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Abstract

In this paper we explore maximal deviations of large random structures from their typical

behavior. We introduce a model for a high-dimensional random graph process and ask
analogous questions to those of Vapnik and Chervonenkis for deviations of averages: how
“rich” does the process have to be so that one sees atypical behavior.

In particular, we study a natural process of Erdés-Rényi random graphs indexed by
unit vectors in R%. We investigate the deviations of the process with respect to three
fundamental properties: clique number, chromatic number, and connectivity. In all cases
we establish upper and lower bounds for the minimal dimension d that guarantees the
existence of “exceptional directions” in which the random graph behaves atypically with
respect to the property. For each of the three properties, four theorems are established,
to describe upper and lower bounds for the threshold dimension in the subcritical and
supercritical regimes.
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1. Introduction

One of the principal problems in probability and statistics is the understanding of maximal
deviations of averages from their means. The revolutionary work of Vapnik and Chervo-
nenkis (1971, 1974, 1981) introduced a completely new combinatorial approach that opened
many paths and helped us understand this fundamental phenomena. Today, the Vapnik-
Chervonenkis theory has become the theoretical basis of statistical machine learning, em-
pirical process theory, and has applications in a diverse array of fields.

The purpose of this paper is to initiate the exploration of maximal deviations of complex
random structures from their typical behavior. We introduce a model for a high-dimensional
random graph process and ask analogous questions to those of Vapnik and Chervonenkis
for deviations of averages: how “rich” does the process have to be so that one sees atypical
behavior. In particular, we study a process of Erdés-Rényi random graphs. In the G(n,p)
model introduced by Erdés and Rényi (1959, 1960), a graph on n vertices is obtained by
connecting each pair of vertices with probability p, independently, at random. The G(n, p)
model has been thoroughly studied and many of its properties are well understood—see,
e.g., the monographs of Bollobas (2001) and Janson et al. (2000).

In this paper we introduce a random graph process indexed by unit vectors in R?, defined
as follows. For positive integer n, write [n] = {1,...,n}. For 1 <1i < j < n, let X;; be
independent standard normal vectors in R?. Denote by X, = (Xij)1<i<j<n the collection
of these random points. For each s € S~ (where S9! denotes the unit sphere in R?) and
t € R we define the random graph I'( X, s, t) with vertex set v(I'(X,, s,t)) = [n] and edge
set e(I'(Xn, s,t)) = {{i,7} : (Xi;,s) > t}, where (-,-) denotes the usual inner product in
R,

For any fixed s € S ! and t € R, I'(X,,, s,t) is distributed as an Erdés-Rényi random
graph G(n,p), with p = 1 — ®(t) where ® is the distribution function of a standard normal
random variable. In particular, I'(X,, s,0) is a G(n,1/2) random graph. With a slight
abuse of notation, we write I'( X, s) for I'( X, s, 0).

We study the random graph process

Gap(X,) = {F(Xn,s,qu(l —p)):s€ Sd—l} :

Ggp(Xp) is a stationary process of G(n,p) random graphs, indexed by d-dimensional unit
vectors. For larger values of d, the process becomes “richer”. Our aim is to explore
how large the dimension d needs to be for there to exist random directions s for which
[(Xp,s,® 1(1-p)) € Gyp(X ) has different behavior from what is expected from a G(n, p)
random graph. Adapting terminology from dynamical percolation Steif (2009), we call such
directions exceptional rotations. More precisely, in analogy with the Vapnik-Chervonenkis
theory of studying atypical deviations of averages from their means, our aim is to develop a
VC theory of random graphs. In particular, we study three fundamental properties of the
graphs in the family Gg,(X,,): the size of the largest clique, the chromatic number, and
connectivity. In the first two cases we consider p = 1/2 while in the study of connectivity
we focus on the case when p = clogn/n for some constant ¢ > 0.

The graph properties we consider are all monotone, so have a critical probability p*
at which they are typically obtained by G(n,p). For example, consider connectivity, and
suppose we first place ourselves above the critical probability in G(n,p), e.g., p = clogn/n
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for ¢ > 1, so that G(n, p) is with high probability connected. Then the question is how large
should d be to ensure that for some member graph in the class, the property (connectivity)
disappears. There is a threshold dimension d for this, and we develop upper and lower
bounds for that dimension. Secondly, consider the regime below the critical probability for
connectivity in G(n,p), e.g., p = clogn/n for ¢ < 1. In this case, with high probability
G(n,p) is not connected, and we ask how large d should be to ensure that for some member
graph in the class, the property (connectivity) appears. Again, we develop upper and lower
bounds for the threshold dimension d for this.

In all, for each of the three properties considered in this paper, clique number, chromatic
number, and connectivity, four theorems are needed, to describe upper and lower bounds
for the threshold dimension for exceptional behaviour in the subcritical regime (when the
property typically does not obtain) and in the supercritical regime (when the property
typically does obtain). In every case, our results reveal a remarkable asymmetry between
“upper” and “lower” deviations relative to this threshold.

Our techniques combine some of the essential notions introduced by Vapnik and Cher-
vonenkis (such as shattering, covering, packing, and symmetrization), with elements of
high-dimensional random geometry, coupled with sharp estimates for certain random graph
parameters.

The model considered in this paper uses subsets of the collection of halfspaces in
R? to define the random graphs in the collection. A natural variant would be one in
which we associate with each edge {i,7} a uniformly distributed random vector on the
torus [0,1]%, and consider a class parametrized by s € [0,1]%. Then define the edge set
e(T(Xn,s,t)) = {{i,j} : || Xi;—s|| <t}. For general classes of sets of R%, the complexity of
the classes will affect the behaviour of the collection of random graphs in a universal man-
ner. We can define the complexity of a class of graphs indexed in terms of the threshold
dimension needed to make certain graph properties appear or disappear in the subcritical
and supercritical regimes, respectively. It will be interesting to explore the relationship
between the combinatorial geometry of the class and these complexities.

Note that when d = 1, Gy ,(X,,) only contains two graphs (when p = 1/2, one is the
complement of the other), and therefore the class is trivial. On the other extreme, when
d > (Z), with probability one, the collection Gg; /Q(Xn) contains all 2() graphs on n
vertices. This follows from the following classical result on the “VC shatter coefficient”
of linear half spaces (see, e.g., Schlaffli 1950, Cover 1965) that determines the number of
different graphs in Gg;/2(X) (with probability one).

Lemma 1 Given N > d points x1,...,xx € R? in general position (i.e., every subset of
d points is linearly independent), the number of binary vectors b € {0,1} of the form
b= (ﬂ{<xi:3>20})i<N for some s € S equals

C(N,d)_2§<NI;1> .

In particular, when N = d, all 2V possible dichotomies of the N points are realizable
by some linear half space with the origin on its boundary. In such a case we say that the
N points are shattered by half spaces.
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1.1 Notation and Overview

Throughout the paper, log denotes natural logarithm. For a sequence {A,} of events, we
say that A, holds with high probability if lim,,_,. P{A,} = 1.

The paper is organized as follows. In Section 2 we study the clique number in the case
p = 1/2. The four parts of Theorem 2 establish upper and lower bounds for the critical
dimension above which, with high probability, there exist graphs in Gg;/2(Xn) whose
largest clique is significantly larger/smaller than the typical value, which is ~ 2logsn —
2logylogyn. We show that the critical dimension for which some graphs in Gg;/2(Xn)
have a clique number at least, say, 10log, n is of the order of log® n/loglogn.

In sharp contrast to this, d needs to be at least n?/polylogn to find a graph in
Ggn /Q(X n) With maximum clique size 3 less than the typical value. We study this func-
tional in Section 3. Theorem 3 summarizes the four statements corresponding to upper and
lower bounds in the sub-, and super-critical regime. Once again, the two regimes exhibit an
important asymmetry. While no graphs in Gy /o(X n) have a chromatic number a constant
factor larger than typical unless d is is of the order of n?/ polylogn, there exist graphs with
a constant factor smaller chromatic number for d near n.

Finally, in Section 4, connectivity properties are examined. To this end, we place our-
selves in the regime p = clogn/n for some constant ¢. When ¢ < 1, a typical graph G(n, p)
is disconnected, with high probability, while for ¢ > 1 it is connected. In Theorem 6 we
address both cases. We show that for ¢ > 1, the critical dimension above which one finds
disconnected graphs among Gy ¢1ogn/n(Xn) is of the order of logn/loglogn. (Our upper
and lower bounds differ by a factor of 2.) We also show that when ¢ < 1, d needs to be at
least roughly n'~¢ in order to find a connected graph Ga,clogn/n(Xn). While we conjecture
this lower bound to be sharp, we do not have a matching upper bound in this case. How-
ever, we are able to show that when d is at least of the order of ny/logn, Ga,clogn/n(Xn)
not only contains some connected graphs but with high probability, for any spanning tree,
there exists s € S9! such that I'(X,, s, t) contains that spanning tree. This property holds
for even much smaller values of p.

In the Appendix we gather some technical estimates required for the proofs. Before
diving into the proofs we make one final remark regarding the proof techniques. Fix an
increasing graph property P. One natural way to show that with high probability there
exists a direction s for which I'( X, s, t) has P is as follows. Fix pin (0, 1) such that G(n, p)
has property P with high probability; then show that with high probability there exists a
direction s for which I'(X,, s,t) has at least p(g) edges. This type of argument, and its
obvious analogue for decreasing graph properties, maximally decouple geometric and graph
theoretic considerations. For the lower tail of the clique number, our results, Theorem 2
(i) and (ii), leave open the possibility that such an argument could yield tight bounds for
threshold dimensions. For the remaining properties we consider, our results rule this out —
the dimensional thresholds cannot be explained by edge density alone.

2. Clique Number

In this section we consider p = 1/2 and investigate the extremes of the clique number
amongst the graphs I'(X,, s), s € S9!, Denote by cl(X,,s) the size of the largest clique
in I'( X, s).
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The typical behavior of the clique number of a G(n,1/2) random graph is quite accu-
rately described by Matula’s classical theorem (Matula, 1972) that states that for any fixed
s € S for any € > 0,

cd(Xp,s) e {|lw—c¢€],|w+el}

with probability tending to 1, where w = 2log, n — 2log, logy n + 2logy e — 1.

Here we are interested in understanding the values of d for which graphs with atypical
clique number appear. We prove below that while for moderately large values of d some
graphs I'(X,,, s) have a significantly larger clique number than w, one does not find graphs
with significantly smaller clique number unless d is nearly quadratic in n.

Observe first that by Lemma 1 for any k, if d > (g), then, with probability one,
cl(Xn,s) > k for some s € S97'. (Just fix any set of k vertices; all 2¥ graphs on
these vertices is present for some s, including the complete graph.) For example, when
d ~ (9/2)(logyn)?, cl(X,,s) > 3logyn for some s € S%71 a quite atypical behavior. In
fact, with a more careful argument we show below that when d is a sufficiently large con-
stant multiple of (logn)2/loglogn, then, with high probability, there exists s € S%~1 such
that cl(X,,s) > 3logyn. We also show that no such s exists for d = o((logn)?/loglogn).
Perhaps more surprisingly, clique numbers significantly smaller than the typical value only
appear for huge values of d. The next theorem shows the surprising fact that in order to
have that for some s € S91, ¢l(X,,s) < w — 3, the dimension needs to be n>~°1)_ (Recall
that for d = (}) the point set X,, is shattered and one even has c/(X,,s) = 1 for some s.
Our findings on the clique number are summarized in the following theorem.

Theorem 2 (CLIQUE NUMBER.) If cl(X,,s) denotes the clique number of I'( X, s), then,
with high probability the following hold:

(i) (SUBCRITICAL; NECESSARY.) Ifd = o(n?/(logn)?), then for all s € S?1, cl(X,,, s) >
lw—3].

(ii) (SUBCRITICAL; SUFFICIENT.) If d > (}), then there exists s € S9' such that
cd(Xp,s)=1.

(17i) (SUPERCRITICAL; NECESSARY.) For any ¢ > 2 there exists ¢ > 0 such that if d <
¢ log? n/loglogn, then for all s € S, we have cl(X,,s) < clogyn.

(iv) (SUPERCRITICAL; SUFFICIENT.) For any ¢ > 2 and ¢ > ¢?/(2log?2), if it is the case
that d > ¢'log? n/loglogn, then there exists s € ST such that cl(X,,s) > clogyn .

The event described in (ii) holds with probability one for all n.

Proof To prove part (i), let & = |w — 3] and let Ng(s) denote the number of cliques of
size k in I'(X,, s). Let € (0,1] and let C,; be a minimal n-cover of S¢~!. Then
Py

Jse S Ny(s) = O}

= ]P’{Els’ €Cypand Is € ST ||s — & < n: Ni(s) = 0}

IN

|C7,|IP’{E|S € 8911 ||s — sol| <z Np(s) = O}
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where sg = (1,0,...,0) and the last inequality follows from the union bound. Consider the
graph T'(X,, s0, —m+/1 — n?/4) in which vertex i and vertex j are connected if and only if
the first component of X ; is at least —ny/1 — n?/4

The proof of Lemma 12 implies that the event {3s € 5971 : ||s — so[| < n: Ni(s) =0}
is included in the event that I'(X,, so, —1\/1 — n?/4) does not have any clique of size k.

By Lemma 12, the probability of this is bounded by the probability that an Erdds-Rényi
random graph G(n,1/2 — ay,) does not have any clique of size k where a,, = %. If we

choose (say) = 1/n? then for d < n? we have a;,, < 1/n and therefore, by Lemma 17
below,

—C'n?
d—1 . _ < . — < 1\
P{3s € %7 s = soll < n: Nils) 0}—6Xp(<log2n>8>

for some numerical constant C’. Thus, using Lemma 10,
—C'n?
d—1 . _ 2\d —
P {Els € S Ni(s) = 0} < (4n”)%exp <(log2 n)8> =o(1)
whenever d = o(n?/(logn)?).

Part (ii) follows from the simple fact that, by Lemma 1, with d = (g) even the empty graph
appears among the I'( X, s).

The proof of part (iii) proceeds similarly to that of part (i). Let k = clogyn. Then
P{Els € 5471 Ny(s) > 1}
<

ycnup{as € S ||s — sol <1t Ni(s) > 1} .

Similarly to the argument of (i), we note that the event {3s € 471 : ||s — so|| < n: Ni(s) > 1}
is included in the event that I'(X,,, so, —11/1 — n?/4) has a clique of size k, which is bounded
by the probability that an Erdés-Rényi random graph G(n,1/2 + «,,) has a clique of size k
where o, = ’\7/%. Denoting p = 1/2+ay,, this probability is bounded by (Z)p(g) < (npk/Q)k.
We may choose n = 4/d. Then, for d sufficiently large, o, < (¢/2—1)log 2 and, using Lemma
10, we have

1
P{HS c Sd—l . Nk(S) > 1} < (4/77)d (np(c/2)10g2n>c 0go N
< edlogd (n1+(c/2) log2(1/2+an)>610g2n
< 6dlogd (n1—6/2+can/log 2)clog2 "
< ed log dn(lfc/Q)c(logQ n)/2

ed log d—(c—2)c(logy n)? log 2/4
)

and the statement follows.

It remains to prove part (iv). The proof relies on the second moment method. Let ¢ > 2,
d > c?/(2log?2), and assume that d > ¢’log?n/loglogn. Let K be a constant satisfying

1898



EXCEPTIONAL ROTATIONS OF RANDOM GRAPHS: A VC THEORY

K > 2//c and define § = K+/loglogn/logn. Let A be a subset of S9! of cardinality at
least (d/16)6~(4~1) such that for all distinct pairs s, s’ € A, we have (s, s’) > cos(f). Such
a set exists by Lemma 11. Also, let C be the family of all subsets of [n] of cardinality k =
|clogyn]. For s € A and v € C, denote by Z, , the indicator that all edges between vertices
in v are present in the graph I'(X,,s). Our aim is to show that lim, ,,o P{Z > 0} =1

where
Z=>Y Z,.

seAvyeC

To this end, by the second moment method (see e.g., Alon and Spencer 1992), it suffices
to prove that EZ — oo and that E[Z2] = (EZ)?(1 + o(1).
To bound EZ note that

EZ = |A] (Z) EZ,,

> (d/16)6 @V (Z>2(§>

2
= exp ((log n)? <c’ - 212g2 + 10;2 + 0(1))) — 00 .

On the other hand,

EZ’] = Y Y ElZyZey)

s,s'€A~y,y'eC
= 2. 2, ElZyZyylt) ) E
s,8":5£8' €Ay vy eC:lyNy|<1 s€cAyy'eC

* Z Z E[ZSKYZS’,V’]
5,8 :578' €Ay, €C: |y’ |22

et IIr.

For the first term note that if v and 4’ intersect in at most one vertex then Z,, and Zy ./
are independent and therefore

I= Y Y EZ\EZy, < (EZ)

5,8 :s£8' €A~y €C:lyNy|<1

Hence, it suffices to prove that IT 4+ I1I = o((EZ)?). To deal with I, we have

w7 |A|-1(’,z) -2l 0)()

IN
=
(]~
\)
—
NS
e
[~
~

IA
E\H
[\
—
N S
N—
[~]¢
/7~
S
|| =
N
)
5
~_
o~
S| =

= exp (—(logn)? (¢ +o(1) — ¢*/(21og2))) — 0.
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We now take care of I11. To this end, we bound

max  E[Zs,Zy ]
s,8'€Ais#£s!
¥y vy =L

200518 LY > s}

where N is a standard normal vector in R?. To see this, note that 2(’;) — (g) edges of the

by

two cliques occur independently, each with probability 1/2. The remaining (5) edges must
be in both T'(X,,,s) and T'(X,,,s’). A moment of thought reveals that this probability is
bounded by the probability that the angle between a random normal vector and a fixed
unit vector (say sg) is less than 7/2 — 6/2. This probability may be bounded as

P{(N/||N||, s0) >sin(0/2)} = %IP’{B > sin®(0/2) }
(where B is a Beta(1/2,(d — 1)/2) random variable)
EB
< N —
~  2sin?(0/2)
B 1
~ 2dsin®(0/2)
2+40(1)  2+0(1)
B ez JK?

Via the same counting argument used in handling 11, we have

st (50)° (£5) &

=2

Since ¢/ K? > 4, we have, for n large enough,

a e i (w) a0 (")

as required. This concludes the proof of the theorem. |

We conclude the section by remarking that the above proof extends straightforwardly to
G(n,p) for any constant p € (0,1).

3. Chromatic Number

A proper coloring of vertices of a graph assigns a color to each vertex such that no pair of
vertices joined by an edge share the same color. The chromatic number x(G) of a graph G
is the smallest number of colors for which a proper coloring of the graph exists.

Here we study the fluctuations of the chromatic numbers x(I'(X,,s)) from its typical
behavior as s € S9!, Once again, for simplicity of the presentation, we consider p = 1/2.
The arguments extend easily to other (constant) values of p.
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For a fixed s, a celebrated result of Bollobas (1988) implies that

n

< FXnv S
XX 3) < o

2log,yn (14o(1))
with high probability.

In this section we derive estimates for the value of the dimension d for which there exist
random graphs in the collection G ;/2(X,) whose chromatic number differs substantially
(i.e., by a constant factor) from that of a typical G(n,1/2) graph. Similar to the case of
the clique number studied in Section 2, we find that upper and lower deviations exhibit a
different behavior—though in a less dramatic way. With high probability, one does not see a
graph with a clique number larger than (1 +€)n/(21ogy n) unless d is at least n?/ polylogn.
On the other hand, when d is roughly linear in n, there are graphs is G, /2(X n) with
chromatic number at most (1 — €)n/(2logsn). Below we make these statements rigorous
and also show that they are essentially tight.

Theorem 3 (CHROMATIC NUMBER.) Let e € (0,1/2). If x(I'(Xy,s)) denotes the chro-
matic number of I'(X ,, s), then, with high probability the following hold:

(i) (SUBCRITICAL; NECESSARY.) Ifd = o(n/(logn)?), then for all s € ST, x(T'(X,, s)) >
(1 —¢e)n/(2logyn).

(i3) (SUBCRITICAL; SUFFICIENT.) If d > 2nlogyn/(1 — 2¢), then there exists s € S9!
such that x(I'( X, $)) < (1 —€)n/(2logyn).

(i4i) (SUPERCRITICAL; NECESSARY.) If d = o(n?/(logn)®), then we have that for all s €
ST X(D(X s 8)) < (14 €)n/(2logy n).

(iv) (SUPERCRITICAL; SUFFICIENT.) If d > .5[(1+ €)n/(2log, n)]?, then there exists s €
St such that x(T'(X,,s)) > (14 €)n/(2logyn).

Part (i) of Theorem 3 follows from the following “uniform concentration” argument.

P \logyn /)’

Proof A classical result of Shamir and Spencer (1987) shows that for any fixed s € 41,

X(T(X 0, 5) = E((L(Xn,8))| = Op(n'/?) .

In fact, one may easily combine the above-mentioned results of Bollobds and Shamir and
Spencer to obtain that

Proposition 4 If d = o(n/(logn)?), we have

n

F—X’ru -
Sup (X 8) = 5305

Ex(I'(Xy, 5))
n/(2logyn)
The proof of the proposition is based on combining the Shamir-Spencer concentration ar-
gument with Vapnik-Chervonenkis-style symmetrization.

— 1.
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For each s € S9! and i = 2,...,n, define Y; ; = (Il{<Xi’j78>20}})jzl,mﬂ-_l € {0,1} 1 as
the collection of indicators of edges connecting vertex ¢ smaller-labeled vertices in I'( X ,,, s).
As Shamir and Spencer, we consider the chromatic number I'(X,,, s) as a function of these
variables and define the function f : [[/,{0,1}'"! — N by

f(Yos, ..., Y0 s) = x(I(Xp,s)) .

By Markov’s inequality, it suffices to show that

E sup |f(}/2,57~--7Yn,5) _Ef(Y2,87"'7Yn,S)|

s€Sd—1

- \logn /) °

Let X/, = (Xé’j)1§i<j§n be an independent copy of X ,,. Denote by E’ conditional expecta-

tion given X ,,. We write Y}, = (L(xs, 0)20))i=tim1 € {0, I

Also introduce random “swap operators” es, ..., €, defined by

Y;s with probability 1/2
Navs 1y 1,8
EZ(Y;’S’Y;vs) { Y/, with probability 1/2

,5

where the ¢; are independent of each other and of everything else.

E| sup [f(Yos,....Yns) —Ef(Yos, ..., Y5 )|
se€Sd-1

= E| sup ‘E’(f(YZS,...,Yn,S)—f(Y2’7S,...,Y7fL7S))‘
_SESd_l

IN
&=

Sup ‘f(}/é,$7"'7Y'fl,$)_f(Y2/,57"'7Y7;,5)‘
| s€Sd-1

= E| sup \f(eg(}@,s,yg,s),...,en(Yn,s,Y,;s))—f(@(YiS,YQ,S),...,en(Y;,s, ms))\
se8d—1

Introduce now the expectation operator E. that computes expectation with respect to the
random swaps only. Then we can further bound the expectation above by

2EE, | sup ‘f(ez(Ygﬁ, Y2'75), oo en(Yos, Yé’s)) — Ecf(e2(Ya,s, Y2’7S), o en(Yns, Y,{s))‘

s€Sd—1

Next we bound the inner expectation. Note that for fixed X, X/, by Lemma 1, there
are at most n@ different dichotomies of the 2(}) points in X, U X/, by hyperplanes in-
cluding the origin and therefore there are not more than n?¢ random variables of the form
fle2(Yas, Y5 ), .. en(Yas, Yy o)) as s varies over S*~1. On the other hand, for any fixed s,
the value of f(e2(Yas,Y3 ), -+ s €n(Yns, Yy, 5)) can change by at most 1 if one flips the value
of one of the €(Yis,Y/,) (i = 2,...,n), since such a flip amounts to changing the edges
incident to vertex ¢ and therefore can change the value of the chromatic number by at most
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one. Thus, by the bounded differences inequality (see, e.g., Boucheron et al. 2013, Section
6.1), for all s € S and X > 0,

E [exp (A(f(EQ(YZSa Y2/,s)7 B €n(Yn,Sa Yri,s)) - Eef(€2(y2,87 Yzl,s)v ) en(Yn,s» Yé,s))))}

o (250

Therefore, by a standard maximal inequality for sub-Gaussian random variables (Boucheron
et al., 2013, Section 2.5),

Ee | sup ‘f(62(Y2,87 Y2/,s)v SRR En(YmS’ Yri,s)) - E€f(€2(Y2,87 YZ,,s)v cee 76”(Yﬂ187 Yri,s))‘

segd-t
< /4(n —1)dlogn .
Since the upper bound is o(n/logn) for d = o(n/log®n), the result follows. [ ]

Parts (ii) and (iv) of Theorem 3 follow from the next, straightforward proposition by
setting k = | (1 — e)n/(2logyn)| and k' = [(1 + €)n/(2logyn)].

Proposition 5 Let k, k' < n be positive integers. If d > k:(["ék]), then, with probability
one, there exists s € S%1 such that x(I'(X,,s)) < k. On the other hand, if d > (kzl), then,
with probability one, there exists s € S9=1 such that x(T'(X,,s)) > k'.

Proof Partition the vertex set [n] into k disjoint sets of size at most [n/k| each. If for
some s € S9! each of these sets is an independent set (i.e., contain no edge joining two
vertices within the set) in I'(X,,, s), then the graph I'(X,, s) is clearly properly colorable
with k colors. Let A be the set of pairs of vertices (7, j) such that i and j belong to the same
set of the partition. By Lemma 1, if d > k([”ém) > | Al, the set of points {X; ; : (i,j) € A}
is shattered by half spaces. In particular, there exists an s € S9! such that (Xij,s) <0
for all (i,7) € A and therefore I'(X,, s) has no edge between any two vertices in the same
set. The first statement follows.

To prove the second statement, simply notice that is a graph has a clique of size k£ then
its chromatic number at least k. But if d > (’;), then, by Lemma 1, for some s € S%!, the
vertex set {1,...,k} forms a clique. [ |

It remains to prove Part (iii) of Theorem 3. To this end, we combine the covering
argument used in parts (i) and (iii) of Theorem 2 with a result of Alon and Sudakov (2010)
(see Proposition 18 below) that bounds the “resilience” of the chromatic number of a random
graph.

Let C, be a minimal n-cover of S9~! where we take 1 = ce?/(v/dlog?® n) for a sufficiently
small positive constant ¢. Then

d—1 . n
P{Hs € S x(I'(Xy,8) > (1 +e)210g2n}

B n
< |cnrﬂﬂ>{as € 871 |Is = soll < m: X(T( Xy 8)) > <1+€>210g2n}
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where s9 = (1,0,...,0). By the argument used in the proof of parts (i) and (iii) of Theorem
2,

U [(X,,s) CT(X,,s)UE
s€ESI1:[|s—s0|<n
where E is a set of Bin((g),an) edges where, o, = % By our choice of 7, we have

an < c26”n?/(logy n)? where ¢y is the constant appearing in Proposition 18. Thus, by the

Chernoff bound,
2,2 _ 2,2
pliE > Co€ N < exp _c2(log2 —1/2)e"n ‘
(logy m)? (logy m)?

Hence, by Proposition 18,

}P’{Hs € 84 |Is — sol| <1 x(T( Xy 8)) > (14€)

o (BN (et

Combining this bound with Lemma 10 implies the statement. O

4. Connectivity

In this section we study connectivity of the random graphs in Gg4,(X ). It is well known
since the pioneering work of Erdés and Rényi (1960) that the threshold for connectivity for
a G(n,p) random graph is when p = clogn/n. For ¢ < 1, the graph is disconnected and
for ¢ > 1 it is connected, with high probability. In this section we investigate both regimes.
In particular, for ¢ > 1 we establish lower and upper bounds for the smallest dimension d
such that some graph in Gy ;105 5,/n(Xn) is disconnected. We prove that this value of d is of
the order of (¢ — 1)logn/loglogn. For the regime ¢ < 1 we also establish lower and upper
bounds for the smallest dimension d such that some graph in Ggc1ogn /n(X n) 1s connected.
As in the case of the clique number and chromatic number, here as well we observe a large
degree of asymmetry. In order to witness some connected graphs in Ggciogpn/n(X n), the
dimension d has to be at least of the order of n'=¢. While we suspect that this bound
is essentially tight, we do not have a matching upper bound. However, we are able to
show that when d is of the order of nlogn, the family Gy 1ogn/n(Xn) N0t only contains
connected graphs, but also, with high probability, for every spanning tree of the vertices
[n], there exists an s € S9! such that I'(X,,, s,t) contains the spanning tree. (Recall that
t is such that p =1 — ®(¢).)

Theorem 6 (CONNECTIVITY.) Assume p = clogn/n and let t = ®~1(1 — p). Then with
high probability the following hold:

(i) (SUBCRITICAL; NECESSARY.) If ¢ < 1 then for any € > 0, if d = O(n'=¢=¢), then for
all s € SV, T(X , 5,t) is disconnected.

(i) (SUBCRITICAL; SUFFICIENT.) There exists an absolute constant C such that if d >
Cny/logn, then there exists an s € S*1 such that ['(X,,s,t) is connected.
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(11i) (SUPERCRITICAL; NECESSARY.) If ¢ > 1 then for any e > 0, if d < (1 — ¢€)(c —
1)logn/loglogn, then for all s € ST=1, T'(X,, s,t) is connected.

(iv) (SUPERCRITICAL; SUFFICIENT.) If ¢ > 1 then for any € > 0, if d > (2 4 €)(c —
1)logn/loglogn, then for some s € S, I'(X,,s,t) is disconnected.

4.1 Proof of Theorem 6, Part (i)

To prove part (i), we show that when d = O(n'~¢~¢), with high probability, all graphs
I'(X,,s,t) contain at least one isolated point. The proof of this is based on a covering
argument similar those used in parts of Theorems 2 and 3, combined with a sharp estimate
for the probability that G(n,clogn/n) has no isolated vertex. This estimate, given in
Lemma 19 below, is proved by an elegant argument of O’Connell (1998).

Let n € (0,1] to be specified below and let C,; be a minimal n-cover of S¢~1. If N(s)
denotes the number of isolated vertices (i.e., vertices of degree 0) in I'( X, s, t), then

P {38 e 81 D(X,, s, ) is connected}

IN

]P’{Els € 541 N(s) = 0}

IN

|c7,|19>{33 € S ||s — sol <n: N(s) = o}

where so = (1,0,...,0). It follows by the first half of Lemma 13 that there exists a constant
& > 0 such that if n = ke/(t\/d), then

P{Hs € ST |Is — soll < 7 : Ni(s) :o} <P{N =0}

where N is the number of isolated vertices in a G(n, (¢ + €¢/2)logn/n) random graph. By
Lemma 19, for n sufficiently large, this is at most exp(—n_(l_c_e/Q)/?)). Bounding |C,| by
Lemma 10 and substituting the chosen value of 7 proves part (i).

4.2 Proof of Theorem 6, Part (ii)

Part (ii) of Theorem 6 follows from a significantly more general statement. Based on a
geometrical argument, we show that for any positive integer k, if d is at least a sufficiently
large constant multiple of k®~!(1 — p), then with high probability, k independent standard
normal vectors in R? are shattered by half spaces of the form {z : (z,s) > t}. In particular,
by taking k = n — 1 and considering the normal vectors X; ; corresponding to the edges of
any fixed spanning tree, one finds an s € S?! such that I'(X,, s,t) contains all edges of
the spanning tree, making the graph connected. Note that if d > Cn+/alogn then the same
statement holds whenever p = n~ regardless of how large o is. Thus, for d > n+/logn,
some I'(X,,, s,t) are connected, even though for a typical s, the graph is empty with high
probability.

Fix a set E of edges of the complete graph K,. We say that G4,(X,) shatters E if
{e(G) : G € Gyp(Xy)} shatters E (where e(G) denotes the set of edges of a graph G).
In other words, G4,(X,,) shatters E if for all F' C E there is G € Gg,(X,,) such that
e(G)NE=F.
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Proposition 7 Fixn € N, k € {1,2,..., (g)}, and a set E = {ey,...,er} of edges of the
complete graph K,. There exist universal constants b,c > 0 such that for d > (4/c) - k -
®~1(1 - p) we have

P (Ggp(Xy) shatters E) >1—e b

Proof Given points z1,. ..,z in R%, the affine span of x1,. ..,z is the set {Zle ¢ X; ¢
Zle ¢ = 1}. Fix E = {e1,...,ex} € S, and let Pg be the affine span of X, ,..., X,,.
Also, let t = @~ (1 — p).

First suppose that min{||y|| : y € Pg} > t. Then we may shatter E as follows. First,
almost surely, Pg is a (k — 1)-dimensional affine subspace in R?. Assuming this occurs,
then E is shattered by halfspaces in Pg: in other words, for any F' C E there is a (k — 2)-
dimensional subspace H contained within Pg such that F' and E \ F' lie on opposite sides
of H in Pg (i.e., in different connected components of Py \ H).

Fix F C E and H C Pg as in the preceding paragraph. Then let K be a (d — 1)-
dimensional hyperplane tangent to tS%! = {z € R? : ||z| = t}, intersecting Pg only at
H, and separating the origin from F. In other words, K is such that K N P = H and
|K NtS%1 = 1, and also such that 0 and F lie on opposite sides of K of R?\ K. Since Pg
has dimension k — 1 < d — 2, such a hyperplane K exists. Since F' and E'\ F lie on opposite
sides of H, we also obtain that 0 and E \ F' lie on the same side of K.

Let s € S9! be such that ts € K. Then for e € F we have (X,,s) > t, and for e € E\ F
we have (X,s) < t. It follows that ENT'(X,s,t) = F. Since F' C E was arbitrary, this
implies that

P(Ggp(Xp) shatters £) > P(min{||y| : v € Pe} > <I>71(1 -p)),

In light of the assumption that d > (4/c)-k-® (1 — p), the proposition is then immediate
from Lemma 8 below. u

The key element of the proof of Proposition 7 is that the affine span of & < 4d indepen-
dent standard normal vectors in R? is at least at distance of the order of d/k from the origin.
This is made precise in the following lemma whose proof crucially uses a sharp estimate
for the smallest singular value of a d x £k Wishart matrix, due to Rudelson and Vershynin
(2009).

Lemma 8 There exist universal constants byc > 0 such that the following holds. Let
Ni,..., Ny be independent standard normal vectors in R%, let P be the affine span of
Ni,...,Ng, and let D = min{||y|| : y € P}. Then whenever d > 4k, we have P(D <
cd/4k) < 2e7bd,
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Proof We use the notation y = (y1,...,yx). We have

2

= min yi N,
Yy yi=1 Z '
& 2
. Yi
= min |y —N;
i vl D
1]|& ’
. Yi
> min - ——N;
y:>yi=1k ;Hy’ '
1 b ’
> — min N ||,
k oy [yl2=1 ; v

where the first inequality holds because if Zle y; = 1 then ||y||? > k~! and the second by
noting that the vector (y;/|ly|/,1 <i < k) has 2-norm 1.
Let N be the d x k matrix with columns NY,..., N, and write N = (Nij)ije(dx[k]-
k
Z YiNi

Then
2
= min
yilylP=1 "=
2
= min Xy> .
(,min 1

The final quantity is just the square of the least singular value of X. Theorem 1.1 of
Rudelson and Vershynin (2009) states the existence of absolute constants b, B > 0 such
that for every € > 0 we have

k 2

Zyz’Ni

i=1

min
y:ly2=1

P ( min 130 < VA~ VA=) ) < (Be)4H4 4 o,

If d > 4(k — 1) then vVd — vk —1 > +/d/2 and d — k + 1 > d. Combining the preceding
probability bound with the lower bound on D, if £ < e7?/B we then obtain

d

2 —bd

P <D <e 4k> < 2e 7%

Taking ¢ = (e7*/B)? completes the proof. [ ]

One may now easily use Proposition 7 to deduce part (ii) of Theorem 6:

Proposition 9 There are absolute constants b,C' > 0 such that the following holds. For
all p < 1/2, if d > Cn+/log(1/p) then with probability at least 1 — e~ there exists s € S~
such that T'(X,s,®71(1 — p)) is connected.
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Proof Fix any tree T with vertices [n], and write E for the edge set of T. By Proposi-
tion 7, if d > (4/c) - k- ®~1(1 —p) then with probability at least 1 —e~"? there is s such that
I'(X,s,® (1 —p)) contains T, so in particular is connected. Now simply observe that for

p < 1/2 we have @~ 1(1 —p) < 1/2log(1/p). [ ]

Observe that the exponentially small failure probability stipulated in Proposition 9

allows us to conclude that if d is at least a sufficiently large constant multiple of n(logn V

log(1/p)), then, with high probability, for any spanning tree of the complete graph K,
there exists s € S%! such that I'(X, s, ®~ (1 — p)) contains that spanning tree.

4.3 Proof of Theorem 6, Part (iii)

Let ¢ > 1, e € (0,1), and assume that d < (1 —€)(c — 1) logn/loglogn. Let E be the event
that I'(X p,, ¢, s) is disconnected for some s € S4~1. Let C, be a minimal 7-cover of S9! for
n € (0,1] to be specified below. Then

EcC |JEs,
s€Cy
where FE, is the event that the graph ﬂs/:||s—s'||§n (X ,,t,s') is disconnected. Let ¢ =
c¢—(¢—1)e/2. Note that 1 < ¢/ < ¢. It follows from the second half of Lemma 13 that there
exists a constant x > 0 such that if n = k(1 — ¢//c)/(tV/d), then

P{E;} <P {G(n, dlogn/n) is disconnected} < nl_cl(l +o(1)),

where the second inequality follows from standard estimates for the probability that a
random graph is disconnected, see (Palmer, 1985, Section 4.3). Bounding |C,| by Lemma
10, and using the fact that ¢t = y/2logn(1 4 o(1)), we obtain that

P{E} < [Cyln'~(1+0(1))

< exp (dlog;ogn N dl(;gd

+0(d) + (1 —c’)logn) -0,
as desired.

4.4 Proof of Theorem 6, Part (iv)

Recall that p = clogn/n for ¢ > 1 fixed, and that t = ®~!(p). Let 0 < ¢ < 1, and assume
that d > (2 + €)(c — 1)logn/loglogn. Define 6 € (0,7/2) by 8 = (logn)~'/(>+) so that
log(1/6) = loglogn/(2 + ¢). Let P be a maximal #-packing of S?~!, that is, P C S9! is
a set of maximal cardinality such that for all distinct s,s” € P we have (s,s’) < cosf. By

Lemma 11 we have that P
Pl > —p @
[Pl 2 16
It suffices to prove that for some s € P, I'(X,,, s, t) contains an isolated vertex.
For each s € P, we write the number of isolated vertices in I'(X,,, s,t) as

N(s) =Y I Zis(9),

=1 j:j#i
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where Z; j(s) equals 1 if {4, j} is not an edge in I'( X, s,t) and is 0 otherwise. We use the
second moment method to prove that N & > scp N(s) > 0 with high probability. This
will establish the assertion of part (iv) since if N > 0 then there is s € S9! such that
I'(X,,s,t) contains an isolated vertex.
To show that N > 0 with high probability, by the second moment method it suffices to
prove that EN — oo and that E[N?] = (EN)?(1 + o(1). First,
EN = |P|-n - P{vertex 1 is isolated in G(n,p)} = |P| - n(1 — p)"~ 1.

—c/n

The lower bound on |P| and the inequality 1 —p <e P =n together imply

d
EN > —160 n-c,

which tends to infinity by our choice of . We now turn to the second moment.
EN =Y > JI Zir()Zu(s) .
5,8'€P i,j€[n] k:kF£i L:AF#]
When s = s/, separating the inner sum into diagonal and off-diagonal terms yields the
identity
Yo I Zin(s)Zje(s) = n(1=p)" +n(n=1)(1-p)*"~* = n(1—p)" " [1+(n-1)(1-p)" 2.
ij ki)

Let ¢ = sup,.y ; vep P{Zij(5)Zij(s') = 1} be the greatest probability that an edge is
absent in both T'(X,,,s,t) and T'(X,,s’,t). Then when s # ', the inner sum is bounded

by
ng" ' +nn—1)-q-(1-p)* "

Combining these bounds, we obtain that
E[N?] < |P|n(1—p)" - [1+(n—1)(1—p)" 2+ |P|(|P|-1)-[ng"  +n(n—1)-¢-(1—p)*4].

The first term on the right is at most EN (1 + EN/[(1 — p)|P|]). The second is at most

penta-n (L () ) = @ (G )

We will show below that ¢ < (1 —p)?- (1 + o(p)). Assuming this, the upper bounds on
the two terms on the right together give

EN? _ 1 <1+
[EN]? ~ EN (1-p)IP|

>+n0(1)—1+ (1 —¢)logn 1,
n

as required.
To prove the bound on g, fix s,s" € P such that ¢ = P{Z; j(s)Z; ;(s') = 1}. Using the
definition of Z; ;(s) and Z; ;(s’), we have

q=P{{i.j} €T (Xn,s,1),{i,j} €T (Xn,5"1), } .
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We may apply Lemma 14 to this quantity, noting that in our case § = (In n)l/(”E), t =
O(vInn) and In(1/tp) = (1 4+ o(1)) Inn > =2, This means that the Remark after the
statement of the Lemma applies, and this gives precisely that ¢ < (1 — p)? (1 + o(p)), as
desired. |
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Appendix A. Appendix

Here we gather some of the technical tools used in the paper. In the first section we
summarize results involving covering and packing results of the unit sphere that are essential
in dealing with the random graph process G4, 1 /2(X ). In Section A.2 we describe analogous
results needed for studying G4 ,(X,) for small values of p. These lemmas play an important
role in the proof of Theorem 6. Finally, in Section A.4 we collect some results on G(n,p)
random graphs needed in our proofs.

A.1 Covering and Packing

Let B(a,b) = fol t2=1(1 — t)*~1dt be the beta function, and let I.(a,b) be the incomplete

beta function,
Cem (1 — )b tat
I.(a,b) = Jo ( )
B(a,b)

For o € [0,7] and s € S, let
Cu(s) ={s' e S 1. (s,8') > cosa}

be the cap in S?! consisting of points at angle at most o from s. For o < 7/2 the area of
this cap (see, e.g., Li 2011) is
|54=1 d—11
|Cals)] = 9 Tgn2g 9 9 ) (1)

We use the following standard estimate of the covering numbers of the Euclidean sphere
(see, e.g., Matousek 2002, Lemma 13.1.1).

1910



EXCEPTIONAL ROTATIONS OF RANDOM GRAPHS: A VC THEORY

Lemma 10 For any n € (0,1] there exists a subset C,, of S¥1 of size at most (4/n)? such
that for all s € S41 there exists s' € Cy with ||s —s'|| < n.

We now provide a rough lower bound on the number of points that can be packed in S%!
while keeping all pairwise angles large.

Lemma 11 For any 0 € (0,7/2) there exists a subset Py of STt of size at least

A p(@-1)
16

such that for all distinct s,s" € Py we have (s,s’) < cosé.

Proof

First note that it suffices to consider # < 1/2 because otherwise the first bound domi-
nates. Consider N independent standard normal vectors Xi,..., Xn. Then U; = X;/|| X;||
(i=1,...,N) are independent, uniformly distributed on S¢~!. Let

N
Z = Z Liming,je; |(U; U;) | <cos(6)} -
i=1
Denoting P{| (U;, Uj) | > cos(0)} = ¢,
EZ=N(1-¢)N > N1 - ¢N)>N/2
whenever ¢/N < 1/2. Since Z < N, this implies that

pfz> M) BZoN/ L
~ 4~ N-N/4 ~3

and therefore there exists a packing set A of cardinality |A| > N/4 as long as ¢/ N < 1/2.

To study ¢, note that
> YY)
p=PS =1 5 cos(f)
Y- Y]]

where Y = (Y1,...,Yy),Y’ = (Y{,...,Y)) are independent standard normal vectors. By

rotational invariance, we may replace Y’ by (||[Y”||,0,...,0), and therefore
Y2
¢ = }P’{l > cos2(c9)}
]

= P{B< cos?(0)}

(where B is a Beta(1/2, (d — 1)/2) random variable)

9pd—1

d—1"

The result follows. u

v

The next lemma is used repeatedly in the proof of Theorem 2 and 3.

1911



ADDARIO-BERRY, BHAMIDI, BUBECK, DEVROYE, LUGOSI, AND OLIVEIRA

2

/2

Figure 1: Since sin(a) = 1/2, the height of the spherical cap that only includes points at
distance at least 7 from the equator is 1 — sin(2a) = 1 —n4/1 — (n/2)2.

Lemma 12 Fiz s’ € ST and n € (0,1] and assume that d > 12. The probability that
there exists s € S9=1 with ||s — §'|| < 1 such that vertex 1 and vertex 2 are connected in
(X, s) but not in T'(X,, s') is at most

or

Proof Without loss of generality, assume that s’ = (1,0,...,0). Observe that the event
that there exists s’ € S with ||s — s|| < n such that vertex 1 and vertex 2 are connected
in I'(X,, s) but not in I'(X,,s’) is equivalent to X o/|| X} 2| having its first component
between —ny/1 —n?/4 and 0 (see Figure 1). Letting Z = (Z1, ..., Z) be a standard normal
vector in R?, the probability of this is

P{szlue(—nm,o)} < P{szlue(—n,())}
= P{B<v)

(where B is a Beta(1/2, (d — 1)/2) random variable)

_ %Inz(l/Q, (d—1)/2)

2

1 _
= 3B, d—l)/2)/0 a*da

(

_ n
= Bz

d—1

S 2
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A.2 Auxiliary Results for Gg,(X,,)

In this section we develop some of the main tools for dealing with the random graph process
Gap(Xpn). We assume throughout the section that

pi=1—®(t) < -. (2)

| =

Recall from the start of Section A.1 that C,(s) denotes the spherical cap consisting of all
unit vectors with an angle of < o with s. We will use the following expressions for C,(s):

Co(s) = {81 :|s—4?<2(1—cosa)}
= {scosf®+wsinf : we ST n{v}t, 0<0<al. (3)

We are interested in studying the graphs I'(X,,, s, t), for all s’ € C,(s) simultaneously.

Lemma 13 There exists a constant ¢ > 0 such that, for all e € (0,1/2), ift > 0 and p are
as in (2),

s (3
0<a< o, tana < ——————,
2 (tv1)vd—-1

then, for some universal ¢ > 0, if we define ¢ := ¢ +c(e? +¢/(t> vV 1)),

1. the union 'y := Us’ECa(s) (X, s, t) is stochastically dominated by G(n, (1 +¢€')p);

2. the intersection I'_ := (\yec, (5 I'(Xn, 8, t) stochastically dominates by G(n, (1 —
e')p).-

Proof The first step in this argument is to note that the edges of both I'y and I'_ are
independent. To see this, just notice that, for any {i,j} € ([g}), the event that {7, j} is an
edge in I'y. depends on X, only through X; ;. More specifically,

{i,jt el & 3 €Culs): (Xiy8) >t
{i,ji}eT_ & Vs €Culs) : (X;j,8) >t.

The main consequence of independence is that we will be done once we show that
(1-&)p<P{{i,j}eT-} <P{{i,j} €T} < (1+)p. (4)

As a second step in our proof, we analyze the inner product of X;; with s’ = scos +
wsin @ € Cy(s) (with the same notation as in (3)). Note that

(s', Xi;) = Ncost + <w,XZ%j> sinf = cos 6 (N + <w,lej> tan@) ,

where N := (X j,s) and XIJ-J is the component of X; ; that is orthogonal to s. Crucially,
the fact that X;; is a standard Gaussian random vector implies that N is a standard
normal random variable and ij is an independent standard normal random vector in s*.

Moreover,
d—1 1 L
Y € 5971 <w,Xi,j> | < x = [1XG 5l
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Since “0 — tan@” is increasing in [0, o], we conclude
Vs' € Co(s) : (s, Xij) = cosb (N + A(s")) , where |[A(s')| < (tana) x. (5)
Our third step is to relate the above to the events {{7,5} € T'+}. On the one hand,

,jrely & a "Xy >t
{i,5} + S,Ie%js) <S w> =

= N+ n}j&}({)A(s’)Zt (use (5) and 0 < cosf < 1)
s'€Cq(s

= N >t— (tana)x,

and we conclude (using the independence of N and x) that

P{{i.j} € T4} < 1~ E[®(t — (tana) x)]. (6)
Similarly,
,jrel. & i "Xy >t
{i,5} wé%gb><5 J)
t
& N+ min A(s) > (by (5) and cosf > cosa > 0)
s'€Cals) COS (¢
< N> + (tan o) x,
cos

and we conclude

COS

P{{i,j}eF}gE[l—@( +(tana)x>]. (7)

The remainder of the proof splits into two cases, depending on whether or not

562
es (1-®(t) >1 (8)
Note that this condition holds if and only if ¢ > C for some C > 0, as 1—®(t) = e~ (1To(1)*/2
+2
when ¢ — 400 and e’s (1-®(t)) =1/2 <1 when t =0.

Last step when (8) is violated. In this case t is bounded above, so p > ¢ for some positive
constant ¢y > 0. We combine (6) and (7) with the fact that ®(t) is (2r)~'/2-Lipschitz. The
upshot is that

11— @(t) — P{{i,j} € T1}| < \;

Now yx is the norm of a d — 1 dimensional standard normal random vector, so E[x] <
VE[x?] = v/d — 1. The choice of a implies:

1
COos &

1—

t + E[x] tan a.

2

L O(sina) = O <E> , and tana <

COS

1—
| =

13
Vd—1
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So

1—0(t) = P{{i,j} €T} € —=(ce?+&) < [e+c (+ )] »

1
V2T
for some universal ¢ > 0.

Last step when (8) is satisfied. We start with (7) and note that we can apply Lemma 16
with r := ¢ and

h:= (COiOé - 1) t+ (tana) x < O((tan)?)t + (tan ) x.

After simple calculations, this gives

P{{i,j} e}
1_—(1)(25) > E[exp (-X)],

where
X :=0O((tana)?) (2 + 1) — (t +t71) (tana)x — (tan a)? €2 — O((tan a)?)t2.

By Jensen’s inequality, E[e=X] > e EX]. Since E[x]? < E[x?] = d—1andtana = ¢/t d — 1
in this case,

2
E[X] < O (de 1) + (140 +t72)e.
In other words, if we choose ¢ > 0 in the statement of the theorem to be large enough, we
can ensure that P{{i,j} T}
L)y €l /
— = > (1—-¢").
—am  =1—e)

We now turn to (6). Applying Lemma 16 below with r := ¢ — y tana when r > t/2, we get

'na2 2
‘*‘w

1—®(t— (tana) x) < e(tt?) (tana)x

(1 —@(1)). (9)

In fact, the same inequality holds when r < t/2, i.e., (tana)x > t/2, for in that case the

2
right-hand side is > e’ (1 —®(t)) > 1 (recall that we are under the assumption (8)). So
(9) always holds, and integration over y gives

2

P{{i,j} e T4} (t42) (tan o) x+ L2 )2 x
< T ana) X\+-——>——=— .
— T eq  SEe 2| (10)

It remains to estimate the moment generating function on the right-hand side. The first
step is to note that, since E[{] is the norm of a d — 1 dimensional standard normal vector,
E[x] < E[x?]'/? = v/d — 1. So by Cauchy Schwartz,

e—(t—‘r%) (tan a)v/d—1 E[e<t+%> (tan ) X+M]

E[e(t+2) (tana) (Bl + (22515

IN

\/E[e(Qt-‘r%) (tan @) (x—E[x]) | g [e(tan o)2 x2], (11)

IN
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Next we estimate each of the two expectations on the right-hand side of the last line. In
the first case we have the moment generating function of y — E[x], where y is a 1-Lipschitz
function of a standard Gaussian vector. A standard Gaussian concentration argument and
our definition of a give

4 2 tan 2
E[e(2t+%) (tan @) (—EQ)) < e(%ﬂ)# <1+ ce?

for some universal constant ¢g > 0. The second term in (11) is the moment generating
function of x2, a chi-squared random variable with d—1 degrees of freedom. Since (tan a)? <
€2/(d — 1) < 1/2 under our assumptions, one can compute explicitly

E (tan )2 x?7 _ 1 42 <1 2
& I= 1 —2(tan a)? s trae

for a (potentially larger, but still universal ¢y > 0). Plugging the two estimates back into
(11), we obtain

E[e(ﬁ%)(tana)ww] < 6(t+%)(tana)\/ﬁ(1 +eped),

and the fact that ¢ (tan a)v/d — 1 = ¢ implies that the right-hand side is < 1+e+c (t~2e+¢?)
for some universal ¢ > 0. Going back to (10) we see that this finishes our upper bound for

P{{i,j} € T+ }. u

A.3 Correlations Between Edges and Non-Edges

In this case we consider s, s’ € S and look at correlations of “edge events.”

Lemma 14 For anyt>1,0< 0 <7, define

(1 — cos 6)?

£:=1—cosl, v:= .
sin 0

Then there exists a universal constant C' > 0 such that for s,s' € ST such that (s,s") <
cosf, we have

’YQ +2

2 pl (12)

P{(Xij,5) > t, (Xij,8') > t} < p[(Cpt)%+e 4 05+

2,2
P{(Xij,s) <t (Xijys') <t} S1=2p+p[(Cpt)2H & TSy
Remark 15 (NEARLY EQUAL VECTORS.) Suppose p = o(1) and 6 = o(1). One may check
that v = (1 +0(1)) 03/4 and & = (1 + o(1)) 62/2. This means that if 6> t> = o(In(1/p)) and
62 In(1/tp) = w(1), then
P{(Xij,s) < t, (Xijys') <t} <1=2p+o0(p) = (1 -p)* (1 +0(p)).
This is used in the proof of Theorem 6, part (iv) above.
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Proof We focus on the inequalities in (12), from which the other inequalities follow. For
convenience, we write n := cos 6 and note that

- (+8n

— (13)

n=1-¢§soy=1-

Moreover, 0 < v < 1: the first inequality is obvious, and the second follows from the fact
that

(1 — cos )? - (1 —cosf)(1+cosf) 1—cos?6

= =sinf < 1.
sin 0 sin 6 sin 0 st <

w
0<b< 5 =0<y=
Let E denote the event in (12). The properties of standard Gaussian vectors imply

P{E} =P({N1 >t} N {n N1 + /1 —=n> Ny > t})

where Nj, Ny are independent standard normal random variables. In particular, we can
upper bound

P{E} <P{N; > (1+ &)t} +P{N; > t}]P’{Ng > (ﬁ’) t}7 (14)

. . . . _&_th
The first term in the right-hand side is 1 —®(t+&t) < e 2 (1-®(t)) =e
®(t)) by Lemma 16. The fact that

26+£2 2
—sgt

(1-

Lo -ew)
totoo e~ 2/2/(¢/21)

implies that, for t > 1, the ratio e*tz/z/p is bounded by a C't, C > 0 a constant. We
conclude , , ,
P{N1 > (1+ &)t} <p(e /2% <p(Ctp)*He. (15)

As for the second term in the right-hand side of (14), we apply Lemma 16 with

r::w:(l—v)tandhzzvt.

V1 —n?

We deduce:

P {N2 = (1 Ve Qn) t} =1-9(r) < 1 0 B 5 (1— (1)),

N

The proof finishes by combining the estimates for the right-hand side of (14). |

Lemma 16 Ife € (0,1/2), r >0 and h > 0,

ne-to 1=00 4 h) 2
- 1-9(r) —

e
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Proof We first show the upper bound, namely:
Vrh>0:1—®@r+h)<e ™% (1-a(r)). (16)

To see this, we note that:

_ (z+r+h)2
2

-l—oo6
1-®(r+h) = / —dx
0

2
= [1-o(r)]e 5.
To continue, we go back to the formula

1—®(r+h) /+OO T e de | e =
— P(r = x| e 2,
0 V2T

which is clearly related to
_ (ac+r)2
2

too o
1—<I)(T):/O de.

In fact, inspection reveals that

1—®(r+h) w2 _,n
AU E N >
=) eI N 2]

Using Jensen’s inequality, we have

1=®(r+h) o ¢~hEININ=1]
1—-®(r) —

and (16) means that P{N —r >¢| N >r} < e '", so E[N | N > 7] <r+ 1. We deduce:

1—-®(r+h)
1—®(r)

2
h h
—% ,—hr—

>e v

)

as desired. [ |

A.4 Random Graph Lemmas

Here we collect some results on random graphs that we need in the arguments. In the
proof of Theorem 2 we use the following lower tail estimate of the clique number of an
Erdés-Rényi random graph that follows from a standard use of Janson’s inequality.
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Lemma 17 Let Nj denote the number of cliques of size k of a G(n,1/2—«y,) Erddés-Rényi
random graph where 0 < «a,, < 1/n and let 6 > 2. Denote w = 2logyn — 2log, logs n +
2logye — 1. If k = |w — &, then there exists a constant C" such that for all n,

—C'n?
PNy =0} < exp (ag>) '

Proof Write p=1/2 — a;, and define wj, = 2log, ;,n — 2log; /, log, ;, n + 2log ;,(e/2) + 1.
We use Janson’s inequality ((Janson et al., 2000, Theorem 2.18)) which implies that

P{N;, = 0} < exp <_(EAN’“)2> ,

where ENy, = (Z)p(g) and

s LC)G o

J

To bound the ratio A/(EN})?, we may repeat the calculations of Matula’s theorem on the
2-point concentration of the clique number (Matula (1972)), as in (Palmer, 1985, Section
5.3).

Let 8 = log ,(3logy,n)/logy,m and define m = | Bk| Then we split the sum

A N e ey I o ) ey P
EE L <2>+;(z)p .

To bound the first term, we write

(%) - EN

Zk: (’;) (Z:;?) » @) F(m)

where F(m) = Sk (k) ("_k)p_(%)+(§) Now if k = |wp, — ¢ for some 6 € (0,wy), then the

J=m \i/) \k—q

computations in (Palmer, 1985, pp.77-78) show that

S J
kny/1/p

F(m) < <p—k(l+ﬂ)/2> :

7=0

which is bounded whenever

en /07 _

p—k(1+8)/2
This is guaranteed by our choice of 8 = log; /,(3log; , n)/log; s, n. Hence, the first term is
bounded by

Z;;J(]?\Z) — O(VEpH/?
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For the second term, once again just like in Palmer (1985), note that

m—1 (k\ (n—k m— N )
Z:l(j)(k—j)p—(%) < 0(1) 1i,p—(%)

j=2 (Z) j=2 nt
1

I
@)
=
N
<
S
~
no
~—

AN
S
3
|
VR
~
5}
0]
Z
=
3
~

Y <aog1/2,,n>8) |
n

Putting everything together, we have that there exist constants C,C’ such that for k =
I_wp - 5J7

(10g1/p n)g k8 /2 - —C'n?
P{Ny =0} <exp | -C <n2 +p \/E) < exp <(> ,

whenever § > 2. Noting that w, = w + O(ay, logn) completes the proof. [ ]

Part (iii) of Theorem 3 crucially hinges on the following interesting result of Alon and
Sudakov (2010) on the “resilience” of the chromatic number of a G(n,1/2) random graph.
The form of the theorem cited here does not explicitly appear in Alon and Sudakov (2010)
but the estimates for the probability of failure follow by a simple inspection of the proof of
their Theorem 1.2.

Proposition 18 (ALON AND SUDAKOV, 2010, THEOREM 1.2). There exist positive con-
stants c1,ca such that the following holds. Let € > 0 and let G be a G(n,1/2) random
graph. With probability at least 1 — exp(cin?/(logn)?), for every collection E of at most
coe?n?/(logyn)? edges, the chromatic number of G U E is at most (1 + €)n/(2logyn).

The final lemma is used in proving part (i) of Theorem 6.

Lemma 19 Fiz c € (0,1). With p = clogn/n, let N be the number of isolated vertices in
G(n,p). Then for n large, P(N = 0) < exp(—n'=¢/3).

Proof The following approach is borrowed from O’Connell (1998). Fix g = 1— /1 —p
and let D(n,q) be the random directed graph with vertices [n] in which each oriented edge
ij appears independently with probability q. Write I for the number of vertices of D(n,q)
with no incoming edges, and M for the number of isolated vertices in D(n,q), with no
incoming or outgoing edges. Then M and N have the same distribution. Next, observe
that I has law Bin (n, (1 — ¢)"~') = Bin (n, (1 — p)("_l)/Q). Furthermore, conditional on I,

M < Bin (I, (1- p)(”—”/2) .
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It follows that
P(N =0)=P(M =0)

<P(I-EIl>EI/2)+  sup  P(Bin (k (1- p)<”—k>/2> =0). (17
ke(1/2)EL,(3/2)EI

For the first term, a Chernoff bound gives
]P)(|I _ EI| > ]EI/Q) S QG_EI/IO — ze—n(l—p)(”—l)/Q/lo _ e_(1+0(1))n1—c/2/10 ’ (]_8)

where the last inequality holds since (1 — p)®~1/2 = (1 4 o(1)n~2. Next, fix k as in the
above supremum. For such k we have p(n — k) = clogn + O(logn/n®/?). Using this fact
and that 1 —p > e P=P* for p small yields

P(Bin (K, (1 - p)"~/2) = 0) = (1 - (1 - p)"H/2)k
< exp (—kz(l — p)("*k)/Z)
= exp <_k6_(p+p2)(n_k)/2)

= exp (—(1 + 0(1))kn_c/2> .
Using that 1 —p > e P=P* a second time gives
k>EI/2=n(1—p) ™ Y/2/2> 1 +0(1))ne™?/2=(1+01))n'"?/2.
The two preceding inequalities together imply that
P(Bin (k: (1 —p)<”*’f>/2) = 0) <exp (—(1/2+o(1)) - n'7¢) .

Using this bound and (18) in the inequality (17), the result follows easily. |
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