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Abstract

The Neyman-Pearson (NP) paradigm in binary classification treats type I and type II errors with
different priorities. It seeks classifiers that minimize type II error, subject to a type I error con-
straint under a user specified level o. In this paper, plug-in classifiers are developed under the NP
paradigm. Based on the fundamental Neyman-Pearson Lemma, we propose two related plug-in
classifiers which amount to thresholding respectively the class conditional density ratio and the
regression function. These two classifiers handle different sampling schemes. This work focuses
on theoretical properties of the proposed classifiers; in particular, we derive oracle inequalities that
can be viewed as finite sample versions of risk bounds. NP classification can be used to address
anomaly detection problems, where asymmetry in errors is an intrinsic property. As opposed to a
common practice in anomaly detection that consists of thresholding normal class density, our ap-
proach does not assume a specific form for anomaly distributions. Such consideration is particularly
necessary when the anomaly class density is far from uniformly distributed.

Keywords: plug-in approach, Neyman-Pearson paradigm, nonparametric statistics, oracle in-
equality, anomaly detection

1. Introduction

Classification aims to identify which category a new observation belongs to, on the basis of labeled
training data. Applications include disease classification using high-throughput data such as mi-
croarrays, SNPs, spam detection and image recognition. This work investigates Neyman-Pearson
paradigm in classification with a plug-in approach.

1.1 Neyman-Pearson Paradigm

The Neyman-Pearson (NP) paradigm extends the objective of classical binary classification in that,
while the latter focuses on minimizing classification error that is a weighted sum of type I and type 11
errors, the former minimizes type II error subject to an upper bound & on type I error, where the
threshold level o is chosen by the user. The NP paradigm is appropriate in many applications where
it is necessary to bring down one kind of error at the expense of the other. One example is medical
diagnosis: failing to detect a malignant tumor leads to loss of a life, while flagging a benign one
only induces some unnecessary medical cost. As healthy living and longer life expectancy cannot
be compensated by any amount of money, it is desirable to control the false negative rate of any
medical diagnosis, perhaps with some sacrifice in the false positive rate.
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A few commonly used notations in classification literature are set up to facilitate our discussion.
Let (X,Y) be a random couple where X € X C IR? is a vector of covariates, and where ¥ € {0,1}
is a label that indicates to which class X belongs. A classifier h is a mapping h : X — {0, 1} that
returns the predicted class given X. An error occurs when (X ) # Y. It is therefore natural to define
the classification loss by I(h(X) # Y), where 1I(-) denotes the indicator function. The expectation
of the classification loss with respect to the joint distribution of (X,Y) is called classification risk
(error) and is defined by

R(h) =P (h(X)#£Y).
The risk function can be expressed as a convex combination of type I and II errors:
R(h) =P =0)Ro(h)+P(Y = 1)Ry(h), (1
where

Ro(h)
Ry (h)

IP(h(X) # Y|Y = 0) denotes the type I error,
IP(h(X) #Y|Y = 1)denotes the type II error.

Also recall that the regression function of Y on X is defined by
nNx)=EY|X=x]=PY =1X=x).

Let h*(x) = M(n(x) > 1/2). The oracle classifier 4* is named the Bayes classifier, and it achieves
the minimum risk among all possible candidate classifiers. The risk of 4*, R* = R(h*) is called the
Bayes risk. A certain classifier hin classical binary classification paradigm is good if the excess risk
R(h) — R* is small on average or with high probability.

In contrast to the classical paradigm, the NP classification seeks a minimizer ¢* that solves

in R
pimin 1(0),

where a small « (e.g., 5%) reflects very conservative attitude towards type I error.

The NP paradigm is irrelevant if we can achieve very small type I and type II errors simulta-
neously. This is often impossible as expected, and we will demonstrate this point with a stylized
example. Note that for most joint distributions on (X,Y), the Bayes error R* is well above zero.
Suppose in a tumor detection application, R* = 10%. Clearly by (1), it is not feasible to have both
type I error Ry and type Il error R; be smaller than 10%. Since we insist on lowering the false
negative rate as our priority, with a desirable false negative rate much lower than 10%, we have to
sacrifice some false positive rate.

Moreover, even if a classifier ¢ achieves a small risk, there is no guarantee on attaining desirable
type I or type II errors. Take another stylized example in medical diagnosis. Suppose that type I
error equals 0.5, that is, with 50% of the chances, detector ¢ fails to find the malignant tumor, and
that type II error equals 0.01. Also assume the chance that a tumor is malignant is only 0.001. Then
the risk of  is approximately 1%. This is low, but ¢ is by no means a good detector, because it
misses a malignant tumor with half of the chances!

Empirical risk minimization (ERM), a common approach to classification, has been studied
in the NP classification literature. Cannon et al. (2002) initiated the theoretical treatment of the
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NP classification paradigm and an early empirical study can be found in Casasent and Chen (2003).
Several results for traditional statistical learning such as PAC bounds or oracle inequalities have been
studied in Scott (2005) and Scott and Nowak (2005) in the same framework as the one laid down
by Cannon et al. (2002). Scott (2007) proposed performance measures for NP classification that
weights type I and type II error in sensible ways. More recently, Blanchard et al. (2010) developed
a general solution to semi-supervised novelty detection by reducing it NP classification, and Han
et al. (2008) transposed several earlier results to NP classification with convex loss. There is a
commonality in this line of literature: a relaxed empirical type I error constraint is used in the
optimization program, and as a result, type I errors of the classifiers can only be shown to satisfy
a relaxed upper bound. Take the framework set up by Cannon et al. (2002) for example: for some
€y > 0 and let A be a set of classifiers with finite VC dimension. They proposed the program

A

_min R1(9)
0€H Ro(d)<otep/2

where Ry and R, denote empirical type I and type II errors respectively. It is shown that solution
to the above program ¢ satisfies simultaneously with high probability, the type II error R ((T)) is
bounded from above by R (¢*) 4 &;, for some &; > 0, and the type I error Ry(¢) is bounded from
above by o+ &g.

However, following the original spirit of NP classification, a good classifier ¢ should respect
the chosen significance level «, rather than some relaxation of «, that is, we should be able to 1).
satisfy the type I error constraint Ro(qA)) < o with high probability, while ii). establishing an explicit
diminishing rate for the excess type II error R;(§) — R1(¢0*). The simultaneous achievements of
). and ii). can be thought of as counterpart of oracle inequality in classical binary classification,
and we believe they are a desirable formulation of theoretical properties of good classifiers in NP
classification. Considering this point, Rigollet and Tong (2011) propose a computationally feasible
classifier A%, such that @-type I error of /* is bounded from above by o with high probability and the
excess @-type II error of /i* converges to 0 with explicit rates, where @-type I error and @-type II error
are standard convex relaxations of type I and type II errors respectively. Most related to the current
context, they also proved a negative result. Loosely speaking, it is shown by counter examples
that under the original type I/1I criteria, if one adopts ERM approaches (convexification or not), one
cannot guarantee diminishing excess type II error if one insists type I error of the proposed classifier
be bounded from above by o with high probability. Interested readers are referred to Section 4.4 of
that paper.

In this work, we will fulfill the original NP paradigm spirit with the plug-in approach. Theoreti-
cal properties of the classifiers under the NP paradigm will be derived. To the best of our knowledge,
our paper is the first to do so. It looks as if from a theoretical point of view, a plug-in approach is
more suitable than ERM for the NP paradigm. However, such a comparison is not fair because
the two approaches are based on different sets of assumptions. For the ERM approach, the main
assumption is on the complexity of candidate classifiers, leaving the class conditional distributions
unrestricted. While with the plug-in approach, we put restrictions on the joint distributions.

A related framework that also addresses asymmetry in errors is the cost-sensitive learning, which
assigns different costs as weights of type I and type Il errors (see, e.g., Elkan 2001, Zadrozny et al.
2003). This approach has many practical values, but when it is hard to assign costs to errors, or in
applications such as medical diagnosis, where it is morally inappropriate to do the usual cost and
benefit analysis, the NP paradigm is a natural choice.
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1.2 Plug-in Approach Based on the Fundamental Neyman-Pearson Lemma

NP classification is closely related to the NP approach to statistical hypothesis testing. The punch
line is that the fundamental Neyman-Pearson lemma itself suggests a direct plug-in classifier. The
interested reader is referred to Lehmann and Romano (2005) for a comprehensive treatment of
hypothesis testing. Here we only review the central knowledge that brings up this connection.

Hypothesis testing bears strong resemblance with binary classification if we assume the follow-
ing model. Let P~ and P* be two known probability distributions on X c R?. Let & € (0,1) and
assume that Y is a random variable defined by

Y — { 1 with probability T,
0 with probability 1 — .
Assume further that the conditional distribution of X given Y is denoted by P?¥~!. Given such
a model, the goal of statistical hypothesis testing is to determine whether X was generated from
P~ or from P". To that end, we construct a randomized test ¢ : X — [0, 1] and the conclusion
of the test based on ¢ is that X is generated from P" with probability ¢(X) and from P~ with
probability 1 — ¢(X). Note that randomness here comes from an exogenous randomization process
such as flipping a biased coin. Two kinds of errors arise: type I error occurs when rejecting P~
when it is true, and type II error occurs when not rejecting P~ when it is false. The Neyman-
Pearson paradigm in hypothesis testing amounts to choosing ¢ that solves the following constrained
optimization problem
maximize E[¢(X)|Y =1],
subjectto  E[0(X)|Y =0] < a,

where a € (0, 1) is the significance level of the test. In other words, we specify a significance level o
on type I error, and minimize type II error. We call a solution to this constrained optimization prob-
lem a most powerful test of level a. The Neyman-Pearson Lemma gives mild sufficient conditions
for the existence of such a test.

Theorem 1 (Neyman-Pearson Lemma) Let P~ and P+ be probability distributions possessing den-
sities po and py respectively with respect to some measure u. Let fc, (x) = I(L(x) > Cy), where
L(x) = p1(x)/po(x) and Cy is such that P~ (L(X) > Cq) < atand P~ (L(X) > Cy) > . Then,

o fc,isalevel o=E]|fc, (X)|Y = 0] most powerful test.

e For a given level Q, the most powerful test of level o. is defined by

1 if L(X)>Cy
oX)=¢ 0 if L(X)<Cq

Notice that in the learning framework, ¢ cannot be computed since it requires knowledge of the
distributions P~ and P*. Nevertheless, the Neyman-Pearson Lemma motivates a plug-in classifier.
Concretely, although we do not know p; and pg, we can find the kernel density estimators p; and
Po based on data. Then if we can also detect the approximately right threshold level Cy, the plug-in
approach leads to a classifier I(p; (x)/po(x) > Cy). We expect that this simple classifier would have
good type I/II performance bounds, and this intuition will be verified in the following sections. It
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is worthy to note that our plug-in approach to NP classification leads to problems related to density
level set estimation (see Rigollet and Vert 2009 and reference therein), where the task is to estimate
{x: p(x) > A}, for some level A > 0. Density level set estimation has applications in anomaly
detection and unsupervised or semi-supervised classification. Plug-in methods for density level set
estimation, as opposed to direct methods, do not involve complex optimization procedure, and only
amounts to thresholding the density estimate at proper level. The challenges in our setting different
from Rigollet and Vert (2009) are two folds. First, the threshold level in our current setup needs to
be estimated, and secondly, we deal with density ratios rather than densities. Plug-in methods in
classical binary classification have been also studied in the literature. Earlier works seemed to give
rise to pessimism of plug-in approach to classification. For example, under certain assumptions,
Yang (1999) showed plug-in estimators cannot achieve classification error faster than O(1/y/n).
But direct methods can achieve fast rates up to O(1/n) under margin assumption (Mammen and
Tsybakov, 1999; Tsybakov, 2004; Tsybakov and van de Geer, 2005; Tarigan and van de Geer, 2006).
However Audibert and Tsybakov (2007) combined a smoothness condition condition on regression
function with the margin assumption, and showed that plug-in classifiers I(f}, > 1/2) based on
local polynomial estimators can achieve rates faster than O(1/n). We will borrow the smoothness
condition on the regression function and margin assumption from Audibert and Tsybakov (2007).
However in that paper again, the threshold level is not estimated, so new techniques are called for.

1.3 Application to Anomaly Detection

NP classification is a useful framework to address anomaly detection problems. In anomaly detec-
tion, the goal is to discover patterns that are different from usual outcomes or behaviors. An unusual
behavior is named an anomaly. A variety of problems, such as credit card fraud detection, insider
trading detection and system malfunctioning diagnosis, fall into this category. There are many
approaches to anomaly detection; some serving a specific purpose while others are more generic.
Modeling techniques include classification, clustering, nearest neighbors, statistical and spectrum,
etc. A recent comprehensive review of anomaly detection literature is provided by Chandola et al.
(2009). Earlier review papers include Agyemang et al. (2006), Hodge and Austin (2004), Markou
and Singh (2003a), Markou and Singh (2003b), Patcha and Park (2007), etc.

When we have training data from the normal class, a common approach to anomaly detection is
to estimate the normal class density pg and try to threshold at a proper level, but this is inappropriate
if the anomaly class is far from uniformly distributed. Indeed, to decide whether a certain point is
an anomaly, one should consider how likely it is for this point to be normal as opposed to abnormal.
The likelihood ratio p;/po or the regression function 1 are good to formalize such a concern. Our
main results in NP classification will be adapted for anomaly detection applications, where the
normal sample size n is much bigger than the anomaly sample size m.

The rest of the paper is organized as follows. In Section 2, we introduce a few notations and
definitions. In Section 3, oracle inequalities for a direct plug-in classifier are derived based on
the density ratio p;/po. Section 4 investigates another related plug-in classifier, which targets on
the regression function M. Finally, proofs of two important technical lemmas are relegated to the
Appendix.
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2. Notations and Definitions

Following Audibert and Tsybakov (2007), some notations are introduced. For any multi-index
s=(s1,...,54) € N and any x = (x1,...,x;) € R?, define |s]| :Zlesi, st=s1!-sql, X =x' -
and ||x|| = (x} +---+x2)!/2. Let D* be the differential operator D* = %.

Let B > 0. Denote by |B| the largest integer strictly less than . For any x,x' € R? and any
|B] times continuously differentiable real valued function g on RY, we denote by g, its Taylor

polynomial of degree || at point x:

&) = Z

Is|<[B]

o~

s!

Dig(x).

For L > 0, the (B,L,[—1,1]¢)-Holder class of functions, denoted by X(B,L,[—1,1]¢), is the set
of functions g : R? — R that are |B| times continuously differentiable and satisfy, for any x,x’ €
[—1,1]¢, the inequality:

g() = gx() < Llx—'|IP.

The (B,L,[—1,1]¢)-Holder class of density is defined as

Po(B,L,[—1,1]%) = {p : pzo,/pz 1,peX(B,L, [1,1]d)} .

Denote respectively by IP and IE generic probability distribution and expectation. Also recall
that we have denoted by pg the density of class 0 and by p; that of class 1. For all the theoretical
discussions in this paper, the domain of densities po and p; is [—1,1]%.

We will use B-valid kernels throughout the paper, which are a multi-dimensional analog of
univariate higher order kernels. The definition of B-valid kernels is as follows

Definition 1 Let K be a real-valued function on RY with support [—1,1]%. For fixed p > 0, the
function K(-) is a B-valid kernel if it satisfies [ K =1, [ |K|P < oo forany p > 1, [ ||t||P|K(¢)|dt < oo,
and in the case |B| > 1, it satisfies [t*K(t)dt = O for any s = (s1,...,54) € N¢ such that 1 <
S14+...+5¢ < LBJ

One example of B-valid kernels is the product kernel whose ingredients are kernels of order 3 in 1
dimension:
R(x) =K(x1)K (x2) - K(xa) U(x € [-1,1)%),

where K is a 1-dimensional -valid kernel and is constructed based on Legendre polynomials. We
refer interested readers to Section 1.2.2 of Tsybakov (2009). These kernels have been considered
in the literature, such as Rigollet and Vert (2009). When the B-valid kernel K is constructed out of
Legendre polynomials, it is also Lipschitz and bounded. Therefore, such a kernel satisfies conditions
for Lemma 1. For simplicity, we assume that all the [3-valid kernels considered in this paper are
constructed from Legendre polynomials.

The next low noise condition helps characterize the difficulty of a classification problem.

Definition 2 (Margin Assumption) A function p satisfies the margin assumption of order ¥ with
respect to probability distribution P at the level C* if there exist positive constants Cy and ¥, such
that V6 > 0,

P(|p(X) —C*| < 8) < Cod.
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The above condition for densities was first introduced in Polonik (1995), and its counterpart in
the classical binary classification was called margin condition (Mammen and Tsybakov, 1999),
from which we borrow the same terminology for discussion. A classification problem is less noisy
by requiring most data be further away from the optimal decision boundary. Recall that the set
{x:m(x) = 1/2} is the decision boundary of the Bayes classifier in the classical paradigm, and the
margin condition in the classical paradigm is a special case of Definition 2 by taking p = m and
cr=1)2.

3. Plug-in Based on Ratio of Class Conditional Densities

In this section, we investigate a plug-in classifier motivated by the Neyman-Pearson Lemma based
on the density ratio p;/po. Both the py known and the py unknown cases will be discussed. Al-
though assuming precise knowledge on class 0 density is far from realistic, the subtlety of the
plug-in approach in the NP paradigm, as opposed to in the classical paradigm, is revealed through
the comparison of the two cases. Most importantly, we formulate some detection condition to detect
the right threshold level in plug-in classifiers under the NP paradigm.

3.1 Class 0 Density pp Known

In this subsection, suppose that we know the class 0 density pg, but have to estimate the class
1 density p;. It is interesting to note that this setup is essentially a dual of generalized quantile
(minimum volume) set estimation problems, where the volume and mass defining measures are
interchanged. Denote by p; the kernel density estimator of p; based on an i.i.d. class 1 sample

St ={X;",....X, }, that s,
i X" —Xxo
=i (7).

where £ is the bandwidth. For a given level o, define respectively Cy, and C;, as solutions of

51(X) _ X
%<M()2Q>:a and %(m(>zq>:w

po(X) po(X)

Note that for some @, C‘a and C;, might not exist. In such cases, randomization is needed to achieve
the exact level a.. For simplicity, we assume that Cy, and C;, exist and are unique. Note that since pg
is known, the threshold Cy, is detected precisely for each sample .S;. The Neyman-Pearson Lemma
says that under mild regularity conditions, 0*(x) = I(p;(x)/po(x) > Cg) is the most powerful test of
level a.. Therefore, we have a plug-in classifier naturally motivated by the Neyman-Pearson Lemma:

b =1 (i ;8 > éa> , 0

where we plug in estimates p; and Cy respectively for the class 1 density p; and the threshold
level Cy. We are interested in the theoretical properties of ¢. In particular, we will establish oracle
inequalities regarding the excess type I and type II errors. Note that since Cy, is constructed to meet
the level o exactly, the excess type I error of ¢ vanishes, that is,

Ro(9) —Ro(9*) = 0.

We summarize as follows assumptions on class conditional densities that we will reply upon.
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Condition 1 Suppose that the class conditional densities py and p; satisfy:
i) There exists a positive constant Uyin, Such that po > Umin,
ii) The class 1 density p; € Ps(B,L,[—1,1]9),

iii) The ratio of class conditional densities py/po satisfies the margin assumption of order ¥ with
respect to probability distribution Py at the level Cy,.

Note that part i) in Condition 1 is the same as assuming po > 0 on the compact domain [—1, 1]¢, as
long as py is continuous. Part ii) is a global smoothness condition, which is stronger than the local
smoothness conditions used in Rigollet and Vert (2009), in which different smoothness conditions
for a neighborhood around the interested level A and for the complement of the neighborhood are
formulated. Rigollet and Vert (2009) emphasized on the smoothness property for a neighborhood
around level A, as only this part affects the rate of convergence. However, as Cy is not known a
priori in our setup, we rely upon a global smoothness condition as opposed to a local one.
The following theorem addresses the excess type II error of ¢: R (§) — Ry (*).

Proposition 1 Let ¢ be the plug-in classifier defined by (2). Assume that the class conditional
densities py and py satisfy the Condition 1 and that the kernel K is B-valid and L'-Lipschitz. Then

or any 8 € (0,1), and any class 1 sample size m is such that M < 1, where the bandwidth
mh

h= (10’%)]/(25“1), the excess type Il error is bounded, with probability 1 — , by

— _ 1+7
22HC,CHT (log(m/8)\ 7
(ﬂmin) 1+y mhd ’

where the constant C is the same as in Lemma 1 applied to density py. In particular, there exists a
positive C, such that for any m > 1/3,

Ri(9) —Ri(9") <

p+7)
log m 2B+d
m .

Ri(®)— Ri(6") sc‘(

Note that the dependency of the upper bound for the excess type II error on parameters f3, L,
and L' is incorporated into the constant C, whose explicit formula is given in Lemma 1, which
has an important role in the proof. Lemma 1 is a finite sample uniform deviation result on kernel
density estimators. Here we digress slightly and remark that theoretical properties of kernel density
estimators have been studied intensively in the literature. A result of similar flavor was obtained
in Lei et al. (2013). Readers are referred to Wied and WeiPbach (2010) and references therein
for a survey on consistency of kernel density estimators. Convergence in distribution for weighted
sup norms was derived in Giné et al. (2004). Lepski (2013) studied expected sup-norm loss of
multivariate density estimation with an oracle approach. We have the technical Lemma 1 and it
proof in the appendix, as none of previous results is tailored to our use. Another phenomenon
worth mentioning is that the upper bound does not explicitly depend on the significance level a.
This results from the way we formulate the margin assumption. Suppose we were to allow ¥ in
the margin assumption to depend on o, that is, Y= ¥(a), or let Cyp depend on a, the upper bound
would have explicit dependency on . Also from the upper bound, we can see that the larger the
parameter 7, the sharper the margin assumption, and then the faster the rate of convergence for the
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excess type Il error. Also, we re-emphasize that the feature dimension d considered in this paper is
fixed and does not increase with sample sizes.
Proof

First note that the excess type Il error can be represented by

RO-R0)= [

where G* = {Z—(‘) < C&} and G = {Z—(‘) < (:’a}, and G*AG = (G*NG°)U(G*NG) is the symmetric
difference between G* and G. Indeed,
C*

/G*AG Po
- / A <c* 1>dP+ <pl—c;;>dpo
G*NG© )4 G*‘ﬁG Po
- / <c;; >dP +/< c;) ap,

= CyPy(GY) —Pl(G*) —CoPo(G) +Pi(G)
= P(G)-P(GY)

—Ci|dpy,

Po

dPy

Define an event regarding the sample S;: E = {||p1 — p1 | < 3 ,umm} where §; = #—C 10%1(1’;;,/ d)

and C is the same as in Lemma 1 (with p replaced by p;). From this point to the end of the proof,
we restrict ourselves to the event £.
Since G**N G and G* N G€ are disjoint, we can handle the two parts separately. Decompose

G*NG = {pl > e b <C}x} = A UAs,

Po PO

where
A {C*+6] >Pls e h <C‘a},
Po PO
and
Ay — {m >80 <c}

Po Po

Then,

/ (p C*>dP0<51P0(A1) <C()(81)H—Y
0

We can control the distance between C and C};. Indeed,

po(X) 0(X) po(X) po(X)
ﬁl(X) * 8l.umm . ﬁl(X) * 671
- PO(po(X) =t i > —f <po(X) = Cot z>
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This implies that Co < Cy+ 571. Therefore,
Ay CAj:= {Pl > C&+61,Q < C&+61/2} .
po Po
It is clear that on the event E, Py(A3) = 0. Therefore,

/ A <”1 —c;;) dPy < Co(81)7.
G*NG \ PO

Similarly, it can be shown that fG*ﬁGC (CZ;c — %) dPy < C0(51)1+7. Therefore,

/G*AG

Finally, Lemma 1 implies IP(E) > 1 — §. This completes the proof.

Pl _cx

dPy < 2Co(8)'17.
pPo

Although it is reasonable to assume that the class O density py can be approximated well, as-
suming po known exactly is not realistic for most applications. Next, we consider the unknown pg
case.

3.2 Class 0 Density po Unknown

Assume that both the class 0 density pg and the class 1 density p; are unknown. Knowledge on class
conditional densities is passed to us through samples. Because data from class 0 is needed to esti-
mate both the class 0 density and the threshold level, we split the class 0 data into two pieces. There-
fore, suppose available data include class 0 samples Sy = {Xf by Xy }, So= {er t1ree- ,ijl}, and
a class 1 sample §; = {Xfr pee X } Also assume that given samples .Sy and .§1, the variables in So
are independent. Our mission is still to construct a plug-in classifier based on the optimal test output
by the Neyman-Pearson Lemma and to show that it has desirable theoretical properties regarding
type I and II errors.

First estimate pg and p; respectively from Sp and .S by kernel estimators,

1 X, —x 1 & X" —x
k(= d  pix)=—= Y K(Z
il ( ) ) nd  pil) = 3 ( . )

Po(x) =

where h, and h,, denote the bandwidths. Since pg is unknown, C,, can not be defined trivially as in
the po known case. And, it turns out that detecting the right threshold level is important to proving
theoretical properties of the plug-in classifier. There is one essential piece of intuition. We know
that having fast diminishing excess type II error demands a low noise condition, such as the margin
assumption. On the other hand, if there are enough sample points around the optimal threshold
level, we can approximate the threshold Cj, accurately. Approximating the optimal threshold level
is not a problem in the classical setting, because in that setting, the Bayes classifier is I(n(x) >
1/2), and the threshold level 1/2 on the regression function 1 is known. Therefore, estimating the
optimal threshold with the NP paradigm introduces new technical challenges. The following level
o detection condition addresses this concern.
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Condition 2 (level o detection condition) The function f satisfies the level o. detection condition
(with respect to Py (X ~ Py)) if there exist positive constants Cy and %, such that for any d in a small

right neighborhood of 0,

Py(CL—8 < f(X) < C AP (CL < FX) < Cot8)>Crd

Definition 3 Fix d € (0,1), for d, = 24/ ZM, let Cy, be the smallest C such that

— Z 11< i §>C)§ocdn.

l n+1 i

Having p1, po and Cy, we propose a plug-in classifier motivated by the Neyman-Pearson Lemma in

statistical hypothesis testing:
O(x) =1 (lfl(x) > éoc) . 3)
po(x)

Unlike the previous setup where py was known, we now need to bound the type I error of ¢ first.

Proposition 2 With probability at least 1 — 8 regarding the samples Sy, So and Si, type I error of
the plug-in classiﬁer(f) defined in (3) is bounded from above by Q, that is,

Ro((}f)) <.

Proof Note that Ry(¢) = Py (g(l)(xg ) and 1 Z o I ( (X,l:)

Po(X;")

X p1 (X
2, = supP0<p1( )>C>_Z H<Iz ’7) ) >

ceR pO(X) i=n+1 p Xl )

Then it is enough to show that, IP(4, ) < 9.

Note that P(4,) = E(P(4|%,51)). Keep S and S fixed, and define f(x) = Z;g; Let O
be the conditional distribution of Z = f (X) given Sy and S;, where X ~ Py, and Q" denote the
conditional joint distribution of (Z,, ,,...,Z,,) = (f(X,;,),-.., f(X5,)). Because half lines in R

have VC dimension 1, by taking t = d,, = 24/ ZM, the VC inequality' implies that

P(A,|5,51) = 0" (sup |Q(Z>¢) =, X L(Z 2¢)[ 2 dn) <8

Therefore,

P(4,,) = E(P(A44,]5,51)) < 9.

The next theorem addresses the excess type II error of §.

1. For the readers’ convenience, a simple corollary of VC inequality is quoted: let G be a class of classifiers with VC

dimension /, then with probability at least 1 — &, sup,c [R(g) — Rn(g)| < 2 ZM, where n is the

sample size and R, denotes the empirical risk.

3021



ToNG

Theorem 2 Let ¢ be the plug-in classifier defined as in (3). Assume that the class conditional
densities py and py satisfy Condition 1, po € Ps(B,L,[—1,1]¢) and the kernel K is B-valid and L'-
Lipschitz. Also assume that the likelihood ratio py/py satisfies the level o detection condition for
some Y > . Then for any d € (0,1) and any sample sizes m,n such that

log(m/d log(n/d
max<\/ igh‘,i,{ ),\/ gn(hg/ )><1,

where the bandwidths h,, = (lo%)zﬁﬁ and h,, = (b%)ﬁ it holds with probability 1 — 39,

X 1y 1+
Ri1(9) —R1(07) <2Cy [(Zd,,/Cl) +2Tm,n} +2C5dy,

— 9, [nlog(2en)+1og(2/3) 81+1[P1]le-80/ tmin log(n/d)
where d, =24/ 2—=— === Ty = T S = T

81 = Cy /T

In particular, there exists some positive C, such that for all n,m > 1/3,

, Cy and Cs are the same as C in Lemma 1 applied to py and p; respectively.

1 1+ B+ (1+7)

min 202y 7 2B+d %
Ri(§)—Ri(¢9") <C <I"g”> ( f‘ >+<10gm>ﬁ ‘ W

n m

Proof A
Denote by G* = {f)—(]) < C&} and G = {% < C‘a}. Then
C*

/G*AG Do
_ / (c* ‘)dP0+ (pl —C&) P,
G*nGe D G*NG \ Po
- / <C* )dP0+/< )dPo
G*

P(G) _PI(G*) +Cy [Po(G") — Py ()] -

dPy

Therefore the excess type Il error can be decomposed in two parts,

P(G)-P(G") = /G*AG

Recall that Py(G*) = o and Py(G€) is type I error of ¢. From the above decomposition, we see
that to control the excess type II error, type I error of ¢ should be not only smaller than the level o,
but also not far from o. This is intuitively correct, because having a small type I error amounts to
having a very tight constraint set, which leads to significant deterioration in achievable type II error.
Fortunately, this is not the case here with high probability. Note that by the definition of Cy, for any
positive number /, the following holds for all n > 1,

,Z < i’; > Cy, l>>oc—d,,.

i=n+1 Po( i

C*

p” dPy+Cy, [Po(G*) — Py(GY)] . 6))
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By the same argument as in the proof of Proposition 2, there exists an event F; regarding the samples
S0, So and §; with P(E;) > 1 — 3, such that on this event,

Po(ﬁl(x)zéa—l)z(x—zdn. (©6)

To control the second part of R.H.S. in(5), let G; = {% <Cy—1 }, then
Py(G*) — Py(G°) = inf [Po(G*) — Py(GY)] < o— (o.—2d,,) =2, (7
>

on the event E := M;>oE;, and P(E) = lim;_,oP(E;) > 1 — 3.
Therefore, it remains to control the first part of R.H.S. in (5). Define an event regarding samples
So and Sy:
E = {llP0 = polles <80, [lp1 = p1lle <81}

Lemma 1 implies that P(E) > 1 —28. We restrict ourselves to &N ‘E for the rest of the proof. Note
that the first part of R.H.S. in (5) can be decomposed by

[l - [,
G*N\G G*NG

We will focus on bounding the integral over G* N G¢, because that over G* NG can be bounded
similarly. Note that,

dPy + PL_ctlap,.

Po

Pt _cx

P1 *
— —C,
* Po

Po

G*NGe

P P propi| |p1 P . p1| |po—Po P1000/ tmin + 61
~——|<S |- = TS ‘PI—P1\+*'| = ‘<H I--00/btmin =Tun-
Po  pol”  |Po Dol [Po po| ™ |Pol Po | Pol Hmin — 0
The above inequality together with (6) implies that
H1(X N X N
oc—zdnsp()(‘fl( )zca—l>s1’o<"1( )zca—l—Tm,n). ®)
po(X) po(X)

We need to bound Cy in terms of C;. This is achieved through the following steps. First, we
determine some ¢, > 0 such that

pl(X) * )
P()( >Cl+cy S(X—Zdn,
po(X) = ¢

which follows if the next inequality holds

p1(X)
po(X)

2d, < Py (Cg < < C§+cn> )

1
By the level o detection condition, it is enough to take ¢, = (2d,/C)) /Y. Therefore in view of

inequality (8),

X)) _ . 1/y (X)
Po <p0(X) > Co+(2d,/C) > <oa—2d, <P (pO(X) > oc—l—van) .
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This implies that

A 1/y
Co <Cqy+(2dy/C1)  +1+Ty,.
Since the above holds for all / > 0, we have
A y 1/y
Co <Cqy+(2dy/C1) 4+ Tpp.
For any positive L,, ,, we can decompose G* N G by
G*NG = {pl ZCZ;,Q < éoc} =A1NAy,
Po Po
where
A= {C&+Lm¢n > Pl B clx} ,and Ay = {”1 > ot Ly, 2 <C‘a} .
Po Po Po Po

By the margin assumption,
A
P

" " 1/y
Ay C Aj ;:{leCWLLm,n,ﬁ<Ca+(2d,1/C1) +Tm7n}.
0 0

PL_ex

o dPy < Ly nPo(A1) < Co(Lmn)'H7.

Note that

1
Take L,, , = (2d,/C1) /X + 2T, then Py(Az) = Py(A3) = 0. Therefore,

/;;*(rmé

Similarly, we can bound the integral over G* N G¢, so

/G*AG

Finally, note that P(ENE) > 1 —38. So (5), (7) and (9) together conclude the proof.

PL_cx

dPy < Co(Lmn)' ™.
Po

Pl e

dPy < 2Co (L)' 7. 9)
Po i

Now we briefly discuss the above result. Same as the pg known setup, the coefficient ¥ from the
margin assumption has influence on the convergence rate of the excess type Il error. The larger the ¥,
the easier the classification problem, and hence the faster the convergence of the excess type Il error.
The coefficient ¥ in the detection condition works differently. The larger the v, the more difficult

it is to detect the optimal decision boundary, and hence the harder the classification problem. Take
it to the extreme Y — oo (keep 7 fixed), which holds when the amount of data around the optimal

lo 12+7 1 0
X
n n
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In other words, the upper bound in (4) is uninformative when we have a null level o detection
condition.

In anomaly detection applications, let class O represent the normal class, and class 1 represent
the anomaly class. We have in mind n > m, that is, the normal sample size is much bigger than
that of the anomaly, and so logn/n is dominated by logm/m. Therefore, the right hand side of (4)
is of the order [(lorgln)mln(l/Z,(lw)/(zX)) + (lo%)ﬁ(]m)/(zmd) . Compared with the py known setup,

min(1/2,(147)/(2y)) L
arises from estimating the threshold level C;. Let n — oo,

logn
n

the extra term <

which amounts to knowing py, this term vanishes, and the upper bound reduces to the same as in
the previous subsection. When y < 1+7%, we have 1/2 < (1+7)/(2y), so y does not show up in

the upper bound. Finally, for fixed Y(2 1+7%), B and d, we can calculate explicitly an order relation

1
between m and n, such that (%)ﬂ% > (10%) . A sufficient condition for this inequality is that
m \PY/(4B+2d)
nz <logm>
compared to the anomaly class sample size, lack of precise knowledge on normal class density pg
does not change the type II error rate bound, up to a multiplicative constant.

. Intuitively, this says that if the normal class sample size is large enough

4. Plug-in Based on the Regression Function

In this section, instead of plugging in class conditional densities p; and py, we target the regression
function n(x) = E(Y|X = x) directly. As will be illustrated, this version of plug-in estimator allows
us to handle a different assumption on sampling scheme. Recall that the rationality behind plugging
in for p;/py lies in the Neyman-Pearson Lemma for hypothesis testing. A simple derivation shows
that a thresholding rule on p;/po can be translated into a thresholding rule on 7. Indeed, let T =
P(Y = 1), then we have

- p1/po(x)
T-p1/po(x) +(1—m)

nx)=PY =1|X=x) =

When © < 1, the function x — ﬁ is strictly monotone increasing on R*. Therefore, there

exists a positive constant Dy, depending on o, such that

o d.pl(x) « L _ry o d. " .
{reri: 280> e L1 i) 2 03,

Moreover, the oracle thresholds Cj, and Dy, are related by Dy, = %(7—7:) Parallel to the previous
section, we address both the pg known and py unknown setups. In both setups, we assume that we
have access to an i.i.d. sample S = {(X1,Y1),..., (Xu,Ym)}.

4.1 Class 0 Density po Known

This part is similar to the pg known setup in Section 3. The essential technical difference is that
we need a uniform deviation result on the Nadaraya-Watson estimator 1| (based on the sample S)

instead of those on pp and p;. Recall that j = Y12, ;K (X"h_x) /Y K (X"h_x) can written as f/p,
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where
X,' —X

1 & A 1 & Xi—
) = g 2o (X5 ) and o) = 2 Yk ().

in which £ is the bandwidth. Denote by p = np; + (1 —T)po and f =1 - p, thenn = f/p. For a
given level o, define Dy, and D}, respectively by

P(A(X)>Dy) =0 and PyM(X)>D:)=oa.

For simplicity, we assume that Dy, and D;, exist and are unique. Note that the oracle classifier of
level o is ¢*(x) = I(n(x) > D), so a plug-in classifier motivated by the Neyman-Pearson Lemma
is

0(x) = I(A(x) > D). (10)
Since Dy, is constructed to meet the level o exactly, the excess type I error of ¢ vanishes, that is,

Ro(9) —Ro(9") =0.
The following theorem addresses type II error of ¢.

Condition 3 Suppose that p the marginal density of X and 1 the regression function satisfy:

(i) There exist positive constants 1. and Vi, (< 1), such that p >y andn <V ..,

(i) f=m-pe€B(B,L,[-1,1]) and p € B(B,L,[-1,1]%),

(iii) The regression function 1) satisfies the margin assumption of order Y with respect to probability
distribution Py at the level Dy,

Proposition 3 Let ¢ be the plug-in classifier defined by (10). Assume that p and W satisfy condition
3 and that the kernel K is B-valid and L'-Lipschitz. Then there exists a positive D, such that for any

d € (0,1) and any sample size m satisfying % < 1, it holds with probability 1 — 9,

mhd

Rm®—mwﬂsDC%“W®)z,

1
where h = (10%) *OF urthermore, there exists a positive D such that for any m > 1/39, it holds
with probability 1 — 9,

B(1+7)

log m > 2B+d

m

R R @) <D
Proof First note that the excess type Il error

PL_cxlapy = () — Py (GY),

Po

R@-RO)=[
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where G* = {n < D{;} and G = {fi <Dq}, and G*AG = (G*'NGHU(G*NG).
Define an event regarding the sample S,
£ ={IIn—nll <31/2},
where 8; = Dy log’(:;j/ % and D 1 is a constant chosen as in Lemma 2. From this point to the end of
the proof, we restrict ourselves to £. Decompose

G*“NG={n>D}f <Dy} =A1UA,

where
Ay ={Dy+8 >n>Dy, 4 <Dy},

and
Ay ={n>D}+8,1 <Dy} .

Now we need to control the distance of % —Cj | in terms of |n — Djy|. This can be achieved by
recalling
C*
__Tpi/po and D = — "o
pi/po+1—mn nCi+1—7
and the assumption that m <V, . (< 1) (also D} < V... should follow). Indeed, let
X
= 0< X<V
f('x) nx+(1_n)7 X max
Then,
l-m x v,
—1 max
= = 0<x< —— M|
) =f7 ) T 1l—x * TV +1—T

, 2
Since [g'(x)| < %= (w) =: U, g is Lipschitz with Lipschitz constant U. Therefore,

—T TWViax
N P1 *
M=Da| <8 = | —Co| <USI.
Po
This implies
/ PU_cilar <udiPya) < CoUs; ",
Ay | Po

where the second inequality follows from the margin assumption. To bound the integral over A,,
we control the distance between Dy, and D};. Indeed,

o = Py(R(X)=Dy) =P M(X)>Dy)
> P(fi(X) > Dy+38,/2).

This implies that Do < D} +8; /2. So

Po(A2) < Po(n > Dj+ 81,7 < D+ 81/2) = 0.

/G*CHG

Therefore,

Pl e

<cUd; .
Po
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Similarly bound the integral over G* N G¢, then

/ 2L x| <2cuusttT.
GG | Po
Lemma 2 implies that P(€) > 1 — . This concludes the proof. [

Note that Lemma 2 is a uniform deviation result on the Nadaraya-Watson estimator, and it is the
first result of such kind to the best of our knowledge.

4.2 Class 0 Density pg Unknown

In this subsection, the assumption of knowledge on py is relaxed. Suppose in addition to the mixed
sample S = {(X1,%1), ..., (X, Ym) }, we have access to a class 0 sample S = {X; ,...,X, }. More-
over, assume that variables in S are independent given S. As in the py known case, the notation
f| denotes the Nadaraya-Watson estimator based on the sample S. Just like Cy, in Definition 3, we
need to define the threshold level Dy, carefully.

Definition 4 Fix € (0,1), for d,, = 24/2 82 08C0) 101 , be the smallest L such that

n

LY 1@e) > 1) <a—d,.

ni=
Unlike the previous setup where pg is known, we now bound the excess type I error.

Proposition 4 With probability at least 1 — 8, type I error of the plug-in classifier § defined in (10)
is bounded from above by q, that is,

Ro((l)) <.

The proof is omitted due to similarity to that of Proposition 2. A similar o level detection condition
can be formulated can be formulated for the regression function, but we omit it as Cj, is simply
replaced by Dj;. The next theorem address the excess type II error of §: R (§) — R (0%).

Theorem 3 Ler § = I(f > Da) be defined as in (10). Assume condition 3 and the regression
function 1 satisfies the level o detection condition for some Y(Z ¥). Take the bandwidth h =

(%)1/ (2B+4) in the Nadaraya-Watson estimator 1, where the kernel K is B-valid and L'-Lipschitz.
Then there exists a positive constant C, such that for any 8 € (0,1) and any m,n > 1/8, it holds with
probability 1 — 29,

1 min <£12+1Y> 1 %
Ri®)—Ri(6") < C <%”> -+<%m)

m

Proof Let G* = {n < D};} and G = {f| < Dy}, then the excess type II error of § can be decomposed
by

P e

» dPy+Cy,+ [Po(G*) — Py (G°)] . (11)
0

PG -P(G) = |

G*AG*
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Recall that Py(G*¢) = o and Py(G°) is type I error of §. By the definition of Dy, for any positive
number /, the following holds for all n > 1,
n

1 .
ZZ I(A(X;) > Do —1) > a—d,,
i=1

d, =2 210g(26n)+log(2/5)
n— n

where . By the same argument as in the proof of Proposition 2, there exists

an event £ regarding the samples S, So and S; with ]P(il) > 1 — 9§, such that on this event,
Py(1>Dg—1) > a—2d,.
To control the second part of R.H.S. in(11), let G; = {f} < Dy, — [}, then
Py(G*) — Py(G°) = inf [Po(G*) — Py(GY)] < a— (ou—2d,,) = 2, (12)

on the event E := M;~o%;, and P(‘E) = lim;_oP(E) > 1 — 8. Therefore, it remains to control the
first part of R.H.S. in (11). Define an event regarding the sample Z,

E={lf—nl~ <81/2},

where 87 = D %

P(‘E) > 1—8. We restrict ourselves to £ N E for the rest of the proof. Note that the first part of
R.H.S. of (11) can be decomposed by

[zl - [,
GG G*NG

We will focus the integral over G* N G¢, as that over G** NG can be bounded similarly. Because
A —n| < 8,/2, forall I >0,

and D, is a constant chosen as in Lemma 2. Lemma 2 implies that

PL_cx

pP1 *
Pr_¢
o po

P1 *
2_¢
o pO

Po

dPy+ dPy.

G*NGe

o —2dy <Py(A > Do —1) <Py(N>Do—1-81/2) .

We need to bound Dy in terms of D{,. This is achieved through the following steps. First, we
determine some ¢, > 0 such that

Po(n = Dy +cy) <0—2dy,
which follows if the next inequality holds
2d, < Py(Dy, <M < Dy+cy) .
By the level o detection condition, it is enough to take ¢, = (2d,/C}) 1/1{' Therefore,

1 N
Py (n= i+ 2a,/C)'"") 024, <2y (2 Du-1-81/2).

This implies that
)"

~ Y
Do <Dy +(2d,/C1) ~+1+8;/2.
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Since the above holds for all / > 0, we have

N 1/y
Dy <Dy +(2d,/C1) ~ +81/2.

We can decompose G* NG by

G*“NG={n>Dy\ <Dy} =A1NA,,

where
1/y . oA A
Alz{Dng(zdn/Cl) +81>T'|ZDO“1]<DOL}, and
* 1/y .
Ay =<<n>Di+ (2d,/C1) " +81,11 <Dy ¢
. T nﬂ;nax*'l*n 2 : :
LetU := = (Tm) , through the same derivation as the pg known case,

. 1/y
N —Dg| < (2d,/C1) ~ +8 =

P1 %
2 ¢
pPo ¢

<v ((Zdn/cl>l”+61> |

By the margin assumption,

J,

Note that

P1 %
A_c
po ¢

/

1 1
Ay C As = {n > Dt + (2d, /) 81,7 < D+ (2d,,/C) X+51/2} ,

but N —1| < 8;/2 on ENE, so Py(Az) = Py(A3) = 0. Therefore,

Joecs

Similarly, the integral over G* N G can be bounded, so we have

/G*AG

Finally, note that P(ENE) > 1—28. So (11), (12) and (13) together conclude the proof.

P e

1/y 1+y
dPy < CoU |:(2d,1/C1) + 5]:| .
Po

Pl ¢

1y 147
) dPy <2CU |:(2dn/cl) —1-51} .
0

1/y 1/y 1
dpogu(@dn/cl) +51>P0(A1)SC0U [<2dn/c1> +sl] |

13)

In anomaly detection applications, normal samples are considered abundant, that is, n > m,

1 1
which implies that (]O%)ZBM < (k’%)zﬁﬂf . Then the upper bounds for the excess type II errors
in Theorem 2 and Theorem 3 are of the same order. Having access to the mixture (contaminated)
sample S looks like a weaker condition than having access to a pure anomaly sample. However, this
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does not seem to be the case in our settings. The essence is revealed by observing that the density
ratio p; /po and the regression function m play the same role in the oracle NP classifier at level o

0"(x) = I(p1/po(x) = Co) = I(n(x) = Dg,) -

A plug-in classifier depends upon an estimate of either p;/po or 1. Being able to estimate the
anomaly density p; is not of particular advantage, because only the ratio p;/po matters. Strictly
speaking, the conditions for the two theorems are not the same, but one advantage of targeting the
regression function seems to be that we do not have to split the normal example into two, with one
to estimate po and the other to estimate the optimal threshold Cy,.
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Appendix A. Technical Lemmas

The appendix includes two important technical lemmas and their proofs. Lemma 1 is a uniform
deviation result on kernel density estimators, and Lemma 2 is a uniform division result on Nadaraya-
Watson estimators.

Lemma 1 Let p € Po(B,L,[—1,1]%)and the kernel K be B-valid and L'-Lipschitz. Denote by p(x) =
# Y. K (X"h_x) the kernel density estimator of p based on the i.i.d sample {X,...,X,}, where h

is the bandwidth. For any € € (0, 1), if the sample size n is such that loi(;’d/ e < 1, it holds

P([|p—pll->3) <e

where

1 L’ 3
= (32c2d + \/48dcy )y | 22 ”/8 1 2Le hB+—f +(L+C Y )dB/2 -2
fial 1<[s[<(p)

where ¢; = ||p||||K 2 0y = IIK ]| + Hp||w—i—f]K\HtHBdt, c3 = f\K!HtHBdt, and C is such that
C > sup; <|<|p| SUPxe[1,14 | D' P(x)].
1

Leth= (%) W’ it is enough to take 8 = C %, where

. 1
C=32cd+\/48dey +2Les + VL' +L+C ), .
1<Is/<[B)

Proof Divide each coordinate of the hypercube [—1, 1]¢ into 2M equally spaced subintervals. Then
[—1,1]¢ is subdivided into (2M)? small hypercubes, with a total of (2M + 1)? vertices. We denote
the collection of these vertices by G. Note that for any & > 0,

P(|[p—plle >06) <P (M +M+M;3 >9), (14)
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where

Note that because K is L'-Lipschitz,

M,

IN

Xi—x’)>‘< 1 n/dL' 1 VdL

1 1 )Q'—-x
— K —K — _ L
Supﬁnh",; ( ( h ) —kK( h = nhd Mh — nhd nh

[ <
To control M>, note that if f < 1,
p(x) = ()| = |p(x) — pe(x)| < Lllx—2|*.

If B > 1, pis |B]-times continuously differentiable. In particular, for all s such that 1 < |s| < [B],
D*p is continuous. Since [—1,1]¢ is compact, there exists a positive constant C, such that

sup  sup |D*p(x)|<C.
1<|s|<[B] xe[-1,1)4

Therefore,

p(x) = p()] < [p(x) = pr(x)]+ |px(x) = p(x)|

! \S
ST LN N L
<si<p
~ 1
< <L+C Y s'> lx—x'||P.
1<ls=(p) &

Putting together the B < 1 and B > 1 cases yields M, < (L+621§|S\SLBJ %) dB/2n=28
Define by 1 = § — L, YdL' _ (L+CY << (p) 3) dP/?n~2P. Inequality (14) together with upper

nhd  nh

bounds on M| and M>, implies that

P([[p—plle>8) <P (M3 >1).

Use a union bound to control the tail probability of M3,

£

>t).
xeG

hint?
S 2(2M+ l)dexp <_8(Cl—i-C2[/6)> s

i LK) =

H)(A43 Eft)

IN
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for t > 2Lc3hP. The last inequality relies on the assumptions that p € B (B,L,[—1,1]¢) and K is
B-valid. It essentially follows along the same lines as the proof of Lemma 4.1 in Rigollet and Vert
(2009), so we omit the derivation and refer the interested reader to this paper. For a given € € (0, 1),
we would like to enforce

22M + 1) ex (—hd”’z> <e
PAT8(cireatf6) ) =5
Because log2 + dlog(2M + 1) < 6dlogn, it is sufficient to have
hit?

6d1 -
BT 81 Foat [6) =

<loge.

It is clear there exists a positive ¢* such that the above inequality attains equality, and that this
inequality holds for all # > ¢*. To gett*, we restrict ourselves to 7 > 0, so that we have ¢ +c¢»¢/6 > 0.
Then we solve for t* as the bigger root of a quadratic function in ¢:

1 4 4
— i (862d10g1’l ~3 logec, + \/(8C2d10gl’l ~3 logecy)? —4nh?(8cyloge — 48dcy logn)> )
n

Observe that for positive a and b, v/a+b < \/a+ /b, so it holds

1 4
< — |2 logn— -1 Anhd (48de loon — 8- 1
IS ) hd< (8cadlogn 3 0g$€2)+\/ nh?(48dcilogn — 8¢y 0g8)>
< 32exd g8+\/487\/7

logZ
< (32C2d -+ v/ 48d€1) I’lg &

log(n/e)

= < 1. Then we can take

in which the last inequality holds for n such that

log dr/ - 1
:(32czd+\/48dc1)\/ +2L hB+M\CL +<L+C Y '>dﬁ/2n25.
n A
8)

1<]s|<

e B
When 4 = (105") P we have \ o log" =hmP = <l°f”) 4 and nh > 1. Also, it is safe to assume

that dP/2n=2# < | /log(n/€)/(nhd), Therefore

/1 /1 1\ aP?

(32¢2d + \/48dcy \/T‘Q’+ZL3 0gn+\fL g <L+C ) ')23
Zp5 )

[log 2

< C 2

- nhd ’

where C = 32¢d 4+ +/48dcy + 2Lc3 + \/EL,+L+CZIS|S|S[BJ %

Y]
IA
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Lemma 2 Denote by 1\ the Nadaraya-Watson estimator of the regression function 1| based on an
iid sample {(X1,Y1),...,(X,,Y,)}. Let p be the marginal density of X, p € Ps(B,L,[—1,1]%),
f=m-p€ PB,L[-1,1]%), and the kernel K be B-valid and L'-Lipschitz. Moreover, assume

p > .. (> 0) and the sample size n is such that log("/s) < 1. Then for any € > 0,
P([f —nll. > 3) < 3,
for

1 log(n/e
| (8’+<32dul<um+ 124K pl.) g(d”+<c4+c5>hﬁ)
min nh

1 1 vdL - 1\ ab/?
+ - (nhd o +<L+C1 Z s'>n25 )
min 1<lsi=(p) &

where & is the same as & in Lemma 1, c4 = Hp” L (1 + Hf”"") ([|K(2)| ||z|[Pdz) and cs =L [ |K(z)|-
\|zl|Bdz, and Cy is such that C; > SuPlg\s\ng supxE 1,1 D' p(x)]-

1
In particular, when h = (k’%)m there exists some positive D, such that we can take & =
log(n/e)
D S
Proof Recall that p(x) = ( ) and f(x) = hd Y, YK (%), )
f fl|f_f ;o f p—p
DRI A A ES VA I ST A PRl LT
pl=1p pl P P Al|p| !p!
This implies that
P(f -l > 5) < (]f\ A >3).
1P| |P|
Therefore, to claim (||} — Nl > §) < 3¢, it is enough to show that for 81 and J; such that =

01 + 0y, it holds
in'%

i)]P<
h2lvd

where the quantities 8; and &, will be specified later.

281> <e, andii)]P< —

> 52) < 2e, 15)

i). We prove the first inequality in (15). Because 1 < 1 and n(x) = f(x)/p(x),
/1

(| =) <e (7557 29)-

Denote an event regarding the sample E = {||p — p|l~ < 8’}, where &' is the same as § in
Lemma 1. So by Lemma 1, P(‘£) > 1 — €. Moreover,

P(|(p—p)/Blle>81)
P([(p—p)/plle>81,11p—pllw > &) +P([[(p = p)/bllo > 81,5 — pllw < &)
P([|p—plleo > &) +P (5~ pllee > 81 (thpin — &), 1P — plloo < ') -

IN A
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Take §) = = . then we have & = 8 (i, — &'). So

(=

ii). Now we prove the second inequality in (15). Note that
E’( :iilz >>52>

- ¥( >l =8 ) 0
<

b
f-r

P([|p— pllo = &)+ (|| f — fllew = 82(ttin — &)

e+ P (/|7 flle = 82(timin — ) -

Therefore, to bound the tail probability of ||(f — f)/p||«. it remains to show

P(||f — flle > S2(thyin — &) <e.

> 51) <P(|p—pllo>0)<e

f—f

2&wﬁ—mw<3>

oo oo

Let G be the same collection of vertices of sub-cubes in [—1,1]¢ as in the proof of Lemma 1,
and denote by M = n?. Note that for every 8; > 0, it holds

P(|f— flle>8) < PM+My+M;>33),

where

Mi=sup |f(x)—f()l,

l—x'|| < 32

My= sup |f(x)—f(x)],
—x'|| < 32

Ms = sup |f(x) — f(x)].
xeG

The quantity M; can be controlled as follows:

L& Xi—x 1 & Xi—x
M, = sup  |— Y YiK(—/—)—— Y YiK(—/——)
T nhd; h nhdl; h
1 u Xi—x X,-—x’
< swp —o ) \K(=—) —K( )
sy MOEL "
1 nv/dL' 1 VdL

nhi Mh — nhd nh

The quantity M, can be controlled similarly as its counterpart in proof for Lemma 1,

s 1
M, < <L+C1 Z ') d%n’zB.
18]S

1<]s|<
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~ B _
Lett = &3 —W\/;hl‘ (L'i_chlg\s\gLﬁj;lg)dZn ZB, then

P([|f = fl > 83) <P(M3 >1).
Use a union bound to control the tail probability of M3:

P(M; >1) < ) P(|f(x) = f(x)] >1) .

xeG
For each fixed x € G,

Fo-r0 = Y k) ()

where

This implies that

P(My>1) < ) P(Bi(x)]+|B(x)] > 1).
x€G

The tail probability of |B;(x)| is controlled by invoking the Bernstein’s inequality. Denote

by Zi = Zi(x) = LYK (%) —E [ LYK (%2)]. Itis clear that B(Z;) =0, |Z;| < 2|[K]lh™%.
Moreover,
Var(Z, )<E<h 2d1<2 ) /h K2 (y)p(x+yh)dy < ||K|]?|| pllh .

Therefore for any #; > 0,

Z]P(‘B](X)‘Ztl Z]P(ZZ‘>I])

xeG xeG

nt
<202M +1)¢ — 1 .
<20eM+1) e""( 2Hl<uzupumh—d+4/3uf<uooh—dn)
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To have the last display bounded from above by € € (0, 1), we recycle the arguments in the
proof for Lemma 1 to find out that #; should be greater than or equal to

: log(n/e)
i = (32aK o+ 120K ) 2

log(n/e) 1

provided the sample size z is such that g

Decompose B, (x) into two parts,

By(x) ={E [z X K (X,)] — E[p(om(x)]}
H{EPM )] = pln(x)} -

Note that
1 i Xi—x A
E W;K( M) | —E[p(x)n(x)]
—| [ 3K 00 o)D)
= ’/K(z)[n(erhz)—ﬂ(x)]P(x+hZ)dZ
< ||p||oo/|K(Z)\'|T](x+hz)—n(X)\dZ. (16)
Note that

plx+hz)  p(x)
flx+hz) — f(x)

et -nel = (LS T

p(x+hz)

= p(x)

/
min

It follows from p € s (L,B,[—1,1]¢) that

BB
'p(X+hZ) _1‘ < LIzl
p(x) Hmin

Therefore,
MG+ h2) )
1
S,(If(X+hZ)—f(X)|+|f(X)I' L Hznﬁhﬁ>

min i

1Y L
s<1+, L,

min min

where the last inequality follows from f € P (B,L,[—1,1]¢). The above inequality together
with (16) implies that

Xi

B| g XK e

—E[p(x) n(x)]| < cah,
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where ¢ = 12]=L (1+ Hf\lw> (J1KR)|- |12|Pdz).

Hinin

Now we control the second part of B, (x). Because p € P (B,L,[—1,1]%), we have via similar
lines to the proof of Lemma 4.1 in Rigollet and Vert (2009),

[E[px)n ()] - pn ()| < ()] [EA(x) - p(x)| < cshP,
where ¢s = L [ |K(z)| - ||z||Pdz. Therefore,

B2 (x)| < (ca+c5)hP.

Taking 7 = (32d||K |l + v/12d[[K[P2[[pllc) \/ “E%2 4 (4 + c5)P, and 8 = 7+ L VAL |
(L+Cl Yi<psi<|B) %) dP/2n=2B | we have

P(If = fll28) <P(My 27) < ¥ P(IB1(x)] 2T (cates)iP) <e

xeG
Take 82— /. 5/ywehave]P(Hf_f||°°Zsz(lu;nin_sl))ég

To conclude, part 1) and part ii) in (15) together close the proof.
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