44

8. Request the label Y}, , for each t € {m (%k — 1) +1,..., mgk}

9. Let Vk — {g (S Vk—l Vit € {m (%k — 1) + 1’ .- amik} 7g(Xjk,t) = }/jk,t}
10. Return any hy, € Vin/m|

Fix any k € {1,..., [n/m]}. In the event that Vj_; is defined, let
My =|{j € {Jio1+1,.... k1 + ]} : X; € DIS(Vi1) }|.

By a Chernoff bound (applied under the conditional distribution given Vi1 and jj_1)
and the law of total probability (integrating out Vi_; and ji_1), there is an event E; of
probability at least 1 — ¢’, on which, if Vj,_; is defined and satisfies

P(DIS(Vi-1)) = 2" (m[logy(2/8)] +4) , (10)
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then My > (1/2)jP(DIS(Vi_1)) > m[logy(2/0")] + ¢, in which case the algorithm will
execute Steps 4-9 for this particular value of k, and in particular, the set Vj is defined.
In this case, denote U, = {Xjk,t it e {m (ik - 1) +1,..., mik}}, which is well-defined in
this case.

Next note that, on the event that Vi_q is defined, the M samples

{(Xj:j€{pa+1,... k1 +34},X; €DIS(Vir)}

are conditionally independent given Vi_1, jx—1, and M}, each having conditional distribu-
tion P(-|DIS(Vx—1)). Thus, applying Lemma 24 under the conditional distribution given
Vi1, jk—1, and My, combined with the law of total probability (integrating out Vi_1, jr_1,
and Mp), we have that there exists an event Fj of probability at least 1 — ¢, on which, if
Vi—1 is defined, and M, > m[logy(2/6')] + €, then Uy, is a 3-net of P(-[DIS(Vj_1)) for

{qbs(Xjkﬂlaank’157y1)7y5) m<%k_]—> +1 </Ll <--- SZS Smgkvylvvyﬁ Ey}
(11)

Together, we have that on Ej, N Ey, if Vj,_; is defined and satisfies (10), then U, is a %—net
of P(-|DIS(Vj_1)) for the collection (11).

In particular, Theorem 13 implies that, for any z1,...,z,, € X™ and classifier f € C,
Ji1,...,is € {1,...,m} such that {g € C : Vj < s,9(x;;) = f(v;;)} = {g € C:Vi <
m,g(z;) = f(z;)} (see the discussion in Section 7.3.1), and since the left hand side is
invariant to permutations of the ¢; values, without loss of generality we may take i; < --- <
is. This implies that on E, N E}, if Vi_; is defined and satisfies (10), then 3¢},... i, €

{m (%k — 1) + 1,...,m%k} with ¢ <--- <4, such that
Oo( Xy Ky S (K)o 1, )

=o1s ({gecivee {m(i—1)+ 1. omin}h,g(XG) = (XG0 }) = DIS(Vig ),

so that

DIS(Vuk7f) €

{gbs(Xjk‘il,...,Xjkyis,yl,...,yﬁ):m(%k—l) <1 §---§i5§mgk,y1,...,y5€y}.

But we certainly have DIS(Vy, f) NU; = 0. Thus, by the %—net property, on the event
Ep N E;, if Vj_y is defined and satisfies (10), then every f € C has

(12)

P (DIS(Vuk,f)‘DIS(Vk—O) < %

Also note that, since Pxy € RE, we have f5 € C, and furthermore that there is an event
E of probability one, on which Vj,Y; = f5 (X;). In particular, on E, if V;_; and V}, are
defined, then Vi = Vi, 5 01 Vi1, which implies DIS(V;) = DIS (Vu]w g N Vk_l) C
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DIS(V—1). Thus, applying (12) with f = f5__, we have that on the event E'N Ex N Ey, if
Vi1 is defined and satisfies (10), then Vj is defined and satisfies

P(DIS(Vk)) = P(DIS(Vy)[DIS(Vi—1))P(DIS(Vk-1))
<P (DIS (Vuk,fﬁxy) ‘DIS(Vk_l)) PDIS(Vy_1)) < %P(DIS(Vk D).

Now suppose |n/m| > [logy(1/¢)]. Applying the above to every k < [logy(1/€)], we
have that there exist events Ej, and Ej, for each k € {1,..., [logy(1/¢)1}, each of probability
at least 1 —0’, such that on the event Eﬂﬂﬂog2 (1/e)] E’ ﬂEk, every k € {1,...,[logy(1/e)]}
with Vi_; defined either has P(DIS(Vi_1)) < 25~ ( [logy(2/6")] +£) or else Vi is de-
fined and satisfies P(DIS(Vy)) < 1P(DIS(Vj_1)). Since Vy = C is defined, by induction
we have that on the event E N ﬂgigf(l/eﬂ E}. N Ey, either some k € {1,...,[logy(1/e)]}
has Vi_1 defined and satisfies P(DIS(V}_1)) < 257" (m[logy(2/8")] + £), or else every k €
{1,..., [logy(1/2)]} has Vj defined and satisfying P(DIS(V;)) < $P(DIS(Vj_1)). In partic-
ular, in this latter case, since P(DIS(Vp)) < 1, by induction we have P(DIS(Vjjog,(1/)])) <
9—[logy(1/e)] < ¢,

Also note that 2571 (m[logy(2/8")] + €) < e. Thus, denoting by k the largest k< [n/m]
for which Vj, is defined (which also implies Vj is defined for every k € {0,...,k}), on the
event E N ﬂ,ﬁlfl;?(l/eﬂ E}, N B}, either some k < (k+ 1) A [logy(1/¢)] has P(DIS(V;_1)) < &,
so that (since k — Vj is nonincreasing for k < k) P(DIS(V; ) < P(DIS(Vi—1)) < &, or
else k > [logy(1/£)], so that P(DIS(V;)) < P(DIS(Vjieg,(1/¢)])) < €. Thus, on the event
Eﬂﬂl@igf(l/sﬂ E; N Ey, in any case we have P(DIS(V;)) < e. Furthermore, by the realizable
case assumption, we have f5 € Vp, and if f5 € Vi1 in Step 9, then (on the event
E) IPyy € Vi as well. Thus, by induction, on the event E, f5 € Vj. In particular, this
also implies V; # ) on E, so that there exist valid choices of hy in Vi upon reaching the
“Return” step (Step 3, if k < [n/m], or Step 10, if k = [n/m]). Thus, h,, € V. as well on
E, so that on the event E we have {x : ho(z) # f;;xy(x)} C DIS(V}). Therefore, on the

event E N ﬂgigf(l/eﬂ E;. N Ej, we have
erpyy (hn) =P (2 hn(@) £ fpy, (2)) <P (DIS (1)) <e.

Finally, by a union bound, the event £ N ﬂ“ogQ 1/€)] E}. N Ej, has probability at least
1 —[logy(1/£)]28’ =1 — ¢. Noting that the above argument holds for any Pxy € RE, and
that the condition [n/m| > [logy(1/e)] is satisfied for any n > 9¢'sLog(1/e), this completes
the proof that Agg(e,d) < 9¢sLog(1/e) < sLog(1/e). [ ]

B.2 The Noisy Cases

To extend the above ideas to noisy settings, we make use of a novel modification of a
technique of Kéaridinen (2006). We first partition the data sequence into three parts. For
m € N, let X! = X3(m—1)+1 X2 = X3(m—1)+2, and let X3 = X3, and Y2 = Y3,;
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also denote X; = {X} 1, Xo = {X2}°° |, X3 = {X3}_,, Y3 ={V2}>° | and Z =

mJIm=1> mJIm=1 mJSm=1>
{(Xom, Ym)}o°_;. Additionally, it will simplify some of the proofs to further partition Xj
and Y3, as follows. Fix any bijection ¢ : N> — N, and for each m, ¢ € N, let an’e = Xg(m 0
3 _v3
and le = Y¢(m7£).

Fix values €,9 € (0,1), and let 4. be a value in [¢/2,1]. Let k. = [logy(8/%¢)], and for
each k € {2,...,k.}, define

= 16 max{c, 8}k dLog 2k, + Log 64k, 7
2ke 5 §

for c as in Lemma 21. Also define my, 1 =0, m=1ms. and ¢. s = 2+ {2%5"’4 ln<w>—‘ .

Also, for each m € {1,...,m}, define km = max {ke{2,...,k:} :m < my} and let G, =
23+2km In(32mg. 5/0). Fix a value 7 = 51‘5%. Let J;5/2 be as in Lemma 27, applied to
the sequence X! = X}: to simplify notation, in this section we abbreviate J = Jr.5/2-
Also, for each z € X, denote by J(z) the (unique) set A € J with z € A, and for each

m € {1,...,m}, we abbreviate J,, = J(X2). Now consider the following algorithm.

Algorithm 1
Input: label budget n
Output: classifier h,

0.V« C,t+<0,m<+0

1. Whilet <n and m <m

2. m+—m+1

3. If X2 € DIS(Vin_1)

4. Run Subroutine 1 with arguments (n — ¢, m);
let (g,y) be the returned values; let ¢t < t 4 ¢
If y # 0 and 3h € V,,,_1 with h(X2) =y

Let Vi < {h € Vi1 : h(X2) =y}

Else let V,,, < V1

Else let V,,, + V,,,—1

. Return any iLn €V

© XN >

Subroutine 1
Input: label budget n, data point index m
Output: query counter ¢, value y

0. 0mo 0, 0,400

1. Repeat

2. Let lyg+1 < min{l > £y, 4 XE’M € Jm} (or by g1 < 1 if this set is empty)
3. Request the label Yn%,ém,qﬂ; let o g4+1 < Omyq + Yn%,ém,qﬂ; let g+ qg+1
4. If |omq > 31/2¢1In(32mg. 5/6)

5. Return (g, sign(om.q))
6
7

Else if ¢ > min{n, ¢, }
Return (g, 0)
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In this algorithm, the first part of the data (namely, X;) is used to partition the space via
Lemma 27, so that each cell of the partition has f7*>XY nearly-constant within it (assuming
f7§XY € C). The second part, Xg, is used to simulate a commonly-studied active learning
algorithm for the realizable case (namely, the algorithm of Cohn, Atlas, and Ladner, 1994),
with two significant modifications. First, instead of directly requesting the label of a point,
we use samples from the third part of the data (i.e., X3) that co-occur in the same cell of the
partition as the would-be query point, repeatedly requesting for labels from that cell and
using the majority vote of these returned labels in place of the label of the original point.
Second, we discard a point X?2, if we cannot identify a clear majority label within a certain
number of queries, which decreases as the algorithm runs. Since this second modification
often ends up rejecting more samples in cells with higher noise rates than those with lower
noise rates, this effectively alters the marginal distribution over X, shifting the distribution
to favor less-noisy regions.

For the remainder of Appendix B.2, we fix an arbitrary probability measure Pxy over
X x Y with f5 € C, and as usual, we denote by P(-) = Pxy (- x V) the marginal of Pxy
over X. For any x € X, define v, = |n(z; Pxy) — :

, and define

Ye =sup{y € (0,1/2] : yP(x : v, <) < e/2}.

Also, for the remainder of Appendix B.2, we suppose 4. is chosen to be in the range [£/2, v.].
For each A € J, define

ya =argmaxP (z € A: fp,(x) =y) = sign (/ f;XYdP> ,
A

yey

and if P(A) > 0, define n(A4;Pxy) = Pxy(A x {1}|]A x Y) (i.e., the average value of
n(z; Pxy) over « € A), and let v4 = |n(A;Pxy) — 3|. For completeness, for any A € J
with P(A) = 0, define n(A; Pxy) = 1/2 and y4 = 0. Additionally, for each n € NU{oco} and
m € N, let (¢nm,Un,m) denote the return values of Subroutine 1 when run with arguments
(n,m).

Denote by E; the Xj-measurable event of probability at least 1 — 6/2 implied by
Lemma 27, on which every h € C has

Z;réinp(xeA:h(:c):y)gT (13)
AeJ

and Vv > 0,

73<U{AEJ:min73(:E€A:h(x):y)>773(A)}> < (14)

-
yey Y '

We now proceed to characterize the behaviors of Subroutine 1 and Algorithm 1 via the
following sequence of lemmas.

Lemma 28 There exists a (X1,Xy,X3)-measurable event Egy of probability 1, on which
vm e {1,...,m}, P(Jym) >0 and {L e N: X} , € Jn}| = 0.
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Proof For each m, since each A € J with P(A) = 0 has P(X2, € A) = 0, and J
has finite size, a union bound implies P(P(.J,,) = 0) = 0. The strong law of large num-
bers (applied under the conditional distribution given J,,,) and the law of total probability
implies that %Zf V1, (X3 ;) = P(Jy) with probability 1, so that when P(J,,) > 0,
Z§:1 1, (X3, ) = oo Fmally, a union bound implies

P(3m <m:P(Jm)=0o0r {{EN: X}, € J}| < 0)

Z =0)+P(P(Jm) >0and [{{ € N: X3 , € J}| < 00) =0.

Lemma 29 There exists a (X1, Xg)-measurable event Ey of probability at least 1 — 11 >
1—6/512 such that, on Eyx N Ea, every m € {1,...,m} has f5_ (X72) =y,

Proof Noting that, on E7, (13) implies that

P (@i foyy (@) #0s@) = 2P (@ €At fpy, (2) # ya)
Aed
_ég‘g}lp xGA JPyy (T ):y) <7,

the result follows by a union bound. |

128

Lemma 30 There exists a (X1, Xga)-measurable event Es of probability at least 1 — m >
1 —6/4 such that, on E1 N Es3, every m € {1,...,m} has P <a: € Jm: fp, (T) # me> <
155 P (Jm)-
Proof Noting that, on E7, (14) implies that
/ * / €

P (:L' : P (m € J(x): [Py, (a) # yJ(x)) > 1—2873(J($))>

_ . ! .

=P (U{AeT P € A: fh (&) #ua) > 15 P(A)})

. . € 12871

P (U{acrmiyp @ e a: o, (@) =) > P} ) < 227,

the result follows by a union bound. |

Lemma 31 VA € J,

Pay (A {5a}) 2 5P(A)+ [ 1P(d) =P (0 € A: f, (@) # 1)
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Proof Any A € J has

Pry (Ax {wa}) > [ 1, (@) =y 1( +%>P<dw)

v
T

N

+90) P(An) = P (0 € A5 Fiy, ) # 1)

PA) + [ 1Pdn) =P (0 € A fiyy (@) £ 1)

l\’)\r—t

Lemma 32 On the event Ey N By N Es, every m € {1,...,m} with vy, > €/128 has
Pxy (Jm % {Y1,}) > Pxy (Jm x {~ys,.}), and every m € {1,...,m} with [, ~v,P(dzx) >
(e/2)P(Jm) has

63 63
| wP@s) 220, PUn 2 5 [ Pln) > P ). (15)

m

Proof Jensen’s inequality implies we always have y4P(A) < [ 4 V2P(dr). In particular,
this implies that any A € J with P(A4) >0 and P(x € A: f5, () # ya) < 155P(A) and
va > ¢e/128 has [, v,P(dz) =Pz € A: 5 (2) #ya) > vaP(A) =Pz € A: fp . (x) #
ya) > (e/128)P(A)—(e/128)P(A) = 0, so that Lemma 31 implies Pxy (Ax{ya}) > 3P(A),
and therefore Pxy (A X {ya}) > Pxy (A x {—ya}). Since Lemmas 28 and 30 imply that,
on Eog N EyN Es, for every m € {1,...,m}, P(Jy) >0 and P(x € Jp, : f5, (2) # ys,) <
195 P (Jm), we have established the ﬁrst claim in the lemma statement.

For the second claim, the first inequality follows by Jensen’s inequality. For the second
inequality, note that any A € J has yaP(A) > Pxy (A x {ya}) — 1P(A), so that Lemma 31
implies yaP(A) > [, 7.P(dz) —P(x € A: f5__(x) # ya). Therefore, since Lemma 30 im-
plies that, on E1 N Es3, every m € {1,...,m} has P(z € Jp, : f;xy(x) # Yin) < 155 P (Jm),
we have that on Ey N Es, any m € {l,...,m} with [, 4,P(dz) > (¢/2)P(Jn) has
Pz € It [Py, (x )75 me <& me Ve P(dz), so that v, P(Jm) > [, 7P(dz) — Pz €
Im f;xy(a;) # Yi,) > 4 f 5, Yz P (dz). The final inequality then follows by the assump-
tion that [, %ﬂ?(dx) (5/2) (Jm)- [ |

Lemma 33 On Ey, Vy > (1/4)7.,
P(U{Ae J:yAgfy}) <3P(z: 7. < 4y),
and ¥y € (0, (1/4)7],

P(U{AGJ:MSV})S;’—E

Ve
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Proof By Markov’s inequality, for any v > 0, any A € J with [, 7,P(dz) < yP(A) must
have P(z € A : 7, > 2v) < 1P(A), which implies P(z € A : 7, < 27) > $P(A). Therefore,

P <U {A €J: [ 1P(de) < 777(A)})
<P (U {A €J:PlxcA:y <2y > ;P(A)D <2P(w v, < 2v), (16)

where the last inequality is due to Markov’s inequality.
Also, for every v > 0, since yaP(A) > Pxy (A x {ya}) — 1P(A),

P (U {AeJ:qa< 7}) =P (U {AcJ:yaP(4) < WP(A)}>
<P (U {A €J:Pxy(Ax {ya}) — %P(A) < fyP(A)}) .

Lemma 31 implies Pxy (A x {ya}) — 3P(A) > [, 7%.P(dz) — Pz € A: [Py () # ya), so
that the above is at most

P (U {A eJ: /A%mdx) SVPA) + P e A fpy, (2) # yA)D |

By a union bound, this is at most

P <U {A eJ: /A%P(dx) < 277>(A)}>
+P (U {AeJ :PlxeA: fp  (2) #ya) > VP(A)D - (A7)

On FEq, (14) implies that

P (U{A €J:P@eA:fp (z)#ya) >773(A)}) <I< %

=13

Furthermore, by (16),

P (U {A eJ: / Y2 P(dz) < 27?(%1)}) <2P(x i vy < 4y).
A
Using these two inequalities to bound the two terms in (17), we have that

P(U{AEJ:WAgfy})§273(m:%<4’y)+%-

By definition of v, if 7 > (1/4)7., we must have 4yP(x : v, < 47) > 7Pz : 7p < 7e) >
€/2, so that % < P(x : v, < 47), which implies

2P(z 1 ye < 4v) + % <3P(z:ye < 4y),
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which establishes the first claim. On the other hand, if 0 < v < (1/4)7., we have 4yP(x

vr < 47) < e/2, so that 2P(x : v, < 47) < =, which implies
€ 36
2 <4 — < —
Pz v <4v)+ 5 S8y

This establishes the second claim, since (combined with monotonicity of probabilities) it
implies

3e

PUtae <) <P (Utae v < /ana) < 5

Lemma 34 On E;, Vh e C,

erpyy (h) — epyy (fhyy) < 57+ / 1h(z) # fhy, (2)]2750)P(dz).

Proof For any h € C, we generally have
ety (1)~ expyy (Fp ) = [ (@) # Fp,., (@)]29:P(do)

For each A € J, let ¢y = argmax,cy P(z : h(z) =y). Vo € X, 1[h(z) # [Py (@272 < 1.
Therefore,

[ 11b() # 7 @N2P () <P (15 ) # ) O Foy () # i)
+ /{m - 1y} (2) # Ys@))27%P(dz). (18)

z :yg(m)’f'f*)xy (m):yJ(m)}

By a union bound,

P (w2 hl@) £ oy or Foyy (@) # sy S P (21 h(2) # Vi) ) +P (@2 fpgy (0) # vsw)

Furthermore, on Fp, (13) implies the right hand side is at most 27. Combining this with
(18) implies

erpyy (h)—erpyy (fhy, ) < 27+ /{ Vylioy # vw)27.P(d2). (19)

mZh(I):yg(x.)vf';;XY (x):yJ(L)}

Also,

L[y 2y # Ys(2))27P(dx)

/{m:h(m)—yg(z) ’f';;XY (@)=Y.1(x) }

. —ah % L fx
AeJ:yZ#yA {$EA'h(z)7yA7f7DXY yA} AEJ:y}A;éyA {xeA'fPXY yA}
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Since f5 . (z) = sign(2n(z; Pxy) — 1) for every x € X', any measurable C' C X has
N 1
Pxy ((x7y> rxeCy= f'PXy(x)) = /C (2 +’Yx> P(dz).
Therefore, for each A € J,
1 X 1
¥aP(A) = Pxy (A x {ya}) = 5P(A) = Pxy ({z € A: fp,, (2) = ya} x {ya}) - 5P(4)

N /{xeA:f;: (@)=ya (é i %> Pldz) - éP(A)

Y. P(dz) — %P (.%' cA: f7§xy (z) # yA) '

- /{xeA:f;XY(x)=yA}

Therefore,
> ) 27, P(dz) < Y P(reA: fh, (2)#ya) +274P(A).
AeJiyh #ya {meA:foy (r):“} AeT:yli Ay a

On Ej, (13) implies that the right hand side is at most

T+ Z 294P(A).

AeJyli#ya

Combining this with (19), we have that on Fj,

erpyy (h) —erpy, (f;;()xy) <37+ Z 274P(A). (20)
AeJyh#ya

For each A € J and = € A, if y® # ya, then either h(z) # fpy, () holds, or else one of
h(x) # yi or [Py () # ya holds. Thus, any A € J with yh # ya has

PA) < [ (1110 # Fpy @] 41 [h@) £ 53] 41 [Fy (@) # 3a] ) P2
=P (:c €A:h(z) # yZ) +P(zeA: fp. (x)#ya)+ /A 1 [h(z) # fpy, (x)] P(dz).
Combined with (20), this implies that on Ej,

CIPxy (h) — CIPxy (f';;)(y)

<3r+ Z 27A<P<w€A:h(x)7éyﬁ)+77(33€A:f7*>xy(37)7é3/14)
AeJyli#ya

4 /A 1 [h(z) % fp. ()] P(dx)).
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Since 2v4 < 1, the right hand side is at most

3T+ZP<$€A:h(m)7&yﬁ>+ZP(:U€A:f7§XY(x)7éyA)

Aed AeJ

+ 0y 2’VA/AIl[h($)#f7*>Xy($)] P(dz),

AeJyli#ya
and on Ej, (13) implies this is at most
s+ Y 29 / 1[h(z) # f5,, (2)] P(da)
AeTyh A
eJ{UA#?JA

<5+ Y /A L [h(x) # fpyy ()] 27aP(dz) = 57 + / L [h(x) # fpyy ()] 275() P(d2).

AeJ

Lemma 35 There is a Z-measurable event E4 of probability at least 1 —§/32 such that, on
Mizo Ej, VE € {2, ke}, Vm € {tippa +1,... g}, ¥n € NU{oo}, fnm € {0, £5 (X2},

. 321, . _ .
dnm = ’Vmax{’@g 272k} In ( ”gq 76>—" and if Y1, 2 2 ¥ then Yoo,m = f';;xy (Xgl)

Proof Since ¢nm < Goo,m, and §nm = 0 whenever Gnm < Goo,m, it suffices to show the
claims hold for §oo m and Joem for each m € {1,...,m}.

For each m € {1,...,m}, let £y, 1,4m,2, ... denote the increasing infinite subsequence of
values ¢ € N with XS’M € Jm, guaranteed to exist by Lemma 28 on FEy; also, for each g € N,
define 0, 4 = Z?Zl Yni,em,j' Note that these definitions of ¢, ;, and o, 4 agree with those
defined in Subroutine 1 for each ¢ < Goo.m- Let Ej denote the event that Ey occurs and
that Vm € {1,...,m}, Vg € {1,..., ¢},

g — 420 Prcy) = )] < \/2q1n (%) (21)
For each m € {1,...,m} and ¢ € {1,...,¢. 5}, Lemma 28 and Hoeffding’s inequality imply
that (21) holds with conditional probability (given J,,) at least 1 — ¢/(32mq. ). The law
of total probability and a union bound over values of m and ¢ then imply that E, has
probability at least 1 — /32.

Now fix any k € {2,...,k.} and m € {mp41 + 1,...,mi}. Since Ky = k, the condition

in Step 6 guarantees oo,m < [22’“'3 In (%)" Furthermore, if v; > 27% then for

= 8 n (32ﬁ1q5’5>
Vi g ’
32mq.
2qVm > 4\/2q In (n;q’é>
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In particular, recalling that 2¢v;,, = |¢(2n(Jm; Pxy) — 1)|, we have

14(20( i Pxy) — 1)] > 4\/2q In (32”?;“) (22)

Since gc 5 > {22]‘3*3 In (%ﬂ > q, the event F, implies that (21) holds, so that

327
Omyq > 4(20(Jm; Pxy) — 1) — \/2q In < 77(’;(15,6)

Thus, if ¢(2n(Jm; Pxy)—1) > 44/2¢qIn (32773(15,5 ), the condition in Step 4 will imply Goo m <
¢, and since ¢ < G, that Yoo m € V. Likewise, (21) implies

)

32/mq. 5
Omyqg < q(20(Jm; Pxy) — 1) + \/2(1 In <5>
so that ¢(21(Jm; Pxy) —1) < —44/2¢In (%) would also suffice to imply §oom < ¢ and
Uso,m € Y via the condition in Step 4. Thus, since (22) implies one of these two conditions

holds, we have that on Ey, if v5, > 27% then Goo,m < [728 In <32ﬂ§155)-‘ and Joo,m € V.

Tm
It remains only to show that Jecm € {0, [Py (X2)}. This clearly holds if the return
value originates in Step 7, so we need only consider the case where Subroutine 1 reaches
Step 5. Due to the condition in Step 6, this cannot occur for a value of ¢ > ¢. 5 (since
gm < @1 < ge5), so let us consider any value of ¢ € {1,...,¢.5}, and suppose |0y, 4| >

31/2q1n <32m$> On the event Fj, (21) implies that if 0,4, > 34/2¢In (%), then

q2n(Jm;Pxy) — 1) > omg — 1/2¢In (%) > 24/2qIn (%) > 0, and likewise

if oy < —34/2¢ln (32”2%’5), then ¢(21(Jm;Pxy) — 1) < Omg + /2¢In (%) <

—2,/2¢1n (3275;%5) < 0; thus, since |20(Jp; Pxy)—1| = 27,,,, if |omq| > 31/2¢ ln<32ﬁgq5’5>,

then
2 32mgq. 5
>4 —1 ! 23
V= \/q n ( 5 > (23)

and sign(2n(Jm; Pxy) — 1) = sign(omq). In particular, since ¢ < g. 5 < 22%<*51n (%),

this implies
2 (327
v > \/ In (”;q"fﬁ) > 9 k=2 5 /198,
q

Therefore, Lemma 32 implies that on n?:o E;, sign(2n(Jm; Pxy) — 1) = yy,,; combined
with the above, this implies sign(o,, ) = vs,,. Furthermore, Lemma 29 implies that on
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ﬂ?:o E;, yi,, = f;;xy(X,zn), so that sign(omq) = fp,, (X2). In particular, recall that if

Joom € Y, then |op g | > 3\/ 2s.m In (327”#) Thus, since the condition in Step 6 im-

plies Goom < Gm < e, we have that on (\;_g Ej, if floom € Y, then oo m = f _ (X2). This
completes the proof that Jocm € {0, [Py (X2)} on ﬂ?:o E;. Since we established above
that Jeom € Y if 77, > 27% on Ej, this also completes the proof that oo, = [Py (X2)
when v, > 27% on ﬂ?:o E;. [ |

Lemma 36 There exists an (X1,Xg)-measurable event Es of probability at least 1 — §/64
such that, on Es, for every k € {2,..., k:} with P(U {AGJ TyAE [2*’“, 21*’“] }) > 2k=3¢ /.,

Hm e{1,..., M) € [2—’221—’“} H > (1/2)myP (U {A €J:vac [2—’221—’“} }) .

Proof Fix any k € {2,...,k.}. First, note that a Chernoff bound (under the conditional
distribution given J) implies that, with conditional probability (given J) at least

1 —exp{—ﬁ;kp (U {A eJ: vy € {27]“,217’“} })} ,
we have
Hm e{1,... i)y, € [2—k,21—k] H > %P <U {A €Jiae [2"“,21—’“} }) . (24)

It P (U {A €J:yq€ [2*]‘3,21*’“} }) > 2k=3¢ /k., then
exp {—ﬁgkp (U {A e€J: vy € [2"“,21_’“} })}

4 4
< exp {—gkk;Log <66]€6> Qk_35/k€} = exp {—Log (6 5k5>} = 6éfk .
€

Thus, by the law of total probability, there is an event Gj(k) of probability at least
1 — 6/(64k.) such that, on Gs(k), if P (U{A € J:va € [27%,217F]}) > 2¥73¢/k,, then
(24) holds. This holds for all k € {2,...,k.} on the event E5 = (\F_, G5(k), which has
probability at least 1 — 4/64 by a union bound. [ |

We are now ready to apply the above results to characterize the behavior of Algorithm
1. For simplicity, we begin with the case of an infinite budget n, so that the algorithm
proceeds until m = m; later, we discuss sufficient finite sizes of n to retain this behavior.

Lemma 37 Consider running Algorithm 1 with budget co. On the event ﬂ?:o E;, Vk €
{2, k), Yme {1, i}, 5, € Vin and

m

Vin C {h € C:VYm' <m with Y1, 2 2_k,h(X31/) = ff;xy(X2,)} .
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Proof Fix any k € {2,...,k.}. We proceed by induction. The claim is clearly satisfied
for Vy = C. Now take as the inductive hypothesis that, for some m € {1,...,my}, IPyy €

Vip1 C {h €C:Vm/ <m—1with v, , >27% h(X2,) = f;xy(X;,)}.

If X2, ¢ DIS(V;u_1), then we have V;,, = Vj,,_1, so that [Py € Vim as well. Furthermore,
since f5 . € Vim—1, the fact that X2 ¢ DIS(V,,_1) implies that every h € V,,, has h(X2) =
[Py (X 2. Therefore,

Vin = Vo1 N{h € C: h(X2) = fp,., (X2)}
c {h €C:Vm' <m—1with v, , > 275 h(X2) = fﬁxy(X2,)}

m

N {h eC: h(X,Qn) = f;é'xy(XQ )}

m

c {h € C:Vm <m with vy, > 275 h(X2,) = f;,xy(X;,)} .

Next, consider the case that X2, € DIS(V;,—1). Lemma 35 implies that on ﬂ?:o Ej,
Uoo,m € {0, f7’;Xy(X,2n)}. If Joo,m = 0, then V;;, = Vi1, so that fp, = € Vi, by the inductive
hypothesis. Furthermore, since k£ < l%m, Lemma 35 implies that on ﬂjf:[) E;, it v, > 2k
then Joo,m # 0; thus, if Joo m = 0, we have v, < 27% so that

m

Vi = Vi1 C {h €C:Vm <m—1with v, , >27% h(X2,) = ffjxy(X?,)}
—{necvm <muwith vy, > 275 W(X2) = fp,, (X2}

On the other hand, if Joo,m = f;xy(X;), then since f5, = € V-1 by the inductive
hypothesis, the condition in Step 5 will be satisfied, so that we have V,, = {h € Vi1

m

h(X2) = TPy (X2 )} In particular, this implies f5 = € Vi, as well, and combined with
the inductive hypothesis, we have
Vi = Vi1 N{h € C: MX2) = fp, (X2)}
c {h € C:Vm' < mwith vy, > 275 h(X2,) = f;XY(XQ,)} .

m

The result follows by the principle of induction. |

In particular, this implies the following result.
Lemma 38 There exists an event Eg of probability at least 1 —6/64 such that, on ﬂ?‘:o Ej,
the classifier hoo produced by Algorithm 1 with budget oo has erp, (fzoo) —erpyy (fpy, ) <€

Proof Fix any k € {2,...,k.} and let {;, = [(1/2)meP (U{A € J:qa € [27F,217F] ).
Note that

o > SekeP (U{AeJ:ya e [27F,2F])) (dLOg <8k:€7? (U{AecT:va€ [2’22“6]}))

K 2ke 2ke

+ Log (6?5) ) )
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for ¢ as in Lemma 21. Let 1) = min {m eN:Y ™, 1[2% 21,k]('me,) = ék} U{oo}. Note
that, if my < oo, then the sequence {X?n 1 <m <, € [2*’“, 21*k]} is conditionally
ii.d. (given J and sy, with conditional distributions P (- U {4 € J 4 € [27%,2174]}).

Applying Lemma 21 to these samples implies that there exists an event of conditional
probability (given J and 7y) at least 1 — 6/(64k.) on which, if we have 7y < oo and

P(U{Ae€J:nac [2_’“,21_’“] }) > g%, then letting
Hy, = {h € C:Vm < 1y, with v, € [2—'2 zl—k} Jh(X2) = fgxy(xi)} ,

every h € Hj, has

P (m th(z) # f%xy(w)‘wm € [2%’21%}) = ShP U{A € J?:Z € [27F,217M})

which implies

P (CU D h(x) # [Py () and vy € [2*]“,21*]“}) < ZZ

By the law of total probability and a union bound, there exists an event Eg of probability
at least 1 — 0/64 on which this holds for every k € {2,...,k.}.
Lemma 37 implies that, on ﬂ;%:o E;,Vk e{2,... k},

Vin C Vi, C {h € C:Vm < iy with 7y, > 277 h(X2) = f%XY(X?’n)} :
Lemma 36 implies that, on Es5, Vk € {2,... k. }, if P (U {A €J:vyy € [2"“, 21_k] }) > g%,

then [{m € {1,... 7y} : vy, € [27%,217F] }| > (1/2)mP (U{A € J 1 va € [27F,27F]}),
so that my < myg. In particular, this implies My < oo and

{heCivm < with yy, > 275 R(X2) = fp,, (X2)} € H.

Combining the above three results, we have that on ﬂ?:o E;, for every k € {2,...,k.} with
P (U {A eJ:vya € [Q_k,Zl_k] }) > 52;%:, Vi € Hi, and therefore every h € Vi has

P (:E Dh(x) # [Py (7) and vy € [271“,214“}) < Z;i

Furthermore, for every k € {2,...,k.} with P (U {A eJ:ya€ [2*’“,21*’“]}) < gTi’ we
also have that every h € Vj;, satisfies

> (l,  h(2) £ fpy, (x) and () € [2_19,21—11)

<P (U {A €J:ya€ [27}67217’{} }> = 225

o
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Combined with Lemma 34, we have that on ﬂ?:o Ej, every h € Vj has

erpyy (h) — crpyy (Fho,) < 57+ / 1[h(x) # f5o, (2)] 21500 P(d2)

< 574 217kep (x Dh(w) # fpy, () and yy(5) < 2_k5>

i i 92—kp (l’ :h(z) # f;;XY (z) and Vi(z) € [2_’@’ 21—k])
k=2

< 5r 4 2l kep (U {A €J:iya< 2—’%}) v i?—’fzjf. (25)
~ .

Next, note that 271212 22_’“?%: = (ke — 1)57- < 5. Furthermore, since 27k < 4./8 < 7. /4,

Lemma 33 implies that, on F1,

P(U{AGJ:MSQ—’%}) 323—5.

Ve

Plugging these facts into (25) reveals that, on ﬂ?:o E;, Vh € Vg,

3 € 3 e 453
1—ke
erpyy (h) —erpyy (fpy,) < 57 +2 27%+§§5T+§€+§§5@5<6.
The result follows by noting that, when the budget is set to oo, Algorithm 1 definitely
reaches m = m before halting, so that ho, € V. [ |

The only remaining question is how many label requests the algorithm makes in the
process of producing this hso, so that taking a budget n of at least this size is equivalent to
having an infinite budget. This question is addressed by the following sequence of lemmas.

Lemma 39 Consider running Algorithm 1 with budget co. There exists an event Fry of
probability at least 1 — 0/64 such that, on Fy N E7, Vk € {2,... k.},

Hm e {1, i) iy, <247F X2 € DIS(Vm_l)}’

< 17max {77 (x e < 23*]“) , EA }mk
2%e

Proof Fix any k € {2,...,k.}. By a Chernoff bound (applied under the conditional given
J) and the law of total probability, there is an event G7(k) of probability at least 1 — ﬁ,

on which

Hm c{1,... .}y, < 21—’f}) < log, <6%5k5> +2eP (U {A €J:qa< 21—k}) g,

Lemma 33 implies that, on F1,

P(U{A€J27A§2l_k}) Smax{373<:ti’7x<23_k>723,j}'
€
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Therefore, on E1 N Gr(k),
‘{m € {1,,7’7’Lk} SV S 21_k7X72n € DIS(mel)}‘ < ‘{m € {]‘a . amk} CYdm S 21_k}‘

4
< log, (65]%> + 6e max {73 (iL' Ve < 23_k) ,26} M. (26)

Ve

Furthermore, since 4. < ~., and

e . 64 64k, 64k, 64k,
> L > 4L > 21
g g e (5 ) 2 aoe (%) > 2w (57,
(26) is at most
1
<66 + > max {73 (x e < 23_k) , gA }ffnk < 17max {73 (ac Y < 23_k> , EA }mk
2 2’}/5 276

Defining F7 = ﬂ’,zEZQ G~(k), a union bound implies E7 has probability at least 1 —§/64, and
the result follows. [ |

Lemma 40 Consider running Algorithm 1 with budget oo. There exists an event Ly of
probability at least 1—§/64 such that, on Egﬁﬂ?zo E;,Vk e {3,... k},Vk e {2,..., k—1},

[{me{1,...,m} : X2 € DIS(V;_1)}|
< 6emax {73 (w e < 22_15) ,;%}mk

i 4 12 1
+91¢ <21+k_k + Log <6€C>> <65Log ( €8c> + Log <5>) ,

for c as in Lemma 21 and ¢ as in Lemma 25.

Proof The claim trivially holds if § = oo, so for the remainder of the proof we suppose
s <oo. Fixany k € {3,...,k:} and k € {2,...,k — 1}, and note that

[{m e {1,... 7} : X2 € DIS(Vin—1) }|
<|[{m e, it o, <278 X2 € DIS( )
+ Hm e {1}, 2275 X2 € DIS(mel)H : (27)

We proceed to bound each term on the right hand side. A Chernoff bound (applied under
the conditional distribution given J) and the law of total probability imply that, on an

event Géi)(E, k) of probability at least 1 — 72521:2’

Hm e {1,...,m) iy, <27°F X2 € DIS(Vm_l)H

<tog, (Z05) v 2ep (Ufae s ina <2t
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and Lemma 33 implies that, on FEq, this is at most

256k2 _
logy < 5 8) + 6e max {73 (x e < 22_k) ,;}mk

Ve

Now we turn to bounding the second term on the right hand side of (27). We proceed
in two steps, noting that monotonicity of m + DIS(V},,) implies

Hm {1, )iy, > 2k X2 € DIS(Vm_l)H
< Hm € {1,... ,T?LE} VI 2 2_E,Xr2n € DIS(mel)}‘

* Hm €{mp 41, )iy, 2278 X2 € DIS(VmE)H S (28)

)

We start with the first term on the right of (28). Let L = Hm e{l,....mz} 77, > Z_E}

and let (1,..., ¢y denote the increasing subsequence of values ¢ € {1,...,mg} with v, >
2%, Also, let j; = max {1, [logy (3/(s + Log(1/6)))]}, let My = 0, and for each j € N, let

27
M; = [62]' <5Log (2j) + Log (25655‘7’?))} ,

for ¢ as in Lemma 23. Let V; = C, and for each ¢ < L, let

Let ¢s be the function mapping any U € X* to the set DIS{h € C : Va € U, h(z) =
[Py, (®)}). Fix any j € N. By Theorem 13, if M; < L, then there exist i1,...,4s €
{1,...,M;} such that {h € C:Vr € {1,...,5},h(X£2i ) = f;gxy(Xé )} = Vi, (see the dis-

cussion in Section 7.3.1). In particular, for this choice of i1, . .., is, we have ng(XZ,l, e ,Xé )

= DIS(VA}J_); furthermore, since ¢ is permutation-invariant, we can take i7 < --- < g

without loss of generality. Also note that X Kzl, X €2M.AL are conditionally independent
J

(given L and J), each with conditional distribution P (’ U {A €J:iys> 2_E}>. Since
(when M; < L) {Xgl,...,XgMj} m¢5(X21,...,X25) = {Xgl,...,XgMj} NDIS(Vy,) = 0,
Lemma 23 (applied under the conditional distribution given L and J) and the law of total

probability imply that, on an event Géii)(l%, k, j) of probability at least 1— ﬁ, if M; <L,
eJk
then

P <DIS(VA*4],)‘ U{aesimz2"}) <27, (29)
Furthermore, this clearly holds for j = 0 as well. Since P(DIS (Viry) ‘ U{AE Jiya> 2*'2}>

is nonincreasing in 4, for every j > 0 with M; < L, and every i € {M; +1,..., M1 A L},
on Gé“)(if,k,_]), P (DIS (V;*—l) ‘U{A €J: YA > 2_E}> < 2_j. Since every j > jl_c has

M; > mj, > L, this holds simultaneously for every j with M; < L on ﬂ;’;_ll Ggi)(/;:, k,j).
Now note that, conditioned on J and L,

Lo ) (32) =P (D18 (V) | {A € 7 > 27 )) V

=1
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is a martingale difference sequence with respect to X Z, X Z2L' Therefore, Bernstein’s
inequality for martingales (e.g., McDiarmid, 1998, Theorem 3.12), applied under the con-
ditional distribution given J and L, along with the law of total probability, imply that
there exists an event G( )(k: k) of probability at least 1 — kQ such that, on G(m)(k, kE)yn

Ji—1 (i) /T .
;’kzl Gé )<kak7])7

256

L Je—1
>~ toisy (47) <oy (55 ) 420 Y- 279000 - by
i=1 7=0

256k - 256k27:\ \ ~
< log, < 5? E) + de + dec <5Log (2”5) + Log <5655‘7k>> Ik

- 256K\ \ -~
< 8ec <5jk + Log ( 5 5>) Ji-

By Lemma 37, on ﬂ?:o E;,Vm e {1,...,m3},

Vi C {h € C:Vm/ <mwith v, , > 27F h(X2) = f;xy(an,)} .

In particular, this implies Vj,_y C V;*; for all ¢ < L. Therefore, on ﬂ] o E;N G(m)(lzz, kE)n
e}

B L
Hm e{l,....,mz} vy, >27% X2 ¢ DIS(Vm_l)H = Z Ipis(v, _y) (x7)
=1

256k2\\ ~
< Z ]]-DIS(V* ) < 8ec 5jk + LOg 5 Ik (30)

Next, we turn to bounding the second term on the right hand side of (28). A Chernoff
bound (applied under the conditional distribution given Vi, and J ) and the law of total

probability imply that there is an event Gg )(k: k) of probability at least 1 — on which

256k2’
‘{m € g+ 1,... i) iy, > 27 X2 € DIS(VmE)H

 log, (25§k§> +2eP (DIS( )nlJ {A €Jiqa>2 }) . (31)

Also, by a Chernoff bound (applied under the conditional distribution given J), with prob-

ability at least
1 — exp {—(1/8)7? (U {A € J:ya> 2*’5}> mk} ,

L> (1/2igP (J{A €T ia>27}). (32)

we have
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If P (U {A €J:yq> 2"5}) > %Log (%), then

exp{—(r/s)P (U {A €Jiya> 2—’5}) g } < 25(ék .

Thus, by the law of total probability, there is an event Gé )(k) of probability at least 1—
on which, if P (U{A € J 74 2275}) > £ Log (245), then (32) holds. Let

256k ’

j:max{je {0,1,..., 55 — 1} : M; < (1/2)m;P (U{AeJ:'yAZT%})}y

and note that ( { ) })
mpP (U{A € J:iya>27F
Jz [bgz (45 (25L0g (2315) + Log (256k )) )‘ . (33)

(29) implies that on ﬂj" ! (”)(l_f, k,7), if (32) holds, we have

P (DIS (V§)

{AE Jiya > 27@}) < 9.

Furthermore Lemma 37 implies that, on ﬂ?:o E;, Vi, € Vi Altogether, on ﬂ?:o E;N
O N G k), it P (UfA € T iy > 27F}) > S Log (28), then

P (D18 (Ving) ([ J{A € i 2277 }) <277p (| {a e T iqa =277}
< :i (25L0g (23’5) + Log (25§k3)> ,

where the last inequality is by (33). Otherwise, if P (U{A eJ:iya> 9k }) Log ( 256ke )
then in any case we have

P(DIS mU{AeJ a2 })SP(U{AeJ:VAEQ_ED
< iLog (256k5> < ?—E <25Log (23’5> + Log (256k§>> .
mg, 4] mg, o

Combined with (31), this implies that onﬂ o Ej ﬂG(w)(k k)N G(U (k)N ﬂjk ! “)(k k,j),

{{me i+ 1.} s, > 278 X2 € DIS(Va,) |

256k2 256k2
< log, < 5? 5) 16ecm— (25L0g (2”@) + Log < 5? £ )>
k

. (= 25642 ik 25642
< 3266k <5jk + Log ( o0 E)) < 64ec2kk <5jk + Log < o0 5)) )
mg, o) 5
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Pluggmg this and (30) into (28), we have that on ﬂ o Ej ﬂG(m)(k, k)ﬂGéiv)(l%, k)ﬂGg))(/;:)ﬂ
-1 i
;k:l Gé )(k7k7j)7

Hm S {1, R ,mk} YT 2 Q_E,X,,Qn € DIS(mel)}‘

5 92 2 5 _ B 2 2
< 8eé <5j,; + Log <5§k5>> g + 64ec2rF (5]',5 + Log ( 5?1% >>
_ B N 2 k‘2
— 8ec (27FR i) <5jk + Log ( 5? S >) .

Combined with the above result bounding the first term in (27), we have that on ﬂ?:o E;n
G (R, k) NGED (ke k) 0 G (R, k) 0 G (k) MYV GED (R, &, ),

[{m e {L,... i} X7, € DIS(Viu) }|

9 ]{,‘2 _
< log, ( 5? 5) —i—GemaX{P (a::% < 22*]“) ,;Y}Thk
€

_ _ B 2 2
+ 8eé (23+’f—’f + j;;) <5j,; + Log ( 52]“8 >)

_ _ _ B 2 k2
< 6e max P(ac Y < 22_k> , £ my + (1 + 8ec) <23+k_k —i—j,;) sjr + Log S6ke )
27¢ )
(34)

Noting that s > d, a bit of algebra reveals that

my, < 320k5L0 128k2 < 29ck?
s+ Log(1/8) = = - g3/27

- 210ck2 3 210ck?
Jg < logy (53/2> < §Log (63/2> )
and therefore

- 1. ~ ~ 256k2
(1+ 8ec) <23+k*k —i—j;;) (ﬁjk + Log ( 5 5))

3 210ck2 3 210¢k2 256k2
< ~ 3+k—k € b € €
< (1 + 8ec) <2 +2Log( 52 )> <25Log( =z )+Log( 5 >>

r 3 2102 3 216 k4 1
~ 3+k—k € e € -
< (1 + 8ec) (2 +2L <E3/2 )) (25L0g< 2 >+Log<5>>.
Furthermore, since k. < /32/¢, this is at most
N 3 215¢ 3 226 1
(14 8ec) <23+k ko Lg< 5/2>>< 5Log< 7/2>+L0g<5>>
<9l¢ <2Hkk + Log (6;46)> (65Log (12580) + Log (;)) .
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Plugging this into (34), we have that on ﬂ?:o E;n Gg)(ff, k)N Ggii)(ff, k)N va)(lzz, k)N
v) (T in—1 AGd) 7 . -
Gy (F) N GV (R k),

{me{l,....mu}: X2 € DIS(Viuo1) }|
< 6emax {73 (x e < 22_]_“> , 225 } mg

(1 ()) o (2) 1)

Letting
ke ]k_l

Bs= () | G ﬂ GO (k, k)N G (k k) N G (ke k) 0 () GY (R, K, 9) |
k=3 k=2 Jj=1

we have that (35) holds for all k € {3,...,k.} and k € {2,...,k — 1} on the event Eg N
ﬂ?:o E;. A union bound implies that Eg has probability at least

ke E-1 Jp—1

) 0
=\ 256k £\ "256k2 T S 256k
k
5 5 56 5
>1—— =S (k—2)——=>1—— — _—
- 256 12—3( )64k§ - 256 128 - 64
|

We can now state a sufficient size on the budget n so that, with high probability,
Algorithm 1 reaches m = m, so that the returned hy, is equivalent to the heo classifier from
Lemma 38, which therefore satisfies the same guarantee on its error rate.

Lemma 41 There exists a finite universal constant ¢ > 1 such that, on the event ﬂ?:o E;
for any k € {2,...,k.}, for any n of size at least

e (2 i ) ()
! Cgmax {P <x s < 2371{) ’%} 2; <dL0g <1> + Log <(15>> Log (i;) Log (i) ,

(36)
running Algorithm 1 with budget n results in at most n label requests, and the returned

classifier hy, satisfies erpxy(ﬁn) —erpyy (fpy, ) < €. Furthermore, the event ﬂ?:o E; has
probability at least 1 — .
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Proof The value of ¢ keeps the running total of the number of label requests made by the
algorithm after each call to Subroutine 1. Furthermore, within each execution of Subroutine
1, the value t + ¢ represents the running total of the number of label requests made by the
algorithm so far. Since the n — ¢ budget argument to Subroutine 1 ensures that it halts
(in Step 6) if ever t + ¢ = n, and since the first condition in Step 1 of Algorithm 1 ensures
that Algorithm 1 halts if ever ¢ = n, we are guaranteed that the algorithm never requests
a number of labels larger than the budget n.

We will show that taking n of the stated size suffices for the result by showing that this
size suffices to reproduce the behavior of the infinite budget execution of Algorithm 1. Due
to the condition m < m in Step 1 of Algorithm 1, the final value of ¢ obtained when running
Algorithm 1 with budget oo may be expressed as

Z éoo,m:[LDIS(Vm_l) (XrQn) :
m=1

Lemma 35 implies that, on ﬂ?:o E;, this is at most

i 8 3217
Z { ln( n;qm;)-‘ Ipis(v,_1) (X2

max{'y?]m, 2—2’%}

m=1
o 321mge 5
1—k] o2k+4 e, 2
<3 > 1 <2t (R ) i (42).
m=1 k=2
The summation in this last expression is over all m € {1,...,m} and k € {2,...,k:} such

that k < ky,, which is equivalent to those m € {1,...,m} and k € {2,...,k:} such that
m < my. Therefore, exchanging the order of summation, this expression is equal to

ke T 32m
>3 1|, <27 2 <5q€6> Lpis(vi) (Xin)
k=2 m=1

k ~

: 321,

= o (”;“) Hm € {1, . ) iy, <2VF X2 € DIS(Vm,l)H . (37
k=2

Fix any value k € {2,...,k.}. Forany k € {l?;, . ,k:s}, Lemma 39 implies that, on ﬂ?:o Ej,

Hm e {1, . i) iy, <2170 X2 € DIS(Vm_l)}’

< 17max {77 (x Y < 23*]“) ,EA} M.
2%e
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This implies

32
222k+41 < n;%é) Hm e{l,... g}t <275 X2 € DIS(Vm—l)}’

k -
= 32
< E 22k +9 1 <77(’;q£,5> max {77 (w e < 23%) ; 228 } my

k+17 -
. 3k e ] 2 cke ke 64k, 32Mmqe s
ke L e 2Pcog(L) 64 1 32¢d
< : - — i —
< kgkmaX{P<x Y < 2 ) , 2%} . <dL0g< 5 >+L0g(5>>Log( = > ,

(38)

where this last inequality is based on the fact that k. < 1/32/e, combined with some simple
algebra. If k > 2, for any k € {2 1} Lemma 40 implies that, on ﬂ )

Hme{l, ) s, < 257K X2 € DIS(Vioy H
gﬁemaX{P<x 'yx<2 ), i/}
€
1+k—k 128¢ 1
+91¢ | 2 + Log 6sLog 5 + Log 5 .

This implies

??‘ |

—1 ~
32
92+, (”;q”) Hm e {1, i) iy, <27F X2 € DIS(Vm_l)H

2 -~ —
22k+9 1y <3mq€75) max {73 (:L' Ve < 22_k) ,6} M
d 27
2 bt —
" 2kl (3 Wéqs’5> (2”’“"g + Log (6?0)) (65Log (12680) + Log (;)) :
k=2

k-1 ok+8
o2k cke 2k, 64k,
< — L
Yot < 3B (o (%) 1o
2k+8 2 - -
ck <dLog <2k: > + Log (64k: >>
€ € 1)
k+12 A
< 2 cL;)g(l/%) (dLog <6€4> + Log <(15)>
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and

Eall

-1
92k <21+’f—’“ + Log <64C>> < 2% (2 + Log (64C>> < 22100 <64C> ,
g 15 g
2

we have that

T

ol

-1

.
92+ 1, (3 ”;q5’5> ({m e {1, i) iy, <2V7F X2 e DIS(Vm_l)H

e
[|

2

k—1

27 .
<2'In (W) max {p (070 < 2F) } S b,
0 e ) &
5 k—1
2 .
+2z1n (3”2%5> <65L0g <12€80> +Log (;)) Yo% (21+’f—’f + Log (63“3»
k=2

~ k12T 00 ( L
32 P &\ 3. 4 1
< 29 ln(mqg’é> maX{P ($ e < 227]“) ,8} <7 ) (dLog(6> + Log<>>
0 27 € € )
2 I~ _
+21¢1In (377(";%5) <65L0g (12888) + Log (;)) 22K 1 Log (6210>

9425 ] g ( )

i 64 1 32cd
< . 2-k\ & il
_max{P(x Vo < 2 ),2%} . <dL g< >—|—Log<5>)Log< = >
+ 92k+165 6sLog 128¢ + Log ! Log e Log 32cd .
€ 0 € )

Plugging this and (38) into (37) reveals that, on ﬂ?:o Ej, if k> 2,

7
Z doo,mIp1s(v,, 1) (X72)

9k +25 L og ( )

7 64 1 32cd
< : 2-k i Ve -
_max{P(:c Vo < 2 ),2%} 6 dLog + Log 5 Log =
+ 22K 16z  6sLog 128¢ + Log = Log bac Log 326d
€ 5 € €d
k k425 ] 00 ( )
) 3k € Fe % 1 32¢d
+ Zmax{?(m e < 2 ) ,2%} z <dL0g< 5 >+Log<5>> Log( .

1)
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for an appropriate finite universal constant ¢ > 1. Furthermore, if & = 2, (38) and (37)
already imply that, on ﬂ?:o E;,

Z mlpise, ) (X2)

m=1

e 2k 1 1 1
< EZmaX P (1‘ e < 23_k) , — dLog + Log [ = | | Log i Log | — ),
ar %) 5 2 %

again for ¢ > 1 chosen appropriately large.

Therefore, for a choice of ¢ as above, on ﬂg,o Ej, for any k € {2,...,k.}, the final value
of ¢t obtained when running Algorithm 1 w1th budget oo is at most (36) Since running
Algorithm 1 with a finite budget n only returns a different hu, from the hoo returned by the
infinite-budget execution if ¢t would exceed n in the infinite-budget execution, this implies
that taking any n of size at least (36) suffices to produce identical output to the infinite-
budget execution, on the event ﬂ?:o Ej: that is, B = hoo. Therefore, since Lemma 38

implies that, on ﬂ?:o Ej, erp,., (hoo) — erpy,, (fPyy) < €, we conclude that for n of size at

least (36), on ﬂ?:o Ej, erp,, (iLn) —erpyy (fp,,) < e
Finally, by a union bound, the event ﬂ?:o E; has probability at least

1 1) 0 1) )
=09 a1 2 a2

We can obtain the upper bounds for Theorems 4, 5, and 7 from Section 5 by straightfor-

ward applications of Lemma 41. Note that, due to the choice of 4. in each of these proofs,
Algorithm 1 is not adaptive to the noise parameters. It is conceivable that this dependence
can be removed by a model selection procedure (see Balcan and Hanneke, 2012; Hanneke,
2011, for discussions related to this). However, we do not discuss this further here, leaving
this important issue for future work. The upper bounds for Theorems 6 and 8 are based on
known results for other algorithms in the literature, though the lower bound for Theorem 6
is new here. The remainder of this section provides the details of these proofs.
Proof of Theorem 4 Fix any 8 € [0,1/2), €,0 € (0,1), and Pxy € BN(5). Any
v < 1/2 = has P(z : v, < ) = 0, and since we always have . > £/2, we must have
ve > max{1/2 — f3,e/2}. We may therefore take 4. = max{1/2 — 3,e/2}. Therefore, taking
k = k. in Lemma 41, the first term in (36) is at most

oy (e (1) 108 (5) ) oe (5) 5 ).

while the second term in (36) is at most

¢max {P(x Te <) 5 } ;6 (dLog <1> + Log (;)) Log < %) Log (716)
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Since P (x : v, < 1/2 g)=0< 1/2 and P(x:7,<e/2)<1<2= ﬁ, we have that
P(x:v: <) < =, so that the above is at most

s ) () () )

Therefore, recalling that s > d, since Lemma 41 implies that, with any budget n at least the
size of the sum of these two terms, Algorithm 1 produces a classifier h, with erp_., (h,) —
erp,, ( foy) < ¢ with probability at least 1 — §, and requests a number of labels at most
n, we have that

ABN(B)(&,(S)S(lil(;EB)Z(ELOg< >+Log< >)Log( >Log<1>
e (s (2) 1108 (5) ) os () s (=)
SR WG ) P

On the other hand, Giné and Koltchinskii (2006) have shown that for the passive
learning method of empirical risk minimization, producing a classifier h,, satisfying h, =
argming,cc > o 1[h(Xy) # Vi), if n is of size at least

e (s (e (=39) ) 7105 ()

for an appropriate finite universal constant ¢, then with probability at least 1 — §, we have
erpyy (hn) — erpyy (f5,,) < €. Therefore, since Theorem 10 implies Op,, (¢/(1 — 28)) <

Opyy ((e/(1 —26)) A1) < min {5 1=28 }, it follows that

Apes(e.8) < u—125)5 <dLog <min {5, . }) + Log (;)) .

Together, these two bounds on Apyg)(¢,d) imply the following upper bound, simply by
choosing whichever of these two methods has the smaller corresponding bound for the
given values of ¢, §, 5, d, and s.

=

=z (sLog () + Log (5)) Log () Log (2)
m (dLog (mm {5 M}) + Log (%))

The statement of the upper bound in Theorem 4 represents a relaxation of this, in that it is
slightly larger (in the logarithmic factors), the intention being that it is a simpler expression
to state. To arrive at this relaxation, we note that 5Log( ) + Log( ) < sLog (%), and

dLog (mln {5 —}) + Log ( ) < dLog (?5) Log (5—5) Log (%), so that the above is at most

g i {5, “—%”} Log (‘2) Log (g) Log <1> .
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Next, we turn to establishing the lower bound. Fix ¢ € (0,(1 — 25)/24) and ¢ €
(0,1/24]. First note that taking ¢ = 286 and kK = min{s —1,[1/¢]} in Lemma 26, we
have RR(k, ¢, 3) € BN(f), so that Lemma 26 implies

C)In (L
Apn(g)(€,6) > ArR(k,¢,8)(€:6) = Arr(k,c,8)((C/2)(1 — 28),0) > 5(7;(1 ?;m(;é)

Zmin{s—Q,l_ZC} Bln(r%) = b ) min{s—Q,HM}ln<l>.

¢ [3(1-282 (1-28)?2 2 45

B . 1-28 1
2 W min {5 - 27 5} Log (5> . (39)

Additionally, based on techniques of Ké&aridinen (2006); Beygelzimer, Dasgupta, and
Langford (2009); Hanneke (2011), the recent article of Hanneke (2014) contains the following
lower bound (in the proof of Theorem 4.3 there), for € € (0, (1 —253)/24) and § € (0,1/24].

ApN(g) (€, 0) 2 max {2 {12_(1(1—_2;)@2 " (86(11— 25)>J ’ dg : {12_(1(1—_2;)@2 " <Z)J }
= e 2| et (i) | 5 s e -

If 5pLog (35) = 1, then 2| 5aaTog ()] = ﬁLog (&) > sueelog (3),
so that Apng)(e,d) 2 = 2B)QLog( ). Otherwise if =55 2B) sLog (g5) < 1, then since
RE C BN(S), and |C| > 2 implies d > 1 > (=T ZB) Log( <), Theorem 3 (proven above)
implies we still have Apy(g)(e,d) > Arg(e,6) 2 (=T 26) Log( ) in this case. When d =1,
pe ﬁ On the other hand, if d > 1, and if

d—1 8 d B ag
> 1, then 5 LWJ > 240 (1—28)2 so that ABN(ﬁ) (575) Z (1-2p)2

B
10(1-28)2
> < 1, then since RE C BN(f3), Theorem 3 implies we still have Apy(g)(€,d) >

; B

if 599

Arg(e,0) 2 d 2 = 2,8)2 in this case as well. If 5 > 1/4, then (1fl§ﬁ)2 > 4(1f12ﬁ)2 = (1736)2’
Otherwise, if 5 < 1/4, then

so that Agng)(€,6) 2 (1_25) m < 4, so that Theorem 3
implies Apn(g)(€,0) > Arr(e,9) 2 d 2 Altogether, we have that

these observations further imply Agy(g) 2

. Otherwise,

d
(1-28)%"

Anxs(E:6) 2 (1_125)2 max {ﬂLog @) ,d} | (40)

When s < 2, min {5 —B} < 2, so that (40) trivially implies

1 , 28 1
ABN(B)(E, (5) z m max {mln {5 }IBL <5> d} . (41)
Otherwise, when s > 3, we have s — 2 > /3, so that min {5 -2, Zﬂ} > %min{ , 1_826}.
Combined with (39) and (40), this implies (41) holds in this case as well. [ |
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Proof of Theorem 5 We begin with the upper bounds. Fix any a € [1,00), a € (0,1),
g,0 € (0,1), and Pxy € TN(a, ). For any v < (gia,)l_a, by definition of TN(a, «), we have
AP (17 < 7) < a/'y/(7%) < £/2. Therefore, since we always have 7. > /2, we have
Ve > max{(ﬁ)l_a , %}, so that we can take 4. = max{(ﬁ)l_a , %}

Therefore, taking k = 2 in Lemma 41 implies that, with any budget n of size at least

S 2 1 1 d 1
c E max{min{a?(?’_k)a/(l_a), 1} , A} (dLog( ) + Log()) Log() Log<A> ,
k=2 05 £ (5 5(5 Ye

(12)
Algorithm 1 produces a classifier h, with erpxy(ﬁn) —erpyy (fp,, ) < € with probability
at least 1 — d, and requests a number of labels at most n. This implies Ary(q,q)(€,0) is at
most (42).
First note that

ke
k=2

< — _ < — < 32min { (2a')2_2a g2 46_2}

Ve Ve '75
= 32min {(2 — 2a)* **(2a)**a®c** 2, 4e7?} < 128min {a®c** %, 72} . (43)

ok 9ltke  9[logy(16/%¢)] 32
€

2o

Furthermore, since ¢ 72 < a?¢2*~2 only if £ > a~1/e thisis at most 128 min{aQeszo‘*Q7 al/aafl}.
Also, for a > 1/2, letting kg ) = [logz (8 (a’)(l_a)/aﬂ, we have k, o) > 2. Additionally,

1-2a
for a > 1/2, oF o s nonincreasing in k. In particular, if k = 2, then
(a,0)

2(3 K)o/ (1—a) 1 < e 8@ k 3) 11 2a < 8]{? l1-a
Zmln {a } Z o 7(a) a .
k=2 k= k(a @)

Otherwise, if k(q,q) > 3, then

ke k k(a,a) 1 k ke ’

S min {a/20- 0/ 1] A D 8a/ (—3)1=2e

k=2 c =2 © k=k(q,q) c

16 e 8(k5 - 2) « 8k 11—«
< —(d)7a o a
< _(d) —(d) = == == (d)
Furthermore, since (1 — a)lTTa <1, we have
ke, ; 1za 8k 16k,
88 (a/)la _ - (1—@) = (20() 1/a S ?al/a.

Therefore, in either case, when o > 1/2, (42) is at most

d 1
c <16k5a1/a571 + 128@1/%’1) (dLog (1) + Log <1>) Log <> Log (A>
€ ) I3 e
1/« 1
< 76762 dLog ! + Log B Log i Log? [ = ],
€ € 0 ed €
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which is therefore an upper bound on Ary(g,q)(€,0) in this case.

1—2a
Otherwise, if a < 1/2, then 2k T is nondecreasing in k, so that

& o(3-k)a/(1-a) & o 1 < (b —1)8 /2(1%73)1{&1
Zmln{a }? Z g_(s—)a ag
k=2 k=2
1=2 2—2a N 2—2a
2\ e 1 20 Coa (1
< (k. —1)8a’ <> - < (ke —1)8d"2 T (2d)7 <€> < (ke —1)32 <‘;>
Ye

= (ke — 1)32(1 — a)*2%(20)**a?c** 2 < (k. — 1)32a%e%* 2,

Therefore, (42) is at most

¢ ((ke — 1)32a%**"% 4+ 128a%**"?) ( dLog E + Log ! Log 4 Log Ai
€ 0 €d e
< 832¢ac®*2 ( dLog 1 + Log ! Log 4 Log? 1 .
€ o ) €

In particular, this implies Apy(q,q)(€,6) is at most this large when a < 1/2. Furthermore,
this completes the proof of the upper bound for the cases where either a < 1/2, or v > 1/2
and 2 5>

l/a8
Next, consider the remaining case that o > 1/2 and § < aTlaa In particular, this

requires that s < oo, and since s > d, that € < a~1/®_ In this case, let us take

k=3+ {(1 — o) log, (kea’ dLog (%) + Log (%)ﬂ |
B 5

stog(l)tos(}) _ stos(l) _

dLog( )—l—Log( ) — dLog(l) - d

< /a . A bit of algebra reveals that, in this case, k > 2. Therefore, in this

Since s > d, we have

5Log( )+Log( )
dLog( )JrLog( )
case, Lemma 41 implies that, with any budget n of size at least

z 1 1 1
c22k sLog | — | + Log [ = Log d Log +
€ 1) =
e 2k 1 1 d 1
c ; 19(3—k)a/(1-a) = - el il
c E _max{mm {a 2 ,1} , %} - (dLog( ) + Log<5)> LOg(eé) LOg(%) ,

k=k
(44)

i 5 1
so that, since 3 < —7—, we have

Algorithm 1 produces a classifier h, with erpxy(ﬁn) —erpyy (fp,, ) < € with probability
at least 1 — 4, and requests a number of labels at most n. This implies Arn(q,q) (e,9) is at
most (44).
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Now note that

92k <5L0g (1> + Log (1>>
€ 1)
2—2a
ka’dLog( )+Log(%) < (1) <1>>
< 256 L — L
} (8& sog (D +toe(l)) %) TG
2_9q 1 2a0—1
< 1024a? <1> 5Log( ) + Log ((i) (dLog <1> + Log <1>> Log?2* <1> .
£ dLog (1) + Log () £ ) £
Also, since o > 1/2, Qk% is nonincreasing in k, so that
Za23 k)a/(1-a) 2" <dLog<1)—|—LOg (;))
/ —_—
< 8a kaQ(k_g) o (dLog <1> + Log (1)>
€ € o
1-2«
8a'k, ka’dLog( )+Log( ) < <1> <1>>
< dL - L -
- <8€5Log()+Log() e\z +Rog o
1\*7** (sLog (1) + Log (%) o 1 1 1
< 256a” | - 2 dlog (=~ | +Log (=) )L Ha().
= v <5> (dLog( 1) + Log () < o8 <€)+ o <5>> o8 £

Furthermore, by (43),

ke

EZ j 2" (dLog <1> + Log <<15)> < 12842 (i)wa <dLog <i) + Log (;))
< 12842 <1>2_2a (Zigi 8 iigi Ei;)Ml <dLog (i) + Log (;)) Log? 2 (i) .

e

Therefore, since Log (%) < Log (%) < 2Log (%), (44) is at most

2-2a 1) 2ot
o112 <1) <5Log( )+ LOg(5)> <dLog<1> —|—L0g<1>> Log(d) Log3—2a<1) .
€ dLog( ) + Log(%) € 0 €d €
(45)
The upper bound for the case a > 1/2 and 5 < 1/—& then follows by further relaxing

this (purely to simplify the theorem statement), noting that Log®~2* (g) < Log? (g), and
5Log( )+Log( ) <s
dLog( )JrLog( ) = d’

Next, we turn to establishing the lower bound. Fix any a € [4,00), a € (0,1), 6 €
(0,1/24], and £ € (0, 1/(24(11/0‘)). For this range of values, the recent article of Hanneke

(2014) proves a lower bound of

A (g,8) = a* ! o d+ Lo !
TN(a,a)\<»0) c g 5 )
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based on techniques of Kééridinen (2006); Beygelzimer, Dasgupta, and Langford (2009);
Hanneke (2011). It remains only to establish the remaining term in the lower bound for
the case when o > 1/2, via Lemma 26. In the cases that s < 2, this term is implied by
the above a?c2*~2Log ( ) lower bound. For the remainder of the proof, suppose s > 3 and

a>1/2. Let
/“Tfl /
k:min{s—l,{(a) Jy{agl—liaJ}’
15 g
B =1-—(& ) , and ¢ = 13—;5; note that ¢ € (0,1], B8 € [0,1/2), and 2 < k <

min{s—1, |1/ J}, in particular, the fact that & < |1/{] is established by concavity of

= ez
the z — (a) 2~ function, which equals z at both x = 0 and z = ¢ = (a )E ; since
this functlon is 1/¢ at x = k, and 0 < k < xp, concavity of the function implies 1/{ > k,
and integrality of k implies |1/¢| > k as well. Also note that any Pxy € RR(k, (, 5) has a

marginal distribution P such that

P (z: |n(z; Pxy) — 1/2| < 1/2 — B) = k( = ke

2
1-28

=d (1/2- ) =d (1/2-f)T .

2
1-28

Since every point x in the support of Py has either |n(z;Pxy) —1/2| = 1/2 — 5 or
In(x; Pxy)—1/2|=1/2, this implies that any v € [1/2—/,1/2) has P(x:|n(z; Pxy)—1/2| <7)
= P (o In(e; Pxy) — 1/21 < 1/2— ) = d (12— A1) < q/yo/1-0) while any 7 >
1/2 always has P (2 : [n(z; Pxy) —1/2| <) = 1 < a/4*/0=%) Furthermore, any v €
(0,1/2 — B) has P(z : |n(z;Pxy) — 1/2| < 7) = 0 < a’4*/=%), Thus, Pxy € TN(a,a)
as well. Since this holds for every Pxy € RR(k, (, ), this implies RR(k, (, 8) C TN(a, a).
Therefore, Lemma 26 implies

ATN(a,a) (Ev §) > ARR(k,C,,B) (575) = ARR(k( B) ((C/Q)(l - 25% )

Bk — )ln(4a)>ﬁ(k—1) 1

> et 2 ggptes (). o
Finally, note that
()0 )
> (5>” (k- > & (i)m (k — 1), (47)

Since a > 4,

(a’)aTil =d (a/)—l/a _ a/(l . a)—l/a(za),l/(lfa)a_ﬁ

—1/(1—«
< d(1—a) Vo 2a) V- amw = ¢ (41/a(1 - a)(l_a)/o‘(Za)) fme)r
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One can easily verify that 4/%(1 — a)1=%/%(2a) > 6 for a € (1/2,1) (with minimum
achieved at v = 3/4), so that a’ (41/*(1 — a)(l_o‘)/o‘(2a))7l/(lia) <a'671/ (=) < g/4=1 /(1)

a—1 ,
Thus, % < %éfﬁ, so that the third term in the definition of k is redundant. There-
fore, (47) is at least

a— 2a0—1
2 71\ 22 net 2 /1) 22 1 20—1
- minds—2 @ o >2 [z minds—2,—— —2
5 € 64 \ e 2al/ae

N @2 /1NE® (s 1 2a—1 N @2 1\ L 20!
— | = min<{ -, ——— >— (= min< §, —— :
~ 64 \ e 37 3ql/e 192 \ e al/ag

Plugging this into (46) completes the proof. [ |

3k

As an aside, we note that it is possible to improve the logarithmic factors in the upper
bound in Theorem 5. One clear refinement comes from using (45) directly (rather than
relaxing the factor depending on s). We can further reduce the bound by another logarithmic
(k73) 1-2«

11—«

factor when « is bounded away from 1/2 by noting that the summations of terms 2
in the above proof are geometric in that case. We also note that, for very large values of a,
the bounds (proven below) for Agg(y/9)(¢,d) may be more informative than those derived
above.
Proof of Theorem 6 The technique leading to Lemma 41 does not apply to BC(a, «),
since we are not guaranteed f5 € C for Pxy € BC(a, ). We therefore base the upper
bounds in Theorem 6 directly on existing results in the literature, in combination with
Theorem 10. Thus, the proof of this upper bound does not provide any new insights on
improving the design of active learning algorithms for distributions in BC(a, «). Rather, it
merely re-expresses the known results, in terms of the star number instead of a distribution-
dependent complexity measure. The lower bounds are directly inherited from Theorem 5.
Fix any a € [1,00), o € [0,1], and &,§ € (0,1). Following the work of Hanneke (2009a,
2011) and Koltchinskii (2010), the recent work of Hanneke and Yang (2012) studies an
algorithm proposed by Hanneke (2012) (a modified variant of the A? algorithm of Balcan,
Beygelzimer, and Langford, 2006, 2009), and shows that there exists a finite universal
constant ¢ > 1 such that, for any Pxy € BC(a, ), for any budget n of size at least

éa? <1> T e () (dLog (Opsey (a2%)) + Log <L°ggl/5))> Log (i) L s)

€

the algorithm produces a classifier h,, with erpyy (ﬁn) —infpecerp,, (h) < e with probability
at least 1 —4/4, and requests a number of labels at most n (see also Hanneke, 2009b,a, 2011,
2012, 2014; Koltchinskii, 2010, for similar results for related methods). By Theorem 10,
when ac® < 1, (48) is at most

(1) i e 2 (e (o o 1) e (S5 (1), a0

which is therefore an upper bound on Apc(g,q) (e,9). We can also extend this to the case
ac® > 1 as follows. Vapnik and Chervonenkis (1971); Vapnik (1982, 1998) have proven that
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the sample complexity of passive learning satisfies

1 1 1
Macay(e,9) S 2 <dLog (5) + Log <6>> .

In the case ac® > 1, this is at most
2—a
o(2) (s (5) +1e(5))
€ € 0
2—2a
=a? <1> min {5 1} <dLog <1> + Log <1>>
€ ag® 1)
2—2a
< a? <1> min {5 1} <dLog <min {5 1}) + Lo <Log(1/€)>) Log <1> .
€ ag® ag® ) €

Therefore, since Ayg(1)(€,9) < Mag(1)(¢,9) and BC(a, @) € AG(1), we may conclude that,
regardless of whether ae® is greater than or less than 1, we have that Apc(a,a)(e,6) is
bounded by a value proportional to (49). To match the form of the upper bound stated in

Theorem 6, we can simply relax this, noting that dLog (mln {5, = }) + Log <%> <

2dLog( ) + Log ( ) < 2dLog (:-:75)'

Next, turning to the lower bound, recall that TN(a, o) € BC(a, a), so that Apn(q,q)(€,9)
< ABc(a,0)(€;,9) (Mammen and Tsybakov, 1999; Tsybakov, 2004). Thus, the lower bound
in Theorem 5 (proven above) for Arn(q,a)(€,6) also applies to Apc(a,a)(;6)- [ |

Proof of Theorem 7 Again, we begin with the upper bound. Fix any v € [0,1/2],
g,0 € (0,1), and Pxy € BE(r). The case v = 0 is already addressed by the upper bound
in Theorem 3; we therefore focus the remainder of the proof on the case of v > 0. For
(X,Y) ~ Pxy, any x € X has 1 = 2P(Y # fp  (X)|X = x) = 27;. Therefore, for any
v €1[0,1/2), any x € X with v, <~ has P(Y # f5 (X)|X =) > 1/2—. Thus, Markov’s
inequality implies

Px:ys <) <Pl PY # fp, (X)X =2) >1/2-7) < Py (Fpxy) <

2
1—2~

In particular, this implies that for v < -5, YP(x 1 7 < ) < 12”;7 < 12”5//((22";3)% =

— 41/—1—25 4V—€‘r28’ %
Also note that any v > 0 has P(z : 7 <) < 1, so that together with (50), we have
Pz v <) < W Now taking k = 2, Lemma 41 implies that, with any

budget n of size at least

S e £ () () e (),
(51)

Algorithm 1 produces a classifier h,, with erpy, (iLn) —erpyy (fp,, ) < € with probability at
least 1 — 4, and requests a number of labels at most n. This implies Agg(,)(¢,d) is at most

Thus, 7. > We can therefore take 4. = max {
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(51). Now note that

ke k 2
22 Lotk 59 <V+€> . (52)
i e € Ve €
Next, we have
ke k ke k ke
2v 2 28 v 2 28 4v ;.
s A il
Zl—min{24—k,1—2y}5*5+21—24_k575+ £
2
JE JEPE JE- D LY
5 5 5 €9 5 5

Therefore, (51) is at most
2
1 1 1 d 1
210z ((V + €> + ) (dLog <> + Log <>> Log <> Log <A>
€ € € 1) €d Ve
2
1 1 1 d
< 2103¢ ((V i 6) + ) <dLog () + Log ()) Log <> Log <V + €> . (53)
€ € € 0 €d €
Next, consider taking k = 5. Lemma 41 implies that, with any budget n of size at least
1 1 d 1
210z <5Log () + Log <5>> Log ( 5) Log < )
2v 2k 1 1 d 1
+ CZmaX {124]67 = } - (dLOg < > + Log <5>> Log <55> Log <fy€> s (54)

Algorithm 1 produces a classifier h,, with erpy, (ﬁn) —erpy, (fp,, ) < € with probability at
least 1 — 4§, and requests a number of labels at most n. This implies Aggy,)(¢,d) is at most
(54). As above, we have

k 2

= 2 2F

E LA < 512 vte
1—24k ¢ €

k=5

Combined with (52), this implies (54) is at most

210 (5Log< ); Log( )) Log (i) Log (i)
( o) (e (2) 105 (5)  row (55 105 (3)
e (1) m (2] ) s )

+ 2103z <” j c (dLog (i) + Log <5>> Log (i) Log (” :; 5) . (55)

In particular, when (5L0g (%) + Log (%)) Log (%) < g (dLog (%) + Log (%)) Log (”?“'5), this
is smaller than (53). Thus, the minimum of these two expressions upper bounds ABE() (,9).
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To simplify the expression of this bound into the form given in the statement of The-
orem 7, we note that dLog (1) + Log (3) < dLog (%), sLog (1) + Log (3) < sLog (%),

Log (“+¢) < Log (%),(%‘"5)2 < 4%2”’5}2 <4 (’;—; + 1), and d < min {5,%}, so that the

minimum of (53) and (55) is at most

2 1 1
2123z v 4+ 1| d+ min s, g Log i Log ( — ) Log | —
g2 € €d € €
2
< 2133¢ Y d + min < s, d Log 4 Log 1 Log E .
g2 5 ed ed €

This completes the proof of the upper bound.

Next, we turn to establishing the lower bound. Fix v € [0,1/2), ¢ € (0, (1 — 2v)/24),
and ¢ € (0,1/24]. Based on the works of Kéaridinen (2006); Hanneke (2007a); Beygelzimer,
Dasgupta, and Langford (2009), the recent article of Hanneke (2014) contains the following

lower bound (in the proof of Theorem 4.3 there), letting v = fo%.

1— 42 1 d—1]1-+% (9
A > 2 In In
BE(u)(€,5)_maX{ { 52 (85(1—25))J’ 6 { 52 <8>J}
1—~2 1 d—11]1—~2
>
e maX{Q { 22 In (85)J % { 17,2 (56)
If 12_,722 In (%) > 1, then 2 [ 7 n (%)J > 12_722 In (%), so that (56) implies Agg(,)(e,0) 2

2
(%) Otherwise, if 1 Z In (g5) < 1, then since RE C BE(v), and |C| > 2 implies
d > 1 > b ln( 5), Theorem 3 (proven above) implies Apg(,)(¢,8) > Arg(e,6) 2 d 2

(3) in this case as well. If d = 1, these observations further imply Agg,)(e,6) 2

dl;f. On the other hand, if d > 2, and if 1;72 > 1, then %1 L%J > %81;—;2, SO

that (56) implies Apg(,)(€,9) 2 d ;; . Otherwise, if ﬁ < 1, then since RE C BE(v),

Theorem 3 implies we still have Apg(,)(e,d) > Arg(s,0) 2 d 2 dlg—f in this case as well.
Altogether, we have that

1 —~2 1 1— 1
AgEg) (&, 6) 2 727 max{d,Log <5>}z 77 <d+Log <5>> (57)

When v > 12e, v < 1/2, so that (57) implies

1 1 v+ 12\ 2 1 2 1
P 2)) = Y>>
Apg)(g,0) 2 2 <d+L0g <5>) ( 1% ) <d+Log <5>> R 3 <d+Log <5>>

Otherwise, if v < 12¢, then

1-9% _ (1=y)(1+9) _ (v+12\*( v v\ v v P
’)’2 N 72 N 12¢ v+ 12¢ v+12e) T v 412 T 12¢ T 144e2°

(58)
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Therefore, if v < 12¢, (57) implies that Apg,)(c,d) 2 ‘E’—j (d+ Log (%)) in this case as well.
It remains only to establish the final term in the lower bound. For this, we simply note that
RE C BE(v), so that Theorem 3 implies Agg(,)(¢,6) > Arg(€,d) 2 min {s, %} Combining
these results implies

v? 1 1 v? 1 1
> — - i - > Z i Z
Apg)(€,0) 2 maX{ = <d+Log<5>> ,mln{ﬁ, 5}} R 3 <d+ L0g<5)> +m1n{5, 6} .

Examining the proof of the lower bound for Agg,)(¢,d), we note that this argument
also establishes a slightly stronger lower bound in the case € > v. Specifically, if we use
the expression just left of the right-most inequality in (58), rather than the right-most
expression, we find that we can add a term ZLog (%) to the stated lower bound. This term
can be larger than the stated term Z—;Log (%) when € > v. Additionally, since RE C BE(v),
we can of course also add a term d to the stated lower bound, which again would increase
the bound when € > v.

Proof of Theorem 8 Again, we begin with the upper bounds. As with the proof of
Theorem 6, we cannot use the technique leading to Lemma 41; we turn instead to a simple
combination of an upper bound from the literature, combined with Theorem 10.

Fix any v € [0,1] and £,6 € (0,1). Following the work of Hanneke (2007b); Dasgupta,
Hsu, and Monteleoni (2007); Koltchinskii (2010), the recent work of Hanneke (2014) studies
a modified variant of the A? algorithm of Balcan, Beygelzimer, and Langford (2006, 2009),
showing that there exists a finite universal constant ¢ > 1 such that, for any Pxy € AG(v),
for any budget n of size at least

bpyy (Vv +e) <Zz + Log <i>> <dLog (Opyy, (v+¢)) + Log (Log,f;l/e))) , (59)

the algorithm produces a classifier h,, with erpyy (ﬁn) —infpecerp,, (h) < e with probability
at least 1 — §, and requests a number of labels at most n (see also Dasgupta, Hsu, and
Monteleoni, 2007; Beygelzimer, Dasgupta, and Langford, 2009, for similar results for related

methods). By Theorem 10,
2
} < 2min{5, 1},
+e v+e

while Log (6p,, (v +¢)) < Log (min {5, V%FE} v 1) = Log (min {5, %ﬁ}) Therefore, (59)
is at most

s o} (% e (1)) (o (i fo ) 1 (15019))

which is therefore an upper bound on Apg(e,6). To match the form of the upper

bound stated in Theorem 8, we can relax this by noting that dLog (min {5, V}_E}) +

Log (%) < 2dLog (1) +Log (5) < 2dLog (Z), while Z—;JrLog (1) < (ZE’—; - 1) Log (2).

: 1 :
HPXY(V+€> = HPXY((V+€)/\1> < mll’l{ﬁ, (y—|—{-:)/\1} < mln{ﬁ, v
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To prove the lower bound in Theorem 8, we note that BE(v) C AG(v) for v € [0,1/2),
so that Apg(,)(€,9) < Aag@)(e,9). Thus, the lower bound on Agg,(e,6) in Theorem 7
(proven above) also applies to Axg()(€,9). [ |

Appendix C. Proofs for Results in Section 7

This section provides proofs of the equivalences between complexity measures stated in
Section 7.

C.1 The Disagreement Coefficient

Here we present the proof of Theorem 10. First, we have a helpful lemma, which allows us
to restrict focus to finitely discrete probability measures. Let I denote the set of probability
measures P on X such that 3m € N and a sequence {z;}/"; in & for which P({z; : i €

{1,...,m}}) =1.

Lemma 42 Ifs < oo, then Ve € (0,1], 5(5) = sup sup b, p(e).
Pell heC

Proof Suppose s < oo, and fix any € € (0, 1]. Since Pxy ranges over all probability mea-

sures over X X ) in the definition of #(¢), including all those in RE with marginal P over X

contained in II (in which case, 0p, () =0 p(c)), we always have sup pery suppec 0n,p(€)
XY

< 5(5) Thus, it suffices to show that we also have suppcr suppec On,p(€) > é(s)

The result trivially holds if 5(5) =1, since every P and h have 0}, p(¢) > 1. To address
the nontrivial case, suppose é(s) > 1. Fix any 71,7%2,73 € (0,1). Fix any Pxy with
Opyy (€) > 1, and as usual denote P(-) = Pxy (- x V). Also let h},  be as in Definition 9,
so that Op,, (¢) = Qh;‘)xy,p(E). Let r. € (g,1] be such that i'P(DIS(Bp(h%Xy,TE))) >
(1 —v1)0py, (¢) (which exists, by the definition of the supremum, combined with the fact
that 1 < Opy, (¢) < 1/e < o00). Alsolet h € C have P(x : h(x) # hp () < 737e, which
exists by the definition of hp__ .

Let m = [% (10dL0g( 8e ) +Log(24)>—‘, which is a finite natural number, since

2'e 727“3
d < s < oo. It follows from Lemma 20 and Lemma 18 that, for X7,..., X/, inde-
pendent P-distributed random variables, with probability at least 2/3, every g € C has
> Ipis({hgh (X)) S P(x 2 h(z) # g(x) +y2re < P(x: hp () # g(x) + (13 +72)re.
Furthermore, by Hoeffding’s inequality, we also have that with probability at least 2/3,
% oy lDIS(Bp(h;*,Xy,ra))(Xz{) > P(DIS(Bp(h}‘;xy,rg))) — 7497:. By a union bound, both of
these events happer} with probability at least 1/3. In parAticular, this implies 3z1,...,2, € X
such that, letting P be the probability measure with P(4) = L 3" 14(z,,) for all mea-
surable A C 21(, we have, Vg € C, P(DIS({h,g})) < P(DISH{hp,,,9}) + (v3 + 72)re, and
furthermore P(DIS(Bp(hp, . 7e))) = P(DIS(Bp(hp, . ,7e))) — v2re. This further implies
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that Bp(hp, ..,7:) € Ba(h, (14 73 +72)7:), and thus

P(DIS(B (h, (1473 +72)re)) = P(DIS(Bp(hp,,,7.)) > P(DIS(Bp(hp, 7)) — Yare

>
> (1 = 71)0pyy (€)re —Yore > (1 =71 — 72)0pyy ()7

Therefore,

P(DIS(Bf,(h, (I+ 93+ 72)re))) - 1—7 —
(143 +72)re T 143t

0, 5(c) = Opxy (€)-

Noting that 75({21, ...y Zm}) = 1, so that P € I, since Pxy was arbitrary, we have estab-
lished that VPxy, 3P € Il and h € C such that ;, p(g) > mél%f Op,, (€). Since this holds
for any choices of v1,72,73 € (0,1), taking the limits as v — 0, 73 — 0, and 2 — 0, we

have sup pcry suppec On,p(€) > 5(5) [ |

In fact, it is easy to show (based on the first part of the proof below) that the “s < 00”

constraint is unnecessary in Lemma 42, though this is not important for our purposes. We
are now ready for the proof of Theorem 10.
Proof of Theorem 10 First, we prove é(s) >s5A % Toward this end, let {z;}]_; and
{hi};_y be as in Definition 2, and let m = s A [1]. Let P be a probability measure on
X with P({z;}) = 1/m for each ¢ € {1,...,m}. In particular, this implies that every
i€ {l,...,m} has P(z : hj(x) # ho(z)) = 1/m, so that h; € Bp(ho,1/m). Since clearly
ho € Bp(ho,1/m) as well, and every i € {1,...,m} has z; € DIS({h;, ho}), every r > 1/m
has P(DIS(Bp(ho,7))) = P({zi : i € {1,...,m}}) = 1. Therefore, letting Pxy be the
distribution in RE with f5 = ho and marginal P over X,

P(DIS(Bp(ho, max{1/m,ec})))

0(e) > Opxy () = Ono,p(€) = max{1/m,e}

—1 A L s A L
pry = m —_ = —.
max{1/m,¢e} € €

Next, we prove that 5(6) <sALl That 5(6) < 1 follows directly from the definition, and

the fact that probabilities are at most 1: that is, any P and h have sup,.. w <

supr>a% = % Therefore, it remains only to show that é(e) < s when s < é Furthermore,

Lemma 42 implies that it suffices to show that suppcrsuppec 0n,p(e) < s in this case.
Toward this end, suppose s < % We first stratify the set II based on the size of the support,
defining, for each m € N, I, ={P € I1 : 3z1,..., 2z, € X s.t. P({z1,...,2m}) = 1}. Thus,
11, is the set of probability measures on X for which the support of the probability mass
function has cardinality at most m.

We now proceed by induction on m. As a base case, fix any m < s, any classifier h, and
any P € Il,,,, and let z1,..., 2, € X be such that P({z1,...,2,}) = 1. For any r € [1/s, 1],
P(DIS(Bp(h,r)))/r < 1/r <s. Furthermore (following an argument of Hanneke, 2014), for
any r € (g,1/s), for any g € C with P(z : g(z) # h(x)) <r, every z € X with P({z}) > r
has P(x : g(z) # h(z)) < P({z}), so that g(z) = h(z); thus, z ¢ DIS(Bp(h,r)). We there-
fore have that P(DIS(Bp(h,r))) < Pz : P({z}) <r) = > 7" 1[P{z}) <rP({z}) <
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ri{i € {1,...,m} : P({z;}) < r}|. Therefore, ZPEEeCr)) <15 ¢ (1. m} : P({z}) <
r} < m <s, so that (since s > 1, due to the assumption that |C| > 2), we have 0}, p(¢) < s.
Now take as an inductive hypothesis that, for some m € N with m > s, we have

sup supbp(e) <s.
Pelly—1 heC

Fixanyh € C,r > e, and P € II,,,, and let 21, ..., 2, € X be such that P({z1,...,2n}) = L.
If 3i,5 € {1,...,m} with ¢ # j and z; = z;, or if some j € {1,...,m} has P({z;}) = 0, then

since either of these has P({z : k € {1,...,m}\ {j}}) = 1, we would also have P € II,,,_1,
so that 0, p(e) < s by the inductive hypothesis. To handle the remaining nontrivial cases,

suppose the z1,..., 2, are all distinct, and min;cgy  m) P({zi}) > 0. Furthermore, note
that, since m > s, {z1,...,z,} cannot be a star set for C.
We now consider three cases. First, consider the case that 3k € {1,...,m} with z; ¢

DIS(Bp(h,r)). In this case, define a probability measure P’ over X’ such that, for any
measurable A C X\ {2z}, P'(A) = P (AU {z}) = P(A)/(1 — P({2})). Note that this
is a well-defined probability measure, since m > 2 and min;e(;, 3 P({z:}) > 0, so that
P(X\{z}) =1—P({z}) > 0. Also note that (since h € Bp(h,r)) any g € Bp(h,r) has
9(2k) = h(zp), so that P'(x : g(x) # h(z)) = P(z : g(z) # h(z))/(1 = P({z})) < r/(1 -
P({zx})). Therefore, Bp/(h,r/(1 — P({zr}))) 2 Bp(h,r), and since z ¢ DIS(Bp(h,r)),
7T’;1(DIS(B7>’(h77‘/(1 —P({z}))))) = P/(DIS(Bp(h,1))) = P(DIS(Bp(h,1)))/(1 = P({z}))-

P(DIS(Bp(h,r))) < (1 —P({z}))P' (DIS(Bp:(h, /(1 = P({2r})))))- (60)

Noting that P'({z; : i € {1,...,m} \ {k}}) = P({z1,.-.,2m} \ {2:})/(1 — P({z2})) =
1, we have that P’ € II,,_1. Therefore, by the inductive hypothesis and the fact that

r/(L=P({z})) >r >e,

P (013 (5 (7)) ) < 9P Oy

< sup sup Oy p(e) r < il
" pemwee TP T 1T P({a))

Combined with (60), this further implies that P(DIS(Bp(h,r))) < (1 — P({zx}))sr/(1 —
P({z1}) = sr.

Next, consider a second case, where {z1,..., 2, } C DIS(Bp(h,r)), and 3j,k€{1,...,m}
with j # k such that, Vg € Bp(h,r), g(zx) # h(zi) = g(2;) # h(z;). In this case,
define a probability measure P’ over X such that, for any measurable A C X'\ {z;, 2},
P/(A) = PA), P(AU{z}) = P(A), and P/(AU{zx}) = P(AU{z), 51}) = P(AU{z, 21}
in other words, P’ has a probability mass function x — P’({z}) equal to = — P({z})
everywhere, except that P'({z;}) = 0 and P'({zx}) = P({2;}) + P({zx}). Note that,
for any g € Bp(h,r) with g(z) = h(z), P'(z : g(x) # h(z)) = P(o : g(z) # h(z)) —
1g(25) # h(z)IP({z;}) < P(z : g(x) # h(z)) < r. Furthermore, any g € Bp(h,r) with
g(zx) # h(z) also has g(z;) # h(zj), so that P'(z : g(z) # h(z)) = P(z : g(x) # h(z)) <
r. Therefore, Bp/(h,r) 2 Bp(h,r). Since z;,z;, € DIS(Bp(h,r)), this further implies
that z;, z; € DIS(Bps(h,r)). Therefore, by definition of P’ and monotonicity of measures,
P'(DIS(Bp:(h,r))) = P(DIS(Bp:(h,r))) > P(DIS(Bp(h,7))). Noting that P'({z : i €
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{1,....m}\ {4j}) = P({z1,.-.,2m}) = 1, we have P’ € II,,_1, and therefore (by the
inductive hypothesis), P (DIS(Bp(h,r))) < Oppr(e)r < supper,, , SupPpec Onr,p(e)r < sr.
Thus, since we established above that P(DIS(Bp(h,r))) < P/ (DIS(Bp/(h,r))), we have that
P(DIS(Bp(h,r))) < sr.

Finally, consider a third case (the complement of the first two), in which {z1,...,2,} C
DIS(Bp(h,r)), but B,k € {1,...,m} with j # k such that, Yg € Bp(h,7), g(z) #
h(zx) = ¢g(zj) # h(z;). In particular, note that the first condition (which is, in fact,
redundant, but included for clarity) implies P(DIS(Bp(h,r))) = 1. In this case, since
(as above) {z1,...,2m} is not a star set for C, 3i € {1,...,m} such that Vg € C with
9(zi) # h(z), 3j € {1,...,m} \ {i} with g(z;) # h(z;) as well; fix any such i € {1,...,m}.
Since {z1,...,2m} € DIS(Bp(h,r)), we have z; € DIS(Bp(h,r)). Thus, we may let
gi € Bp(h,r) be such that g;(z;) # h(z), and let j € {1,...,m} \ {i} be such that
gi(zj) # h(z;) (which exists, by our choice of ). Let P’ be a probability measure over
X such that, for all measurable A C X\ {z;,2;}, P'(A) = P(A), P'(AU{z}) = P(4),
and P'(AU{z;}) = P'(AU{z;,2;}) = P(AU{z;, z;}): in other words, P’ has a probability
mass function z — P’'({z}) equal to z — P({z}) everywhere, except that P’ ({z}) = 0
and P'({z;}) = P({z}) + P({z}). Note that, for any measurable set A C X with
{zi,zj} C A, P'(A) = P(A). In particular, since {z;,z;} € DIS({g;, h}), P'(DIS({gi, h})) =
P(DIS({gi,h})) < r, so that g; € Bpi(h,r), and therefore (since h € Bp/(h,r) as well)
{zi,2;} € DIS(Bps(h,r)). Furthermore, for any k& € {1,...,m} \ {4,5}, by the prop-
erty characterizing this third case, and since zp € DIS(Bp(h,r)), 39 € Bp(h,r) with
9(zk) # h(z) and g(z;) = h(zj), so that P'(DIS({g,h})) = P(DIS({g,h}) \ {z}) <
P(DIS({g,h})) < r (ie., g € Bp/(h,r)), and therefore (since h € Bp/(h,r) as well)
z, € DIS(Bpi(h,r)) as well. Altogether, we have that {z1,...,2z,} C DIS(Bp/(h,r)).
Therefore, since {z;, z;} C DIS(Bp/(h,r)), the definition of P" implies P'(DIS(Bp/(h,7))) =
P(DIS(Bp/(h,1))) > P({z1,.--,2m}) = 1 = P(DIS(Bp(h,r))). Noting that P'({zx : k €
{1,....,m}\ {i}}) = P({z1,.--,2m}) = 1, we have that P’ € II,,,_1, and therefore (by the
inductive hypothesis), P'(DIS(Bp:(h,7))) < Oppr(e)r < suppeyr,, , SuPprec O, p(e)r < sr.
Since P/(DIS(Bp/(h,7))) = 1 = P(DIS(Bp(h,r))), we have that P(DIS(Bp(h,r))) < sr as
well.

Thus, in all three cases, we have that P(DIS(Bp(h,r))) < sr. Since this holds for every
r > ¢, and |C| > 2 implies s > 1, we have that ), p(¢) < s. Since this holds for every h € C
and P € II,,,, we have established that suppcy, supyec On,p(e) < 5, which completes the
inductive step. It follows by the principle of induction that suppcry,, supyec On,p(e) < s for
every m € N, and therefore, since II = | J,,, I, suppery suppec On,p(e) < s.

The claim that 5(0) = 5 follows as a limiting case, due to continuity of the supremum
from below. Specifically, fix any sequence {A,}7°, of nonempty subsets of R. For each
m e N, U, An 2 Ap, so suplJ,, A, > sup Ay, (allowing the supremum to take the value oo
where appropriate), and since this holds for every such m, we have sup | J,, A > sup,, sup 4,
Furthermore, Va € |J,, A, 3m € N s.t. a € A, so that sup,, sup A, > sup 4,, > a, and
therefore (since this holds for every such a) sup, sup A, > supJ,, An. Thus, sup{J,, An =
sup,, sup A,. In particular, taking (for each n € N)

r

W {P(DIS(Bp(h;gxy,r))) V1irs 1/n Pyy c Ag(l)} 7
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(where, as usual, P(-) = Pxy (- x V) denotes the marginal of Pxy over X'), and noting
that supJ, A, = 6(0) and ¥n € N, sup A, = 6(1/n), we have that 6(0) = sup, §(1/n) =
sup, s An =s. u

C.2 The Splitting Index

Here we present the proof of Theorem 12. First, we introduce a quantity related to p(e),
but slightly simpler. For e, 7 € (0,1] and any probability measure P over X, define

pp(e;7) =sup{p € [0,1] : Cis (p, e, 7)-splittable under P},

and let
p(e) = inf lim pp(e; 7).

P 70

In the arguments below, we will see that [1/p(¢)] = |1/5(¢)], so that it suffices to work
with this simpler quantity. We begin with a lemma which allows us to restrict our focus (in
part of the proof) to finitely discrete probability measures. Recall the definition of II from
Appendix C.1 above.

Lemma 43 If d < oo, then Ve € (0,1], p(e) > lim inf lim pp((1 —7)e; 7).
v—0 Pell 7—0

Proof Suppose d < oo, and fix any ¢ € (0, 1]. Fix arbitrary values 1,72 € (0,1), and let

m = {72285 <10dLog (fng ) +Log(24))1

which is a finite natural number. Fix any probability measure P over X, and any 7 €
(0,1/(3m)), and note that 7" — pp(e;7’) is nonincreasing, so that pp(e; 7) <lim, g pp(e; 7).
For brevity, denote p = pp(e;7). Since C is not (y1 + p, &, 7)-splittable under P, let @ C
{{f,9} CC:P(x: f(x) # g(x)) > €} be a finite set such that

P (e : Split(Q.2) > (v +9) Q) <7

Let X{,...,X], be independent P-distributed random variables. Lemmas 18 and 20
imply that, with probability at least 2/3, Vf, g € C,

‘P(m f(x) # %Z (X]) # g(X))]| < ee.

Furthermore, by a union bound, with probability at least 1—mP (x:Split(Q, ) > (y1+p) |Q])
> 1—mr > 1-—m(1/(3m)) = 2/3, every i € {1,...,m} has Split(Q, X!) < (m +
p)|Q]. By a union bound, both of the above events occur with probability at least 1/3.
In particular, this implies Jz1,...,2, € X such that, letting P denote the probability
measure with P(4) = L ZZ 1 ]lA(zm) for all measurable A C X, we have, Vf,g € C,

P(x: f(z) # g(x)) = Pla: f(z) # g(x))| < y2e, and P(a : Split(Q, z) = (m +p)|Q|) = 0.
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For any {f, g} € Q, we have P(z : f(z) # g(z)) > P(x : f(x) # g(x)) —y2e > (1 - 72)e.
Therefore, C is not (y1 + p, (1 — y2)e, 7')-splittable under P for any 7' > 0, which implies
lim 0 pp((1 —2)e;7") <1+ pp(e; 7). Since P € I, we have

inf lim pp((1—92)e7) <y +pp(s7) Syt lim pp(e 7).
Pellr 7'—=0

Since this holds for any v; € (0,1), taking the limit as 3 — 0 implies

inf hm pp((l — Y2)E; T) < lim ﬁP(EWI)-
Pell /=0

Furthermore, since this holds for any ~, € (0,1) and any P, we have

lim inf li 1 — yo)e; ') < inf lim pp(e; ') = ple).
Jim inf Yim pp((1—92)e;7) < inf lim pp(e;7) = ple)

We are now ready for the proof of Theorem 12.
Proof of Theorem 12 We first establish that s A [1] < LP(E)J for any € € (0,1]. The

proof of this fact was implicitly established in the original work of Dasgupta (2005, Corollary
3), but we include the argument here for completeness. Let {x;}{_; and {h;};_, be as in
Definition 2, and let m = s A EJ Let A = 1/m, and note that A > 1/ EJ > e. As
in the proof of Theorem 10, let P be a probability measure on X with P({z;}) = 1/m
for each ¢ € {1,...,m}. Thus, every ¢ € {1,...,m} has P(x : hi(x) # ho(z)) = A, so
that h; € Bp(ho,A) C Bp(ho,4A), and the finite set Q@ = {{ho,h;} : i € {1,...,m}}
satisfies @ C {{f,9} € Bp(ho,4A) : P(x : f(x) # g(z)) > A}. In particular, since
P(X\ {z1,...,2}) = 0, and every i € {1,...,m} has Split(Q,z;) = 1 = L|Q|, we have
P (z : Split(Q, ) > L|Q[) = 0. Thus, for any p > 1, and any 7 > 0, Bp(ho,4A) is not
(p, A, 7)-splittable. Therefore, p(e) < lim;_,0 ppyp(e;7) < %, which implies 5(15) > m; since

m €N, it follows that { J > m.

O(e)

Next, we prove that LﬁJ <sA L J for any ¢ € (0,1]. Since, for every h € C, every
probability measure P over X, and every A > ¢, every finite @ C {{f,g9} C Bp(h,4A) :
P(z : f(z) # gx) > A} also has @ C {{f,g} C C: Pz : f(z) # g(x)) > e}, we have
p(e) < p(e). Thus, it suffices to show L%J <sA L]

That p(e) > ¢ was established by Dasgupta (2005, Lemma 1); we repeat the argument
here for completeness. Fix any probability measure P over X and any e¢,7 € (0, 1] with

7 < e. Fix any finite set Q C {{f, g} CC:P(x: f(z) # g(z)) > e}. If Q = 0, then trivially
P(z : Split(Q, ) > €|Q|) = 1 > 7. Otherwise, if Q # 0, letting X ~ P,

ElSplit(Q, X)] > E | Y 1f(2)#9(Z)]| = > Pla:flx)#g(@) > Q.
{f.9}e@ {f.9}e@Q
Furthermore, since Split(Q,z) < |Q],
[Split(Q X)]
E[1[Split(Q, X) > (¢ — 7)[Q]Split(Q, X)] + E [1[Split(Q, X) < (¢ — 7)|Q[]Split(Q, X)]
< P (z:Split(Q, x) = (¢ = 7)|Q]) |Q] + (e — 7).
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Together, these inequalities imply

Qle <P (x: Split(Q, ) > (¢ = 7)|Q]) [Q] + (¢ — 7)|Q-
Subtracting (¢ — 7)|Q| from both sides and dividing by |Q|, we have

T <P (z:Split(Q,x) > (¢ —1)|Q]) .
Since this holds for any such @, we have that C is ((¢ — 7), €, 7)-splittable under P, so that
pp(g;7) > e — 7. Since this holds for every choice of P, we have that

S2) — inf L ol ) > lim e — 7 —
p(e) iz Tlg%pp(sm)_Tlg%s T =¢,

e

from which it immediately follows that L%J < HJ

It remains only to show that L%J < s. In particular, since this trivially holds when
5 = 00, for the remainder of the proof we suppose s < co. As argued in Section 4, we
have d < s, so that this also implies d < oco. Thus, Lemma 43 implies that p(e) >
lim o infpem limr o pp((1—y)e; 7). Therefore, if we can establish that, for every e € (0, 1]
and P € II, lim,_,o pp(e;7) > 1/s, then we would have that for every ¢ € (0, 1],

1 1 1
757) < 70 < I e <
which would thereby complete the proof.

Toward this end, fix any ¢ € (0,1], and for each P € II, denote 7p = min{P({z}) :
x € X,P({z}) > 0}; in particular, note that (since P € II) 0 < 7p < 1, and therefore
also that, Ve € (0,1], lim; 0 pp(e;7) > pp(e;7p) (in fact, they are equal). Furthermore,
denoting supp(P) = {z € X : P({z}) > 0}, every = € supp(P) has P({z}) > 7p, while
P(X \ supp(P)) = 0. Thus, for any finite @ C {{f,g} CC: P(x: f(x) # g(x)) > €}, and
any p € [0,1], P(z : Split(Q, ) > p|Q|) > 7p if and only if max,cqppp) SPLL(Q, 2) > p|Q)].
Furthermore, since P(X \ supp(P)) = 0, for any ¢ € (0,1], every {f,g} C C with P(x :
f(z) # g(z)) > & must have DIS({f, g}) Nsupp(P) # 0. Thus, defining

PR {p € [0.1]:V finite Q € {{f,g} € C: DIS({/. g}) N supp(P) # 0},

max Split(Q,z) > p|@\}7
z€supp(P)

we have pp < pp(e;mp) for all € € (0,1] (in fact, they are equal for ¢ < 7p). Thus, it

suffices to show that infpe pp > 1/s. Now partition the set IT by the sizes of the supports,

defining, for each m € N, II,,, = {P € II : |[supp(P)| = m} (this is slightly different from the

definition used in the proof of Theorem 10). Note that, for any P € II, the value of pp is

entirely determined by supp(P). Thus, defining, ¥m € N with m < |X|,

Pm = Xmg§ﬁ£m|:msup {p € [0,1] : V finite Q C {{f,g} € C: DIS({f,g}) N X,,, # 0},

max Split(Q, z) > p!Q\},

TEAm
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we have infperr,, pp > P (in fact, they are equal). Thus, since II = | J,,cr I, we have
infpen pp = infyenum<) x| infpen,, pp > infenan<|x) Pm- Therefore, it suffices to show
that p,, > 1/s for all m € N with m < |X|.

We proceed by induction on m € N with m < |X|, combined with a nested inductive
argument on ). As base cases (for induction on m), consider any m < s. Fix any &,,, C X
with |X,| = m (noting that m < s implies m < |X|, since s < |X| immediately follows
from Definition 2). Also fix any finite set Q@ C {{f,¢9} € C : DIS({f,g}) N X, # 0}.
Since Y{f,g} € Q, Jx € X, such that f(x) # g(x), the pigeonhole principle implies
dr € X, with [{{f, g9} € Q : f(z) # g(x)}| > |Q|/|Xn| = |Q|/m. For this z, we have
Split(Q, ) > {{f. g} € Q: f(z) # g(x)}| > (1/m)|Q| > (1/5)|Q|. Since this holds for any
such choice of @ and A,,, we have that p,, > 1/s.

If |X| = s, this completes the proof. Otherwise, take as an inductive hypothesis that,
for some m € N with s < m < |X|, p—1 > 1/5. Fix any &, C X with |X,,| = m. We
now introduce a nested inductive argument on @ (based on the partial ordering induced by
the subset relation). As a base case, if @ = 0, then trivially max,ex,, Split(Q,z) = 0 =
(1/5)|Q|. Now take as a nested inductive hypothesis that, for some nonempty finite set @ C
{{f,g9} CC:DIS({f,g}) N Xy # 0}, for every strict subset R C @, max,cyx,, Split(R,x) >
(1/5)|R].

First, consider the case in which 3z € X, such that ¢ U, 1eo DIS({f, g}). In this
case, every {f,g} € Q has DIS({f,g}) N (X \ {z}) = DIS({f,g}) N X, # 0, so that Q C
{{f, g} CC:DIS({f,g})N(Xn\{x}) # 0}. Therefore, since |X,,\{z}| = m—1, by definition
of prm—1 we have maxgrey,, Split(Q, ') > maxy ey, \ () SPIit(Q, 2') > pm-1|Q|. Combined
with the inductive hypothesis (for m), this implies max,cy,, Split(Q,z’) > (1/s)|Q|.

Now consider the remaining case, in which Vo € X, 3{ fz, 9.} € Q with x € DIS({ fz, g2 })-
Since {fz, 9.} ¢ Q% for every y € Y and z € X,,, we have max,cy,, Split(Q,z) > 1. We
proceed by a kind of set-covering argument, as follows. For each x € A),, denote y, =
argmax,cy |Q%| (breaking ties arbitrarily), and denote S, = {a’ € X, : {fo, gc} ¢ Q' }.
Let 21 be any element of X;;,. Then, for integers ¢ > 2, inductively define z; as any element
of /’\,’m\UZ L 152, up until the smallest index i € N for which Xm\U;:1 S, = 0; denote by I

this smallest 7 with A}, \ U§:1 S,. = 0. Note that, since {f;, .} ¢ Q%" (and hence x € S,)
for each = € X,,, every z; is distinct, which further implies that I < m (and in particular,
that I exists). Furthermore, since any ¢ € {1,...,I} and = € X,,, with {fz,92} = {f+, 92}
have S, = S.,, and therefore € S,., #j > i with zj = x. Thus, we also have that
{f2i> 92} #2592 ) for every i,j € {1,..., I} with i # j.

Now let 41 = I, and for integers k > 2, inductively define

k—1
i =max{ie{l,... i1 —1}: SZZ\US% \UsS., #00,
Jj=1 Jj=1

up to the smallest index & € N with {z’e{l, coy i — 1} (SZZ\UZ L SZJ> \U?:1 Szz.j #@} =
(); denote by K this final value of k (which must exist, since ix1; € N is defined and

strictly smaller than 4; for any k& for which this set is nonempty; in particular, 1 < K <
I). Finally, let 1 = z;;, and for each k € {1,..., K}, let z; denote any element of

<SZ% \ U““ 's ) \ Uk ! S.,,, which is nonempty by definition of i.

3575



HANNEKE AND YANG

We first establish, by induction, that Uszl Szik = X,,. By construction, we have
UiI:1 Sz = Xp. Furthermore, for any i € {1,... I}, if U;<; 52 UUi<heriy>ivt Sz, =
X, then either i € {i1,...,ix}, in which case Uj<l- S, U UlSkSK:ikZi SZ% = Ujgi S,; U
Ui<k<rip>it1 Sz, = Xm, or else i ¢ {i1,... i}, which (by definition of the ij se-
quence) implies S, C UZ ! 152 Ul <k<icig>it1 Sz, » S0 that U;; Sz, UUlgkgK:ikzé Sz, =
Ug<7, Sz; U UlgkgK.zkzzH Szzk = Ujgi Sz; U UlgkgK:ikZz’—i-l Szz-k = &j,. By induction, we
have that Uszl Szik = Uj<1 S, U UlgkgK:ikzl Szz',c = X,,. In other words, Vx € X,
Jk(x) € {1,..., K} with {fzik(z)’gzik(z)} ¢ Qi

In particular, letting R = Q \ {{f,,9:,} : k € {1,..., K}}, we have that Vo € Ay,
[y 820} € (VR (QE \ R) while G \ R C Q\ R, so that [Q\ B — Q¥ \ Rl > L
Therefore, Vx € X,

Split(R, z) = [R| — maX\Ry\<|R| |Rz*| = [R| = |R N Qg

= (1QI = 1@\ R]) — (lQz"[ - [Q \ R]) = (IQ] - Q% ]) — (IQ\RI — @z \ R)
<1QI= 1@z =1 =1Qf — max|Qz] — 1 = Split(Q, z) — (61)

Since K > 1, we may note that R is a strict subset of (), so that the (nested) inductive
hypothesis implies that maxgex,, Split(R,x) > (1/s)|R|. Combined with (61), this implies

max Split(Q, x) > max Split(R,z) + 1 > (1/s)|R| + 1. (62)
TEX TEX

Next, we argue that K < s, by proving that {z1,...,xx} is a star set for C. By definition

of zl, we have zj € Xm\UI -1 S.; € Xn \Uszz Szz-k' Furthermore, z; € S,,, so that z; € S, \

o, Also, foreach k € {2,..., K},

by definition, @ € (8., \UJS'S., ) \ UM 8., C (SZ% VUi S, ) \UZES:, =
Sz \ Ui<jcicjzn S,,- Therefore, every k € {1 .., K} has z € S, \U1<J<Kﬁék Szl
In particular, for every k € {1,..., K}, since x}, € S, , we have {lek,gz%} ¢ Quk, so
that 3hy € {fs, .9z, } With hy(z) # s, Furthermore, for every j € {1,..., K} \ {k}
since z; ¢ S, , we have {f., ,g., } € Qg?j, so that f., (zj) = gz, (zj) = Ya,, and in
particular, hy(x;) = y»;. Also, since we have chosen z1 = 2;,, so that x1 € DIS({f>, , gz, })s
Jho € {fz,+9z,} With ho(z1) # hi(x1): that is, ho(z1) = yz,. Thus, since f;, (z;) =
9z, (75) = Yo, for every j € {2,..., K}, we have that ho(zx) = ya, for every k € {1,..., K}.
Altogether, we have that every k € {1,..., K} has hi(xg) # ho(xg), while every j €
{1,..., K} \ {k} has hy(z;) = ho(x;). In other words, Yk € {1,..., K}, DIS({ho, ht}) N
{z1,...,xx} = {xr}: thatis, {z1,...,zx} is a star set for C, witnessed by {ho, h1,...,hx}.
In particular, this implies K < s.

Therefore, since |Q \ R| = K (by distinctness of the pairs {f.., g, } argued above), (62)
implies

e Szik. Since z1 = z;, = 21, we have 71 € S, \UK: S.. .

max Split(Q, z) > (1/5)|R| + g = (1/s)(IR[ +|Q\ R[) = (1/5)[Q].

rEX

By the principle of induction (on @), we have max,cx,, Split(Q,z) > (1/5)|Q| for every
finite set @ C {{f,¢9} C C : DIS({f,g}) N &, # 0}. Since this holds for any choice of
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X with |X,,| = m, we have p,, > 1/s. By the principle of induction (on m), we have
established that p,, > 1/s for every m € N with m < |X/|, which completes the proof of the
theorem. m

C.3 The Teaching Dimension

Here we give the proofs of results from Section 7.3. We first prove that every minimal
specifying set is a star set (Lemma 14). In fact, we establish a slightly stronger claim here
(which also applies to local minima), stated formally as follows.

Lemma 44 Fix any h : X — Y, m € N, U € X™, and any specifying set S for h on U
with respect to ClU]. IfVz € S, S\ {z} is not a specifying set for h on U with respect to
C[U], then S is a star set for CU{h} centered at h.

Proof Fix an arbitrary sequence U = {z1,...,2;,} € A™ and any h : X — ). Let
t > TD(h,ClU],U), and let iy,...,5 € {1,...,m} be such that S = {zi,...,2;} is a
specifying set for h on U with respect to C[U{]. First note that, if 35 € {1,...,t} such
that every g € VS\{xij},h has g(x;;) = h(z;;) (which includes the case VS\{Iij}JL = (), then
VS\{xith = Vs, 80 that |VS\{a:ij},h NClU]| = |V57h N ClU]| < 1; thus, S\ {J/‘l]} is also a
specifying set for h on U with respect to C[U].

Therefore, if S is such that Vj < ¢, S\ {x;;} is not a specifying set for h on U with
respect to ClU], then Vj € {1,...,t}, 3h; € VS\{xith with hj(x;;) # h(zi;); noting that
“hj € VS\{xij},h” is equivalent to saying “h;(z;,) = h(x;,) for every k € {1,...,t} \ {j},”
this precisely matches the definition of a star set in Section 4: that is, we have proven that
{®i,,...,x; } is astar set for CU{h}, witnessed by {h, h1, ..., h}, and hence centered at 1. B

Proof of Lemma 14 Lemma 14 follows immediately from Lemma 44 by noting that,
for any minimal specifying set S for h on U with respect to ClUU], Vx € S, |S\ {z}]| <
TD(h,C[U],U), so that S\ {x} cannot possibly be a specifying set for h on U with respect
to C[U]. [ |

We are now ready for the proof of Theorem 13.

Proof of Theorem 13 Fix any m € N. First, note that for {z;};_, and {h;}{_, as in
Definition 2, letting U = {x1,..., Tminfs,m}}, for any positive integer i < min{s, m}, any
subsequence S C U with x; ¢ S has {ho,hi} C Vgp,. Thus, since z; € U, and ho(x;) #
hi(x;), we have |Vsp, N C[U]| > 2. Since this is true for every such ¢ < min{s, m}, every
S C U without {z1,. .., Zmin{s,m}} € S has [Vsp, NCIU]| > 2. Therefore, TD(ho, C[U],U) >
min{s, m}. Thus, by the definitions of XTD and TD, monotonicity of maximization in the
set maximized over, and monotonicity of ¢t — TD(C,t),'®> we have

XTD(C,m) > TD(C,m) > TD(C, min{s, m}) > TD(ho, C[UU],U) > min{s, m}.

15. ¥S € X' Vx € S, Vh, TD(h,C[S U {x}],S U {z}) = TD(h,C[S],S). Thus, TD(C,t + 1) =
maxpec Maxgext maxzex TD(h, C[S U {z}],SU{z}) > maxpec maxgeyt maxges TD(h,C[S U {z}],SU
{z}) = maxpec maxgeyt TD(h,C[S],S) = TD(C,t).
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Furthermore, it follows immediately from the definition that XTD(C,m) < m. Note that
this completes the proof in the case that s > m. To address the remaining case, for the
remainder of the proof, we suppose s < m, and focus on establishing XTD(C,m) < s.

For this, we proceed by induction on m, taking as a base case the fact that XTD(C,s) <
s, which trivially follows from the definition of XTD. Now take as an inductive hypothesis
that for some m > s, we have XTD(C,m — 1) < s. Fix any sequence U, = {1,...,Zm} €
X™ and h: X — Y, and denote Up,—1 = {x1,...,Tm-1}. Let t e NU{0} and S € U}, _;
be such that S is a minimal specifying set for h on U,,—1 with respect to Cllhy,—1]. If
|S| > TD(h, Cltnm),Un), then since S is a minimal specifying set for h on Uy,—1 with respect
to C[lm—1], we have |S| = TD(h, Cllp—1],Um—1) < XTD(C,m — 1) < s by the inductive
hypothesis; thus, in this case we have TD(h, C[ly,],Un) < |S| < s. On the other hand,
suppose |S| < TD(h, C[U],Uy,). In this case, since S is a specifying set for h on U,,—1 with
respect to C{ly,—1], we have DIS(Vs p) Ny, € (DIS(Vs p) NUpm—1)U{xm} = {xm}. But since
|S| < TD(h, Cltn|,Un), S cannot be a specifying set for h on U, with respect to C[Uy,],
so that DIS(Vs ) N Uy, # (0. Therefore, DIS(Vs ) NUp, = {zy}. In particular, this implies
that SU{x,,} is a specifying set for h on U,, with respect to C[i,], and in particular, must
be a minimal such specifying set, since [SU{x,, }| = |S|+1 < TD(h, C[Uy,],Up,). Therefore,
Lemma 14 implies that SU{z,,} is a star set for CU{h} centered at h. If h € C, this already
implies that |S U {x,,}| < s; furthermore, we can argue that this remains the case even if
h ¢ C, as follows. Since x,,, € DIS(Vs ), we have Vsi(a,.1.n 7 0, so that Jgo € C such that
Ve € SU{xm}, go(x) = h(x). Therefore, SU{z,,} is also a star set for C centered at go, so
that |SU{xy, }| < s. In particular, since SU{x,,} is a minimal specifying set for h on U,,, with
respect to C[Uy,], we have |S U {zy}| = TD(h, ClUp],Up,), so that TD(h, ClUp,], Up,) < s
in this case as well. Thus, in either case, we have TD(h, C[Uy,],Un,) < s. Maximizing over
the choice of h and {x1,...,zn}, we have XTD(C,m) < s, which completes the inductive
step. The result now follows by the principle of induction. |

Next, we prove Theorem 15.

Proof of Theorem 15 Fix any m € N and § € [0,1]. Let {z;};_, and {h;}]_, be as
in Definition 2, and let U = {z1,...,Tyinfs;m)} and G = {h; : i € {0,...,min{s, m}}.
As in the proof of Theorem 13, for any positive integer ¢ < min{s, m}, any subsequence
S C U with z; ¢ S has {ho,h;} € Vgp,. Thus, since z; € U for every i < min{s,m}, and
every h; realizes a distinct classification of U (i < min{s, m}), we have |Vgp, N GU]| >
{i € {1,...,min{s,m}} : x; ¢ S} + 1 > min{s,m} — |S| + 1. In particular, to have
Vs o NGIU]| < 8IGIU]|+1 = 6(min{s, m} +1)+1, we must have |S| > (1—7) min{s, m} —4.
Therefore, XPTD(ho, GIU],U,5) > (1 — ) min{s, m} — 6. By definition of XPTD(#H,m, )
and the fact that G C C, and since ¢t — XPTD(#,t,d) is nondecreasing (since VS € X*,
Ve € S, Vh, XPTD(h,H[S U{z}],SU{x},d) = XPTD(h, H[S],S,d)), this further implies

rﬁlg(}C(XPTD(H,m,(S) > XPTD(G, m,d) > XPTD(G, min{s, m}, )
> XPTD(ho,GlU],U,0) > (1 —0) min{s,m} — ¢ > (1—20) min{s, m},

where this last inequality is due to the assumption that |[C| > 3 (Section 2), which implies
s > 1. Since XPTD(-,m,d) € N U {0}, this further implies maxycc XPTD(H,m,d) >
[(1 —2)min{s,m}| when § < 1/2.
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To establish the right inequality, fix any H C C, let Y/ € X™ and h : X — Y be such
that XPTD(h, H[U],U,6) = XPTD(H,m, ), and let S C U be a minimal specifying set for

h on U with respect to H[U]. If § = 0 or |S| < L%, then [S| — 1 < (1 - m) S| < |S],
so that XPTD(h, H[U],U,d) < |S| = K _IT—J) ]S|-‘ Otherwise, suppose § > 0 and
|S| > 1%{5, and let k = US\/ {%\S\H, and note that k¥ > 1. Let Ry,..., Ry denote

disjoint subsequences of S with each |R;| = [1%\5’ | |, which must exist since minimality of S
guarantees that its elements are distinct. Note that, for each i € {1,...,k}, (Vs\r, 1 \Vsn)N
H[U] is the set of classifiers g in H[U] with DIS({g, h})N(S\R;) = 0 but DIS({g, h})NR; # 0;
in particular, for any 4,5 € {1,...,k} with i # j, since R; C S\ R; and R; C S\ R;,
(Varrin \ Vsp) NH[U] and (Va\gr; 1 \ Vs,n) N HIU] are disjoint. Thus, since H[U] 2 (Vs N
HU) VUL (Vovgn \ Vsn) N H[U], we have

(HU| > |(Vern "HIUD U (Vsrri,n \ Vsn) NH[U]

k
|(Vovron \ Vo) N HIUY =D | (Vavrin \ V) NH[UI|
i=1
>k i Vavr.n \ Varn) NH|U]|.
>k _min [(Vagon \ Van) VHIU
Thus, letting i* = argmin;cgy | py ‘(VS\th\VS’h) N H[UH, we have |(Va\g,. 5 \Vs,n) N H[Z/IH
< #|H[U]|. Furthermore, since S is a specifying set for h on U with respect to H[U],
[Vs,n NHIU]| < 1, so that (since Vs C Va\g,. n)

Vs\rpe s VHIUY| = |(Vs\g,e.n \ Vau) N HU]) U (Vs NHIUY)|
= [ (Ve e\ V) I + [V ORI < L [HRA) 41

'M* ‘:"C?r

@
I
—

= [Vsn N HU]| +

Also, since

—_

1 1 < 1
P

this implies |V s, N HU)| < SHU]| + 1, so that XPTD(h, HU|,U,5) < |S\ Ri].
Furthermore, since Ry C S, |S\ Ry| = |S] — |Ri+| = |S] — L%AS\J - [(1 1+5) ysﬂ
Thus, for any ¢ € [0, 1] and regardless of the size of |S|, we have XPTD(h, H[U]|,U, ) <
Kl — % |S \-| Furthermore, since S is a minimal specifying set for A on & with respect
to H[U], we have |S| < XTD(H,m) < XTD(C,m), and Theorem 13 implies XTD(C, m) =
min{s, m}. Therefore, XPTD(h, H[U], U, ) < Kl — 1%) min{s,m}-‘. Maximizing the left
hand side over the choice of h, H, and U completes the proof. |

=,

C.4 The Doubling Dimension
We now present the proof of Theorem 17
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Proof of Theorem 17 For the lower bound, fix any € € (0, 1], and take {x;}{_; and {h;};_,
as in Definition 2, and let m = sA | 1]. Let P be a probability measure on X with P({z;}) =
1/m for each i € {1,...,m}. Thus, {ho,h1,...,hn} C Bp(ho,1/m). Furthermore, for any
i € {0,...,m} and any classifier g with P(:U : g(x) # hi(x)) < 1/(2m), we must have
g(z;) = hi(x;) for every j € {1,...,m}. Therefore, any 5-—-cover of Bp(hg,1/m) must
contain classifiers go, ..., gm with Vi € {0,...,m}, Vj € {1,...,m}, gi(z;) = hi(z;). Thus,
since each h; (with i < m) realizes a distinct classification of {z1,...,zy}, it follows that
N(1/(2m),Bp(ho,1/m),P) > m + 1. Noting that 1/m > ¢, we have that

1 1 1
supsup Dy, p(e) > Dy, p(€) >1og, <N<2m’ Bp <h0, m> , 73>) >logy(m + 1) >log, (5 A €>.

P heC

For the remaining term in the lower bound (i.e., d), we modify an argument of Kulkarni
(1989, Proposition 3). If d < 5, then d < Log (5 A %), so that the lower bound follows
from the above. Otherwise, suppose d > 5. We first let {z},...,2}} denote a set of d
points in X shattered by C, and we let G' denote the set of classifiers g € C[{z],...,2}}]
with g(z;) = —1 and Zd Fg(x) = +1] = |4L]. For any g € G, note that, if H is a
classifier sampled unlformly at random from G, a Chernoff bound (for sampling without
replacement) implies

d—1
e ]
=1

Thus, there are at most |G| eXp{ elements h € G with Zd L 1[h(x)) = g(a))] > %.
Now take Hy = {} and take as an inductive hypothesis that, for some positive integer
k< 1+exp{ = } there is a set Hip_1 C G with |Hi_1| =k —1 suchthat Vh,g € Hir_1
with h # g, Zd L1[h(zh) = g(a))] < 421 Since [Hy_1| - |Glexp {42} < |G|, 3gx € G
such that Vh € Hy_1, 2?211 1[h(z}) = gk( ] < 4L Thus, deﬁmng Hk = Hp_1 U {gr}
extends the inductive hypothesis. By induction, this establishes the existence of aset H C G
with |H| > exp {%=L} such that Vh,g € H with h # g, Zd Lh(z) = g(a))] < L Fix
any ¢ € (0,1 /4] and let P denote a probability measure over X with P({z}}) = 5 for

each i € {1,...,d—1}, and P({z/;}) = 1 —4e. Note that any h,g € G with Zd L1[n ( 1) =
g(zh)] < % have Pz : h(z) # g(x)) > P11 = e Thus, H is an s-packmg under
the Lq(P) pseudometric. Recall that this implies |[H| < N(¢/2,G,P) (Kolmogorov and
Tikhomirov, 1959, 1961). Furthermore, note that any ¢ € G has P(x : g(z) = +1) =
|91 | £5 < e. Thus, letting h— € C be such that Vi € {1,...,d}, h_(z}) = —1 (which
exists, by shatterability of z,...,2/,), we have G C Bp(h_,¢). Therefore, N'(¢/2,G,P) <
N(e/2,Bp(h_,e),P). Altogether, we have that

d—1
15 g oga(e) < logy (M) < logy (N(e/2 Bp(h-.2). P)) < Di_p(e) < supsup Dy, (o)
S

For the upper bound, fix any h € C, any probability measure P over X, and any

€ (0,1], and fix any value r € [¢,1]. Recall that any maximal subset G, C Bp(h,r) of
classifiers in Bp(h,r) with ming e, 29 P(x : f(x) # g(x)) > r/2 (called a maximal (r/2)-
packing of Bp(h, 7)) is also an (r/2)-cover of Bp(h, 1) (see e.g., Kolmogorov and Tikhomirov,
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1959, 1961). Thus, we have that N(%,Bp(h,?“),?) < |G,|, for any such set G,. Let
m = [21In(|G,|)], and let X1, X2, ..., Xy, be independent P-distributed random variables.
Let E; denote the event that Vf,g € G, with f # g, 3i € {1,...,m} with f(X;) # g(X;).
For any f,g € G, with f # g, P(Fi € {1,...,m} : f(Xi) #9(X;)) =1— (1 —=P(z: f(z) #
g@))™ >1—(1—7r/2)" >1—e™/2 >1—1/|G,|[%2. Therefore, by a union bound,
P(Ey) > 1— (|G2’"|)|G%|2 > % In particular, note that on the event Fy, the elements of G,
realize distinct classifications of the sequence (X1, ..., Xy,), so that (since G, C Bp(h,r))
|G| is upper bounded by the number of distinct classifications of (X1,..., X,,) realized by
classifiers in Bp(h, 7). Furthermore, since all classifiers in Bp(h, r) agree on the classification
of any points X; ¢ DIS(Bp(h,r)), and Bp(h,r) C C, we have that |G,| is upper bounded by
the number of distinct classifications of {X1,..., X} NDIS(Bp(h,r)) realized by classifiers
in C.
By a Chernoff bound, on an event Es of probability at least 1/2,

H{X1,...,Xm} NDIS(Bp(h,r))| <14 2¢P(DIS(Bp(h,r)))m.

By the definition of the disagreement coefficient, this is at most 1 4 2ef, p(r)rm < 1 +
2e + 8eby p(r)In(|G,|), which, if |G,| > 3, is at most 11ef, p(r)In(|G,|). By a union
bound, the event E; N Ey has probability strictly greater than 0. Thus, letting m' =
[11efp, p(r) In(|Gr|)], there exists a sequence 1, ...,Z, € X such that |G,| is at most the
max of 2 and the number of distinct classifications of {x1, ..., x,,} realized by classifiers in

N4 2 d
C. In the case |G| > 3, this latter value is at most (%) < <22€ 9}1,7?((71") ln(lGrl)) by the

VC-Sauer lemma (Vapnik and Chervonenkis, 1971; Sauer, 1972).
Taking the logarithm, we have that

In(|G,|) < max {m(z), dln (22¢*0, p(r)) + dln <ln(|5|)> } ,

which implies (see e.g., Vidyasagar, 2003, Corollary 4.1)
In(|G,|) < max {1,2d1n (22¢*0, p(r)) } = 2d1n (22620, p(r)) .

Dividing both sides by In(2), altogether we have that

r
Dy, p(e) = sup log (N <§,Bp(h,r),77>> < sup log, (|G])
rele,1] rele,1]

< sup 2dlog, (22¢%0), p(r)) = 2dlog, (22e*0), p(¢)) .
refe,1]

In particular, by Theorem 10, this is at most 2dlog, (2262 (5 A %)), so that maximizing the
left hand side over the choice of h € C and P completes the proof. |

Appendix D. Examples Spanning the Gaps

In this section, taking d and s as fixed values in N (with d > 3 and s > 4d), and taking
X = N, we establish that the upper bounds in Theorems 3, 4, 5, and 7 are all tight
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(up to universal constant and logarithmic factors) when we take C = {z — 21g(z) — 1 :
S C{1,...,s},|S| < d}, and that the lower bounds in these theorems are all tight (up to
logarithmic factors) when we take C = {z — 215(z)—1: S € 2B U{{i} : d+1 < i < s}}.
One can easily verify that, in both cases, the VC dimension is indeed d, and the star number
is indeed s.

D.1 The Upper Bounds are Sometimes Tight
We begin with the upper bounds. In this case, take

C={z—2ls(x)—1:SC{l,...,s},|8| < d}. (63)

For this hypothesis class, we argue that the lower bounds can be increased to match the
upper bounds (up to logarithmic factors). We begin with a general lemma.

Foreachi € {1,...,d}, let X; = {[s/d](i — 1)+ 1,...,|s/d]i}, C; = {x = 21 (z)—1:
t € X} U{x — —1}, and let D; be a finite nonempty set of probability measures P,
on X x Y such that P;(X; x ) = 1 (i.e., with marginal over X supported only on X;).

Let D = {éZ?ZlPi :Vie{l,...,d}, P € Di}. Note that for any choices of P; € D; for

each i € {1,...,d}, letting P = éZlePi, we have that Vi € {1,...,d}, Vo € &; with
Pi({x} xY) >0,

_ P({(x, 1)) _ 425 Bi{(@ +1)})

P({z} xY) ~ I3, Bi({a} x V)

R A

so that the conditional distribution of Y given X = x (for (X,Y) ~ P) is specified by the
conditional of Y’ given X' = x for (X', Y") ~ P, for the value i with « € A}. Furthermore,
since any = € &; has P({z} x V) = 0 if and only if P;({z} x )) = 0, without loss we may
define P({(x,+1)}[{z} xY) = P,({(z,+1)}|{z} x Y) for any such z. For eachi € {1,...,d}
and €,0 € (0,1), let A;(g,0) denote the minimax label complexity under D; with respect to
C; (i.e., the value of Ap,(e,d) when C = C;). The value Ap(e, d) remains defined as usual
(i.e., with respect to the set C specified in (63)).

P({(z, +)}{z} x )

Lemma 45 Fiz any y€(2/d,1), e€(0,7/4), and § € (O, ﬁ) If {r{lind}Ai((él/’y)e,'y) >2,
1e1,...,

then
Ap(e, d) > (7/4)dieglind} Ai((4/7)g,7)-

-----

Proof Fixanyn € Nwithn < (y/4)dmincg . g Ai((4/7)e,7). Denote n’ = [(ﬂ//"T)d-‘, and
note that n' < n and n' < min;e(y . gy Ai((4/7)e,7). For each i € {1,...,d}, let P; € Iy,
and denote g; = argmin ¢, erp,(g) (breaking ties arbitrarily). We will later optimize over
the choice of these P;. Also let g* = Ele g7 1x,, the classifier that predicts with g on

each respective X; set; note that, since each g classifies at most one point as +1, we have
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g* € C. Denote P = éZle P;. Let hp denote the (random) classifier produced by A(n)
when Pxy = P. Note that if 3% | 1 [erpl. (ﬁp) —erp, (gf) > (4/7)5} > (y/4)d, then

erp <ﬁp) — l},relf erp(h) = cligerpi (ﬁp) — érel(fcillzj;erpl(h)
> Cllierpi <ﬂp) - Cllierpi (%) = ;i (erpz. (ibp) —erp, (g:‘))

Therefore,

P <erp (ﬁp) — inf erp(h) > g> >P (Z 1 [erpi (hp) —erp, (g7) > (4/7)5} > (7/4)d>

—1-P (iﬂ[erp( P) = erp, (g) > (4/7)e] S('Y/4>d>
~ 1 (3 (1 o () - eon 01> 410 ) = 0 /)
Zl—mlii;(l—]?(era(ﬁp)—e@( ) > (4/7)))

— —% + = MZIP’ <erp (hp> —erp, () > (4/V)5) : (64)

where the second inequality is due to Markov’s inequality and linearity of expectations.
Now we note that there is a simple reduction from the problem of learning with C; under
P; to the problem of learning with C under P. Specifically, for a given i.i.d. P;-distributed
sequence (X1, Y1), (X2, Yi2), ..., we can construct ii.d. P-distributed random variables
(X1,Y]), (X5,Y5),..., as follows. For each j € {1,...,d}\ {i}, let (X;1,Y)1), (Xj2,Yj2), ...
be independent and Pj-distributed, and independent over j, and all independent from the
(Xit,Yi) sequence. Let ji,jo2,... be independent Uniform({1,...,d}) random variables
(also independent from the above sequences). Then for each t € N, let 7, = >.\_; 1[js = Ji],
and define (X7,Y/) = (Xjur., Yjr,). One can easily verify that this these (X7,Y}) are
independent and P-distributed. Now we can construct an active learning algorithm for the
problem of learning with C; under P;, given the budget n’ < n, as follows. We execute
the algorithm A(n). If at any time it requests the label Y/ of some X/ in the sequence
such that j; # ¢, then we simply use the value Y/ = Yj,,, (which, for the purpose of this
reduction, is considered an accessible quantity). Otherwise, if A(n) requests the label Y} of
some X/ in the sequence such that j; = 4, then our algorithm will request the label Y;,, and
provide that as the value of Y/ to be used in the execution of A(n). If at any time A(n)
has already requested n’ labels Y/ such that j; = ¢, and attempts to request another label
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Y/ with j; = i, our algorithm simply returns an arbitrary classifier, and this is considered a
“failure” event. Otherwise, upon termination of A(n), our algorithm halts and returns the
classifier A(n) produces. Note that this is a valid active learning algorithm for the problem
of learning C; under P; with budget n’, since the algorithm requests at most n’ labels from
the P;-distributed sequence. In particular, in this reduction, we are thinking of the samples
(X[,Y/) with j; # i as simply part of the internal randomness of the learning algorithm.
Let ﬁ’Pl denote the classifier returned by the algorithm constructed via this reduction.

Furthermore, if we consider also the classifier i p,i returned by A(n) when run (unmodified)
on the P-distributed sequence (X7{,Y7),(X3,Y3),..., and denote by n’p, the number of
labels Y/ with j; = ¢ that this unmodified A(n) requests, then on the event that np; <n';
we have iLIP ;= ﬁp’i. Additionally, let np; denote the number of labels Y; requested by
A(n) with X, € X (when A(n) is run with the sequence {(X,Y;)}22,), and note that the
sequences {(X7,Y/)}22, and {(Xy, ¥;)}$2, are distributionally equivalent, so that (hp;, np,;)

and (ﬂp,np,i) are distributionally equivalent as well. Therefore,

(
- (erpl (hp,z) —erp,(g}) > (4/7) and 1y, < n)
—P (erpi (ﬁ’m) —erp.(g) > (4/7)z and nlp; < n')
=P (erp, () = erng}) > (4/7)e) = P (exp, (Bp;) = expi(g7) > (4/7)= and nlp, > n)
> P (erp, (Wlp, ) — erp(g7) > (4/7)2) = P (nip; > )
—P (erpi (iup’i) —erp(g]) > (4/7)5) — P (np; > n')
> P (erp (Rlp;) —ern(ai) > (4/)e) — 0]

where this last inequality is due to Markov’s inequality.
Applying this to every i € {1,...,d}, this implies

1 & 1< )
> o> Elng) gz (err, (i) = err, (97) > (4/7)e)

By linearity of the expectation, - 2?21 Elnp,) = E [ZZ 1 np,] < 75 < 3, so that the

above is at least J
y 1 2 *
= + - E_l P (erpi (hP,i) —erp, (g;) > (4/7)5> :

Plugging this into (64), we have that

IP’(erp (ﬁp) - flzrel<fc erp(h) > E) > = 4377 + ziycll ZP(GYP,- (]A“LIPJ —erp(g;) > (4/7)5>-
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The above strategy, producing iLlpﬂ-, is a valid active learning algorithm (with budget n’)
for any choices of the probability measures Pj, j € {1,...,d} \ {i}. We may therefore con-
sider its behavior if we choose these at random. Specifically, for any probability measure I\
over X Dj, let {P; itz ~ I\, and for any P; € D;, let P P = =1P+3 ZH&Z (RIE
Then h’]5 T the output of a valid active learning algorithm (with budget n’); in par-

H\i P; 52
ticular, here we are considering the P H\z as internal random variables to the algorithm
(along with their corresponding (Xjq, Y]t) samples used in the algorithm, which are now
considered conditionally independent given {P; i}jz;, where each (Xj¢,Yj:) has condi-

tional distribution Pj’H\,‘): that is, random Varlables that are independent from the data
sequence (X;1,Y;1), (X2, Yi2),.... Now note that, since n’ < A;((4/7)e,7),

max P <eI'Pi <h P, ) — inf erp,(g) > (4/7)5) > 7. (65)

P;eD; g€eC;
For any given sequence Pi,...,P;, with P; € D; for each j € {1,...,d}, for every
i € {1,...,d}, denote ;(P;, {Pj}xi) = P (erpi <illpl) —infyec, erp,(g) > (4/7)5), where
P= 525:1 P; as above. Then, by the law of total probability, (65) may be restated as

E {P & .
P.eD, [%( o j;ﬁi>:| >

Since this holds for every choice of II\, we have that

f E ,{P % > .
hn\ Feb, [w’ < ERGFE j;éi)] =7
Since each D; is finite, by the minimax theorem (von Neumann, 1928; von Neumann and

Morgenstern,~1944), for each i € {1,...,d}, there exists a probability measure II; over D;
such that, if P; ~ II; (independent from every {P; i }ji), then

oo )] -t ), )

In particular, taking these {Pi}‘ii:l to be independent, we have that Vi € {1,...,d},

o I | R Ly o | e e G R

Thus,
~ d ~ ~
Sup sz Pu{P }]#z > E [Z¢z< i { } )] :ZE[d}z(P@,{P} >:| > vd.
P;eD;: i—1 J#i =1 j#i
i€{1,...,d}
Altogether, we have that
» . 3y 4 1
P (h)— ferp(h)>e)>——1 4~ — i (P Py} i
Sup (erp P érelcerp( ) 6) Z =T + i—vd 2% Zw i» {Pj Y1)
ie{l,...,d} ZG{L 7d}
> — il + it =T =5
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Since this holds for any active learning algorithm A and n < (v/4)d minjcgy . gy Ai((4/7)e,7),
the lemma follows. |

With this lemma in hand, we can now plug in various sets ID; to obtain lower bounds
for learning with this set C under various noise models. In particular, we can make use
of the constructions of lower bounds on A;(e,d) given in the proofs of the theorems in
Section 5, noting that the VC dimension of C; is 1, and the star number of C; is [s/d].
Note that, in the case d < 1, the lower bounds in each of these theorems already match
their respective upper bounds up to constant and logarithmic factors (using the lower bound
from Theorem 3 as a lower bound on Apyg)(€,0) for 3 near 0). We may therefore suppose
d > 32 for the remainder of this subsection.

D.1.1 THE REALIZABLE CASE

For the realizable case, for each i € {1,...,d} and t€ {1,...,|s/d]}, let Py be a uniform
distribution on {|s/d|(i — 1)+ 1,...,|s/d](i — 1) +t} C A}, and let D; denote the set of
probability measures P; in RE having marginal over X among {P; : 1 <t < |s/d]|} and
having f7, € C;. Noting that the star number of C; is [s/d| and that &; is a (maximal) star
set for C;, and recalling that the first term in the “max” in the lower bound of Theorem 3
was proven in Appendix B.1 under the uniform marginal distribution on the first ¢ elements
of a maximal star set (for an appropriate value of ¢, of size at least 1 and at most the star
number), we have that for € € (0, 9.—116),

s 1
Ai(16¢,1/4) > mind =, =\
(16e /)Nmm{d 8}

Therefore, Lemma 45 (with y=1/4) implies that for D:{é Z?ZlPi Vied{l,...,d}, Pe }D)Z-},
vé e (0,15),

Ap(g,0) 2 min {5, f} .

Furthermore, for each choice of P, ..., P; (with each P; € D;), by construction, every i €
{1,...,d} has at most one z € &; with P;({(z,+1)}/{z} x V) = 1, and every other 2’ in &;
has P;({(«/,+1)}|{z'} X)) = 0. Therefore, since P({(z,4+1)}{z}xY) = Pi({(z,+1)}{z} x
Y) for every x € X, for P = é Z;lzl P;j, we have that there are at most d points z in Ule X;
with P({(xz,+1)}|{z} x V) = 1, and all other points x in ngl X have P({(x,+1)}{z} x
V) = 0. In particular, this implies that for (X,Y) ~ P, P(f5(X) # Y|X € UL, &) = 0.
Since we also have that Vt € N\ U?:l X, P({t} x V) = 0, we can take f5(x) = —1 for
every z € X\ Ufil X; while guaranteeing erp(f5) = 0. Since U?:l X; C{1,...,s}, we also
have that f5 € C. Together, these facts imply P € RE. Thus, D C RE, which implies
Arg(e,d) > Ap(e, d), so that

3

Arg(€,6) 2 min {5, d}
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as well. Since the upper bound in Theorem 3 is within a factor proportional to Log(1/¢) of
this,'® this establishes that the upper bound is sometimes tight to within a factor propor-
tional to Log(1/e).

D.1.2 BoOuNDED NOISE

In the case of bounded noise, fix any 8 € (0,1/2) and any € € (0, (1 —28)/(256¢)). Take
¢= 326‘2 and £ = min{|s/d] — 1, [1/¢|}, and for each ¢ € {1,...,d}, let D; be defined as
the set RR(k, ¢, 8) in Lemma 26, as applied to the hypothesis class C; with {z1,..., 2511} =
{{5/6” (Z — 1) + 1, ey LS/dJ (Z — 1) +k+ 1}, h() = —1, and hj = 2]1{|_5/dj(i71)+j} — 1 for each
je{l,...,k}. Then Lemma 26 implies

Bk —1) B (s 1-28
A;(16es,1/(4e)) > 30— 252 2 1= 25)2 min {d’ z—:} .
Furthermore, recall from the definition of RR(k,(, ) in Section A.2 that D; is a finite
set of probability measures, and every P; € D; has P;((X \ {z1,...,2k41}) X V) = 0. In
particular, note that {x1,...,2x11} C X; in this case. Furthermore, every P; € D; has
Vo € {z1,...,z1}, Pi({(z,+1)}|{z} x V) € {B,1 — B}, and at most one = € {x1,..., 2}
has P;({(xz,+1)}{z} x Y) =1 — 3, while P;({(xg+1,+1)}|{zk+1} x V) = 0. Thus, for any
choices of P; € D; for each i € {1,...,d}, the probability measure P = 525:1 P; satisfies
the property that, Vo € X with P({z} xY) >0, P({(z,+1)}{z} x V) € {0,5,1 — 5}, and
there are at most d values z € X with P({z} x ) > 0 and P({(z,+1)}{z} x V) =1- 6.
In particular, this implies that without loss, we can take f5 € C, and furthermore that P &

BN(f). Thus, for the set D = {l S P vVie{l,...,d}, P e Di}, we have D C BN(3).
Lemma 45 (with v = 1/(4e)) then implies that V§ € (0

’166 1)

Apn(s)(€,0) > Ap(e,0) 2 dleglr{ }A i(16ee,1/(4e)) 2 i _62@2 min {5, ujmd} .
For 8 bounded away from 0, the upper bound in Theorem 4 is within a polylog ( ) factor of
this, so that this establishes that the upper bound is sometimes tight to within logarithmic
factors when 3 is bounded away from 0. Furthermore, since RE C BN(), the above result
for sometimes-tightness of the upper bound in the realizable case implies that the upper
bound in Theorem 4 is also sometimes tight to within logarithmic factors for any 5 near 0.

D.1.3 TsYBAKOV NOISE

For the case of Tsybakov noise, the tightness (up to logarithmic factors) of the upper bound
for o < 1/2 is already established by the lower bound for that case in Theorem 5. Thus,
it remains only to consider a € (1/2,1). Fix any values a € [4,00), a € (1/2,1), and
e € (0,1/(2a%/®)), let @’ be as in the definition of TN(a, «), and let

k = min { EJ -1, {(QQLL?J ME“_IJ } 7

16. Note that, although 2 ( & can sometimes be much smaller than s A g, we always have s A g <

Log ( ) so that this s A g lower bound does not contradict the ﬁd@Log (é) upper bound.

Log( )
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B = %— (kff‘f)l_a, and ( = 1132%. Note that ¢ € (0,1), 5 € [1/4,1/2), and 2 < k <
min {[s/d| —1,[1/(]} (following the arguments from the proof of Theorem 5, with ¢ re-
placed by 64¢). Furthermore, Vi € {1,...,d}, let D; be the set RR(k, ¢, 5) in Lemma 26, as
applied to the class C;, with {z1,...,xp41} = {|s/d|G—1)+1,...,[s/d](i — 1)+ k + 1},
ho = —1, and hj = 21{|5/aj(i—1)4;} — | for each j € {1,...,k}. Thus, by Lemma 26,
B(k—1)In(4) €122 901
Kif6de,1/16) 2 5 a2 (9) k

2-2a ne=l 2a-1 2-2a 201
> a? 1 min E, (@) ,a—él_ﬁ > a? 1 min E,L ,
€ d € € € d’ allee

where this last inequality relies on the fact (established in the proof of Theorem 5) that
(@)% < /4" T

We note that any P; € D; has P;((X'\{[s/d](i—1)+1,...,|s/d](i—1)+k+1})x)) =0.
Without loss of generality, suppose each P; € D; has n(x; P;) = 0 for every z € X\
{ls/d|(i—1)+1,...,|s/d|(i—1)+ k+1}. As in the proof of the lower bound in Theo-
rem 5, we note that any P; € I; has P;((x,y) : |n(x; P;)—1/2| < t) < a/t*/(1=%) for every t >
0, and furthermore that fp (-) = sign(2n(+; P;) — 1), which has at most one = with f3 (z;) =
+1 (by definition of RR(k, (, 8) in Section A.2). This further implies that, for any choices
of P; € D; for each i € {1,...,d}, the probability measure P = éZle P; has support for
its marginal over X only in UL, {[s/d](i —1)+1,...,|s/d](i — 1) + k + 1}, and for each
ie{l,....d}, Ve e {|s/d](i—1)+1,...,[s/d|(: — 1) + k+ 1}, n(x; P) = n(x; P;), while
we may take n(z; P) = 0 for every = ¢ Ule {ls/d](t —=1)+1,...,|s/d|(i—1)+k+ 1}.
Therefore, f; has at most d points = € Ule X; with f5(x) = +1, and fp(z) = —1 for all
other x € A’: that is, fp € C. Additionally, since the supports of the marginals of the F;
distributions over X are disjoint, we have that V¢ > 0,

d
P((z,y) : In(z; P) —1/2] <) = gz 0 P)—1/2] < 1)
1 d - 1 d
= 2L A i B) /2] <) < g DL dee/ o) < a0

Thus, the set D = {% 2?21 P :Vie{l,...,d},P, € ]D)Z} satisfies D C TN(a, ). Combined
with the fact that each set D; is finite (by the definition of RR(k,(, ) in Section A.2),

Lemma 45 (with v = 1/16) implies that V§ € (0, z5),

1 2—2a 5 1 2a—1
ArN(ae)(£,0) 2 Ap(e,0) 2 d_min | Ai(64e,1/16) 2 <s> mm{d al/aa} -

Since this is within logarithmic factors of the upper bound of Theorem 5, this establishes

that the upper bound is sometimes tight to within logarithmic factors (for sufficiently small
values of €).
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D.1.4 BENIGN NOISE

We can establish that the upper bound in Theorem 7 is sometimes tight by reduction from
the above problems. Specifically, since RE C BE(v) for every v € [0,1/2), for the above

choice of C we have that Vv € [0,1/2], Ve € (0, 9.—116), Vo € (0, %),

ABE(V)(€, 5) > ARE(E, 5) Z min {5, j} .

Furthermore, the lower bound in Theorem 7 already implies that Ve € (O, 1_2”), Vo €

1 24
(0, 51

V2

ABE(V) (6,0) 2 gd-

Together, we have that Vv € [0,1/2), Ve € (0, %), Vo € (0, i],

2 d 2 d
Apg() (e, 6) 2 max {VQd, min {5, }} > V—2d + min {5, } .
€ € € €
Thus, the upper bound in Theorem 7 is sometimes tight to within logarithmic factors.

D.2 The Lower Bounds are Sometimes Tight

We now argue that the lower bounds in Theorems 3, 4, 5, and 7 are sometimes tight (up
to logarithmic factors). First we have a general lemma. Let X} C X and X = X'\ A}, and
let Cq,Cq be hypothesis classes such that Vi € {1,2}, Vh € C;, Vo € X \ &}, h(z) = —1.
Further suppose that Vi € {1,2}, the all-negative classifier x +— h_(xz) = —1 is in C;. For
each i € {1,2} and v € [0,1], let D;(y) be a nonempty set of probability measures on
X x Y such that VP; € D;(v), P;(X; x V) = 1; further suppose Vv, € [0, 1] with v < +/,
D;(y) 2 D;(v'). Also, for each i € {1,2}, 7,0 € [0,1], and € > 0, let A;(g,d) denote the
minimax label complexity under D;(7y) with respect to C; (i.e., the value of Ap, (e, ) when
C=Ci). Let D={yP1 + (1 =) P2 : P € D1(7), P2 € Do(1 — v),v € [0, 1]}

Lemma 46 For C = C;UCs, Ve, 6 € (0,1),

€ 0 € o
Ap(e,d) <2 Ai (e = |, Ay |’
p(€,0) < ;%?umax{ Ly /8)V0<2(7+5/8) 3> 21—y /8)vo<2(1—'y+5/8) 3>}

Proof For each i € {1,2} and v € [0,1], let A, ; be an active learning algorithm such that,

for any integer n > A; (2( , g), if Pxy € D;(7), then with probability at least 1—0/3,

3
v+e/8)

the classifier & produced by A, ;(n) satisfies erpy,. (k) — infrec, erpy, (h) ; such

< &
= 2(y+¢/8)?
an algorithm is guaranteed to exist by the definition of A;,(-,-).

Now suppose Pxy € D, so that Pxy = vP; + (1 — )P, for some v € [0,1], P, € Dy(7),
and Py € Dy(1 — 7). Let (X1,Y7), (X2, Y2),... be the data sequence, as usual (i.i.d. Pxy).
Consider an active learning algorithm A defined as follows. We first split the sequence of
indices into three subsequences: igy = 2k —1 for k € N, 411,412, ... is the increasing subse-
quence of indices i such that i/2 € N and X; € A1, and ig1,2,2, . .. is the remaining increas-

ing subsequence (i.e., indices ¢ such that i/2 € N and X; € A3). Given a budget n € N, A(n)
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proceeds as follows. First, we let m = [128 In (12)1 = rnax{ 1 Yo L (X ,) 16,0}
and 7o = max {% D ey Loy (Xig ) — 16,0} By Hoeffding’s inequality and a union bound,
with probability at least 1 — 6/3, Vi € {1,2},

Pxy (X x Y) — % <7 < Pxy (X x ). (66)

Denote by H this event.
Next, for each j € {1, 2}, if the subsequence 4;1,%;2, ... is infinite, then run A, ;(|n/2])

with the data subsequence { X’ 2 beey = X, J32y; if the algorlthm A, j requests the label
(4)

for an index k (i.e., corresponding to X ), then A(n) requests the corresponding label Y;,

and provides this value to A, ; as the label of X} O h denote the classifier returned
by this execution of A, ](Ln/ZJ) On the other hand, if the subsequence ;1,%j2,... is
finite (or empty), then we let h denote an arbitrary classifier. Finally, let A(n) return the
classifier h = hy1 X +hol x,- In particular, note that this method requests at most n labels,

since all labels are requested by one of the A, ; algorithms, each of which requests at most

|n/2] labels.
For this method, we have that

erpy, (h) — inf erpy, (h) = qerp (h1) + (1 —7)erp, (h2) — inf (yerp, (h) + (1= 7)erp, (h)

<~ <erp1(ﬁl) — inf erﬂ(h)) +(1-7) <erP2(732) ~ inf erPg(h)> ~

For each j € {1,2}, since every h € C\ C; has h(z) = h_(z) for every z € X}, and h_ € C;,
we have that infyec erp, (h) = infpec; erp, (k). Thus, the above implies

etp ()=t erp (1) < (et (i) = fnf expy () + (1) (ernCha) = inf o) ).

heCy
(67)
If v = 0, then with probability one, every X; € &», and {(Xj,,,Yi, )72, is an infinite

ii.d. Py-distributed sequence. Furthermore, 1 —¢/8 < v9 =1 —¢/16 < 1, so that Pxy €

Do (v2). Thus, if n > 2M21-c8 (m, 3> then we also have n > Ag ., (W, 3> (by
monotonicity of Da(-) and the label complex1ty) so that with probability at least 1 — §/3,
erp, (ha) —infrec, erp, (h) < 2(72%/8) (1+€/16) 5 (here we are evaluating the label com-
plexity guarantee of A,, > under the conditional dlstrlbutlon given 7, and then invoking
the law of total probability and intersecting with the above probability-one event). Com-
bined with (67), this implies erp, (k) — infrec erpy, (h) < < 5. If vy =1, then a symmetric

argument implies that if n > 2A; ;_ /g (W ) then w1th probability at least 1 —¢/3,

CIPyy (h) — infpec er'pXY(h) < %

Otherwise, suppose 0 < v < 1. Note that, on the event H, v —¢/8 < v < v and
1—v—¢/8 <3 < 1—7, sothat D(y1) € Di((y—¢/8)Vv0) and Da(v2) C Da((1—y—¢/8)V0),
and hence that

€ 1) € )
A - <A = 7
<2(’n +¢/8)'3 ) Liy=e/8)vo (2(7+€/8)’ 3)
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and

€ 0 € 0
A | < Ay —_ |
2’”2<2<72+e/8>’3> S 5/8>V0(2<1—v+a/8> 3)
In this case, by the strong law of large numbers, with probability one, Vj € {1,2}, the

sequence 4;1,1%;2,... exists and is infinite. Since the support of the marginal of P; over
X is contained within &;, and A} and A» are disjoint, we may observe that (X;;,,Y;, ),
(Xim, Yim), ... are independent Pj-distributed random variables. In particular, if

€ ) € 0
n > 2 max Al,('y—s/S)\/O mag aA2,(1—7—s/8)\/0 m»g )

then (by the label complexity guarantee of A, ; applied under the conditional distribu-
tion given ;, combined with the law of total probability, and intersecting with the above
probability-one event) there are events H; and Ha, each of probability at least 1 — §/3,

such that on the event H N Hy, eI‘P1<iLl) — infpec, erp, (h) < m < %, and on the

event H N Hy, erp,(hy) — infhec, erp,(h) < 2(72i€/8) < 2(1577). Therefore, on the event

H N Hy N Hy, the right hand side of (67) is at most fy% + (1 - fy)ﬁ = ¢, so that
erpy, (h) — infpecerpy, (h) < €. By a union bound, the probability of H N Hy N Hy is at
least 1 — 4. Since this holds for any Pxy € D, the result follows. [ ]

We can now apply this result with various choices of the sets Dj(y) and D2 () to obtain
upper bounds for the above space C, matching the lower bounds proven above for various
noise models. Specifically, consider X = N, X1 = {1,...,d}, Xy = {d+1,d+2,...}, C; =
{r—21g(x) —1:SC{1,...,d}}, and Cy = {z = 21y (x)—1:t € {d+1,d+2,...,s}} U
{z — —1}. Note that C; and C, satisfy the requirements specified above, and also that
the VC dimension of C; is d and the star number of C; is d, while the VC dimension of C,
is 1 and the star number of Cy is s — d. Furthermore, take C = {z — 2Ig(z) —1: S €
2tbdb U {{i} : d +1 < i < s}}, and note that this satisfies C = C; U Cy, and C has VC

dimension d and star number s.

D.2.1 THE REALIZABLE CASE

For the realizable case, we can in fact show that that lower bound in Theorem 3 is sometimes
tight up to wuniversal constant factors. Specifically, let I; denote the set of all P; € RE
with Pj(X; x V) = 1, for each i € {1,2}. For every v € [0,1] and i € {1,2}, define
D;(y) = D;. In particular, note that for any P € RE, for any measurable A C X x ),
P(A) = P(X) x Y)P(A|X1 x Y) + P(Xy x Y)P(A|Xy x )). Furthermore, note that any
i € {1,2} with P(X;xY) > 0 has P(-xY|X; x)) supported only in X;, and has P(-|X;x)) €
RE, so that P(:|X;x)Y) € D;. Thus, P € D = {yPi+(1—7)Py: P, € Dy, P» € Dy, v € [0,1]}.
Therefore, RE C D. Together with Lemma 46, this implies Ve, € (0, 1),

€ 1) € 1)
ARE(5,5) < AD(€,(5) < 2maX{Al,O <2(1+€/8), 3> ,A2,0 <2(1+5/8)7 2)}
< 2maX{A1,0 (27 g) 7A2,0 <§7 g) }7
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for A o(+,-) defined as above.

Now note that, since every P; € D; has Pj(- x )) supported only in &}, and P; € RE,
and since C; contains classifiers realizing all 2¢ distinct classifications of X;, 3h p, € Cy with
erp, (hp,) = 0; thus, without loss, we can take f5 = hp,, so that Py is in the realizable case
with respect to C;. In particular, since there are only d points in X}, if we consider the
active learning algorithm that (given a budget n > d) simply requests Y; for exactly one 4
s.t. X; =z, for each x € A} for which 3X; = z, and then returns any classifier h consistent
with these labels, if Pxy € Dy, with probability one every z € &} with Pxy ({z} x ) >0

has some X; = x, so that erp,, (h) = 0. Noting that this algorithm requests at most d
labels, we have that Ve, d € (0,1),
e 0
A —. - <d.
(505

Similarly, since every P, € Dg has P(- x ) supported only in X3, and P» € RE, fp,
is either equal —1 with P-probability one, or else 3z € {d +1,...,s} with fp (z) = +1;
in either case, 3hp, € Co with erp,(hp,) = 0; thus, without loss, we can take f3, = hp,,
so that P, is in the realizable case with respect to Co. Now consider an active learning
algorithm that first calculates the empirical frequency P({z}) = LS 11X, = 2] for each

x € {d+1,...,s} among the first m = {% In <3(5§_d)>-‘ unlabeled data points. Then,

for each = € {d+ 1,...,s}, if P({z}) > (1 — £/3)e/3, the algorithm requests Y; for the
first i € N with X; = z (supposing the budget n has not yet been reached). If any
requested value Y; equals +1, then for the x € {d + 1,...,s} with X; = x, the algorithm
returns the classifier 2’ — 21,1 () — 1. Otherwise, the algorithm returns the all-negative

classifier: ' — —1. Denote by h the classifier returned by the algorithm. By Hoeffding’s
inequality and a union bound, with probability at least 1 — §/3, every = € {d+1,...,s}
has P({z}) > Pxy({z} x ) — (¢/3)%. Also, if Pxy € RE, then with probability one,
every Y; = f5 _(Xi). Therefore, if Pxy € Da, on these events, every z € {d +1,...,5}
with Pxy({z} x V) > ¢/3 will have a label Y; with X; = x requested by the algorithm
(supposing sufficiently large n), which implies iL(:B) = fp, (¥). Since f5  has at most
one z € Xy with fp (x) = +1, and if such an x exists it must be in {d + 1,...,s},

A~

if any requested Y; = +1, we have erp,, (h) = 0, and otherwise either no z € A5 has
[Py, () = +1 or else the one such x has Pxy({z} x ¥) < £/3; in either case, we have

~

erpyy (h) = Pxy({z : f5,, (x) = +1}xY) < /3. Thus, regardless of whether the algorithm
requests a Y; with valuej—l, we have erp, . (h) < /3. By a union bound for the two events,
we have that P(erp,, (h) > ¢/3) < 6/3 (given a sufficiently large n). Furthermore, there
are at most min{s — d, m} points # € {d+1,...,s} with P({z}) > (1 —&/3)e/3,
and therefore at most this many labels Y; are requested by the algorithm. Thus, a budget
n of at least this size suffices for this guarantee. Since this holds for every Pxy € Do, we

have that
) 1 1
A — — ) < mi —d, ———— % < mi _—
> (3’ 3) = { = e/3>a/3} ~ { }
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Altogether, we have that Ve, d € (0,1),

Arg(s,0) < max {min {5, i} ,d} .

Thus, the lower bound in Theorem 3 is tight up to universal constant factors in this case.!”

D.2.2 BOUNDED NOISE

To prove that the lower bound in Theorem 4 is sometimes tight, fix any g € (0,1/2), and
let D; denote the set of all P; € BN(f5) with P;(&; x Y) = 1, for each i € {1,2}. For all
v € [0,1] and ¢ € {1,2}, define D;(y) = D;. As above, note that for any P € BN(f), for
any measurable A C X x Y, P(A) = P(X; x Y)P(A|X] x V) + P(Xy x Y)P(A|Xy x V).
Furthermore, any 7 € {1,2} with P(X; x }) > 0 has P(- x Y|X; x Y) supported only on
A&;, and since n(z; P(-|X; x V)) = n(z; P) for every x € X, we have P(:|&; x )V) € BN(f5),
so that P(-|X; x V) € D;. Thus, Pe D ={yP, + (1 — )Py : P € Dy, P, € Dy, v € [0,1]}.
Therefore, BN(3) C D. Together with Lemma 46, this implies Ve, § € (0,1),

€0 )
ABN(ﬁ)(E76) < Ap(e,d) < 2max {Al,o (3, 3) A2 <37 3> } )

for A o(+,-) defined as above.

Now note that, for each i € {1,2}, since every P; € D; has P, € BN(3), we have fp, € C.
Furthermore, since every h € C\ C; has h(z) = —1 for every x € Xj;, and the all-negative
function = +— —1 is contained in C;, and since P;(X; x ) = 1, without loss we can take
5 € G (i.e., there is a version of fp, contained in C;). Together with the condition
on 7n(+; P;) from the definition of BN(/), this implies each P; satisfies the bounded noise
condition (with parameter ) with respect to C;.

Since this is true of every P, € D1, and the star number and VC dimension of C; are
both equal d, the upper bound in Theorem 4 implies Ve € (0, (1 —243)/8), § € (0,1/8],

€9 1 d
o)< —— 4. fal
Ao (3,3) S (1_25)2d polylog <€5>.

Similarly, since every P, € Do satisfies the bounded noise condition (with parameter ()
with respect to Co, and the star number of Cy is s — d < s while the VC dimension of Cs
is 1, the upper bound in Theorem 4 implies Ve € (0, (1 —25)/8), § € (0,1/8],

e 6 1 1-28 1
Moo (=,5) < —— mi lylog [ — ) .
20(5:5) & gz min {2 b potyios ()

Altogether, we have that

1 . 1-28 d
I — _
Apnepy(€,0) S 1= 252 max {mm {5, 6 } ,d} polylog <55> .

17. The term Log (min {é, |(C|}) in the lower bound is dominated by the other terms in this example, so
that this upper bound is still consistent with the existence of this term in the lower bound.
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For 8 bounded away from 0, this is within logarithmic factors of the lower bound in Theo-
rem 4, so that we may conclude that the lower bound is sometimes tight to within logarith-
mic factors in this case. Furthermore, when g is near 0, it is within logarithmic factors of the
lower bound in Theorem 3, which is also a lower bound on Apyg)(€,d) since RE C BN(f3);
thus, this inherited lower bound on Agy 8) (,9) is also sometimes tight to within logarithmic
factors when ( is near 0.

D.2.3 TsyBAKOV NOISE

The case of Tsybakov noise is slightly more involved than the above. In this case, fix
any a € [1,00), a € (0,1). Since the upper bound in Theorem 5 already matches the
lower bound up to logarithmic factors when a € (0,1/2], it suffices to focus on the case
a € (1/2,1). In this case, for v € (0,1], let D;(y) denote the set of all P; € TN(a/y'~%, a)
with P;j(X; x V) = 1, for each i € {1,2}. Also let D;(0) denote the set of all probability
measures P; with P;(X; x V) = 1, for each ¢ € {1,2}. Again, for any P € TN(a, ), P(-) =
P(Xl X y)P(‘Xl X y) +P(X2 X y)P(’XQ X y), and for any ¢ € {1, 2} with P(XZ X y) > 0,
P(- x Y|X; x Y) is supported only in &;, and n(-; P(:|X; x V)) = n(-; P) on A&j, so that for
any t > 0,

P ({x s P(-|XG x V) — 1/2] <t} x y‘Xi y y)
B mp({x € Xt n(x; P) —1/2] <t} x V)
1

1/(1-a)
< = me/(l-a) _ (1 _ a/l—a)y (@ a/(1-a)
= PX x y)at (1—-a)(2a) < )1_a> t

P(X; x Y

Also, since f5 € C, and n(-; P(-|X; x Y)) = n(-; P) on X;, we can take fI*D(‘\Xixy () = fp(z)
for every x € A, so that there exists a version of fl*’(-l XxY) contained in é Together,
these imply that P(-[X; x V) € D;(P(X; x V)). We therefore have that VP € TN(a, @),
P = P, + (1 — )P, for some v € [0,1], P; € Dy(y), and P» € Dy(1 — v): that is,
TN(a,a) C D, for D as in Lemma 46 (with respect to these definitions of I;(-)). Therefore,
Lemma 46 implies that Ve, o € (0,1),

ATN(a,a) (57 5) < AD(57 5)

€ 1) € 19
< A £ %\ A ¢
S yil[lol,)u max{ 1,(y—</8)VO0 <2(7 T e/8) 3> Ao (1-y—c/8)v0 (2(1 Tt e/8) 3>} (68)

First note that, for the case v < £/4, we trivially have

€ 0 € 0 )
A — - | <A — | <A 1.—- ) =
1,(y—e/8)V0 (2(’}/‘{‘5/8)7 3> >~ 1.0 (2(7 +€/4)7 3) >~ 1.0 ( ) 3> Oa

and similarly for the case v > 1 —¢/4, we have Ay (1__c/8)v0 (m, g) =0.

For the remaining cases, for any v € (0,1], since every F; € D;(y) has f5 € C, and
every h € C\ C; has h(xz) = —1 for every = € X}, and the all-negative function =z — —1
is contained in C;, and P;(X; x ) = 1, without loss we can take fj;i € C;. Together with

3594



MINIMAX ANALYSIS OF ACTIVE LEARNING

the definition of D;(vy), we have that D;(y) is contained in the set of probability measures
P; satisfying the Tsybakov noise condition with respect to the hypothesis class C;, with
parameters 71% and «. Therefore, since the star number and VC dimension of C; are both

d, Theorem 5 implies that for any v € (¢/4,1],!8

€ o )
A —— ) <A =2
e (2<v+s/8>’ 3) S <37’ 3)

2 2—2a
a 7\ 22 d 5 (1 d
< L . — | = Z . _
< <’Yla> (5) d - polylog <55> a E d - polylog =

Similarly, since the star number of Cy is § — d and the VC dimension of Cq is 1, Theorem 5
implies that for any v € [0,1 —e/4),

A I A RN e 9
2,1—vy—¢/8 2(1 —y+ 5/8)’ 3) = 2,(1—~)/2 3(1 — ’Y)7 3

2 2-2a 1/a 2ol
a 1—7 . (1—=y)"*1—-7) 1
< mins—d polylog

) 1 2—2a ' 1 2a0—1 1
<a“ |- min § 8, ——— polylog [ — | .
€ al/®e ed

Plugging this into (68), we have that

) 1 22« 1 2a—1 d
< - i - _
ArN(a,)(E:6) Sa (E> max { min {5, al/o‘e} ,d » polylog (55) :

As claimed, this is within logarithmic factors of the lower bound in Theorem 5 (for 1/2 <
a<1,a>4 ¢c(0,1/(24a"%)), and § € (0,1/24]), so that, combined with the tightness
(always) for the case 0 < a < 1/2, we may conclude that the lower bounds in Theorem 5
are sometimes tight to within logarithmic factors.

D.2.4 BENIGN NOISE

The case of benign noise proceeds analogously to the above. Since BE(0) = RE, tightness of
the lower bound for the case v = 0 (up to constant factors) has already been addressed above
(supposing we include the lower bound from Theorem 3 as a lower bound on Apg) (&, J) to
strengthen the lower bound in Theorem 7). For the remainder, we suppose v € (0,1/2). For
v € [0, 1], let D;(y) denote the set of all P; € BE(v/(yV 2v)) with P;(&; x V) = 1, for each
i € {1,2}. Again, for any P € BE(v), P(:) = P(X1 X Y)P(:|X1 xY)+ P(Xo x Y)P(:|Xo x }),
and for any ¢ € {1,2} with P(&; x V) > 0, P(- x Y|&; x Y) is supported only in X;, and
n(; P(-|X; xY)) = n(; P) on AXj;, so that we can take f1*3(~|2(i><y)($) = fp(x) for every z € Xj;

18. Recall that, as mentioned in Section 5, the upper bounds on the label complexities stated in Section 5
hold without the stated restrictions on the values €, € (0,1) and a.
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thus, there is a version of f;( contained in C. Furthermore,

X% Y)
* 1 *

erp(1x;x3) ([P x0)) = mp((%y) : fp(x) #y and z € X))

1

Smp((%y)ifﬁ(%‘)#y)ﬁ 7

v

(X x )’
Also, since every x € &; has fJ*D(-|Xi><y) () = fp(x) = sign(2n(x; P)—1) = sign(2n(z; P(-|X; x
y))—l), we have P((l‘ay) : f};(.wixy)(x) = y|$ € Xi) > 1/2, so that erP(-\Xixy)(fj*a(.wixy)) <
1/2. Together, these imply that P(:|X; x V) € D;(P(X; x V)). We therefore have that
VP € BE(v), P =vP1+ (1 —~v)P, for some vy € [0,1], P; € Dy(7), and P> € Dy(1 —~): that
is, BE(v) C D, for D as in Lemma 46 (with respect to these definitions of D;(+)). Therefore,
Lemma 46 implies that Ve, € (0,1),

ABE(V) (57 6) < AD(& 5)

€ 1) € 19
< A £ %\ ¢
S yil[lol,)l} max{ 1,(y—</8)V0 <2(’Y T e/8) 3> Ao (1-y—c/8)v0 <2<1 Tt e/8) 3)} (69)

First note that, as above, for the case v < e/4, we trivially have

€ o € 0 J
Ay — - | <A — - | <A 1,-]=0

and similarly for the case v > 1 — /4, we have Ay (1__c/8)v0 (W, g) = 0.

For the remaining cases, for any v € (0, 1], since every P; € D;(v) has fp € C, and
every h € C\ C; has h(z) = —1 for every x € X}, and the all-negative function x — —1 is
contained in C;, and P;(&; x Y) = 1, without loss we can take f7 € C;. Together with the
definition of D;(vy), we have that D;(y) is contained in the set of probability measures P;
satisfying the benign noise condition with respect to the hypothesis class C;, with parameter
% A % Therefore, since the star number and VC dimension of C; are both d, Theorem 7

implies that for any v € (¢/4,1],*
€ o e 9 (v/7)? d
A —— — | <A —, = | < d+d lyl —
1’”/8<2('V+6/8)’3>_ 1”/2<3v’3>~<<e/v>2 T o

2 d
< <V2 \Y 1> d - polylog () .
€ ed

Similarly, since the star number of Cy is § — d and the VC dimension of Cy is 1, Theorem 7
implies that for any v € [0,1 —&/4),

A R R, e 9
2,1—y—¢/8 2(1 — 7+ 8/8)’ 3/ = 2,(1—7)/2 3(1 — 7)7 3

< (M + min {5 —d, i}) polylog (;) < (? v min {5, i}) polylog Ca) .

19. Again, as mentioned in Section 5, the restrictions on €, stated in Theorem 7 are only required for the
lower bounds.
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Plugging these into (69), we have that for € € (0,v),

A (€,0) S V—2d+min 51 olylo 4
BE@)\&»09) 3 22 'z polylog )

Again, this is within logarithmic factors of the lower bound in Theorem 7 (for £ € (0,
(1—-2v)/24) and 6 € (0,1/24]), so that we may conclude that this lower bound is sometimes
tight to within logarithmic factors when v is not near 0 (specifically, when ¢ < v). For
v < g, the above implies

Apg(y)(g,0) < max {d, min {5, 1}} polylog <d> )
€ gd

which is within logarithmic factors of the lower bound in Theorem 3 (for € € (0,1/9) and
6 € (0,1/3)). Since RE C BE(v), this is also a lower bound on Agg,)(g,d). Thus, in this
case, we may conclude that this inherited lower bound on Apg,) (e, d) is sometimes tight to
within logarithmic factors, for v near 0 (specifically, when € > v).
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