Journal of Machine Learning Research 14 (2013) 1771-1800 Submitted 6/12; Revised 4/13; Published 7/13

Variable Selection in High-Dimension with Random Designs and
Orthogonal Matching Pursuit

Antony Joseph ANTONY.JOSEPH @ STAT.BERKELEY.EDU
Department of Statistics

University of California, Berkeley

Berkeley, CA-94720, USA

Editor: Xiaotong Shen

Abstract

The performance of orthogonal matching pursuit (OMP) for variable selection is analyzed for ran-
dom designs. When contrasted with the deterministic case, since the performance is here measured
after averaging over the distribution of the design matrix, one can have far less stringent sparsity
constraints on the coefficient vector. We demonstrate that for exact sparse vectors, the performance
of the OMP is similar to known results on the Lasso algorithm (Wainwright, 2009). Moreover,
variable selection under a more relaxed sparsity assumption on the coefficient vector, whereby one
has only control on the ¢; norm of the smaller coefficients, is also analyzed. As consequence of
these results, we also show that the coefficient estimate satisfies strong oracle type inequalities.
Keywords: high dimensional regression, greedy algorithms, Lasso, compressed sensing

1. Introduction

Consider linear regression model,
Y =XB+e (1)

where X € R"*?, the coefficient vector 3 € R? and noise € € R". The high dimensional case, where
p is of the same order, or possibly much larger than n, has been of immense interest nowadays. In
many applications, interest is not primarily on prediction of the response Y, but on the accuracy
of estimation of the coefficient 3. Examples of such applications include, micro-array data analy-
sis, graphical model selection (Meinshausen and Buhlmann, 2006), compressed sensing (Donoho,
2006a; Candes and Tao, 2006), and in communications (Barron and Joseph, 2012, 2010; Tropp,
2006). As is well known, in the high dimensional setting, B is unidentifiable unless the design
matrix X is well-structured and there is some sparsity constraint on the coefficient vector 3. This
sparsity assumption corresponds to restricting 3 to few non-zero entries (¢y-sparsity), or more gen-
erally, assuming that B has only few terms that are large in magnitude.

The orthogonal matching pursuit (Pati et al., 1993) is a variant of the matching pursuit algorithm
(Mallat and Zhang, 1993), where, successive fits are computed through the least squares projection
of Y on the current set of selected terms. For deterministic X matrices, variable selection properties
of this algorithm, for {y-sparse vectors, have been analyzed for the noisy case in Zhang (2009a)
and Cai and Wang (2011). However, as we shall review Section 1.2, although they give strong
performance guarantees under certain conditions on the X matrix, they impose severe constraints
on the sparsity of B. Similar results have been shown for the Lasso, for example in Zhao and Yu
(2006).With random designs one can have reliable detection of the support with far less stringent
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sparsity constraints; the performance is here measured after averaging over the distribution of X.
For example, Wainwright (2009) proved such results for the Lasso algorithm. The main results of
this paper, apart from showing that similar properties hold for the OMP, demonstrate two important
additional properties. Firstly, we give results on partial support recovery, which is important since
exact recovery of support places strong requirements on »n if some of the non-zero elements are
small in magnitude. Secondly, and more importantly, we relax the assumption that 3 is £p-sparse
and address variable selection under a more general notion of sparsity, whereby one has only control
on the ¢; norm of the smaller elements of 3. We demonstrate that even under this more relaxed
assumption, one can reliably estimate the position of the larger entries using the OMP. This has
certain parallels with recent work on the Lasso by Zhang and Huang (2008). As a consequence
of these results, we show that our coefficient estimate, after running the algorithm, satisfies strong
oracle inequalities, similar to that demonstrated for the Lasso (Zhang, 2009b) and Dantzig selector
(Candes and Tao, 2007).

The paper is organized as follows. Below, we describe the OMP algorithm. The stopping crite-
rion we use is slightly different from what is traditionally used in literature. Section 1.2 motivates in
greater detail our interest in random designs. In Section 2.1 we give results for design matrices that
have i.i.d sub-Gaussian entries and {y-sparse vectors. This extends the results in Tropp and Gilbert
(2007) for the noisy case. In Section 2.2 we describe more general results with correlated Gaussian
designs, where we only have control over the ¢; norm of the smaller coefficients. Sections 3, 4 and
5 gives proofs of our main results. The appendices contains auxiliary results.

1.1 The Orthogonal Matching Pursuit Algorithm

Denote as J =J; = {1, 2, ..., p} to be the set of indices corresponding to columns in the X matrix.
For each step i, with i > 1, a single index a(i) is detected to be non-zero in that step. Accordingly,
denoting d(i) = a(1)Ua(2)...Ua(i) as the set of detected columns after i steps, step i+ 1 of the
algorithm only operates on the columns in J;.; = J — d(i), that is, the columns not detected in the
previous steps. In other words, indices detected in previous steps remain detected.

The decision on whether a particular index j is detected during a particular step i is based on the
absolute value of a statistic Z;;. Here, Z;; is simply the inner product between X; and the normalized
residual R;_; computed for the previous step.

Apart from the response vector Y and design matrix X, the other input to the algorithm is a
positive threshold value T. Our theoretical analysis assumes that each entry of X has a sub-Gaussian
distribution with mean 0 and scale 1. In practice, however, the algorithm should be performed after
standardizing the columns of X to have average 0 and norm /. Denote ||.|| as the euclidean norm.
We now describe the OMP algorithm.

e Initialize Ry =Y, d(0) = 0. Start with step i = 1.

e Update

Zi=XT Ri
j

=X , for jeJ.
TRt ] l

e If max ey, | Zij| > T, do the following:

- Assign a(i) = argmax{|Z; ;| : j € J;}.
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- Setd(i) =d(i—1)Ua(i). Update R; = (I — B,)Y, where &, is the projection matrix for
the column space of X (;), and set J;y1 = J; — a(i).

— Increase i by one and go to step 2.
e Stop if max ey, ‘Z,]’ <.

We remark that for any step i, the inner product X]TR,-,l, for j € d(i—1), is 0. Correspondingly,
since Z;; =0, for j €d (i — 1), the maximum of Z; j over j € J;, is the same as the maximum over
all j € J. Also, the newly selected term a(i) may be equivalently expressed as,

a(i) = arngnei}lvivré&HY — Fit;_1 —wX;||%,
where Fif;_; is the least squares fit of ¥ on the columns in d(i — 1). In this respect, the OMP is
similar to other greedy algorithms such as relaxed greedy and forward-stepwise algorithms (Barron
et al., 2008; Huang et al., 2008; Jones, 1992; Lee et al., 1996), that operate through successive
reduction in the approximation error.

As mentioned earlier, the stopping criterion considered here is slightly different from that con-
sidered in literature. Traditionally, for the no noise setting, the algorithm is run until there is a
perfect fit between Y and the selected terms, that is R; = 0 (Tropp, 2004; Tropp and Gilbert, 2007).
In the noisy case, as analyzed over here, there are two standard approaches. The first method (Cai
and Wang, 2011; Zhang, 2009a) is to stop when max ;c; ]X}Ri_l\ is less than some fixed threshold.
The second approach (Donoho et al., 2006; Cai and Wang, 2011), is to stop when ||R;|| is less than
some pre-specified value.

Our stopping criterion, which is more similar to the first approach, is equivalent to continuing
the algorithm until max e/ [XjR;—1| < t||Ri—1 . The motivation for the use of such a statistic comes
from the analysis of a similar iterative algorithm in Barron and Joseph (2010) for a communications
setting. However, there the values of the non-zero 3;’s were known in advance; this added infor-
mation played an important role in the analysis of the algorithm. A similar statistic was used by
Fletcher and Rangan (2011) for an asymptotic analysis of the OMP for exact support recovery using
i.i.d designs.

Notation: Let a = a(n, p, k), b = b(n, p, k) be two positive functions of n, p and k. We denote
as a = O(b), if a < ¢1b for some constant positive constant c; that is independent of n, p or k.
Similarly, a = Q(b) means a > ¢,b for positive ¢, independent of n, p or k.

1.2 Related Work

As mentioned earlier, we are interested in variable selection in the high dimensional setting. Apart
from iterative schemes, another popular approach is the convex relaxation scheme Lasso (Tibshirani,
1996). In order to motivate our interest in random design matrices, we describe existing results
on variable selection, using both methods, with deterministic as well as random design matrices.
For convenience, we concentrate on implications of these results assuming the simplest sparsity
constraint on 3, namely that 3 has only a few non-zero entries.

In particular, we assume that,

So(B)| =k, where So(B) ={j: B, # 0} (2)
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In other words, attention is restricted to all k-sparse vectors, that is, those that have exactly k non-
zero entries. For convenience, we drop the dependence on 3 and denote Sy(P) as Sp whenever there
is no ambiguity. The simplest goal then is to recover Sy exactly, under the additional assumption
that all B;, for j € Sp, have magnitude at least [3,,;,, where B, > 0. Denote as C = C(Bin, k), as
the set of coefficient vectors satisfying this assumption.

Further, denote S as the estimate of Sy obtained using either method, and E = {S§ # Sy} the error
event that one is not able to recover the support exactly. For deterministic X, interest is mainly on
conditions on X so that

Perr,X = SUPPB (Z|X) (3)
Bec
can be made arbitrarily small when 7, p, or k become large. Here Pg(.|X) denotes the distribution
of Y for the given X and .

A common sufficient condition on X for this type of recovery is the mutual incoherence con-
dition, which requires that the the inner product between distinct columns be small. In particular,
letting ||X;||?/n =1, for all j € J, it is assumed that

yx) =
= —max
n j#j

X}Xj,

“

is O(1/k). Another related criterion is the irrepresentable criterion (Tropp, 2004; Zhao and Yu,
2006), which assumes, for all subset T of size k, that

|(X7X7) 'X7X;|1 < 1, forall jeJ—T. (5)

Here ||.||; denotes the ¢; norm.

Observe that if P,,.x (3) is small, it gives strong guarantees on support recovery, since it ensures
that any B, with [So(B)| = k, can be recovered with high probability. However, it imposes severe
constraints on the X matrix. As as example, when the entries of X are i.i.d Gaussian, the coherence
¥(X) is around y/2log p/n. Correspondingly, for (4) to hold, n needs to be Q(k*log p). In other
words, the sparsity k should be O(/n/log p), which is rather strong since ideally one would like k
to be of the same order as n. Similar requirements are needed for the irrepresentable condition to
hold. Recovery using the irrepresentable condition has been shown for Lasso (Zhao and Yu, 2006;
Wainwright, 2009), and for the OMP (Zhang, 2009a; Cai and Wang, 2011).

A natural question is to ask about requirements on X to ensure recovery in an average sense, as
opposed to the strong sense described above. One way to proceed, as done over here, is to consider
random X matrices and ask about the requirements on n, p, k, as well as 3,i,, so that

Perr = supPg (E) (6)
Bec

is small. Here IPg (E) = ExPg (E|X), where the expectation on the right is over the distribution of
X. For the Lasso, Wainwright (2009) considers random X matrices, with rows drawn i.i.d N,,(0,X).
It is shown that under certain conditions on X, which can be described as population counterparts of
the conditions for deterministic X’s, one can recover Sy with high probability with n = Q(klog p)
observations, with the constant depending inversely on 32, . The form of 7 is in a sense ideal since
now k = O(n/log p) is nearly the same n, if we ignore the log p factor. As mentioned earlier, apart
from establishing similar properties to hold for the OMP with k-sparse vectors, we also demonstrate
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strong support recovery results under a more general notion of sparsity. These results are described
in the next section.

We also note that instead of averaging over X, one could assume a distribution on 3 and analyze
the average probability of E over this distribution. This is done in Candes and Plan (2009) for the
Lasso. Here, for fixed magnitudes of the k non-zero B, the support of  is uniformly assigned over
all possible subsets of size k. Once the support is chosen, the signs for the non-zero [3;’s are assigned
+1 with equal probability. If Avg].] denotes the expectation with this distribution of B, it is shown
that one could keep Avg [Pg (‘E|X)] low for y(X) as high as O(1/log p). This condition on Y(X) is
less stringent than before and leads to a demonstration that n = Q(klog p) is sufficient for support
recovery, provided [|X||| = \/p/n, where ||.|| denotes the spectral norm. We provide comparisons
with this work in Section 6.

Notation: For a set 4 C J, we denote as X4 the sub-matrix of X comprising of columns with
indices in 4. Similarly, for any p x 1 vector 3, we denote as B4 the | 4| x 1 sub-vector with indices
in 4. Also let 4° =J — 4.

2. Results

Before discussing our main results with Gaussian matrices, in Section 2.1 we state results when the
entries of X are i.i.d sub-Gaussian and when the vector 3 has k non-zero entries. The noise vector
is also assumed to come from a sub-Gaussian distribution with scale 6. This generalizes the results
of Tropp and Gilbert (2007) for the noisy case. While preparing this manuscript we discovered
that Fletcher and Rangan (2011) have analyzed the OMP for i.i.d designs and for k-sparse vectors,
similar to that in Section 2.1. However, there the analysis was for exact support recovery and was
asymptotic in nature. Further, they focused on a specific regime, where kB2 /c? tends to infinity.
We provide more comparisons with this work later on in the paper.

One consequence of our results is that n = Q(klog p) samples are sufficient for the recovery of
any coefficient vector with 3,,;, that is at least the same order as the noise level. More specifically,

define
= \/2logp) /n. ™)

The quantity cu, can thought of as the noise level. To see why this is so, consider the orthogonal
design where X"X /n = I and noise € ~ N(0,6%I). Assume that, as usual, we are interested in
recovering any 3 with |So(B)| = k. A natural estimate of the support would be,

S={j:lzj| >1} with z;=XjY/n, 8)

where ¢ is positive. Notice that z; ~ N(B;,6%/n) for each j € J. Correspondingly, since z; ~
N(0,62/n), for j € J — Sy, one sees that ¢ has to be of the form oy, in order to prevent false
discoveries with high probability. Similarly f3;, for all j € Sy, has to have magnitude at least o, if
one wanted to avoid false negatives.

The analysis of iid designs, as done in Section 2.1, forms an important ingredient to compressed
sensing (Candes and Tao, 2006; Donoho, 2006a). However, it may not be useful for statistical
applications, where typically the choice of the X matrix is not under ones control. Accordingly, in
Section 2.2, we assume that the rows of X are drawn i.i.d from N,,(0,X), with certain assumptions on
Y. This model was also employed to detect the neighborhood of a node in high dimensional graphs
by Meinshausen and Buhlmann (2006). Moreover, we relax the assumption that [ is k-sparse and

1775



JOSEPH

only assume that there is a set S = S(P), of size k, such that g is sparse in a more general sense.
Here PBse denotes the vector of coefficients outside of S. More specifically, for a constant v > 0, if

S=1{Jj:IBjl >ovu.}, with [S|=k, ©9)

Wwe assume
[IBsell1 < onpy, (10)

for an appropriately chosen n. A natural choice would be to take v = 1. Then, S would correspond
to the indices above the noise level. We show that for 1 not too large, the OMP can detect the large
indices in S with high probability, provided X satisfies certain conditions. As a consequence of these
results, we show that the coefficient estimate satisfies strong oracle inequalities.

2.1 Recovery With Sub-Gaussian Designs

In this section we address the requirements on n, p, k as well as [B,,;,, to recover the support of f3,
either exactly or nearly so, where we assume that [So()| = k. Here So(P) is as in (2). We allow
the case that kK may be zero. Further, since it may not be a realistic assumption that k is known, we
assume that we only know an upper bound k on k, with k > max{k, 1}.

Let Xyj, for £ =1,...,nand j=1,..., p, denote the entries of the X matrix. Throughout
this section we assume that the X;;’s are independent sub-Gaussian with mean 0 and scale 1, that
is Ee'Xti < e’/ 2 for t € R. Further, we assume that the noise vector € is independent of X and
has independent sub-Gaussian entries with mean 0 and scale G, that is Ee® < e/ 2 fort € R,
¢=1,...,n. Additionally, if k > 1, we assume that the following two conditions are satisfied with
high probability.

Condition 1. There exists Ayqx > Ayin > 0, so that the eigenvalues of X, Xs, /n are between A,
and A4y, that is

M VN2 > || X5, V]2 /7 > i |V]|* forall v e RE,

Condition 2. The ¢, norm of the noise vector is bounded, that is ||€|? /n < 6%\, for some A > 0.

Let E.ona be the event that Conditions 1 or 2 fail. The first assumption is related to the restricted
isometry property (Candes and Tao, 2005) and the sparse eigenvalues conditions (Zhang and Huang,
2008). Condition 1 is satisfied for a wide variety of random ensembles. For example (Baraniuk et al.,
2007), it is satisfied with high probability for the Gaussian ensemble, where the X; are i.i.d N(0,1)
and the binary ensemble, where the X;; are i.i.d uniform on {—1, +1}. Notice that since we are
interested in controlling the probability P,,, in (6), because of the averaging over X, we do require
that the Condition 1 hold uniformly over all Sy, with |So| = k. Condition 2, which bounds the ¢,
norm of the noise vector, is required for controlling the norm of the residuals R;. It is satisfied with
high probability, for example, when the noise € ~ N(0,6?).

Below, we state the theorem giving sufficient conditions on 7 for reliable recovery of the support
of B. The threshold T is taken to be

T=+/2(1+a)logp, (11)
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for some a > 0. Here n will be a function k and p, as well as the various quantities defined above.
The results of course hold with k replaced by k, provided k is non-zero. In particular, for o, & > 0,
define

&=§(a, 8) = max {(148)ri, 6’r3 f(8)/(kat) } . (12)
where,

e i o i
and

1
(1—1/V/T+3)"

Denote as $ = S(Y, X, 1), the estimate of the support obtained after running the algorithm with
the given Y, X and threshold 1. Further, denote the undetected elements of the support as F' = Sy — S.
The theorem below, provides bounds on ¥ B2, the signal strength of the undetected components;
jeF
here we assume that Y, B? =0if F=0.
jeF
The following function of k characterizes the probability of failure of the algorithm.

perr,k:P(zcond)“_z(k"i'1)/pa+2k/pl+aa fOI'kZ 17 (14)

and p.r.0 = 2/p”. Here, recall that £, is event that Conditions 1 or 2 fail. Notice that pe,.x <
Perr > SINCE k < k.

Regarding the choice of a, if k is O(log p), then a can be taken to be slightly larger than O for
Derr.k t0 be small, assuming p is large; however, if k scales, for example, linearly with p, then a
needs to be taken to be larger than 1. We now state our theorem.

Theorem 1 Let the threshold T be as in (11). Further, let n be of the form

n =&k, (15)
with § as in (12).
Then, if k > 1, the following condition holds, except on a set with probability pe i:
SCSy and Y Pi<alF]. (16)
jeF

In particular, if [33”" > o, then S = Sy, that is the support is recovered exactly, with probability at
least 1 — pery .

Ifk=0, S =0 with probability at least 1 — pe,.o.

We remark that the proof of the theorem shows that the algorithm stops in at most k steps, with
probability at least 1 — p,,.r. Also, notice that o controls accuracy to which the support is estimated.
Assuming F is non-empty, another way of stating the theorem is that the average signal strength of
the undetected components, that is ||Bz|?/|F], is at most . It may seem desirable to make o as
small as possible, however, doing so increases the value of n in (15), since n is inversely related to o

1777



JOSEPH

through &(a, §). Further, if o is taken to be less than B2, , then the above theorem guarantees exact

min’

recovery of the support. Correspondingly, from (15) and (12), one sees that if

n = max {bll_c, ];2} log p,
nun
for some by, by > 0, then the support can recovered exactly with high probability.

The following corollary, which is a consequence of Theorem 4, shows that if n = Q(klog p),
one can reliably detect the indices with large coefficient values, while ensuring that there are no
false discoveries. Further, if all the non zero components are above the noise level (up to a constant
factor), one can estimate the support exactly with the same number of observations.

Corollary 2 Define & = 3213(1 4 a) and r = 2r3\/1 +a. Let

n> El_clogp.

Then, if k > 1, with probability at least 1 — pey.., the estimate S is contained in Sy and further,
{j B > rm/l?yn} cs.

Further, if Buin > rouy,, then algorithm can recover the entire support of P, that is S = So, with
probability at least 1 — pe. k.
Ifk =0, then S = 0 with probability at least 1 — Perr,0- Here peyy, s as in (14).

2.2 More General Results With Gaussian Designs

For Gaussian ensembles, the methods used in the proof of Theorem 1 can be extended to give more
general results on support recovery. In particular, we relax the assumption that X has i.i.d entries
and assume that rows of the X matrix are i.i.d N,(0,X). We remark that knowledge of X is not
required for the implementation of the algorithm. The noise vector is assumed to be independent of
X, with entries i.i.d. N(0,62). As mentioned earlier, here we also address a more general type of
variable selection question, where we are not interested in recovering all non-zero entries but only
the ones that are large compared to the noise level. In particular, for a constant v > 0, let S be a set
of size k as in (9), consisting of the indices corresponding to the larger elements (in magnitude) of
B. Once again, we do not assume that k is known, but only assume that we have an upper bound
k on k, with k > 1. Unlike before, we do not require that the coefficients outside of S are zero, but
only assume that that ||Bse||; < onuy,, where 1 is allowed to scale at most linearly with &, that is we
assume that j =n/kis O(1).
Through a permutation of the columns one can, without loss of generality, write X as

v _ [ Lgg g ]
ZS(:S ZSCSC !

where for 4, 4' CJ, X 2,24 = Cov(X) 4,X; a) is the covariance matrix between terms in 4 and .

We denote the elements of the matrix as o;;, or ¥;;, and use both notations interchangeably.
Without loss, we may assume that 6;; = 1 for all j. To see this, notice that if the covariance

matrix ¥ were known, we could divide each X; by ¢;;. If ¥ were unknown, we suggest dividing the
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statistic Z;; by ||X;||/+/n. This is equivalent to scaling the columns to have norm /n. In this case,
the statistic becomes,

Z’_ \/ﬁX}-Ri—] N (\/?IGJ> X}.Ri—l
PXGHIR -l \IXl ) ol Rl

From Lemma 15, for any a > 1, with probability 1 —1/p¢~!,
1X;]|/v/n < 1++/2a(logp)/n, forall j=1,...,p.

Correspondingly, if n were large compared to log p, the statistic Z; ; is close to Z;; and the analysis
can be shown to carry through.

In a more general case, where the rows of X are i.i.d. N(u,X), with an unknown mean vector g,
we recommend that one estimates the parameter u by taking the average of rows. As mentioned in
Section 1.1, the algorithm should be implemented after standardizing the X matrix by subtracting
out this estimated mean vector, followed by scaling the columns to ensure that they have norm
v/n. This case is more difficult to analyze theoretically since subtracting the estimated mean vector
removes the independence of the rows, which is required for the analysis. However, we mention
that one can obtain the same order of magnitude results on the sample size n by doing the following:
Divide the rows of X into two sets, each of size n/2. Estimate u by taking the average of the rows
in the first set. Implement the algorithm on the second set after standardizing the columns in this set
using the above estimated mean vector from the first set.

Notice that doing the above transforms the rows of the second set to have mean zero, while
preserving its independence. The covariance matrix of the second set, after subtracting the mean
vector, becomes (14 2/n)X, which is near X for large n.

Correspondingly, from hereon, we assume that 4 = 0 and 6;; = 1 for each j. We make the
following assumptions on the correlation matrix X, when £ > 1. These are essentially population
analogs of the sparse eigenvalue and the irrepresentable conditions respectively.

1. There exists Syin, Smax > 0 so that,
kmin(ZTT) > Smin  and xmaX(ZTT) < Spmin, a7

uniformly for all subsets 7', with |T| = k. Here Ayn(A), Amax(A) denotes the minimum and
maximum eigenvalues respectively of a square matrix A.

2. For some o € [0, 1), the following holds,

max |[ZrrZrjl < o, (18)

uniformly for all subsets T of size k. This is essentially the population analog of the irrepre-
sentable condition (5).

Additionally, for £ > 1, we make the following assumption that imposes bounds on certain in-
teractions between g and the correlation matrix X. As stated below, they are not very intuitive.
Lemma 3, however, shows that under a simple condition, which controls the magnitude of correla-
tions of the off diagonal elements of ¥, and along with (10), one can show (17) - (19) to hold.

Let ZSC‘ § = Xgege — Xge SZESI Yss¢, denote the variance of the conditional distribution of X; gc given
X1,s, where we recall that S is the subset of indices comprising of the k largest elements (in magni-
tude) of . Let u, be as in (7). We make the following additional assumption.
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3. For constants vi, Vi > 0, the following holds,

| Zgs ZsseBse oo < OViptn  and || ZgesBse[|eo < OV1 pin. (19)

Notice that condition (19) is not required when J is exactly sparse, that is when it has k non-
zero entries, since in this case Py is identically equal to zero. In this case, assumptions (17, 18) for
exactly sparse vectors are identical to the sufficient conditions for support recovery for the Lasso by
Wainwright (2009).

As an example, for the standard Gaussian design, condition (17) is satisfied with s,,;, = Sya = 1.
Condition (18) is satisfied with ® = 0. Condition (19) reduces to requiring that max jeg- |B;| <
OV uy,, which is satisfied with vi = v.

For the case k = 0, instead of (17) - (19), we only make the assumption,

2Bl < OV . (20)

Notice that since in this case S = 0 and J = S¢, alternatively, one may express the left side of the
above as || Zg|sBse |-

It is well known, see, for example, Cai and Wang (2011), Tropp (2004), that if the correlations
between any two distinct columns are small, as given by the incoherence condition, it implies both
the sparse eigenvalue condition (17) as well as the irrepresentable condition (18). We use these
results to give simple sufficient conditions for (17) - (19), as well as (20) when k = 0, in the following
lemma. For this, define the coherence parameter,

Y=v(E)= max [E;].

1<j#j'<p
Further, recall that i = 1/k. Then we have the following.
Lemma 3 Ler S, with |S| =k, be as in (9). Assume that the correlation matrix ¥ satisfies,
Y(Z) < wo/(2k), where 0< o< 1. 21)

Further, assume that the coefficient vector B satisfies, for some | > 0,

[[Bse It < onuy. (22)

Define:
Smin = 1_0)0/27 Smax = 1"'0)0/27 ® = W, (23)
V1 = moT, Vi =V+oh, (24)

Then, conditions (17) - (19) holds, for k =1, ..., k, with the above values of Smin, Smax, ®, V1 and
V1.
If k =0, condition (20) holds with vy in (24).

The above lemma is proved in Appendix C. Equation (21) controls the maximum correlation
between distinct columns and can be regarded as the population analog of the incoherence condition
(4). Condition (22) imposes that s has ¢; norm that is O(nuy), where as mentioned before, 1 is
allowed to scale at most linearly with k.

1780



VARIABLE SELECTION WITH OMP

Henceforth, for convenience sake, assume that we have control over the incoherence parameter
as in (21) and that B satisfies (22). Further, the quantities s, Smax, ®, V1 and Vi will be as in (23)
and (24).

Condition (22) is more appropriate than an ¢ constraint on the whole vector 3 since it does
not impose any constraint on the larger coefficient values. Since the B3;, for j € §¢, has magnitude
at most ovu,, which is of the same order as the noise level, it makes sense for any algorithm to
only estimate S accurately. In Theorem 4 below, we give sufficient conditions on n so that one
can reliably estimate S. We note that this goal is different from that required in Zhang and Huang
(2008) for support recovery with approximately sparse 3. There, the only constraint on 3 was that
1Baolli = O(Muy), for some set Ao, with |A§| = k, and where 1 is also allowed to grow at most
linearly k. Since there was no constraint on the magnitude of B;, for j € Ag, some these ;’s may
have magnitude as high as O(ku, ). For this reason, it made no longer sense to estimate Afj accurately.
Their criterion for an estimate S to be good was that |S| = O(k) and that the least squares fit of ¥ on
the columns in S produced a good approximation to X .

The quantities Ay, Anayr and A are redefined here. These will now be expressed as functions
vV, g and 1 using the various quantities Sy,in, Smax, ®, V1 and vy defined in (23) and (24).

We will need that the quantity h = \/l</7 + up, to be strictly less than one. Below, we arrange
n > 2klog p. Correspondingly, one sees that i < 1 if, for example, k > 5 and p > 8. Let hy = (1 —h)?
and , = (14 h)2. We define the values of Ain, Amar and A in the following manner:

kmin = Sminh¢ and }\'max = Smaxhy. (25)

Further, ,
A= (142,512 +Vvi7) <1+1}—1/2) . (26)

Let r; be as in (13), now replaced with the above values of Ayin, Adpax, A. The quantity r, is now
given by,

rzzl(l—a))<\71+ 1IYlﬁ>+\/ﬁ. (27)

Notice that for the i.i.d Gaussian ensemble and when P is k-sparse, the quantities ®, Vi, vi and 1
can be taken as zero. Correspondingly, r, has the same form as that in (13).

Further, let £ = £(a, ) be as in (12), with r; and r, appearing in its definition replaced with
the values of these quantities defined above. The quantity p...x, for k > 1, which controls the
probability of failure of the algorithm, is defined as,

V2/®
Perric =4/p +T/ [(k+1)/p" +k/p"]. (28)
We define per.0 = 1/p++/(2/m)/(tp®). The threshold will now be denoted as t;. It will be greater

than T by a factor p > 1. This factor is strictly greater than one if B is not fy-sparse or if Y(X) is
non-zero. We are now in a position to state our main theorem.

Theorem 4 Let the assumptions of Lemma 3 hold. Set the threshold as Ty = p T, where tasin (11),
and

v (T+E2) +1
P= ) '
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Further, let

n=E&kts. (29)
Then, if k > 1 the following holds with probability at least 1 — peyy, i
SCS and Y B} <olF|, (30)
jeF

where F =S —S. In particular, lf[33 >, forall j € S, then S = S with probability at least 1 — Perr,k-
Ifk =0, one has that S = 0 with probability at least 1 — Derr,0-

Before stating the analog of Corollary 2, as an aside, we give implications of the above theorem
for exact recovery of support for k-sparse vectors and i.i.d designs for large n, p and k. This will
help in understanding the results of Theorem 4 better.

Wainwright (2009) show that for k-sparse vectors and i.i.d Gaussian designs, that there is a sharp
threshold, namely n < 2klog p, for exact recovery of the support as n, p, k, as well as kB2,, /62, tends
to infinity. This was also proved for the OMP by Fletcher and Rangan (2011), under an additional
condition on rate of increase of the signal-to-noise ratio (||B||?/c?). We can get similar results using
our method by recalling that for i.i.d Gaussian designs and exact sparse vectors, Sy, = Smax = 1 and
®, Vi, Vi and 1 are all zero. Further, take k = k. Correspondingly, since 4 goes to 0, the quantities
Aminy Amax and A in (25, 26) tend to 1 as n, p and k become large. This implies that r; tends to
one and r, (27) tends to 2. Further, as kB2, /o7 tends to infinity, one may also allow ko./c? tend to
infinity, while keeping o < 3,,;,. From Theorem 4, this will ensure that the support will be recovered
exactly. Next, let’s evaluate the quantity & (12) appearing in the expression for n. As ko,/c? tends
to infinity, one sees that the first term in the maximum in (12) is the active one and hence & tends to
(1+9) (using r| tends to 1). One may also appropriately choose d to tend to zero, making & tend
to 1. Accordingly, from (29), one sees that if n ~ 2(1 + a)klog p, for large k, p, one can recover the
support exactly, with probability at least 1 — p,,.x. When B is extremely sparse, for example, when
k = O(logp), then it is possible to arrange for a to decrease to 0, while making p,. x also to 0. In
this case, one gets the threshold n =~ 2klog p for exact recovery. However, in the regime where & is
not negligible compared to p (for example, when k/p is constant), then our results only allow for
a to tend to 1 (from above), so as to ensure p,,.x goes to zero. In this case our results are slightly
inferior, requiring n ~ 4klog p for exact recovery. We remark in Section 6 on how the results in
Fletcher and Rangan (2011) may be carried over to the general case analyzed here.

We now state the analog of Corollary 2. The goal now is not to recover the non-zero entries, but
only those that are large compared to the noise level, which is a subset of S. We have the following.

Corollary 5 Let the assumptions of Lemma 3 hold and set the threshold to be Ty as in Theorem 4.
Define & = 32(r2p)*(1 +a) and r = 2rp\/1+ a, where ry as in (27). Let

n> él_clogp.
Then, if k > 1, with probability at least 1 — Pey., the estimate S is contained in S and,
{7:1B)1 > roviu,} < 8. 31)

Further, if |B;| > rouy, forall j € S, one has S = S with probability at least 1 — Perrk-
Ifk =0, then S is O with probability at least 1 — Derr,0-
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We remark that it was assumed that the conditions of Lemma 3 holds for convenience. More
generally, the above holds under (17)-(19). In particular, for exact sparse vectors, the conditions are
exactly similar to those in Wainwright (2009). Also, as with the case with sub-Gaussian designs, the
proof also demonstrates that the algorithm stops within & steps, with probability at least 1 — p,;. x.

Corollary 5 gives strong performance guarantees for the OMP under certain conditions on the
correlation matrix and an ¢; constraint on the smaller coefficients. From (31), one sees that the larger
coefficients, that is, those with magnitude Q(+/ku, ), are contained in S with high probability. Better
performance can be demonstrated when all ;’s, for j € S, have magnitude Q(u,). In this case, it
is possible to recover S, while ensuring that there are no false positives. This is in a sense ideal,
since it is nearly what one would expect in the orthogonal design case discussed in the beginning
of Section 2. In this case, assuming S is as in (8), one sees that in order to prevent false positives, 7
needs to be Q(u,). Thus |B;|, for j € S, also needs to be Q(u,), with a slightly larger constant, to
ensure § = S. For example, if the IBj|’s, for j € S, is at least 7 = (V +2+/1 +a)ou,, then it is not
hard to see that the probability § = § is at least 1 —2 /p®. Of course, the factor of ro obtained here,
is larger than the corresponding factor for the orthogonal case, since the X matrix is in general quite
far from being orthogonal; indeed, it is singular when p > n.

As a consequence of the above, we state results demonstrating strong oracle inequalities for
parameter estimation under the ¢,-loss.

2.2.1 ORACLE INEQUALITIES UNDER /,-LOSS

Let ﬁ be the coefficient estimate obtained after running the algorithm. More explicitly, ([A3 jiJ € S)

is simply the least squares estimate when Y is regressed on Xg and [3 j=0for je se.
We assume that the correlation matrix X satisfies (21), that is,

Y(Z) < o/ (2k), (32)

where 0 < ©y < 1.
For simplicity, we consider the case that [} satisfies (9) with v = 1, that is,

S={j:Bjl >ou,} and |[[Bse|l1 < oMun, (33)

where |S| = k and 1) is allowed to grow at most linearly with k, that is j =1 /k is O(1). With v = 1,
S denotes the set of indices greater than the noise level.

For the above values of 1, @y and with v = 1, evaluate the quantities s, Smqr as well as Vi, vy
and o using expressions (23) and (24). Evaluate r; as in (27), where the quantities A, Ay, Apax are
calculated using Equations (25, 26). Further, let E and r be as in Corollary 5. Then we have the
following.

Theorem 6 Let (32) and (33) hold. For fixed such B, if
n>Eklogp,

then the following holds with probability at least 1 — Per k-
A LA
BBl < C Y- min (B, 0%2)
j=1
where C = (4/9)r2.
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The above theorem is essentially the analog of similar results for the Lasso (Zhang, 2009b,
Corollary 6.1) and Dantzig selector (Candes and Tao, 2007, Theorem 1.2). Note, the latter assumes
that [ is k-sparse. Our results are more general since we only assume that the £; norm of the smaller
coefficients satisfies a certain bound. We proceed to state the corollary of the result assuming  is
k-sparse.

For k-sparse B, we only assume that (32) holds. Take 1 = &, so that j = 1. Evaluate r; using
this values of 1, and with v = 1, and call it 73, that is,

2
r;:[(l—ﬂ)()) <(Do—|— ;:’F(l)o)_’_\/ﬁ 5

where once again, the quantities r; and A, as calculated using (13, 25) and Equations (23) and
(24). Further, let &* have the same expression as &, except it is evaluated using r; instead of r,.
Similarly, let 7* = 2r;p+/1 4 a. Then we have the following.

Corollary 7 Let (32) hold and let B be a fixed k-sparse vector, for some k > 0. If
n> & klogp,

then for C1 = (4/9)(r*)?, the following holds except on a set with probability p o, i
3 2 L ed 200
IB—BII> < C1 'Y min (B},0°;) .
=1

We now proceed to give proofs of our main results. The proofs employs techniques developed
in Zhang (2009a) and Tropp and Gilbert (2007).

3. Proof Of Results In Section 2.1

Proof [Proof of Theorem 1] The following statistics will be useful in our analysis. Denote,

Zy=max|Z;| and Z; = max|Z;|
J€So JESH :

Notice if Z; > T and Z; > Z;, then the index detected in step i, that is a(i), belongs to S.

We first prove for the case k > 1. Let £ be the event that statement (16) in Theorem 1 does not
hold. We want to show that the probability of £ is small. There are two types of errors that we wish
to control. Let ; be the event that S in not contained in So. Further, let %, be the event that Sis
contained is So, however ¥ ¢ [33 > a|F|. Clearly, £ = £, U ;.

We use an argument similar to that used by Tropp and Gilbert (2007). We initially pretend
that X = X, and that the coefficient vector {3 is shortened to a k x 1 vector g, with all non-zero
entries. Notice that ¥ = X, Bs, + €. For a given threshold T, we run the algorithm on this truncated
problem. Notice that m has to be less than k since the number of columns of Xg, is at most k. Let
Ri,R,,..., R, be the associated residuals after each step. Also, denote as Ry the vector Y. Notice
that m, Ry, Ry, ..., R,, are functions of A = [Xg, : €].

Let Z, be the event that statement (16) does not hold for the truncated problem. More explicitly,
taking $1 = $(¥, Xs,,t) and F; = Sp — Sy, it is the event that 1Bg, I? > oF).
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Denote T; = max jcs, Sfori=1,...,m+1.

X[Ri-1/|Ri- || and T, = maxesy | XTRe-1/|Ri- |

Notice that the statistics 7;, T; are similar to Z;, Z;, the only difference being that the residuals
involved in the former arise from running the algorithm on the truncated problem, whereas in the
latter they arise from consideration of the original problem. Further, let £, be the event

ffz{T,->’C,T,-2T,-forsomei§m+1}.

We now show that £ C £, U E;. To see this, write £ as a disjoint union £; U %>, where Ep =
> N Ef. Let’s first consider the case that %, occurs. Clearly this means that £, has occurred if the
algorithm were run on the truncated problem for the given A.

Next, consider the case that E; occurs. Let Ry, R; ...etc. be the residuals for the original prob-
lem (1), for the given realization of [X : €|. Let i* be the step for which the false alarm occurs for
the first time. Clearly, i* < m+ 1, since otherwise it would mean that the truncated problem (with
X = Xj,) ran for more than m steps. Also, we must have {Z; > 1, Z; > Z,-} occur for 1 <i<i*—1
and {Z > 1,2+ > Zp} occur. Correspondingly, one sees that Ry = Ry, ..., R 1 = Ry, which
implies that 7+ = Z;= and Ty = Z,-*. Consequently, as {T,* >, T > T;+} occurs, ‘Ey occurs. Hence,
E C ‘E,UEr which gives,

P(E) <P(E,) +P(Ey).
Consequently, all we are left with is to bound the probabilities of Ef and E,.

We first bound the probability of E;. For this, notice that E; C Z}-, where ZJ’I =
{max<j<mi1T; > 1}. Since Xs¢ is independent of A = [Xy, : €], one has that Xy is independent
of Ry,...,R,. Correspondingly, from Lemma 13 (a), conditional on A, we have that X7 R;/||Ri| is
sub-Gaussian with mean 0 and scale 1, for j € §; and 1 <i <m+ 1. Consequently, using stan-
dard results on the maximum of sub-Gaussian random variables (Lemma 13 (b)), if T be as in (11),
one gets that P(E¢|A) < 2(m+1)/p“, using |S§| < p. Since m < k, this probability is bounded by
2(k+1)/p“, which implies P(Ef) <2(k+1)/p®.

Next, we bound the probability of Z,. For this, consider a linear model of the form,

U=Ho+w, (34)

where H is an n X k matrix satisfying, w an n x 1 vector and @ a k x 1 dimensional coefficient vector.
After running the OMP on this model (with ¥ = U, X = H and threshold 1), let S, = § (U,H, ) be
the estimate of the support. Further, let ¢ be the coefficient estimate obtained, that is, (¢; : j € S’z)
is the least squares estimate when U is regressed on Hg and @; = 0 for j not in S,. We use the
following Lemma, the proof of which is similar to the analysis by Zhang (2009a).

Lemma 8 For the model (34), let the following hold.
(i) Condition 1 holds for H, that is the eigenvalues of H'H /n are between Ayn and Apgy.
(i) Condition 2 holds for w, that is ||w||> < nc*A, for some A > 0.

(iii) ||§1s — @l < GcoTo/\/n, for some constant co > 0, where @y is the coefficient vector of the
least square fit of U on H.

Under the above, if the OMP is run with Y = U, X = H and threshold ty, when the algorithm stops
we must have the following,
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(a)

||F
(1 —‘cm/rlk/n) o]l < 7207 ’nz‘ (35)

where By = {1,...,k} — S», denotes the indices not detected after running the algorithm. Fur-
ther, ry has the same form as (13), replaced with the above values of Myin, Apax and A. Also,

}72:CO—|-\/H.
(b)

16— 0| < _hoTVk/n
- I—Tox/rlk/n

The above lemma is proved in Appendix B. We only require the conclusions in part (a) of the
lemma for the time being. Part (b) will be required of Section 2.2.1 to get bounds on ¢-error of the
coefficient estimate.

Now apply Lemma 8 to the truncated problem, that is, with H = X, ¢ = Bs,, U =Y and 19 = 7.
Notice that in this case F> = F} and S, = §;. We know that requirements (i) and (ii) of the Lemma
8 hold, except on a set ‘E.,,,4. The following lemma shows that (iii) holds with high probability.

Lemma9 Let Bls be the least squares fit when Y is regressed on Xs,. Further, let

Eis = {Hﬁls - BSO||°° > GCOT/\/ﬁ}v

where co = 1/\/Mpin. Then P (E;sNES,,,) < 2k/p'Te.

cond

The above lemma is proved after this proof. Using the above lemma, all requirements of Lemma
8 hold, except on a set E, = Feong U s, the probability of which is bounded by P(E,uq) +2k/p' .
We now show that £, C E,. We do this by showing ES C ‘E{. To see this, notice that on E{, one
has

£
(1= e/rik/n) B4 || < Faor |nl| (36)

from (35). Assume that £} is non-empty, since otherwise the claim is trivially true. Notice that since
n > (1+8)r1kt? from (15), one has 1 (l_crl /n) 172 < 1/4/1+8. Now, since k < k, the left side of (36)
is non-negative. Thus, (36) can be re-expressed as,

1B 17 < (0*r3£(8)7* /m) i,

which follows from noticing that r, = 7, where r; is as in (13). Now, since n > 02}% f(8)7?/a, the
left side of the above is at most oF |. Thus, Yich [33 < 0c|ﬁll on f;, which implies that &, C E,.
Consequently, P(Z,) < P(E.ona) + 2k/p'™. Accordingly, since P(E) < P(Z,) +P(Zy), one has
P(E) < P(Eeona) +2k/p' ™4 +2(k+ 1)/p®, which is equal to p.,,x. This completes the proof for
the case k > 1.

For the case kK = 0, we just need to show that the algorithm stops after the first step, in which
case S = 0. This is immediately seen by noticing that for k = 0, one has that 2, j, for j € J, are sub-
Gaussian with mean 0 and scale 1. Correspondingly, from Lemma 13(b), the event {max jc;|Z ;| >
T} has probability at most p,.o = 2/p®. [ |
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Proof [Proof of Lemma 9] Note that Bls — Bs, can be expressed as Z = (X;OXSO)_ngo €. Let
Z=(Z;j:j=1,...,k). Now, conditioned on Xg,, each Z; is sub-Gaussian with mean 0 and scale

G; =0, /e}(Xgngo)—le ;- Here, e; is the j th column of the size k identity matrix. Correspond-
ingly, from Lemma 13(b), one gets max;|Z;| is less than (max;c;)t, except on a set with prob-
ability 2k/p'*“. Finally, observe that on ¢, ;. one has €}(Xg Xs,)~'e; < 1/(nhyin), since the
maximum eigenvalue of (Xg Xs,/n)~" is at most 1/A;,. Thus, max; G, is at most 6¢,T/+/n, with

coy — I/N/Atmin- |

Proof [Proof of Corollary 2] Take 0.(8) = 62 /[(1+8)k]. Further, let §(8) = &(o(3), 8), which, using
r% >ry and f(8) > 1, can be written as,

£(8) = (1+3)f(8)r3.

The function (1+8)f(3), for 8 > 0, has its minimum at 6" = 3. Further, it is increasing and
goes to infinity as & tends to infinity. Now, using §(8*) = 16r3, notice that §(8*)kt* = &klog p.
Correspondingly, since n > E klog p, one gets that

n=§(d)kt’, 37)
for some & > &*. Consequently, from Theorem 1, one has,
SCSy and Y B <a(d)Fl, (38)
jeF

with probability at least 1 — per. . Use £(8) < f(8%) = 4, to get from (37) that n < (1 + 8)rkt?.
Correspondingly, a(8) is at most r26%u2. Consequently, any j, with |B;| > rov/ku, cannot be in F
since it would contradict the inequality in (38). Further, if B,,;, > rouy, the inequality in (38) cannot

hold if F is non-empty. In this case the algorithm recovers the entire support. |

4. Proof Of Results In Section 2.2

Proof [Proof of Theorem 4] Once again, we first prove for the case k > 1. As before, we are
interested in bounding the probability of £, where E = E; U E,. Here %, is the event that S is
not contained in S = S(B). Also, %, is the event $C Sand 1Bz 2 > «|F|, where, here F = S — S
and § = S’(Y,X,Tl). Write Y as Y = XsPBs + &, where &€ = XgBsc + €. Analogous to before, we
initially pretend that X = Xg and = Bs and run the algorithm on the truncated problem to get
residuals Ry, R;, R, ..., R,. These residuals are functions of A = [Xs : €]. Further, as before, let
‘E, be the event that statement (30) is not met for this truncated problem. With S 1= S’(Y ,Xs,7T1)
and F; =S — 8, it is the event that HBFl 2> Oc]ﬁl |. Similarly, we define T;, T; as before, now with
the maximum taken over § instead of So. Further, define the event £, analogous to before, with T
replaced by 71. Using the same reasoning as in Theorem 1, one has £ C E, U Ey. We first proceed to
bound the probability of E¢. Notice that unlike previously, the X;’s, for j € $¢, are not independent
of the R;’s. This makes bounding the probability of ‘Ef more involved.

The following lemma will be useful, both in bounding P(E;) as well as P(E,). We denote as

Bls the least square estimate when Y is regressed on Xj.
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Lemma 10 Parts (i)-(iii) of this lemma demonstrate that requirements (i)-(iii) of Lemma 8 are sat-
isfied with high probability.

(i) With My, Amax as in (25), the following holds with probability at least 1 - 2/p:
Min VI < 1Xsv]|2 /1 < Aac||VI|> forall v e R~
(ii) Let A be as in (26). Then ||||>/(nc?) < A, with probability at least 1 —1/p.
(iii) Let Eyg = {||Pis — Bs|l-o > 6coti/\/n}, where

. 1+vin
v+
7\‘min

co=(1-0) (39)

Then P(ES, ;N Eis) < (\/2/m)k/(tp' ™), where Eeona, here, is the event that (i) or (ii) above
fails. From (i) and (ii) it has probability at most 3/ p.

The above lemma is proved in Section 5. As mentioned before, the X;’s, for j € ¢, are not
independent of the R;’s. We get around this by finding the conditional distribution of each X ; given
Xs and €. Correspondingly, each X; may be represented as a linear combination of columns in
A = [Xs : €] plus a noise vector, which we call Z;. This noise term is independent of A and hence
Ro,Ry,..., Ry

Let aj = EESI ZS]' and

o € Xse|sPse
J \/ZZ ’

where ¢; is the jth column of the size p — k identity matrix and

(40)

The following lemma characterizes the conditional distribution of X; given A.
Lemma 11 Let a;, bj, for j € S, be as above. Then we have the following:

(i) The distribution of Xj, for j € S, may be represented as
X; 2 Xga;+ bW +Z; (42)
where W ~ N(0,1,) and is independent of Xs. Further, Z; is independent of [Xs : €] and follows
N(O,&jj[n), with 6]']' < Cjj= 1.
(ii) Define, for je Scandi=1,...,m+1,
R
Vi=bW' = 4+ E;, (43)
[Ri—1

where Eji = Z}R,;]/Hiél;l || Let,

1<i<m+1, jese

ff:{ max Vji‘ >(1—(I))‘C1}.
Then B(E7) < 1/p+ (v/2/m) (k+ 1)/ (xp°).
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The above lemma is proved in Section 5. We now show that £y C ff. To see this, notice that
on ZIJ& one has,

T; < (max||aj||1)T; + (1 — 0)1y,
Jjese

<o+ (1-w)T, (44)

fori=1,...,m+ 1. Here, the first inequality follows from using (42) and a}XSTR,-_l JIR 1| <

i1 i il 1 - ES.
[|aj|[1T;, along with the fact that [Vj;| is bounded by (1 — )t on Ef. The second inequality follows
from (18). We now show that

E' ={T; < oT;+ (1 - )1, foreach i<m+1}

implies ffc. To see this, for each i, consider two cases, viz. T; > 1| and 7; < T;. From (44), in the
first case one has 7; < T;, and in the second case, one has 7; < 1. Correspondingly, E’ is contained
in

{Ti<T;orT; <71 foreachi<m+1},

which is £7. Consequently, £y C Ey. Consequently, P(E;) < 1/p+ (\/2/m)(k+1)/(tp®) from
Lemma 11.

What remains to be seen is that the probability of the event E, can be bounded as before. For
this we apply Lemma 8 once again. That conditions (i) - (iii), required for application of Lemma 8,
are satisfied with high probability is proved parts (i)-(iii) of Lemma 10. Consequently, as before, if
E, = FEeona U Ers, where the sets on the right side are as in Lemma 10, one gets that on ﬁf ,

A
(1 —m/rlk/n) 1B4, || < Faom ’nl‘ 45)

Here 7, = co + /71, where cg as in (39). Notice that 7, = r,, where r; as in (27). Now, once again
use the fact that n > (1 +8)rkt? and n > r3 £(8)0?1} /0., to get that (45) implies ES. Accordingly,

P(‘£,) <P(Z,). Consequently, one has,

P(Z) < P(E. U Ey)
< P(Econa) + P(Efona N Eis) + ]P)('Ef)a
which is at most perx = 4/p+ (v/2/n/7) [(k+1)/p*+k/p'**]. This completes the proof for
k> 1.

If k = 0, we will show that the probability that max jc;|Z; ;| exceeds T; is at most pe,.o. This
would imply that the algorithm stops after one step and S is empty. Notice that S¢ = J and hence
€ =Y. Consequently, X; 2 b,Y /oy +Zj, where Z; ~ N(0,8,) is independent of Y, with &; < 1.
Also, b; = ;LB /oy, where 67 = Var(Y;) = 62 + B'ZB. Correspondingly,

D = Y
Zij = bjllY||/oy +Z} 7o+

46
H “0)

Using 6y > 6, one has b; < vi,. Further, using ||Y || /oy < (1+u,), with probability at least 1 —1/p
from Lemma 14, one has that the first term in the right side of (46) is at most v;t(1 + k=Y 2) with
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probability at least 1 —1/p. Further |Z}Y /[|Y ||, using the independence of Z; and Y, is less than t for
all j with probability at least 1 —/2/7/(1p?) (Lemma 13 (b)). Denoting, To = [v1(1+k~1/2) + 1],
one sees max ey |2y j| < Tp, with probability at least 1 — p,.o. Notice that since T; > 1, the event
max ey | Z J-| < Ty also has probability at least 1 — p,,.o. This completes the proof. |

Proof [Proof of Corollary 5] The proof is exactly similar to that of Corollary 2. As before, taking
o(8) = 6?/[(1+8)k] and &(8) = &(au(8), 3), we notice that p2E(8*)kt* = Eklog p, where & = 3.
Correspondingly, if n > Eklog p, one has n = p?§(8)kt? for some § > §* and hence,
§CS and Z B? < a(d)|F|
jeF
with probability at least 1 — j. x, from Theorem 4. Further, ou(3) is at most r*6*u2, using the same

reasoning as before. The conclusions on recovering the large coefficients follow immediately from
this. |

Proof [Proof of Theorem 6] Notice that,

IB—BII* = [IBs — Bs|* + ||Bse — Bsel|*- 47)

We apply the result of Corollary 5, to get that except on a set with probability p.,, r, one has Scs.

Correspondingly, the second term in (47) is simply ||Bs: [|?, which is equal to ¥ jcge min{B%, o’u2}.

Let’s next concentrate on the first term in (47). Notice that since S C S, one has [35 is same as the
coefficient estimate one would get if the OMP were run on the truncated problem. Correspondingly,
using part (b) of Lemma 8, with T9p = T; and 7 = r», one gets that

N rnoti\/k/n
Bl < 22V EE 48
IBs — Bsll < |ty /rikn (48)

with probability at least 1 — .z Next, use the fact that T;/k/n < 1/(4r,) using Eklogp =
16r§l_<’c%. Consequently, the denominator in the right side of (48) is at least 1 — /r /4ry. The latter
is at least 3 /4 using r, > /7. Thus,

. 4ryp/1
15— Bsll < 2240w,
= \FCG\/];.una

where C = (4/9)r%. Correspondingly, from (47) one gets that,

IB—B|P? < Co’ku + Y. min{p?, 6’2}
‘]AESC

)4
<cy min{B3, o’}
=

where the last inequality from using 6%k = ¥ jcs min{B?, o2}, since S={j: |B;| > ou,}. M
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Proof [Proof of Corollary 7] For k-sparse {3, once again let S = {j : |B;| > ou,}. Now |[|Bse|[1 <
Nou,, where 1 = k, since there are at most k non-zero entries outside of S, with magnitude at most
ou,. Now apply Theorem 6, with 1 = k (or fj = 1) to get the desired result. |

5. Proof Of Results From Section 4

The following simple lemma will prove useful in proving Lemma 10.

Lemma 12 Let 0, = k'/2u,. Conditions (17) - (19) imply the following:
(i) Let d be as in (41). Then d < 6*(1+v1702).
(ii) || Zssg||? < 6252, V1202, where g = ZESIZSSCBSC.

Remark: Since we take n > 2klog p, we have 0, < 1. Accordingly, the above bound holds with 8,,
replaced by 1.
Proof [Proof of Lemma 12] We first prove part (i). Recall that d = 6° + B Zse|sBsc. Write
BscXsesPse as ¥jese BjejEsesPse, which can be bounded by (||Zge|sBse ||eo)[|Bse|[1, which is at most
ovin 9,21 from (19) and (10). This completes the proof.

For part (ii) use the fact that ||Zssg||®> < 52, /l¢l|? from (17) and ||g|| < 6VkViu, from (19), to
complete the proof. |

Proof [Proof of Lemma 10] We use a result in Szarek (1991) that gives tails bounds for the largest
and smallest singular values of Gaussian random matrices. Let U € R"™¥ be a matrix with i.i.d.
standard Gaussian entries. Then, for » > 0, one has,

P (U/Vn) > 1+ /kjn+r) < e/

PO (U V) < 1~ V/ifn—r) < e,

where Ax(.) and A;(.) gives the largest and smallest singular values respectively, of an n X k matrix.
Now, taking r = u,, one has, using the above, that with probability at 1 —2/p the following holds:

1
he|[v]|* < = ||UV|]> < h||v||> forall ve R
n
Now, notice that since Xg 2u Z;éz, one has from the above that, with probability at least 1 —2/p,

1/2 1 1/2
he|| 26| < X5 < h||ZE2V]> forall v e RE,

Correspondingly, from (17), since sy, < H)Zéész /IIVII? < Simax» which implies that, with probability
atleast 1 —2/p,

1
k,m-,,Hsz < ;Hst”z < ?»mavaHz forall ve R,

where Ayin, Mnax as in (26).
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Before proving parts (ii) and (iii), observe that by conditioning on X, the distribution of € may
be expressed as,

& 2 Xgg +VaWw, (49)

where g = ZES] YsseBsc and d as in (41). Here W ~ N(0,1,) and is independent of Xj.

For part (ii), notice that from the above &2 := Var(g&;) = ||Zssgl||? +d, which is at most (1 +
2. Vi? 4+ v7)) from Lemma 12. Further, ||&||?/&% ~ X2. Now from Lemma 14, the probability of
the event ||&||%>/(n&?) > (1+u,)? is bounded 1/p. Use u, <k '/? and 6% < 62(1 + 52, V1> + Vif}),
to get that P (||€]|*/(nc?) > L) < 1/p, where ) as in (26).

For part (iii), notice that st —Bs = (XXs)~'XJ€, which using (49), can be expressed as,

5 D _
Bis —Bs = g+ Vd(X{Xs) ' X§W.

Let iy = {Vd||(X¢Xs) "' X¢W || > 61/T+ViTT/ v/ Aminnt}. Now, since W is independent of X5, and
d < ?(1+Vi1), one can use the same logic as in the proof of Lemma 9 to get that, P(ES,,sNEis) <
\/2/mk/(tp'*4). Further, ||g|l. < 6Viu, using (19), which, using u, < t/+/n, is at most 6Vi1//n.

Accordingly, on ES, , N ‘Ef;, one has,
- . 1+viq
B —Bsll < o Vi /5 | /v,
min

0T

o nl—o
where ¢ as in (39). Now use t/(1 — o) < 1y, to get that P(ES, , N Ey,) < \/2/mk/(tp'™). This
completes the proof of the lemma. |

Proof [Proof of Lemma 11] We first prove part (i). Recall, from (49), one has, &€ 2 Xsg + Vdw,
where g = (Z55) "' ZgsBse and d as in (41). Further, W is independent of Xg and follows N(0,1,).
Correspondingly, the conditional distribution of X; given [Xs : W] may be expressed as,

d
Xj :XSaj+bjW+Zj

where a; = Cov(Xis, Xi;)[Var(X; 5)] "' and b; = Cov(X;;,W;). Further, Z; ~ N(0,6;;1,) and is
independent of Xs and W, with

Gjj = 0jj — a;Tssa; —bj,
which is at most 1. Clearly, the expression for a; matches that given in the statement of the lemma.
Further, from (49), one has that,

1 o
COV(le,Wl) = — [COV(le,Sl) — COV(X]],XLSg)] .

Vd
Notice that COV(le,él) = ZchBSc and COV(X]j,XLSg) = COV(XU,XLs)g, which is stzgleSScBSc.

Correspondingly, the numerator of the above is e}ZSC‘ sPse, and hence, the expression for b; given
above matches that in (40).
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We now prove part (ii) of Lemma 11. Firstly, notice that max jege |b;| < viuy,. This follows from
observing that d > 62, from (41), and also the fact that |e;ZSc|S|35c| < 6Viuy, for all j € S¢, from
(19).

Recall the statistic Vj; given by (43). One sees that,

Vil < [b[I|W |+ |Eji| -

Now ||[W||> ~ X2. Correspondingly, from Lemma 14, the event {||W||//n > (1 +u,)} has proba-
bility at most 1/p.

Further, Z;’s are independent of [Xs : €] and, hence, are also independent of Ry,...,R,, since
these residuals are functions of [Xs : €. Consequently, the Ej;’s are standard normal random vari-
ables; Indeed, conditional on the R;’s, they follow N(0, 1), and hence, follow the same distribution
unconditionally. Accordingly, using the same logic as in the proof of Theorem 1, the event

{ max |Ej| > 1:} (50)
1<i<m+1, jese
has probability bounded by \/2/nt(k+1)/(tp?).

Consequently, using the bounds on |b;| and the above, one gets that except on a set with proba-

bility 1/p++/2/n(k+1)/(tp*), one has

Vil <v 1 T.
1gigrn?ffjesc| il < Vita/n (1+p,) +

Using T > u,+/n and p, < k~'/2, the right side of the above is at most (1 —®)7;. This completes the
proof of the lemma. |

6. Conclusion

The paper analyzed variable selection for the OMP for random X matrices. We analyzed perfor-
mance with i.i.d sub-Gaussian designs, which has uses in compressed sensing. We remark that for
these i.i.d designs, the analysis carries over for the hard thresholded version of the algorithm, in
which, instead of choosing the j which maximizes the | Z;;|’s, one chooses all j satisfying | Z;;| > 7.
It is only when there is some correlation within the rows that we find it advantageous to choose the
index which maximizes | Z;j|.

For Gaussian designs, with correlation within rows, we give much more general results. Apart
from showing that results similar to that by Wainwright (2009), for exact support recovery, are
also possible using the OMP, we show additional recovery properties by relaxing the assumption of
exact sparsity to a more realistic assumption of a control over the #;-norm of the smaller coefficients.
Oracle inequalities for the coefficient estimate also followed easily as a consequence of these results.

As mentioned earlier, one drawback of the analysis is the crude manner in which the probability
of event (50), that no terms outside of S are selected, is bounded. This gives rise to the \/2/7(k+
1)/(tp*) term in the expression for pe,,x (28), because of which a has to be greater than 1 when k
is not negligible compared to p. In Fletcher and Rangan (2011), a more careful analysis had been
carried out for exact recovery with i.i.d. designs and {y-sparse vectors. Their analysis carries over,
for the general case analyzed here, by noting that the random variables Ej;, for i =1,....m+1,
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defined in Lemma 11, has the same covariance structure as a normalized Brownian motion at times
f,...,tmi1, where t; = |R;_1 ||>. This should improve the probability of the event (50) to something
closer to 1/p“.

For random designs, we measure the performance after averaging over the distribution of X. As
mentioned before, this can be contrasted to another method, as done by Candes and Plan (2009) for
the Lasso, in which a distribution is assigned to 3 and the performance is measured after averaging
over this distribution. Although these two methods do not imply each other, it is interesting to
compare the average performance using both methods. To be consistent with their notation, let’s
assume that the entries of X are scaled so that the columns have norm equal (or nearly equal) to one.
Under a mild assumption on the incoherence, it is shown that for £y-sparse vectors the support can
be recovered, if

k=0(p/IlIX]|*1og p)), 1)

where [|X|| denotes the spectral norm of X. If X has i.i.d N(0,1/n) entries, then [|X||| = /p/n,
so that the sparsity requirement (51) would translate to k = O(n/log p), which is of the same order
as what we get here. However, the situation is different in the general case when the rows are
ii.d N(0,Z/n). Then X may be expressed as XX!/2, where X has i.i.d N(0,1/n) entries. Consider
the example where X; = 1 and X;; = ¢/k, when i # j, with ¢ appropriately chosen. In this case
[IX ||| = ¢’ p/\/nk. Consequently, (51) translates to assuming n = Q(p log p). Our results are better
in this case, since we only require Q(klog p) observations even for such correlated designs.

An advantage of the work by Candes and Plan (2009) is its applicability to broad classes of
deterministic designs. It is unclear at this stage whether such results also hold for the OMP.

Appendix A. Tail Bounds

A random variable Z is said to be sub-Gaussian with mean 0 and scale ¢ > 0, if E¢'Z < ¢°9°/2 for
eachr € R.

Lemma 13 Let W = (Wj 11 < j<n)", with each W; sub-Gaussian with mean 0 and scale 6; > 0.
Let 6 = max;{c;}. The following hold.

(a) Let h € R", with ||h|| < 1. If the entries of W are independent then h"W is sub-Gaussian with
mean 0 and scale G.

(b) Let p =06+/2(1+a)logp with a > 0. Then P(max,|W;| > p) < 2n/p'*4. Further, if the W; ~
N(0,6?) then this probability can be bounded by /2 /n(on)/(p p'+9).

Proof For part (a), we need to show that Eexp{th"W} < exp{r>c?/2}. To see this, notice that
Eexp{th"W} =Eexp {t2 i h%G% / 2}, using independence of W;’s. The claim is proved by notic-
ing that };_, h?(sz./Z < o2, using ||h|| <1and o, <o.

J
For part (b), use a Chernoff bound, followed by optimizing the exponent to get that,

2
(W) > p) < 2000 (- 25 ).

If the W;’s were normal, standard tail bounds (Feller, 1950) reveals that the above bound can be im-
proved to (2/(v/2mp)) exp <—2p—;) . Now use a union bound, along with the fact that exp ( P’ ) =

- 202
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1/p'*4, to prove the claim. [ |

Next we give a simple lemma on chi-square tail bounds, which will be used repeatedly.
Lemma 14 Let W follow N(0, I,,). Then
P(Wl/vn=1+u)<1/p,
where p, = +/(2logp)/n.
Proof Use the fact (Donoho, 2006b) that for 4 > 0, one has
P(|W|/vn>14h) <e /2.

Substitute & = /(2log p)/n to get the result. [ |

Corollary 15 Let W; ~ N(0, I,). Then, with probability at least 1 — p®~!1, for each j=1,...,n,

v2alogp
\f

Proof Substitute 4 = y/2alog p/+/n in Lemma 14 and take a union bound over the j events. |

IWjll/vn < 14—

Appendix B. Proof Of Lemma 8

For convenience, let S = {1,..., k}. Let H;, 1 < j <k denote the columns of the H matrix. Assume

that the algorithm runs for m steps and let Ry, ..., R,,—1 denote the associated residuals. Let Ry =Y.

Denote as Ug, the least square fit when U is regressed on H. We also denote as u(i) = S — d(i),

which corresponds to the terms in S undetected after step i. We assume u(0) = S and Ud(o) =0.
The following lemma is from Zhang (2009a).

Lemma 16 (Zhang, 2009a) For each i, with 0 <i < m, if |u(i)| > 0, then
F||Ud i Us||
‘ |u(i)|

The results is a consequence of Lemmas 6 and 7 in Zhang (2009a, page 566). Using his notation,
in our case, Ayin = p(F), R =Y —XB*~V, Uy = XB*-V, Ug = XBx (F,y) and u(i) = F — F &1,

max
]Gu i

Lemma 17 For each i, with 0 <i < m, one has

IRl /71 < A Ko (| @i | + 0,

where Mgy = max{A, Ay }-
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Proof [Proof of 17] Write R; = (I — P)U, where here B, is the projection matrix for column space
of Hy(j). Now U = Hy(jy@y(i) + Hy(i)Pu(i) + € and (I — B)Hy(;) = 0. Correspondingly, R; = (I —
P:) [Hyu(iQu(i) + €. Consequently, [|R;|| < [|Hyi)Puiy (I —P,)x|| < ||x|| for any x € R™.
The result immediately follows from using ||H,,(;) @y ||/\f <V Mnax || Qu(y || and [[g]| / (v/no) < VA
This completes the proof of the lemma. |

Now use the fact that ||[H|| > v/nv/Amin, to get from Lemma 16 that,

max\HTRy_ L 04— Us]),

jeuli) Ju(i)]

where p; = k,znm. Consequently, using Lemma 17 and the above, one has that,

o R; np; HUd(z’)_USH/\/ﬁ
@] NPupll+o

max
PRl

JEu l

)

where py = p1/ Amax. The algorithm continues as long as the left side of the above is at least To.
Consequently, following the reasoning in Zhang (2009a), when the algorithm stops, one must have
that either ]Fz\ = 0 or the right side of the above, with u(i) replaced by F, is at most To. Let’s
assume that |£5| > 0, since otherwise we would have correctly decoded all terms. Correspondingly,

we have,
)2
HUA—USH/\RTO,/’ ‘<||<ppzu+o> 52)

when the algorithm stops. Now,

0,11 < /11119 = Gusllen + (|1 — Bl- (53)
To see this note that [|@g, || is bounded by the sum of [[@z — @y p,|| and [[§; 4 ||, where § z is

the sub-vector of ¢, with indices in F>. The first term in the bound is at most /| |[|@ — ys|ce

whereas the second term can be bounded by ||;s — ||, since §; is zero for all indices j in F>. Now,
use the fact that [|§; — @||. is bounded by co67T9/+/n along with the fact that ||Us — Us||/+/n >
V Amin||® — @5, to get that from (52) and (53) that,

19zl <COGT0\/+T \/ ’(H(pFZH_'_G) (54)

when the algorithm stops. Here we use that | = 1/(Ayi»p2). One gets from (54) that

VIBI/Va

where 7 = co + /r1 and r; = 1/p. Using |F5| < k, the term o4/ r1|F>| /n appearing in the left side
of the above can be bounded by ty+/r1k/n. This leads us to (35), which completes the proof of part
(a).

E
l—T() rl‘ 2|

oz,
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For part (b), notice that

16— ol < VK[| frs — 0l|eo + (|1 — G- (55)
Now use,
1615 — @Il < Tov/r1k/n([|9g, ]| +0)
along with,
F0t0\/k/n
[0l < :
(1 —‘Cox/rlk/n)

to get, after rearranging, that,

54 ——— (coTor/k/n+1)
— <01 rnk/n —r——=.
H(PIS (P” > 010 1 / I_TO\/W

Now use ||§rs — || < GcoTor/k/n, along with 7, = co + /71, to get from (55) and the above that,

70T k/n

1—10\/W)'

lo—oll <
(

This completes the proof of the lemma.

Appendix C. Proof Of Lemma 3

For a matrix A € R™", and a = 1 or o, denote as [[|A[|s = sup,_ [|Av||a/||V|[o- Recall that [|A[]; is
the maximum of the ¢; norms of the columns, whereas [|A ||« is the maximum of the ¢; norms of
the rows.

We first prove part (i). Use the fact (Cai and Wang, 2011, Lemma 2),

I_Y(k_ 1) < Smin < Smax < 1+Y(k_ 1)

Now y < ®y/(2k), since k < k, and hence, the left side of the above is at least 1 — /2 and the right
side is at most 1 + @y /2. Further (Tropp, 2004, Theorem 3.5),

_ Yk
YTl € .
The right side of the above is at most @g. Correspondingly, we may take ® as .
We next prove part (ii). Use the fact that,

Ess ZsseBseloo < [Ess ol ZsseBse |- (56)

Now as ¢ is symmetric, [|Zg || = [|Zgq 1; the latter is at most 1/(1 —y(k — 1)) from Tropp
(2004, Theorem 3.5). Further, |XgscBsc|leo < ¥||Bse|[1, which is at most oynu,. Correspondingly,
from (56), one gets B

k _

T 57)

Y od Tooe Pse _
1 Z s Zsse Bs ey
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The right of the above is at most c®yNu,, using the bound on 7. Further,
[ Zse(sllo0 < IEseseBse lloo + [[Esesigg EsiseBse leo- (58)

Now, || ZseseBse |loo < [|Bse|eo 4 || (Esese — 1) Bse || Further, use ||Bse || < oV, and ||(Egese —1)Bse ||oo <

Y||Bs¢ 1, the right side of which is at most oynu,. Also, the second term in (58) can be bounded as
follows:

|| ZsesZgg TsseBse lloo < [[[Zsesloo] [ Zgg Zisse Bse [|eo-

The first term in the right side product is bounded by vk, whereas the second term, from (57), is
bounded by cmonu,. Correspondingly, one gets that

HZS”\SBS” ||°° < OVip + O Mty + CYWN Uy

Further, using Yn +mwo < 2yn, which is at most wo, one gets the bound on ||Zge|sBse |oo-
For k = 0, one has ||ZgescBse |l < V+ 0N, which is at most v 4 wpT), from the bound derived
above. This completes the proof of the lemma.
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