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Abstract

We consider the problem of stratified sampling for Monte Carlo integration of a random
variable. We model this problem in a K-armed bandit, where the arms represent the K
strata. The goal is to estimate the integral mean, that is a weighted average of the mean
values of the arms. The learner is allowed to sample the variable n times, but it can decide
on-line which stratum to sample next. We propose an UCB-type strategy that samples the
arms according to an upper bound on their estimated standard deviations. We compare its
performance to an ideal sample allocation that knows the standard deviations of the arms.
For sub-Gaussian arm distributions, we provide bounds on the total regret: a distribution-
dependent bound of order poly(A ! YO(n=3/2)! that depends on a measure of the disparity
Amin Of the per stratum variances and a distribution-free bound poly(K)é(n_”G) that does
not. We give similar, but somewhat sharper bounds on a proxy of the regret. The problem-
independent bound for this proxy matches its recent minimax lower bound in terms of n
up to a logn factor.

Keywords: adaptive sampling, bandit theory, stratified Monte Carlo, minimax strategies,
active learning

1. Introduction

Estimation of mean values (or, especially, probabilities) can be considered as a special
case of most problems in stochastic machine learning (e.g., regression function estimation,
classification, clustering), thus understanding all of its aspects is crucial to tackle more
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1. The notation a, = poly(b,) means that there exist C,a > 0 such that a, < Cb; for n large enough.
Moreover, a, = O(b,) means that a,/b, = poly(logn) for n large enough.
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complex problems. Consider a polling institute that has to estimate as accurately as possible
the average income of a country, given a finite budget for polls. The institute has call centers
in every region in the country, and gives a part of the total sampling budget to each center
so that they can call random people in the area and ask about their income. A naive method
would allocate a budget proportionally to the number of people in each area. However some
regions show a high variability in the income of their inhabitants whereas others are very
homogeneous. Now if the polling institute knows the level of variability within each region,
it could adjust the budget allocated to each region in a more clever way (allocating more
polls to regions with high variability) in order to reduce the final estimation error.

This example is just one of many for which an efficient method of sampling a function
with natural strata (i.e., the regions) is of great importance. Note that even in the case
that there are no natural strata, it is always a good strategy to design arbitrary strata and
allocate a budget to each stratum that is proportional to the size of the stratum, compared
to a crude Monte Carlo. There are many good surveys on the topic of stratified sampling
for Monte Carlo (Glasserman, 2004; Rubinstein and Kroese, 2008, Subsection 5.5). It is
sometimes used in conjunction with other variance reduction techniques, such as importance
sampling, antithetic sampling, or control-variables. However, in contrast with those men-
tioned above, stratified sampling can be used even without substantial knowledge about the
function to be evaluated or the sampling distribution (though, to construct effective strata,
some knowledge on the variance on different domain areas is better).

The main problem for performing an efficient sampling is that the variances within
the strata (in the previous example, the income variability per region) are unknown. One
possibility is to estimate the variances online while sampling the strata. There is some
interesting research along this direction (Arouna, 2004; Etoré and Jourdain, 2010; Kawai,
2010). The work of Etoré and Jourdain (2010) matches exactly our problem of designing
an efficient adaptive sampling strategy. In this paper, they propose to sample according
to the empirical estimates of the standard deviations of the strata, whereas Kawai (2010)
addresses a computational complexity problem which is slightly different from ours. The
recent work of Etoré et al. (2011) describes a strategy that enables to sample asymptotically
according to the (unknown) standard deviations of the strata and at the same time adapts
the shape (and number) of the strata online. This is a very difficult problem, especially in
high dimension, that we will not address here, although we think this is a very interesting
and promising direction for further research.

These works provide asymptotic convergence of the variance of the estimate to the
targeted stratified variance divided by the sample size (Rubinstein and Kroese, 2008, Sub-
section 5.5), see also (5) in this paper. They also prove that the number of pulls within
each stratum converges asymptotically to the desired number of pulls, that is, the optimal
allocation if the variances per stratum were known. Like Etoré and Jourdain (2010), we
consider a stratified Monte Carlo setting with fixed strata. Our contribution is to design a
sampling strategy for which we can derive a finite-time analysis (where ’time’ refers to the
number of samples). This enables us to predict the quality of our estimate for any given
budget n.

We model this problem using the setting of multi-armed bandits where our goal is to
estimate a weighted average of the mean values of the arms. For quite complete surveys on
the classical bandit setting, see for example, the surveys of Cesa-Bianchi and Lugosi (2006);
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Bubeck and Cesa-Bianchi (2012), and see also the seminal papers of Lai and Robbins (1985),
and Auer et al. (2002). Although our goal is different from a usual bandit problem where
the objective is to play the best arm as often as possible, this problem also exhibits an
exploration-exploitation trade-off. The arms have to be pulled both in order to estimate the
initially unknown variability of the arms (exploration) and to allocate correctly the budget
according to our current knowledge of the variability (exploitation).

This topic has already been formalized in terms of a bandit problem in the master
thesis of Grover (2009), where an algorithm named GAFS-WL (Greedy Allocation with
Forced Selection - Weighted Loss) is presented. It deals with stratified sampling, that is,
it targets an allocation which is proportional to the standard deviation (and not to the
variance) of a stratum times its size, see the book of Rubinstein and Kroese (2008) and
also as explained later on in this paper. Grover (2009) defines a proxy on the overall mean
squared error (MSE, defined in Equation 1 below), the weighted sum of the per stratum
MSE’s (defined in Equation 3 below), that he calls loss. He proves that the difference
between this loss of GAFS-WL and the optimal static loss is of order poly(K )O(n=3/2),
where the O(-) depends of the arm distributions. Another approach for this problem, still
with a bandit formalism, can be found in the paper of Carpentier and Munos (2011), where
another algorithm, based on Upper-Confidence-Bounds (UCB) on the standard deviations,
was proposed. This algorithm is inspired by the celebrated UCB strategy (Auer et al.,
2002), that is designed for the classical bandit setting. The algorithm, called MC-UCB,
samples the arms proportionally to an UCB on the standard deviation times the size of the
stratum. The authors provided finite-time, problem-dependent and problem-independent
bounds for the weighted MSE loss of this algorithm. The first one corresponds to the bound
in the work of Grover (2009), the latter one differs from it. Finally, Carpentier and Munos
(2012) developed a lower bound for this problem, stating that the pseudo-regret (defined
in Section 2 below) of any algorithm for this problem cannot be significantly smaller in a
problem-independent minimax sense than %//33. In addition, they prove that the problem-
independent upper bound on the pseudo-regret of MC-UCB matches this bound up to some
logn factor.

Note that a different, but closely analogous problem is when, instead of a weighted sum
of the per arm MSE’s, the maximum of these MSE’s have to be minimized (e.g., because the
weights are unknown). This is dealt with by Carpentier et al. (2011, 2015) for UCB-type
algorithms (CH-AS, B-AS) and by Antos et al. (2010) for GAFS-type algorithm (GAFS-
MAX).

Recall that in our original stratified sampling problem, however, the natural intuitive
measure of performance is not the weighted MSE loss defined by Grover (2009); Carpentier
and Munos (2011, 2012), but the total MSE of estimating the weighted average of the mean
values of the strata. It is a very important open question to link this total MSE loss to the
weighted MSE loss. Without this link, the theoretical analyses which are provided do not
give bounds in terms of the natural performance measure.

Contributions. In this paper we extend the analysis of MC-UCB by Carpentier and Munos
(2011). Our contributions are the following:

e We provide finite-time bounds on the MSE of the estimate of the mean value. To the
best of our knowledge, these are the first finite-time results for the problem of adaptive
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stratified Monte Carlo which target directly a usual loss measure (i.e., the total MSE).
These consist of: (i) A distribution-dependent bound of order poly(A i )O(n=3/2)
that depends on the disparity Apin of the strata (a measure of the problem complexity
defined in Equation 6 below), and which corresponds to a stationary regime where the
budget n is large compared to this complexity. (ii) A distribution-free bound of order
poly (K )O(n_7/ 6) that does not depend on the disparity of the strata, and corresponds
to a transitory regime where n is small compared to the problem complexity. (iii) The
latter bound is sharpened to order poly(K)O(n~*/3) when each arm distribution is

symmetric. Notably, all these bounds yield o(1/n) regret rate.

e We detail the proofs of Carpentier and Munos (2011), which have not been published in
full version due to space constraints. They correspond to two pseudo-regret bounds:
a distribution-dependent one of order /\;1?425(71*3/ 2) and a distribution-free one of
order K1/30(n=4/3).

The rest of the paper is organized as follows. In Section 2 we formalize the problem
and introduce the notations used throughout the paper. Section 3 introduces the MC-
UCB algorithm and reports performance bounds on the number of pulls, the weighted MSE
loss, the total MSE loss, and the pseudo-loss under sub-Gaussian assumption on the arm
distributions. We then discuss the results in Section 4. Finally, Section 5 concludes the
paper and suggests future works. The appendices contain useful lemmata and the proofs.

2. Preliminaries

The allocation problem mentioned in the previous section is formalized as a K-armed bandit
problem where each arm (stratum) k = 1,..., K is characterized by a distribution v} with
mean value py, and variance 0,%. At each round ¢ > 1, an allocation strategy (or algorithm)
A selects an arm k; adaptively based on past samples, and then receives a sample drawn
from vy, that is conditionally independent of the past samples given ki. Let (wg)p=1,. K
denote a known set of positive weights (measure of stratum i) which sum to 1. The goal
is to define a strategy that estimates as precisely as possible p = Eszl wi Mg using a total
budget of n samples.

Let I{ E} be the indicator variable of event E, that is, I{ £} = 1 if and only if E holds,
otherwise I{ E} = 0. Let us write Ty, = >\, I{ks = k} for the number of times arm k has

been pulled up to time ¢t and ji; = ﬁ ZST; X}, s for the empirical estimate of the mean

ik at time ¢, where X, ¢ denotes the sample received when pulling arm £ for the st time.
After n rounds, an algorithm A returns the empirical estimate fi,,, of p, for each arm and
also their weighted average fi,, = Zle Wik, as the empirical estimate of p.

For any algorithm A, we use the total mean (expected) squared error (MSE) loss of fi,
as performance measure in estimating u:

K 2
L) = E[(in = 107] =B | (3wl — )| )
k=1

where E[-] is the expectation integrated over all the samples of all arms. The goal is to
define an allocation strategy that minimizes the total MSE loss defined by (1). The total
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MSE loss can be decomposed as

Ly( ZwkE fikn — 1) +Zzwkwk’E e — 1) (e — )] (2)
= syt

Ln(A)

Here the weighted MSE loss

K

Ln(A) = wiE[ (i — )] (3)
P

is equal to the loss defined by Grover (2009); Carpentier and Munos (2011). Thus our
analysis for stratified sampling problem implicitly covers the other problem, where instead
of estimating u, the goal is estimating all uj simultaneously under a weighted MSE loss
L (A = Zszl Pk (fik.n— )%, since this loss is essentially the same as Ly, (.A). Such a setting
is referred to sometimes as an active learning (or active regression estimation) problem in
the literature (e.g., Grover, 2009). This case is even simpler in the sense that we do not
have to bother with the cross product-terms in (2).
Note that if all the T}, are deterministic, then in the cross product-terms

B[ (ke — pe) (P o — b)) ] = E[ (e — 1) | E[(fiir . — )] =00 =0,

and also E[(ﬂkn - Hk)2] = ai/Tk,n. This implies that in this case

_ K o2
Lo(A) = Lo(A) = Y wi

=1 k.mn

This gives rise to the definition of

Z i [Tk n]

for any algorithm A (with sample dependent T} ,,’s) as an alternative performance measure.

We call Ly(A) pseudo-loss, as it is a proxy of L,(A) and L, (A). It is obviously equal to
them for deterministic Ty ,’s.

2.1 Optimal Allocation

Although (4) does not hold when the numbers of pulls of an adaptive algorithm depend on
the observed samples and thus are random, it holds when each arm is pulled a deterministic
number of times. Thus if the variances of the arms were known in advance, one could design
an optimal deterministic (i.e., static, non-adaptive) allocation strategy A* by choosing
Typn =T} n such that they minimize L,, under the constraint Zk 11y =N This optimal
deterministic allocation of A* is to pull each arm & proportionally to wgoy (up to rounding
effects), that is, given by
* WOk

kn = <K n.
Zi:1 W;075
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This achieves the loss
b))

_ 2
Lo(A") = Lo(A") = Lp(A") = =2, ©®
where Y, def Zszl wrok. We assume in the sequel that 3, > 0, that is, dk that o > 0.
We define also & & maxy 0. In the following, we write
def Tl:,n WO
Ak = -
n Yw

for the optimal allocation proportion for arm k& and

def

Amin = min A , w = min wg. (6)

1<k<K 1<k<K
Note that a small Aynin means a large disparity of the quantities {wyoyr<k. It will turn
out that Ani, seems to characterize the hardness of a problem.
2.2 Uniform Allocation

Another possible deterministic allocation is the proportional or uniform strategy A“ which
assumes uniform standard deviations (e.g., since the o}’s are unknown and thus the optimal

allocation is out of reach), that is, allocates such that T} = <& ’“w_n = win. Its loss is
=1 "
K W2 b))
_ ~ 2
Ln(A") = Ln(A") = L(A") = kZI k=

where X, 2 = Zle wka,%. Note that using either Jensen’s or Cauchy-Schwarz’s inequality,
we can see that ¥2, < Y2 with equality if and only if all the o}’s are equal. Thus A* is
always at least as good as A". In addition, since ), wy = 1, we have

Swz — Sg =Y wilop — Tu).
k

The difference between those two quantities is the weighted quadratic variation of the op’s
(1 <k < K) around their weighted mean ¥,,. As a result the gain of A* compared to A"
grows with the disparity of the op’s.

We would like to do better than the uniform strategy by considering an adaptive strategy
A that would estimate all oy at the same time as it tries to implement an allocation strategy
as close as possible to the optimal allocation algorithm .A*. This introduces a natural trade-
off between exploration needed to improve the estimates of the variances and exploitation
of the current estimates to allocate the pulls near optimally.

2.3 Definition of Regret

In order to assess how well A solves the ezploration-ezxploitation trade-off above and man-
ages to sample according to the true standard deviations without knowing them in advance,
we compare its performance to that of the optimal allocation strategy A*. For this purpose
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we define the notion of total/weighted MSE regret of an adaptive algorithm A as the differ-
ence between the total /weighted MSE loss incurred by .4 and the optimal loss, respectively:

The total MSE regret indicates how much we loose in terms of MSE by not knowing in
advance the standard deviations og. Note that since L,(A*) o« 1/n by (5), a consistent
strategy, that is, one which is asymptotically equivalent to the optimal strategy, is obtained
whenever its regret is negligible compared to 1/n.

We also define the pseudo-regret, a proxy for the MSE regret, as the difference between
the pseudo-loss incurred by the algorithm and the optimal loss:

It is important to derive bounds for R,,(A) when T} ,,’s are random. Taking the decom-
position (2), a natural way to proceed is to prove that both
(i) Rn(A) is small and
(ii) the cross product-terms E[(f — pur)(fik n — pur)] are small.

Note that for K = 1, for any A, Ty, = T7,, = n and R,(A) = R,(A) = En(A) =0,
thus we assume K > 2 from now on.

3. Allocation Based on Monte Carlo Upper Confidence Bound

We now describe the main algorithm and the associated bounds.

3.1 The Algorithm

In this section, we introduce our adaptive algorithm for the allocation problem, called Monte
Carlo Upper Confidence Bound (MC-UCB). The algorithm computes a high-probability
bound on the standard deviation of each arm and samples the arms proportionally to their
bounds times the corresponding weights. The MC-UCB algorithm, Ayc.ucs, is described
in Figure 1. It requires a parameter § as input, which should be chosen as explained below
after Assumption 1.

Input: g
Initialize: Pull each arm twice.
fort=2K+1,...,ndo
Compute By ; using (7) for each arm 1 <k < K
Pull an arm k; € argmaxi<ip<k B
end for
Output: jit ,, for each arm 1 <k < K and i,

Figure 1: The pseudo-code of the MC-UCB algorithm.
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The algorithm starts by pulling each arm twice in rounds ¢ = 1 to 2K. From round
t = 2K + 1 on, it computes an upper confidence bound

W (. 2/
B = (g 2 ) 7
k,t Tk-’tfl kit—1 \/m ()

on the standard deviation oy, for each arm k, and then pulls the one with largest By ;. The
bounds By are built by using Lemma 10 (and Corollary 16) and based on the empirical
standard deviation &y ;—1:

1 Tkt-1
~2 ~ 2
M Zi:l (X = ftre-1)" (8)

where Xj,; is the i-th sample received when pulling arm k and T} ;1 is the number of pulls
allocated to arm k up to time ¢t — 1. After n rounds, Ayc.ucs returns the empirical mean
fig,n for each arm 1 < k < K and also their weighted average fi,.

The motivation to use such an adaptive algorithm instead of classical strategies using,
for example, a limited pre-run to get preliminary estimates of the variances is that the latter
needs to know the sample size in advance, and will not be able to adapt the length of the
exploration phase to the difficulty of the problem. For instance, a strategy that uses e.g.,
~ n2/3 samples for variance estimation will have minimax-optimal problem-independent rate
(up to a log factor) but will display a suboptimal problem-dependent regret rate, i.e., n=4/3,
On the other hand, a strategy that uses e.g., ~ n/logn samples for variance estimation will
have an optimal problem-dependent regret (of order n=3/2 up to a log factor). The main
advantage of adaptive strategies such as the one we provide is that it adapts the length of
exploration phase to the difficulty of the problem.

We are giving two analyses of Anc.ucn, a problem-dependent and a problem-independent
one, which are interesting in the stationary and the transitory regimes of the run time of
the algorithm, respectively. We will comment on this later in Section 4.

3.2 Assumption on the Arm Distributions and Setting (£

Before stating the main results of this section, we state the assumption that the distributions
are sub-Gaussian, which includes, for example, Gaussian or bounded distributions. See the
paper of Buldygin and Kozachenko (1980) for more precision.

Assumption 1 There exist c1,co > 0 such that for all 1 <k < K and any € > 0,
Px o, (|1 X — | = €) < e exp(—€*/cy). 9)

The parameters c¢; and co characterize the maximal heaviness of the tails of the arm distri-
butions. Since (9) is equivalent to

P(|Xk7t—uk\ > \/cllog(02/5)> <4 for any 0 < 0 < cg,
v/ c1log(ca/d) can be seen as a high probability bound on the centered samples.
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For bounded arm distributions, parameter § of Anc.ucp should be generally set as
cy/10g(2/6), where ¢ is the maximum range of the distributions and 4 is a chosen significance
level corresponding to the estimation of the standard deviations (see Theorem 12). In
particular, § will be chosen as an appropriate decreasing function of n (here n=9/ 2) giving
8 = B, x cy/logn.

For unbounded distributions satisfying Assumption 1, the role of ¢ is taken by o

c11og(ca/0), and the expressions become more involved. Then § will be set as the follow-
ing function of ¢1, co, J, and the total sample size n

c1no log(ecy /)

5= 0u(8) = 21/exTogea /) 0g(2/8) + Y= 2

(10)

This particular form comes from the way we extend a tail inequality for sub-Gaussian
random variables in Proposition 14 of Appendix B. In particular, substituting § = n~=9/2
into (10) 8 = B, will be set as the following function of n, ¢1, and c

c1 log(econt?)
2(1 _ n—4.5)n7/4'

By, def \/cl log(c2n?) log(4n?) + (11)

To help the reader, subscript n will be used after this substitution. Moreover, note that
By i, Kty Tht, fik,t, and 61, beside depending on the time step ¢ < n, depend, possibly in an
indirect way, also on 3, and so on §, the budget n, c¢1, and co. An accurate notation would
denote also these in some indices to avoid confusion. However, since we consider mostly
fixed n, 9, c1, and co, we keep the lighter notations above for the sake of concision.

3.3 High-Probability Bounds on the Number of Pulls
For2 <t <n,1<k<K, write

¢ ¢
o def 1 1 2
Skt = 77 Z (le — 7 Z Xk,t/) (12)
=1 t'=1
for the unbiased empirical variances corresponding to the first ¢t samples from arm & and
~ def ~9 ~ ~ .

also 354 = | [ Sk 4 Then we have 64 = Sk 13, as computed in (8).

To conduct our analysis, first we state upper and lower bounds on the difference between
the allocation T}, implemented by the MC-UCB algorithm run by parameter 8 and the

optimal allocation T,;k’n for each arm which hold on the event that all standard deviation
estimations 5 are quite accurate, namely on

€ =Exn(8) € N {’§k,t — oy < 26} ; (13)

1<k<K, 2<t<n Vi

where (3 is given by (10). Later Corollary 16 will show that a small § implies a high
probability P(§) under Assumption 1, thus we can use these results to derive the various
regret bounds in Subsections 3.4-3.7 for the algorithm. The proofs of Lemma 1 and 2 are
in Appendix A.
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Problem-dependent bound.  All of our problem-dependent bounds (Lemma 1, Proposi-
tions 3, 8, partially Proposition 6 and Theorem 7) contain 1/Ayi, and so become void
(actually trivial) if Ay = 0.2 Thus we assume Ay, > 0 in their proofs.

Lemma 1 Let Assumption 1 hold. For any 0 < d <1, n > 4K, and any arm 1 <p < K,
on &, the allocation T), ,, implemented by Anyc-vcp satisfies

wpop < S 1253 i 4K§w7 (14)
Ton n n3/2/\m/in n
and consequently Ty, ,, — Ty, satisfies
3 3
an [ Vi K ) < T T < VK. (15)
Ew)\min Ew min

where [ is given by (10).
In (15), |Tp,n — T, ] is bounded by a quantity of order y/n. This is directly linked to the

parametric rate of convergence of the estimation of o, which is of order 1/y/n. Note that
(15) also shows the inverse dependency on the smallest optimal allocation proportion Apip.

Problem-independent bound.

Lemma 2 Let Assumption 1 hold. For any 0 <6 <1, n > 4K, and any arm 1 <p < K,
on &, the allocation T, ,, implemented by Ayc.vcp satisfies

2/3
Tpm > % and (16)
gl
wpop _ Bw 12K/33y  4KY, an)
Ton — 1 n4/3 n2 ’

and consequently Ty, ,, — T}, satisfies

KI/S K1/3
_4)\p (32]’8’}/”2/3 4 K) < Tp,n _T* <4 (3235,)/”2/3 + K ’

p,n —
w w

where [ is given by (10) and v = v, (9) o (Z/8 4+ V/8)1/3.

Unlike in the bounds proved in Lemma 1, here |7}, — T;n| is bounded by a quantity of

2/3

order n*/® without any inverse dependency on Apip.

2. There are good chances in this case that by refined analyses and setting Amin = mini<k<x:.x, >0 Ak (that
is > 0), the same formulae can be proven giving finite bounds.
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3.4 Bounds on the Weighted MSE Regret of Avc.ucs

To simplify our bounds, we introduce

Cs=0C3sp dof Vvei(9logn 4+ 1.61log(ea + 1)) and (18)
Ce=Cen e log(econ? /2K) (19)

( <c1(7logn/2 +logca) for K >2),

which depend only polynomially on logn, /c1, and logcs. We now report the bounds on
R, (Anmc.ucs). The proofs are given in Appendix D.

Problem-dependent bound. This result depends crucially on )‘;nln which is a measure of
the disparity of the products of the standard deviations and the weights. For this reason
we refer to it as “distribution-dependent” result. Its proof relies on the upper- and lower
bounds on T}, ; — T,;':t in Lemma 1.

Proposition 3 Let Assumption 1 be verified for two parameters c1, cog > 1. If B, is given
by (11), then for n > 4K it holds for Ayc.ucp that

24%,C5  288C} N VEKCe + 32K¥2)
n3/2)3/2 " n2)\3 2n? ’
min

R, (Aymc-vcs) <

min

where Cg and C¢ are given by (18) and (19).

Problem-independent bound. Now we report our second bound on R, (Anmc.ucs) that does
not depend on /\;nln at all. This is obtained at the price of the worse rate K'/30(n=%/3).
Its proof relies on the upper- and lower bounds on T}, ; — T,j’t in Lemma, 2.

Proposition 4 Let Assumption 1 be verified for two parameters ¢, co > 1. If B, is given
by (11), then for n > AK it holds for Ayc.ucp that

36K1/3%,C5  K2/3(2058C3% + 32%2%) + K'/6C,
Rn(Amc-ves) < Y + (2n)5/3 ’

where Cg and C¢ are given by (18) and (19).

Note that this bound is not entirely distribution free, since ¥, appears. But, as proven in
Appendix B.3 using Assumption 1, ¥2, < ¢; log(ecz).

For Gaussian distributions with variance 1, we can take ¢; = ¢co = 1, and the main
coefficient of logn/(nAmin)>/? in Proposition 3 and of K'/?logn/n*3 in Proposition 4 are
upper bounded by 216 and 324, respectively.

3.5 Bounds on the Cross Product-Terms

The difficulty in bounding the cross product-terms, that is, the second term in the right-hand
side of (2), comes from the fact that the (7}, )r<x depend on the samples (in particular,
for Amc.ucs, on the empirical standard deviations (6 ¢)k<kt<n). This dependence can
make correlation between fi, and fi,. Thus, for general distributions, we cannot see
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obvious, direct reason why a cross product-term should be equal to the product of the
corresponding biases, and so be close to 0. We give three results for these cross product-
terms. The first one corresponds to the specific case where the distributions of the arms are
symmetric. The next two provide a problem-dependent and a problem-independent bound
in the general case. All these are partial results for proving bounds on R, (Amc.ucg) and
proven in Appendix E.

Arms with symmetric distributions. The first result holds in the specific case of symmetric
distributions. Intuitively speaking, in this setting, conditioning on the empirical standard
deviations does not change the mean of the samples (and sample averages). This implies
that for k # K, fig,, — pr and fur ,, — pue are conditionally uncorrelated. From that we
deduce the following result.

Proposition 5 Assume that each distribution vy is symmetric around py., respectively. For
Aupc.ves launched with any parameter 3,, we have that

K
S weweE (e — i) (ko — )] = 0.

k=1 k'k

Though mostly of theoretical interest, the significance of this result is its indication that
the rate might be improvable for other distributions, as well.

Problem-dependent and problem-independent bound in general. The following proposition
gives bounds on the cross product-terms. This can be seen as an intermediary step in linking
the weighted MSE regret and the true regret. Its proof relies on the specific structure of
Anmc.ucn through the use of Lemma 1 and 2.

Proposition 6 Let Assumption 1 be verified for two parameters ci, co > 1. If B, is given by
(11), then (for n large enough compared to K, c1, logca, and 1/%,,) the cross product-terms
for Ayo.ucp are bounded as

K
SO wkwgB (i — i) (flgm — t1g)] < Oly(Suwer log 2/ Amin) O(n~/?),
k=1 q#k

and
K

Z Z wkqu[(ﬂk,n - Mk)(ﬂq,n - Nq)] < poly(KXyc1log 62/Q)6(n_7/6)7
k=1 q#k

where w is given by (6) (and O(-) does not depend on Amin ).

Note that the latter bound, depending on w, is not really problem-independent (considering
wy’s to be part of the problem), but it is independent of the arm distributions, particularly
of )\min-
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3.6 Bounds on the Total-Regret

From the decomposition (2) for Anc.ucps and Propositions 3, 4, 6, and 5, we can deduce
our main result, a bound on the true regret R, (Amc.ucs):

Theorem 7 Let Assumption 1 be verified for two parameters ¢c1 > 0, co > 1. If B, is given
by (11), then (for n large enough compared to K, ci, logca, and 1/%,,) the true regret of
Anc-ven 18 bounded as

R (Apc.ves) = poly(Swer 10g ca/Amin)O(n~3/2),

and
Ry (Anc-ves) = poly(K Sy log co/w)O(n~"/%)

(thus, in particular, R, = o(1/n)). If each distribution vy, is symmetric around uy, then
the cross product-terms are 0, and the following tighter problem-independent bound holds

Ro(Anc.vo) = Ro(Auc.vos) = poly (K Syer log ¢2)O(n~43).

3.7 Bounds on the Pseudo-Regret

We bound En(AMc_UCB) by a problem-dependent and a problem-independent upper bound
that are of the same order in n as the bounds in Propositions 3 and 4, respectively. The
proofs are given in Appendix C.

Problem-dependent bound.

Proposition 8 Let Assumption 1 be verified for two parameters ¢y > 0, co > 1. If B, is
given by (11), then the pseudo-regret of Ayc.ucp launched with n > 4K is bounded as

123,05 (4K ++/2/16)%2
n3/2)\3/2 n?

min

Rn(Anc.ves) <

where Cg is given by (18).

Problem-independent bound.

Proposition 9 Let Assumption 1 be verified for two parameters c1 > 0, co > 1. If B, is
gwen by (11), then the pseudo-regret of Ayc.veop launched with n > 4K is bounded as

18KY/3%,Cp N (4K ++/2/16)%2

Ry (Amc-ves) < i3 . 7

where Cg is given by (18).

For Gaussian distributions with variance 1, we can consider ¢; = cg = 1, and the main
coefficient of logn/(nAmin)®/? in Proposition 8 and of K'/3logn/n*? in Proposition 9 are
upper bounded by 108 and 162, respectively.

4. Discussion on the Results

We make several comments on the algorithm MC-UCB in this section.
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4.1 Problem-Dependent and -Independent Bounds on R, (A) and R, (A)

Our problem-dependent )\;?né(n*B/ 2) upper bound on R,(Ayc.ucg) in Proposition 3 is
similar and comparable to the one provided for GAFS-WL by Grover (2009), where the loss
measure is L, (Agars-wr,). Beside this Apin-dependent bound for Ayc.ycp, Propositions 4
gives a Amin-independent bound of order K/30(n~%/3). (Note however, that when there
is an arm with 0 variance, GAFS-WL is likely to perform better than MC-UCB, as it
will only sample this arm O(,/n) times, while MC-UCB usually samples it Q(n%/?) times.)
Similarly, Proposition 8 provides a pseudo-regret bound of order )\:n?fé(n_s/ 2), whereas
Proposition 9 gives a Apin-independently bound of order K 1/ 35(71*4/ 3).

Hence, for a given problem, that is, a given Amin, the distribution-free results of Proposi-
tion 4 and 9 are more informative than the distribution-dependent results of Proposition 3
and 8, respectively, in the transitory regime, that is, when n is small compared to )\r_niln.
Proposition 3 and 8 is better in the stationary regime, that is, for n large enough. This dis-
tinction reminds us of the difference between distribution-dependent and distribution-free
bounds for the UCB algorithm in usual multi-armed bandits. In that setting, the distri-
bution dependent bound is in O(K logn/A), where A is the difference between the mean
value of the two best arms, and the distribution-free bound is in O(v/Kn) as explained by
Auer et al. (2002); Audibert and Bubeck (2009). In many works, these two types of results
are called individual and uniform bounds. For several models, the two bounds correspond
with each other, at least in their convergence rates in the sample size for the best possible
algorithms (i.e., in some minimax sense). See the thesis of Antos (1999) for a discussion.
Our results and proofs suggest that our stratified sampling model is another interesting
exception, where these two types of rates must be different.

At first sight, the problem of Monte Carlo integration seems to be more related to
the problem of pure exploration (Bubeck et al., 2011; Audibert et al., 2010) than to the
usual bandit setting: indeed, similarly to the setting of pure exploration, an intermediate
objective (linked to the overall objective) is to allocate the number of pulls of the arms
proportionally to some unknown problem-dependent quantities. However, we believe that
our problem is actually more related to the standard bandit problem, since it gives rise to
an exploration-exploitation trade-off.

4.2 The Parameter § of the Algorithm

We saw in (11) that the parameter 3, of Ayic.ucp should depend on n, ¢, co. It is actually
such that 3, ~ ¢ logn, where ¢’ can be interpreted as a high probability bound on the range
of the samples. We thus simply require a rough bound on the magnitude of the samples. As
we saw, in the case of bounded distributions, 3, can be chosen as 5, = ¢\/5logn, where c is
a true bound on the range of the variables. This is easy to deduce by comparing Corollary 13
and Proposition 14 in Appendix B. The interpretation of this parameter 3 is quite similar
to the interpretation of the parameter in the UCB algorithm of Auer et al. (2002), and its
order of magnitude is roughly the same. (In that paper, it is assumed that the distributions
of the arms are bounded.) On the other hand, the interpretation of this quantity is quite
different from the interpretation of the parameter a of the algorithm UCB-E of Audibert
et al. (2010), which characterizes here the complexity of the problem. This is yet another
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illustration from the fact that this problem is somehow more related to the standard bandit
problem than to the problem of pure exploration.

4.3 Finite-Time Bounds for Rn(AMC_UCB) and Asymptotic Optimality
The first result in Theorem 7 states that Ry, (Anc.ucs) is of order poly(A~L YO(n~3/2). This

min
corresponds to the Apin-dependent bound on R, (Amc.ucs). Theorem 7 also states that
an upper bound on R, (Ayc.ucs) is of order poly(K)O(n~7/6). This corresponds to the
Amin-independent bound on R, (Anc.ucg). Unfortunately, in this case, we do not obtain
the same order for R,(Amc.ucs) as for R,(Amc.ucs), that is, poly(K)O(n=%/3). This
comes from the fact that the bound on the cross product-terms in Proposition 6 is of order

poly (K /w)O(n~7/%). Whether this bound is tight or not is an open problem.
As we bound R, (Amc.ucs) as o(1/n), Ln,(Amc.uc) is asymptotically not more than
L, (A*) = X2 /n for any problem satisfying Assumption 1. This can be said as Ayc.ucs is
(weakly) consistent; just like the algorithms of Kawai (2010); Etoré and Jourdain (2010).
Note also that whenever there is some disparity among the arms, that is, when E%U <
Yo.w, AMmc-ucs is asymptotically strictly more efficient than the uniform strategy.

4.4 Pseudo-Regret of Ayic.ucs and the Lower Bound

Carpentier and Munos (2012) provided a Apin-independent minimax lower bound for En(.%l)
that is of order K/ 3Q(Tf‘l/ 3). An important achievement is that the Anin-independent
upper bound on EH(AMC_UCB) in Proposition 9 is of the same order up to a logarithmic
factor. Thus, regarding En(A), it is impossible to improve this strategy uniformly for every
sub-Gaussian problem more than by a log factor.

Although we do not have a Apin-dependent lower bound on ﬁn(A) yet, we believe that
the 5(71_3/ 2) rate of Proposition 8 cannot be improved in n for general distributions. As it
seems from the proofs in Appendix A and C, this rate is a direct consequence of the high
probability bounds on the estimates of the standard deviations of the arms which are in
O(1/4/n), and those bounds are tight. Because of the minimax lower bound that is of order
KY3Q(n=*/3), it is however clear that there exists no algorithm with a regret of order n=3/2
without any dependence on )\r:liln (or another related problem-dependent quantity).

4.5 Making Avc-ucs Anytime

An interesting question is whether and how it is possible to make Ayic.ucp anytime, that
is, not requiring the knowledge of the sample horizon n in advance. Although we will not
provide formal proofs of this result in this paper, we believe that setting a § that evolves
with the current time as 6; = t~9/2, is sufficient to make all the regret bounds of this paper
hold with slightly modified constants. Some ideas on how to prove these results can be
found in the literature (Grover, 2009; Antos et al., 2010; Auer et al., 2002).

4.6 Domains of Application

Monte Carlo integration has many relevant applications in machine learning. Being able to
compute precisely an integral is a prerequisite in many methods or algorithms in this field.
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Some examples of possible application of the stratified Monte Carlo technique are listed
below.

e There are more and more applications in machine learning that are targeting the
allocation and placement of various kinds of sensors (as e.g., pollution sensors, tem-
perature sensors, cameras of various kinds, network sensors, etc.). It is a challenge
to find a way to place them efficiently, or choose at which frequency to observe their
output. The placement of these sensors should depend of the objective that they have
to fulfill. In some cases, one wants to use these sensors to compute an integral (for
instance, the average pollution level or temperature in a region, the average amount
of traffic at a certain time, the average number of customers in a given place in a
supermarket, or the average amount of exchange in a network, etc.). The approach of
this paper can be used to decide adaptively how to place these sensors, how frequently
to inspect them, or how many of them to put depending on the area. In some other
cases, the objective is that the sensors provide a good estimate of what they measure
in each zone (e.g., local water pressure on a dyke). As mentioned earlier, our algorithm
minimizes, with respect to the sample allocation, a weighted (over the strata) mean
squared error of estimations. Therefore, our approach also provides good results in
such a setting where the objective is to estimate the mean value in each zone, rather
than an overall integral.

e A huge domain that is commonly handled in the machine learning community, and
in which the aim is often to compute precisely integrals is Bayesian methodology.
Indeed, expectations under the posterior distribution are often good estimators for
some relevant parameters of the model. Being able to compute these expectations
(which are well defined integrals) fast and precisely is both desirable and challenging,
and our method provides an alternative for MCMC methods in the computation of
such integrals.

e There are many applications in mathematical finance, for example, in the domain
of pricing (which essentially sums up to the computation of a complex stochastic
integral).

As mentioned below (3), omitting the cross product-terms and focusing on the weighted
MSE loss our setting can be interpreted as an active learning framework. This can be a
suitable model also in production quality testing, adaptive study design, drug discovery,
crowd-sourcing, etc.

5. Conclusions

We provide a finite-time analysis for stratified sampling for Monte Carlo in the case of fixed
strata with sub-Gaussian distributions. We report two bounds on the weighted MSE regret:
(i) a distribution dependent bound of order poly()\;ﬂln)é(n*?’/ 2) which is of interest when
n is large compared to a measure of disparity )\r;iln of the standard deviations (stationary
regime), and (i) a distribution free bound of order O(K/3n~%/3) which is of interest when

n is small compared to )\;ﬁln (transitory regime). We also link the weighted MSE loss to
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the total MSE loss of algorithm MC-UCB, that is the natural measure of performance for
the problem. We provide poly()\;iln)é(n_‘%/ 2) problem-dependent and poly(K)O(n~7/6)
problem-independent bounds for the total MSE regret, as well. In case of symmetric
arm distributions, the latter rate is improved to poly(K)O(n=%/3). We give a distribu-
tion dependent bound of order poly()\;iln)é(n_‘g/ 2) and a distribution free bound of order
5([( 1/3p=4/3) also on the pseudo-regret. The latter matches its minimax lower bound in
terms of n up to a logn factor.

Possible directions for future work include: (i) making the MC-UCB algorithm anytime
(i.e., not requiring the knowledge of n in advance) and (ii) deriving distribution-dependent
lower bound for this problem determining the necessary dependence on Apip.

Acknowledgements This research was partially supported by the European Community’s
Seventh Framework Programme (FP7/2007-2013) under grant agreement n° 270327 (Com-
pLACS).

Appendices

These appendices contain the proofs of the theorems in the paper. Their organization is as
follows.

e Appendix A contains the proofs of the (problem-dependent) Lemma 1) and the
(problem-independent) Lemma 2) stating that the number of pulls of any arm is
not too far from the optimal allocation for that arm on event &.

e Appendix B states some preliminary results which are useful in the regret bound
proofs. It first gives (conditional) variance bound for sub-Gaussian random variables.
Then it shows that £ has high probability. It also contains the proof that for any
t < n, Ty, is a stopping time, and applies Wald’s identity to the samples from an
arm. Next, it states bounds on some other technical quantities outside £ that are
used afterwards. Finally, it gives bounds on the parameters 3, and 7,.%

e Appendix C contains the proofs of the (problem-dependent) Proposition 8 and the
(problem-independent) Proposition 9 upper bounding R, (Anc.ucs) based on Lemma 1
and 2, respectively. These proofs are simpler than those in Appendix D and can serve
as an introduction for the latter.

e Appendix D contains the proofs of the (problem-dependent) Proposition 3 and the
(problem-independent) Proposition 4 upper bounding R, (Amc-ucs) based on Lemma 1
and 2, respectively. These proofs are quite similar to the ones for bounding R,,(Anc.ucs)
in Appendix C. However, those have to be extended by additional technical steps, for
example, using Wald’s second identity for sums with random number of terms, to
bound R, (Amc.ucs) with a quantity reminding to R, (Amc.ucs)-

e Appendix E provides the proofs of the three bounds on the cross product-terms. The
first one holds when the arm distributions are symmetric: then the cross product-terms
are exactly 0. The two other bounds, a problem-dependent and a problem-independent

3. As for 8, v will be used for ~ after this substituting § = n~%/2.
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one, concern the general sub-Gaussian case. These bounds rely on Lemma 1 and 2.
Using these together with the results in Appendix D gives bounds on the total regret.

e Appendix F provides the proof of some general technical lemmata.

Appendix A. Proof of the Bounds on the Number of Pulls of the Arms

In this section, we prove Lemma 1 and 2. Recall that their statements hold on the event £.
This event plays an important role in the proofs of the regret bounds; several statements
will be proven on . We transcribe the definition (13) of £ into the following lemma when
the number of samples T}, ; are random.

Lemma 10 For k =1,...,K and t = 2K,...,n, let Ty; be any random variable taking
values in {2,...,n}. Let &l%t be the empirical variance computed from (8) and B be given
by (10). Then, on &, we have:

2

Tet

|6kt — ok] <
All statements in the proofs of this section are meant to hold on &.

A.1 Problem-Dependent Bound; Proof of Lemma 1

Proof of Lemma 1 The proof consists of the following three main steps.

Step 1. Properties of the algorithm. Recall the definition of the upper bound used in
Anmc-uc when t > 2K:

w 273
Bqt+1:q<5qt+ ; 1<g¢<K.
’ Tq,t 7 \/Tq,t

From Lemma 10, we obtain the following upper and lower bounds for B, ;41 on &:

Wq0y Wy 443
<B < —|oq+ . 20

Note that as n > 4K, there exists an arm pulled after the initialization. Let k& be such
an arm and t +1 > 2K be the time step when k is pulled for the last time, that is,
Tyt =Tkp —1>2and Ty 411 = T} . Since arm k is chosen at time ¢ 4 1, we have for any
arm p

Bpi+1 < B t41- (21)
From (20) and the fact that T ; = T}, — 1, we obtain on
Biii1 < 2 op + -k o+ — . 22

Using the lower bound in (20) and the fact that T, ; < T, ,, we may lower bound B, ;41 on

¢ as

Wy0o. wyo
B > 2P~ PP 23
p,t+1 — Tp,t = Tp,n ( )
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Combining (21), (22), and (23), we obtain on &

WpOp Wi, 43
< O + ————|. 24
Tp»n Tk’,n -1 ( Tk,n - 1) ( )

Note that at this point there is no dependency on ¢, and on &, (24) holds for any p and for
any k such that Ty , > 2.

Step 2. Lower bound on Ty, . From the constraints ), (Ty,—2) =n—2K and ), A\, =1,
we can deduce (by indirect proof) that there exists an arm k with Ty, ,, —2 > A\ (n—2K) > 0,
that is, T, > 2. Thus k satisfies (24). Using (24), T ,—1 > A\g(n—2K), and A\, = w0 /2y
implies for any arm p

1 4 Yo AKX, 8v2
e A o + b < Zwy ToSw oy ffg,
Tyon nA\p 1 —2K/n \/TL)\k(l —2K/n) n n ”3/2)%/

because n > 4K. The previous inequality combined with the fact that Ap > Amin gives the
first inequality (14) of the lemma

wop _ Sw 128 4KS,
Tom — 1 p3/2)3/2 n?

min

By rearranging it, we obtain the lower bound on T}, ,, in (15)

Wy , 38
Tpn 2 Sy 4 128 4 4K3y =z Tp,n — 4\ ( 3/2 vn+ K) ’ (25)
n n:s/z)\fn/jl n?2 W Nmin

where in the second inequality we use 1/(1 4+ z) > 1 —z (for x > —1). Note that the lower
bound holds on ¢ for any arm p.

Step 3. Upper bound on T),,. Using (25) and the fact that ), T}, = n, we obtain

Tp,n:n_ZTk,n < (n_Zle,n) +Z4Ak<363/2\/ﬁ+K>

kep kp kp LA

W min

Since ., A < 1and » 3, Ty, = n, we deduce

3
Ty < Ty, +4 7*6;/2\/?1 +K|. (26)
Ew min
The lemma follows by combining the lower and upper bounds in (25) and (26). |

A.2 Problem-Independent Bound; Proof of Lemma 2
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Proof of Lemma 2

Step 1. Lower bound of order Q(n?/3). Recall the definition of the upper bound By 41
used in Ayic.ycg when ¢t > 2K:

w . 2
Bq,t+1:q<0q,t+ﬁ>7 1<qg<K.
t iy

Using Lemma 10 it follows that on &, for any ¢ such that T, ; > 2,

4
WeTq Byis1 < Wq. <Uq + 5) (27)

Tq,t Tq,t \ Tq,t

Let k be the index of an arm that is such that T}, , —2 > wi(n — 2K). Such an arm always
exists for any possible allocation strategy, as n — 2K =3 (Ty,n —2) and > w, = 1. This
implies T}, ,, > 3 as n > 4K, thus arm k is pulled after the initialization. Let t +1 < n be
the last time at which it was pulled, that is, Ty, ; = Ty, — 1 and T 441 = T,n. From (27)
and the fact that T ; > wi(n — 2K) and T} > 2, we obtain on §

Wi 43 max, op + V8p
B < — o+ < . 28
s ) s "
Since at time ¢ 4+ 1 the arm k has been pulled, then for any arm ¢, we have
Bgi41 < By p41- (29)

From the definition of By 41, and also using the fact that T, ; < Ty, we deduce on ¢ that

28w 28w
Byit1 > =7 =~ (30)
! A

Combining (28)—(30), we obtain on ¢

2Pwq - max, o, + /83 B > +/86
73/2 n—2K  n-2K'

q7n

Finally, this implies on £ that for any ¢,

2Bw,(n — 2K)>2/3 B (2 — 4K /n >2/3 (wgn)®®  (wyn)?/?
fan 2 < SivEs ) \SpevE") TS vERE .

recalling v = (£/6 + v/8)/3, which proves (16).

Step 2. Properties of the algorithm. We follow a similar analysis to Step 1 of the proof of
Lemma 1. Note that as n > 4K, there exists an arm pulled after the initialization. Let ¢
be any such arm and ¢t + 1 > 2K be the time step when ¢ is pulled for the last time, that
is, Tyt = Tyn —1 > 2 and T 441 = T,,,. Since arm ¢ is chosen at time ¢ + 1, we have for
any arm p

Bpt+1 < Byt (31)
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From (27) and T, = Tj,,, — 1, we obtain on ¢

w 44 w 43
B < =L =+ = d + — . 32
= Tyt (Uq Tq,t) Tyn —1 (Jq Tyn —1 32

Furthermore, since Tp,; < T, and Tp; > 2 (as t > 2K), then on &

WypO WO
Bpiy1 > 22 > 2P (33)
P Tp,t Tp,n

Combining (31)—(33), we obtain on £

WpOp

48
T,,—1) <w 4+ — .
Ty ( q.n ) < q(Uq o 1)

Note that this inequality holds on { for any p and for any ¢ such that 7, > 3. Summing
over all such ¢ on both sides, we obtain on £ for any arm p

Wpo 443
>, (Tn=1 < ), wq<oq+T _1)-
PR 0T, n>3 ¢Tyn>3 an

This implies

“’p‘fp(n—2K)<§:wq<aq+ 16 ) (34)
Tpn P Tym — 1

because 3 7 ~s(Tgm —1) =n—K =3 5 oTgn—-1)2n-K—-K=n-2K,

Step 8. Lower bound. Plugging (16) into (34),

4
%(n—2f() < Zq:wq<aq+6>

p,n Tqm -1

22
< Z wq | oq + 40 W
p q

44/2 68yK /3
<x,+ M ey, o 80
q

= nl/3 1/3

on &, since Ty, —1 > % (as Ty, > 2) and because ), w§/3 < K'/3 by Jensen’s inequality.

Finally as n > 4K, we obtain on £ the first inequality (17) of the lemma

Ton n n4/3 n2

w0y _ S 12K1/38y 4Ky

We now invert this bound and obtain on & the final lower bound on 7T}, ,, as follows

3K1/3
Ty > O > T, — 4N, <257n2/3 +K |,

p,n = E# + 12K1/357n—4/3 + Uz# - w
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as H% > 1 — x. Note that this lower bound holds with high probability for any arm p.

Step 4. Upper bound. An upper bound on 7},,, on ¢ follows by using 7}, , = n — Zq;ép Tyn
and the previous lower bound, that is

3K/3 3K1/3
Tp’ngn_ZT;:n+Z4)\Q<ZBrYnQ/g—i_K) ST;,n+4 TMTZQ/?)-FK s
q#p q#p w w

because >, Ag < 1. [ |

Appendix B. Main Tools for the Bounds on the Regrets

In this section, we first give a high probability uniform upper bound on the estimation errors
of the unbiased empirical standard deviations for sub-Gaussian random variables, then
describe other technical tools, properties, and inequalities. Several of these use the following
simple lemma giving (conditional) variance bound for sub-Gaussian random variables proven
in Appendix F:

Lemma 11 Let A be an event with P(A) < §. Let X have a distribution with p “Ex
satisfying (9) of Assumption 1 with ¢; >0, co > 0§, and any € > 0. Then

E[|X - ,u|2]I{A}] < dcy log(ecy/9).

Particularly, the case P(A) = § =1 gives Var X < c¢;log(eca) if coa > 1.

B.1 High Probability Uniform Upper Bound on the Variance Estimation
Errors

In this subsection, let n > 2, X1,..., X, be i.i.d. random variables with mean u, variance

o2, and unbiased empirical variances

1 < 1<
# = (XZ-—ZZXt/> (35)

corresponding to the first ¢ variables, and also § = /47 (2 <t < n).

The upper confidence bounds By, ; used in the MC-UCB algorithm is motivated by the
following theorem of Maurer and Pontil (2009) (see also the paper of Audibert et al., 2009,
for a variant), that gives a high probability bound on the estimation error of §;:

Theorem 12 (Theorem 10 of Maurer and Pontil, 2009) If V¢t < n, X; € [a,a + ¢],
then for 0 < § < 2, with probability at least 1 — §

21log(2/9)

f 1< '
|5, — 0| <c¢ S

Using the union bound and t/(t —1) < 2 for ¢ > 2 this implies the following uniform bound:
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Corollary 13 IfVt <n, X; € [a,a + ¢, then for 0 < ¢ < 2, the event
log(2/6
N {|§t—a| < 2 Og(t/ >}.
2<t<n
has probability at least 1 — nd.
We extend this result to sub-Gaussian random variables:

Proposition 14 Let the distribution of Xy’s satisfy (9) of Assumption 1 with ¢; > 0,
co > 1, and any € > 0. Define the following event for any 0 < § < 1/e

&= () {ls-o< 21,

where B is given by (10). Then P(£,(5)) > (1 — nd)2.

Proof of Proposition 14 Step 1. Truncating sub-Gaussian variables. Let the conditional

variance of X; be 52 % Var[X;|(X;—u)? < c1log(ca/6)]. We characterize & by the following
lemma (proven in Appendix F):

Lemma 15 Let X have a distribution with Y EX and 02 ¥ Var X satisfying (9) of
Assumption 1 with ¢ > 0, co > 1, and any e > 0. Let 0 < § < 1/e, A def {IX — p? <

c1log(cz/8)}, and &2 e Var[X|A]. Then P(AY) < § and

c10 log(eca/d)

<og—0<
0<o—-0< T—»

Step 2. Application of tail inequalities. Define the event
& =8in(0) = ﬂ {1X¢ — pu* < c1log(e2/0)} .

1<t<n

We have that P(¢() < nd using the union bound and (9). Given &1, (X;)1<i<n are n i.i.d.
bounded random variables with common conditional variance 2.
Now let & = £2.,(9) be the event:

§2 = ﬂ {’&-5\ < 4\/0110g(02/5)10g(t2/6)}‘

2<t<n

Using Corollary 13, we deduce that P(&|€1) > 1 — nd, and thus
P(¢1 N &) = P(&l6)P(&) = (1 —nd)*.

- 1
Moreover, from Lemma 15, we have 0 < 0 — 6 < Clélofgéeq/é), and thus on &, for all

2<t<n:

log(2/8)  +/c10log(eca/s) _ 23
P + 1—5 < %7

|5 —o| < |8 —a|+ |6 —0] < 4\/01 log(ca/9)
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implying & C &,(d). From this, we deduce

P(&,(6)) > P(&) > P(&1 N &) > (1 —nd)?

proving the proposition. |

Corollary 16 Let n > 2. Let Assumption 1 hold with ¢y > 0, co > 1, and any € > 0. For
any 0 < § < 1/e and for event & defined by (13), P(€) > (1 —nd)*K > 1 — 2nKJ.

Proof of Corollary 16 Since for each 1 < k < K, Proposition 14 implies that the

\/>

2<t<n

is at least (1 —nd)?2, the intersection of these independent events, ¢, has probability at least
(1 — nd)?X. The last inequality comes from the convexity of (1 — x)2. [ |

B.2 T}, is Stopping Time, Wald’s Identity for the Variance of the Sum of T} ;
Centered Samples of One Arm

For a given k, let (]:t(k))tgn be the filtration associated to the process (X +)i<n, and E_j =
E_n be the o-algebra generated by (X ¢)y<p p2r (“environment”). Define the filtration

(gt(k)>tﬁn by
t(k) _ gt(k,n) déf U(.Ft(k),gfk)

Tyt 1s a stopping time. We prove the following proposition.

Proposition 17 For each 1 <n' <n, T}, is a stopping time w.r.t. (gt(’“))tgn.

Proof We prove the statement for fixed budget n by induction for n’ =1,...,n.

For n/ < 2K (initialization), T}, is deterministic, so for any ¢, {T}, s <t} is either the
empty set or the whole probability space (and is thus measurable according to gt(’“)).

Let us now assume that for a given time step 2K < n’ < n, and for any t, {T} v < t}
is Qt(k)—measurable. We consider now time step n’ + 1. Note first that for t = 0, {T} /41 <
t} = {Tk 41 < 0} is the empty set and is thus ggk)—measurable. If t > 0, then

(T i1 <t} = ({Thw =t} N kg # k}) U{Tw <t -1} (36)

By induction assumption, {7}, = t} and {T},» <t — 1} are gt(k)-measurable (since for
any t', {Tyn <t'}is Qt(,k)—measurable). On {7} =t}, kpryq is also g,fk)—measurable since
it is determined only by the values of the upper bounds {B;,/41}1<¢<x (which depend
only on {Xp p}ly<pp+r and on (Xp1,...,Xp,)). Hence, {Tj,» = t} N {kyy1 # k} is
Qt(k)—measurable, and thus using (36), we have that {Tk,n’+1 < t} is Qt(k)—measurable, as
well.
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We have thus proved by induction that Ty, is a stopping time w.r.t. the filtration
(k) m
(gt )tSn-

Wald’s second identity for the variance. We also need to express the variance of the sum
of random number of centered terms when this random number is a stopping time. Thus,
we recall the following theorem from Athreya and Lahiri (2006) (this variant is quoted from
Lemma 10 of Antos et al. (2010))

Proposition 18 (Theorem 13.2.14 of Athreya and Lahiri (2006)) Let (F¢)i=1,..n be
a filtration and (Xt)i=1,..n be an F; adapted sequence of i.i.d. random variables with finite
expectation pu and variance 0. Assume that F; and o({Xs : s >t + 1}) are independent
for any t < n, and let T(< n) be a stopping time w.r.t. Fy. Then

(XT:(Xt - u))2] = E[T]o?.

t=1

E

Application to arm k and samples (Xgt)i<n.

Corollary 19 For any1 <k < K andn’ <n,

Tk,n’

E ( > (Xps— ,Uk))2 = E[T} o

t=1

Proof Proposition 17, the fact that ng) and o({Xj s : s > t+1}) are independent for any

t < n, and T} ,s < n guarantee that we can apply Proposition 18 with filtration (gt(’“))tgn,
(Xk,t)t<n, and T}, leading to the equality. [ |

B.3 Other Technical Inequalities

Now we state and prove some further technical inequalities.

Bounds on the loss and the variance of the sum of the centered samples of one arm on event
£°.
Lemma 20 Letn > 2 and 0 < § < 1/e. Let Assumption 1 hold with ca > max(1,2nKJ).

Then for each arm k,

E[|fkn — P 1{E9} ] < Kn?6Ce(5)  and
Tk,n
E (Z(Xk,t - uk))Q]I{gc} < 2Kn35Ce(5),

t=1
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where Cg(8) = Ce (9) def c1log(eca/2nK ). Consequently, for every arms k and q,

B[ = 1) (Bign — 1) I{E}]| < Kn?6C¢(8)  and
Tk,n Tq,n

E{ (D0 (K = ) (D0 (X = 1) JH{E}| | < 2K076Ce(0).

t=1 t=1

Proof of Lemma 20 ¢; > 1 and Corollary 16 imply P(£¢) < 2nK4. Due to this, ¢p >
2nKd, and Assumption 1, for any 1 < k < K and 1 <t <n, Lemma 11 implies

E [(Xg: — pk)2ﬂ{fc}] < 2nKécy log(eca/2nK0) = 2KndCe(9).

The first claim follows from the fact that

Tk,n(

E[(furn — )’ 1{€C}] < E| ==L

Xk,t - Mk)Q C
]

) Z B0 = N _ g

The second claim follows from the fact that

Tkn 2 n 2 n
(Z(th —Mk)> < (Z\Xk,t —,Uk’> < nZ<Xk,t_,uk)27
t=1 t=1 t=1
and so
Tk,n 2 n
EK > (X — m) H{&C}] <Y E[(Xpe — ) T{€} ] < 2Kn5C¢(9).
t=1 t=1

The third claim follows from the first one by Cauchy-Schwarzs inequality

E[(kn — ) (g — ) HLEC Y| < /Bl it — p20) HEC Y\ E g — p10) PLEC)

and the fourth one follows from the second one, analogously. |

We get the following corollary by substituting § = n=%/2:

Corollary 21 Let n > K > 2. Let Assumption 1 hold with co > 1. Then for each arm k,

. KC
E|fun — 1 T{¢“} ] < n5/25 and
Thin 2 c 2KC§
E (Z(Xk,t—uk)) {e} ] < RN
t=1
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where Ce = Ce(n™%/?) = c1log(ecan™?/2K) as in (19). Consequently, for every arms k
and q,

KC
B[ = )i — 1) H{E} )| <~ and
Tk n Tq,n
d 2KC,
E (;(Xk,t — Mk)) (;(Xq,t - Mq))ﬂ{gc} = n3/2£'

Upper and lower bound on B, of (11) for 6 = n=9/2. Using n > 4K > 8, ¢ > 1, and
monotonicity in n we have

B 5o " c1 log(econt?)
Bn = \/01 log(csn?) log(4n?) + 2(1 — n—45)n7/4

< log(can?) + log(4n?) 1 log(eca84-9)
sve 2 2(1 — 8-45)87/4
log(e?c38Y)
25/4(82 — 8-25) /log(e845) '

< eca (9 logn + log(4c3) /2 +

Using
log(e2c38%) < log(e?ca(co + 1)%7) < 291log(cy + 1) + 2log(ca + 1)/ log2 < 321log(cy + 1)
and 4c3 < (cp + 1)3

32log(ca + 1)

50 > < c1(9logn + 1.6log(ca + 1)) = Cp

Bn < Ve (9 logn + 1.5log(ca + 1) +

recalling (18). On the other hand, keeping only the first term of 3,

Bn > \/cl log(c3n?) log(4n?) > \/cl log(89¢3)291og 2 > +/58¢; log 2log(eca) > /40c; log(ecs).

Upper bound on v, of Lemma 2 when 6 = n~%2. If Assumption 1 is satisfied with cp > 1
then Lemma 11 implies O']% < c1log(ecy) for any 1 < k < K, thus recalling > = max, o,
we have £, < ¥ < /ey log(ecz). For § = n*9/2, the lower bound above on (3, leads to
¥/B, < 1/4/40 and

T = (S/Bn + V83 < (1/V40 + V8)/? < 1.5.

Appendix C. Proof of Proposition 8 and 9

In this section, we use Lemmata 1 and 2 to prove Proposition 8 and 9, respectively.
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C.1 Proof of Proposition 8

Proof of Proposition 8 By definition, the pseudo-loss of the algorithm is

Ln(Amc.ucs) Zwk %E[ {é}} Zw’%a’%E{ch}}
k=1 "

N

K

K
wiolP(¢
< K%k ,2F
- kz lnfw€€ Ti n Z Tk (37)

k=1

because T}, > 2 by the definition of Ayc.ucs. Recalling (14) from Lemma 1 that upper
bounds wyoy, /T, on &, we obtain

i w2o2P(¢ i ( w 128, 4K2w> M2 12%,8, | 4K
p inf¢ Tkn p n3/2/\i1/i n2 n n3/2)‘i1/i n2

using ) ., w0 = Xy Finally, using (37) and the previous inequality and recalling P(£C) <
2nK ¢ from Corollary 16, 6 = n=9/2, and 8, < Cp from Appendix B.3, we have

~ 22
R, (Avc.ucs) = Ln(Avc.ucs) — 7

125 5n 4K22
3/2)\3/2 + K5Zwkak

min k=1
< 125,Cp N 4KY2 KY2

3/2)\;1/131 n2 n7/2

128,Cy (4K +/2/16)%2
- n3/2)\3/.2 n2

that concludes the proof. |

C.2 Proof of Proposition 9

Proof of Proposition 9 We decompose and bound En(AMC_UCB) on ¢ and £¢ again as
n (37). Recalling (17) from Lemma 2 that upper bounds wyoy/T}, , on &, we obtain

EK: wiolP() EK: ( w 12K 60 4sz) _ B KISy, 4KSE

TL4/3 n2 D)

infe Ty, n nd/3 n

k=1
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using >, wyoy = ¥y Finally, using (37) and the previous inequality and recalling P(¢¢) <
2nK§ from Corollary 16, 6 = n=9/2, 3, < C3, and 7y, < 1.5 from Appendix B.3, we have

~ 22
Ry (Amc-ucs) = Ln(Avcucs) — 7
12K'3% By AKY2
S n4/3 + n + K5 ; ka'k.
18K'/3%,Cy N 4KY?  KY?
nd/3 n2 n/2
18K'/3%,Cjp N (4K +/2/16)%2
n4/3 n2 ’

that concludes the proof.

Appendix D. Bounds on R,(Anmc.ucs)

This section contains the proofs of the regret bounds for Ayc.ucs.

D.1 Problem-Dependent Bound

Proof of Proposition 3 By definition, we have

K K
L, (Amc.ucs) = Z wiE [(/lk,n - Mk)Q]I{f}} + Z wiE [(ﬂk,n — ) 1{C} }

k=1 k=1

Using the definition of fi ,, we have

(S (X —

T n
(Xl (Xk,t_,uk))Q
inf,ce T,?n( ) '

mfg T,fn

1)) ey <

(I[Lk,n - )2]1{5} >
Taking expectation and using Corollary 19

T 2
E[( (Xt — b)) }  E[Tknlo?
mfg Tkzn - infg T,?n ’

E[(fikn — i)’ T{E} ] <

so we bound the first sum of (38) as

O'ETkn
Zwkﬁ fikn = 1) 1{E} Z Cinfe 72 T
k=1 k=1

Recalling (14) from Lemma 1 that upper bounds wyoy /T, on &, we obtain

K
ak,E Tion] 128,  AKS,\2
< E|T} ..
z:: inf, T2 Z( n3/2/\3/.2 + n2 ) (i)
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Since ), Ty n = n, we have ), E[T}, ] = n, (40) can be rewritten as

K
S u? ORE[Tkn] _ (& 124, 4sz)2n
— k infe T,in ~—\n 3/2)\31{11 n2
(23, 24%.,8, ~ S8KX? 28832 32K223U)
— n
“\n?2 o 5/2)3/2 n? n3A3 . n?
- Y2 24%.,8, K»2 28832
= n 3/2)3/2 +16— 3 203
n )‘mm n n min

Finally, using (38), (39), and the previous inequality and recalling § = n~%2, Corollary 21,

and 3, < Cp from Appendix B.3 we have

22
Rn(Auc-ucs) = Ln(Avcucs) — ==
245, Bn N 16[(23 288632  KC¢
T opdpi2 n? om0 nb/2
_ 248,05 288C3 L VKC
~ p3/2 )\i{; n2/\f’mn n2 2n2
243,05 288CF  VEKCg +32K%2
- n3/2/\f’n/51 n2\3 . 2n? ’

This concludes the proof.

D.2 Problem-Independent Bound

Proof of Proposition 4 Again, we decompose L, (Anmc.ucg) on € and €€ as in (38), and
bound it on £ as in (39). Recalling (17) from Lemma 2 that upper bounds wyoy /T, on &,
we obtain

Since ) ) Ty.n = n, we have ), E[T}, ] = n, (41) can be rewritten as

K

Dk

k=1

4K 3,0\ 2

12K1/3 i
o ) ElT).0)

nA/3

Tk n

41
lnfg Tk2 ( )

Mw

n2
k=1

i E[T}.] ( w 12K By, | KT, )2
wy, — - n
— 1nf ¢ T2 n n4/3 n?
iﬂ 24K1/3E KPSy, L 8KY2  288K?%/3 g2 4 32K2%%2 .
=02 nYn 3 n3/3 nIn nA
_ 24K1/3Ew - 288K2/3 , 5, 16KY2
= n n4/3 ’VL,-Y’VL n5/3 TL’YTL n2 °
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Finally, using (38), (39), and the previous inequality and recalling § = n~%/2, Corollary 21,
Bn < Cg, and 7, < 1.5 from Appendix B.3 we have

22
Ry (Amcves) = Ln(Amc-ucs) — Tw
24K1/3%, 288K %/3 16KY2 KC
= i3 =Bnn + 5/3 Rl 5+ 5/2£
n n n n
nA/3 nb/3 2
36K1/3%,,C; . K2/3(2058C% + 3252) + K'/°C;
nA/3 (2n)5/3 :
This concludes the proof. |

Remark 22 Observe that in the proof of Proposition 8 and 9, we already bounded a linear
combination of E[I{{} /Ty.n] (leading to the desired rates), that is clearly upper bounded
also by E[T}, ]/ infe Tk%n appearing in both proofs above. Unfortunately, a reverse inequal-
ity does mot directly hold, thus here we had to proceed in a more involved way leading to
looser constants. If one could derive such a reverse inequality and then use the bounds on
R, (Ayc.vcs), that might give sharper constants also in the bounds on Ry, (Apc.vcs).

Appendix E. Bounds on the Cross Product-Terms

In this appendix, we prove Proposition 5 and 6 stating that the cross product-terms in
(2) are 0 for symmetric distributions and decrease at polynomial rate in n in the general
sub-Gaussian case.

E.1 Vanishing of the Terms for Symmetric Arm Distributions

Proof of Proposition 5

Step 1: Conditioning on a pair of numbers of pulls.  Recall that (8+)k<k t<n are the
unbiased empirical variances (see Equation 12). At each time step ¢t > 2K, Ayc.ucp chooses
k; based on the values of (B);)p,<Kk, which depend on {7}, +—1},<k and {6p—1}p<r. Thus
{Tp+}p<i is a deterministic map of {Tp;—1},<k and {6p:—1}p<kx. Hence, by induction,
each T} ,, is a deterministic function of {6 }p<K t<n, and so of {5, }p<K t<n, as well.
Now fix arms k,k" and 1 < s,s' < n such that P(T},, = s, T}/, = s’) > 0. Then we have

E (A — p) (i o — i) | T = 8, T = ']
1a -

=] (330 X0 =) (3 X2 K )
=1 =1

1< -

=FE [E[(s ; Xk,t - ,Uk) (y Zle/,t - ,Uk/) ‘{gp,t}pSK,tSn}

t=

Tk,n =S, Tk/,n = 5/:| (42)

/
Tk,n = ska’,n =S|
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Since the full sample sequences of the individual arms are independent, the sequences
(Xk1s--> Xks) and (Xp1,..., Xp ) remain conditionally independent conditioning on
{8pt}p<Kt<n. This leads to:

S/

1< 1
E [(; Z Xt — Hk) (; Z Xt — Hk')
t=1

t=1

{3patpericn] (43)

1 ) 1 )
=k [g Z Xt — Mk‘{sp,t}pSKftS"} E [? Z Xt — b {sp’t}pSK’tS"] '
=1 =1

Step 2: For any k < K and s < n, E[% Sory Xit — Mk’{ép,t}pgK,tSn] =0 a.s. We first
state the following Lemma proven in Appendix F:

Lemma 23 Let v be a symmetric distribution on R around 0, X = (X1,...,X,) be gen-
erated in an i.i.d. way according to v, and So,...,5, are the unbiased empirical standard
deviations given by (35). Then for 1 <t <n, E[X;{sy}y<n] =0 a.s.

As vy, is symmetric, Lemma 23 applies to X = (Xp1 — g, -, Xin — i) and {8 ¢ }e<n,
that is,

1o X 1o .
E[g > Xy — Nk‘{sk,t}tﬁn} = D E[Xps — mel{septr<n] =0 as.

t=1 t=1

By definition, {5, ¢}p4kt<n is independent of (X 1,..., X, {5kt }i<n), hence
1< 1<
E [; > Xpy— Nk‘{ép,t}pSK,tSn} =K [; > Xix - uk){§k,t}t§n] =0 as.  (44)

t=1 t=1

Step 3: The cross product-terms E[(fuen — ) (k' n — )] = 0. We combine (42), (43),
and (44) to get in case of P(T,, = 8, Tjrp = 8') > 0
E[(fn — 1) (s — b )| T = 8, Tt in = 8] = E[0 - O[T}, = 5, Ty 5y = 8'] = 0.

Conditioning on {Tj, = s, Ty, = s’} and using the equation above
E [(ﬂk,n - Hk)(ﬂk/,n - Nk’)
n n
= > > B — )0 — )| T = 5, T = | BT = 5, T o = ) = 0.
s'=2

Taking the weighted sum over k and &’ concludes the proof. |
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E.2 Bounds on the Terms for General Arm Distributions
The following lemma proven in Appendix F will be used for the proof:
Lemma 24 Let X be a random variable. Let (y,)y=1,..p be a partition of an event ¥ of

the probability space. Let a, € R foru =1,...,p, and a = mini<y<p Gy, @ = MaxX|<y<p Qy.
We have

)E[Xiauﬂmu}” ~ |aBxXT{}]| < ‘E[sz:auﬂ{gu}} —QE[X]I{Q’}]‘
< (a—a)E[XI{Q'}|.

Proof of Proposition 6 For any given k # ¢, introduce

Tk,n Tq,n
def N ~
Zkgq = E (Xt — k) E :(Xq,t = t1q) | = TienTqm (ki — b)) (Bgm — Haq)-
t=1 t=1

Then it suffices to bound |wiweE[Zkq/(ThnTyn)l|-

Step 1: E[Zyq] = 0. Let Ty, def min{s > 1: T}, ; > t}, that is, that random time step when
Anicues pulls arm & the ¢ time. (Tkt = oo if k is not pulled ¢ times.) Now

B(Zu) = E[ (3 (Xes — il = 1) (3 (Xt — )T = 1))
t=1

t=1

n n
= Z Z E[(Xk,t - ,uk)(Xq,t’ - :uq)H{Tk,n EA A Tq,n > t,} ]

t=1t'=1
n n
= Z Z E[(Xk:,t - Nk)(Xq,t’ - Nq)]I{Tk,n >tA Tq,n > t' A 77€,t < 7:1,7&’}]
t=1t'=1
0
+ Z Z E[(in — /Lk)(X%t/ — Mq)]I{Tk,n Z t A Tq,n Z t/ A 77c,t > 7:1715/} ] .
t=1t'=1

Fix any 1 < t,¢' < n. Proposition 17 implies that {T}, < t — 1} € gﬁ)l (defined in
Proposition 17), and thus also {7}, > t} € Qt(ﬁ)l. Tkt > T4 means that for some time step
s>t {Tys > t'}, but {Tj s < t}. Thus,

o0

{Toa > Towy = U{Tus 2 '} 0 {Ths < t}.

s=t’
Intersecting this by {7}, > t} and noting that for s > n, {Tis < T n} =0

n—1

{Tha > Taw} W {Tim =t} = | {T0s = 3 0 {Thos <t < The}-

s=t/

2263



CARPENTIER, MUNOS AND ANTOS

Now, by Proposition 17 for any s < n, {T s < t} = {Tys <t —1} € Qt(ﬁ)l. Moreover,
on {Ts < t}, Tys is gt(ﬁ)l-measurable, thus {T,s > t'} N {Txs < t} € gt(f)l. Hence
{Tee > Tgry N {Thn >t} € Qt(ﬁ)l, as well. Observe that T}, >t and Ti; > Ty together
imply Ty, > t', so H{E,t > Top N >t NTyp > t’} is gt(ﬁ)l—measurable. Also X, is

obviously gt(ﬁ)l—measurable, while X}, ; is independent of Qt(ﬁ)l. Thus, conditioning on gt(ﬁ)l,
we have

E[(Xk,t - ,UJk)(Xq,t’ - ,qu)]I{Tk,n 2 tA Tq,n Z t, A 77€,t > 7:1,15’}]

k
= E[(Xq,t’ — 1) W T 2t ANTq >t ATiy > Tor } E[ Xy — Mk:’gt(—)lﬂ
= ]E[(Xq,t’ - /‘q)H{Tkﬂ% >t A Tgn >t N T > 7:1715’} O] = 0.

By summing for ¢,t and repeating the same reasoning for the other term of E[Zy,] with
arm ¢, we obtain that E[Z,] = 0.

Step 2: Bounding the terms on €. By Corollary 21 we have

’E |:Tk,an,n]I{€ } ‘ <55 and |E [Zi1{¢“ }]| < 3z (45)
implying, since E[Zy,] = 0 (Step 1), also
2KC,
E[Zk N < =~ (46)

Step 3: Bounding the terms on &.  We recall that under Assumption 1, n > 4K, and
6 = n~92, combining Lemmata 1 (Equation 15) and 2 we have that Ayc.ucs run by 5,
given by (11) satisfies on & for all arm p, —A\,M < T}, ,, — Ty, < M, where

Md:ef4min< 6Q/QW+K KUSS%V" 2/5+K)

and v, = (2/B, + Vv8)Y/? as in Lemma 2. Recalling 3, < Cp and v, < 1.5 from Ap-
pendix B.3 M is upper bounded by min (B\/ﬁ, An2/3), where

o 12 . 1
B C:f +2vVK  and A% g3 <805 + 41/3> .
TN o

min

Moreover, by (16) of Lemma 2,

Topn > (11;1,;172)2/3 > 4(wn)?3/9 = En?/3 on &,

where w def ming w and E % 4 2/3 /9 > 0. Note that B displays a dependency on AL
but A and E do not. Summarizing these inequalities on 7T}, ,, we have

min’

p?n

Tp.n > max (T;n — \pmin (B\/ﬁ, An2/3),En2/3> def T

and Tym < Ty, +min (By/n, An2/3) def Tyn
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on &. Note that using n > 4K > 8, Y2 < cplog(ecs), 2 > 1, and Apin < 1/K it is easy to
see that each T}, , > 643. Since now

{{Tk,n:t,Tq,n:t’}ﬁérLﬁ, <t<Tkn,T <t <Tyn}

is a partition of £, we have by Lemma 24

Tk n Tq n
Z,
’ [T j H{g}” - )E[Z’“q Z Z tt/H{{Tk" tTon =1} mg}”
k,n q n =T, /=
1 1 1
< E|Z I e —— — |E[Z,I .
< E| Z,1{e} | (Tk,an,n 1 ) el e e R L S
Note now that by Cauchy-Schwarz’s inequality
Tk,n 2 Tq,n 2
12316 | < Bl < \|B| (00000 - ) B[ (0K - ) |
t=1 t=1

Using Corollary 19 the right-hand side is bounded by \/ ET}. n02ETyno2. Since

ETy. = E[Thnl{&}] + E[T3 nI{€°}] < TjonP(€) + 2Kn26 < Tppp + 2Kn %% < Ty, + V2/64

by definition of Tk, and Ty, > 643, ETy, < (1 + v2/41152)T},, < 1.01T},. Similarly,

ET,, < 1.017,,,. Thus we have E|Z,I{¢} | < 1.010x04+/Tk.nTyn. From this and (46), one
gets

Ziyq 1 1 2wpwg KCe
ww ‘E[ I{¢ ”<101wkakwa,/Tk T, < N )+
I Ty an n { } e " Ik,nzq,n Tk,an,n Tk: an n n3/2

WO RWeOq TenTyn — Iy, T, 13KCt
Ik,nzq,n /Tk,an,n 106n3/2

Now for n large enough (compared to K, ci, logca, 1/%,, and logn), n > 843 (ie.,
An?/® < n/2) holds. Thus

<1.01

Tyn>Th,— A)\pn2/3 = A\p(n — An?/3)

implies also 17;0: < iw2/3 < 2%" for any arm p. This leads to the bound
i Tyn —TpnTon 13KC
wkwq‘E[ H{é}} ‘ <4, 04 TinTan = LinLoy s (47)
Ty, Tq /T 7 1061,3/2
i knlgn
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Step 4: problem-dependent upper bound. We deduce that
Tkaq,n — Ik,nzq,n < (n)\k + B\/ﬁ) (n)\q + B\/ﬁ) — (n)\k — B)\k\/ﬁ) (n)\q — B)\q\/ﬁ)

/Tk,an,n - VAR
_ B(A\k+ Mg+ 2060 g)ny/n + B2 (1 — ApAg)n
N/ AkAq
1+ B
< Bym [ LEBL Lo aos
VA
1+B
<B <+/\/\/§ + 1) NG

using n > 4K > 8 and A\, < 1/4. Thus, we have from this and (47)

kg 1+ B/VS8 Y2 13KCe C1+ 1.3KC¢/10°
< =
wkwq’E[Tkaq’nH{é}} ‘ <58 ( A 1 n3/2 + 10673/2 n3/2 ’

min

where C1 ¥ 5B((1 + B/v/8)/Amin + 1)22,.
Finally, using (45), we have

4 4 Z
‘w’“w‘]E [Tk,nkzzq,n} S Wity ’E [Tkmk]gqm ]1{5}} ’ + Wk ‘E[Tkﬁnkzzqvnﬂ{gc}} ‘
< Ci + 1.3KC§/106 KCE
- n3/2 4n5/2
O+ (1.3K/10° +1/16)C¢
< Y ;

where (7 and C¢ depend only polynomially on logn, )\:niln, K, ¥y, c1, and logcy. This
concludes the proof for the problem-dependent bound.

Step 4’: problem-independent upper bound. Using Tk,n > Typn 2 En?/3, which implies
that Ty, > max(\gn, Enz/g), we deduce that

Tkaq,n S R < (n)\k + An2/3) (n)\q + An2/3) — (n)\k — A)\knz/3) (n)\q — A)\qn2/3)
TenTyn a \/max (Akn, En?/3) max (Agn, En?/3)
A+ Ag 20 0g)nn?3 4+ A2(1 — ApAg)nt/3

\/max (MeAgn?, E max (g, Ag)nn?/3, E2n*/3)

<A (A 4+ Ag)n®/3 2\ Agn®/3 . AnA/3
- \/E max (g, )\q)n5/3 \/WH En2/3
< App/o \/m_i_ 2VAA A
a E/2 n/6 " Enl/o

A [ 2 A
< — — + 1 + = n5/6
V2 (\/E E>
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using n > 4K > 8 and A\, < 1/4. Thus, we have from this and (47) that

A\ ¥2 13K C K2/3C, /107
}1{5}H<202\fA<+1+ ) w Ce  Co+ 9K™°Ce/

w’“wq‘E[ VE E)nt/6 " 106p372 = n7/6 ’

Zigq
T Tq .
where Cy = 3A(2/VE + 1+ A/E)X2
Finally, using (45), we have

Zy,
E |7 7]
‘w’“% TenTym

< wkwq‘E[TananH{f}} ‘ + wkwq‘E[T anﬂ{éc}} ‘

_ Gt IK?3C: /107  KC;
- n7/6 4n5/2
C2 + (9K3/3/107 + 1/32)05)
n7/6

where Cy and C¢ depend only polynomially on logn, K, ¥, c1, logca, and 1/w. This
concludes the proof for the problem-independent bound. |

Appendix F. Proofs of Technical Lemmata
Proof of Lemma 11 Using that log(ca/0) > 0

oo

E[X - ,u\Q]I{A}} = /P(|X —p* > € A)de
0

c1 log(ca/9) )
< P(A) de + / P(|X — pu* > €) de
0 c1 log(cz2/6)

< dcq log(ca/0) + / coe” /% de = ey log(ecy /).

c1 log(c2/6)

Proof of Lemma 15 Using (9) for €2 = ¢; log(ca/d)(> 0) we have

P(AC) < cperlos@@/d/er — 5 and  P(A)>1-6>0, (48)
so Var[X|A] and also fu aof E[X|A] = E[XTI{A}]/P(A) make sense. If P(4) = 1 then ¢ = o,
and the claim follows. Now assume P(A) < 1. Since E[|X — u|?|A°] > ¢;log(ca/8) >
E[|X — u|?|A], we have

=E[|X — u’] = E[X — u*|AIP(AC) + E[|X — ul*|AJP(A) > E[|X — u*|A].  (49)
Moreover,

=E[X - Al’|A] = E[|IX — pl?|A] = | — Al
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and thus

0> = 5% =o® —E[|X — ul|A] + |p—Al> >0 (50)

by (49). But (49) implies also that

o2 . 2 2 c c
~E[|X — p2|A] = P(A) Igg) plPI{AY  E[X — gl H{ﬁAi P(AC)
E[(|X — pf? — oH)I{A“}]
N P(A) ' (51)

Using that § < 1/e and Lemma 11 imply ¢; log(c2/8) > c; log(eca) > o2, we have

o0 o0

E[(|X — w? — UQ)H{AC}] = /IP’(]X —pf—o?> €, A% de = /P(|X —ul? > €, A%) de
0 o2
c1 log(cz/6) )
= / P(AY) de + / P(|X — ul? > €) de
o2 c1log(c2/6)

< d(cylog(ca/d) — o) + / cae” 1 de (by Equations 48 and 9)
c1 log(c2/6)
= 8¢y log(ca/8) — 802 + cregecrlos(e2/d)/er — e log(ecy /6) —
This, (51), and (48) imply

c1log(eca/6) — o

—E[|X — p’|A] <6 13 (52)
For the last term of (50), noticing that E[XI{A}] + E[XI{A}] = u we have
] = pP(A) —E[XT{A}]| _ |[EXT{A}] — pP(A)| _ [E[(X — p)I{A“}]|
P(4) P(A) P(A)
< VEIX _P'Léi])E[H{ACH (by Cauchy-Schwarz’s inequality) (53)
_ 0/P(A%) - oV
P(A) —1-6
using again (48). From (50), (52), and (53), we derive
2252 < 4 log(i@/g) —o’ (1502)2 1510(g(ec§§;5).
Since (0 — 5)? < (0 +6)(0 — &) = 02 — 52, the claim follows. u
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Proof of Lemma 23 Denote (32, ..., 5,) by 5(X). Then $(X) = §(—X) holds due to the
quadratic form of the empirical variances. Thus, by the symmetry of v,

E[X,|$(X)] = E[-X,|S(~X)] = ~E[X,|$(X)] as.

implying E[X¢|{3y }rr<n] = E[X;|S(X)] = 0 as. ]
Proof of Lemma 24 By the definition of a and a,

p
XY a,{Q} < XI{X > 0} al{Q'} + XI{X < 0} al{Q'} .
u=1
This implies

E[szjauu{gu}} < E[X]I{X > 0}al{Q'} + XI{X < O}QH{Q’}}

u=1

- E[(a — @) XT{X > 0} T{Q'} + aX(I{X < 0} +{X > 0})]1{9’}}
= (@— a)E[XI{X > 0} I{'} | + aB[X1{'}]
< (@ - a)B|XI{Q'} | + aB[XT{Q'}].

By applying the inequality above for —X we have
P
E [X 3 auH{Qu}} > —(a— a)B|IXT{Q'} | + aR[XT{Q'}].
u=1

Those two inequalities lead to the second inequality of the lemma, while the first one follows
from the triangle inequality. |
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