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Abstract

We propose a new method of learning a sparse nonnegative-definite target matrix. Our primary
example of the target matrix is the inverse of a population covariance or correlation matrix. The
algorithm first estimates each column of the target matrix by the scaled Lasso and then adjusts
the matrix estimator to be symmetric. The penalty level of the scaled Lasso for each column is
completely determined by data via convex minimization, without using cross-validation.

We prove that this scaled Lasso method guarantees the fastest proven rate of convergence in
the spectrum norm under conditions of weaker form than those in the existing analyses of other ¢;
regularized algorithms, and has faster guaranteed rate of convergence when the ratio of the ¢; and
spectrum norms of the target inverse matrix diverges to infinity. A simulation study demonstrates
the computational feasibility and superb performance of the proposed method.

Our analysis also provides new performance bounds for the Lasso and scaled Lasso to guar-
antee higher concentration of the error at a smaller threshold level than previous analyses, and to
allow the use of the union bound in column-by-column applications of the scaled Lasso without
an adjustment of the penalty level. In addition, the least squares estimation after the scaled Lasso
selection is considered and proven to guarantee performance bounds similar to that of the scaled
Lasso.

Keywords: precision matrix, concentration matrix, inverse matrix, graphical model, scaled Lasso,
linear regression, spectrum norm

1. Introduction

We consider the estimation of the matrix inversion @* satisfying X@* =~ I for a given data matrix
Y. When X is a sample covariance matrix, our problem is the estimation of the inverse of the
corresponding population covariance matrix. The inverse covariance matrix is also called precision
matrix or concentration matrix. With the dramatic advances in technology, the number of variables
p, or the size of the matrix ®*, is often of greater order than the sample size n in statistical and
engineering applications. In such cases, the sample covariance matrix is always singular and a
certain type of sparsity condition is typically imposed for proper estimation of the precision matrix
and for theoretical investigation of the problem. In a simple version of our theory, this condition is
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expressed as the £y sparsity, or equivalently the maximum degree, of the target inverse matrix @*.
A weaker condition of capped ¢; sparsity is also studied to allow many small signals.

Several approaches have been proposed to the estimation of sparse inverse matrices in high-
dimensional setting. The ¢; penalization is one of the most popular methods. Lasso-type methods,
or convex minimization algorithms with the ¢; penalty on all entries of ®*, have been developed
in Banerjee et al. (2008) and Friedman et al. (2008), and in Yuan and Lin (2007) with ¢; penal-
ization on the off-diagonal matrix only. This is refereed to as the graphical Lasso (GLasso) due
to the connection of the precision matrix to Gaussian Markov graphical models. In this GLasso
framework, Ravikumar et al. (2008) provides sufficient conditions for model selection consistency,
while Rothman et al. (2008) provides the convergence rate {((p +s)/n)log p}'/? in the Frobenius
norm and {(s/n)logp}'/? in the spectrum norm, where s is the number of nonzero off-diagonal
entries in the precision matrix. Concave penalty has been studied to reduce the bias of the GLasso
(Lam and Fan, 2009). Similar convergence rates have been studied under the Frobenius norm in
a unified framework for penalized estimation in Negahban et al. (2012). Since the spectrum norm
can be controlled via the Frobenius norm, this provides a sufficient condition (s/n)logp — 0 for
the convergence to the unknown precision matrix under the spectrum norm. However, in the case
of p > n, this condition does not hold for banded precision matrices, where s is of the order of the
product of p and the width of the band.

A potentially faster rate d+/ (log p) /n can be achieved by ¢, regularized estimation of individual
columns of the precision matrix, where d, the matrix degree, is the largest number of nonzero entries
in a column. This was done in Yuan (2010) by applying the Dantzig selector to the regression of
each variable against others, followed by a symmetrization step via linear programming. When
the ¢; operator norm of the precision matrix is bounded, this method achieves the convergence
rate d+/(logp)/n in £, matrix operator norms. The CLIME estimator (Cai et al., 2011), which
uses the Dantzig selector directly to estimate each column of the precision matrix, also achieves the
d+/(log p) /n rate under the boundedness assumption of the ¢; operator norm. In Yang and Kolaczyk
(2010), the Lasso is applied to estimate the columns of the target matrix under the assumption
of equal diagonal, and the estimation error is studied in the Frobenius norm for p = n¥. This
column-by-column idea reduces a graphical model to p regression models. It was first introduced
by Meinshausen and Biihlmann (2006) for identifying nonzero variables in a graphical model, called
neighborhood selection. In addition, Rocha et al. (2008) proposed a pseudo-likelihood method by
merging all p linear regressions into a single least squares problem.

In this paper, we propose to apply the scaled Lasso (Sun and Zhang, 2012) column-by-column
to estimate a precision matrix in the high dimensional setting. Based on the connection of preci-
sion matrix estimation to linear regression, we construct a column estimator with the scaled Lasso,
a joint estimator for the regression coefficients and noise level. Since we only need a sample co-
variance matrix as input, this estimator could be extended to generate an approximate inverse of a
nonnegative-definite data matrix in a more general setting. This scaled Lasso algorithm provides
a fully specified map from the space of nonnegative-definite matrices to the space of symmetric
matrices. For each column, the penalty level of the scaled Lasso is determined by data via convex
minimization, without using cross-validation.

We study theoretical properties of the proposed estimator for a precision matrix under a nor-
mality assumption. More precisely, we assume that the data matrix is the sample covariance matrix
¥ = XTX /n, where the rows of X are iid N(0,Z*) vectors. Let R* = (diagZ*)~!/2x* (diagL*)~!/2
be the population correlation matrix. Our target is to estimate the inverse matrices ®* = (£*)~! and
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Q* = (R*)~!. Define

d= gflgxp#{k : 0% # 0}. (1)
A simple version of our main theoretical result can be stated as follows.

Theorem 1 Let ® and Q be the scaled Lasso estimators defined in (4), (7) and (9) below with
penalty level \g = A/4(logp)/n, A > 1, based on n iid observations from N(0,X%). Suppose the
spectrum norm of Q* = (diagZ*)'/2@* (diagZ*)'/? is bounded and that d*(log p)/n — 0. Then,

1@ — Q]2 = 0p(1)d+/(log p) /n = o(1),

where || - ||2 is the spectrum norm (the {, matrix operator norm). If in addition the diagonal elements
of ®" is uniformly bounded, then

16 — %[l = 0p(1)d+/(logp) /n = o(1).

Theorem 1 provides a simple boundedness condition on the spectrum norm of Q" for the con-
vergence of Q in spectrum norm with sample size n > d*log p. The additional condition on the
diagonal of ®" is natural due to scale change. The boundedness condition on the spectrum norm of
(diagZ*)'/2@* (diagZ*)"/? and the diagonal of ®* is weaker than the boundedness of the £; operator
norm assumed in Yuan (2010) and Cai et al. (2011) since the boundedness of diagX* is also needed
there. When the ratio of the £; operator norm and spectrum norm of the precision matrix diverges to
infinity, the proposed estimator has a faster proven convergence rate. This sharper result is a direct
consequence of the faster convergence rate of the scaled Lasso estimator of the noise level in linear
regression. To the best of our knowledge, it is unclear if the ¢ regularization method of Yuan (2010)
and Cai et al. (2011) also achieve the convergence rate under the weaker spectrum norm condition.

An important advantage of the scaled Lasso is that the penalty level is automatically set to
achieve the optimal convergence rate in the regression model for the estimation of each column of
the inverse matrix. This raises the possibility for the scaled Lasso to outperform methods using a
single unscaled penalty level for the estimation of all columns such as the GLasso and CLIME. We
provide an example in Section 7 to demonstrate the feasibility of such a scenario.

Another contribution of this paper is to study the scaled Lasso at a smaller penalty level than
those based on /. bounds of the noise. The /.-based analysis requires a penalty level A satisfying
P{N(0,1/n) > Ao/A} = ¢/p for a small € and A > 1. For A ~ 1 and € = p°(!), this penalty level
is comparable to the universal penalty level /(2/n)log p. However, € = o(1/p), or equivalently
Ao = \/(4/n)log p, is required if the union bound is used to simultaneously control the error of p
applications of the scaled Lasso in the estimation of individual columns of a precision matrix. This
may create a significant gap between theory and implementation. We close this gap by providing
a theory based on a sparse ¢, measure of the noise, corresponding to a penalty level satisfying
P{N(0,1/n) > Ag/A} = k/p with A > 1 and a potentially large k. This penalty level provides
a faster convergence rate than the universal penalty level in linear regression when log(p/k) ~
log(p/|IBllo) < logp. Moreover, the new analysis provides a higher concentration of the error
so that the same penalty level Ay =~ +/(2/n)log(p/k) can be used to simultaneously control the
estimation error in p applications of the scaled Lasso for the estimation of a precision matrix.
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The rest of the paper is organized as follows. In Section 2, we present the scaled Lasso method
for the estimation of the inversion of a nonnegative definite matrix. In Section 3, we study the
estimation error of the proposed method. In Section 4, we provide a theory for the Lasso and its
scaled version with higher proven concentration at a smaller, practical penalty level. In Section
5, we study the least square estimation after the scaled Lasso selection. Simulation studies are
presented in Section 6. In Section 7, we discuss the benefits of using the scaled penalty levels for
the estimation of different columns of the precision matrix, compared with an optimal fixed penalty
level for all columns. An appendix provides all the proofs.

We use the following notation throughout the paper. For real x, x; = max(x,0). For a vec-
torv=(vi,...,vp), [vllg = (¥; |v;19)1/4 is the £, norm with the special ||v| = ||v||» and the usual
extensions ||v|[. = max;|v;| and ||v|jo = #{;j : v; # 0}. For matrices M, M; , is the i-th row and
M, ; the j-th column, M, p represents the submatrix of M with rows in A and columns in B,
[M]|g = supy,y, 1 [[Mvllg is the £, matrix operator norm. In particular, ||-[|2 is the spectrum norm for
symmetric matrices. Moreover, we may denote the set {j} by j and denote the set {1,...,p}\ {/j}
by —j in the subscript.

2. Matrix Inversion via Scaled Lasso

Let X be a nonnegative-definite data matrix and ®* be a positive-definite target matrix with Z0* ~ I.
In this section, we describe the relationship between positive-definite matrix inversion and linear
regression and propose an estimator for ®* via scaled Lasso, a joint convex minimization for the
estimation of regression coefficients and noise level.
We use the scaled Lasso to estimate ®* column by column. Define 6; > 0 and § € R”*” by
0'? = (®j’j)_lv B. ;= -0} ;07 = _®I,j(®j'j)_l'

*JUT T
In the matrix form, we have the following relationship

diag®* = diag(c;%,j=1,...,p), O =—P(diag®"). )

LetI* = (®*)~!. Since (9/0b_;)b"L*b = 2% ; ,b=0ath =, ;, one may estimate the j-th column
of B by minimizing the ¢; penalized quadratic loss. In order to penalize the unknown coefficients
in the same scale, we adjust the £; penalty with diagonal standardization, leading to the following
penalized quadratic loss:

BTEb/2 403 £ 3
/2+ Zkk|k" (3)

k=1

ForL=X"X/nandb; = —1,b"Tb = ||x; — Y bixkl[3/n, so that (3) is the penalized loss for the
Lasso in linear regression of x; against {x;,k # j}. This is similar to the procedures in Yuan (2010)
and Cai et al. (2011) that use the Dantzig selector to estimate ©; ; column-by-column. However,
one still needs to choose a penalty level A and to estimate G; in order to recover ®" via (2). A
solution to resolve these two issues is the scaled Lasso (Sun and Zhang, 2012):

T

h o© Ly
oM Y T bl by =1} @)
k=1

~ R . b
{B*’j’oj}:ar%?m{ 2% 2
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with Ap =~ /(2/n)log p. The scaled Lasso (4) is a solution of joint convex minimization in {b,c}
(Huber and Ronchetti, 2009; Antoniadis, 2010). Since p” £*B = (diag®*)~'®* (diag®*) !,

diag (B'=*B) = (diag®") ' = diag(c?,j = 1,...,p).

Thus, (4) is expected to yield consistent estimates of 6; = (© j)*l/ 2,

An iterative algorithm has been provided in Sun and Zhang (2012) to compute the scaled Lasso
estimator (4). We rewrite the algorithm in the form of matrices. For each j € {1,..., p}, the Lasso
path is given by the estimates Bf i, j(k) satisfying the following Karush-Kuhn-Tucker conditions:
for all k # j,

{zkk” S (0 = “hsgn(By (1), Py #0, -
T "B ) € M-1,1), B =0,

where Ejj(k) = —1. Based on the Lasso path B*J(?x), the scaled Lasso estimator {/B\*J,Gj} is
computed iteratively by

v 5T = ~ = -~
G? — B*JZB*Ja A< c$j7\'07 B*,J A B*/(}\’) (6)

Here the penalty level of the Lasso is determined by the data without using cross-validation. We
then simply take advantage of the relationship (2) and compute the coefficients and noise levels by
the scaled Lasso for each column

diag® = diag(&;z,j =1,...,p), ©= —B(diag@). 7

Now we have constructed an estimator for @*. In our primary example of taking X as a sample
covariance matrix, the target ®* is the inverse covariance matrix. One may also be interested in
estimating the inverse correlation matrix

o — (R*)’l _ {Dfl/ZZ*Dfl/Z}*l :DI/Z(Z*)lel/Zj (8)

where D = diag(X*) and R* = D125 D=1/2 is the population correlation matrix. The diagonal
matrix D can be approximated by the diagonal of X. Thus, the inverse correlation matrix is estimated
by

o = b/

24~ ~1/2 .~ .-

®D'" with D = diag(Xj,j=1,...,p).
The estimator Q here is a result of normalizing the precision matrix estimator by the population
variances. Alternatively, we may estimate the inverse correlation matrix by using the population

correlation matrix

R= (diagi)*l/zf(diagf)*l/2 = 571/221371/2

as data matrix. Let {&*7 j,?j} be the solution of (4) with R in place of £. We combine these column
estimators as in (7) to have an alternative estimator for Q* as follows:
~Al ~ ~ Al ., =Al
diag(Q t) = diag(r;z,j =1,....,p), Q - —ocdlag(Q t).
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Since R;j; = 1 for all j, it follows from (4) that
~125 ~-1/2 o~ o ~-1)2

o.;=D "B, D", T=6,D
This implies
~ Al 1/~ P 1/2~ ~ ~
o™ = —p"*pdiag(D;,*8,2D,j.j=1,....p)=D"’8D"* = &.

Thus, in this scaled Lasso approach, the estimator based on the normalized data matrix is exactly the
same as the one based on the original data matrix followed by a normalization step. The scaled Lasso
methodology is scale-free in the noise level, and as a result, the estimator for inverse correlation
matrix is also scale free in diagonal normalization.

It is noticed that a good estimator for ®* or Q* should be a symmetric matrix. However, the
estimators © and Q do not have to be symmetric. We improve them by using a symmetrization step
as in Yuan (2010),

© = argmin |M —©|;, Q= argmin ||M—Q||;, )
M:MT=M M:M"=M
which can be solved by linear programming. It is obvious that ® and Q are both symmetric, but
not guaranteed to be positive-definite. It follows from Theorem 1 that © and Q are positive-definite
with large probability. Alternatively, semidefinite programming, which is somewhat more expensive
computationally, can be used to produce a nonnegative-definite © and Q in ).

According to the definition, the estimators ® and Q have the same ¢, error rate as © and Q
respectively. A nice property of symmetric matrices is that the spectrum norm is bounded by the
£; matrix norm. The ¢; matrix norm can be expressed more explicitly as the maximum ¢; norm
of the columns, while the /., matrix norm is the maximum ¢; norm of the rows. Hence, for any
symmetric matrix, the £; matrix norm is equivalent to the ¢, matrix norm, and the spectrum norm
can be bounded by either of them. Since our estimators and target matrices are all symmetric, the
error bound based on the spectrum norm could be studied by bounding the ¢; error as typically done
in the existing literature. We will study the estimation error of (9) in Section 3.

To sum up, we propose to estimate the matrix inversion by (4), (7) and (9). The iterative algo-
rithm (6) computes (4) based on a Lasso path determined by (5). Then (7) translates the resulting
estimators of (6) to column estimators and thus a preliminary matrix estimator is constructed. Fi-
nally, the symmetrization step (9) produces a symmetric estimate for our target matrix.

3. Theoretical Properties

From now on, we suppose that the data matrix is the sample covariance matrix ¥ = X7 X /n, where
the rows of X are iid N(0,Z%). Let ®" = (£*)~! be the precision matrix as the inverse of the
population covariance matrix. Let D be the diagonal of X*, R* = D~ 125*D=1/2 the population
correlation matrix, Q* = (R*) its inverse as in (8). In this section, we study Q and @ in 9),
respectively for the estimation of Q* and ®*.

We consider a certain capped ¢; sparsity for individual columns of the inverse matrix as follows.
For a certain € > 0, a threshold level A, o > 0 not depending on j and an index set S; C {1,...,p}\
{j}, the capped /; sparsity condition measures the complexity of the j-th column of Q* by

Q;
|Sj’—|—(1—80)_1 Z (’Whgs*d‘ (10)

k#j kgS;
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The condition can be written as

me |QZ*/| 72 Ao <syj
80)<ij) / 7“*,0

if we do not care about the choice of S;. In the ¢y sparsity case of §; = {k: k # j,Q; i # 0}, we may
set s, j = |Sj| + 1 as the degree for the j-th node in the graph induced by matrix Q* (or ©*). In this
case, d = max;(1+|S;|) is the maximum degree as in (1).

In addition to the sparsity condition on the inverse matrix, we also require a certain invertibility
condition on R*. Let S; C B; C {1,...,p} \ {j}. A simple version of the required invertibility

condition can be written as
T ( p*
u' (R* . _u
inf{(f’zf):ugﬁéo} > ¢, (11)

lus; |12

with a fixed constant ¢, > 0. This condition requires a certain partial invertibility of the population
correlation matrix. It certainly holds if the smallest eigenvalue of R” ; _; is no smaller than c, for all
J < p, or the spectrum norm of Q* is no greater than 1/c, as assumed in Theorem 1. In the proof of
Theorems 2 and 3, we only use a weaker version of condition (11) in the form of (35) with {£*, Z}
replaced by {R* ; _;,R_j _;} there.

Theorem 2 Suppose X is the sample covariance matrix of n iid N(0,L*) vectors. Let @* = (Z*)
and QF as in (8) be the inverses of the population covariance and correlation matrices. Let ®and Q
be their scaled Lasso estimators defined in (4), (7) and (9) with a penalty level Ay = A\/4(logp)/n,
A > 1. Suppose (10) and (11) hold with €y = 0 and max j<, (1 + s, j)Ay < co for a certain constant
co > 0 depending on c, only. Then, the spectrum norm of the errors are bounded by

16— ©"[l> < 1® 0" < C(max(||D7} [05)" 5. 2o + €7 2 ). (12)

12— < 18-l < C(max(€)" 5. ho + 127120 (13)

with large probability, where C is a constant depending on {cq,c.,A} only. Moreover, the term
|©* |1 Ao in (12) can be replaced by

I}’laXH@*]“ls*]?\'O—i_ﬁcn(@*% (14)

where T,(M) = inf{t: ¥ ;exp(—nt?/|M. j||}) < 1/e} for a matrix M.

Theorem 2 implies Theorem 1 due to s, ; <d — 1, 1/Dj; < ©7}; < [|©7[|, [|@7]|; < dmax; ©7;
and similar inequalities for Q*. We note that B; = S; in (11) gives the largest ¢, and thus the sharpest
error bounds in Theorem 2. In Section 7, we give an example to demonstrate the advantage of this
theorem.

In a 2011 arXiv version of this paper (http://arxiv.org/pdf/1202.2723v1.pdf), we are able to
demonstrate good numerical performance of the scaled Lasso estimator with the universal penalty
level Ay = /2(logp)/n, compared with some existing methods, but not the larger penalty level
Ao > /4(logp)/n in Theorems 1 and 2. Since a main advantage of our proposal is automatic
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selection of the penalty level without resorting to cross validation, a question arises as to whether a
theory can be developed for a smaller penalty level to match the choice in a demonstration of good
performance of the scaled Lasso in our simulation experiments.

We are able to provide an affirmative answer in this version of the paper by proving a higher
concentration of the error of the scaled Lasso at a smaller penalty level as follows. Let L, (z) be the
N(0,1/n) quantile function satisfying

P{N(0,1) > n'?L,(1)} =1.

Our earlier analysis is based on existing oracle inequalities of the Lasso which holds with probability
1 — 2¢e when the inner product of design vectors and noise are bounded by their €¢/p and 1 —¢/p
quantiles. Application of the union bound in p applications of the Lasso requires a threshold level

Aeo = Ly(€/p?*) with a small € > 0, which matches /4(log p) /n with € < 1/,/log p in Theorems 1
and 2. Our new analysis of the scaled Lasso allows a threshold level

7\,*70 = Ln—3/2(k/p)

with k < slog(p/s), where s = 1 + max; s, ;. More precisely, we require a penalty level Ao > AL, o
with a constant A satisfying

1/(4n—6)24k 1/2 el/(4n— 6)?
He Tk ST+ (/)
m;(L*+2L?) L\ﬁ

A—1>A; > max
J

2w} (1)

where L = Ly(k/p), s..j < m; < min(|B;|,Coss,;) with the s, ; and B; in (10) and (11), and y; =
Ko (mjiRE; ;) /mj+ Ly (5¢/p*) with

ky(mX)= max  u'Zu. (16)
[l o=rm, [uf| =1

Theorem 3 Let {¥,X* @, Q*} be matrices as in Theorem 2, and ® and Q be the scaled Lasso
estimators with a penalty level o > Ak, o where Ao = L,_35(k/p). Suppose (10) and (11) hold
with certain {Sj,s* J,So,B],C*} (15) holds with constants {A,A1,Co} and certain integers m;, and
P{(1—¢9)> <%2/n < (1+¢9)?} <¢/p. Then, there exist constants co depending on c, only and C
depending on {A,A1,Co,c«,co} only such that when max s, jho < co, the conclusions of Theorem
2 hold with at least probability 1 —6e —2kY. ;(p—1—|B;|)/p.

The condition max s, jAg < co on (10), which controls the capped ¢; sparsity of the inverse
correlation matrix, weakens the ¢ sparsity condition d+/(logp)/n — 0.

The extra condition on the upper sparse eigenvalue ¥ (m;R* ; j j) in (15) is mild, since it only
requires a small k (m; R*)/m that is actually decreasing in m.

The invertibility condition (11) is used to regularize the design matrix in linear regression pro-
cedures. As we mentioned earlier, condition (11) holds if the spectrum norm of Q* is bounded by
1/c.. Since (R*)~! = Q" = (diagZ*)'/?©*(diagZ*)'/?, it suffices to have

1R ™2 < maxs3; @7 < e

To achieve the convergence rate d+/(log p)/n, both Yuan (2010) and Cai et al. (2011) require con-
ditions ||®*[[; = O(1) and max X}; = O(1). In comparison, the spectrum norm condition is not only
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weaker than the ¢, operator norm condition, but also more natural for the convergence in spectrum
norm.

Our sharper theoretical results are consequences of using the scaled Lasso estimator (4) and its
fast convergence rate in linear regression. In Sun and Zhang (2012), a convergence rate of order
s«(log p)/n was established for the scaled Lasso estimation of the noise level, compared with an
oracle noise level as the moment estimator based on the noise vector. In the context of the column-
by-column application of the scaled Lasso for precision matrix estimation, the results in Sun and
Zhang (2012) can be written as

12,5 [
= —1|< Cls* ,7\,2, ZZ |Bkj Bkj‘ ®* < CZS* /7\{) (17)
‘ k#j

where 6 = [|XB, ;[|2/+/n. We note that n(c )2®* is a chi-square variable with n degrees of free-
dom when X has 11d N(0,X*) rows. The oracle 1nequahtles in (17) play a crucial role in our analysis
of the proposed estimators for inverse matrices, as the following proposition attests.

Proposmon 4 Let ®* be a nonnegative definite target matrix, * = (0*)~!, and B = —©* (diag®*) .

Let © and Q be defined as (7) and (9) based on certain [3 and G ; j satisfying (17). Suppose further
that

07%;(05)> — 1| < Coo, m?xy(ijj/zjj)—l/z— 1| < Coho, (18)

and that max{4Coko,4Xo,Ci5s+, jAo} < 1. Then, (12) and (13) hold with a constant C depending on
{Co,Ca} only. Moreover, ifn@j-j(csj)z ~ %2, then the term A||®||y in (12) can be replaced by (14)
with large probability.

While the results in Sun and Zhang (2012) requires a penalty level A\/(2/n)log(p?) to allow
simultaneous application of (17) for all j < p via the union bound in proving Theorem 2, Theorem 3
allows a smaller penalty level A, o =AL,_3/,(k/p) with A > 1 and a potentially large k < slog(p/s).
This is based on new theoretical results for the Lasso and scaled Lasso developed in Section 4.

4. Linear Regression Revisited

This section provides certain new error bounds for the Lasso and scaled Lasso in the linear regres-
sion model. Compared with existing error bounds, the new results characterize the concentration of
the estimation and prediction errors at fixed, smaller threshold levels. The new results also allow
high correlation among certain nuisance design vectors.

Consider the linear regression model with standardized design and normal error:

y:XB+87 ||xJH% =n, ENN(OaG2In)'

Let Ayniv = v/ (2/n)log p be the universal penalty level (Donoho and Johnstone, 1994). For the
estimation of B and variable selection, existing theoretical results with p > n typically require a
penalty level A = AGA,;y, with A > 1, to guarantee rate optimality of regularized estimators. This
includes the scaled Lasso with a jointly estimated ¢. For the Dantzig selector (Candes and Tao,
2007), performance bounds have been established for A = 1.
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It is well understood that GA,;,;, in such theorems is a convenient probabilistic upper bounAd
of ||XTe/n||.. for controlling the maximum gradient of the squared loss ||y — Xb||3/(2n) at b = B.
For A < ||XT¢/n||., variable selection is known to be inconsistent for the Lasso and most other
regularized estimates of 3, and the analysis of such procedures become more complicated due to
false selection. However, this does not preclude the possibility that such a smaller A outperforms
the theoretical A > GA,,;, for the estimation of 3 or prediction.

In addition to theoretical studies, a large volume of numerical comparisons among regularized
estimators exists in the literature. In such numerical studies, the choice of penalty level is typically
delegated to computationally more expensive cross-validation methods. Since cross-validation aims
to optimize prediction performance, it may lead to a smaller penalty level than A = GA,,,,;,. However,
this gap between A > GA,,,;, in theoretical studies and the possible choice of A < GA,,;, in numerical
studies is largely ignored in the existing literature.

The purpose of this section is to provide rate optimal oracle inequalities for the Lasso and its
scaled version, which hold with at least probability 1 —¢/p for a reasonably small €, at a fixed
penalty level A satisfying P{N(0,6?/n) > A/A} = k/p, with a given A > 1 and potentially large &,
up to k/(2log(p/k))? < s., where s, is a complexity measure of B, for example, s, = ||B||o.

When the (scaled) Lasso is simultaneously applied to p subproblems as in the case of matrix
estimation, the new oracle inequalities allow the use of the union bound to uniformly control the
estimation error in subproblems at the same penalty level.

Rate optimal oracle inequalities have been established for ¢ and concave regularized estimators
in Zhang (2010) and Ye and Zhang (2010) for penalty level L= Ac+/c*(2/n)log(p/(€s.)), where c*
is an upper sparse eigenvalue, A > 1 and 1 — € is the guaranteed probability for the oracle inequality
to hold. The new oracle inequalities remove the factors ¢* and € from the penalty level, as long as
1/¢ is polynomial in p. The penalty level Ac\/(2/n)log(p/(es)) has been considered for models
of size s under ¢ regularization (Birge and Massart, 2001, 2007; Bunea et al., 2007; Abramovich
and Grinshtein, 2010).

To bound the effect of the noise when A < ||X”¢&/n||.., we use a certain sparse ¢, norm to control
the excess of X7 €/n over a threshold level A.. The sparse ¢, norm was used in the analysis of
regularized estimators before (Candes and Tao, 2007; Zhang and Huang, 2008; Zhang, 2009; Cai
et al., 2010; Ye and Zhang, 2010; Zhang, 2010), but it was done without a formal definition of the
quantity to the best of our knowledge. To avoid repeating existing calculation, we define the norm
and its dual here and summarize their properties in a proposition.

For 1 < g <coandt > 0, the sparse /, norm and its dual are defined as

HVB”(h HVHZL,): max ulv.

v = max
| H(q-,t) lluell (g <1

|B|<t+1
The following proposition describes some of their basic properties.
Proposition 5 Let m > 1 be an integer, ¢ = q/(q— 1) and a; = (1 —1/q)/q"/\@~ V.
(i) Properties of |- g [Vl gan) 4. [Vl gy /'8 L, [Vl gy /mY/* T
Ve = Ity < I9lhgm) < (V1) A 1),
and |v][g < |[VI[{, .+ (ag/m)~ VI,

(gm
(ii) Properties of || - ||

*

R

am) 1 g, and

max (vl V) < 101G < min (190 mgag) Vs 0]1).
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(iii) Let = X7 X /n and ., (m; M) be the sparse eigenvalue in (16). Then,

= . 1/2 N2 =
5] 2y < min {2 (s ) v, s (52 o]}

4.1 Lasso with Smaller Penalty: Analytical Bounds

The Lasso path is defined as an R”-valued function of A > 0 as
BOw) = argmin { |y~ Xb[3/(2n) + Mo }

For threshold levels A, > 0, we consider B satisfying the following complexity bound,
1+ 2 Bjl/Ae < 5. (19)

Jgs
with a certain S C {1,...,p}. This includes the ¢y sparsity condition ||B|jo = s« with S = supp(B)
and allows ||B||o to far exceed s, with many small |f3;]|.
The sparse ¢, norm of a soft-thresholded vector v, at threshold level A, in (19), is

1/2
Com (v 2) = (Y] = %)l = max { Xl =2)3 } 20)

<m gy
Let BC {l,...,p} and
2= (z1,.-,2p) =X"¢/n.
We bound the effect of the excess of the noise over A, under the condition
28 llee < Ay Cim (285 2) < Arm' P, @1
£0r some A; > 0. We prove that when A > AL, with A > 1+ A and (21) holds, a scaled version of
B(A) — B belongs to a set Z (X,S,B;A,A,m,s. — |S|), where
U (%,S,B;A,A1,m,my) (22)
= fuaSus (A= Dlluse |l < (A 1)lJusl +Am' 2 gy, +24m }.

This leads to the definition of

ul Tu/A? =
* WA e U (T,8,B:A,Arm, } 23
P e 1) (23)

as a constant factor for the prediction error of the Lasso and

M;:sup{%:ue%(Z,S,B;A,Al,m,ml)} (24)
for the £, estimation error of the Lasso.

The following theorem provides analytic error bounds for the Lasso prediction and estimation
under the sparse ¢, norm condition (21) on the noise. This is different from existing analyses of the
Lasso based on the /., noise bound || X7 €/n||.. < A.. In the case of Gaussian error, (21) allows a fixed
threshold level A. = 61/(2/n)log(p/m) to uniformly control the error of p applications of the Lasso
for the estimation of a precision matrix. When m < s, and 61/(2/n)log(p/m) < 6/(2/n)logp,
using such smaller A, is necessary for achieving error bounds with the sharper rate corresponding

to 61/(2/n)log(p/m).
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Theorem 6 Suppose (19) holds with certain {S,s«, A }. Let A > 1, B\ = B\(?») be the Lasso estimator
with penalty level L > Ah,, h =P —B, and m; = s, —|S|. If (21) holds with A\ > 0, a positive integer
mand B C {1,...,p}, then

X3 /n < Miyegs A2, 1By < Mist/ 2. (25)

Remark 7 Theorem 6 covers | XTe/n||. < A as a special case with A| = 0. In this case, the
set (22) does not depend on {m,B}. For A} =0 and |S| = s. (m; =0), (22) contains all vectors
satisfying a basic inequality u’ Tu+ (A —1)||usc ||y < (A+1)||us||i (Bickel et al., 2009; van de Geer
and Biihlmann, 2009; Ye and Zhang, 2010) and Theorem 6 still holds when (22) is replaced by the
smaller

U_(L,5,A) = {u: Ss.etlloo < A+ 1,050 < — || (A—1) ¥ gs}.

Thus, in what follows, we always treat%(Z S,B;A,0,m,0) as %_(X,S,A) when A; =0 and |S| = s..

This yields smaller constants {M red My} in (23) and (24).

The purpose of including a choice B in (21) is to achieve bounded {M? preas M1 1} in the presence
of some highly correlated design vectors outside SUB when Xg 5 (s p)c is small. Since H”BHE} )
is increasing in B, a larger B leads to a larger set (22) and larger { pred,Mj;}. However, (21)
with smaller B typically requires larger A.. Fortunately, the difference in the required A, in (21)
is of smaller order than A, between the largest B = {1,...,p} and smaller B with |B¢| < p/m.
We discuss the relationship between { ;re My *} and existing conditions on the design in the next
section, along with some simple upper bounds for {M? preasM M5}

4.2 Scaled Lasso with Smaller Penalty: Analytical Bounds

The scaled Lasso estimator is defined as

B8} =argmin { |y~ X[3/(200) + hol|b1 + /2 . (26)

where Ap > 0 is a scale-free penalty level. In this section, we describe the implication of Theorem
6 on the scaled Lasso.
A scaled version of (19) is

S|+ Y 1B)|/(6" A 0) = 820 < 54, 27
JES
where 6* = ||€||2/+/n is an oracle estimate of the noise level and A, > 0 is a scaled threshold level.

This holds automatically under (19) when S D supp(B). When Bg # 0, (27) can be viewed as an
event of large probability. When

S|+ (1 12 Bl < 5. (28)
jgs M0
and € ~ N(0,61,), P{s.0 <s.} > P{x2/n> (1 —g)*} — 1 for fixed & > 0. Let
ulZu  2||uly 2Alml/2””BH>(k2m)
M; = : 29
° :gag{ 5,A2 + 5.A2 + 5,A2 29)
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with % = % (%,S,B;A,A;,m,my) in (22), as in (23) and (24). Set
Ne = MGA®AS o52 Mo > Ahao/ /(1 =M1 4, Mo = MEAGS-..

Theorem 8 Suppose ng < 1. Let {B, G} be the scaled Lasso estimator in (26), &1 = 1//1+m,,
¢ = 1/\/1—mo, and 6* = |[€||a/+/n. Suppose (21) holds with {zp, .} replaced by {zp/6*, Ao}
(i) Let h* = (B —B)/o*. Suppose (27) holds. Then,

01 <G/0" < 0o, [XH*[3/n < Mipygsi(9220)%, [|1*[lg < Mysiaho. (30)
(ii) Let h :B— B. Suppose (28) holds and 1 — ey < 6* /o < 1 +¢€g. Then,

(1—€0)d1 <G/0 < ha(1+8p), (31)
IXA[3/n < (14 €0)*M},045.(00220)%,
[Allg < (1+20)Mys5.502)0.

Compared with Theorem 6, Theorem 8 requires nearly identical conditions on the design X,
the noise and penalty level under proper scale. It essentially allows the substitution of {y,X,B} by
{y/o*,X,B/0"} when 1 is small.

Theorems 6 and 8 require an upper bound (21) for the sparse ¢, norm of the excess noise as well
as upper bounds for the constant factors {M;m d,M;‘,Mg} in (23), (24) and (29). Probabilistic upper
bounds for the noise and consequences of their combination with Theorems 6 and 8 are discussed
in Section 4.3. We use the rest of this subsection to discuss {M;red,M;,M(’;}.

Existing analyses of the Lasso and Dantzig selector can be to used find upper bounds for
{M;r . d,M;,Mé} via the sparse eigenvalues (Candes and Tao, 2005, 2007; Zhang and Huang, 2008;
Zhang, 2009; Cai et al., 2010; Zhang, 2010; Ye and Zhang, 2010). In the simpler case A; =m; =0,
shaper bounds can be obtained using the compatibility factor (van de Geer, 2007; van de Geer and
Biihlmann, 2009), the restricted eigenvalue (Bickel et al., 2009; Koltchinskii, 2009), or the cone in-
vertibility factors (Ye and Zhang, 2010; Zhang and Zhang, 2012). Detailed discussions can be found
in van de Geer and Biihlmann (2009), Ye and Zhang (2010) and Zhang and Zhang (2012) among
others. The main difference here is the possibility of excluding some highly correlated vectors from
B in the case of A| > 0. The following lemma provide some simple bounds used in our analysis of
the scaled Lasso estimation of the precision matrix.

Lemma9 Let {M;m,,M;,M;;} be as in (23), (24) and (29) with the vector -class
U (X,S,B;A,A1,m,my) in (22). Suppose that for a nonnegative-definite matrix ¥, max;||Z; . —
L il <A and cllusupll3 < u' Tu for u € % (X,5,B;A,A1,m,my). Suppose further that X*{(s. V
m)/c.}(2A+A1)* < (A—A; —1)2 /2. Then,

A+1 4V (dm/s.)  ci(1—|S|/s%)
(1) 2 [ clily
pred+ 1 A < max C*(2+A1/A)72 A2 ( )
and
24, M Am 24,/ S|
M*<(1 —)M* 2(1+4;) 21 7(1—7). 33
o = (14 54 Mprea + 204 AR 4 55405 5 33)
Moreover, if in addition B={1,...,p} then
M5 < (2/c )Mo +2(1=|S]/5.)/(4%). (34)
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The main condition of Lemma 9,

Tyy

) u
cy < 1nf{

3 :ME%(E,S,B;AyAhmaml)}’ (35)
lususlla

can be viewed as a restricted eigenvalue condition (Bickel et al., 2009) on a population version of
the Gram matrix. However, one may also pick the sample version £ = X with A* = 0. Let {A,A;}
be fixed constants satisfying A; <A — 1. Lemma 9 asserts that the factors {M;,,, M},Mg} can be
all treated as constants when 1/c, and m/s, are bounded and A* (s, Vm)/c, is smaller than a certain
constant. Moreover, M can be also treated as a constant when (35) holds for B={1,...,p}.

4.3 Probabilistic Error Bounds

Theorems 6 and 8 provides analytical error bounds based on the size of the excess noise over a
given threshold. Here we provide probabilistic upper bounds for the excess noise and describe their
implications in combination with Theorems 6 and 8. We use the following notation:

L,(t) =n~ @7 (1-1), (36)
where ®~!(¢) is the standard normal quantile function.

Proposition 10 Let {5 ,,) (v, ) be as in (20) and 1. (m) = Ky (m;X) as in (16) with £ =X"X /n.
Suppose € ~ N(0,6%1,) and ||x;||5 = n. Let k > 0.

(i) Let z = Xleg/n and Ao = oL,(k/p). Then,
P{C(Z,p) (Z,)\,*) > 0} < 2k, and

EG, (2 0) < 402 /(LY (k/p) + 2L (k/p)},
P{c(z,m) (2,0) > EC(p ) (2, 0) + OLy (€) K+(m)} <e. 37)

(ii) Let 6™ = |€||2//n, 7" = 2/0", huo = L,_32(k/p) and €, = !/ 416 _ 1 Then, P{C2,)(2", M)
0) < (1-+ &k EC ) (¢ heo) < (1+&04kA2 /(L3 (k/p) + 212(k/ p)}, and

P{C(z,m) (2%, Me0) > M2m) +Ln—3/2(€) K+(m)} < (1+&)g, (38)

where u(, ) is the median of G5 ) (2%, hi o). Moreover,

Hem) < EQap) (& 0) + (1+ &) { A o/Li(k/p) } /K4 (m)/(2M). 39)

We describe consequences of combining Proposition 10 with Theorems 6 and 8 in three theo-
rems, respectively using the probability of no excess noise over the threshold, the Markov inequality
with the second moment, and the concentration bound on the excess noise.

Theorem 11 Let 0 < € < p. Suppose € ~ N(0,6°1,).

(i) Let the notation be as in Theorem 6 and (36) with A; = 0 and A, = cL,(g/p?). If (19) holds,
then (25) holds with at least probability 1 — 2¢/p.

(ii) Let the notation be as in Theorem 8 and (36) with Ay =0 and A,y = Ln_3/2(8/p2). If (28)
holds with P{(1 —¢g9)> <y2/n < (1+¢€9)?} < ¢&/p, then (30) and (31) hold with at least probability
1—3¢/p.
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For a single application of the Lasso or scaled Lasso, €/p = o(1) guarantees ||z]lo < A, in
Theorem 11 (i) and ||z*]|c < Asp in Theorem 11 (ii) with high probability. The threshold levels
are A./6 ~ Ao & iy = +/(2/n)log p, as typically considered in the literature. In numerical
experiments, this often produces nearly optimal results although the threshold level may still be
somewhat higher than optimal for the prediction and estimation of 3. However, if we use the union
bound to guarantee the simultaneous validity of the oracle inequalities in p applications of the
scaled Lasso in the estimation of individual columns of a precision matrix, Theorem 11 requires
€ = o(1), or equivalently a significantly higher threshold level A, o =~ \/(4/n)logp. This higher
A« 0, which does not change the theoretical results by much, may produce clearly suboptimal results

in numerical experiments.

Theorem 12 Let k > 0. Suppose € ~ N(0,6I,).
(i) Let the notation be as in Theorem 6 and Proposition 10, A, = 6L,(k/p), and A—1 > A; >

\/4k/(£m(L‘1‘(k/p) +2L3(k/p))). If (19) holds, then (25) holds with at least probability 1 — € —
2|B|k/p.

(ii) Let the notation be as in Theorem 8 and Proposition 10, Ao = L,_3/>(k/p), €&, = el/l
LandA—1> A, > \/(1 +e)dk/ (em(L(k/p) + 212 (k/p))). If (28) holds with P{(1 — &) <
x2/n < (1+¢€9)?} < ¢, then (30) and (31) hold with at least probability 1 —2& — 2|B¢|k/p.

4n—6)% _

Theorem 12 uses the upper bounds for E C%z ») (z,As) and E C%z ») (z*, A 0) to verify (21). Since

L,(k/p) =~ \/(2/n)log(p/k), it allows smaller threshold levels A, and A.o as long as
k/(em(L{(k/p) +2L3(k/p))) is small. However, it does not allow € < 1/p for using the union

bound in p applications of the Lasso in precision matrix estimation.

Theorem 13 Let k > 0. Suppose € ~ N(0,6°1,,).
(i) Let the notation be as in Theorem 6 and Proposition 10, ., = 6L, (k/p), and

4k/m +L1(8/p) <K+(m))1/2.

1/2
A—-1>A > (LAI'(k/P)‘FZL%(k/p)) Ly(k/p) m

If (19) holds, then (25) holds with at least probability 1 —g/p — 2|B¢|k/ p.
(ii) Let the notation be as in Theorem 8 and Proposition 10, Ao = L,_3>(k/p), €, = e/ (4n=6" _ 1,
and

A71>A12< (1+&,)4k/m ))1/2+(L1(8/p) 1+e¢, ><K+(m)>1/z-

L¥(k/p) +2L3(k/p Lik/p) " LoV \m

If (28) holds with P{(1 —€9)* < x2/n < (1+¢9)?} < &/p, then (30) and (31) hold with at least
probability 1 —2¢/p — 2|B¢|k/ p.

Theorem 13 uses concentration inequalities (37) and (38) to verify (21). Let B={1,...,p} and
L,(t) be as in (36). By guaranteeing the validity of the oracle inequalities with 1 — €/p probability,
with a reasonably small €, Theorem 13 justifies the use of a fixed smaller threshold level A, o =
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L,_3)2(k/p) =~ +/(2/n)log(p/k) in p applications of the scaled Lasso to estimate columns of a
precision matrix.

Since Li(g/p) =~ Li(k/p) typically holds, Theorem 13 only requires (k/m)/(L}(k/p)+
213(k/p)) and x;(m)/m be smaller than a fixed small constant. This condition relies on the
upper sparse eigenvalue only in a mild way since K (m)/m is decreasing in m and K4 (m)/m <
1/m+ (1 —1/m)max \xJT.xk/n| (Zhang and Huang, 2008).

For k < m and log(p/k) <log(p/(s«V 1)), Theorem 13 provides prediction and ¢, error bounds
of the orders 62(s, V l)kio ~ 62((s, vV 1)/n)2log(p/(s. V1)) and o(s, V 1)1/9, o respectively.

For log(p/n) < logn, this could be of smaller order than the error bounds with A, ~ Aypiy =
V/(2/n)logp.

Theorem 13 suggests the use of a penalty level satisfying A/c = Ay = AL,(k/p) =~
A+/(2/n)log(p/k) with 1 < A < /2 and a real solution of k = L}(k/p) +2L3(k/p). This is
conservative since the constraint on A in the theorem is valid with a moderate m = O(s, + 1).
For p applications of the scaled Lasso in the estimation of precision matrix, this also provides a
more practical penalty level compared with A’L, (e/p*) ~ A’\/(4/n)log(p/€!/2),A’ > 1 and e < 1,
based on existing results and Theorem 11. In our simulation study, we use Ay = v/2L,(k/p) with
k=Li(k/p) +2L3(K/p).

4.4 A Lower Performance Bound

It is well understood that in the class of B satisfying the sparsity condition (19), s,6>L2(s,/p) and
si/ 6L, (s./p) are respectively lower bounds for the rates of minimax prediction and ¢, estimation
error (Ye and Zhang, 2010; Raskutti et al., 2011). This can be achieved by the Lasso with A, =
6L, (m/p), m < s, or scaled Lasso with A, o = L,_3/,(m/p). The following proposition asserts
that for each fixed [3, the minimax error rate cannot be achieved by regularizing the gradient with a
threshold level of smaller order.

Proposition 14 Let y = XB+¢, B(A) satisfy |XT (y — XB(X))/nllw < A, and h(\) = B(A) —B. Let
Y =X"X/nand ¥, (m;-) be as in (16).
(i) If | XTe/n| 2.0y = k>N, > O, then for all A > 1

IXR(W)|2/n - |R(V)[13
K (D) T (kE)

inf min {

_ 2792
A<, /A } > (1 1/A) k?\,*. (40)

(ii) Let 6* = |||l //n and Ny = #{j : |xTe|/(n6*) > Ly(k/p)} with Ly(t) = Ly(t) —n~ "/, Suppose

X has iid N(0,%) rows, diag(X) =1,, and 2k —4||Z|» > (Vk—1+ \/2||Z\|210g(1/£))2. Then,
P{N, >k} >1—¢eand

P{HXTe/nH(m > G*kl/qczn(k/p)} >1-¢. (1)
Consequently, there exist numerical constants ¢ and ¢, such that

~ ) B )
P{ inf min ( ”X%MH?/”’ ”_hZ(MHE
seonin) \ ok (GE) k()

) > czcsz,%(k/p)} >1_g—e

It follows from Proposition 14 (ii) that the prediction and ¢, estimation error is of no smaller or-
der than k6?L2(k/p) for all A < ¢16L,(k/p). This rate is suboptimal when klog(p/k) > s, log(p/s.).
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5. Estimation after Model Selection

We have presented theoretical properties of the scaled Lasso for linear regression and precision
matrix estimation. After model selection, the least squares estimator is often used to remove bias of
regularized estimators. The usefulness of this technique after the scaled Lasso was demonstrated in
Sun and Zhang (2012), along with its theoretical justification. In this section, we extend the theory
to smaller threshold level and to the estimation of precision matrix.

In linear regression, the least squares estimator  and the corresponding estimate of G in the
model selected by a regularized estimator B are given by

p=argmin{ |y~ Xb[3: supp(b) € S}, G = [ly=XBl|,/ v/ “2)

where § = supp(B). To study the performance of (42), we define sparse eigenvalues relative to a
support set S as follows:

K'(m",$;X) =  min min M;ZLJM],
JOS|I\S|<m* ||lus|2=1

* (m*,8;X) = i Ty,

Ky (m*,$;X) = min max uy Xy ju;.

JNS=0,|J|<m* |lus|2=1

It is proved in Sun and Zhang (2012) that {B, G} satisfies prediction and estimation error bounds of
the same order as those for the scaled Lasso (26) under some extra conditions on k% (m*,S;X). The
extra condition on K (m*,S;X) is used to derive an upper bound for the false positive 1S\ S, and
then the extra condition on K* (m*,S;X) is used to invert X, ¢ The following theorem extends the

SUS"®
result to the smaller threshold level A. o = L,,_3/»(k/p) in Theorem 13 (ii). Let

[{|S! + (\/n?—i- \/2m* log(ep/m*))2}1/2+L1 (e/p)]z'

M, =
e s<log(p/s:)

Theorem 15 Let (B, G) be the scaled lasso estimator in (26) and (B, G) be the least squares estima-
tor (42) in the selected model S = supp(B). Let the notation be as in Theorem 13 (ii) and m* > m

be an integer satisfying .M, ,/{(1—&1)(1— 1/A)}? < m* /. (m*,S). Suppose Bg. =0 and (21)
holds with {zg, A} replaced by {zj3, A0 }. Then,

S\ S| < m" 43)
with at least probability 1 —2¢/p — 2|B¢|k/ p. Moreover,

(07~ Mj, (5./n)og(p/:)

< G
< &,

K (m*—1,5)|7]3 (44)
< [IXR|3/n
< (1480)* M54 (00200)* + G2 Mj, (5. /n) log(p/s.),

with at least probability 1 — 3¢/ p — 2|B¢|k/ p, where h = B — P.
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Theorem 15 asserts that when k V m* < s,, the least squares estimator {B,G} after the scaled
Lasso selection enjoys estimation and prediction properties comparable to that of the scaled Lasso:

12 {[5/0" — 1|+ BB+ [ XB—XB|[5/n} + IBllo = Or(1)s.

Now we apply this method for precision matrix estimation. Let B be as in (4) and define B and
G as follows:

B*’j = arg;nin{HXbH% :bj=—1,supp(b) C Supp(&ﬂ},
Gj= HXB*JHz/\/;l (45)

We define @LSE and @LSE as in (7) and (9) with B and G in place of E and G.

Under an additional condition on the upper sparse eigenvalue, Theorem 15 is parallel to Theo-
rem 8 (ii), and the theoretical results in Sun and Zhang (2012) are parallel to Theorem 6 (ii). These
results can be used to verify the condition (17), so that Proposition 4 also applies to (45) with the
extra upper sparse eigenvalue condition on the population correlation matrix R*. We formally state
this result as a corollary.

Corollary 16 Under the additional condition |R*||2 = O(1) on the population correlation matrix

~ISE
R*, Theorems 2 and 3 are applicable to the estimator ®  and the corresponding estimator for
Q* = (R*)~! with possibly different numerical constants.

6. Numerical Study

In this section, we present some numerical comparison between the proposed and existing methods.
In addition to the proposed estimator (7) and (9) based on the scaled Lasso (4) and the least squares
estimation after the scale Lasso (45), the graphical Lasso and CLIME are considered. The following
three models are considered. Models 1 and 2 have been considered in Cai et al. (2011), while Model
2 in Rothman et al. (2008).

e Model 1: ®;; = 0.6/,

e Model 2: Let ® = B+ 8I, where each off-diagonal entry in B is generated independently and
equals to 0.5 with probability 0.1 or O with probability 0.9. The constant J is chosen such that
the condition number of ® is p. Finally, we rescale the matrix ®* to the unit in diagonal.

e Model 3: The diagonal of the target matrix has unequal values. @ = D'/2QD'/2, where
Q;; = 0.6~/ and D is a diagonal matrix with diagonal elements d;; = (4i+p—35)/{5(p—1)}.

Among the three models, Model 2 is the densest. For p = 1000, the capped ¢; sparsity s, is 8.84,
24.63, and 8.80 for three models respectively.

In each model, we generate a training sample of size 100 from a multivariate normal distribution
with mean zero and covariance matrix £ = ® ! and an independent sample of size 100 from the
same distribution for validating the tuning parameter A for the graphical Lasso and CLIME. The
GLasso and CLIME estimators are computed based on training data with various A’s and we choose
A by minimizing likelihood loss {trace(f@) - logdet(@)} on the validation sample. The scaled
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Lasso estimators are computed based on the training sample alone with penalty level Ao = AL, (k/p),
where A = v/2 and k is the solution of k = L} (k/p) +2L?(k/p). The symmetrization step in Cai et al.
(2011) is applied. We consider six different dimensions p = 30, 60,90, 150,300, 1000 and replicate
100 times in each setting. The CLIME estimators for p = 300 and p = 1000 are not computed due
to computational costs.

Table 1 presents the mean and standard deviation of estimation errors based on 100 replications.
The estimation error is measured by three matrix norms: the spectrum norm, the matrix ¢; norm
and the Frobenius norm. The scaled Lasso estimator, labeled as SLasso, outperforms the graphical
Lasso (GLasso) in all cases except for the smaller p € {30,60,90} in the Frobenius loss in the
denser Model 2. It also outperforms the CLIME in most cases, except for smaller p in sparser
models (p = 30 in Model 1 and p € {30,60} in Model 3). The least squares estimator after the
scaled Lasso selection outperforms all estimators by large margin in the spectrum and Frobenius
losses in Models 1 and 3, but in general underperforms in the ¢; operator norm and in Model 2.
It seems that post processing by the least squares method is a somewhat aggressive procedure for
bias correction. It performs well in sparse models, where variable selection is easier, but may not
perform very well in denser models.

Both the scaled Lasso and the CLIME are resulting from sparse linear regression solutions. A
main advantage of the scaled Lasso over the CLIME is adaptive choice of the penalty level for the
estimation of each column of the precision matrix. The CLIME uses cross-validation to choose
a common penalty level for all p columns. When p is large, it is computationally difficult. In
fact, this prevented us from completing the simulation experiment for the CLIME for the larger
p € {300, 1000}.

7. Discussion

Since the scaled Lasso choose penalty levels adaptively in the estimation of each column of the
precision matrix, it is expected to outperform methods using a fixed penalty level for all columns in
the presence of heterogeneity of the diagonal of the precision matrix. Let ®(A) be an estimator with
columns

@)*j(?») = argmin{Hle H[Ev—ejl|. < k}, j=1,...,p. (46)
veR?

The CLIME is a symmetrization of this estimator @(7\,) with fixed penalty level for all columns.
In the following example, the scaled Lasso estimator has a faster convergence rate than (46). The
example also demonstrates the possibility of achieving the rate dAo in Theorem 2 with unbounded
|®* |2 > d?, when Theorem 1 is not applicable.

Example 1 Let p > n®> +3 +m with (m,m*(logp)/n) — (,0) and 4m> <logp. Let L,(t) ~
\/(2/n)log(1/t) be as in (36). Let {J1,J2,J3} be a partition of {1,...,p} withJ; = {1,2} and J, =

{?,.)..,3+m}. Letpy=+/1—1/m% v=(vy,...,v,)T €R™" withv?: 1/m, pa = com’/ L, (m/p) =
o(1), and

Zj;l Jl O 0 T
* ’ * * 1 pl * 1 sz
) = 0 ZJZ:«’Z 0 ) Zjl,fl = <p1 1 ) ’ 212712 = <p2v I > )
0 0 Ip—m—3 "
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Model 1

Spectrum norm

Matrix /| norm

Frobenius norm

P SLasso/LSE GL: CLIME SLasso GLasso CLIME SLasso SLasso/LSE GLasso CLIME
30 2.46(0.07) 1.77(0.15) 2.49(0.14) 2.29(0.21) 2.95(0.10) 2.73(0.21) 3.09(0.11) 2.92(0.17) 4.20(0.11) 3.37(0.14) 4.24(0.26) 3.80(0.36)
60 2.68(0.05) 2.04(0.11) 2.94(0.05) 2.68(0.10) 3.12(0.08) 3.17(0.25) 3.55(0.07) 3.27(0.09) 6.41(0.09) 5.35(0.15) 7.15(0.15) 6.32(0.28)
90 2.75(0.04) 2.09(0.08) 3.07(0.03) 2.87(0.09) 3.21(0.07) 3.49(0.31) 3.72(0.06) 3.42(0.07) 8.09(0.10) 6.87(0.15) 9.25(0.12) 8.42(0.31)
150 2.84(0.03) 2.18(0.06) 3.19(0.02) 3.05(0.04) 3.29(0.07) 3.81(0.31) 3.88(0.06) 3.55(0.06) 10.79(0.11) 9.32(0.14) 12.55(0.09) 11.68(0.20)
300 2.93(0.02) 2.25(0.05) 3.29(0.01) NA 3.39(0.05) 4.36(0.38) 4.06(0.05) NA 15.83(0.09) 13.89(0.16) 18.44(0.09) NA
1000 3.08(0.02) 2.38(0.08) 3.39(0.00) NA 3.51(0.03) 5.13(0.37) 4.44(0.07) NA 30.55(0.09) 26.68(0.19) 35.11(0.06) NA
Model 2
Spectrum norm Matrix /| norm Frobenius norm
P SLasso SLasso/LSE GLasso CLIME SLasso SLasso/LSE GLasso CLIME SLasso SLasso/LSE GLasso CLIME
30 0.72(0.08) 1.08(0.17) 0.82(0.07) 0.81(0.09) 1.27(0.15) 1.86(0.33) 1.49(0.15) 1.45(0.18) 1.86(0.10) 2.40(0.24) 1.84(0.09) 1.87(0.11)
60 1.06(0.05) 1.41(0.19) 1.15(0.06) 1.19(0.08) 1.93(0.15) 2.68(0.35) 2.21(0.12) 2.20(0.23) 3.27(0.08) 4.19(0.26) 3.18(0.13) 3.42(0.09)
90 1.48(0.04) 1.73(0.23) 1.54(0.05) 1.61(0.04) 2.58(0.15) 3.81(0.46) 2.89(0.16) 2.90(0.17) 4.42(0.07) 6.18(0.29) 4.400.11) 4.65(0.08)
150 1.96(0.03) 2.04(0.28) 2.02(0.05) 2.06(0.03) 3.25(0.17) 5.21(0.63) 3.60(0.15) 3.65(0.19) 5.95(0.06) 9.17(0.33) 6.19(0.16) 6.33(0.08)
300 2.88(0.02) 2.34(0.19) 2.89(0.02) NA 4.45(0.13) 6.75(0.52) 4.92(0.17) NA 9.26(0.05) 13.99(0.37) 9.79(0.05) NA
1000 5.46(0.01) 4.88(0.03) 5.52(0.01) NA 7.09(0.09) 10.26(0.53) 7.98(0.15) NA 18.85(0.06) 26.08(0.30) 20.81(0.02) NA
Model 3
Spectrum norm Matrix /| norm Frobenius norm
P SLasso SLasso/LSE GLasso CLIME SLasso SLasso/LSE GLasso CLIME SLasso SLasso/LSE GLasso CLIME
30 1.84(0.09) 1.28(0.15) 2.08(0.10) 1.63(0.19) 2.30(0.12) 2.00(0.19) 2.59(0.10) 2.17(0.20) 2.69(0.09) 2.15(0.13) 2.91(0.16) 2.37(0.25)
60 2.18(0.07) 1.58(0.13) 2.63(0.04) 2.10(0.10) 2.63(0.10) 2.46(0.18) 3.10(0.05) 2.65(0.14) 4.10(0.08) 3.41(0.10) 4.84(0.08) 3.98(0.13)
90 2.34(0.06) 1.71(0.11) 2.84(0.03) 2.38(0.18) 2.77(0.10) 2.73(0.20) 3.30(0.06) 2.91(0.12) 5.19(0.08) 4.40(0.10) 6.25(0.08) 5.37(0.37)
150 2.51(0.05) 1.84(0.09) 3.06(0.02) 2.76(0.05) 2.93(0.09) 3.04(0.28) 3.45(0.04) 3.18(0.09) 6.93(0.08) 5.96(0.10) 8.43(0.07) 7.75(0.08)
300 2.70(0.05) 1.99(0.08) 3.26(0.01) NA 3.10(0.07) 3.39(0.27) 3.58(0.03) NA 10.18(0.08) 8.89(0.10) 12.41(0.04) NA
1000 2.94(0.03) 2.16(0.07) 3.47(0.01) NA 3.32(0.06) 4.07(0.32) 3.73(0.03) NA 19.63(0.07) 17.04(0.15) 23.55(0.02) NA

Table 1: Estimation errors under various matrix norms of scaled Lasso, GLasso and CLIME for three models.
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The eigenvalues of ¥y, ; are 1% py, those of ¥y, ;, are 1+p2,1,...,1, and

s 1_ of 1 —p1 N | —pav’
Ehop) = m <—p1 ) B =1y (1 gt )

We note that diag(X*) =1,, d = m+ 1 is the maximum degree, ||®*|, = 1/(1 —p1) ~ 2d?% and
|©*||1 = 2d>. The following statements are proved in the Appendix.
(i) Let ® be the scaled Lasso estimator of ®° = (£*)~1 with penalty level hg = A+/(4/n)logp,
A > 1, as in Theorem 2. Then, there exists a constant M| such that

PLI®-©"|l> < |©— 0"l < MimLy(m/p)} — 1.
(ii) If p2 = com®*L,(m/ p) with a sufficiently small constant co > 0, then
P{)igguc?)(x) — @2 > com*Ly(m/p)/\/1+ 1/m} Sl

Thus, the order of the £\ and spectrum norms of the error of (46) for the best data dependent penalty
level A is larger than that of the scaled Lasso by a factor \/m.
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Appendix A.

We provide all proofs in this appendix. We first prove the results in Section 4 since they are used to
prove the results in Section 3.

A.1 Proof of Proposition 5

Lemma 20 in Ye and Zhang (2010) gives |[v||$ < ||v|]'(]qm) + (ag/m)?||v||9. The rest of part
(i) follows directly from definition. Lemma 20 in Ye and Zhang (2010) also gives ||v||z‘q m <

VIl (g m/a,) + m~1/4||v||;. The rest of part (ii) is dual to the corresponding parts of part (i). Since

1ZV][ (2,m) = MaX |y}, julf, =1 4" Zv and |u"Z||2 < k% (m;T) for g € {1/2,1}, part (iii) follows. [J

A.2 Proof of Theorem 6

By the Karush-Kuhn-Tucker conditions,
(XX /n)h =z~ Mg, sen(B))g; € {01}, [lgll < 1. (47)
Since {3 ) (28, Ax) is the || - || (2,n) norm of (|zg| —Ax)+, (21) implies

W7zl < Aullhlli+ Y (gl (12 = A )+
jeB
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< 7\‘*”}1“1+A17\‘*m1/2HhBH>(k2,m)' (48)

Since —hysgn(B,) < |B;| — [B;] < min(|h|, ~[h;| +21B;]) ¥ j € 5%, (19) and (47) yield

~n'g AllAslt = Mlase |l + 22| Bse [

<
< AMlhas|li — Al Ase |1 + 20N (5. —|S])-
By applying the above bounds to the inner product of 4 and (47), we find

IXRI3/n < Ak [hpl|fy ) + (M = 2)|1rse |
A +A) Al 422 (52 — [S]).

Let u = (A/A)h. It follows that when AL, <A,
IXUIZ g2 g, — (A — 1) e+ (A 1 2A(s: —|S
o s Am upli ) — (A= Dluse ][+ (A+ D1 +2A(s, — |S])-

Since XX /n=X,uc % (X,S,B;A,A;,m,m;) with m; = s, —|S|. Since h = Au/A and s, = m; +|S|,
the conclusion follows from (23) and (24). ]

A.3 Proof of Theorem 8

It follows from the scale equivariance of (26) that

(B/o",5/0°) = (5.8} =argmin {|y* ~XbI3/ (o) + Aol +/2], (49)

where y* = y/c" = Xb" +¢&" with b* = /0" and €" = &/6". Our objective is to bound I1X (b —
b*)||3/n and ||b — b*||, from the above and 6/6* from both sides. To this end, we apply Theorem 6
to the Lasso estimator

b() = argmin {|3* ~ X5/ (2n) + 6] }.

Let z* = z/c* and h* (L) = b(A) — b*. Since ||y* —Xb*|]3/n=|e*|3/n=1,

L=y =XbA)[3/n = B WX (y* —Xb(A))/n+h" (M) "
21 (W) — | XK*(V)|[3/n.

Consider A > AL, o. Since (21) holds with {z, A, } replaced by {z*,A, o}, we find as in the proof of
Theorem 6 that

u(h) = h*MNA/A€e X (X,S,B;A,A;,m,my).
In particular, (48) gives
W2 < Mol M)+ Arkeom! B () )
< /a3 Ju) |+ Am 2 s () [, |-
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Thus, the definition of M in (29) gives
20" (M) 2" — [IXR*(W)3/n] < Mgsd.
We summarize the calculation in this paragraph with the following statement:
A>Ahg = [1—|ly—XbM)|3/n| < MEs A2 (50)
As in Sun and Zhang (2012), the convexity of the joint loss function in (49) implies
(0= 0)(¢0" — ly —Xb(0h0) [3/n) = 0

so that ¢ can be bounded by testing the sign of ¢ — ||y — Xb(dho) 13/n. For (0,A) = (01,01)), we
have

242
2 _ A > A 7‘*.,0 —
LHAGMGs, — 1—n.+AZA] (M.

which implies ||y — Xb(q)lxo)n /n>1—0o = 07 by (50) and the definition of ¢ This yields
q> > 01. Similarly, ¢ < 0. The error bounds for the prediction and the estimation [3 follow from

Theorem 6 due to AL, o < §1A¢ < (Mo < da2ho. O
A.4 Proof of Lemma 9

By Proposition 5, ml/zHuBH’(*Zm) < ||usl +m1/2||MBH(2,4m), so that for u € % (X,S,B;A,Ay,m,m;),

quu—i— (A —A— l)Hqu < 2AHu5H1 +A1m1/2|]u3H2—|—2Am1.
LetE=A/(A—A;—1)and & =A;/(A—A; —1). It follows that

(&/A)u" Zu+|ul]s

28 |lus |y +E1m'/?|[up]| + 2Emy
(28]S|+Eum+28m1) ' 2L (26 + &) |[usup|[3 +26m }'/

{(28s. +&im) [e. }' /{26 + &) )u" Zu+2Ecm }'/?

{(svm) /e } 2 (28 + &) (" Zu+ comy)'/? (51)

IAIN AN IA

due to s, = |S| +my and ¢, |lusup||3 < u Zu. In terms of {&,&; }, the condition of the Lemma can be
stated as A*{(s. Vm)/c, }(2E +&1)? < 1/2. Thus,

ul Lu—ul Tu < N u|? <ulZu/2+comy /2. (52)
Inserting this inequality back into (51), we find that
/A Zu+ ||ul)y < {(s.Vm) /e } 2 (2E4E)) (2u" Zu+2¢.my) V2,
If (§/A)u’ Zu+ ||ul|, > (§/A)(2u’ Zu+2c,m;) /4, we have

(&/A)u" Zu+ |lully < {(s: Vi) fe.} (2B +E1)*(4A/E).
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Otherwise, we have (&/A)u’ Zu+2||ul|; < (§/A)c.m,. Consequently,

(&/A)u" Su+ ully < max {{ (5. vm) e, } (26 +E1)2(44/8), (E/A)e. (s, IS]) }.

This and the definition of {M}, ., M} yield (32) via

red’
4
&C* ’

Moreover, (52) gives c.||usup||3 < u” Lu < 2u” Tu+2c.my, so that M}; can be bounded via

EM a3 < max { (1V (m/5.)) (28 +8&) 5 - Ee.(1 - 181/5.)/A%}.

u"Tu) (5. A7)+ 2([lull s + Arm" 2 |usl|7y,) / (5:4%)
Mg+ 200+ A1)l /(5.4%) + (A1 JA) { /5. + g3/ (s.4%)}
Mg +2(1+A)M; /A + (A1 /A) (m/s* + (2 )My +2(1 - |S|/s*)/A2) .

IN

IN

This gives (33). If in addition B = {1,..., p}, then it yields (34)

M; = sup ull3/(5:A%) < (2/c.)Mppq+2(1 = |S|/5.) /A%
uc?

This completes the proof. O
The tail probability bound for {*(z*,A.,m)/c* in part (ii) of Proposition 10 uses the following
version of the Lévy concentration inequality in the sphere.

Lemma 17 Let€, =+/2/(m—1/2)[(m/2+1/2)/T(m/2)—1,U = (Uy,...,Uns1)" be a uniform
random vector in S™ = {u € R"! : ||u|a = 1}, f(u) a unit Lipschitz function in S™, and my the
median of f(U). Then,

P{U, > x} < (1+&,)P{N(0,1/(m—1/2)) > y/—log(1 —x?)}, (53)

1 <1+4%, <exp(1/(4m—2)?), and

P{f(U) >my+x}

P{Ul >xy/1 —(x/2)2}

<
< (1+€,)P{N(0,1/(m—1/2)) > x}. (54)

PROOE. Since U? follows the beta(1/2,m/2) distribution,

" |
P{U; >x} = Flf(m//z;)—rl(/lz/)z/f /x2 11V =) gy,

Lety = \/—(m—1/2)log(1 —1). We observe that —~'log(1 —) < (1 —¢)~'/2 by inspecting the
infinite series expansions of the two functions. This gives
e 2dy 112772 (m—1/2)1/2

= >27/m—1/2.
=120 —)m/2-1dr - 2(—log(1 —1))/2(1 —¢)m/2 = m—1/
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Since y = y/—(m — 1/2)1log(1 — x2) when ¢ = x?, it follows that

P{U; >x} < (1+8n) / (2m) 2 s,
v/ —(m—1/2)log(1—x%)
LetA={ueS": fu) <ms}, H={u:u; <0}, and A, = Upea{u € §" : ||lu— v, < x} for all
A C 8" Since u € A, implies f(u) <my+xand P{U € A} > P{U € H}, the Lévy concentration
inequality gives

P{f(U)>ms+x} <P{U & H,} = P{Ul > xy/1— (x/2)2}.

The second inequality of (54) then follows from (d/dx){—1log{1 — (x> —x*/4)} —x?} > 0 forx> <2
and ||U) || < 1.
It remains to bound 1 +¢€,,. Let x = m+ 1/2. Since

14+€,  (m/2)y/m+3/2  (x—1/2)vx+1

I+ Eni2  (m/24+1/2)y/m—1/2  (x+1/2)vx—1’

the infinite series expansion of its logarithm is bounded by
3 5

log(llﬁjézz):élog(ii;DHO G;JE ;) TJF%*

Since {(x—1)72— (x+1)72}/2 =2x 3 +4x~> +--- by Newton’s binomial formula,

log (11;;1";) < {(x=1)2 = (x+1)2}/16.

This gives log(1+&,) < 1/{16(x—1)?}. O

A.5 Proof of Proposition 10

(i) Let L= L, (k/p). Since P{N(0,6%/n) > A} =k/p, h« = 6L/+/n. Since z; :xJT-S/nNN(O,Gz/n),
P{C0 p)(z,As) > 0} <2k and

ECh (2 M) = p(c®/mE(IN(0, )l— )
= 2p( 2/n/ x)dx.
L
Let Ji(¢) = fomxke*x*xz/ (%) gx. By definition

2 [ (x—1)%Q(x)dx 1 f;xze_”_xz/zdx b wre v/ 2) gy (1)
D(—1) T Fetn Py [Few?/Cdy  Jo(t)

Since Jiy1 +Jipo /12 = — foka“de_"_xz/(z’z) = (k+1)Ji(t), we find

h(t) Jo(1) - 1
Jo(t) — {R()+I5(0) /23 2+ Do (1) /12 — 1/24+1/1%
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Thus, EC, , (z,A) = 2p(0 /n)(k/p)L =212 (L) /Jo(L) < 2kAIL™*/(1/2+1/L7).
Since z; = xJT-E/n, (Xjes(lzj| — 7\,*)1)1/2 is a function of € with the Lipschitz norm ||Xp/nl|2.
Thus, (2 )(z,A+) is a function of € with the Lipschitz norm max g, || X/n|[2 = /¥ (m)/n. In
addition, since {(5,,)(z,A«) is an increasing convex function of (|z;| —A.)+ and (|z;| — Ax)4 are
convex in €, {3 )(2,Ax) is a convex function of €. The mean of (5 ,)(z,A«) is no smaller than its
median. This gives (37) by the Gaussian concentration inequality (Borell, 1975).

(i) The scaled version of the proof uses Lemma 17 with m = n — 1 there. Let U = ¢/|||2, 2} =
xFe/(nc*) = (x;/y/n)"U and z* = X"¢/(nc*). Since z; ~ Uy, (53) yields the bound P{{ 5 ) (z*, A 0) >
0} < (1+¢,)2k and

ECh (2" Mo) = PE([U1 = A)% < (1+&2)pE(IN(0, 1) = L)% /(n—3/2).

The bound for E C%z ») (2", ) is then derived as in (i). Lemma 17 also gives

P{ + (C(z,m) (2%, M 0) = Ham) > X/ K+(m)}
< (1+&)P{IN(0,1/(n—=3/2))| > x}

and
EG (&' M) —iom] < (1€ (m) /(n=3/2)E(N(0, 1)),
(1+&2)v/k1 (m)/{2r(n—3/2)}.
The above two inequalities yield (38) and (39). ]

A.6 Proof of Theorems 11, 12 and 13

The conclusions follow from Theorems 6 and 8 once (21) is proved to hold with the given probabil-
ity. In Theorem 11, the tail probability bounds for {g ,) in Proposition 10 yield (21) with A} = 0.
In Theorem 12, the moment bounds for C(o, ») in Proposition 10 controls the excess noise in (21). In
Theorem 13 (i), we need A;A,m'/2 > EC(o p)(z,A) + 0L, (e/p)+/ Ky (m) by (37), so that the given
lower bound of A; suffices due to L,(€)/L,(k/p) = Li(¢/p)/Li1(k/p). The proof of Theorem 13
(ii) is nearly identical, with (38) and (39) in place of (38). We omit the details. [l

A.7 Proof of Proposition 14

(i) By the /., constraint,
IX" (&= XR(W) /nll 20y = X7 (v = XB(W) /]l .y < MWk.
Thus, when Mk < || XTe/nl| 2.4 /A.
X" e/nlla (1= 1/4) < ||X"e/n][ 24 = Ak < IX"XR() /]l (24)-
Thus, Proposition 5 (iii) gives (40).

(ii) Let f(x) = (x—Ly(k/p))+ Al and z* = X" ¢/||e|». Since z* ~ N(0,Z) and || f(z*) || has unit
Lipschitz norm, the Gaussian concentration theorem gives

P{Ef(z*) —f(@) =V 2||>3H210g(1/8)} <e
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This implies Var(f(z*)) < 4||Z||. Since Ef?(z*) > pP{|N(0,1)| > L,(k/p)} = 2k,

Ef(z") — v/2|[Z]2log(1/e) > \/2k — 4|22 — v/2|[Z]2log(1/e) > VK~ 1.

This gives P{Ny > k} > P{f(z*) > Vk—1} > 1 —& due to Ny > f*(z*). Thus, (41) follows from
1XTe/n|gu > 6*k'/4L,(k/p) when Ny > k. The final conclusion follows from part (i) and large
deviation for (6*/6)? ~ %2 /n. O

Lemma 18 Let X,zn jbe x? distributed variables with m degrees of freedom. Then,

E max x,%w < (Vm+ \/210gt)2, t>1.

1<j<t

PROOF. Let f(r) = 2logt — [;"min (1,:P{N(0,1) > x})dx*. We first proof f(r) >0 forr > 2.
Let Li(x) = —®~!(x). We have f(2) >2log2—1 > 0 and

f(t)=2/t—2 P{N(0,1) > x}xdx>2/t —2 o(x)dx = 0.
Li(1/1) Li(1/1)
The conclusion follows from P{),, j > v/m+x} < P{N(0,1) > x} for x > 0. O

A.8 Proof of Theorem 15

Let h = B— B and A = o6Mo. Consider J C §\S with m < |J| < m*. For any j € §, it follows from
the KKT conditions that \xJT.Xh/n\ = |ij (y—XP—¢€)| > A—|zj|. By the definition of % (m*,S) and
(25),

Y-l < Y Ixn/n?
Jjel jeJ
= (XJXh/n)" (X]Xh/n)
< Ki(m*,S)HXhllﬁ/f
< KL (M, )M, (55)

Since {1 (2, 7\,*70)/](1/2 1 kby Proposition 5 (i), the {z*, A9 . } version of (21) gives {5 ;) (2", Ax0) /|| 12 <
(:(27,") (ZE,?\,*V())/I’I’!I/Z < &1 (A — 1)7\.*70. Thus, with Zj = Zj/G*,

~ ~ 2
YA-50% = Y {Ai-oho—o (5l -1}
jer = +

~ 2
{|J|l/2(l— WY G*C(Z,V‘)(ZE’}M*’O)}JF
~ 2
JI9A—0" Ao — 0 E1 (A —1)A,
’ ’{ 6" Ao —0 & (A1) ,0}+

v

Vv

Since 7&70/(7»0(1)1)2 = (Aeo0/R0)?(141M0) < (1-M.)/A24M. /A% = 1/A%, we have A, 00" < A, 06/ <
1 /A. The above inequalities and (55) yield

Kj— (m*’S)M;redS*xz K*-l- (m*’ S)M;reds* <m*

) < — 5 < 5 <
{A—chp—0cE(A- Do}, {1-1/A-&(1-1/A)}
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Since S\ S does not have a subset of size m*, we have |S\ S| < m* as stated in (43). Let P be the
projection to the linear span of {x;, j € B}. We have

6’ > ||Ppyli/n=5 2>HI"SUSsz/n‘—( )’ = 1Py sell3/n,
IXR[3/n = ||Pgy — XBI3/n = ||Pgell3/n+||Ps XB|I3/n. (56)

Let N = (.). We have logN < m*log(ep/m*) by Stirling. By Lemma 18,

E||Py el3/0% < E max. |[Psune3/0” <|8] + (Vi + \/2Iog )™

Since max g|—, || Psug€l|2 is a unit Lipschitz function,

||PSU38H2/G < i|/S|+(\ﬁ+\/2m log(ep/m* )} +Li(e/p)
M s log(p/ss)

with probability ¢€/p. In addition, Theorem 8 gives ||P§X[3H% < ||XB - XB|5 <

(1+ eo)zM;m 45+ (00240)2. Inserting these bounds into (56) yields (44). O

Lemma 19 Suppose that the rows of X € R"*? are iid N(0,X) random vectors.
(i) Let Y = trace(AX'X /n) and 6* = trace{(A +A")L(A 4+ A")X}/2 with a deterministic matrix A.
Then, EY = u = trace(AX), Var(Y) = 62 /n and

Eexp{t(Y—,u)} < exp{ —\t/(;— glog(l —\thG/n)}.

Consequently, for 0 <x <1,
P{(Y —u)/o > x} < exp{ - g (\fo— log(1+ \[2)6)) } <e /4,
(ii) Let R* and R be the population and sample correlation matrices of X. Then,

P{ Rje—Riy| > xy/1— (R;.k)2} < 2P{|t| > n1/2x}

where t,, has the t-distribution with n degrees of freedom. In particular, for n > 4,

P{[Rj— Ryl > Vax} <26/ P{IN(0, 1/m)| > x}, 0<x < 1.

PROOF. (i) This part can be proved by computing the moment generating function with t6/n =
x/(1+/2x). We omit details. For 0 < x < 1,

flx) = > f(1)>1/2.

x2

ﬁx—log(l+\ﬁx) _/ﬁx udu _/ﬂ udu
o xX2(1+u) Jo 1+xu

(ii) Conditionally on ikk? fjk/fkk ~ N(ij/Zkk, (1 — (Rjk)z)ij/(nikk)). Thus,

S R =y
! (1= (R})*)Zj; Tik Xk
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51/2 1/2

C () R, 2/)
* )2

1= (R3) g2 e

is a N(0,1) variable independent of X;;. Consequently,

n1/2|§jk—Rjk| |Zjk + 2k <l V |
* — %) J
(1 _ (Rjk)z)l/z 1/2/21/2 1/2/2111{2

with 1, =z ]kZl/ 2 / Z ~ t,. Let Uy be a uniformly distributed variable in the unit sphere of R

Since 12 /n ~ U /(1 — Ulz), Lemma 17 provides
P{2/n>e" — 1} =P{U2>1—-¢ ") < 261/(4"_2)2P{N(0, 1/(n—1/2)) > x}.
The conclusion follows from e/ (=1/2) 1 < 2x2 for0 < x < 1. O

A.9 Proof of Proposition 4

Since @jj = 1/83 and max{CopAo,C;s. jA3} < 1/4, (17) and the condition on o’ implies
0);/0];1 < (5/4)° <2, 185;/07; 1| <{(5/4)°Co+5/4+ 1} ko,

It follows from (7), (17) and the condition on D = diag(X,;, j < p) that

|.;-e:,|l, = -B., 8-,
<H Bﬁj BJ] JJH1+H® jj/®j‘j_1)H1
< B IIp"7 (B B_,, D655+ 101,18,,/05 - 1]
< (5/2)@%|p=1?||.(® 1/2C25*7]}\‘0—|—H®*]H {(3/2)Co+5/2}
<c{(p-}].e;) l/zswww Mo}

with C = max(5C,/2,3Cy/2+5/2). This gives (12) due to |® — ©*[|; < 2/[® — ®*||; by (9). Simi-
larly,

~ . sl2g =
HQ*J_Q*L/HI = | _113 i B. ]®]]D1/2 JHI
S HD—] ijj H ®JJD1/2
/2 —
+[B%;p }/2 (0,/0,)(B,/0) 01|
< C{ jj 1/25‘*7]'7\0@]']' 1/2+HQ 7]“ }\'O}
This gives (13) due to D;;©7; = Q%,. We omit an explicit calculation of C.

Let Xn,j =n@};( j) . When Xn,j ~ %2, we have
1©;/05;— 1] < {(5/4)* +5/4}Cs, A3+ (4/3)|x2 ;/n— 1]

3413



SUN AND ZHANG

It follows from Lemma 19 that P{|Xﬁj/n —1| >V2x} < 2™ /4 for x < 1. Let aj =10l t=
max{Mmax;a;//n,T,(0)} and By = {j: a; < /8t}. By definition < Mt,(®*) and ntz/af > M.
It follows that

P{ mjax\x,zl’j/n— llaj > 4t} < |Bole™*+ Z exp(—2nt2/a§)
Jj#Bo
pe 4 e Z exp(—n’cz(@*)/aﬁ).
J€Bo
< pe*"/4+e*M2.

IN

Thus, max |@jj/®;j — 1|aj = Op(’l?n(®*) —i—maxjs*’jaj}.%). O

A.10 Proof of Theorem 2

We need to verify conditions (17) and (18) in order to apply Proposition 4. Since © j(G;‘- )2~

Y ij /Zj i~ x% /n, (18) follows from Lemma 19 (i) with Ay < +/(log p)/n. Moreover, the condition
P{(1—¢0)? <x2/n < (1+¢)*} <¢&/p holds with small & and € since 1/ (logp)/n = Ay/(24) is
assumed to be sufficiently small. We take €y = 0 in (10) since its value does not change the order of
Sy, j

If we treat i,ldéz Bx as the regression coefficient in (4) for the standardized design vector fk_kl/ 2xk,
k # j, Theorem 11 (ii) asserts that the conclusions of Theorem 8 hold with probability 1 — 3¢/ p for
each j, with Ao = A\/4(logp)/n,A; =0 and € < 1/+/Iog p. By the union bound, the conclusions of
Theorem 8 holds simultaneously for all j with probability 1 — 3€. Moreover, (17) is included in the
conclusions of Theorem 8 when Mg and M7 are uniformly bounded in the p regression problems
with large probability. Thus, it suffices to verify the uniform boundedness of these quantities.

We use Lemma 9 to verify the uniform boundedness of Mg and M} withA; =0,B; =S;,m; =0
and {Z,2*} replaced by {R_; _;,R*; _;}. Note that the Gram matrix for the regression problem in
(4) is R_; _j, which is random and dependent on j, so that M and M7 are random and dependent
on j with the random design. It follows from Lemma 19 (ii) that

max |[Ry. ;= Ri _jllo < max |Ri; — R j| < Ln(5e/p?)
k?é_] ]7k

with probability 1 —e&. We may take L,(5¢/p?) = 2+/(logp)/n with € < 1/,/logp. This yields
the first condition of Lemma 9 with A* = 2,/(logp)/n < Ag. The second condition c, ||us||5 <
u' R* - follows from (11). The third condition translates to max j<, Ags., j < co, which is imposed
in Theorem 2. Thus, all conditions of Lemma 9 hold simultaneously for all j with large probability.
The proof is complete since the conclusions of Lemma 9 with m = m; = 0 guarantee the uniform
boundedness of Mg and M. O

A.11 Proof of Theorem 3

The proof is parallel to that of Theorem 2. Since the smaller A, o = L, _3/>(k/p) is used, we need to
apply Theorem 13 (ii) with A; > 0, m = m; > 0 and typically much larger B; than S;. Since the con-
dition m; < Cps,,j is impose in (15), the conclusions of Lemma 9 still guarantee the uniform bound-
edness of Mg and M7. The verification of the conditions of Lemma 9 is identical to the case of larger
A« 0 in Theorem 2. The only difference is the need to verify that condition (15) uniformly guarantees
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the condition on A; in Theorem 13 (ii), where k /m has the interpretation of « (m;;R_; _;)/mj,
which depends on j and random R. Anyway, it suffices to verify k. (m;;R_; _;)/m; < y; simulta-
neously for all j with large probability.

We verify k4 (mj;R_;_;)/m; < y; with the same argument as in Lemma 9. For any vector u
with ||u[jo = m; and ||u||> = 1, it holds with probability 1 — € that

u"(R_j_j—R_j_ju <max\Rkj—Rk]\Z]u]uk\ < L,(5¢/p*)m;
Jj.k

Thus, it follows from the definition of «y(m;X) in (16) that ky(mj;;R_;_;)/m; <
K+ (mj;R_j ) /m;+ Ly(5¢/p*) =y, for all j. This completes the proof. O

A.12 Proof of Example 1

(i) Let s, j = d; = #{k : @} # 0} <m+1. We have max;(1 +s.;)ho < (m+2)ho — 0. Let
Bj={k# j:0; #0}. Since B; = J; \ {j} for j € J, (11) holds with

inf{ TRy |lug, |13 : us, 7éo}>1_pz—>1

Thus, Theorem 2 is directly applicable to this example.
Next, we calculate the error bound in (12) and (14). Since d;(©] )1/2 2/(1—p)'/% = 2m for

j€Jiand d;(®5)12 < (m+1)/(1—p3)'/> < 2mfor j € I,
(| D= 105,) 25 ko = (O7) 25, jho < 2mikg.

In addition, ||®, ;||; < 2m? for j € J; and ||©, ;||; < (1+pa|v|[1)/(1—p3) <3/2+0(1) for j € J,
so that for t = /(2/n)log p,

2logp 2logp

2 2

Yexp(—n?/[0.,5}) < 2exp (= S 58 ) 4 pexp (- 50 ) 0.
- 4m 3/2+0(1)

It follows that the quantities in (14) are bounded by

maxs. ;02,1123 < 2(mho)’, 5,(0") < v/(2/n)logp < Ko/ (4V2).

Since mAy — 0, the error for the scaled Lasso is of the order mAg by Theorem 2. The conclusion

follows since L,(m/p) = (1 +0( ))\/(Z/n) log p when 4m? < log p.
(i)Let A = max; ||Z, j — X ;|| and A = pa/+/m+ M. Since diag(Z*) = I,

Ly(1/p) < pa/v/m, X = (1+0(1))pa/v/m = (1+0(1))comLy(m/p).

For A > A*, es is feasible for (46) with j = 3 € J», so that ||(:)*j(7»)\|1 < 1. Since ||©7,5]1 > 1+
1/2
m’=pa,

m'/?py < inf [|©5,3(h) — O} 3(A)[1 < (’71+1)1/2kiﬂ%f 185,3(A) — 85, 3(A) 2.
2 *

A>A*
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It follows that for A > A%, ©(M) is suboptimal in the sense of

inf 1OA) — O ()|l > v/m/(1+m)ps = com®*Ly(m/p)//1+1/m.

A>A

Consider A <A*. LetB_, ;= —©* , ;/@%, B_ 5/ ==0-;;(1)/8(1),0;= (& )~"/% and

hi(0) =B_; ;M) =B_, ;- By @46), | X" ;(x; — X_ B0/l < A/8y5(0. Since m(logp)/n — 0
and ||X*||2 <2, P{x;(m;X) <3} — 1. Thus, by Proposition 14, there exist positive constants
{c1,c2} such that

minP{ - inf ||zj(l)|!2 > Czcijn(m/P)} — 1.
J L/0;;(M)<c16;La(m/p)

For ©;(1) > ©7;/2,

B0l = 10-,,(3)/8;0—0; /05 i
< 100 — 07 12/85 ) + 1B 12185(1) — 3,1/,
< 6.0 — 0% a1+ B 12)/(97,/2).

For j=1,0% =m?and [|B_; ;2 —pl,sothatH(?)*j(i)—mjuzzmZH'ﬁj(x)Hz/ztwhenéjj(x)z
©%;/2. Since H@)*J( ) — O ;|2 > m?/2 when G),,(k)g@jfj/z,

inf [©(1) "2 > min ([ (1) |2/4,m/2).
A<SA*

Pick 0 < ¢o < min(c;/2,¢/4). Since 61 = (@F,)"'/2=1/m,

{mf 1O(%) — © )2 < min (m?/2, (c2/4)m3/2Ln(m/p))}

A<A*

< P{A" > 2 /2) (e /m)La(m/p) } +0(1) = o(1).
Since L,(m/p) — 0 implies min (m? /2, (c2/4)m32L, (m/p)) > com®?L,(m/ p), the conclusion fol-
lows. O
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