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Given a dictionary of M, predictors, in a random design regression setting with n ob-
servations, we construct estimators that target the best performance among all the linear
combinations of the predictors under a sparse £,-norm (0 < ¢ < 1) constraint on the linear
coefficients. Besides identifying the optimal rates of convergence, our universal aggregation
strategies by model mixing achieve the optimal rates simultaneously over the full range of
0 < ¢ <1 for any M,, and without knowledge of the £,-norm of the best linear coefficients

to represent the regression function.

To allow model misspecification, our upper bound results are obtained in a framework
of aggregation of estimates. A striking feature is that no specific relationship among the
predictors is needed to achieve the upper rates of convergence (hence permitting basically
arbitrary correlations between the predictors). Therefore, whatever the true regression
function (assumed to be uniformly bounded), our estimators automatically exploit any
sparse representation of the regression function (if any), to the best extent possible within
the £,-constrained linear combinations for any 0 < ¢ < 1.

A sparse approximation result in the £, -hulls turns out to be crucial to adaptively
achieve minimax rate optimal aggregation. It precisely characterizes the number of terms
needed to achieve a prescribed accuracy of approximation to the best linear combination
in an £4-hull for 0 < ¢ < 1. It offers the insight that the minimax rate of /,-aggregation is
basically determined by an effective model size, which is a sparsity index that depends on
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g, M, n, and the £;-norm bound in an easily interpretable way based on a classical model
selection theory that deals with a large number of models.

Keywords: high-dimensional sparse learning, minimax rate of convergence, model selec-
tion, optimal aggregation, sparse £4-constraint

1. Introduction

Learning a high-dimensional function has become a central research topic in machine learn-
ing. In this paper, we intend to provide a theoretical understanding on how well one can
adaptively estimate a regression function by sparse linear combinations of a number of
predictors based on i.i.d observations.

1.1 Motivation

Sparse modeling has become a popular area of research to handle high-dimensional linear
regression learning. One notable approach is to exploit the assumption that the “true”
linear coefficients have a bounded ¢;-norm (or simply g-norm) for some 0 < ¢ < 1, which
implies that the parameter space is necessarily sparse in a proper sense. A major recent
theoretical advancement is made by Raskutti, Wainwright, and Yu (2012), who derive
minimax rates of convergence both for estimating the regression function and for estimating
the parameter vector, which spells out how the sparsity parameter ¢ (in conjunction with the
number of predictors, say, M,,) affects the intrinsic capability of estimation for the £,-hulls.
The results confirm that even if M,, is much larger than the sample size n, relatively fast
rates of convergence in learning the linear regression function are possible. In a Gaussian
sequence model framework, Donoho and Johnstone (1994) identify precisely how the /-
constraint (¢ > 0) on the mean vector affects estimation accuracy under the £,-loss (p > 1).

In this paper, differently from the fixed design setting in Raskutti et al. (2012); Negahban
et al. (2012), under a random design, we examine the issue of minimax optimal estimation of
a linear regression function in the £4-hulls for 0 < ¢ < 1. Besides confirming the same role of
q on determining the minimax rate of convergence for estimation of the regression function
also for the random design, we prove that the minimax rate can be adaptively achieved
without any knowledge of ¢ or the £4-radius of the linear coefficients. The adaptation results
show that in high-dimensional linear regression learning, theoretically speaking, should the
regression function happen to depend on just a few predictors (i.e., hard sparsity or ¢ = 0)
or only a small number of coefficients really matter (i.e., soft sparsity or 0 < ¢ < 1), the
true sparsity nature is automatically exploited, leading to whatever the optimal rate of
convergence for the situation. No restriction is imposed on M,,. To our knowledge, this is
the most general result on minimax learning in the £,-hulls for 0 < ¢ < 1.

In reality, obviously, the soft or hard sparsity is only an approximation that hopefully
captures the nature of the target function. To deal with possible model misspecification
(i.e., the sparsity assumption may or may not be suitable for the data), our upper bound
results on regression estimation will be given in a framework that permits the regression
function to be outside of the £,-hulls. The risk bounds show that whichever soft or hard
sparse representation of the true regression function by linear combination of the predictors
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best describes the truth, the corresponding optimal performance (in rate) is automatically
achieved (with some additional conditions for deriving matching minimax lower bounds).

Our aim of simultaneous adaptive estimation over the /,-hulls for all 0 < ¢ < 1 and
positive £4-radius, especially with possible model misspecification, requires a deeper under-
standing of sparse approximation of functions in the £,-hulls than what is available in the
literature. As a solution, we provide a sharp sparse approximation error bound for £,-hulls
with 0 < ¢ < 1, which may also be relevant for studying other linear representation based
high-dimensional sparse learning methods.

The aforementioned flexible approach to optimal estimation that allows model misspec-
ification is done in the framework of aggregation of estimates. Besides the aspect of not
assuming the true target function to have any specific relationship to the predictors/the
initial estimates to be aggregated, the theory of aggregation emphasizes that the predic-
tors/the initial estimates are basically arbitrary in their association with each other. With
this characteristic in sight, the minimax rate of aggregation is properly determined by find-
ing a specific set of initial estimates with known relationship (e.g., independence) under
which an existing upper bound can be shown to be un-improvable up to a constant factor.
In contrast, for minimax optimal regression, one works with whatever (hopefully weak) as-
sumptions imposed on the predictors and tries to achieve the minimax rate of convergence
for the function class of interest. With the above, the problem of aggregation of estimates
is closely related to the usual regression estimation: A risk upper bound on aggregation of
estimates readily gives a risk upper bound for regression estimation, but one has to derive
minimax lower bounds for the specific regression learning settings. In this work, we will
first give results on aggregation of estimates (where most work is on the upper bounds
under minimal assumptions on the initial estimates) and then present results on minimax
regression in f,-hulls (where most work is on deriving lower rates of convergence). The
focus is on random design and additions results on fixed design are in Wang et al. (2011).

1.2 Aggregation of Estimates

The idea of sharing strengths of different learning procedures by combining them instead of
choosing a single one has led to fruitful and exciting research results in statistics and machine
learning. The theoretical advances have centered on optimal risk or loss bounds that require
almost no assumption on the behaviors of the individual estimators to be aggregated. See,
e.g., Yang (1996, 2000a); Catoni (1997, 2004); Juditsky and Nemirovski (2000); Nemirovski
(2000); Yang (2004); Tsybakov (2003); Leung and Barron (2006) for early representative
work (the reader is referred to Cesa-Bianchi and Lugosi 2006 for interesting results and
references from an individual sequence perspective). While there are many different ways
that one can envision to combine the advantages of the candidate procedures, the combining
methods can be put into two main categories: those intended for combining for adaptation,
which aim at combining the procedures to perform adaptively as well as the best candidate
procedure no matter what the truth is, and those for combining for improvement, which
aim at improving over the performance of all the candidate procedures in certain ways.
Whatever the goal is, for the purpose of estimating the regression function, we expect to
pay a price: the risk of the combined procedure is typically larger than the target risk. The
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difference between the two risks (or a proper upper bound on the difference) is henceforth
called risk regret of the combining method.

The research attention is often focused on one but the main step in the process of
combining procedures, namely, aggregation of estimates, wherein one has already obtained
estimates by all the candidate procedures (based on initial data, most likely from data
splitting or previous studies; some exceptions are in e.g., Leung and Barron 2006; Dalalyan
and Salmon 2012), and is trying to aggregate these estimates into a single one based on
data that are independent of the initial data. The performance of the aggregated estimator
(conditional on the initial estimates) plays the most important role in determining the total
risk of the whole combined procedure, although proportion of the initial data and the later
one certainly also influences the overall performance. In this work, we will mainly focus on
the aggregation step.

It is now well-understood that given a collection of procedures, one only needs to pay a
relatively small price for aggregation for adaptation (Yang 2000b; Catoni 2004; Tsybakov
2003). In contrast, aggregation for improvement under a convex constraint or £1-constraint
on coefficients is associated with a higher risk regret (as shown in Juditsky and Nemirovski
2000; Nemirovski 2000; Yang 2004; Tsybakov 2003). Several other directions of aggregation
for improvement, defined via proper constraints imposed on the ¢p-norm alone or in con-
junction with the £1-norm of the linear coefficients, have also been studied, including linear
aggregation (no constraint, Tsybakov 2003), aggregation to achieve the best performance
of a linear combination of no more than a given number of initial estimates (Bunea et al.
2007) and also under an additional constraint on the ¢1-norm of these coefficients (Lounici
2007). Interestingly, combining for adaptation plays a fundamental role in combining for
improvement: it serves as an effective tool in constructing multi-directional (or universal)
aggregation methods, that is methods which simultaneously achieve the best performance
in multiple specific directions of aggregation for improvement. This strategy was taken in,
e.g., Yang (2004), Tsybakov (2003), Bunea et al. (2007), Rigollet and Tsybakov (2010), and
Dalalyan and Tsybakov (2012b).

The goal of our work on aggregation is to propose aggregation methods that achieve the
performance (in risk with/without a multiplying factor), up to a multiple of the optimal risk
regret as defined in Tsybakov (2003), of the best linear combination of the initial estimates
under the constraint that the ¢,-norm (0 < ¢ < 1) of the linear coefficients is no larger than
some positive number ¢, (henceforth the ¢,-constraint). We call this type of aggregation
l4-aggregation. It turns out that the optimal rate is simply determined by an effective model
size my, which roughly means that only m, terms are really needed for effective estimation.
We strive to achieve the optimal ¢,-aggregation simultaneously for all ¢ (0 < ¢ <1) and ¢,
(tn, > 0).

It is useful to note that the ¢,-aggregation provides a general framework: our proposed
strategies enable one to reach the optimal bounds automatically and simultaneously for the
major state-of-art aggregation strategies and more, as will be seen.

1.3 Plan of the Paper

The paper is organized as follows. In Section 2, we introduce notation and some prelimi-
naries of the estimators and aggregation algorithms that will be used in our strategies for
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learning. In Section 3, we derive optimal rates of /,-aggregation and show that our methods
achieve multi-directional aggregation. In Section 4, we derive the minimax rate for linear
regression with f,-constrained coefficients. A discussion is then reported in Section 5. Fi-
nally, we report in Appendix A the derivation of metric entropy and approximation error
bounds for E%’;-hulls, while Appendix B provides an insight from the sparse approximation
bound based on classical model selection theory. The proofs of the results in Sections 3 and
4 are then provided in the Appendix C.

2. Preliminaries

Consider the regression problem where a dictionary of M,, prediction functions (M, > 2
unless stated otherwise) are given as initial estimates of the unknown true regression func-
tion. The goal is to construct a linearly combined estimator using these estimates to pursue
the performance of the best (possibly constrained) linear combinations. A learning strat-
egy with two building blocks will be considered. First, we construct candidate estimators
from subsets of the given estimates. Second, we aggregate the candidate estimators using
aggregation algorithms to obtain the final estimator.

2.1 Notation and Definition

Let (X1,Y1),...,(Xy,Y,) be n (n > 2) iid. observations where X; = (Xj1,...,X;q),
1 < ¢ < n, take values in X with a probability distribution Px. We assume the regression
model

Y;:f()(Xz)—i_EZa Z:an (1)

where fjy is the unknown true regression function to be estimated. The random errors ¢;,
1 < i < n, are independent of each other and of X;, and have the probability density
function h(x) (with respect to the Lebesgue measure or a general measure p) such that
E(e;) = 0 and E(e?) = 0% < co. The quality of estimating fo by using the estimator fis
measured by the squared Lo risk (with respect to Px)

R(f: Join) = B — ol = E < [~ fo>2dPX) ,

where, as in the rest of the paper, || - || denotes the Lo-norm with respect to the distribution
of P X -

Let F,, = {f1, f2,..., fum,} be a dictionary of M, initial estimates of fy. In this pa-
per, unless stated otherwise, ||f;|| < 1, 1 < j < M,. The condition is satisfied, pos-
sibly after a scaling, if the f;’s are uniformly bounded between known constants, and
it may require additional assumptions on the distribution of Px to check its validity
for a general case. Consider the constrained linear combinations of the estimates F =

{fg = E;‘i”l 0ifj:0€0Oy,fc Fn}, where O, is a subset of RM». Let
d*(fo; F) = inf | fo — foll?
(fo: F) = it |fo = fo
denote the smallest approximation error to fy over a function class F.

1679



WANG, PATERLINI, GAO AND YANG

The problem of constructing an estimator f that pursues the best performance in F
is called aggregation of estimates. We consider aggregation of estimates with sparsity con-
straints on 0. For any 6 = (01,...,0),), define the p-norm and the ¢;-norm (0 < ¢ < 1)
by

M, M, Ha
[0llo =Y 1(6; #0), and [6lly = D_16;1"]
j=1 j=1
where I(-) is the indicator function. Note that for 0 < ¢ < 1, || - || is not a norm but a
quasinorm, and for ¢ = 0, || - ||o is not even a quasinorm. However, we choose to refer them

as norms for ease of exposition. For any 0 < ¢ <1 and ¢,, > 0, define the £,-ball
By(tn; My,) = {9 = (61,02,...,0n0,) : 16]l4 < tn}.

When g = 0, ¢, is understood to be an integer between 1 and M,,, and sometimes denoted
by k, to be distinguished from t,, when ¢ > 0. Define the K(]]\f‘[t’; -hull of F,, to be the class of
linear combinations of functions in F;, with the ¢,-constraint

My,
Foltn) = Fyltn; Mn; Fr) = S fo = 0;f; 10 € Byltn; My), fj € Fr p,0< g < 1,8, > 0.
j=1

One of our goals is to propose an estimator an = Z]]Vinl éj fj such that its risk is upper
bounded by a multiple of the smallest risk over the class Fy(t,) plus a small risk regret
term

R(fr,; fo;n) <C  inf || fo — fol|> + REG(tn; M),
fo€Fq(tn)

where C is a constant that does not depend on fy, n, and M, or C' = 1 for some estimators.
In various situations (e.g., adaptive estimation with data splitting as in Yang 2000a), the
initial estimates can be made such that inf; c 7 1) | fo — foll? approaches zero as n — oo in
a proper manner. Thus, results with C' > 1 (especially under heavy tailed random errors)
are also of interest.

2.2 Two Starting Estimators

A key step of our strategy is the construction of candidate estimators using subsets of the
initial estimates. The T- and AC-estimators, described below, were chosen because of the
relatively mild assumptions for them to work with respect to the squared Lo risk (each of
them gives cleaner results in different aspects). Under the data generating model (1) and
i.i.d. observations (X1,Y7),...,(Xy,Y,), suppose we are given m terms {gi,...,g9m} (i-e.,
m functions of the original explanatory variables) as regressors.

When working on the minimax upper bounds in random design settings, we always make
the following assumption on the true regression function.

AssumMPTION BD: There exists a known constant L > 0 such that || fo|jcc < L < 00.
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To our knowledge, Assumption BD is typically assumed in the literature of aggregation
of estimates. A recent work of Birgé (2014) successfully removes this limitation in a density
estimation framework.

(T-estimator) Birgé (2006, 2004) constructed the T-estimator and derived its Ls risk
bounds under the Gaussian regression setting. The following proposition is a simple conse-
quence of Theorem 3 of Birgé (2004). Suppose
T1. The error distribution A(-) is normal;

T2. 0 < 0 < oo is known.

Proposition 1 Suppose Assumptions BD and T1, T2 hold. We can construct a T-
estimator fT) such that

2

m
FT) _ 112 ; 0. — m
B = fol* < Cro | inf _2219]9] fol +
j:
where Cf, , is a constant depending only on L and o.

(AC-estimator) For our purpose, consider the class of linear combinations with the
i-constraint Gs = {g = > 7L, ¥;g; : [[¥|l1 < s} for some s > 0. Audibert and Catoni

proposed a sophisticated AC-estimator fs(AC) (Audibert and Catoni 2010, page 25). The
following proposition is a direct result from Theorem 4.1 in Audibert and Catoni (2010)
under the following conditions.

AC1. There exists a constant H > 0 such that sup, /g v l9(x) — ¢ (x)| = H < .

AC2. There exists a constant o’ > 0 such that sup,cy E ((Y — g2(X))}X =x) < (0")? <
o0, where g7 = infyeg, [lg — fol*

Proposition 2 Suppose Assumptions AC1 and AC2 hold. For any s > 0, we can construct
an AC-estimator fs(AC) (that may depend on H and o') such that

2 . 2m
E||f¥ = fol* < inf |lg = fol* + ¢ (20" + H)" —,
9€Gs n
where ¢ is a pure constant.

The risk bound for the AC-estimator improves over that for the T-estimator in terms of i)
reducing the multiplying constant in front of the optimal approximation error to the best
possible; ii) relaxing the normality assumption on the errors. But this is achieved at the
expense of restricting the £1-norm of the linear coefficients in approximation. Note also that
under the assumption || follco < L, we can always enforce the estimators FT and fS(AC) to
be in the range of [—L, L] with the same risk bounds in the propositions.
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2.3 Two Aggregation Algorithms for Adaptation

Suppose N estimates fi,..., fx are obtained from N candidate procedures based on some
initial data. Two aggregation algorithms, the ARM algorithm (Adaptive Regression by
Mixing, Yang 2001) and Catoni’s algorithm (Catoni 2004, 1999), can be used to construct
the final estimator f by aggregating the candidate estimates fi, . .., fy based on n additional
i.i.d. observations (X;,Y;)" ;. The ARM algorithm requires knowing the form of the error
distribution but it allows heavy tail cases. In contrast, Catoni’s algorithm does not assume
any functional form of the error distribution, but demands exponential decay of the tail
probability.

(The ARM algorithm) Suppose
Y 1. There exist two known constants ¢ and @ such that 0 < g <0 <7 < o0;
Y2. The error density has the form h(x) = ho(z/0)/o, where hg is known and has mean
zero, variance 1, and a finite fourth moment. In addition, for each pair of constants Ry > 0
and 0 < Sy < 1, there exists a constant Bg, r, (depending on Sy and Ry) such that for all
|R| < Ry and Sp < S < Sy,

/hO(SU) log Slho(h((;(x_) R)/S) dz < Bg,, R, ((1 — 5)2 + R2)-

The condition Y2 can be shown to hold for Gaussian, Laplace and Student’s ¢ (with
at least 3 degrees of freedom) distributions. We can construct an estimator fY which
aggregates f1,..., fx by the ARM algorithm with prior probabilities 7, (Zivzl T = 1) on
the procedures.

Proposition 3 (Yang 2004, Proposition 1) Suppose Assumptions BD cmAd Y1, Y2 hold,
and || frlloe < L < oo with probability 1, 1 < k < N. The estimator f¥ by the ARM
algorithm has the risk

1<k<N

2
RGP forn) < Cy ini (nfk P+ <1 T log 1)) ,
n Tk

where Cy is a constant that depends on 0,7, L, and also h (through the fourth moment of
the random error and Bg, g, with Sy = o/, Ry = L).

(Catoni’s algorithm) Suppose for some positive constant o < 0o, there exist known
constants Uy, V, < oo such that
Cl. E(exp(aleg])) < Uy

B(ef exp(aleil))
C2. Hew@En = Ve )
Let Ac = min{#%, (Ua(17L? + 3.4V,)) "'} and 7, be the prior for fz, 1 <k < N.

Proposition 4 (Catoni 2004, Theorem 3.6.1) Sugpose Assumptions BD and C1, C2 hold,
and || fulloo < L < 00, 1 <k < N. The estimator fC that aggregates fi,..., fx by Catoni’s
algorithm has the risk

N . 2 1
C foin) < inf — fol* + ——log — | .
R(f%; fon) in | fi — foll” + e 8

~ 1<k<N
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Juditsky et al. (2008) (p. 2200) give a similar result under simplified conditions.

3. (,~Aggregation of Estimates

Consider the setup from Section 2.1. We focus on the problem of aggregating the estimates
in F, to pursue the best performance in Fy(t,) for 0 < ¢ < 1, t, > 0, which we call
l4-aggregation of estimates. To be more precise, when needed, it will be called ¢4(t,)-
aggregation, and for the special case of ¢ = 0, we call it {y(ky,,)-aggregation for 1 < k,, < M,,.

3.1 The Strategy

For each 1 < m < M, A n and each subset model J,, C {1,2,...,M,} of size m, define

Fin =X, 03fi 1 05 € Roj € Jn}. Let Fy o= {fo=25e,, 0ifi: 10l < s, [ follo <
L} (s =1,2,...) be the class of ¢;-constrained linear combinations in F,, with a sup-norm
bound on fy. Our strategy is as follows.

Step I. Divide the data into two parts: Z0) = (X;,¥;)! and Z® = (X;, Vi), 4.

Step II. Based on data Z(1), obtain a T-estimator for each function class F,, or
obtain an AC-estimator for each function class F }m’ , with s € N.

Step III. Based on data Z(), combine all estimators obtained in step II and the
null model (f = 0) using Catoni’s or the ARM algorithm. Let py be a small pos-
itive number in (0,1). In all, we have to combine ZT]‘,{Q” (%”) T-estimators with

the weight 7; = (1 — po) ((Mn Amn) (%”))71 and the null model with the weight
7o = po, or combine countably many AC-estimators with the weight m;_ s = (1 —
Do) ((1 + 8)2(M,, A n) (%"))71 and the null model with the weight m9 = po. (Note
that sub-probabilities on the models do not affect the validity of the risk bounds to

be given.)

For simplicity of exposition, from now on and when relevant, we assume n is even and
choose n1 = n/2 in our strategy. However, similar results hold for other values of n and n;.
We use the expression “E-G strategy” for ease of presentation where E = T or AC
represents the estimators constructed in Step II, and G = C or Y stands for the aggregation
algorithm used in Step III. By our construction, Assumption AC1 is automatically satisfied:
for each Jy,, Hy,, s = SUDf pre L xex |f(x) — f/(x)| < 2L. Assumption AC2 is met with
(o) = o2 + 412
We assume the following conditions are satisfied for each strategy, respectively.
AT,C and ATfY : BD, Tl, T2.
Aac-c : BD, C1, C2.
Aac_y : BD, Y1, Y2
Given that T1, T2 are stronger than C1, C2 and Y1, Y2, it is enough to require their
satisfaction in Ap_c and Ap_v.
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3.2 Minimax Rates for /,-Aggregation of Estimates

Consider general M, t, and 0 < ¢ < 1. The ideal model size (in order) that balances the
approximation error and the estimation error under the ¢,-constraint over 1 < m < M, An
is

m* =m*(q,t,) = {2 (ntiT)q/ﬂ A M, A\n,

where 7 = 072 is the precision parameter. The effective model size (in order) that yields
the optimal rate of convergence, as will be shown, is

m* if m* = M, An,
My = My (q, tn) = ’7 m*

—™ | otherwise.
<1+log¢:z>”4

See Appendix B for an explanation on why m, is expected to yield the minimax rate of
convergence. Let f(IL(tn) =Fy(tn) N{f : | fllooc < L} for 0 < ¢ <1, and define

ma(q, tn) for case 1: F = F4(t,),0 < g <1,
mf =< ky,An for case 2: F = Fol(ky),
mu(q,tn) Ak, for case 3: F = Fy(tn) N Fo(kn),0 < g < 1.

Note that in the third case, we are simply taking the smaller one between the effective
model sizes from the soft sparsity constraint (¢,-constraint with 0 < ¢ < 1) and the hard
sparsity one ({p-constraint), and this smaller size determines the final sparsity. Define

REG(mT) =02 1A m? - (1 +7i0g (7))

which will be shown to be typically the optimal rate of the risk regret for ¢,-aggregation.

For case 3, we intend to achieve the best performance of linear combinations when both
lo- and ¢4-constraints are imposed on the linear coefficients, which results in /,-aggregation
using just a subset of the initial estimates and is called £y N ¢4-aggregation. For the special
case of ¢ = 1, this ¢y N ¢;-aggregation is studied in Yang (2004) (page 36) for multi-
directional aggregation and in Lounici (2007) (called D-convex aggregation) more formally,
giving also lower bounds. Our results below not only handle ¢ < 1 but also close a gap of
a logarithmic factor in upper and lower bounds in Lounici (2007).

For ease of presentation, we may use the same symbol (e.g., C') to denote possibly
different constants of the same nature.

Theorem 5 Suppose Ag_g holds for the E-G strategy respectively. Our estimator an
simultaneously has the following properties.

(i) For T- strategies, for F = Fy(ty) with 0 < q <1, or F = Fo(ky), or F = F4(ty) N
Fo(kn) with 0 < ¢ <1, we have

2
Rifr o) < [Co (s 7) + CREG(T )] [ (1l v 2]

n
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(it) For AC- strategies, for F = F4(tn) with 0 < q <1, or F = Fo(ky), or F = Fy(tn) N
Folky) with 0 < g < 1, we have

R(fr,; foin) < CYREG(mI) +

d2(f0;qu(tn)) + w for case 1,
Co] infs>g <d2(f0; Fi(s) N Fl(kn)) + Coo”log(l+s) h:f(hrs)) for case 2,
d?(fo; F (tn) N Fg (kn)) + w for case 3.

Aso, R(fr,: foin) < Co (I foll* v €222

For all these cases, Cy, C1, and Co do not depend on n, fo,tn, q, kn, M,,. These constants
may depend on L, py, 02 or 52/c%, a, Uy, Vo when relevant. An exception is that Co = 1
for the AC-C strategy.

Remark 6 For case 2, the boundedness assumption of ||f;|| < 1, 1 < j < M, is not
necessary.

Remark 7 If the true function fo happens to have a small La-norm such that || fol|* v %2
is of a smaller order than REG(m{), then its inclusion in the risk bounds may improve the
rate of convergence.

Discussion of the bounds. Note that an extra term of log(1 + t,,)/n is present in
the upper bounds of the estimator obtained by AC- strategies. For case 1, let us focus
on the high-dimensional situation of M,, between order n and order e©(™ When t, is no
larger (in order) than on'/?=1/2 the extra price log(1 + t,)/n does not damage the rate

of convergence if % is no larger in order than ";122 (log Mn)l_q/ 2 which does hold as

n — oo when ¢ is fixed. When t, is at least of order on'/4=1/2, REG(mI) is of order 1,
and from Proposition 15 in the Appendix, it can be seen that under the conditions of the
theorem, the risks of the AC- strategies are also of order 1. For case 2, the extra term in
Theorem 5 is harmless in rate if for some s < e A eckn(1+10g(Mn/kn)) for some constant
¢ > 0, the £;-norm constraint does not enlarge the approximation error order.
Comparison to the existing literature. When ¢ = 1, our theorem covers some
important previous aggregation results. With ¢, = 1, Juditsky and Nemirovski (2000)
obtained the optimal result for large M,; Yang (2004) gave upper bounds for all M, but
the rate is slightly sub-optimal (by a logarithmic factor) when M, = O(y/n) and with
a factor larger than 1 in front of the approximation error; Tsybakov (2003) derived the
optimal rates for both large and small M,, (and also for linear aggregation) but under the
assumption that the joint distribution of {f;(X),j = 1,..., My} is known. For the case
M,, = O(y/n), Audibert and Catoni (2010) have improved over Yang (2004) and Tsybakov
(2003) by giving an optimal risk bound. Thus in the special case of ¢ = 1, our result
overcomes the aforementioned shortcomings by integrating the previous understandings
together, with the additional generality of t,,. In the direction of adaptive aggregation,
Dalalyan and Tsybakov (2012b) give risk bounds, up to a logarithmic factor, suitable for
q = 0,1. Our result here closes the logarithmic factor gap and also handles ¢ between 0 and

1685



WANG, PATERLINI, GAO AND YANG

1. Note also that Rigollet and Tsybakov (2010) obtain adaptive optimal /,-aggregation for
g = 0,1 under a fixed design Gaussian regression setting.

Next, we establish lower bounds for the aggregation problems that match (up to a
multiplicative constant) the upper bounds above, which then implies that the estimators
by our strategies are indeed minimax adaptive for /,-aggregation of estimates (with respect
to both ¢ and the {,-radius). Let f1,..., far, be an orthonormal basis with respect to the
distribution of X. Since the earlier upper bounds are obtained under the assumption that
the true regression function fy satisfies || fol|co < L for some known (possibly large) constant
L > 0, for our lower bound result below, this assumption will also be considered. For the
last result in part (iii) below under the sup-norm constraint on fy, the functions fi,..., far,
are specially constructed on [0, 1] and Py is the uniform distribution on [0, 1]. See the proof
for details.

In order to give minimax lower bounds without any norm assumption on fy, let m? be

defined the same as m7 except that the ceiling of n is removed. Define

REG(ml) =

2~ F M,
oM (1 +log (ﬁlf)) A { 2 for cases 1 and 3,

n oo for case 2,

t2 for cases 1 and 3,

Fy_ F
REG(m ) = REG(m3 ) { oo for case 2.

Theorem 8 Suppose the noise € follows a normal distribution with mean 0 and variance
2
o> 0.

(i) For any aggregated estimator fr, based on an orthonormal dictionary F, = {f1,..., far, },
for F = Fy(tn), or F = Folkp), or F = Fy(tn) N Fo(ky) with 0 < ¢ <1, one can find
a regression function fo (that may depend on F) such that

R(fr,; fo;n) — d*(fo; F) > C - REG(ml),

where C' may depend on q (and only q) for cases 1 and 3 and is an absolute constant
for case 2.

(ii) Under the additional assumption that || fo|l| < L for a known L > 0, the above lower
bound becomes C' - REG(mYI) for the three cases, where C" may depend on q and L
for cases 1 and 3 and on L for case 2.

(iii) With the additional knowledge || folloe < L for a known L > 0, the lower bound C" -
REG(m{) also holds for the following situations: 1) for F = F4(t,) with 0 < q¢ < 1,
if SUP fp e Fy (tn) [ follo < L; 2) for F = Folkn), if SUP1<j<M, [fillo < L < oo and
%(1 + log A,f—:) are bounded above; 3) for F = Fo(ky), if M,/ (1 + log A,f—:) < bn for
some constant b > 0 and the orthonormal basis is specially chosen.

Remark 9 Consider the interesting high-dimensional case of M, between order n and order
O™ . Then REG(mI) is of the same order as REG(mZ) unless t2 is of a smaller order
than log My, /n. Thus, except this situation of small t,, the lower bounds above match the
orders of the upper bounds in the previous theorem.
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For satisfaction of supg,cr, ¢, [ folle < L, consider uniformly bounded functions fj,
then for 0 < g <1,

M, My,
1> 6ifilloe <D 16511 F5llc < ( sup HfjHOO> 6]l < < sup Hfjl!oo> 191l4-
=1 =1 1<;<M, n

<Jj 1<i<M,

Thus, under the condition that (sup;<;<az, [|flloo) tn is upper bounded, SUP s, e 7, (tn) | folloo <
L is met.

The lower bounds given in part (iii) of the theorem for the three cases of £,-aggregation
of estimates are of the same order of the upper bounds in the previous theorem, respec-
tively, unless ¢,, is too small. Hence, under the given conditions, the minimax rates for
¢,-aggregation are identified according to the definition of the minimax rate of aggregation
in Tsybakov (2003). When no restriction is imposed on the norm of fp, the lower bounds
can certainly approach infinity (e.g., when t,, is really large). That is why REG(m7) is
introduced. The same can be said for later lower bounds.

For the new case 0 < ¢ < 1, the /,-constraint imposes a type of soft-sparsity more
stringent than ¢ = 1: even more coefficients in the linear expression are pretty much
negligible. For the discussion below, assume m* < n. When the radius ¢, increases or
g — 1, m* increases given that the /,-ball enlarges. When m, = m* = M,, < n, the /4
constraint is not tight enough to impose sparsity: /,-aggregation is then simply equivalent
to linear aggregation and the risk regret term corresponds to the estimation price of the full
model, M,0?/n. In contrast, when 1 < m, < M, A n, the rate for {,-aggregation is

1—q/2
My
log (1-+ G4857)
n

o2l

When m* < (1 + log(M,/m*))¥? or equivalently m, = 1, the {,-constraint restricts the
search space of the optimization problem so much that it suffices to consider at most one
fj and the null model may provide a better risk.

Now let us explain that our /;-aggregation includes the commonly studied aggregation
problems in the literature. First, when ¢ = 1, we have the well-known convex or f;-
aggregation (but now with the ¢;-norm bound allowed to be general). Second, when g = 0,
with k, = M,, < n, we have the linear aggregation. For other k,, < M, A n, we have the
aggregation to achieve the best linear performance of only k,, initial estimates. The case
q = 0 and k, = 1 has a special implication. Observe that from Theorem 5, we deduce that
for both the T- strategies and AC- strategies, under the assumption sup; || fjllc < L, our
estimator satisfies

N . 1 + log M,
R(fr,; fo;n) < Co1 inf ||fj — fol* + Cro? <1 A g) ,

<Gj<M, n

where Cy = 1 for the AC-C strategy. Together with the lower bound of the order
o? <1 A %) on the risk regret of aggregation for adaptation given in Tsybakov (2003),

we conclude that £y(1)-aggregation directly implies the aggregation for adaptation (model
selection aggregation). As mentioned earlier, ¢o(ky) N £4(ty,)-aggregation pursues the best
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performance of the linear combination of at most k,, initial estimates with coefficients sat-
isfying the ¢,-constraint, which includes the D-convex aggregation as a special case (with
qg=1).

Some additional interesting results on combining procedures are in Audibert (2007,
2009); Birgé (2006); Bunea and Nobel (2008); Catoni (2012); Dalalyan and Tsybakov (2007,
2012a); Giraud (2008); Goldenshluger (2009); Gyorfi et al. (2002); Gyorfi and Ottucsak
(2007); Wegkamp (2003); Yang (2001).

4. Linear Regression with (,-Constrained Coefficients under Random
Design

Let’s consider the linear regression model with M,, predictors X;,..., Xys,,. Suppose the
data are drawn i.i.d. from the following model

M
Y =foX)+e=) 0,X;+e (2)
j=1

As previously defined, for a function f(xi,...,zp,) @ X — R, the Lo-norm || f|| is the
square root of Ef?(X1,..., Xy, ), where the expectation is taken with respect to Py, the
distribution of X. Denote the E%’;—hull in this context by

M,
Foltn; Mp) = fo=> Oa; |0 <tnp, 0<q< 1, £, >0.
j=1

For linear regression, we assume coefficients of the true regression function fy have a
sparse (g -representation (0 < ¢ < 1) or {y-representation or both, ie., fo € F where
F = Fy(tn; My), Fo(kn; M) or Fy(tn; My) () Folkn; My).

Assumptions BD and Ag_q are still relevant in this section. As in the previous section,
for AC-estimators, we consider ¢1- and sup-norm constraints.

For each 1 < m < MyAn and each subset Jp, of size m, let G;,, = {>_;c,; 0jz;:0 € R™}
and gims ={> e, 0iz; [0l < s, [ follo < L}. We introduce now the adaptive estimator
fA, built with the same strategy used to construct an except that we now consider Gj,,

and gﬁms instead of F;,, and ]-'}WS.

4.1 Upper Bounds

We give upper bounds for the risk of our estimator assuming fy € qu (tn; My), .F()L(kn; M,),
or FE(tn; My) N F§ (kp; My), where F* = {f : f € F,||flloc <L} for a positive constant
L. Let o = SUpjcrr(r,,) inf{[|0|l1 : fo = f} be the maximum smallest ¢1-norm needed

to represent the functions in F& (ky; M,,).
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Recall m* = [2 (nt%/oQ)Q/q A My, AN n and m, equals m* when m* = M, An and

[(lm];)m otherwise. For ease of presentation, define U/ as follows:
1+log %
( 2 .
o if my =mn,
2 .
% if me = M, <n,
1—q/2
L Mn
\I’]:q (tn;Mpy) _ B 1+log ot )
o2l % ANo? if 1 <m, < M, An,
2 2 2 :
(tn\/%>/\a if me =1,

kn (1 + log %—:)

n

\I]]:(f(kn?Mn) — 0-2 ]_ A

W7 s (s Mp)NFE (knsMn) _ pFy (tniMn) z pFo (kniMn)

In addition, for lower bound results, let gﬁ“mmﬂ (0<¢g<1)and gf‘f(t";M")m:OL(k"?M")
(0 < ¢ <1) be the same as g (tniMn) anq \I/FflL(t";M")nFOL(k"?M”), respectively, except that
when 0 < ¢ <1 and m, = 1, WFq (tniMn) takes the value o2 A t2 instead of o2 A (tfl \% "—:)
and gqu(t”;M")m:OL(k”;M”) is modified the same way.

Corollary 10 Sugzpose Ag_g holds for the E-G strategy respectively, and supi <<, | Xjllco <
1. The estimator fa4 simultaneously has the following properties.

(i) For T- strategies, for f:qu(tn;Mn) with 0 < q < 1, or F = F&(kn; M,), or
F = fg(tn; M,) ﬂ]—"é:(kn; M,,) with 0 < g < 1, we have

sup R(fa; fo;n) < C1 07,
foEF

where the constant C1 does not depend on n.

(i) For AC- strategies, for f:qu(tn;Mn) with 0 < q < 1, or F = Fk(kn; M,), or
F = qu(tn; M) N FE(kn; My,) with 0 < ¢ < 1, we have

sup R(fa; fo;n) < C1O7 4 Cy

n
fo€F (

o2 log(1+ty)
n

{ s fOrf:fg(anMn)a

otherwise,

where the constants C7; and Cy do not depend on n.

We need to point out that closely related work has been done under a fixed design
setting. While determining the minimax rate of convergence, Raskutti et al. (2012) derive
optimal estimators of a function (only at the design points) in the £,-hulls for 0 < ¢ < 1,
but the estimators require knowledge of ¢ and t,. Negahban et al. (2012), when applying
their general M-estimation methodology to the same fixed design regression setting, give
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an optimal estimator of the true coefficient vector (as opposed to the regression function)
assumed in any f,-ball for 0 < ¢ < 1 under the squared error loss. It requires that the
predictors satisfy a restricted eigenvalue (RE) condition. Raskutti et al. (2010) show that
under broad Gaussian random designs, the RE condition holds with exponentially small
exception probability. Therefore, the fixed design performance bounds in Negahban et al.
(2012), as well as those in Raskutti et al. (2012) (which do not need the RE condition), can
be used to draw some conclusions for Gaussian random designs or more general random
design in the latter case. Our risk upper bounds (directly under the global squared Lo loss)
do not require the Gaussian assumption on the covariates nor the RE condition. In addition,
differently from the aforementioned two papers, our performance bounds hold without any
restriction on the relationship between M and n.

4.2 Lower Bounds

The lower bounds used in the previous section for deriving the minimax rate of aggregation
are not suitable for obtaining the minimax rate of convergence for the current regression
estimation problem. We make the following near orthogonality assumption on sparse sub-
collections of the predictors. Such an assumption, similar to the sparse Riesz condition
(SRC) (Zhang 2010) under fixed design, is used only for lower bounds but not for upper
bounds.

AssumMPTION SRC: For some « > 0, there exist two positive constants ¢ and @ that do
not depend on n such that for every 6 with |0/l < min(2v, M,,) we have

allfll2 < [[foll < all0]2-

Theorem 11 Suppose the noise € follows a normal distribution with mean 0 and variance
0<o?<oo.

(i) For 0 < q <1, under Assumption SRC with v = m,, we have

inf  sup  E||f — fol]? > cwTa tniMn),
f fOe}—q(tn§Mn)

(ii) Under Assumption SRC with vy = ky,, we have

kn (1+log %7)
—
kn (1+log ]]:I: )
— .

. ) FE (kn;My)
inf sup Elf=folP>cq

f fo€Fo(kniMn)N{ fo:l|6]|2<an} 5
a,

if ap > co

- if ap < co

where ¢ is a pure constant.

(i1i) For any 0 < q <1, under Assumption SRC with vy = ky, A m., we have

inf sup E||f = fol® > ¢ @i M0 (hnih),
' fo€Fo(kn; Mn)NFy(tn;Mn)
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For all cases, inff 1s over all estimators and the constants c, ¢ and ¢ may depend on

a, @, ¢ and o>.

For the second case (ii), the lower bound is stated in a more informative way because
the effect of the bound on ||#]]2 is clearly seen.

4.3 The Minimax Rates of Convergence

Combining the upper and lower bounds, we give a representative minimax rate result with
the roles of the key quantities n, M,,, ¢, and k,, explicitly seen in the rate expressions. Below
“<” means of the same order when L, Lo, q, t, = t, and &> ( &2 is defined in Corollary 12
below) are held constant in the relevant expressions.

Corollary 12 Suppose the noise € follows a normal distribution with mean 0 and variance
o2, and there exists a known constant & such that 0 < 0 <& < co. Also assume there exists
a known constant Lo > 0 such that sup <<y, | Xjllcc < Lo < 00.

(i) For 0 < q < 1, under Assumption SRC with v = m.,

1 'Lf mx=n,

‘ R , % if me= M, < n,
qu sSup EHf - fOH =1A 1+10g% 1-q/2
I fo€FF (M) (WTW”) if 1 <my < My An.

n

g : k2 (1-+10g 32 )
(ii) If there exists a constant Ko > 0 such that ———"+*

tion SRC with v = ky,

< Ky, then under Assump-

. ) ) kn, (1 + log A,f—:)
inf sup E|lf = fol"=<1A .
! fOe}-é:(kn?Mn)m{f05||9||00§L0}

ki <1+log ]K—:)

(iii) If o > 0 is actually known, then under the condition — < Ky and
Assumption SRC with v = ky, we have
) Fin (14 Tog 42 )
inf  sup  E|f - folP=<1A ,
f fOE-Fél(kn;Mn) n
and for any 0 < q < 1, under Assumption SRC with v = k, N m., we have
kn (1+1og 2n
fin (1108 32) ———

n

“ n
inf sup Blf = fol* < 1A Q[ 1410g —tn_\ 1792
I fo€FE (kns Mn)NFE (M) R if 1= mu < ky.

1691



WANG, PATERLINI, GAO AND YANG

5. Conclusion

Sparse modeling by imposing an /,-constraint on the coefficients of a linear representation
of a target function to be learned has found consensus among academics and practitioners
in many application fields, among which, just to mention a few, compressed sensing, signal
and image compression, gene-expression, cryptography and recovery of loss data. The
{,-constraints promote sparsity essential for high-dimensional learning and they also are
often approximately satisfied on natural classes of signal and images, such as the bounded
variation model for images and the bump algebra model for spectra (see Donoho 2006).

In the direction of using the ¢;-constraints in constructing estimators, algorithmic and
theoretical results have been well developed. Both the Lasso and the Dantzig selector have
been shown to achieve the rate k,log(M,,)/n under different conditions on correlations
of predictors and the hard sparsity constraint on the linear coefficients (see van de Geer
and Biihlmann 2009 for a discussion about the sufficient conditions for deriving oracle
inequalities for the Lasso). Our upper bound results do not require any of those conditions,
but we do assume the sparse Riesz condition for deriving the lower bounds. Computational
issues aside, we have seen that the approach of model selection/combination with descriptive
complexity penalty has provided the most general adaptive estimators that automatically
exploit the sparsity characteristics of the target function in terms of linear approximations
subject to £,-constraints.

In our results, the effective model size m. (as defined in Section 3.2 and further explained
in Appendix B) plays a key role in determining the minimax rate of /,-aggregation for
0 < ¢ < 1. With the extended definition of the effective model size m, to be simply the
number of nonzero components k, when ¢ = 0 and re-defining m, to be m, A k, under
both £4- (0 < g < 1) and {y-constraints, the minimax rate of aggregation is unified to be
M (l—l—log(%—:))

— .

The /,-aggregation includes as special cases the state-of-art aggregation problems, namely
aggregation for adaptation, convex and D-convex aggregations, linear aggregation, and sub-
set selection aggregation, and all of them can be defined (or essentially so) by considering
linear combinations under fp- and/or ¢;-constraints. Our investigation provides optimal
rates of aggregation, which not only agrees with (and, in some cases, improves over) pre-
vious findings for the mostly studied aggregation problems, but also holds for a much
larger set of linear combination classes. Indeed, we have seen that {y-aggregation includes
aggregation for adaptation over the initial estimates (or model selection aggregation) (£y(1)-
aggregation), linear aggregation when M, < n ({y(M,)-aggregation), and aggregation to
achieve the best performance of linear combination of k, estimates in the dictionary for
1 < ky < M, (sometimes called subset selection aggregation) (¢o(ky)-aggregation). When
M,, is large, aggregating a subset of the dictionary under an /,-constraint for 0 < ¢ <1
can be advantageous, which is just £o(ky,) N £4(t,)-aggregation. Since the optimal rates of
aggregation as defined in Tsybakov (2003), can differ substantially in different directions
of aggregation and typically one does not know which direction works the best for the un-
known regression function, multi-directional or universal aggregation is important so that
the final estimator is automatically conservative and aggressive, whichever is better (see
Yang 2004). Our aggregation strategy is indeed multi-directional , achieving the optimal
rates over all /4-aggregation for 0 < ¢ <1 and ¢y N {4-aggregation for all 0 < ¢ < 1.

the simple form 1 A
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Our focus in this work is of a theoretical nature to provide an understanding of the fun-
damental theoretical issues about f4-aggregation or linear regression under /,-constraints.
Computational aspects will be studied in the future.

Acknowledgments

We thank Yannick Baraud for helpful discussions and for pointing out the work of Audibert
and Catoni (2011) that helped us to remove a logarithmic factor in some of our previous
aggregation risk bounds. Three anonymous referees are sincerely thanked for their valuable
comments on improving our work.

Sandra Paterlini conducted part of this research while visiting the School of Mathemat-
ics, University of Minnesota. Her research was partially supported by Fondazione Cassa di
Risparmio di Modena for REFIGLO. Yuhong Yang’s research was partially supported by
NSF grant DMS-1106576.

Appendix A. Metric Entropy and Sparse Approximation Error of
¢} -Hulls

It is well-known that the metric entropy plays a fundamental role in determining minimax-
rates of convergence, as shown, e.g., in Birgé (1986); Yang and Barron (1999).

For each 1 < m < M, and each subset J,, C {1,2,...,M,} of size m, recall F; =
{2 e, 0ifi 105 € R, j € Jp}. Recall also

d*(fo; F) = inf | fo — fol?
(f0i F) = inf_|lfo = fol
is the smallest approximation error to fy over a function class F.

Theorem 13 (Metric entropy and sparse approximation bound for fé\ﬁ’; -hulls)
Suppose Fy, = {f1, fa, -, fi, b with || fillpepy < 1, 1 < j < My, where v is a o-finite
measure.

(i) For 0 < q < 1, there exists a positive constant ¢, depending only on q, such that
for any 0 < € < t,,, Fy(tn) contains an e-net {ej}j.vzel in the Lo(v) distance with |lej|lo <
5(tpeN24/C=9 £ 1 for j =1,2, ..., N., where N, satisfies

29 11 11
1) log(1+ M *t;le) i M2

log N, < Cq (tne ) 7 Ogl(,j_ W Ctle)  ife>ty n (3)
ceMplog(L + M2 "ty ) if e < taMZ 1.

(ii) For any 1 <m < M,, 0 < q <1, t, >0, there exists a subset Jy, and fom € F
with |0™|1 < t, such that the sparse approximation error is upper bounded as follows

1 fom = foll* = d*(fos Fy(tn)) < 2297 e2m! =20, (4)
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Remark 14 The metric entropy estimate (5) is the best possible. Indeed, if f;, 1 < j <

M, are orthonormal functions, then (5) is sharp in order for any € satisfying that €/t

is bounded away from 1 (see Kiihn 2001). Part (i) of Theorem 15 implies Lemma 3 of
1 1

Raskutti et al. (2012), with an improvement of a log(M,) factor when € ~ t,M, *, and
1 1

1 1

2 R
an improvement from (tne_l)ﬁ log(M,,) to Mylog(1 + M, *t,e!) when e < t,M, °.
These improvements are needed to derive the exact minimax rates for some of the possible
situations in terms of My, q, and t,.

A.1 Proof of Theorem 13

(i) Because {ej}j-vzﬁl is an e-net of F,(t,) if and only if {t;lej}j.v;l is an €/ty-net of Fy(1),
we only need to prove the theorem for the case ¢, = 1. Recall that for any positive integer
k, the unit ball of Zé\/[” can be covered by 28! balls of radius €, in ¢; distance, where

1 1 <k <logy(2Mp)
2Mp, (11_1
er <c <log2(1;r’“)) log,(2M,) < k < 2M,
o mn (2M,) "5 k> 2M,

(c.f., Edmunds and Triebel 1998, page 98). Thus, there are 2F=1 functions g9,1<7< k=1,
such that

2k71
Foh) < (J (g5 + Filer)-

j=1
Note that without loss of generality, g; can be assumed to belong to F,(1) (because if not
we can replace it by a member in F,(1) closest to it in ¢; distance on the coefficient vectors
(which is a real distance), the effect of which is merely a change of the constant ¢ above).
For any g € Fi(ex), g can be expressed as g = Zf\iﬁ ¢; fi with Zf\i’i |ci| < ex. Following the
idea of Maurey’s empirical method (see, e.g., Pisier 1981), we define a random function U,
such that

My,
P(U = sign(ci)exfs) = leil/ex, BU=0)=1-Y |eil/ex.
i=1

Then, we have ||[Ul|2 < ¢ a.s. and EU = g under the randomness just introduced. Let
Ui,Us,...,U,, be i.i.d. copies of U, and let V = % Yo, Ui. We have

1 1 €L
E|V — <4/ = <4/ —=E 2 < 0
IV =gl </ L Var@ll2 </ EIUIE < =

In particular, there exists a realization of V, such that ||V — g|l2 < €x/+/m. Note that V
can be expressed as egm (ki f1 + kafo + -+ kar, far, ), where ki, ko, ..., kag, are integers,
and |ki| + |k2| + -+ - + |kar, | < m. Thus, the total number of different realizations of V' is
upper bounded by (QM"+m). Furthermore, [|[V||o < m.

m

If logy(2M,,) < k < 2M,,, we choose m to be the largest integer such that (2M7’;1+m) < 2k,

Then we have , o1
c
S Z;log2 (1'+ k71)
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for some positive constant ¢’. Hence, F4(1) can be covered by 22k=1 balls of radius

2M.
ek\/c’k_l log, <1 + k”)
in L? distance.

If k > 2M,,, we choose m = M,. Then F,(1) can be covered by 2F~! (2Mn+m) balls of

m

radius €, M, Y2 40 12 distance. Consequently, there exists a positive constant ¢”” such that
F,(1) can be covered by 2!! balls of radius r;, where

N

1 1 <1 <logy(2M,),
1 1

n <’ z%*%l[logz(l +2Ma))572 Jogy(2M,) < 1 < 2M,,
9~ = (2M,)2 | > 2M,.

For any given 0 < € < 1, by choosing the smallest [ such that r; < €/2, we find an €/2-net
{u}¥, of F4(1) in L? distance, where

1

2 1_1
exp e q log(1+ My *¢)) e>M,; 9,
N — 2[*1 S

1 1 1 1
exp | " Mylog(1+ M7 “e V)| e< M? “,
and ¢ is some positive constant.

It remains to show that for each 1 < i < N, we can find a function e; so that ||e;|jo <
5¢24/(4=2) 11 and ||e; — wil|2 < €/2.

Suppose U; = Z]M:"l Cijfja 1 <1 < N, with Z]]\inl |Cij’q < 1. Let Ll = {j . |Cij| >
¢2/2=0)}. Then, |L;|e?¥ =0 < 3 |¢;5|9 < 1, which implies |L;| < ¢24/(972) and also

Y leil <D fey P T < e

JELi J¢Li

2—2¢q
2—q

2-2
Define v; = 3o, ¢ijfj and wi = 30, cij fj. We have w; € fl(equ). By the probability

2—-2
argument above, we can find a function w} such that |Jw}||o < m and ||w; —w}||2 < equ/\/m.
In particular, if we choose m to be the smallest integer such that m > 4€24/(¢=2)_ Then,
lwi — will2 < €/2.

We define e; = v; + w}, we have |lu; — ;2 < €/2, and then we can show that

leillo = lvillo + llwillo < |Li| +m < 5¢24/(072 4 1.

(ii) Let f; = Zﬁ"l cjifi = arginfper i) 1 fo — foll? be a best approximation of fy
over the class F,(t,). For any 1 < m < M,, let L* = {j : |¢;| > t,m~/9}. Because
>3 lel9 < £, we have [L*[th/m < 37 |e;|? < . So, |L*| < m. Also,

D=3 el < Y lesl ftn(1/m) ) =0 = Y7 fey 174 (1/m) 00 < ! T,

JEL* JEL* JEL
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Define v* = 3 /. ¢jfj and w* = } .. ¢;fj. We have w* € Fi(D). Define a random
function U so that P(U = Dsign(c;)f;) = |¢j|/D, j ¢ L*. Thus, EU = w*, where E
denotes expectation with respect to the randomness P (just introduced). Also, ||U| <
Dsupy<j<p, Ifill < D. Let Uy, Us, ..., Uy, be ii.d. copies of U, then Vx € X,

m

2
E(h@wwww—LEZm@Q—wﬁ@rwmwf+;www@»
=1

Together with Fubini,

1 m
ft =
1=

In particular, there exists a realization of v* + % >, Ui, denoted by fgm, such that || fom —
foll2 < |l fx = fol? + t2m!~2/4. Note that |§™|; < t, and ||6™[jo < 2m — 1. If we consider
m = |(m+1)/2] instead, we have 2m — 1 < m and m > m/2. The conclusion then follows.
This completes the proof of the theorem.

2

* 1 . _
E <5 = foll* + - BIUN < 15 = foll* + tom =211,

Appendix B. An Insight from the Sparse Approximation Bound Based
on Classical Model Selection Theory

Consider general M,, t, and 0 < ¢ < 1. With the approximation error bound in Theorem
13, classical model selection theories can provide key insight on what to expect regarding
the minimax rate of convergence for estimating a function in the f%ﬁl—hull.

Suppose J,, is the best subset model of size m in terms of having the smallest Lo
approximation error to fy. Then, the estimator based on J,, is expected to have the risk
(under some squared error loss) of order

2/q12, 1-2/q a’m
27/t m + —.
n
Minimizing this bound over m, we get the best choice (in order) in the range 1 < m <
M, An:
* * 2.1\4/2
m* =m"(q,t,) = {2 (nt;7) 1 N M, A,

where 7 = 072 is the precision parameter. When ¢ = 0 with ¢, = k,, m* should be
taken to be k, A n. It is the ideal model size (in order) under the /,-constraint because it
provides the best possible trade-off between the approximation error and estimation error
when 1 < m < M, An. The calculation of balancing the approximation error and the
estimation error is well-known to lead to the minimax rate of convergence for general full
approximation sets of functions with pre-determined order of the terms in an approximation
system (see section 4 of Yang and Barron 1999). However, when the terms are not pre-
ordered, there are many models of the same size m™*, and one must pay a price for dealing
with exponentially many or more models (see, e.g., section 5 of Yang and Barron 1999). The
classical model selection theory that deals with searching over a large number of models
tells us that the price of searching over (%Z) many models is the addition of the term
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log (%ﬁ:)/n (e.g., Barron and Cover 1991; Yang and Barron 1998; Barron et al. 1999; Yang
1999; Baraud 2000; Birgé and Massart 2001; Baraud 2002; Massart 2007). That is, the risk
(under squared error type of loss) of the estimator based on subset selection with a model
descriptive complexity term of order log (AT/;Z") added to the AIC-type of criteria is typically
upper bounded in order by the smallest value of

a’m N o log (Afn”)

(squared) approximation error,, + - -

over all the subset models, which is called the index of the resolvability of the function

Mn,

to be estimated. Note that 7 + % is uniformly of order m (1 + log (%)) /n over
0 <m < M,. Evaluating the above bound at m* in our context yields a quite sensible rate
of convergence. Note also that log (%’j) /n (price of searching) is of a higher order than mT*
(price of estimation) when m* < M,,/2. Define

M, +log (Mn
SER(m) =1+ log (n) xw, 1<m< M,
m m

to be the ratio of the price with searching to that without searching (i.e., only the price of

estimation of the parameters in the model). Here “<” means of the same order as n — oc.
Observe that reducing m* slightly will reduce the order of searching price %R(Tn) (since
x(1 +log (M, /x)) is an increasing function for 0 < x < M,,) and increase the order of the

squared bias plus variance (i.e., 22/92m!=2/4 4 ‘#Tm) The best chh(zice will typically make
m(1+4log =2

the approximation error 22/ qtimld/ 9 of the same order as - -~ (as also pointed out

in Raskutti et al. 2012 from a different analysis). Define

m* if m*= M, An,
My = m*(q, tn) = m* _ m*
(1+10g M—I})qm o SER(m*)WQ

m

-‘ otherwise.

We call this the effective model size (in order) under the £,-constraint because evaluating
the index of resolvability expression from our general oracle inequality (see Proposition 15
in the Appendix) at the best model of this size gives the minimax rate of convergence, as
shown in this work. When m* = n, the minimax risk is of order 1 (or higher sometimes)
and thus does not converge. Note that the down-sizing factor SER(m*)%/? from m* to m,
depends on ¢: it becomes more severe as ¢ increases; when g = 1, the down-sizing factor
reaches the order (1 + log (%))1/2. Since the risk of the ideal model and that by a good
model selection rule differ only by a factor of log(M,,/m*), as long as M, is not too large,
the price of searching over many models of the same size is small, which is a fact well known
in the model selection literature (see, e.g., Yang and Barron 1998, section I11.D).

For ¢ = 0, under the assumption of at most k, < M, A n nonzero terms in the linear
representation of the true regression function, the risk bound immediately yields the rate

En (141log Yn
(1 + log (J‘]:I:)) /n = W. Thus, from all above, we expect that %R(m*) Al is

the unifying optimal rate of convergence for regression under the £4-constraint for 0 < ¢ < 1.
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Appendix C.

In this appendix, the theorems in Sections 3-4 are proved, with additional results given as
preparations.

C.1 Some General Oracle Inequalities

The proofs of the upper bound results rely on some oracle inequalities, which may be of

interest in other applications. Consider the setting in Section 3.2 of the main paper.

Proposition 15 Suppose Ag_g holds for theAE—G strategy, respectively. Then, the follow-
ing oracle inequalities hold for the estimator fr, .
(i) For T-C and T-Y strategies,

R(fr,; fo;n)

1 +log (M) +log(M,, An) — log(1 —
< ¢ inf (Clinfd2(f0;me)+sz+C3 8 () +10g(Mn A1) Bl po))
1<m<M,An Im n1 n—mny
1—logp
Aco (Ilfo!!2 T c3g°) ,
n—n

where co = 1, ¢; = c3 = Cr 4, c3 = % for the T-C strategy; co = Cy, c1 = c2 = CL 4,
c3 = o2 for the T-Y strategy.
(ii) For AC-C and AC-Y strategies,

R(fr,; fo;n)
1 +log (M) +1log(M,, A n) — log(1 —
< ¢y inf (R(fovm,n)chQ;njLC?, +log (1) +log( n) — log( po))
1

1<m<MpAn n—mn

1 —logpo
Aeo <Hfo||2 +eg—— |,

n—mnq

where
R(fo,m,n) = cyinf inf (dz(fo; Ffs) + 23

m

log(1 + s)) |

n—mni

and cg = c1 = 1, cg = 8c(0? + 5L?), c3 = % for the AC-C strategy; co = Cy, ¢ = 1,
c2 = 8c(0? +5L?), c3 = o for the AC-Y strategy.

From the proposition above, the risk R( an; fo;m) is upper bounded by a multiple of
the best trade-off of the different sources of errors (approximation error, estimation error
due to estimating the linear coefficients, and error associated with searching over many
models of the same dimension). For a model J, let IR(fo;J) generically denote the sum
of these three sources of errors. Then, the best trade-off is I R(fy) = inf ; IR(fo;J), where
the infimum is over all the candidate models. Following the terminology in Barron and
Cover (1991), IR(fo) is the so-called index of resolvability of the true function fy by the
estimation method over the candidate models. We call IR(fy;J) the index of resolvability
at model J. The utility of the index of resolvability is that for fy with a given characteristic,
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an evaluation of the index of resolvability at the best J immediately tells us how well the
unknown function is “resolved” by the estimation method at the current sample size. Thus,
accurate index of resolvability bounds often readily show minimax optimal performance of
the model selection based estimator.
Proof of Proposition 15.

(i) For the T-C strategy,

R(fr,; foin) < _ inf {CL,U <5nfd2(fo;me) + ZL> +

T 1<m<MpAn 1
2 [ log(M, An)+log (Afn") —log(1 — po) 5 2 logpo
— — Aol = ———¢-
Ao n—nj Aon—nq

For the T-Y strategy,

<m<MpAn

1+ log(M, An) +log (M) —1og(1 — 1-1o
02( g(My A n) +10g () &l pO))}/\Cy{||f0H2+02 n—ifo}'

R(fr,; fo;n) < Cy , inf {CL,U i}lf d*(fo; F,.) + CL,anﬁ‘i‘
m 1

n—mni
(ii) For the AC-C strategy,

R(fr,; fo;n)

2
< . e 2(¢ . L / 2™ 2
< ittt (@) o+ HPD 42
log(M,, An) + log (Afn") —log(1 —po) = 2log(1+ s) 9 2 logpo
+ A foll™ = = ——
n—ng n —ny Acn—ny
< inf mmffuff)+wﬁ+mwﬁ+3x
T 1<m<MuAn | Jm s>1 027 Jm,s n Ao
log(M,, A n) + log (Afn”) —log(1—po) = 2log(1+ s) 5 2 logpo
+ A ILfoll" = —=——¢-
n—np n—ny Acn—nq
For the AC-Y strategy,
R(fr,; fo;n)
. e 1+ log(My, An)
< i finf ( d2(fo; FE 20" + H)2 L 4 o2
s Oy lgmlgnMn/\n {1},1” ;1211 < (fO; ]:Jm’S) + C( ot ) n1 to n—ni +
log (M) —log(1 — po) + 2log(1 + s 1-1o
+ ( ) + g( pO) g( ) A CY {HfOHQ + 0_2 ng}
n—mnq n—mni n—mni
1+ log(M, A
< Cy  inf {inf inf <d2(f0;]-—f 5) +8c(a? + 5LQ)E +0? ( + log( n)—i—
1<m<MpAn | Jm s>1 s ni n—ni
log (M) —log(1 — po) + 2log(1 + 1-1
+ g(m) + Og( po) Og( 8) ACY{H]C()HQ-FO'Q ngO}'
n—mni n—mni n—mni
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This completes the proof of Proposition 15.

C.2 Proof of Theorem 5

To derive the upper bounds, we only need to examine the index of resolvability for each
strategy. The nature of the constants in Theorem 5 follows from Proposition 15.

(i) For T- strategies, according to Theorem 13 and the general oracle inequalities in
Proposition 15, for each 1 < m < M,, A n, there exists a subset J,,, and the best fgm € F;
such that

; m
R(fr,; foin) < co <C1Hf0m — foll> + 262E + 2¢3 -

1 —log po
—==).

1+ log (Af[n”)—ﬁ—log(Mn An) —log(l— p0)>

Aco <Hfo\2 + 2c3

Under the assumption that fy has sup-norm bounded, the index of resolvability evaluated
at the null model fy = 0 leads to the fact that the risk is always bounded above by

Co <|]f0H2 + CQT"2> for some constant Cp, Cy > 0.

For F = F,(t,), and when m, = m* = M,, < n, evaluating the index of resolvability at
the full model Jy;,, we get

CM, C'm (1 + log (%))
n n ’

; CM, .
R(fr,; foin) < coerd®(fo; Fy(tn)) + - with

Thus, the upper bound is proved when m, = m* = M,,.

For F = F,(t,), and when m, = m* = n < M, then clearly m, (1 + log (%—:)) /n is
larger than 1, and then the risk bound given in the theorem in this case holds.

For F = F4(t), and when 1 < m, < m* < M, An, for 1 <m < M,, and from Theorem
13, we have

R(fr,; fo;n) < <o <C1d2(fo; Foltn)) + 122/ 142 m1=2/0 4 2CQ%

1+ log (M) 4+ log(M,, A log(1 —
+2c3 +Og(m) Og( n)—2C3 Og(n po)).

n

Since log (A:[n") < mlog (EM ) =m (1 + log %), then

n
m

n n

R 1+ log M
R(an; fO;n) < Coc1d2(f0;-7:q(tn)) +C (22/Qtim12/q + m( + log m ) 4 log(Mn A n))

n

' 1 4 log Mn
< coerd®(fo; Fy(tn)) + C (22/qtim12/q+ m (1 +log ))7
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where C' and C” are constants that do not depend on n, ¢, t,,, and M,, (but may depend on
o2, po and L). Choosing m = m., we have

My m (1 +lo (%))
22/qt%m1—2/q + m (1 +log m ) < ok * & m.
n n

i

where C” is an absolute constant. The upper bound for this case then follows.

For F = Fy(ky,), by evaluating the index of resolvability from Proposition 15 at m = k,,
the upper bound immediately follows.

For F = F4(tn) N Fo(kn), both £4- and fy-constraints are imposed on the coefficients,
the upper bound will go with the faster rate from the tighter constraint. The result follows.

(ii) For AC- strategies, three constraints ||0]|1 < s (s > 0), |0l <t (0< g < 1,¢, >0)
and || folloc < L are imposed on the coeflicients. Notice that [|0]]; < [|f]|; when 0 < ¢ <1,
then the ¢;-constraint is satisfied by default as long as s > t,, and ||6||, < ¢, with 0 < ¢ < 1.
Using similar arguments as used for T-strategies, the desired upper bounds can be easily
derived. This completes the proof of Theorem 5.

C.3 Global Metric Entropy and Local Metric Entropy

The derivations of the lower bounds in the main paper require some preparations.
Consider estimating a regression function fy in a general function class F based on i.i.d.
observations (X, Y;)" ; from the model

Y =7fHX)+o-¢ (5)

where o > 0 and ¢ follows a standard normal distribution and is independent of X.

Given F, we say G C F is an e-packing set in F (e > 0) if any two functions in G are
more than € apart in the Lo distance. Let 0 < a < 1 be a constant.

DEFINITION 1: (Global metric entropy) The packing e-entropy of F is the logarithm of
the largest e-packing set in F. The packing e-entropy of F is denoted by M (e).

DEFINITION 2: (Local metric entropy) The a-local e-entropy at f € F is the logarithm of
the largest (ce)-packing set in B(f,e) = {f € F:|| f' = f ||< €}. The a-local e-entropy at f
is denoted by My (e | f). The a-local e-entropy of F is defined as M°°(€) = maxscr My(c |
0.

Suppose that M!°¢ (¢) is lower bounded by M!°¢(¢) (a continuous function), and assume
that M(e) is upper bounded by M(e) and lower bounded by M (e) (with M(e) and M (e)
both being continuous).

Suppose there exist €,, €,, and ¢, such that

M (0e,) > ne2 +2log2, (6)
M(V20€,) = neé, (7
M(oe,) = 4neé2 + 2log2. (8)

Proposition 16 (Yang and Barron 1999) The minimax risk for estimating fo from model
(5) in the function class F is lower-bounded as the following

2,22
a“o e,

inf sup E|f — fol|* > :
f foeF 8
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2 2

o‘e;,

it sup Ef — fo > 7
I foeF

Let F be a subset of F. If a packing set in F of size at least exp(M(cey)) or exp(M(oe,,))
2.2

a?02e2 o“er
or ]

is actually contained in F, then inff SUpf cr E||f— foll? is lower bounded by
respectively.

8

Proof. The result is essentially given in Yang and Barron (1999), but not in the concrete
forms. The second lower bound is given in Yang (2004). We briefly derive the first one.

Let N be an (ae,)-packing set in B(f,0e,) = {f € F:|| f' — f |< oen}. Let © denote
a uniform distribution on N. Then, by applying the upper bound on mutual information
displayed in the middle of page 1571 of Yang and Barron (1999), together with the specific
form of the K-L divergence between the Gaussian regression densities (see the first paragraph
of the proof of Theorem 6 of Yang and Barron 1999 on page 1583), the mutual information
between © and the observations (X;,Y;)? ; is upper bounded by %e%, and an application
of Fano’s inequality (see the proof of Theorem 1 in Yang and Barron 1999, particularly
Equation 1 on page 1571) to the regression problem gives the minimax lower bound

a?o?e? 1 I(0;(X;,Y;))+log2
4 log |N| ’

where |N| denotes the size of N. By our way of defining €,,, the conclusion of the first lower
bound follows.

For the last statement, we prove for the global entropy case and the argument for the
local entropy case similarly follows. Observe that the upper bound on I (©; (X;,Y;)? ;) by
log(|G|) + né2, where G is an &,-net of F under the square root of the Kullback-Leibler
divergence (see Yang and Barron 1999, page 1571), continues to be an upper bound on
I(9;(X;,Y;) ), where O is the uniform distribution on a packing set in F. Therefore, by
the derivation of Theorem 1 in Yang and Barron (1999), the same lower bound holds for F
as well. This completes the proof.

C.4 Proof of Theorem 8

Assume fp € F in each case of F so that d?(fo; F) = 0. Without loss of generality, assume
oc=1.

(i) We first derive the lower bounds without Lg or Lo, upper bound assumption on fj.
To prove case 1 (i.e., F = Fy(t,)), it is enough to show that

My, if m* = M,

1+log Mp 1-a/2

. 2 2)q/2 ~ ~

1r}ff S}J% )EHf —folP>C, (W"W) if 1 <my. <m* < M,,
(0]S q\ln

if =1,

in light of the fact that, by definition, when m* = M,,, m, = M,, and when 1 < m, < m* <
s (141log Mn

M

M,,, we have is upper and lower bounded by multiples (depending only on q)
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1—q/2
. Note that m* and m, are defined as m* and m, except that no

M.
1+log (m%;‘!/?

n

of t&

ceiling of n is imposed there.

Given that the basis functions are orthonormal, the Ly distance on Fg(t,) is the same
as the ¢y distance on the coefficients in By (tn; My,) = {6 : ||0||; < t,}. Thus, the entropy of
Fq(tn) under the Ly distance is the same as that of B,(t,; M) under the ¢y distance.

When m* = M, we use the lower bound tool in terms of local metric entropy. Given
the £,-fa-relationship [|0]|, < M, /971/2||0||y for 0 < ¢ < 2, for € < \/M,,/n, taking f; =0,
we have

B(fo:€) = {fo: Ifo— foll < e ll0llg <t} = {fo: 10ll2 < € 110llg < tn} = {fo: [10ll2 <€},

where the last equality holds because when € < /M, /n, for ||0|]2 <€, ||0|; < t, is always
satisfied. Consequently, for e < /M, /n, the (¢/2)-packing of B(fj;€) under the Lo distance
is equivalent to the (e/2)-packing of B, = {60 : ||0||2 < €} under the {5 distance. Note that
the size of the maximum packing set is at least the ratio of volumes of the balls B and B,

which is 2M». Thus, the local entropy MBCQ(E) of F,(t) under the Ly distance is at least

Mllo/cz(e) = M, log?2 for € < y/M,/n. The minimax lower bound for the case of m* = M,
then directly follows from Proposition 16.

When 1 < my, < m"* < M,, the use of global entropy is handy. Applying the minimax
lower bound in terms of global entropy in Proposition 16, with the metric entropy order
for larger e (which is tight in our case of orthonormal functions in the dictionary) from

Theorem 13 the minimax lower rate is readily obtained. Indeed, for the class F,(t,), with
1

€ > t,My 2 , there are constants ¢ and ¢’ (depending only on ¢) such that

1 1

d (tne™ )2 qlog(1+Mq “thle) < M(e) < M(e) < (tne~ )2 qlog(1+Mq 2t 1e).

n —_— = n

N\»—l
»m

Thus, we see that €,, determined by (8.4) is lower bounded by cmté ((1 + log tQ s )/ n)

where ¢ is a constant depending only on q.
When m, = 1, note that with fj =0 and € <t,,

B(fos€) = {fo: [0l < € 110llg < tn} > {fo: [0l < €}

Observe that the (e/2)-packing of {fy : €], < €} under the Lo distance is equivalent to
the (1/2)-packing of {fy : ||0|l; < 1} under the same distance. Thus, by applying Theorem
13 with ¢, = 1 and € = 1/2, we know that the (e/2)-packing entropy of B(fj;€) is lower
bounded by ¢’ log(1 + l]\41/(171/2) for some constant ¢ depending only on ¢, which is at

least a multiple of nt2 when m* < ( M")q/ . Therefore we can choose 0 < § < 1

small enough (depending only on ¢) such that

" 1
¢ log(1+ iMﬁ/qfl/Q) > né?t2 + 2log 2.
The conclusion then follows from applying the first lower bound of Proposition 16.
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To prove case 2 (i.e., F = Fo(kyn)), noticing that for M,/2 < k, < M,, we have
(1+1log2)/2M,, < ki (1 + log T:) < M, together with the monotonicity of the minimax
risk in the function class, it suffices to show the lower bound for k, < M,,/2. Let By, (¢) =
{0 :110]l2 <€ |0ll0 < kn}. As in case 1, we only need to understand the local entropy of the
set By, (€) for the critical € that gives the claimed lower rate. Let n = €/v/ky,. Then By, (¢)
contains the set Dy, _(n), where

Clearly |[nl1 — nlalla > n(dga(I1, 1)), where dga(I1, I3) is the Hamming distance
between I1,Is € {1,0,—1}"~. From Lemma 4 of Raskutti et al. (2012) (the result there
actually also holds when requiring the pairwise Hamming distance to be strictly larger than
k/2; see also Lemma 4 of Birgé and Massart 2001 or the derivation of a metric entropy
lower bound in Kiihn 2001), there exists a subset of {I : I € {1,0, -1}~ ||I||o < k} with

2(Mn k’))

more than exp( log points that have pairwise Hamming distance larger than

k/2. Consequently, we know the local entropy M| loc iy f( €) of Fo(ky) is lower bounded by

%" log 2(M27;k") The result follows.

To prove case 3 (i.e., Fy(tn) N Fo(ky)), for the larger k, case, from the proof of case
1, we have used fewer than k, nonzero components to derive the minimax lower bound
there. Thus, the extra £y-constraint does not change the problem in terms of lower bound.
For the smaller &, case, note that for § with (|0l < ky, [|0]lq < ki/q_l/zHGHg < kT2

\/Ckn (1 +log n) /n for 0 with ||0]]2 < \/Ck:n (1 + log %—:) /n for some constant C' >

0. Therefore the /,-constraint is automatically satisfied when ||6||2 is no larger than the

critical order \/ kn, (1 + log A,f—:) /m, which is sufficient for the lower bound via local entropy

techniques. The conclusion follows.

(ii) Now, we turn to the lower bounds under the Ly-norm condition. When the regression
function fy satisfies the boundedness condition in Lo-norm, the estimation risk is obviously
upper bounded by L? by taking the trivial estimator f = 0. In all of the lower boundings in
(i) through local entropy argument, if the critical radius € is of order 1 or lower, the extra con-
dition || fo|| < L does not affect the validity of the lower bound. Otherwise, we take € to be L.
Then, since the local entropy stays the same, it directly follows from the first lower bound in
Proposition 16 that L? is a lower order of the minimax risk. The only case remained is that

1—q/2
of (1 + log %)qﬂ <m* < M,. Ift} ((1 + log #W)/n) ! is upper bounded by a con-

stant, from the proof of the lower bound of the metric entropy of the ¢,-ball in Kiihn (2001),
we know that the functions in the special packing set satisfy the Lo bound. Indeed, consider

/2
{fo : 0 € Dy, (n)} with m,, being a multiple of (ntg/ ( + log m;g[ﬁ))q and 7 being a

(small enough) multiple of \/ (1+log (nt]\fﬁ) /n. Then these fy have || fy|| upper bounded
1—q/2
by a multiple of ¢}, ((1 + log 3/ n) ¥* and the minimax lower bound follows from

1—q/2
the last statement of Proposmon 16. If t}, ((1 + log (ntj‘fﬁ) / n) is not upper bounded,
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we reduce the packing radius to L (i.e., choose 7 so that n,/m,, is bounded by a multiple
of L). Then the functions in the packing set satisfy the Lo bound and furthermore, the

1—q/2
number of points in the packing set is of a larger order than nt}, ((1 + log (mfgﬁ) / n) .

Again, adding the Lo condition on fy € F,4(t) does not increase the mutual information
bound in our application of Fano’s inequality. We conclude that the minimax risk is lower
bounded by a constant.

(iii) Finally, we prove the lower bounds under the sup-norm bound condition. For 1),
under the direct sup-norm assumption, the lower bound is obvious. For the general M,
case 2), note that the functions fp’s in the critical packing set satisfies that ||f]]2 < e with e
. _ b (1108 322 )
being a multiple of |/ —————"4%. Then together with ||0]|o < kn, we have ||0]|; < vy |0]|2,
which is bounded by assumption. The lower bound conclusion then follows from the last

part of Proposition 16. To prove the results for the case M,/ <1 + log A,f—:) < bn, as in
Tsybakov (2003), we consider the special dictionary F,, = {f; : 1 <i < M,} on [0, 1], where

=/ M, I[ i ) X 1= 1,...,Mn.

My, Mp,

Clearly, these functions are orthonormal. By the last statement of Proposition 16, we only
need to verify that the functions in the critical packing set in each case do have the sup-
norm bound condition satisfied. Note that for any fp with 6 € Dy, (n) (as defined earlier),

we have | fgll < nkn and || follo < nvM,,. Thus, it suffices to show that the critical
packing sets for the previous lower bounds Wlthout the sup-norm bound can be chosen

with 6 in Dy, (n) for some n = O (Mn_l/2> . Consider 7 to be a (small enough) multiple of

1+4log

the proof of part (ii) without constraint, we know that there is a subset of Dy, (n) that
(Mn kn))

\/(1 + log Ag—:) /n=0 (Mn_l/z) (which holds under the assumption % < bn). From

with more than exp(k” log points that are separated in ¢o distance by at least

\/l-cn (1 + log %—:) /m. This completes the proof.

C.5 Proof of Corollary 10

Since fp belongs to .7-"qL(tn; M), or F¥(kn; M,,), or both, thus d?(fo, F) is equal to zero for
all cases (except for AC- strategies when F = F¥(ky; M,,), which we discuss later).
(i) For T- strategies and F = F[(tn; M,). For each 1 < m < M, A n, according to the

general oracle inequalities in the proof of Theorem 5, the adaptive estimator f 4 has

1+ log( ) + log(M,, A n) — log(1 —pO))

F m
sup R(fa;foin) < <o (202” + 23

foEF
lo 0
Aco (Hfo\\2—203 ip >

When m, = m* = M, < n, the full model Jy;, results in an upper bound of order
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When m, = m* = n < M,, we choose the null model and the upper bound is simply of
order one.
When 1 < m, < m* < M, A n, the similar argument of Theorem 5 leads to an up-

—q/2
per bound of order 1 A == (1 + log %—:) Since (nt2)4/? (1 + log méjﬁ) ! < my <

—q/2
4(ntfl)q/2 (1 + log #) ! , then the upper bound is further upper bounded by c¢,t7-

(nt3)e/2

1+log —Mn__ 1=a/2
nt2)4/2 .
(W) for some constant ¢, only depending on g.

When m, = 1, the null model leads to an upper bound of order [ fol|>+ 2 <2 + 1 <
2(t727, v %) if fo € qu(thn)'

For F = FE(kn; M,,) or F = f(f(tn; M,,) 0 FE(kn; My,), one can use the same argument
as in Theorem 5.

(ii) For AC- strategies, for F = qu(tn;Mn) or F = qu(tn;Mn) N Fe(kn; My,), again
one can use the same argument as in the proof of Theorem 5. For F = .7'"0[‘ (kn; M,y,),

o . . log(1+
the approximation error is infg>q (lnf{0:||0ll1SS,HGHOSkn,I\fGHOOSL} Il.fo — foll® + 203%) <

. log(1+an log(1+an)
0 (0011 < 00 folle <2} 1o = Joll2 + 23 2E0FE) — 90, RECER) i fy € Ff (ko; M),
The upper bound then follows. This completes the proof.

C.6 Proof of Theorem 11

Without loss of generality, we assume o2 = 1 for the error variance. First, we give a simple
fact. Let By() = {0 : 62 < 0,160 < k} and By(fore) = {fo : Ifoll < & 6]l0 < k}
(take fo = 0). Then, under Assumption SRC with v = k, the 5=-local e-packing entropy of
By (fo; €) is lower bounded by the %—local n-packing entropy of By(n) with n = €/a.

(i) The proof is essentially the same as that of Theorem 8. When m* = M,,, the previous
lower bounding method works with a slight modification. When (1 + log %)Q/ ? <mt <
M,,, we again use the global entropy to derive the lower bound based on Proposition 16. The
key is to realize that in the derivation of the metric entropy lower bound for {6 : 6|, < t,}
in Kiithn (2001), an optimal size packing set is constructed in which every member has at
most m, non-zero coefficients. Assumption SRC with v = m, ensures that the Lo distance
on this packing set is equivalent to the £y distance on the coefficients and then we know the
metric entropy of F(t,; M,,) under the Lo distance is at the order given. The result follows
as before. When m* < (1 + log %)q/g, observe that Fy(t,; My) D {Bxz; : |5] < t,} for any
1 < j < M,. The use of the local entropy result in Proposition 16 readily gives the desired
result.

(ii) As in the proof of Theorem 8, without loss of generality, we can assume k,, < M, /2.
Together with the simple fact given at the beginning of the proof, for By, (e/a) = {6 :||6]|2 <
€/a,||0llo < kn}, with ' = ¢/(a\/k,), we know By, (e/a) contains the set

{(0=nT:1€{1,0,—-1}" |10 < kn}.

For 01 = n'l1,0; = 1'Iy both in the above set, by Assumption SRC, ||fs, — fo,||> >
a®n?dgy (11, o) > a€%/(2a2) when the Hamming distance dgar (11, Ip) is larger than k, /2.
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With the derivation in the proof of part (i) of Theorem 8 (case 2), we know the local en-
oc

tropy Mé/(ﬁa)(e) of Folkn; Mp) N{fo : ||0ll2 < an} with a, > € is lower bounded by

’%n log Q(Mzirjkn) Then, under the condition a,, > C \/ kn (1 + log A,f—:) /n for some constant

C, the minimax lower rate k, (1 + log A,f—:) /n follows from a slight modification of the

proof of Theorem 8 with e = C’\/k:n (1 + log A,f—:) /n for some constant C’ > 0. When

0<ay, < C\/kn (1 + log %> /mn, with € of order a,,, the lower bound follows.

(iii) For the larger k,, case, from the proof of part (i) of the theorem, we have used fewer
than k,, nonzero components to derive the minimax lower bound there. Thus, the extra
fo-constraint does not change the problem in terms of lower bound. For the smaller k,, case,

note that for 6 with [|0]lo < kn, [|0]l; < k/4"2]|6]2 < k,l/q_l/Q\/C’kn (1 +log f,gf) /n for 6

with [|0]]2 < \/ Cky, (1 + log %7) /n. Therefore the {,-constraint is automatically satisfied

when ||6]|2 is no larger than the critical order \/ kn, (1 + log J\]f—;) /m, which is sufficient for

the lower bound via local entropy techniques. The conclusion follows. This completes the
proof.

C.7 Proof of Corollary 12

(i) We only need to derive the lower bound part. Under the assumptions that sup; || X;||eo <
Ly < oo for some constant Ly > 0, for a fixed t,, = ¢ > 0, we have Vfy € Fy(tn; M),
[ folloo < sup; || Xjlloo - E;Vi”l 16;] < Lol|6]1 < Lo||f|l¢ < Lot. Then the conclusion follows
directly from Theorem 11 (Part (i)). Note that when ¢, is fixed, the case m, = 1 does not
need to be separately considered.

(ii) For the upper rate part, we use the AC-C upper bound. For fy with [|f]~ < Lo,
clearly, we have ||0||; < M, Ly, and consequently, since log(l—l—M Ly) is upper bounded by a

multiple of &k, (1 + log %) , the upper rate %” (1 + log ) A1 is obtained from Corollary

10. Under the assumptions that sup; || Xj[lc < Lo < 0o and kn\/<1 + log T:) /n < /Ko,

we know that Vfy € Fo(kn: M) (Vfo : [0l < an} with an = C\/k:n (1 +log k—:) /n for

some constant C' > 0, the sup-norm of fy is upper bounded by

M
- 1+ log
13" 0525000 < Loli0lli < Lov/knan = CLoky | Ltlog Cv/KoLo.

j=1
Then the functions in Fo(kn; My) (W f : |0]2 < an} have sup-norm uniformly bounded.
Note that for bounded ay, ||6]|2 < a, implies that ||0||cc < a,. Thus, the extra restriction
|0llcc < Lo does not affect the minimax lower rate established in part (ii) of Theorem 11.
(iii) The upper and lower rates follow similarly from Corollary 10 and Theorem 11. The
details are thus skipped. This completes the proof.
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